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Abstract

A sharp pointwise differential inequality for vectorial second-order partial differential
operators, with Uhlenbeck structure, is offered. As a consequence, optimal second-
order regularity properties of solutions to nonlinear elliptic systems in domains in R"
are derived. Both local and global estimates are established. Minimal assumptions
on the boundary of the domain are required for the latter. In the special case of the
p-Laplace system, our conclusions broaden the range of the admissible values of the
exponent p previously known.
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1 Introduction

A classical identity, which links the Laplacian Au of a vector-valued function u €
c3 (2, RN) to its Hessian V2u, tells us that

|Auf? = div((Au)TVu - %V|Vu|2> +v2? in @, (1.1)

where €2 is an open set in R"”. Here, and in what follows, n > 2, N > 1, and the
gradient Vu of a functionu : @ — RY is regarded as the matrix in RV " whose rows
are the gradients in R of the components ul, ..., u" of u. Moreover, the suffix
“T” stands for transpose.

Identity (1.1) can be found as early as more than one century ago in [11] forn = 2
—see also [43,58]. It has applications, for instance, in the second-order L?-regularity
theory for solutions to the Poisson system for the Laplace operator

—Au=f in Q, (1.2)

where f : Q — R . Indeed, identity (1.1) enables one to bound the integral of |V?u|?
over some set in Q2 by the integral of | Au|? over the same set, plus a boundary integral
involving the expression under the divergence operator. Of course, since the equations
in the linear system (1.2) are uncoupled, its theory is reduced to that of its single
equations.

The second-order regularity theory of nonlinear equations and systems is much less
developed, yet for the basic p-Laplace equation or system

—div(jVu/??Vu) =f in Q, (1.3)

where p > 1 and “div” denotes the R" -valued divergence operator. Standard results

concern weak differentiability properties of the expression |Vul| #Vu. They trace
back to [61] for p > 2, and to [1,22] for every p > 1. The case of a single equation
was earlier considered in [62]. Further developments are in [8,20,33].

As demonstrated by several more recent contributions, the regularity of solutions
to p-Laplacian type equations and systems is often most neatly described in terms
of the expression |Vu|?~2Vu appearing under the divergence operator in (1.3). This
surfaces, for instance, from BMO and Holder bounds of [39], potential estimates
of [47], rearrangement inequalities of [28], pointwise oscillation estimates of [13],
regularity results up to the boundary of [14]. More results in this connection can be
found e.g. in [3,30,48].

Differentiability properties of |Vu|?~2Vu have customarily been detected under
strong regularity assumptions on the right-hand side f. This is the case of [50], where
local solutions are considered. High regularity of the right-hand side is also assumed
in [35], where results for boundary value problems can be found under smoothness
assumptions on d£2. Both papers [35,50] deal with scalar problems, i.e. with the case
when N = 1. Fractional-order regularity of the gradient of solutions to quasilinear
equations of p-Laplacian type has been studied in [57], and in the more recent con-
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tributions [3,18,21,55,56]. The question of fractional-order regularity of the quantity
|[Vu|P~2Vu, when N = 1 and the right-hand side of Eq. (1.3) is in divergence form,
is addressed in [5], where, in particular, sharp results are obtained for n = 2.

Optimal second-order L2-estimates for solutions to a class of problems, including
(1.3)forevery p > 1, inthe scalar case, have recently been established in [31]. Loosely
speaking, these estimates tell us that |Vu|?~2Vu € W2 if and only if f € L2. Such a
property is shown to hold both locally, and, under minimal regularity assumptions on
the boundary, also globally. Parallel results are derived in [32] for vectorial problems,
namely for N > 2, but for the restricted range of powers p > % The results of
[31,32] rely upon the idea that, in the nonlinear case, the role of the pointwise identity
(1.1) can be performed by a pointwise inequality. The latter amounts to a bound from
below for the square of the right-hand side of (1.3) by the square of the derivatives of
|Vu|P~2Vu, plus an expression in divergence form. The restriction for the admissible
values of p in the vectorial case stems from this pointwise inequality.

In the present paper we offer an enhanced pointwise inequality in the same spirit,
with best possible constant, for a class of nonlinear differential operators of the form
—div(a(]Vu|)Vu). The relevant inequality holds under general assumptions on the
function a, which also allow growths that are not necessarily of power type. Impor-
tantly, our inequality improves the available results even in the case when the operator
is the p-Laplacian, namely when a(f) = =2, In particular, for this special choice, it
entails the existence of a constant ¢ > 0 such that

|div(|Vu|?2Vu)|*
> div[|Vu|2(p_2)<(Au)TVu . %VIVu|2)] Fe|VuPP v (14)

in {Vu # 0} if and only either N = land p > l,or N > 2 and p > 22 - V2) ~
1.1715.

The differential inequality to be presented, in its general version, is the crucial point
of departure in our proof of the local and global W !:>-regularity for the expression
a(|Vul|)Vu for systems of the form

—div(a(]Vu))Vu) =f in Q. (1.5)

Regularity issues for equations and systems driven by non standard nonlinearities,
encompassing (1.5), are nowadays the subject of a rich literature. A non exhaustive
sample of contributions along this direction of research includes [2,4,6,7,16,19,23,26,
27,36,39,40,44,45,49,51,60].

Let us incidentally note that system (1.5) is the Euler equation of the functional

J(u):/ B(|Vu|) —f -u dx. (1.6)
Q
Here, the dot - stands for scalar product, and B : [0, c0) — [0, 00) is the function
defined as .
B(t) = / b(s)ds for t >0, (1.7)
0
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where the function b : [0, oo) — [0, c0) is given by
b(t)=a(t)t for t >0, (1.8)

and b(0) = 0.

Under the assumptions to be imposed on a, the function B and the functional J
turn out to be strictly convex. In particular, if a(t) = ¢? =2, then B(r) = %tl’ ,and J
agrees with the usual energy functional associated with the p-Laplace system (1.3).

We shall focus on the case when N > 2, the case of equations being already
fully covered by the results of [31]. In particular, our regularity results apply to the
p-Laplacian system (1.3) for every

p>22—+2)~1.1715. (1.9)

Hence, we extend the range of the admissible exponents p known until now, which
was limited to p > %

In the light of the pointwise inequality (1.4), the lower bound (1.9) for p is optimal
for our approach to the second-order regularity of solutions to the p-Laplace system
(1.3). The question of whether such a restriction is really indispensable for this regu-
larity, or it can be dropped as in the case when N = 1, where every p > 1 is admitted,
is an open challenging problem.

2 Main results

The statement of the general differential inequality requires a few notations. Given a
positive function a € C!((0, 00)), we define the indices

and s, =sup ——, 2.1

where a’ stands for the derivative of a. Plainly, if a(r) = tP=2 theni, = s, = p—2.
Moreover, we denote, for N > 1, the continuously increasing function «y :
[1,00) — R as

(p— 1)? if pell,2)
k=17 CP 2.2)
1 it pel2,00),
if N =1, and
1—g@—p? if pell,$)
kn(p) =1 (p—1)7 if pel3.2 (2.3)
1 it pel2,00),
if N > 2.

Theorem 2.1 (General pointwise inequality). Letn > 2 and N > 1. Let Q be an open
set in R" and letu € C3(, RV).
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(i) [Nonsingular case] Assume that the function a € C ([0, 00)) is such that:

a(t) >0  for t>0, 2.4)
i > —1, (2.5)

and
b € C([0, 0)), (2.6)

where b is the function defined by (1.8). Then

|div(a(|Vul)Vu)|’
> div[a(|Vu|)2<(Au)TVu - %Vqu|2>] + kN (ia +2)a(IVu)?|VZu)®> (2.7)

in 2, where k is defined as in (2.2)—(2.3). Moreover, the constant k y (i, +2) is sharp.
(i1) [General case] If a is just defined in (0, 00), a € C 1 ((0, 00)), and conditions
(2.4) and (2.5) are fulfilled, then inequality (2.7) continues to hold in the set {Vu # 0}.

Remark 2.2 Observe that the assumption (2.6) need not be fulfilled by the functions a
appearing in the elliptic systems (1.5) to be considered. Such an assumpton fails, for
instance, when a(r) = t”~2 with 1 < p < 2. This calls for a regularization argument
for a in our applications of inequality (2.7) to the solutions to the systems in question.
The solutions to the regularized systems will also enjoy the smoothness properties
required on the function u in Part (i) of Theorem 2.1. On the other hand, the functions
a in the original systems do satisfy the conditions required in Part (ii) of Theorem 2.1
for the validity of inequality (2.7) outside the set {Vu = 0} of critical points of the
function u.

In the special case when a(f) = t7~2, Theorem 2.1 yields the following inequality
for the p-Laplace operator we alluded to in Sect. 1.

Corollary 2.3 (Pointwise inequality for the p-Laplacian). Letn > 2 and N > 1. Let
Q be an open set in R" and letu € C3(2, RN). Assume that p > 1. Then

|div(|Vu|? V)|
> div[|Vu|2<P—2> ((Au)TVu - %V|Vu|2)] +kn(p) VPP V22 (2.8)

in {Vu # 0}. Moreover, the constant k (p) is sharp.
Notice that, if N = 1, then
k1(p) >0 if p>1, 2.9

whereas, if N > 2,
kn(p) >0 if p>202—+2). (2.10)
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The gap between (2.9) and (2.10) is responsible for the different implications of
inequality (2.7) in view of second-order L>-estimates for solutions to

—div(a(jVu))Vu) =f in Q, @2.11)

according to whether N = 1 or N > 2. Indeed, inequality (2.7) is of use for this
purpose only if ky (i, +2) > 0.

Since we are concerned with L2-estimates, the datum f in (2.11) is assumed to be
merely square integrable. Solutions in a suitably generalized sense have thus to be
considered. For instance, the existence of standard weak solutions to the p-Laplace
system (1.3) is only guaranteed if p > % In the scalar case, various definitions
of solutions—entropy solutions, renormalized solutions, SOLA—that allow for right-
hand sides that are just integrable functions, or even finite measures, are available in
the literature, and turn out to be a posteriori equivalent. Note that these solutions need
not be even weakly differentiable. The case of systems is more delicate and has been
less investigated. A notion of solution, which is well tailored for our purposes and will
be adopted, is patterned on the approach of [41]. Loosely speaking, the solutions in
question are only approximately differentiable, and are pointwise limits of solutions
to approximating problems with smooth right-hand sides.

The outline of the derivation of the second-order L?-bounds for these solutions to
system (2.11) via Theorem 2.1 is analogous to the one of [31]. However, new technical
obstacles have to be faced, due to the non-polynomial growth of the coefficient a in
the differential operator. In particular, an L'-estimate, of independent interest, for the
expression a(|Vu|) Vu for merely integrable data f is established. Such an estimate is
already available in the literature for equations, but seems to be new for systems, and
its proof requires an ad hoc Sobolev type inequality in Orlicz spaces.

Our local estimate for system (2.11) reads as follows. In the statement, Bg and Bog
denote concentric balls, with radius R and 2R, respectively.

