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Abstract

In this paper we continue the stability analysis of the model for coinfection with
density dependent susceptible population introduced in Andersson et al. (Effect of
density dependence on coinfection dynamics. arXiv:2008.09987, 2020). We consider
the remaining parameter values left out from Andersson et al. (Effect of density depen-
dence on coinfection dynamics. arXiv:2008.09987, 2020). We look for coexistence
equilibrium points, their stability and dependence on the carrying capacity K. Two
sets of parameter value are determined, each giving rise to different scenarios for the
equilibrium branch parametrized by K. In both scenarios the branch includes coexis-
tence points implying that both coinfection and single infection of both diseases can
exist together in a stable state. There are no simple explicit expression for these equi-
librium points and we will require a more delicate analysis of these points with a new
bifurcation technique adapted to such epidemic related problems. The first scenario is
described by the branch of stable equilibrium points which includes a continuum of
coexistence points starting at a bifurcation equilibrium point with zero single infection
strain #1 and finishing at another bifurcation point with zero single infection strain #2.
In the second scenario the branch also includes a section of coexistence equilibrium
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points with the same type of starting point but the branch stays inside the positive cone
after this. The coexistence equilibrium points are stable at the start of the section. It
stays stable as long as the product of K and the rate y of coinfection resulting from
two single infections is small but, after this it can reach a Hopf bifurcation and periodic
orbits will appear.

Keywords SIR model - Coinfection - Carrying capacity - Global stability

1 Introduction

In this paper we continue on the work of [2] where we studied the equilibrium dynamics
for a continuous compartmental model of two infectious diseases with the ability to
co-infect individuals. In the model we assume that only the susceptibles can give
birth and that the reproductive rate depends on the density of the susceptibles. This
dependence is modelled with a parameter K > 0 which is the carrying capacity of the
population. Recall that by an (equilibrium) branch we understand any continuous in
K > 0 family of equilibrium points of a dynamic system which are locally stable for
all but finitely many threshold values of K.

In [2] it was established that for a certain set of parameters (except of K) there
exists such an equilibrium branch parameterized by K > 0. Furthermore, in all cases
considered in [2], such a branch can be expressed explicitly.

In this paper we will show that the same holds for the rest of the parametric choices.
The main difficulty compared to [2] is that for our parameters the equilibrium branch
consists of coexistence equilibrium where single infection of each disease and coinfec-
tion both occurs. There are no simple explicit expression for these equilibrium points
and we will require a more delicate analysis of these points with a new bifurcation
technique adapted to such epidemic related problems.

1.1 The model

As in [2], we assume that the single infection cannot be transmitted by the contact
with a coinfected person. This process gives rise to the model:

S
S = <r (1 — E) —airly —opl _0‘3112) S,

Ii = (S —mha—yilh—p)l,

I = (S —mha— ol — p2) b,

Iy = (@S +mli+mbh — w3) 2+ v,
R ' =pili + p2lr + p3li2 — wyR,

D

where we use the following notation:

e S represents the susceptible class,
e /1 and I, are the infected classes from strain 1 and strain 2 respectively,
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e [17 represents the co-infected class,
e R represents the recovered class.

Following [1,3,11], we assume that the reproduction rate depends on the density
of population that allows us to obtain a limited population growth. We also consider
the recovery of each infected class [see the last equation in (1)]. The fundamental
parameters of the system are:

e r = b — dj is the intrinsic rate of natural increase, where b is the birthrate and dj
is the death rate of S-class,

e K is the carrying capacity (see also the next section),

e p; is the recovery rate from each infected class (i = 1, 2, 3),

e d; is the death rate of each class, (i = 1, 2, 3, 4), where d3 and d4 correspond I12
and R respectively,

o ui=pi+di,i =1,2,3.

e «, an, a3 are the rates of transmission of strain 1, strain 2 and both strains (in the
case of coinfection),

e y; is the rate at which infected with one strain get infected with the other strain
and move to a coinfected class (i = 1, 2),

e 1); is the rate at which infected from one strain getting infection from a co-infected
class i =1, 2);

We only consider the case when the reproduction rate of susceptibles is not less
than their death rate since we know that the population will go extinct in that case.
The system is considered under the natural initial conditions S(0) > 0, I;(0) > 0,
1,(0) > 0, I12(0) > 0 and we denote the total populationby N = S+ 11+ 1L+ 112+ R.

Since the variable R is not present in the first four equations, without loss of gen-
erality, we may consider only the first four equations of system (1). It is convenient to
introduce the notation

oji=—, 1 <i<3. 2)
o

And similarly to the first part [2] we make the following assumption
o1 < 0 < 03. 3)
We shall also assume that (1) satisfies the non-degenerate condition

m o

A =
“Tm o

=nmaz — oy #0. 4

This condition have a natural biological explanation: the virus strains 1 and 2 have
different (co)infections rates. We use the notation

Yy=vi+», v=U0,n,
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and
Q103 m
Al = — - SN i=—
1 . (03 —01), M) A
Q03 n2
Ay = —(03 —02),m4 :=—
2 " (03 —02), M5 A,
[031%) Y1
A3 = —=(op— o0, y"i=—.
r Az
Notice that by (3) one has Ay, Az, A3 > 0. We have
Al = a3A3 + a1 As. 5)

The determinants A, and A, = nyup — 2 are related to each other by
Ay = Z—llrfh + 0144 = %fh + 024,
hence A3 > 0 implies
Ay > 0144 Ay > 02A,. (6)
This implies an inequality which will be useful in the further analysis:

02(Ay + Y203) < Ay + V243, @)

We shall also make use of the following relations:

Nty < Mg -y = 2% 8)
A consequence of (8) and (6) is that for n} > n3 we have Ay, A, > 0. On the other
hand, one has
(Ayo3 — A/L)OB
rA1A2

* *

ny—m = 9)

1.2 The main result

Itis elementary to see that except for the trivial equilibrium state G| = (0, 0, 0, 0) and
the disease free equilibrium Gooo = (K, 0, 0, 0), there exist only 6 possible types of
equilibrium points G100, Go10, Goo1,» G101, Go11, G111 determined by their non-zero
compartments (see Table 1 and Proposition 1 below for explicit representations). Here,
the equilibrium points G190, Go10, Goo1 have two non-zero components and represent
points where only one of the diseases are present or where the diseases only exist
together as coinfection. At the points G 11, Go11 one of the diseases are only present
in coinfected individuals while the other disease also occurs as single infections. The
point G111 is the coexistence equilibrium were both types of single infection is present
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Table 1 The types of

equilibrium states of (1), where Type S 11 5] Io

* denotes a non-zero coordinate Gooo N 0 0 0
G1oo * * 0 0
Golo * 0 * 0
Goot * 0 0 *
Gio * * 0 *
Gott * 0 * *
G * * * *

as well as coinfection. Our main results extends the results of [6] and [7] on the case of
small values of y;. More precisely, we have only four possible scenarios of developing
of a locally stable equilibrium point as a continuous function of increasing carrying
capacity K, see Theorem 1 below.

Theorem 1 Let all parameters a;, i, n;, i of (1) be fixed with v sufficiently small.
Then one has exactly one locally stable nonnegative equilibrium point depending on
K > 0. Furthermore, changing the carrying capacity K from zero to infinity, the
type of this locally stable equilibrium point changes according to one of the following
alternative scenarios:

(i) Gooo — G1oos

(ii) Gooo = G100 — Gio1 = Goor;
(iii) Gooo — G100 = G101 = G111 — Goir — Goor;
(iv) Gooo = G100 = Gio1 — Gi11.

The first two scenarios are considered in our paper [2]. In this paper we consider the
remained two scenarios, (iii) and (vi). These cases require a more nontrivial bifurcation
analysis with application of methods similar to the principle of the exchange of stability
developed in [8], see also [2,9] for recent applications in population analysis. In our
context, this requires a delicate analysis of the inner equilibrium state G111, as well
as a new bifurcation technique.

2 Equilibrium points

We note that the last equation in (1) can be solved explicitly with respect to R:

t
R(t) = e "' R(0) +/ T (o1 1) 4 pala + p3l12)(v)dT
0

therefore it suffices to sAtudy thAe dynamics of the first four equations in (1). If I, I»
and /1> have limits 7, I and I respectively as t — oo then R will have the limit

Plil + pzi2 + p3f12
Ha

R=
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Let us turn to the first four equations in (1). The equilibrium points satisfy the
following system

S
(b (1 - ?> —oarly —arlr —azlp —Mo) §=0,

(1S —mhz—yila —pni1)1 =0, (10)
(@28 —mli2 —y2li — p2) 2 =0,
(@3S +mI1 +n2ly — u3)li2 + vy I = 0.

and in [2] we had the following proposition

Proposition 1 Except for the trivial equilibrium G| = (0, 0, 0, 0) and the disease free
equilibrium Gooo = (K, 0, 0, 0) there exist only the following equilibrium states:

,
G = ,— (K — 0,01,
100 (01 Kal( o1) )
r
GOI() - <027 03 _(K - 0'2)5 0) )
Koy

,
Goor = (03, 0,0, —(K — G3)>,
KO[3

Giol = (S*, ‘:7‘—?(03 — §.0. ‘:;—1‘(5* — 01)> . where S*=K <1 _

)

=

;)

n)’
1

Gon = (S*, 0. B (05 — 5%, 257 - 02)) . where §* =K <1 - —*>
n2 n2 2

All needed information about equilibrium points G| — G 19 can be found in [2].

Here we consider only points G111 and Goj;. To highlight the dependence of the
equilibrium points on K we will write sometimes G ; (K).

2.1 Coexistence equilibria
The coordinates of coexistence equilibrium points satisfy

(1= ) - et — a2l — et =0,

arS —mlip —yilh — 1 =0, an
S —mliy —yali — 2 =0,
@3S+l +mb — ps + L2 =0

Iz
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Furthermore, as it is shown in [2], Sect. 3.2, the S coordinate of an inner equilibrium
point (coexistence equilibrium) satisfies P(S) = 0 where

mi 2 m3 g (S—=K)S

ap ary a3 w(S—K)

P(S):=P, g(S):= K
%) vk () 0O v m  pur—as
v» 0 m  pur—aS

One can verify that

P(S) = p2S* + p1S + po.

where
po =r(—=A34, — 0 + y1u2A1 + 21 42),
0
p1=r(A3Ay + X +p = Yin Al — a1 Ad),
- r
P2 ==
Here
o] oy Qas
=0 y1 n| =y + o — yiyas,
v 0 nm
M1 M2 U3
0:=10 y1 m|=vyimin + y2u201 — V1Y2143,
2 0 m

If the S component is known the other components can easily be founded from the
linear system of equations that results from the first three equations of (10).
Let us introduce the Jacobian matrix of the right hand side of (1), with the redundant

last row removed, computed at an inner equilibrium point G111 = (S, I1, I2, I12):
-% —ay —a —a3
. aj 0 —VI =1
Js = diag(S, Iy, I, I12)B, B = ,
8 g(S, I, Iz, I12) o ) 0 —m

a3 nityr2 mAyrr —yrin

where

L I

=—, n=—. (12)
I I,
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Adding the first three rows of Jg to its last row one obtains applying systematically
(10) that

= ap oy o3

14
_ det(Jy) 1 —a 0 y m
Shiblp I —ay v 0 m
Q2S—K) w p2 wu3

e 2 p3 g 2S—K)
-

det B

_ o o a3 7 _ L 3P(S)
T Ip |0 oynom —a T I 9SS
v 0 m —a3

The last equality is verified directly by using the definition of P(S). This implies an
important property

LaP(S)

det B = (13)
I, 0S8
We assume that
Py, k (S) : N .
s > 0 for any coexistence equilibrium point. (14)

Remark 1 Inequality (14) together with (13) implies, in particular, that the Jacobian
matrix is invertible at every coexistence equilibrium and so there exists a curve G(K)
through this point, parameterized by K and consisting of equilibrium points satisfying
(14). Moreover (14) implies that the product of all eigenvalues of the Jacobian matrix
at a coexistence eq. point is positive which provides a necessary condition for local
stability of the corresponding equilibrium point. By Lemma 4 and (8) we have that
Ay > 0if the condition (14) is valid and the set of coexistence equilibria is non empty.
Then since

IP(S)
aS

=ajo(0y —01)Ag + O(y),

inequality (14) is a priori true for small y.

Lemma1 Let G(K) = (S(K), I1(K), Io(K), I12(K)) be a curve consisting of coex-
istence equilibrium points satisfying (14). Let also (K1, K3) be the maximal interval
of existence of such curve. Then

i) % < Oandaa% < 0for K € (K1, K»3).

(i) K1 > o1 and there exists a limit limg_, g, G(K) which is an equilibrium point
with at least one zero component.

(iii) if K» < oo then there exists a limit limk _, g, G(K) which is an equilibrium point
with at least one zero component.

(iv) if Ko = oo then there is a limit limg _, oo G(K) which is an equilibrium point of
the limit system.
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Proof Differentiating (11) with respect to K, we get

d
) on
a1 K
B 9K |0
ah 1o
9K
i 0
9K
Therefore
aS _. 7S rSipn _ _ _
g = B gz = TR Ps) (riy2yrira +vim(m +yr2) + my2(n2 +yr1)
as
and
alp 1 rS rSln _ _
3K —(B" 4177 = TR Ps) (@1y2(n2 +yr1) + yiea(m +y7r2) + yi1y2a3).
as

which proves (i).