Theorem 2.4 (Local estimates). Let Q2 be an open set in R", with n > 2, and let
N > 2. Assume that the function a : (0, 00) — (0, 00) is continuously differentiable,
and satisfies

ip >2(1—+2), (2.12)
and
Sg < 00. (2.13)
Letf € LIZOC(Q, RN) and let w be an approximable local solution to system (2.11).
Then

a(|Vul)Vu € W2 (@, RV, (2.14)

and there exists a constant C = C(n, N, iy, s5) such that

R71 ||a(|vu|)quL2(BR,RNX”) + ” V(a(|Vu|)Vu) ||L2(BR,RNX"X")

< c( [ ||a(|Vu|)Vu||L1(BZR,RNM)) (2.15)
for any ball Bop CC Q.
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Remark 2.5 In particular, if Q2 = R” and, for instance, a(|Vu|)Vu € L' (R", RVN*"),
then passing to the limit in inequality (2.15) as R — oo tells us that

[V(a(VaD V) | 2 @ gy < CIEl 2@ RY)- (2.16)

We next deal with global estimates for solutions to system (2.11), subject to Dirichlet
homogeneous boundary conditions. Namely, we consider solutions to problems of the
form

—div(a(|Vu|)Vu) =f in Q

2.17
u=20 on 9%2. ( )

As shown by classical counterexamples, yet in the linear case, global estimates
involving second-order derivatives of solutions can only hold under suitable regu-
larity assumptions on d€2. Specifically, information on the (weak) curvatures of 92
is relevant in this connection. Convexity of the domain €2, which results in a posi-
tive semidefinite second fundamental form of 92, is well known to ensure bounds in
W22 (2, RN ") for the solution u to the homogeneous Dirichlet problem associated
with the linear system (1.2) in terms of the LZ(Q, RM) norm of f — see [43]. The
following result provides us with an analogue for problem (2.17), for the same class
of nonlinearities a as in Theorem 2.4.

Theorem 2.6 (Global estimates in convex domains) Let 2 be any bounded convex
open set in R", withn > 2, and let N > 2. Assume that the function a : (0, 00) —
(0, 00) is continuously differentiable and fulfills conditions (2.12) and (2.13). Let
f € L>(Q,RN) and let u be an approximable solution to the Dirichlet problem
(2.17). Then

a(|Vu))Vu € Wh2(Q, RV>"), (2.18)

and
Cilifl 2 g.v) < la(VuDVullyig g < Callfll 20z (2.19)

for some positive constants C1 = C1(n, N, iy, Sq) and Co = Co(N, iq, Sq, 2).

The global assumption on the signature of the second fundamental form of 92
entailed by the convexity of €2 can be replaced by local conditions on the relevant
fundamental form. This is the subject of Theorem 2.7.

The finest assumption on 9€2, that we are able to allow for, amounts to a decay
estimate of the integral of its weak curvatures over subsets of 92 whose diameter
approaches zero, in terms of their capacity. Specifically, suppose that €2 is a bounded
Lipschitz domain such that 9Q € W>!. This means that the domain € is locally the
subgraph of a Lipschitz continuous function of (n — 1) variables, which is also twice
weakly differentiable. Denote by B the weak second fundamental form on 92, by | 5|
its norm, and set

BldH"!
Ka(r)=  sup L for r €(0,1). (2.20)
Ecasmg,(x) capp, () (E)
xed
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Here, B, (x) stands for the ball centered at x, with radius r, the notation cap Bi(x) (E)
is adopted for the capacity of the set E relative to the ball B (x), and H"~! is the
(n — 1)-dimensional Hausdorff measure. The decay we hinted to above consists in a
smallness condition on the limit at as 7 — 07 of the function Kq(r). The smallness
depends on 2 through its diameter dg and its Lipschitz characteristic Lg. The latter
quantity is defined as the maximum among the Lipschitz constants of the functions that
locally describe the intersection of <2 with balls centered on 92, and the reciprocals
of their radii. Here, and in similar occurrences in what follows, the dependence of a
constant on dg and L, is understood just via an upper bound for them.

Theorem 2.7 also provides us with an ensuing alternate assumption on 9€2, which
only depends on integrability properties of the weak curvatures of d€2. Precisely, it
requires the membership of |B| in a suitable function space X (9€2) over 92 defined
in terms of weak type norms, and a smallness condition on the decay of these norms
of | B| over balls centered on 2. This membership will be denoted by Q2 € W2X.
The relevant weak space is defined as

L—LogQ) if n>3,

X0Q) =
(952 L'"®logL(AQ) if n=2.

2.21)

Here, L"~1°°(92) denotes the weak-L"~!(3Q2) space, and L' log L(3$2) denotes
the weak-L log L(9€2) space (also called Marcinkiewicz spaces), with respect to the
(n — 1)-dimensional Hausdorff measure.

Theorem 2.7 (Global estimates under minimal boundary regularity). Let Q be a
bounded Lipschitz domain in R™, n > 2, such that 9Q2 € W21 andlet N > 2. Assume
that the function a : (0, 0c0) — (0, 00) is continuously differentiable and fulfills con-
ditions (2.12) and (2.13). Letf € L*(Q2, RN) and let u be an approximable solution to
the Dirichlet problem (2.17). Then there exists a constant ¢ = c(n, N, iq, Sq, Lg, dg)
such that, if

lim Kq(r) <c, (2.22)

r—0t

then a(|Vu)Vu € Wh2(Q, RVN*"), and inequality (2.19) holds.
In particular, if 02 € W2 X, where X (9R2) is the space defined by (2.21), then there
exists a constant ¢ = c¢(n, N, i4, Sq4, Lo, d@) such that, if

lim (" sup IBlxaans, ) <. (2.23)

r—=0" \xepQ

then a(|Vu|)Vu € WH2(Q, RN>"), and inequality (2.19) holds.

Remark 2.8 We emphasize that the assumptions on d€2 in Theorem 2.7 are essentially
sharp. For instance, the mere finiteness of the limit in (2.22) is not sufficient for
the conclusion to hold. As shown in [53,54], there exists a one-parameter family of
domains €2 such that g (r) < oo for r € (0, 1) and the solution to the homogeneous
Dirichlet problem for (1.2), with a smooth right-hand side f, belongs to W22($2, RY)
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only for those values of the parameter which make the limit in (2.22) smaller than a
critical (explicit) value.

A similar phenomenon occurs in connection with assumption (2.23). An example
from [46] applies to demonstrate its optimality yet for the scalar p-Laplace equation.
Actually, open sets © C R3, with 9Q € W2L>°, are displayed where the solution u
to the homogeneous Dirichlet problem for (1.3), with N = 1, p € (%, 2] and a smooth
right-hand side f, is such that |Vu|P~2Vu ¢ W12(Q, R"). This lack of regularity is
due to the fact that the limit in (2.23), though finite, is not small enough. Similarly,
if n = 2 there exist open sets 2, with 8Q € W2L!*> log L, for which the limit in
(2.23) exceeds some threshold, and where the solution to the homogeneous Dirichlet
problem for (1.2), with a smooth right-hand side, does not belong to W22(Q)—see
[53].

Remark 2.9 The one-parameter family of domains €2 mentioned in the first part of
Remark 2.8 with regard to condition (2.22) is such that 92 ¢ W2Lr—1% if p > 3.
Hence, assumption (2.23) is not fulfilled even for those values of the parameter which
render (2.22) true. This shows that the latter assumption is indeed weaker than (2.23).

Remark 2.10 Condition (2.23) certainly holds if n > 3 and 4Q € W>"~!, and if
n =2and dQ € W?Llog L (and hence, if 9Q € W>4 for some ¢ > 1). This is due
to the fact that, under these assumptions, the limit in (2.23) vanishes. In particular,
assumption (2.23) is satisfied if 92 € Cc2.

3 The pointwise inequality

This section is devoted to the proof of Theorem 2.1, which is split in several lemmas.
The point of departure is a pointwise identity, of possible independent use, stated in
Lemma 3.1.

Given a positive function a € C'(0, co), we define the function Q,, : [0, 00) — R
as

B ta'(t)
Qu(t) = a0 for > 0. 3.1
Hence,
ig =1inf Q,(t) and s, = sup Q,(?), (3.2)
>0 =0

where i, and s, are the indices given by (2.1).

Lemma 3.1 Letn, N, 2 and u be as in Theorem 2.1.
(i) Assume that the function a € C°([0, 00)) and satisfies conditions (2.4)—(2.6).
Then
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|div(a(|Vu))Vu)|* = div[a(|Vu|)2<(Au)TVu — %Vqu|2>]

+a(|Vu|>2[|v2u|2 +20,(Vu))|V|Vu|?

A\
2 (vivup”

2
+ Qu(|Vul) Yl

2
} in Q, (3.3)

where the last two addends in square brackets on the right-hand side of equation (3.3)
have to interpreted as 0 if Vu = 0.

(ii) If a is just defined in (0, 00), a € C((0, 00)), and conditions (2.4) and (2.5)
are fulfilled, then equation (3.3) continues to hold in the set {Vu # 0}.

The next corollary follows from Lemma 3.1. applied with a(r) = t7~2.

Corollary 3.2 Let n, N, Q and u be as in Theorem 2.1. Assume that p > 1. Then
|div(|Vu|?2Vu)|* = div[|Vu|2<P—2> ((Au)TVu _ %V|Vu|2)]

+ |Vu|2<f'—2)[|v2u|2 +2(p —2)|V|Vu|?

Vu T
——(V|Vu|)

—2)?
+ (-2 V|

2
i| (3.4

in {Vu # 0).

Proof of Lemma 3.1 Part (i). The following chain can be deduced via straightforward
computations:
|div(a(|Vu)Vu)|*
la(IVul)Au + @' (|Vu)) Vu(V|Vu)T |
_ 2 2 2.2 217724412
= a(|Vu)*(|Au)® — |V7ul?) 4+ a(|[Vu))*|V7ul*+
+d'(Vu)? | Va(V|Vu) > + 2a(|Vul)d' (| Vul) Au - Va(|Vul)

= a(|Vu|)2(div((Au)TVu) - %div(V|Vu|2)) +a(Vu)?|V2u 2+

+ a’(|Vu|)2\Vu(V|Vu|)T}2 +2a(|Vu))d'(|Vu))Au - Va(V|vu)?. (3.5)
Notice that equation (3.5) also holds at the points where |Vu| = 0, provided that the
terms involving the factor a’(|Vu|) are intepreted as 0. This is due to the fact that all
the terms in question also contain the factor Vu and, by assumption (2.6),
lim d'(¢)t = 0.

t—0t
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Moreover,

a(lVu)2div((Au)” vu)
= div(a(|Vu])*(Aw)" Vu) — 2a(|Vu)d'(|Vu)) Au - Va(V|Vup’,  (3.6)

and

Ta(Ivu)?div(V|Vul?) = Ldiv(a(|Vu))? V|Vul?) = 2a(|Vu))a'(|Vu))|Vu||V|Vu|*.

(3.7)
From equations (3.5)—(3.7) one deduces that
|div(a(|Vu|)Vu)|2 = div(a(|Vu])*(Aw)" Vu) — 1div(a(|Vu))? V|Vul?)
+a(IVu))?|V2ul? + &' (IVu)?| Vu(v|Vu) |
+ 2a(|Vu))d'(|Vu])|Vul|V|Vul|?. (3.8)

If Vu = 0, then the last two addends on the right-hand side of Eq. (3.8) vanish.
Hence, Eq. (3.3) follows. Assume next that Vu # 0. Then, from Eq. (3.8) we obtain
that

|div(a(|Vu|)Vu)|2 = div(a(|Vu])*(Aw)" Vu) — div(a(|Vu))? V|Vul?)

1 2
a (|Vu|)|Vu|) Vu (VIVuI)T
a(|Vul) [Vu|
)4 (IVu])|Vul IVIVUIIZ]-
a(|Vul)

2

+a<|Vu|>2[|v2u|2 +<

The proof of Eq. (3.3) is complete.
Part (ii). The conclusion follows from the above computations, on disregarding the
comments on the points where Vu = 0. O

Having identity (3.3) at our disposal, the point is now to derive a sharp lower bound
for the second addend on its right-hand side. This will be accomplished via Lemma 3.6
below. Its proof requires a delicate analysis of the quadratic form, depending on the
entries of the Hessian matrix V2u, which appears in square brackets in the expression
to be bounded. This analysis relies upon some critical linear-algebraic steps that are
presented in the next three lemmas.

In what follows, R{’" denotes the space of symmetric matrices in R"*". The dot
“.” is employed to denote scalar product of vectors or matrices, and the symbol “®”
for tensor product of vectors. Also, I stands for the identity matrix in R"*",

Lemma 3.3 Let w € R" be such that |w| = 1. Then
|Hol* = Yo - Hol* = Y HP* = -L|H,. (3.9)

forevery H e RIX" where H,1 = (I —0o @ w)H(I — 0w ® w).

sym ’
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Proof Let {eq, ..., e,} denote the canonical basis in R"” and let {0y, ...,6,} be an
orthonormal basis of R” such that 6; = w. Let Q € R"*" be the matrix whose
columns are 61, ..., 6,,. Hence, w = Qe;. Next,let R = QTHQ. Clearly, R € RZX",

sym *
Denote by r;; the entries of R. Computations show that

21 2 1y 21 2 1yp2
|Ho|” — 3lw - Hol|” — 5|H|” = [Re1|” — 5ler - Ret|” — 5|R|

n n
2 12 1 2
=E lritl” — zlrul” — 5 E |71

ij=1

2
=22|r1,| +22|m| —YrlF -3 Z I7ij1

i,j=1
=3 Z |r11|
i,j>2
=-I—e1®eNRU —e; ®ep))?
= UI-0®wHU - 0wl
Hence, Eq. (3.9) follows. m|

Given a vector w € R”, define the set

E()={Hw : He R |H| < 1}.

sym *

It is easily verified that E(w) is a convex set in R” for every w € R". Lemma 3.4
below tells us that, in fact, E(w) is an ellipsoid, centered at O (which reduces to {0} if
o = 0). This assertion will be verified by showing that, for each w € R", there exists

a positive definite matrix W € R{i{ such that E(w) agrees with the ellipsoid

FW)={xeR":x - W'x <1}, (3.10)

where W1 stands for the inverse of W. This is the content of Lemma 3.4 below. In
its proof, we shall make use of the alternative representation

F(W):{xeR”:yvcf\/y-Wy for every yeR"}, (3.11)
which follows, for instance, via a maximization argument for the ratio of the two sides

of the inequality in (3.11) for each given x € R".
Also, observe that, as a consequence of Eq. (3.11),

x| =x-X <vx-Wx forevery x € F(W)\ {0}. (3.12)

Here, and in what follows, we adopt the notation

Xx=— for x e R"\ {0}
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Lemma 3.4 Given w € R", let W(w) € R2" be defined as

sym
W(w) = $(lo*] + 0 ® o). (3.13)
Then W (w) is positive definite, and
E(w) = F(W(0)). (3.14)
In particular,
Hw € |H| F(W(a))) forevery w e R"and H € RZ;;’:. (3.15)

Proof Equation (3.14) trivially holds if @ = 0. Thus, by a scaling argument, it suffices
to consider the case when |w| = 1. We begin showing that E(w) C F(W(w)). One
can verify that, since |w| = 1,

W) =21 —0®w. (3.16)
Let H € ngxn? be such that |H| < 1. Owing to equation (3.16) and to Lemma 3.3,
Ho-W(w) 'Ho =2|Ho|* — |a)~Ha)|2 <|HP?<1. (3.17)

This shows that Hw € F(W (w)). Theinclusion E(w) C F (W (w)) is thus established.
Let us next prove that F(W(w)) C E(w). Let x € F(W(w)). We have to detect a

matrix H € R’s’;;r’} such that |[H| < 1 and x = Hw. To this purpose, consider the

decomposition x = tw + sw=, for suitable s, ¢ € R, where o+ L o and |a)l| =1.
Since x € F(W(w)), one has that x - W(w)’lx < 1. Furthermore,

X - W(a))_lx = (ta)—l—sa)L) -2 —w® a))(ta)—i—sa)l)=2(t2 + s2) — 12 =% 4252
Hence, 12 + 252 < 1. We claim that the matrix H, defined as
H =ta)®a)+s(wL®a)+a)®a)L),

has the desired properties. Indeed, H € R} <"

sym *

|H> =w(HTH) = > +25% < 1,

Hw:tw+swL=x.

This proves that x € E(w). The inclusion F (W (w)) C E(w) hence follows. O

In view of the statement of the next lemma, we introduce the following notation. Given

N vectors w* € R" and N matrices H* € ngxn:l, witha =1, ... N, we set

@ Springer



A. K. Balci et al.

2 N

2
N
-ZHﬁwﬁ', J1=Z|H"‘|2. (3.18)
B=1

a=1

J =

N
JOZZ o

a=1

N
5"
a=1

Lemma3.5 Let N >2,0<§ < l and § + o > 1. Assume that the vectors w* € R"

and the matrices H* € Rg’yﬁ’, wzth a =1, ... N, satisfy the following constraints:
N
Z|w°’|25 L, (3.19)
Z |HY? (3.20)
Then
. 1
J—8Jo—olJy < 0 517 voe [?’ 31]’ 3.21)
= |maxfo. S5E -0} sedidl

Proof Given § and o as in the statement, set
D(S!o' =J - 5.]0 — O'Jl.

The quantities Jo, J and J; are 1-homogeneous with respect to the quantity
Z;V:l |H; |2. Moreover, inequality (3.21) trivially holds if the latter quantity vanishes.

Thereby, it suffices to prove this inequality under the assumption that ) ?’:1 |H; > =1,
namely that
Jy=1. (3.22)

On setting ¢ = Z(]xv:l H%*w", one has that

N
J=1cP and  Jo=) el

Therefore,

N
Jo < 1EP )l <1gP =1, (3.23)

a=l1

Owing to Lemma 3.4,
HYw* € |H*|F(W?)

fora = 1,..., N, where W% = |w% |2 (Id + ¥ ® cf)a). Thus, by equations (3.15)
and (3.12),

@ Springer



A pointwise differential inequality and second-order regularity...

H0" T < |HOWE - Weg = |l L + L7 2F 329

forae = 1,..., N. Since

N
{=(-0r =) (H )X,

a=1

equation (3.24) implies that

N N
o1 < Y |H T < Y IH 0y 4 + Ha® - TP
a=1

a=1

Hence,

N 2
— 3
a=1

On setting Jo = fo\;l |w® - 7|2, we obtain that

=

To= D jo Plaf 2P and sy =16 o

Note that Z) < 1,inasmuchas Jo < J = |{|2. Moreover, by equation (3.22),
Do =J —8Jp—0 =¢]*(1-8J0) —o. (3.26)
From inequalities (3.25) and (3.26) we deduce that

N 2 N
_ ~2 —_ o~
Dso < %(ZIH“H&)‘H %4_ %|wa.§| ) (1 —3Z|a)“|2|w<¥ . §|2) _
a=1 a=l1
(3.27)

Next, define the function with g : [0, 11V x [0, 11V x [0, 1]V — R as

N 2 N
g(h,s,t) = %(;hata\/ 1 +S§) <1 - S(Olz:;to%si)) -0 (3.28)
for (h,s,1) € [0, 11V x [0, 1N x [0, 1]V,

where h = (hy,...,hy), s = (S1,...,sy) and t = (71, ..., ty). Inequality (3.27)
then takes the form

Dso < g((H'|,....[HV]), ('], ..., &™), (' -Z],.... |0V - Z)).
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Our purpose is now to maximize the function g under the constraints

N N
o<t Y hr=1 (3.29)
a=I1 a=1

We claim that the maximum of g can only be attained if fo\;l tg = 1. To verify this
claim, it suffices to show that

g(h,s,tt) < g(h,s,t)
forevery (h,s,t) € [0, 11V x [0, 11V x [0, 11V and 7 € [0, 1]. (3.30)

Plainly,

N N
2
g(h, s, 1) = %TZ(ZhataM) (1 - 725(2f355)> —0o
a=1 a=1

for (h,s,t) € [0, 11V x [0, 11V x [0, 1]V and t € [0, 1]. Note that

N N
055( tgsg) 55(2@):55 L (3.31)
a=1 a=1
Thus, for each fixed (k, s, t) € [0, 117" x [0, 11" x [0, 17", we have that
gh,s,tt) =c1t(l —cpt) — B for 7 €0, 1], (3.32)

for suitable constants ¢; > 0 and 0 < ¢ < %, depending on (4, s, t). Since the

polynomial on the right-hand side of Eq. (3.32) is increasing for t € [0, 1], inequality
(3.30) follows. As a consequence, constraints (3.29) can be equivalently replaced by

N
Zr§=1 and Zhi:l. (3.33)
a=1

Let us maximize the function g(k,s,t) with respect to &, under the constraint
nyv:l hg = 1. Let (A1, ..., hy) be any point where the maximum is attained. Then,
there exists a Langrange multiplier A € R such that

N N
ta,/l+sg<2hyty1/l+s%><l—5<Zt3s}2,))=2)\ha for a=1,...,N.
y=1 y=1

(3.34)
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Multiplying through equation (3.34) by /g, and then subtracting equation (3.34), with
o replaced by 8 and multiplied by &, yield

N n
(Zhyty /1 +s5><1 - 5(Zt§s§))(h,gta,/1 +52 = hatgy[1+53) =0
y=1 y=1

(3.35)

_ . . 2.2
for o, B =1, ..., N. Owing to equation (3.31), we have that (l - 6( Z;:I tysy)) >
3. Next, if Y0 hyt, /1452 = 0, then hyty = -+ = hyty = 0, whence
Ds.s = —o < 0, and inequality (3.21) holds trivially. Therefore, we may assume

that Z)Iyzl hyty /1 + s > 0in what follows. Under this assumption, equation (3.35)

tells us that
hptay/1+ 52 = hatp,/1+ 53 (3.36)

for o, B =1,..., N. Combining equations (3.33) and (3.36) yields

N N N
2452 =120 +sD)Y hy=hlY (1 +sh) = hf,(l +> r§s§>
p=1 p=1

p=1
(3.37)
for « = 1,..., N. Hence,
(3.38)
forae =1,..., N.
gh,s, 1) <
N N N
- %(1 4 Ztgs,g)(l _5(2@3)) o - w(ztgsg)
B=1 a=1 a=1
where ¥ : [0, 1] — R is the function defined as
Yy(r)=10+r(1-8r)—0c for rekR.
Set p = SN 242 : . N 22 N 2 _
p =D i_q1ySy> and notice that p € [0, 1], since 0 < D,y 1555 < D gy ly =

1. Thereby, the maximum of the function g on [0, I]N x [0, I]N x [0, I]N under
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constraints (3.33) agrees with the maximum of the function ¥ on [0, 1]. It is easily
verified that, if § € [0, %], then max,¢o,1] ¥ (r) = ¥ (1). Hence, since we are assuming
thatd +o0 > 1,

Dso<y()=1-8—0<0.

On the other hand, if § € (%, %], then max,¢po, 1 ¥ (r) = 1//(%). Therefore,

1—-58\ (54172
Ds.o < ( ) - _
ve =V 55 T
The proof of inequality (3.21) is complete. O

Lemma 3.6 Letn, N, Q and u be as in Theorem 2.1. Given p > 1, let kn(p) be the
constant defined by (2.2)—(2.3). Then

2

E(VIVUI)T > i (p)IV2ul® (3.39)

2 2
IV2u|” +2(p — 2)|VIVul|" + (p —2)°
|Vu|

in {Vu # 0}. Moreover, the constant kn (p) is sharp in (3.39).