To prove (ii) we note first that the equilibrium point Gooo is globally stable for
K € (0, o1) according to [2], Proposition 2, and therefore K| > o1. Next, since S and
11> components are monotone according to (i), and bounded there is a limit

SO = lim S(K) and I} = lim I2(K).
K—K; K—K;

The I; and I, components satisfying equations

vilh =018 — il —
ol = oS — n2lip — 2,

which implies convergence of these components to / 1(1) and 12(1) respectively as K —
K. Clearly GV = (§M, 11(1), 12(1), IS)) is an equilibrium point which must be on
the boundary of the positive orthant, otherwise one can continue the branch G(K)
outside the maximal interval of existence. This argument proves (ii). Proof of (iii) and
(iv) are the same up to some small changes as the proof of (ii). O

To exclude from our analysis the equilibrium point G we will require in this text
that

*

y* <1 (15)

Under this condition Ggjg is always unstable. Since we are interested only in locally
stable equilibrium point the point G0 will not appear in our forthcoming analysis.
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2.2 The equilibrium state Goq1
Let us consider the equilibrium point G¢;1. The components are given by Proposition 1

as
GOll = (S*’ Ov 12*’ 11*2)1

1

Ub3
I = (03 — 5%,
n2

o
I, = =2 (5* — o2).
n2

This point has type Goi1 (i.e. three positive components) if and only if

oy <8* <oz and n; > 1,

where the first relation is equivalent to
ons o3ns
2 <22 (16)
Ny, — 1 Ny, — 1
Similarly to above we find the Jacobian matrix evaluated at G as
—r% —o S* - S* —a3S*
, 0 S —mly-nlf—m 0 0
’7 =
Olz]ik —)/215k 0 —7]212*
a3l nlf +vI3 mlp 0
where S, I, 11> are given by Proposition 1. Since the submatrix
—r% —apS*  —a3S* S* 0 0 —% —ay —03
J = 0[212* 0 —77212* =10 12* 0 o 0 - |,
0 0 IHh]llas m 0

mlf, 0
is stable by Routh-Hurwitz criteria, we conclude that the matrix J7 is stable whenever
(17)

arS* =l =yl —p <0.

Using Proposition 1, we can rewrite (17) as
(18)

S*(Aq — y103) > Ay — yiu3.
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If Ay — y1az = 0 then the linear stability holds whenever A, — y1u3 < 0. For
Ay — y1a3 # 0, let us define

~ A, — A A x
SZ — M—m and K2 = Sz *772
Ay — y103 n — 1

then (18) can be written

$*> 8, if Ay —y1a3 >0
$* <8 if Ay — yra3 <0

It can be verified also that

rA1As(nf — ™)
(Ao — Y103)
A rArAz(ni — y*
§ oy = A2 3y —v™)

(Ag — Y103)02
rArAx(ns —ny)

Sy — == - 19
2T (Aq — y103)03 (19

S —o1 =

This readily yields the (local) stability criterion:

Proposition 2 The equilibrium point Go11 is nonnegative and locally stable if and
only if n5 > 1 and exactly one of the following conditions holds:

min($>,03)n3

() 2% - K <

when Ay — y1a3 < 0and n3 < y*,

n—1 n;—1
... max($y, 5
(ii) % <K < :7723—?1 when Ay — y1a3 > 0 and nf > 13,

(iii) K subject to (16) when Ay — y1a3 =0and A, — y1uz <0

By (19) we get that for small values of y; one has the following refinement of the
above proposition.

Corollary 1 Let n5 > 1 and
0<y*<n;. (20)

Then the equilibrium point Go11 is nonnegative and linearly stable if and only if
Soms
-1

K <5 1

: * *
(i) ny >n; > land BT

or
(ii) K subjectto (16), Ay — y1a3 =0and A, — y1u3 < 0.
Therefore the bifurcation point K> appears here only in the case (i).
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Proof By the made assumption, the case (i) in Proposition 2 is impossible. So it is
sufficient to prove (i). It is thus required that n} > 3 > 1. If »{ > n3 > 1 then

Aq — y1ia3 = njAr1an — nj Asay — y Az
> ni(Ajay — Ay — Azaz) =0

where we used equation (5) in the last equality. Furthermore, since (20) and A, —

yies > 0 holdsAfor this case we also obtain from (19) that 3’2 — op > 0, therefore
max (S, o) = S5, and we arrive at the desired conclusion. O

In what follows we will assume that
y* <1 and y; < a;lAa. 21

We note that the first inequality guarantees (20) since the equilibrium point G exists
only if n5 > 1.

3 Branches of coexisting equilibria
3.1 Bifurcation of G1¢q

From [2] we know that the equilibrium point G191 with the only zero component I
has the form

Gior = (S*, B (o3 - 57,0, 257 - 01)) (22)
n N1
where

1
S*:K(l——*>.
n

We also know that it has positive components (except /2) when n} > 1 and

o o3}
o1 < §* < o3 or equivalently *1771 <K < *3’71
n — 1 n — 1

The bifurcation point (the point where the Jacobian is zero) corresponds to

s Au+uzy g

A
K=~k = _ w+ u3y2
Ag +azy2 ny —1

and $* =8, = .
Ay +azun

(23)

and is denoted 6101 = G(Iel).
Stability analysis of G is given in the next proposition.
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Proposition 3 The equilibrium point G1¢ is nonnegative if ni > 1 and it is stable if
the following conditions hold:

o k *
*1771 < K < *in
m — 1 n — 1

where

_ {q3 ifmy >y
S1 ifny <.

The case 75 > 1} (when we have no bifurcation) is considered in our paper [2]. Here
we will assume that

n > ns. (24)
By (8) the last inequality implies that
Ay > (1] — n3)Azay > 0.
By using (6), one verifies straightforward that

Ay A
o < — <81 <o3.
Ay

Notice a useful identity [the last equality is by (9)]

azy(034q — Au.)
(Ae — v103)(Ag + v203)
_ yrAtAc(ny —n3)
 (Aq — y103)(Aq + 1203)

-8 =

(25)

As a result of Corollary 1 and Proposition 3 we get that S1, 8, only exist as parts of
equilibrium points when Ay — yja3 > 0 and 5] > n5 > 1. In this case we see from
(25) that §; > S,.

We will now prove the following lemma.

Lemma 2 Let (24) be valid and %| §=§ = 0. Then there exists a smooth branch of

equilibrium points G111(K) = (S, I, I, [12)(K) defined for small |K — I€1| with
the asymptotics
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S(K) = 81 + O(K — K1)
o3 ~ N
II(K) = — (03 — 81) + O(K — K)

m
mr(Ay + yau3) (K1) 5 5
L(K) = =555 (K = K+ O((K = K1))
S |K:121 1

(63 PP A
I2(K) = E(Sl —0)+O(K — K)j).

(26)

Furthermore this equilibrium point is locally stable for K\ < K < K| +¢ where e
is a small positive number. Moreover all equilibrium points in a small neighborhood

of G1o1 (121) are exhausted by two branches G101(K) and G111(K).

Remark 2 The constant £ does not depend on y; but it does depend on «;, p; and ;.