Proof Case N = 1. Inequality (3.39) trivially holds if p > 2. Let us focus on the case
when 1 < p < 2. Notice that, on setting

\v/ T
w= (Ve e€R" and H = V’u e RD"
[Vl >

at any point in {Vu # 0}, we have that

v 2
(Hol? = [V1Vull’, lo- Hol’ = |2V | 1HP = [Vl
u
Therefore, by equation (3.9),
2 Vu 2 2
1 T 12
|VIVul|” < 3 W(V|Vu|) +51Voul".
Consequently, the following chain holds:
5 2 2 2| Vu rl’
IV2ul” +2(p = 2)|VIVul|” + (p = 2) W(VIVMI)
2 .2 2| Vu T2
> (1+(p=2)IVul +((p—2)+(p—2)%) W(VIVMI)
2
2 Vu
> (p— D)|Vul +(p—1)(p—2)‘m(VIVM|)T
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2
= ((p =D+ (p = D(p—2)Vul
= (p— DAV2l’.

Hence, inequality (3.39) follows.

As far as the sharpness of the constant is concerned, if p > 2, consider the function
u : R"\ {0} - R given by

u(x) = |x| for x e R"\{0}.

Since V|Vu| = 0, equality holds in (3.39) for every x € R" \ {0}. On the other hand,
if p € [1, 2), consider the function u : R” — R defined as

u(x) = %xlz for x e R".

One has that

2
V2ul” = |V|Vul|* = ﬁ(V|v uDT| =1 in R”.

Hence, equality holds in (3.39) for every x € R" \ {0}.

Case N > 2. It suffices to prove that inequality (3.39) holds at every point x € {Vu #

0} under the assumption that | V>u(x)| equals either 0 or 1. Indeed, if [V?u(x)| # 0 at

some point x, then the function given by u = \V2 o fulfills |[V2u(x)| = 1. Hence,

inequality (3.39) for u at the point x follows from the same inequality applied to u.
If p > 2, inequality (3.39) holds trivially. Thus, we may focus on the case when

p € [1, 2). In this case, we make use of Lemma 3.5. Define

Vu®
o _ d HY = V2 c Rxn
Vul an u sym
fora = 1,..., N, at any point in {Vu # 0}. In particular, assumptions (3.19) and
(3.20) are satisfied with this choice. Computations show that
2 2
J = Jo= ﬁ(VIV up’| . =1Vl (3.40)

where J, Jy and J; are defined as in (3.18).
Next, let 8 = 272, Notice that & € [0, 1], and that § € (0, 1] if and only if

G+D? _ 1 (4-p)*
8 — 16 2—p

if p € [1, 4). Observe that § + o = 1 in the former case, and § + o > 1 in the
latter. Thus, the assumptions on § and o of Theorem 3.5 are fulfilled. Furthermore, by
our choice of o, the maximum on right-hand side of inequality (3.21) equals O when
5> %, namely when p € [1, ‘—3‘). From inequality (3.21) we infer that

p € [%,2). We next choose 0 = £ if p € [%,2), and 0 =

J<ZLJy+ ol
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This inequality is equivalent to
Ji+2(p =27+ (p=2%Jo = (1 =022 = p)J1.

Since 1 — 02(2 — p) = kn(p), inequality (3.39) follows.

In order to prove the sharpness of the constant «y (p), let us distinguish the cases

when p >2,p € [%,2) and p € [1, %).
If p > 2, consider the function u : R” \ {0} — R" given by

u(x) = (|x],0,...,0) for x € R"\ {0}.

Since V|Vu| = 0, equality holds in (3.39) for every x € R" \ {0}.
Ifpe [%, 2), consider the function u : R” — R¥ defined as

u(x) = (3x7,0,...,0) for x e R".

One has that

Vu 2
V2l = |[V|vul]® = | == (V|[Vu)?| =1 in R".
[Vu|

Thus, equality holds in (3.39) for every x € R" \ {0}.
If p € [1, 3), setro = 5.
Let e1, ep denote the first two vectors of the canonical base of R”. Define

1 = J/ro, w1=t161,
th =+/1—rg, w® = hey,

2
hy =/ "0 , H! =hie] ey,
1+rg
[1—ro 2 1
h2: 1+r0, H :h275(81®e2+62®el)1

andw’ == =0,H3=... = HY = 0. Then

N
2 2
Yl =o'+ = 1.
a=1
Moreover,
N 2 2
=Y |H P =|H'" +|H* =1,
a=1
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2

2
J= Z H0| =|H'o' + H20* = ‘(hm n %hm)el
1+r0 1+r0 (3.43)
Jo = Z| o - (H'o' + H2?)| = o' (H'o" + szz)\2 _ M
! (3.44)

Now, letu : R” — R¥ be a polynomial of degree two such that Vu*(0)" = »® and
VZu® = H® fora = 1, ... N. Formulas (3.40), combined with (3.42)—(3.44), tell us
that

2
2 2
IV2u|” +2(p — 2)|VIVul|" + (p —2)° ﬁmv up’
2
=1—g@—p’ =kn(IViul at 0.
Hence, equality holds in (3.39) for x = 0. O

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1 By Lemma 3.6, applied with p = Q,(|Vu|) 4+ 2, and the mono-
tonicity of the function « one has that

Vu 2
a(|Vul) [IVZuI +20,(Vup)|V|Vul* + Q, —(VIv n’ }
> iy (Qa(IVu)) +2)a(|Vu))?|VZul?
kn (ia +2)a(Vu)?|V?ul* in  {Vu # 0). (3.45)

Thus, under the assumptions of Part (ii), inequality (2.7) holds at every point in the
set {Vu # 0}, owing to equation (3.3) and inequality (3.45).

On the other hand, if the stronger assumptions of Part (i) are in force, then equation
(3.3) also holds at every point in the set {Vu = 0}, provided that the expression

2

YU g vup”

20,(Vu)|V|Vul[* + Q,(|Vul)? ul

is interpreted as 0. Hence, inequality (2.7) holds in {Vu = 0} as well, inasmuch as
KN (ia + 2) <.

In order to verify the optimality of the constant «y (i, + 2) in inequality (2.7), pick
a function u and a point xo from the proof of Lemma 3.6 such that Vu(xg) # 0 and
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equality holds in inequality (3.39), withu = wand p = i, +2, at the point x(. Namely,

,| Vii(xo) _ r?
o Fai V1VEIG0)

= ke (iq + 2)|V2E(x0) . (3.46)

_ 2 . _ 2 .
|V2U(x0)|” + 2ia|VIVE|(x0)|” + i

By the definition of the index i,, given & > 0 there exists 7y € (0, 0o) such that
iqg < Qq (o) <iz+e. (347)

Define, the function u = %, so that [Vu(0)| = f9. From identity (3.3), equation

(3.46) and inequality (3.47) we obtain that

|div(a(|Vul)Vu)|* — div[a(|Vu|)2<(Au)TVu _ %V|Vu|2>]
a(|Vu|)?|V2ul?

-
V2002 + 204 (0)|VIVul(20) P + Qa0 | Y222 (9 Vi) |
V2u(x0) 2
IV20(x0) 2 + 2 Q4 (10) |V VT (x0) |2 + Qa(10)?| ot (V|Vﬁ|<xo>)T\2
B V2 (x0) |2
< V2 (30) P+ 200+ )1 VIV i0) P24+ 261i+62)) | V2 (9 )T [
= V2 (x0) 2
- 26 VIV (x0) 2 + (26l + £2)) | Y2 (9 v ()|
=2 V2u(xo)
(3.48)

Hence, the optimality of the constant ky (i, + 2) in inequality (2.7) follows, owing to
the arbitrariness of €. O

4 Function spaces

An appropriate functional framework for the analysis of solutions to systems of the
general form (1.5) is provided by the Orlicz-Sobolev spaces associated with the energy
integral appearing in the functional (1.6). They consist in a generalization of the
classical Sobolev spaces, where the role of powers in the definition of the norm is played
by more general Young functions. Section 4.1 is devoted to some basic definitions
and properties of Young functions and of Orlicz-Sobolev spaces. A Poincaré type
inequality for functions in these spaces, of use for our purposes, is established as well.
In Section 4.2 we collect specific properties of the Young function (and of perturbations
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of its) entering the definition of the peculiar Orlicz—Sobolev ambient space associated
with system (2.11).

4.1 Young functions and Orlicz-Sobolev spaces

A Young function A : [0, c0) — [0, o] is a convex function suc~h that A(0) = 0. The
Young conjugate of a Young function A is the Young function A defined as

Z(t) = sup{st — A(s) : s >0} for t>0.

A Young function (and, more generally, an increasing function) A is said to belong to
the class A», or to satisfy the A,-condition, if there exists a constant ¢ > 1 such that

AQ2t) < cA(t) fort > 0. .1

Letis and s4 be the indices associated with a continuously differentiable function A
as in (2.1), with a replaced by A. Namely

tA'(t) tA'(1)
n and 54 = sup .
>0 A(r) >0 A()

4.2)

One has that A € Aj ifand onlyifs4 < co. The constant ¢ in inequality (4.1) depends
on s,. Also, Ac A ifand only if iy > 1.

The Orlicz space LA () is the Banach function space of those real-valued measur-
able functions u : 2 :— R whose Luxemburg norm

||u||LA(Q)=inf{A>O:/A(M>dx§1}
o 2

is finite. The Orlicz space L4 (2, RY) of R¥-valued functions, and the Orlicz spaces
LA, RV*ny and LA(Q, RV >1xny of RV X" _yalued and RN *"*"_valued functions,
respectively, are defined analogously.

The Orlicz-Sobolev space W4 () is the Banach space

Wl’A(Q) ={uce LA(Q) : u is weakly differentiable in 2 and Vu € LA(Q, R™M},
4.3)
and is equipped with the norm

lullwray = lullpa) + IVullpaq rey-

The space WIL’CA (£2) is defined accordingly. By W(}’A(Q) we denote the subspace of
W14(Q) of those functions in W4 (L) whose extension by 0 outside €2 is weakly
differentiable in the whole of R". The notation (Wé’A(Q))/ stands for the dual of

W(}’A(Q). If 2 has finite Lebesgue measure |€2|, then the functional [|Vul|;q g
defines a norm in W(;’A(Q) equivalent to ||u||W1,A(Q).
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The space C‘O’O(Q)Nis dense in WO1 ’A(Q) if A € A,. Moreover, Wé ’A(Q) is reflexive
if both A € A, and A € Ay, and henceifigy > 1 and s4 < o0.

The Orlicz-Sobolev space WI’A(Q, RN ) of R¥ _valued functions, its variants
Wﬂ)’CA (2, RM) and WOI’A(Q, RM), and the space (W&’A(Q, RMY)Y are defined analo-
gously.

If |2] < oo and the Young function A € A», then the Poincaré type inequality

f A(lu)) dx < c/ A(IVu)) dx (4.4)
Q Q

holds for some constant ¢ = c(n, |€2|, s,) and for every function u € W(} ’A(Q).
Inequality (4.4) follows, for instance, from [59, Lemma 3].

In order to bound lower-order terms appearing in our global estimate, we also need a
stronger, yet non-optimal, Sobolev-Poincaré type inequality for functions in WO1 A ()
with an Orlicz target space smaller than LA (). This is the subject of Theorem 4.1
below, which generalizes a version of the relevant inequality with optimal Orlicz target
space from [26] (see also [25] for an equivalent form).