Proof In order to use results of Appendix B we write system (10) in the following

form

F(x;s)=0,
x4 f (x') =0,

where
x = (x',xa) = (x1,x2,x3, x4) = (S, 11, I12, 1),

where s = K — 131,

(%(K — X1) — o1X2 — 02X4 — a3x3>x1

(a1x) — M1x3 — Y1x4 — (1)x2 ’
(3xy + nix2 + n2xq — U3)X3 + Y x2x4

F(x,s) =

and
f() = aax1 —max3 — yaxa — pa.
By the definition of the bifurcation point (23) and (22), we have that
Xt = (51, B oy — 51y, 28 - 01)>
n n
solves the equation F(x*,0; 0) = 0 and f(x*) = 0. Futhermore, the vector

1 —
g =x"ts(1- ) (L)
m n m

27)
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solves F'(§(s), 0; s) = 0. The matrix A = (dy; F(x*,0,0))1<; k<3 is explicitly given
by

A = diag(x}, x5, xHA, A= aj 0 —-m
a3 0

Using the Routh—Hurwitz stability criterion we can deduce that A(x™*, 0) is stable and
invertible. Since

Vo f(x) = (a2, =2, 12), 0x, F(x*,0;0) = (—aax], —y1x3, maxs + yx)T,
we get
O =V f A7 Flim(et.0)5=0 = (@2, —y2, 12) A" (a2, —y1, ma + x5 /3T

Let us evaluate ® and check that ® # 0. First we observe the equality

1 0 0 O 1 0 0 O . —a
01 0 0 . 01 0 0] A -y
00 o0 1|BOKDLg o 0 1|7 M+ P /X
00 1 0 00 1 0 @ -y om0
(28)
By (13)
1 0P (S
det(left-hand side of (28)) = — L . (29)
Iip 08 Is=s
Let us show that
det(right-hand side of (28)) = ® det A. 30)

For this purpose consider the equation

< A (a2, =y1,m +yx3/x3 T) <X) = <6> 3D
(02, =¥2,1m2) 0 * :

where X € R3, x € Rand 0 = (0, 0, 0)". We denote by B the matrix in the left-hand
side of (31) and using the expression for the matrix inverse, we get

det(A)
X = .
det(B)

(32)
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Solving (31) as a linear system by finding first X and then x from the last equation,
we obtain —®x = 1. The last relation together with (32) gives (30). Now the relations
(29) and (30) imply

8P(S)| R
_ a(5) 18=S$;
det(A)I,
which along with
o | —%3’1 —a181  —a3S -
det(AK) = —— |y If 0 —mqIf|=——1i
* Tk 1 1 K
it aslfy  mli, 0 1
gives
IPES)|
0 = K -2 5=5 1,
rnyln

Next, since f(x*, 0; 0) = 0, we have

FE0.055) = (1= =) (A -+ o).

m
Now applying (72) in the appendix we get

1 1 1 5
X4 = —(1 - —*> (Aa + Vza3>—s + O(s7),
ni m ©

which is equivalent to (26).
To prove local stability let us consider the matrix

_ Oy, F(x*, 0; 0)
oo (3 i)

Since the matrix A is stable the matrix B has three eigenvalues with negative real parts
and one eigenvalue equals zero. The eigenvalues of the Jacobian matrix

— Vo F(X(s); 5) Ay, F(X(8);5)
T = (vx’(xnf(x/)”x:fc(s) F&H )

are small perturbation of the eigenvalue of B = 7 (s). Therefore three of them have
negative real part for small s and the last one A(x(s)) is perturbation of zero eigenvalue
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of B, and it has the following asymptotics (see relation (73) in the Appendix)

d
AMEE) = == f (), 0 9)ls=05 + 0(s%)

N

1
= (1= 52) (e vas) + 067
1

and hence it is negative for small positive s. This proves the local stability of the
coexistence equilibrium point. O

3.2 Bifurcation of Go11
We will assume in this section that
ny >n; > 1 (33)

From [2] we know that the equilibrium point G¢; with only zero component /; has
the form

Goy = (S*, 0, 2 (03 — 5, 22 (5% - 02)) (34)
n2 n2

where $* = K(1 — #). We also know that it has positive components (except 1)
2

when 75 > 1 and

*
o2
2 -K<

0y < S* < o3 or equivalentl
2 3 q y =1 i — 1

As in Sect. 3.1 we obtain
Ay >0
The bifurcation point (the point where the Jacobian is zero) corresponds to

X Ay, — & A Ay —
K=K, = w—YIM3 1, and §* = §, = W~ Y113

(35)
Ay —y1a3 5 — 1 Ay — y103

and is denoted éou = 6011(132).
For y|* < n} we have that S> > o7 and that Gy is stable for K in the interval

327)2 o3 77;
n—1 n—1

We will now prove the following lemma



169  Page 18 of 40 J. Andersson et al.

Lemma 3 Let (33) be valid and % s=5 > 0. Then there exists a smooth branch of

equilibrium points G111 = (S, I1, I, 112)(K) defined for small |K — I%gl with the
asymptotics

S(K) =8 +OK — K)
_mr(Ay —yim3)
aP(S) p2
s K3
o3 A ~
L(K) = E(Ua —$) + 0K - K»)

L(K) = (K — K2) + O((K — K2)%)

I12(K) = (:;—;(32 —02) +O(K — Ky). (36)

These equilibrium points are locally stable for Kr—e < K < Ko, where ¢ is a
small positive number. Moreover all equilibrium points in a small neighborhood of
Go11(K?2) are exhausted by two branches Go11(K) and G111(K).

Remark 3 The constant ¢ does not depend on y but it does depend on «, u and 5.

Proof We write system (10) in the form

F(x;s)
f@&xh =0,

where
x = (x',x4) = (x1,x2, %3, x4) = (S, I, I12, )
where s = K — 132,

(%(K — X1) — 01 X4 — 02X — 063X3)x1

(a2X1 — M2X3 — Y2X4 — U2)X2
(a3x1 + M1xg4 + M2x2 — U3)X3 + Y X4x2

F(x,s) =

and
f&) =aixy —mxz — yix2 — i

By the definition of the bifurcation point (35) and (34), we have that
x* = (32, o3 — ), 228, - Gz))
Uy n2

solves the equation F(x*, 0; 0) = 0 and f(x*) = 0. Furthermore, the vector

1 _
£(s) = 2" +5 (1 - —*) (1, =, %>
b n  n2
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solves the equation F(§(s),0,s) = 0. The matrix A = (0, Fr.(x*,0, O))?k:1 is
evaluated as

A =diag(x}, x5, xDA, A= ea 0 -
a Mm 0

with the help of Routh—Hurwitz stability criterion we can deduce that A is stable and
invertible. Since

Vo (%) = (ar, yi.m), 9, F(x*,0,;0) = (—a1x}, —y2x3, nix3 + yx2)"
we get
O =Vof A0 F| _ g = (@, i, n) A (—arxf, —yax3, mixs + 7x2)”

Let us evaluate ® and check that ® # 0. First we observe the equality

100 0 100 0 —
01 00 « 5.0 1 0 0] A -
000 1|BYKIg 0 0 1|7 N+ pakfxk
00 10 00 10 @ -y om0

(37

In the same way as in Sect. 3.1 we get

AP (S) | R
Y a5 15=5

2 =
det(A)Io

which along with

- - -3
A A K> ) ¥
det(A(K2)) = | 0 —m|=—-m—=
a3 2 0 K>

Next, since f(x*, 0; 0) = 0, we have

£€0).055) = (1= =) (4= yia).

2

Now applying (72) we get

1 1 5
—*) (Aa - )’1“3)56' + 0(s9),
2
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which is equivalent to (36). To prove local stability let us consider the matrix

(A, F(x*,0;0)
= (475 00)

Since the matrix A is stable the matrix 3 has three eigenvalues with negative real part
and one eigenvalue zero. The eigenvalues of the Jacobian matrix
T(s) = Ve F(X(s);8) 0y, F(E(s);5)
Vi (xp f(x/))|x=)?(s) fQ&)

are small perturbation of the eigenvalue of B = J (s). Therefore three of them have
negative real part for small s and the last one A(X(s)), which is a perturbation of the
zero eigenvalue of B, has the following asymptotics (see (73) in Appendix B)

d 1
ME6) = = - FEG. 0:9)lims + 067 = = (1= ) (40 = y1es) + 06
2

and hence it is negative for small positive s. This proves the local stability of the
coexistence equilibrium point. O

3.3 Equilibrium transition for coexistence equilibrium points

Lemma4 Let the assumption (14) be valid. If there exists a coexistence equilibrium
point then

)
ni >mn; and ny > 1

and this point lies on the branch of coexistence eq. points which starts at K = K,
at the bifurcation point Gg. Moreover .

(ii) ifaddifionally ny > 05 > 1 then the above branch is finished at K = K at the
point G7.

(iii) Ifn} > 1 > nj3 then the above branch can be continued up to K = oo.

Proof Letus assume that there is a coexistence eq. point Gg for K = K*.Let (K1, K»)
be the maximal existence interval for existence of the branch G11(K) of coexistence
equilibrium points containing K* and G111 (K™*) = G§. According to Lemma 1 there
exists alimit G* = limg _, x, G111(K) and this limit is an equilibrium with at least one
zero component. According Lemma 2 in [2] the only possible scenarios are either that
G* = Giorand ap S* —nalip — oIy — o —()Ol‘thEItG>'< Gorrand oS — 1l —
y11y — ;1 = 0. This happens only if G* = G101 or G* = G011 The case G* = Gy
is disregarded due to assumptlon (15). According to (25) with its associated comment
we have that S1 > S2 and ’71 > n2 Since 51 > S and < 0 according to Lemma 1

deduce that G* = G 101. From existence of G101 it follows that rﬁ > 1 and we obtain

®.
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If 132 is finite then there is a limit of G11(K) as K — 122 and this limit lies on
the boundary. Simple modification of the above arguments shows that this limit is G7
which gives (ii).

In the case (iii) there are no éﬁ or é7 and hence the branch can be continued for
all K > K 1- O

When considering coexistence equilibrium points we assume that:

Assumption2 e If #] > n3 and n] > 1 then dsP(S1) > 0O when K = K;;
e If n > n5 > 1 then additionally to (i) it is supposed that asP(S‘z) > 0 when
K = [22.

Lemma5 (i) Letn] > n; > l and 85P(.§',~) > Owhen K = K;, i = 1,2. Then there
is a branch of coexistence equilibrium points starting at Ge, K = Ky, and ending
at G7, K = K». All possible coexistence equilibrium points lies on this branch.

(ii) Letny > 1 > nj andE)SP(S’l) > Owhen K = 1%1. There is a branch of coexistence
equilibrium points starting at Ge, K = K, and defined for all K > K. All
possible coexistence equilibrium points lies on this branch.

Proof (1) By Lemma 3 there is a branch of coexistence equilibrium points ending at
G7, K=K 2 and deﬁned for small K 2»—K > 0.By Lemma 4 it can be continued
to the interval (K 1, Kz) and the limit when K — K 1 is equal to G6. If we take
any coexistence equilibrium then by Lemma 4 it must lie on an equilibrium curve
starting at Gs. Then by uniqueness in Lemma 2 this curve must coincide with the
coexistence equilibrium branch constructed in the beginning.

(i1) In this case there is no bifurcation point G7 and the proof repeats with some
simplifications the proof of (i).

O

4 Stability of coexistence equilibrium points

4.1 Auxiliary assertion

Let O and g be two positive constants. We introduce the set of Y = (Y1, Y, Y3, Y4)
={Y: Vi = Q min(Y1,Ys) = ¢, Y2+ Y3 = g, min(¥2, ¥3) = 0}.

Consider the matrix depending on the parameters Y and K:

-x -~ —ay —o3

o 0 0 —n1

[0%) 0 0 —n2
as n Up) 0

M= MY, K) =diag(Y1, Y2, Y3, Yo )M, M =

Let also Ay = A (Y, K), k = 1, 2, 3, 4, be their eigenvalues numerated according to
the order [A1| > [A2] > |A3] = 4]
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In the next lemma we give some more information about the first three eigenvalues.

Lemma6 Let 0 < Ky < Kj. Then

= max max max NA;(Y,K) <O0. (38)
j=12,3Yec)Y K1 <K<K

3]

Proof First assume that all components of Y are non-zero. Let A € C be an eigenvalue
of M, i.e.

MX =21X, X =(X1,X2 X3, Xs)T €eC* X #0. (39)
This implies

RMX, D™LX) = —%|X1 2 = %D X, X),

where D = diag(Y1, Y2, Y3, Y4) and (-, -) is the inner product in C*. Therefore

, oo 1Xa?
MN=————
K (D71X, X)

This gives RA < 0. Assume now that A = it, v € R, which implies X; = 0. Then
(39) implies

a1 X2 + a2 X3 +a3X4 =0
—mYoXq =AX2, —mYV3X4=21X3
Ya(m X2 + n12X3) = AXy. (40)

If A = 0 then X4 = 0 and from the first and last equations in (40) we get that
X2 = X3 =0.1f X4 = 0and A # 0 then from the middle equations in (40) we obtain
X, = X3 = 0. Consider the case when A # 0 and X4 # 0. Expressing X; and X3
through X4 from the middle equations in (40) and putting them in the first equation,
we get

Y Y
X4<— ity + oot

=0,
Y +“3>

which implies X4 = 0. Thus we have shown that there are no eigenvalues of M on
the imaginary line, i.e. iA; < 0, j = 1,2, 3,4, provided all Y; ar positive.

Next consider the case Y2 = 0. Then one eigenvalue of M is zero and the remaining
three can be found from the eigenvalue problem

-x — -3
diag(Y1, Y3, Y) | oo 0 —m | (X1, X3, Xa)" = (X1, X3, Xa)T. (41)
o3 P 0
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Similar to the eigenvalue problem (39) one can show that il < O for (41).

The argument in the case Y3 = 0 is the same as in the case Y, = 0. Thus we have
shown that for all (Y, K) € Y, iA;(Y,K) < 0, j = 1,2, 3. Since the eigenvalues
continuously depend on (Y, K) and the set ) is compact, we arrive at (38). O

4.2 Local stability in the case 7 > 13 > 1

The main stability result for the equilibrium points branch in Lemma 6 is the following

Proposition4 Let ni > n; > 1 and G111(K), 1%1 < K < 162 be the branch
constructed in Lemma 5 (i). Then there exists a constant § depending only on aj,
j = 1,2,3, and n1, n2 such that if y < & then all points on this branch for
121 <K < 122 are locally stable.