Assume that the Young function A and the number o > 1 satisfy the conditions

1

t o—1
o\

Then, we define the function H, : [0, o0) — [0, c0) as

and

1 1
Hy(s) = (/0 (ﬁ)al dt)g for s >0, (4.7)

and the Young function A, as
Ay (t) = A(H;'(1)) for t>0. 4.8)

Theorem 4.1 Let Q2 be an open set in R" with |2] < oo. Assume that the Young
function A and the number o > n fulfill conditions (4.5) and (4.6). Then there exists
a constant ¢ = c¢(n, o) such that

/Ag< — e (x)] 1/0>dx§/ A(|Vu|)dx (4.9
2\l 7 ( [q A(Vuldy) o

foreveryu € Wol’A(Q).
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Proof By the Pdlya-Szego principle on the decrease of the functional on the right-
hand side of inequality (4.9) under symmetric decreasing rearrangement of functions
u e WOI’A (R2) (see [15]), it suffices to prove inequality (4.9) in the case when €2 is a ball
and the trial functions u are nonnegative and radially decreasing. As a consequence,
this inequality will follow if we show that

. flm w(r)r_ni’ dr o]
f AU( ] 1 1/g>dSS/ A(p(s)) ds (4.10)
° clQ" "7 (fo Alp(r)dr) 0

for a suitable constant ¢ as in the statement and for every measurable function ¢ :
(0, 1€2]) — [0, 00). Let S be the linear operator defined as

Is] |
Sgo(s):/ o(r)r~w dr for s e (0, |Q), .11

for every measurable function ¢ : (0, |€2]) — R that makes the integral on the right-
hand side converge. One has that

& S\ 2,/ i o\
IlSwllLa'<o,|g|>=<f0 Se()I” ds) 5(/0 s (/ |<p(r)|dr) ds)

LI’ P [t
§||€0||L1(0,|Q|)</0 s oo ds) =c|Q* 77 lellLio, 1) 4.12)

for a suitable constant ¢ = ¢(n, ') and for every ¢ € L'(0, |2]). Also, by the Hardy-
Littlewood inequality for rearrangements,

12l 1 [of L
ISell o0, S./o lo(r)|r " dr 5/0 o () dr

1_1 12 _ 1 1_1
< |0 /0 GO dr = Q07 gl ooy (@13)

for every ¢ € L%1(0, |2|). Here, ¢* denotes the decreasing rearrangement of ¢, and
L%1(0, |Q]) is the Lorentz space whose norm is defined by the last integral in equation
(4.13). Owing to equations (4.12) and (4.13), the interpolation theorem established in
[26, Theorem 4] can be applied to deduce inequality (4.10). O

The next lemma tells us that the assumptions of Theorem 4.1 are certainly fulfilled
if A satisfies the Aj-condition, provided that o is sufficiently large.

Lemma4.2 Let A be a continuously differentiable Young function satisfying the A;-
condition and let o > s4. Then conditions (4.5) and (4.6) are fulfilled.

Proof Owing to the definition of s,, one verifies via differentiation that the function

At) - A .
tS(A) is non-increasing. Thus,

A(t) > A(De*4 if 1€ (0, 1], (4.14)
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and
A@) < A(H*A if te[l,00). (4.15)

Equations (4.5) and (4.6) follow from (4.14) and (4.15), respectively. O

4.2 Young functions built upon the function a

Given a continuously differentiable function a : (0, co) — (0, o0) such thati, > —1,
let b and B the functions defined by (1.8) and (1.7). Our assumption on i, ensures that
b is a non-decreasing function, and hence B is a Young function.
One has that
ip=is+1 and sp=s5,+ 1. (4.16)

Also
ip>ip+1 and sp <sp+ 1. 4.17)

Thus, if s, < oo, then the functions » and B satisfy the A,-conditon, and ifi;, > —1,
then the function B satisfies the A»,-conditon.

Hence, if 5, < 00, then for every A > 1 there exists a constant ¢ = c(A, s,) > 1
such that

b(rt) <cb(t) for t >0, (4.18)
and
B(At) <cB(@) for t>0. (4.19)
Moreover,
th'(t) < (sq + Db(t) for t >0, (4.20)
and
B(t) <tb(t) < (sq +2)B(t) for t> 0. 4.21)

Since B (b(t)) < B(2t) for t > 0, there exists a constant ¢ = ¢(s,) such that
B(b(t)) < cB(t) for t>0. (4.22)
Finally, if i; > —1 and 5, < 00, then
a(l) min{r', *} < a(t) < a(1) max{t'e, 1%}  for t > 0. (4.23)

If the function a is as above and ¢ > 0, we define the function a, : [0, c0) — (0, 00)
as

a.(t) =a(Wt?2 +¢2) for t>0. (4.24)
The functions b, and B, are defined as in (1.8) and (1.7), with a replaced by a,.
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Lemma 4.3 Assume that the function a : (0, c0) — (0, 00) is continuously differen-
tiable in (0, 00) and that i, > —1 and s, < o0. Let ¢ > 0 and let a, be the function
defined by (4.24). Then
iq, > min{i,, 0} and s, < max{s,, 0}, (4.25)
where iy, and s, are defined as in (2.1), with a replaced by a,.
Let b, B, b, and B. be the functions defined above. Then there exist constants
c1, ¢2, 3, depending only on s4, such that
c1B(t) —cyB(e) < ag(t)z2 < c3(B(t) + B(e)) for t=>0. (4.26)
Moreover, there exists a constant ¢ = c(s,) such that

B (1) = c(B(1) + B(¢)) for t =0, (4.27)

and ~
B(bs(t)) < c(B(t) + B(g)) for t>0. (4.28)

Proof Property (4.25) can be verified by straightforward computations. Consider equa-
tion (4.26). One has that

as(O1* < a(t + &)t < (s, +2)B(t + &) < (54 +2)(B(21) + B(2¢))
<c(B(t)+ B(g)) for t >0, (4.29)

for some constant ¢ = ¢(s,), where the second inequality holds by (4.21) and the last
one by (4.1). This proves the second inequality in (4.26). As for the first one, observe
that

B(t) < B(t+¢) <BQ2t)+ BQ2e) <cB(t)+cB(g) for t >0, (4.30)

for some constant ¢ = c(s,), where we have made use of inequality (4.1) again. Now,

t t t
B(1) =/ a(t)tdt < / a(t +&)(t +e)dr < / a(2vt2 + &2)2y/12 + 2 dx
0 0 0

t
< cf a(\/r2 —|—82)\/‘L'2 +e2dr <cta(Vt2 +e2)Vi2 + &2
0
—ca:(Ot/12 + €2 for t>0, 4.31)

for some constant ¢ = c(s,), where the third inequality is due to (4.18). On the other
hand,

ac (D12 + &2 < V2a,()t>  if t>e, (4.32)
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and
as (D12 + €2 < V2as(e)e* = V2a(V2e)e* <cB(e) if 0<t<e, (4.33)

for some constant ¢ = c(s,), where the last inequality holds thanks to (4.21). Com-
bining inequalities (4.31)—(4.33) yields

B(1) < cas(1)t*> + ¢cB(e) for t>0,

for some constant ¢ = c(s,). Hence, the first inequality in (4.26) follows.

Inequality (4.27) holds because of the first inequality in (4.21), applied with B
replaced by B,, and of the second inequality in (4.26).

Inequality (4.28) is a consequence of the following chain:

B(b. (1)) = Bla(V12 + e2)t) < B(b(V12 + &2))
<Bb(t+¢) <cB(t+e) < (B(t)+ B(e)) for t >0, (4.34)

for some constants ¢ and ¢’ depending on s,,. Notice, that we have made use of property
(4.22) in last but one inequality, and of property (4.1) in the last inequality. O

Lemma 4.4 Assume that the function a : (0, c0) — (0, 00) is continuously differen-
tiable in (0, 00) and that i, > —1 and s, < oo. Let ¢ > 0 and let a; be the function
defined by (4.24). Let M > 0. Then there exists a constant ¢ = c(iy, Sq, &, M) such
that

[P — Q| =clas(P)P — a.(Q) 0| (4.35)
for every P, Q € RN*" sych that |P| < M and |Q| < M.

Proof Our assumptions on a legitimate an application of [38, Lemma 21], whence we
deduce that there exists a positive constant ¢ = c(ig, , S4,) such that

clas(|1P1+10)+a,(|PI+IQD(PI+IQD]IP—0QI* < (a.(IP)) P—a:(|Q)) Q)-(P—Q)
(4.36)
for every P, Q € RV*1 Vig inequalities (4.36) and (4.25) we deduce that

c(1+minfig, 0Dac (1P| +QDIP — Q| < la:(1P)P —a:(1QDQI  (4.37)
for every P, Q € RV*" Inequality (4.4) hence follows, since
as(IP|+1Q)) = min {a(r) : & <1 <v2M2 42} > 0

if |[P| < M and |Q| < M, and (1 + min{i,, 0}) > 0. m]

One more function associated with a function a as above and to a number ¢ > 0 will
be needed in our proofs. The function in question is denoted by V, : RVN*" — RNx»
and is defined as

Ve(P) = Va.(|JP)P  for P e RN (4.38)
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Lemma 4.5 Assume that the function a : (0, c0) — (0, 00) is continuously differen-
tiable and such thati, > —1 and s, < o0o. Let ¢ > 0 and let a. be the function defined
by (4.24). Then

a:(|P)P — a(|P)P as & — 0T, (4.39)

uniformly for P in any compact subset of RN*".
Moreover,

(as(IPNP —a-(10DQ)-(P—-Q) = |V8(P)_V6(Q)‘2 for P,Q e RV, (4.40)

where the relation ~ means that the two sides are bounded by each other, up to positive
multiplicative constants depending only on i, and s,.

Proof Fix any 0 < ¢ < L and assume that ¢ € [0, 1]. Since a € Cc10, 00), if
£ < |P| < L then

lac(|P)P — a(|P))P| < |Pllas(|P|) — a(|P])] (4.41)
< max_ |dO|VIP?+e>—|P))< max_|d()e.
tell,v/L2+1] tell,v/L2+1]

Moreover, if | P| < 1, then, by the second inequality in (4.23) applied with a replaced
by a. and by the first inequality in (4.25),

las(IP)P| < ae(1)|P|"TMinta% < max |a(r)|| | FTmintie-0), (4.42)
re[1,v/2]

Now, let L > 0. Fix any ¢ > 0. By inequality (4.42), there exists £ > 0 such that
lac(|1P)P —a(|P))P| < |a:(IPDP| + |a(IPDP| <o (4.43)

for every ¢ € [0, 1], provided that |P| < £. On the other hand, inequality (4.41)
ensures that there exists gy € (0, 1) such that

la;(IP)P —a(|P)P| <o (4.44)

if £ < |P| < L. From inequalities (4.43) and (4.44) we deduce that, if 0 < ¢ < &g,
then
lac(|P])P —a(|P|)P| <o if |P| < L. (4.45)

This shows that the limit (4.39) holds unifromly for |P| < L.

As far as Eq. (4.40) is concerned, it follows from [37, Lemma 41] that, since we
are assuming that i,, > —1 and s,, < 00, the ratio of the two sides of this equation is
bounded from below and from above by positive constants depending only on a lower
bound for i,, and an upper bound for s,,. Owing to inequalities (4.25), we have that
iq, > min{iy, 0} > 0 and s,, < max{s,, 0} < oo for every ¢ > 0. This implies that
Eq. (4.40) actually holds up to equivalence constants depending only on i, and s,. O
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5 Second-order regularity: local solutions
The definiton of generalized local solution to the system

—div(a(|Vu)Vu) =f in Q 5.1
that will be adopted is inspired by the results of [41], and involves the notion of
approximate differentiability. Recall that a measurable function u : Q@ — RY is said

to be approximately differentiable at x € § if there exists a matrix apVu(x) € RV*"
such that, for every ¢ > 0,

lim [{y € B, (x) : lu(y) —u(x) —apVu(x)(y — x)| > &} _

r—>0t r"

0.

If u is approximately differentiable at every point in €2, then the function apVu : Q —
RN*" is measurable.