Proof Consider equilibrium points G111(K) = (S(K), I1(K), [(K), I12(K)), K €
[I% 1 K 2]. By Corollary 2 of [2] and Lemma 5 all of the components are non-negative
and bounded by a certain constant independent of K and y;, y». Solving for S and
11> in the second and third of (11) gives

Ay B — _
SU) = 21+ 0G), In(K) = W +0G). 42)

o o

Furthermore, from the last equation in (11) we get

_hD
mly+nl =a3(03 —8§) —y——
I
which implies due to (42)
rA1Ax(ny —n3) i}
ml+mh =——-1"22 1 0(y).

a3y

We will keep the notation ) for our case (Y = (S, 11, I2, I12)), where

1. (Au ajon(oy — o1) 1 rA1Ax(nf —n; )
g = —min| —, S ’
2 Ay Ay min(71, 12) a3Ag
-
Q = max <G37 _>7
o

and y is kept sufficiently small. Then we can use Lemma 6, where K ; = K . J=172.

We iAntroAduce two subsets of )) x [1% 1, K 2]. The first one 5)] consistsof all (Y; K) €
Y x [K1, K2] such that Rx; > & /2, where & is the constant from I:emma 6 (in our
case it depends only on e, j = 1,2, 3, and 1y, n2. The second set ), consists of all
Y;K)e )Y x [131, 132] such that x| < & /2. Introduce the contours

N=(AecC:Ra=E5/4|3A<C, A—5/d=Ce? ¢ e (1/2,31/2)



169  Page 24 of 40 J. Andersson et al.

and
D={LeC:RA=3E5/4,|3A| <C, A—35/4=Ce'% ¢ (1/2,31/2)},
where C is sufficiently large. Put

ary = maxmax |[(M — )7, k=1,2.
¥y, reli

By Lemma 6 there are at least 3 eigenvalues of M with 91 < Z Consider two
cases (i) the remaining eigenvalue satisfies Il < %E or (ii) it satisfies A > %E.

Since the norm of the matrix

0 0 0 0

. 0 0 -» 0

N =diag(S, I, I, 112) 0 —p» 0 0
0 yrn yri —ynn

is estimated by C;y with C; independent on y and K we conclude that by Rouche’s
theorem the number of eigenvalues inside I'> of the matrix M and M + N is the
same for small y in the case (i). Similarly we have that in the case (ii) the number of
eigenvalues of M and M + N is the same inside the contour I'j for small ¥ and this
number is equal to 4.

This implies that for small y there are at least three eigenvalues of the Jacobian
matrix Jg with negative real part on the branch G111(K). Since

det Js(G111(K)) > 0 for K € (K1, K2)

we conclude that all eigenvalues of Jg(G111(K)) must have negative real part. This
proves the proposition. O

4.3 Instability for large K

In this section we assume that
ny >1>n3. (43)

According to Lemma 5 there exists a brAanch Q 1K), K e [I% 1, 00), of coexistence
equilibrium points starting from G111(K|) = Gg. For K = oo and y = 0 the interior
point has the coordinates

Ay r

r r
G o= (S* IF I I :(—, Ar—1m3). ——( — A ,—A).
111(00)|y=0 = ( 11, 1) A Aa( 2—1M) Aa(m 1) 3

A

All eigenvalues of the corresponding Jacobian matrix lie on the imaginary axis.
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For K = oo and small y > 0 the interior point has the coordinates G (y) =
Goo(0)4+0(ly]), where y = (y1, y2). Our goal is to analyze the location of eigenvalues
of the Jacobian matrix when y is small.

The characteristic polynomial of the Jacobian matrix of the interior point is (up to
a positive factor)

= —a —a3

A
ar - ~71 —m

———det(Jg — Al) = p(L):= 1
Shihli (Js ) =r%) o ) —% —m

as  n+yra oty —J7V1V2—1T—2

where r; are defined in (12). It is clear that the polynomial p is monic. The necessary
condition for stability of the polynomial p is the positivity of all its coefficients. Let
us evaluate the coefficient p; of the A term and show that it can be negative for certain
choice of parameters (we note that for y = 0 this coefficient is zero). This will imply
that some of all eigenvalues must have positive real part. We have

1 0 -7 — 1 10— —a3
pi=—|<5| —»n 0 -m |+ | 0 -2
m+yr2 m+tyri —ynn Vs m+yri —yrin
1 0 —] —0o3 0 —] —0
to | 0 —m |+ 0 —n
Zlaz mi4yra —yrirn| Plen -y 0
_ + + _
_s(_mm rian (a3 + asra) " arr(air +a3)  aja + oG
S 11 12 112
_ ar(as +agr) +aj(arp +a3) — oo _
_ (_n1;72+ 2 (a3 + aord) 11( 171+ o3) — o 2)—1—0()/2)
12

Plugging in the values of S, I12, r1, 72, for K = oo and y = 0 we continue the
above equalities

- mn | (o +apas —ajar w3 — A +af(Ay — )
pr=7Aa|-——+ + -2 ! +0u?
Ay rAs rAj

2 2 2 2
_ o —o o) +ap)az — ajo atAy —asA
=yAa(—mm+ 1M1 1772+( 2 a3 o oA — o l>+0(y2)

Ay rA% rAj rA%
with
b—po=1
ni=1

a1 =10, ap =99, a3 =1,
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(2) and (4) is satisfied and we get

A1 =9
Ay =0.1
A3 = 8.9.

We can now choose 71 and 12 such that 1% > 1 > 3 and n}, n; ~ 1. For these
values Lemma 4 tells us that there exists a coexistence equilibrium branch defined for
infinitely large K. On the other hand the coefficient of the A! term is approximately

10%9.9 " 19.9-99
0.1 0.1

Shihhly Ay <— + 0) =Sl hilny Ay (—890) < 0

and so when K is sufficiently large and y is sufficiently small this equilibrium branch
is unstable.

4.4 Hopf bifurcation

In this section we assume that (43) is satisfied. Thus there exists a branch of coexistence
equilibrium points G111(K) defined for K > K 1. We assume also that the parameters
o1, a2, az and 1, 1y are chosen such that the stability is lost when K y is large. Since
the point G111 (K) is stable when K is close to K 1 there exists a point K = K. where
the local stability of Gj; is lost. Since the trace of the Jacobian matrix is always
negative the eigenvalues can only reach the imaginary axis in pairs. If we assume
that the derivative of their real part at K = K, is positive then there is a simple Hopf
bifurcation so for K close to K there are periodic oscillations, see [9]. We also mention
that the loss of stability by the positive equilibrium when the carrying capacity of the
resource is increased is a well-established ecological phenomenon called the paradox
of enrichment dating back to the works of Rosenzweig [10]. We discuss this in more
details in a forthcoming work.

4.5 Local stability in the case n7 > 1 > 13

Theorem 2 Let n > 1 > n3 and let G111(K), K € (121, 00) be the branch of equi-
librium points starting at Gs. There exists a constant @ > 0 depending on a1, oy, o3
and n1, n2 such that if Ky < w for K € (K1, 00), then the inner equilibrium points
G111(K) are locally stable.