Assume that a is as in Theorem 2.4 and let f € L;’OC(Q, RN) for some ¢ > 1. An

approximately differentiable function u : @ — R is called a local approximable
solution to system (5.1) if a(JapVu|)|apVu| € Ll (), and there exist a sequence

loc

(£} € C®(Q,RN), with fy — fin L (Q,RY), and a corresponding sequence of

loc
local weak solutions {u} to the systems

—div(a(|Vug|)Vuy) =f; in Q, 5.2)
such that
u; > u and Vu, — apVu ae.in 2, (5.3)
and
lim/ a(|Vuk|)|Vuk|dx=/ a(lapVu|)|apVu| dx 5.4
k—o0 Joy Qo

for every open set Q' CC Q. In what follows, we shall denote apVu simply by Vu.
Weak solutions to system (5.1) are defined in a standard way if f € Ll (2,RV)n

loc

(Wol’B (2, RV)Y, where B is the Young function defined via (1.7). Namely, a function
uce Wlf)’CB (2, RY) is called a local weak solution to this system if

/ a(|Vu|)Vu - Ve dx = / f-pdx 5.5
Q' Q

for every open set Q' CC €2, and every function ¢ € W(}’B (Q,RY).

Inequality (2.7) enters the proof of Theorem 2.4 through Lemma 5.1 below. The
latter will be applied to solutions to systems which approximate system (2.11), and
involve regularized differential operators and smooth right-hand sides. Lemma 5.1
can be deduced from Theorem 2.1 and inequality (2.10), along the same lines as in
the proof of [32, Theorem 3.1, Inequality (3.4)]. The details are omitted, for brevity.
We seize this opportunity to point out an incorrect dependence on the radius R of the
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constants in that inequality, due to a flaw in the scaling argument in the derivation of
[32, Inequality (3.43)].

Lemma5.1 Letn > 2, N > 2, and let Q be an open set in R". Assume that the
functiona € C L([0, 00)) satisfies conditions (2.4)—(2.6). Then there exists a constant
C=C(n,N,ig,s,), such that

R a(VuDVu 5 gy + [ V(@VUDVO) | 15 grvscnsn

< C(||div(a(|Vu|)Vu)||L2(BZR)RN) + R_%_l||a(|Vu|)Vu||L1(BZR’RNX,,))

(5.6)
for every functionu € C3(Q, RN) and any ball Bz CC Q.
Proof of Theorem 2.4 Let us temporarily assume that
feC™@Q,RY), (5.7)

and that u is a local weak solution to system (5.1). Observe that, thanks to equations
(2.12) and (4.25),
ia, > 2(1—+/2). (5.8)

Let Bog CC 2 and, given ¢ € (0, 1), letu, € u + W(}’B(BQR, RM) be the weak
solution to the Dirichlet problem

!—div(ag(IVusl)V“s) =f in By (5.9)

U, =u on dByR.
We claim that
u, € C®(Byg, RY). (5.10)

Actually, as a consequence of [39, Corollary 5.5], Vu, € L (Bag, RN 1Y and there

loc
exists a constant C, independent of &, such that
”vu‘g”LOO(BR’Ran) < C. (511)

The same result also tells us that a.(|Vug|)Vu, € Cf; .(Bag, RN>") for some « €

(0, 1). Therefore, by inequality (4.35), we have that Vu, € C7 (B, RN>™) as well.
Hence, a. (|Vug|) € C 1103 (B2R), and by the Schauder theory for linear elliptic systems,
u €C 1203 (Bagr, RY). An iteration argument relying upon the Schauder theory again
yields property (5.10).

We claim that

/ B(|Vu.|)dx < C(/ §(|f|)dx —i—/ B(|Vu))dx + B(e)) (5.12)
Bog Bog Bag
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for some constant C = C(n, N, s,, R) and for ¢ € (0, 1). Indeed, choosingu, —u €
Wol’B (Bar, RYN) as a test function in the weak formulation of problem (5.9) results in

/ as(|Vug|)Vug - (Vu, — Vu)dx = / f-(ug —u)dx. (5.13)
Bag

Bag

The Poincaré inequality (4.4) implies that

/ B(jug —u|)dx < C/ B(|Vu, — Vu|)dx (5.14)
Bor

Bar

for some constant C = C(n, 5,4, R).
Fix § € (0, 1). From equation (5.13), the first inequality in (4.26), and inequalities
(5.14) , (4.22) and (4.27) one obtains that

61/ B(|Vu.|)dx
Bog
< / If|lu; — u|dx + C/ a:(|Vug|)|Vug||Vu| dx + CR"B(¢)
Bog Bag
< le B(|f)) dx +5/ B(Ju; — u|)dx
Bog Bar

+8/ Eg(a5(|Vu8|)|Vug|)dx+C1/ B.(IVul) dx + CR"B(s)
Bog B

2R

§C1/ §(|f|)dx+5C2f B(|Vu6|)dx+C3f B(|Vul) dx
Bor Bor B

2R

+ 8C4/ B.(Vu.|) dx + C, / B.(IVul|) dx + CR"B(¢)
Bog B

2R

< le §(|f|)dx+5C5/ B(|Vu€|)dx+C6/ B(|Vu|)dx + CR"B(¢)
Byr Bog Baog
(5.15)

for suitable constants C», C4 and C5 depending on n, N, s,, R, and constants Cy, C3
and Cg depending also on §. Inequality (5.12) follows from (5.15), on choosing §
small enough.

Coupling inequality (5.12) with the Poincaré inequality (4.4) tells us that the family
{ug} is bounded in WLB(Bygr, RV). Since under assumptions (2.12) and (2.13) the
latter space is reflexive, there exist a sequence {ex } and a function v € WLB(Byg, RN)
such that &y — 01 and

u,—v in WHB(Byg, RY). (5.16)
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Choosing the test function u,, — u for system (2.11), and subtracting the resultant
equation from (5.13) enables us to deduce that, given any § > 0,

/B (ask(|Vugk|)Vusk — agk(|Vu|)Vu) - (Vug, — Vu) dx
2R
= / (a(|Vu|)Vu — aak(|Vu|)Vu) - (Vug, — Vu)dx
Baor

< 8/ B(|Vug,|) + B(|Vu]) dx + C/ E(|a(|Vu|)Vu — ask(|Vu|)Vu|)dx
Bag Bar

(5.17)

for some constant C = C(8, s,). Owing to equation (4.40), there exists a constant
¢ = c(ig, S4) such that

/ Vo (Vi) — V (V)2 dx <2 / Ve (Vo) — Vi (V)P dx
Baor Baor
+2/ |Ve, (Vu) — V(Vu)|? dx
Bog
< c/ (ag, (IVug, D)Vug, — ag (IVu|)Vu) - (Vu,, — Vu) dx
Baor

+ 2/ | Ve, (Vu) — V(Vu)|2dx. (5.18)
Byg
Combining Egs. (5.18), (5.17) and (5.12) yields

/ Ve, (Vug,) — V(Vu) > dx < (Sc(f B(If]) dx +/ B(|Vu|) dx + B(a))
Bar Byr Byr
+c/ B(la()Vu])Vu — a, (|Vu]) Vu|)dx
Byr

+ 2/ [ Ve, (Vu) — V(Vu)|2dx (5.19)
Bag

for some constant ¢ = c(n, N, R, i, Sq). Inequalities (4.22) and (4.28) entail that
§(|a(|Vu|)Vu — aak(|Vu|)Vu|) <c(B(|Vu|) + B(ex)) ae.in Bag, (5.20)
for some constant ¢ = c(s,). Furthermore, from inequality (4.26) one infers that
Ve, (VW)|? < ¢(B(|Vu|) + B(ex)) ae.in  Bog, (5.21)

for some constant ¢ = c(s,). Thanks to inequalities (5.20) and (5.21), and to property
(4.39), the last two integrals on the right-hand side of inequality (5.19) tend to 0
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as k — oo, via the dominated convergence theorem. Owing to the same theorem,
equation (5.19) implies that

lim Ve, (Vug,) — V(Vu)|> dx < 8¢ (5.22)

k=00 ) g, p
for every § € (0, 1). Thereby,
Ve, Vug,) — V(Vu) in L*(Byg, RV, (5.23)
and, on passing to a subsequence, still indexed by &,
Ve, (Vug, ) — V(Vu) ae.in Bap. (5.24)

An analogous argument as in [40, Lemma 4.8] shows that the function (¢, P) +—
Vg_l (P) is continuous. Thus, one can deduce from equation (5.24) that

Vu,, — Vu ae.in Bap. (5.25)
Hence, Eq. (5.16) implies that v = u and
u,—~u in WHEB(Byg, RY). (5.26)

Inequalities (4.26) and (5.12), and the monotonicity of the function by, , yield
[ avugpivugjax < [ ey (V0 DI Vg | dx
Byg {IVug |<1}NBag

+/ e, (IVus, )V |2 dx
Bor

< cR"bg (1) +c/ B(Vug)dx + cR"B(gr) < C
Bor

(5.27)

for some constants ¢ and C independent of k.

Thanks to assumption (5.8) and to property (4.25), Lemma 5.1 can be applied with
a replaced by ag, . The use of inequality (5.6) of this lemma for the function u,,, and
the equation in (5.9), ensure that

R_l ”a(|Vu€k |)Vu€k ”LZ(BR,RNX”) + ”V(a(|vugk |)Vu6k) ”LZ(BR,RNX"X")

< c(||f||Lz(BZR,RN) + R la(|Vug, ) Vug, ||L1(BZR,RM)) (5.28)

for some constant C = C(n, N, i4, s,). Owing to inequalities (5.27) and (5.28), the
sequence {ag, (|Vug, [)Vu,, } is bounded in WL2(Br, RY*") Thus, there exists a
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function U € Wl’z(BR, RN *™), and a subsequence of {g}, still indexed by k, such
that

ae, IV, )Vug, — U in L*(Bg, RV*")
and ag, (|Vug, )Vug,—U in WI2(Bg, RN*"). (5.29)

Combining property (4.39) with Egs. (5.11), (5.25) and (5.29) yields
a(lVu))Vu = U € Wh2(Bg, RV, (5.30)

On passing to the limit as k — oo, from equations (5.28), (5.29) and (5.30) we infer
that

R_l ||a(|vu|)vu”L2(BR’RN><n) + ” V(a(|vu|)vu) ||L2(BR,RNX”X”)

< C(||f||Lz<BZR,RN) + R_%_l||a(|Vu|)Vu||L1(BZR’RNM)) (5.31)

It remains to remove assumption (5.7). Suppose that f € LIZOC(Q, RY). Let u be an

approximable local solution to equation (2.11), and let f; and uy, be as in the definition
of this kind of solution. Applying inequality (5.31) to the function uy tells us that
a(|Vug)Vug € WH2(Bg, RV*"), and

-1
R ||a(|vuk|)vuk “LZ(BR,RNX") + ||V(a(|VUk|)VUk) ||L2(BR,RNX”X")
= C (Il 2oy + R E 1a0VURD VUL 13y v ) (5.32)
for some constant C independent of k. Hence, by equation (5.4), the sequence

{a(|Vug|)Vug} is bounded in WL2Z(Bg, RNxny, Thereby, there exist a subsequence,
still indexed by k, and a function U € W1'2(BR, RNX"), such that

a([Vug|)Vu; — U in L*(Bg, RV
and a(|Vug)Vug—=U in WDI2(Bg, RV, (5.33)

By Assumption (5.3), we have that Vu; — Vu a.e. in 2. Hence, thanks to properties
(5.33),
a(lVu)Vu = U € WH2(Bg, RN*") . (5.34)

Inequality (2.15) follows on passing to the limit as k — oo in (5.32), via (5.4), (5.33)
and (5.34). O
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6 Second-order regularity: Dirichlet problems

Generalized solutions, in the approximable sense, to the Dirichlet problem

{—div(a(quDVu):f in Q 61

u=20 on 9%2,

are defined in analogy with the local solutions introduced in Sect. 5.

Assume that a is as in Theorems 2.6 and 2.7 and let f € L7(2, RY) forsome g > 1.
An approximately differentiable function u : @ — R is called an approximable
solution to the Dirichlet problem (6.1) if there exists a sequence {f;} C C5°(<2, RM)
such that f; — f in L9(Q, RY), and the sequence {u;} of weak solutions to the
Dirichlet problems

—div(a(|[Vur)Vuy) =1, in Q 6.2)
u, =0 on 02
satisfies
uy > u and Vu; — apVu ae.in Q. (6.3)

As above, in what follows apVu will simply be denoted by Vu.
Recall that, under the assumption thatf € L'(Q, RV )ﬂ(W(} B (€2, RV)Y, afunction
ue Wé B (2, RY) is called a weak solution to the Dirichlet problem (6.1) if

/ a(|Vu|)Vu - Ve dx = / f-pdx (6.4)
Q Q

forevery ¢ € WO1 B (2, RY). A unique weak solution to problem (6.1) exists whenever
2] < oo.

The notion of approximable solution to the Dirichlet problem (6.1) introduced
above is closely related to those appearing in [9,12,34] in the case of equations of
p-Laplacian type. The existence of approximable solutions to the Dirichlet problem
(6.1), in the case of equations and with f € L'(), was proved in [29]. Systems
of p-Laplacian type were treated in [41,42], whereas the existence of approximable
solutions for systems with a more general growth as in (6.1) has very recently been
established in [24]. In the latter paper, data f in LY(Q, RY), and even in the space
of finite Radon measures, are considered. In the definition of approximable solution
adopted in [24] the approximate gradient apVu is replaced by an alternate notion
of generalized gradient, which involves truncations of vector-valued functions. The
results of the present paper also apply to those solutions, provided that the gradient
is interpreted accordingly. Besides other ingredients, the result of [24] relies upon
the use of arguments from the proof of Proposition 6.2 below, which appeared in a
preliminary version of the present paper.

Before accomplishing the proof of our global estimates, we recall the notions of
capacity and of Marcinkiewicz spaces that enter conditions (2.22) and (2.23), respec-
tively, in the statement of Theorem 2.7.
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The capacity capg (E) of aset E C 2 relative to 2 is defined as
capg(E) = inf {/ [Vol?dx :veCyl(R),v>1on E} (6.5)
Q

Here, Cg /1 (£2) denotes the space of Lipschitz continuous, compactly supported func-
tions in 2.

The Marcinkiewicz space L9 °°(9€2) is the Banach function space endowed with
the norm defined as

1
1Vl o= @0) = sup sTY**(s) (6.6)
se(0,H"1(8Q))

for a measurable function ¢ on 9. Here, ¥**(s) = %f% v*(r)dr for s > 0,
where {* denotes the decreasing rearrangement of . The Marcinkiewicz space
L log L(32) is equipped with the norm given by

IVl L1108 L) = sup slog (1 + %)W**(S), (6.7)
s€(0,H"~1(3R2))

for any constant C > H"~!(3<2). Different constants C result in equivalent norms in
(6.7).

Lemma 6.1 is related to Theorems 2.6 and 2.7 in the same way that Lemma 5.1 is
related to Theorem 2.4. Lemma 6.1 follows from Theorem 2.1 and inequality (2.10),
via the same proof of [31, Theorem 3.1, Part (ii)].

Lemma 6.1 Letn > 2, N > 2, and let Q be a bounded open set in R" with 092 € c2.
Let ICq be the function defined by (2.20). Assume that a is a function as in Theorem
2.1, Part (i), which also fulfills conditions (2.12) and (2.13). There exists a constant
c=c(n,N,ig, sq, Lg,dq) such that, if

Ko@) < K@) for r € (0,1), (6.8)

for some function IC : (0, 1) — [0, 0o) satisfying

Iim K@) <c, (6.9)
r—0%t

then

la(Vu)Vull 12 gy < C(Idiv@(Va) V)l 2 gy + la(Va)Vall 1 g zysn)

(6.10)
for some constant_C = Cn, N, iq, 54, La,dg, K), and for every function u €
C3 (2, Ry n C2(Q, RY) such that

u=0 on 0Q. (6.11)
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In particular, if Q is convex, then inequality (6.10) holds whatever Kg, is, and the
constant C in (6.10) only depends onn, N, i,, sS4, Lg, do.

The following gradient bound for solutions to the Dirichlet problem (6.1) is needed
to deal with lower-order terms appearing in our global estimates.

Proposition 6.2 Assume thatn > 2, N > 2. Let Q be an open set in R" such that |Q2| <
00. Assume that the function a : [0, 00) — [0, 00) is continuously differentiable in
(0, 00) and fulfills conditions (2.12) and (2.13). Letf € L' (2, RV )N(W, ? (2, RV)Y’
and let u be the weak solution to the Dirichlet problem (6.1). Then there exists a
constant C = C(n, N, iy, Sq, |2|) such that

||a(|Vu|)Vu||L1(Q,Ran) < C”f”Ll(Q’RN). (612)

The same conclusion holds if f € L'(2, RY) and w is an approximable solution to
the Dirichlet problem (6.1).

Proof Assume thatf € L'(€2, RV)N (W(}’B (€2, RY)) and that u is the weak solution
to the Dirichlet problem (6.1). Given ¢ > 0, let 7;(u) : @ — R" be the function
defined by

u in {lu] <1}
Ti(w) = z% in {jul > 1}. (6.13)
u
Then 7;(w) € W,"? (2, RY), and
Vu ae.in {jul <t}
A\ = t .

Ti(w) —(I -t ® 1)Vu ae.in {ju| >t} 614

[ul [ul ~ [u]

Observe that
a(lPDP-(I —o@w)P >0

for every matrix P € R¥*" and any vector @ € R such that || < 1. Thus, on
making use of 7;(u) as a test function ¢ in equation (6.4), one deduces that

/ a(|Vu))|Vu|? dx ffa(|Vu|)Vu-VT,(u)dx=/f-T,(u)dx
{lul<r) Q Q

u
:/ f~udx+/ f-r—dx <1llfllp1qrN)-
(lul<1) (o> ul ’
(6.15)

Hence, by the first inequality in (4.21),

/ B(Vul)dx < 18] 11 0.mm. (6.16)
{lu=<t}
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On the other hand, the chain rule for vector-valued functions ensures that the function
lu| € WOI’B(Q), and |Vu| > |V|u|| a.e. in Q. Inequality (6.16) thus implies that

f B(VIul)dx < t|fll,1qpry, for > 0. (6.17)
{jul<1)

The standard chain rule for Sobolev functions entails that 7;(Ju]) € WHB(Q). Let
o > max{s, + 2, n}. Hence, 0 > max{sp, n}, inasmuch as iz < ip + 1 = i, + 2.
Owing to Lemma 4.2, the assumptions of Theorem 4.1 are fulfilled, with A replaced
by B and with this choice of o. An application of the Orlicz-Sobolev inequality (4.9)
to the function 7; (Ju|) tells us that

/BU< b 1/<7>de/ B(IV(T;(lu])Ddx, (6.18)
2 \C(JqBUVT(lu)Ddy) o

where C = ¢|Q2| %*% Here, B, denotes the function defined as in (4.7)—(4.8), with A
replaced by B. One has that

/B(|V7}(|u|)|)dx =/ B(|Vu|})dx for t >0, (6.19)
Q {lu|<r}
[T (lu)| =¢ in {|u| > 1}, (6.20)
and
{IT (lu)| >t} = {lu| > ¢} for 7> 0. (6.21)
Thus,

NE t}|Ba< d )
C(f gy BAVIudy)?

- Bg( Ty ()| W)m
(izt)  \C( fjjuj=ny BUAVIuIDAY)

< / B(Vul))dx 6.22)
{luf<r}

for ¢t > 0. Hence, by inequality (6.17),

|{|ll| > t}lBO'( ) < t”f”Ll(Q’]RN) for t>0. (623)

1
Clflip@ryy)®
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From inequality (6.16) we deduce that

1
{B(Vu)) > s, Ju] < 1}] < —/
S J{B(IVu|)>s,|u|<t}

t|fl ;1 N
- IEll L1 @, rY)
S

B(|Vu|) dx

for + >0 ands > 0. (6.24)

Coupling inequalities (6.24) and (6.23) yields

HB(IVul) > s}| < [{lu] > 1} + {B(|Vu|) > s, [u] <1}

Il L rY) N HEl L o rY)
— 1 1
By (Cto [ (£l L1 (q,rN) ) s
for + >0 and s > 0. (6.25)
The choice 1 = (& ||f||1L/1‘ZQ,RN)B;1 ())° in inequality (6.25) results in

2||f||zl(Q,RN) Ba_l (S)U,

B(Va) > s} = ——0 .

for s > 0. (6.26)
Next, set s = B(b~ (1)) in (6.26) and make use of (4.8) to obtain that

208171 g vy Hy (b1 (1))
co' B(b~1(1))

{o(|Vu]) >} < for T >0, (6.27)

where H, is defined as in (4.7), with A replaced by B. Thanks to inequality (6.27),

/ b(IVul) dx = /oo|{b(|Vu|) s
Q 0

L © g (b=(r))°
< 2b(1Q)) +2C7° | o (b (1)

H ————dt 6.28
H@ED [, BO () (©2%

for A > 0. Owing to inequalities (4.20) and (4.21), and to Fubinis’s theorem, the
following chain holds:

9 -1 o’ ) o’
Hy (b~ (7)) drg/ H; (s) b(s)ds

» BO(1) -1y SB(s)

e
2/ bis) [ <L>l dt ds
b-1n) SB(s) Jo \ B()

s [T L5 )“'-'dtd
< (s — —_— s
¢ b1y 52 Jo \B(1)
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bTI0) oy 7T o0 ds o0 t = ® ds
= [ (5a) [ s L, o) 6
¢ 0 B(1) b0 82 p=10) \B(®) T

1

1 AN 00 t \7Tdr
=““+2>(bl—mfo (%) d”/b-lm(m) 7)
R AR I = 00 1\ Tdi
< G2+ 2 (b—l ® /0 (%) art /bl(x) (%) 7)

(6.29)

. sat+l+e . . . .
for A > 0. The function % is increasing for every ¢ > 0. Hence, if 0 < ¢ <
o — s, — 2, then

| bl o ﬁd 1 b7IG) psatiee N FhT e
_ | = —— t o !
b_l()\)/(; b(t) b_l()»),/(; b(t)

_1 —1
L (b Q)N p 0 e
Sb*(k)( X ) /0 t~ o1 dt

o—1 __1
=— A& for A>0. (6.30)
o—S5;—2—¢

On the other hand, if 0 < ¢ < i, + 1, then the function #j) is decreasing. Hence,

1 1
0 1 o1 dt 0 te o—1 .
b= \b() t -1 \D()
1
bi(nENoT [ e
A b1 ()

o—1 __1
= A~ o1 for A > 0. (6.31)
&

Inequalities (6.29)—(6.31) entail that there exists a constant ¢ = ¢(0, iy, §;) such that

* Hy, (b~ (1))

—ldr < c)\_o%l for 1 > 0. (6.32)
o BOTH(1)

Inequality (6.12) follows from (6.28) and (6.32), with the choice A = [If]| 1 r¥)-
The assertion about the case when f € L'(Q,R") and u is an approximable
solution to the Dirichlet problem (6.1) follows on applying inequality (6.12) with f
and u replaced by the functions f; and u; appearing in the definition of approximable
solutions, and passing to the limit as k — oo in the resultant inequality. Fatou’s lemma
plays a role here. O

A last preliminary result, proved in [32, Lemma 5.2], is needed in an approximation
argument for the domain 2 in our proof of Theorem 2.7.
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Lemma 6.3 Let 2 be a bounded Lipschitz domain in R", n > 2 such that 92 € w1,
Assume that the function Kq(r), defined as in (2.20), is finite-valued for r € (0, 1).
Then there exist positive constants ro and C, depending on n, dg and Lg, and a
sequence of bounded open sets {2, }, such that 92, € C*°, Q C Q, limy,— o0 |2\
Q2| = 0, the Hausdorff distance between Q2,, and 2 tends to 0 as m — 00,

Lo, =<C, dg,=C (6.33)

and

Kq,, (r) < CKq(r) (6.34)

forr € (0,r9) and m € N.