Proof In what follows in the proof we will denote by ¢ and C, possibly with indexes,
various positive constants depending on o1, o, @3 and 11, n2. The Jacobian matrix
is equal to Jg(K) = D(A + K + I'), where D = diag(S, I1, I», I12),
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- 0 0 0 0 —o; —oar —o3
1 0 0 O 0 N K3 0 0 —1n1
KE=1o 00 o |'* |l 0 o -l
0 0 0 —yrnr a3 1M m 0
0 0 0 0
10 0 -y O
=lo -, 0 o
0 yrp yr1 O
Consider the eigenvalue problem
DA+ K + IN'u = Au. (44)

If y = 0 then the eigenvalue of this problem lie in the half-plane XA < 0. If we show
that the are no eigenvalues of (44) with A = it, v € R, for all y and K satisfying
Ky < w then by continuity argument for eigenvalues we obtain the required result.
Therefore let us assume that one of eigenvalues has the form A = it, t € R and that
no eigenvalue has positive real part. We will now show that the problem (44) has only
the trivial solution. For large K and small y (say K > K, and y < y,) we have

Ay r
G K:(—— — ). — A,—A) 0F + K. 45
11(K) Al A(2 nz)A(m 1)Aa3+(7/+ ). (45)
Therefore
c<S8=<C, c=h2C, ¢c<h=C, czIn=C, (46)

where C and c are positive constants depending on « and 7. Furthermore, the Jacobian
matrix at the point (45) is

0 —a —a2 —o3
a1 0 0 —N1 _ -1
D P 0 —m +O0y+K)

a3 N n2 0

and therefore,
det J§(K) = SI1 I A2 + 07 + K.
Thus we may assume that det J3(K) > ¢ > 0. This fact together with (46) gives
O<c=<rji(K)<c, j=1,2,3,4, K=Ks ¥ <V,

where A (K), j =1, 2, 3, 4, are eigenvalues of Jg(K).
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Assume that . = it, ¢ < T < ¢3 is an eigenvalue to Jg. We will now show that
this leads to a contradiction. Multiplying both sides of (44) by D~ and taking the
real part and using that R(Au, u) = 0 we get = R((K + IMNu, u) =0 or

r 2 - 2 o v -

- ?|ul| —yrirzlua)” — yiRusin) — y2R(uusz)
+yR{(rauz + riuz)ig} =0 “47)
Let us derive some relations between u 1, u;, u3 and u4. From the first three equations
in (44) we obtain
r .

S (—Eul — Uy — opuU3 — a3u4) =iTuq

Li(aiuy — yruz — niug) = itun

L(apuy — youp — noug) = itus (48)

We rewrite the last two equations as

itup + yihuz = ayliuy —niliug
ituz + yalouy = aphuy — mlhug

and solving them we obtain

(—itarly + oy l1)uy — (pyilil —itnil)ug
uy = 5 (49)
“+ iyl

s = (12l —itanl)uy — (my2 D1l —itnalo)uy

(50)
2+ iyl L
Inserting these relations in (48) we get
iT r —itoly +axyi 1 I oyl —itonlp
uy | <+ +oar o) ar——
S K =+ iy 2 =+ iy i
—itmh +myili my2lily —itnal
=us | —a3+ o 2 2 3
v+ yiyalilr “+ iyl
This leads to
lug] < C3luq] (51)

The relations (49) and (50) together with (51) gives
lual, luz| < Calui|

Now (47) implies that

r _
—§|u1|z+cly|u1|2=o.
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This is impossible if C; is sufficiently small. Thus the local stability of G111(K),
K > K, is proved.

The local stability of G111(K) for K € (12 1, K«] is proved in the same manner as
in the proof of Proposition 4. O

5 Equilibrium transition with increasing K

In this section we finalize our results in two theorems describing the equilibrium branch
for the sets of parameter nj > 15 > 1l and 5] > 1 > 7j.

5.1 Equilibrium transition when n7 > 3 > 1

In this section we will prove that there exist an equilibrium branch Gop9 — G100 —
G101 = G111 = Goi1 — Goop in the case 5] > 13 > 1. By Corollary 5 in [2] we
know that for these parameters there is an equilibrium branch

G()()o —> G]()() — G]o] — ...

Furthermore from Sect. 3.1 we know the this branch continues onto G111 at K = K.
From Sects. 2.2 and 3.2 in this paper as well as Theorem 1 from [2], we get that there
exist an equilibrium branch

.= G111 = Goir = Gool-

One could suspect that these two equilibrium branches are the two parts of a complete
equilibrium branch. We shall now prove that indeed that is the case.

Theorem 3 Let (14), (21) and Assumption 2 hold and let nf > n5 > 1. Then there
exists a unique branch of equilibrium points G*(K) parameterised by K € (0, 00):
(a) For 0 < K < oy the point G*(K) is of type G

(b) Foro; < K < %‘T‘; the point G*(K) is of type G100,

o]
m
Sv *

M~ K <
ny—1 n

.
FE <K <
2

le <K < 775%211 the point G*(K) is of type G1o1;

;ﬁl the point G*(K) is of type G111,

(c) For

(d) For

03
n >

(f) For K > %SZ;I the point G*(K) is of type Goo-

(e) For Zgl the point G*(K) is of type Go11;

we display this schematically as (see Fig. 1)
Gooo = Gioo = Gio1 = Giit = Goir — Goor- (52)
The point G*(K) is locally stable whenever it is not a coexistence point. It is also

locally stable near the end on the interval Ki <K < K>and it is locally stable on
the whole interval if y is small
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Gooo  1G1001 G1o1 1 G111 Go11 1 Gool
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1 1 1 1 1
1 1 1 1 1
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o] 1] 23 o33
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Fig. 1 This graphs gives the idea of how the $* component of the equilibrium branch changes with K and
shows the type of the equilibrium point. The function $*(K) is a piecewise linear function except in the

. Sin} Sy, s . .

interval '7’} '71] <K < 17’1 '72] where it is strictly decreasing. Note that the order of the elements on both axis
1~ 2~

is correct

Proof This theorem follow from Lemma 4 and Proposition 4 in Sect. 4.2 O

5.2 Equilibrium transition when n7 > 1 > 3

In this section we will prove that there exist an equilibrium branch GOOO — éloo —
G101 — G111 in the case n’l" >1> 77; By Corollary 5 in [2] we know that for these
parameters there is an equilibrium branch

Gooo = Gioo = Gio1 —> ...

Furthermore from Sect. 3.1 we know the this branch continues onto G at K = K 1.
We are left to prove that this equilibrium does persists.