Proof of Theorem 2.7 1t suffices to prove Part (i). Part (ii) will then follow, since, by
[32, Lemmas 3.5 and 3.7],

Kao(r) < C sup |Bllx@aens, ) for r e (0,ro), (6.35)
xei2

for suitable constants ry and C depending on n, L and dg.

We split the proof in three separate steps, where approximation arguments for the
differential operator, the domain and the datum on the right-hand side of the system,
respectively, are provided.

Step 1. Assume that the additional conditions
feCPQ,RY), (6.36)

and
Qe C™® (6.37)

are in force. Given ¢ € (0, 1), we denote by u, the weak solution to the system

—div(a.(|Vug|)Vu,) =f in Q

(6.38)
u, =0 on 092,

where a, is the function defined by (4.24). An application of [30, Theorem 2.1] tells
us that

VU || oo vy < € (6.39)
for some constant C independent of ¢. Let us notice that the statement of [30, Theo-
rem 2.1] yields inequality (6.39) under the assumption that the function a, be either
increasing or decreasing; such an additional assumption can however be dropped via
a slight variant in the proof. Inequality (6.39) implies that, for each ¢ € (0, 1),

c1 Za.(|Vug|) <2 in Q (6.40)
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for suitable positive constants ¢ and c;.

A classical result by Elcrat and Meyers [10, Theorem 8.2] enables us to deduce,
via properties (6.36), (6.37) and (6.40), that u, € W?>2(Q, RV). Consequently,
u, € W(}’Z(Q, R N W@, RY) N w2(2, RY). One can then find a sequence
(U Jkeny C C®°(2,RY) N C%(Q, RY) such that u, ; = 0 on d<2 for k € N, and

up —ue in WA, RY), wuep —ue in WERAQ,RY),
Vu, i — Vu, ae.in Q, (6.41)

as k — oo —see e.g. [17, Chapter 2, Corollary 3]. One also has that

IVug ||L0<>(Q,RNM) < C|Vug ||L0<>(Q,RNM) (6.42)
for some constant C independent of k, and, by the chain rule for vector-valued Sobolev
functions [52, Theorem 2.1], |V|Vu, || < |V2u8,k| a.e.in Q2. Moreover, [30, Equation
(6.12)] tells us that

—div(a.(|Vue i )Vug ) — £ in L?(Q,RY), (6.43)

as k — oo. Assumption (2.22) enables us to apply inequality (6.10), with a replaced
by a. and u replaced by u, ;, to deduce that

llas (IVue k) Vg k|| WL2(Q RN xn)

< €14V (@r ( Vur) Vi) 2 ) + 1 (V0 ) Vel 11 0 e
(6.44)
for k € N, and for some constant C = C(n, N, i4, sq4, Lo, dq, Kq). Notice that
this constant actually depends on the function a, only through i, and s,, and it is
hence independent of &, owing to (4.25). Equations (6.42)—(6.44) ensure that the
sequence {a,(|Vu, x|)Vug } is bounded in WL2(Q, RV*"). Therefore, there exist a

subsequence of {u, x}, still denoted by {u, x}, and a function U, € wh2(Q, RN *m)
such that

a:(IVue )Vup p — U, in LA(Q,RV*™),
ae(|Vug i )Vue ;—Ue in WH2(Q, RV*M), (6.45)

Equation (6.41) entails that Vu, y — Vu, a.e. in 2. As a consequence,
as(|Vug k)Vug p = a:(|Vug|)Vu, ae.in €, (6.46)
as k — oo. From equations (6.46) and (6.45) one infers that
as(|Vug ) Vu, = U, € WH2(Q, RV*") . (6.47)
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Furthermore, passing to the limit as k — oo in (6.44) yields

||a€(|vus|)vua||W1»2(Q,RN><") = C(||f||L2(Q,RN) + llas(IVue|) Vug ||Ll(gz,]RNXn))-
(6.48)

Here, Eqgs. (6.45) and (6.47) have been exploited to pass to the limit on the left-hand
side, and equations (6.42) and (6.43) on the right-hand side. Combining Eqgs. (6.48)
and (6.39) tells us that

||a€(|vu6|)vu8”WLZ(Q,]RNX") =C (6.49)
for some constant C, independent of €. By the last inequality, the family of functions
{a.(JVug|)Vu,} is uniformly bounded in Wh2(Q, RV>*") for e € (0, 1). Therefore,
there exist a sequence {¢,,} converging to 0 and a function U € wh2(Q, RV>*") such

that

ag,, (|Vug, )Vu,, — U in L2(Q, RV>*my,
ey (|V06, VU, ~Uin. WH2(Q, RV, (6.50)

An argument parallel to that of the proof of (5.25) yields
Vu,, — Vu ae.in Q. (6.51)

We omit the details, for brevity. Let us just point out that, in this argument, one has to
make use of the inequality

/ B(|Vug, |)dx < C(/ B(f]) dx + B(em)> , (6.52)
Q Q

instead of (5.12). Inequality (6.52) easily follows on choosing u,,, as a test function
in the definition of weak solution to problem (6.38), with ¢ = ¢,,. Coupling equations
(6.50) and (6.51) implies that

a(|lVu))Vu = U e W' (@, RV*m), (6.53)
On the other hand, on exploiting Egs. (6.51) and (6.39), the dominated convergence

theorem for Lebesgue integrals and inequality (6.12) (applied with a and u replaced
by a,, and ug,,), one can deduce that

n}i_f)noo ||as,n(|vusm|)vuem||L1(Q,Ran) = ||a(|vu|)vu||Ll(Q,Ran) = C||f||L2(Q,RN)
(6.54)

for some constant C = C(n, N, iy, sS4, |€2|). Combining Egs. (6.48), (6.50), (6.53)
and (6.54) yields

”(l(lquVu”WI.Z(Q,]RNXH) < C”f”LZ(Q’RN) (655)
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for some constant C = C(n, N, ig4, 54, Lo, dq, Kq).

Step 2. Assume now that the temporary condition (6.36) is still in force, but €2 is
just as in the statement. Let {€2,,} be a sequence of open sets approximating €2 in the
sense of Lemma 6.3. For each m € N, denote by u,, the weak solution to the Dirichlet

problem
—div(a(|Vu,)Vu,) =f in Q, (6.56)
u, =0 on 92, ,

where f is continued by 0 outside 2. Owing to our assumptions on €2, inequality
(6.55) holds for u,,. Thereby, there exists a constant C(n, N, iy, 4, Lg, do, Kgq) such
that

”a(lvumDvum”WLZ(Q,RNX") = ||a(|vum|)vum”lez({zm,RNX")
< C”f”LZ(Qm,RN) = C”f”LZ(Q,RN)‘ (657)
Observe that the dependence of the constant C on the specified quantities, and, in
particular, its independence of m, is due to properties (6.33) and (6.34).
Thanks to (6.57), the sequence {a(|Vu,|)Vu,,} is bounded in W12(Q, RN*"),
and hence there exists a subsequence, still denoted by {u,,} and a function U €
wh2(Q, RV>*"), such that

a(|Vu,DVu, — U in L*(Q, RV*"),
a(|Vu,)Vu,—U in WhH2(Q, RV*m). (6.58)

We now notice that there exists « € (0, 1), independent of m, such that u, €
Cllo’g (22, RYN), and for every open set Q' CC  with a smooth boundary

”um”Cl-a(Q’,RN) < C, (659)
for some constant C, independent of m. To verify this assertion, one can make use
of [39, Corollary 5.5] and of inequality (4.35) to deduce that, for each open set Q’ as
above, there exists a constant C, independent of m, such that

||Vum||ca(9/’RN><n) < C. (660)

Since the function f satisfies assumption (6.36), a basic energy estimate for weak
solutions tells us that

/ B(|Vu,|)dx < C (6.61)

for some constant C independent of m. Thus, as a consequence of the Poincaré inequal-
ity (4.4),

/ B(lundx < C, (6.62)
Qm
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where the constant C is independent of m, for |€2,, | is uniformly bounded. Inequalities
(6.60) and (6.62), via a Sobolev type inequality, tell us that

||um||LOO(Q/,RN) <C (6.63)

for some constant C independent of m. Inequality (6.59) follows from (6.60) and
(6.63).

On passing, if necessary, to another subsequence, we deduce from inequality (6.59)
that there exists a function v € C!(€2, RV) such that

u, > v and Vu, — Vv in £, (6.64)

pointwise. Hence,
a(|Vu,|)Vu,, — a(|Vv))Vv in Q. (6.65)

Owing to equations (6.65) and (6.58),
a(lVv)Vv =U e wh2(Q, RV*"). (6.66)

Next, we pick a test function ¢ € C{°(£2, RY) (continued by 0 outside €2) in the
definition of weak solution to problem (6.56). Passing to the limit as m — oo in the
resulting equation yields, via (6.58) and (6.66),

/a(le|)Vv-V(pdx=/ f-odx. (6.67)
Q Q

Inequality (6.61) tells us that fQ B(|Vu,,|) dx < C for some constant C independent of
m. Therefore, this inequality is still true if u,, is replaced with v. Consequently, thanks
to inequality (4.22), fQ B (a(JVVv]D|Vv|)dx < oo. Thus, since under our assumptions
on a the space CSO(Q, RY) is dense in WOI’B (Q,RM), equation (6.67) holds for every
function ¢ € WOl ’B(Q, RN ) as well. Hence, v is a weak solution to the Dirichlet
problem (2.17), and, inasmuch as such a solution is unique, v = u. Moreover, by
equations (6.57) and (6.58), there exists a constant C = C(n, N, iy, sS4, Lo, da, Kq)
such that

la(Vul) Va2 gve < ClIfll20 Y- (6.68)

Step 3. Finally, assume that both 2 and f are as in the statement.
The definition of approximable solution entails that there exists a sequence {f;} C
CS (22, RY), such that fy — fin L2(Q, R") and the sequence of weak solutions

{ur} C WOI’B(Q, RV) to problems (6.2), fulfills uy — u and Vu; — Vu a.e. in Q.
An application of inequality (6.68) with u and f replaced by uy and f, tells us that
a(|Vug)Vug € WH2(Q, RV>*") and

la(VarDVagllyi2qryxny < Cillfell2q ryy < Colifll 2@ W) (6.69)
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for some constants C| and C3, depending on N, i,, s, and 2. Therefore, the sequence
{a(|Vug|)Vug} is bounded in W12(2, RV>*"), whence there exists a subsequence,
still indexed by k, and a function U € WI'Z(Q, RN XMy such that

a((VugDVug = U in L2, RM*"), a(|Vu)Vug—U in WhH2(Q, RV*m).
(6.70)

Inasmuch as Vu; — Vu a.e. in 2, one hence deduces that a(|]Vu|)Vu = U €
W12(Q, RV>*") Thereby, the second inequality in (2.19) follows from equations
(6.69) and (6.70). The first inequality in (2.19) holds trivially. The proof is complete.
O

Proof of Theorem 2.6 The proof parallels that of Theorem 2.7. However, Step 2 requires
a variant. The sequence {€2,,} of bounded sets, with smooth boundaries, coming into
play in this step has to be chosen in such a way that they are convex and approximate 2
from outside with respect to the Hausdorff distance. Inequalities (6.33) automatically
hold in this case. Moreover, inequality (6.34) is not needed, inasmuch as the constant
C in (6.10) does not depend on the function g if €2 is convex. O
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