Theorem 4 Let (14), (21) and Assumption 2 hold and let n] > 1 > n3. Then there
exists a unique branch of equilibrium points G*(K) parameterised by K € (0, 00):
(a) For0 < K < oy the point G*(K) is of type Gooo
(b) Foro; < K < :*'jll the point G*(K) is of type G100

1
a1y 5
(c) For ] <K < H

ZTI the point G*(K) is of type Go1;

(d) For K > nSng the point G*(K) is of type G111,
1

We display this schematically as (see Fig. 2)

Gooo — Gioo — Gio1 — Gy (53)
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1 1 1
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Fig.2 This graphs gives the idea of how the $* component of the equilibrium branch changes with K and
shows the type of the equilibrium point. The function $*(K) is a piecewise linear function except when

Siny L. . . . & &
K > n’ijll where it is strictly decreasing and converging to a value between S and S;. Note that the order

1
of the elements on both axis is correct

The point G*(K) is locally stable whenever it is not a coexistence point. It is also
locally stable near the left end on the interval K1 < K < 0o and. it is locally stable if
Ky is small.

Proof This theorem follow from Lemma 4 and Theorem 2 in Sect. 4.5. |

6 Some concluding remarks

Below we briefly comment on our results from the biological point of view. We start
from K = 0 and reason how the dynamics changes as K increases. For small carrying
capacity K the susceptible population will be kept so low that the likelihood of an
infected individual spreading its disease will be too low (below 50% ) for any disease
to spread. As K increases the stable susceptible population increase.

When the stable susceptible population reaches oy, any increase in S* due to
increased K will result in the disease 1 with highest transmission rate to be able
to spread. But it can only spread until the susceptible population is equal to 0. So
from now on S* = o] and an increases in K gives an increase of 11* . Disease 2,
with lower transmission rates then disease 1, can not spread since it is outcompeted
by disease 1.

The disease 2 can however spread through the population of infected with disease

.. o1n¥ min(oy,S1)n*
1. Under the condition n*lill <K < %

1 1
of disease 1 will be so high that disease 2 can spread. However disease 2 will only
occur as a coinfection in the stable state. This is a result of the fact that we assume

the sum of susceptibles and infected



169  Page 32 of 40 J. Andersson et al.

that coinfected individuals can only spread both disease simultaneously. The single
infections of disease 2 are either outcompeted by disease 1 or they become part of the
coinfected compartment. For these K the compartment of single infected of disease
1 will decrease with K. This does however not mean that disease 1 becomes less
prevalent, only that it occurs more as a coinfection. The susceptibles increase for these
K. This is a consequence of the assumption of the coinfection being less transmissible
then single infection. When the coinfection rises the average transmission rate of the
diseases decrease allowing the susceptible population to increase.

For the parameters dealt with in this paper (n] > 1) it will happen that as the average
transmission rate of the disease decrease eventually single infection of disease 2 will
be more transmissible then disease 1 and the coinfection and will thus be able to spread
as a single infection giving rise to a stable coexistence point. From there either the
equilibrium point stays as a coexistence point for all large K or the single infections
starts to only occur in coinfections, with disease 1 being the first to stop occurring
as a single infection. The susceptible population can only increase to o3 at which
point any increase in susceptibles would even be absorbed be the least transmittable
compartment (coinfection). The sick population can by assumption not reproduce and
so it must also have an upper bound. If this upper bound is large compared to o3 we will
have a situation where a large proportion of the population is sick making coinfection
far more likely to occur then single infections resulting in the diseases only occuring
as coinfection. while the overall sick population can increase indefinitely. So when K
is large enough the number of sick individuals will be far more then the susceptibles
making coinfections far more likely to occur then single infection leading to a stable
state of coinfection with no single infections.
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A Implicit function theorem
Let
F:R'"xR" - R"
be a C? mapping. Let us consider the equation
F(x,y)=0. (54)

We assume that

JF(0,0) =0 and that the matrix A := D,F(0,0) is invertible.

Our aim is to find a solution to (54) x = x(y) such that x(0) = 0 and estimate the

region where such solution exists. We fix positive numbers a and b and put

A=Agp={(x,y) & Ix[ <a, [y| <b}.
Let also
B, ={x : |x| <a}.

We introduce the quantities

M = max ||D; DyF(x. )l My = max || Dy DyF(x. )l

Here the above norms are understood in the following sense

n
1D:DxF .yl = max > 0 Flx, )i
L =1

Here | - | is the usual euclidian norm. We also introduce
L = max | Dy F(x, y)I

where

1Dy F (x, )| = max [DyF(x, y)&l.

The following result is a well known implicit function theorem. We supply it with
a short proof since we want to include in the formulation a quantitative information

about the solution.
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Theorem 5 If the constants a and b satisfies
-1 -1 b
A7 ||(Ma + Mb) < g and ||A ||<Ma+M1b—|—L—>§1, (55)
a

where ¢ < 1 and ||A~"|| is the usual operator-norm of A='. Then there exists a
C2-function x = x(y) defined for |y| < b which delivers all solutions to (54) from A.

Proof We write (54) as a fixed point problem
x=F(x,y), where F(x,y) =A"'(Ax — F(x,y)). (56)

Let us check that F' maps B, into itself and that it is a contraction operator there.
To show the first property we note that

Fx,y) = /O T F(x, 1y)dt = /0 D 0 Flex, ty)xi + Yy, Flex, ty)yedt.
i=1

k=1

Therefore

1 n m
F(x,y)= Al /0 (Z(axif(o, 0) — oy, F(tx, ty))x; — Z Oy, F(tx, ty)yk)dt
k=1

i=1

Since
Ud
0y, F(0,0) — 0y, F(tx,ty) = —f —(Bxi]-")(rtx, Tty)dt
0

- /0 (Zaxjax,f(m TIy)IX; +Zayk3x,f(nx Ity)yk>

k=1

we get

|F(x,y)| <|A~ / / < Zax]axlf(m TY)X;
m
+ Z Oy, Oy, F(T1x, ry)yk>x,~drdt

1 m
b
—I—‘/ E Bku(tx,ty)ykdt‘ <)1A7 ) (Ma +M1b+L—> lal < a,
0 k=1 a

which guarantees that F maps B, on to itself.
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For checking the contraction property we write

|F(x1,y) = Fx2, )|

lda
= A7 (A(x — x2) —/0 EF((szrt(m — x2), y)dt|

1 n
<A - ‘/ Zax,-f((), 0) — 0y, F(x2 + t(x1 — x2), ¥))(x1 — x2);dt
0 o

1
< ||A—1||/ <Z|ax_,ax,.f(r<xz +1(x1 = x2), TY)Ex;(X] — X2)i]
0 i
+I Zaykaxif(f(n +1(x1 — x2), TY) k(X1 —X2)i|>df)dt < qlx1 —xal,
ik

so F is a contraction and by the Banach fixed point theorem we can conclude that
there exists a unique ¢'-function x = x(y) defined for |y| < b. Since F € C? the
same is true for x(y). O

In the next assertion we present estimates of the derivatives of the solution x (y).

Theorem 6 The matrix D, F(x, y) is invertible for all (x,y) € A and

1 AT
IDF(x, )7 < s (57)
Furthermore
IJA71IL
|Dyx(y)] < ——, (58)
1—g¢q
and
1D, Dyx)| < A (M”A_IHZLZ pon A7l +M2> (59)
S (1-¢)? l1—g ’
where

N = max||Dy D, F(x, y)ll. Mz =max||D,DyF(x. y)ll:

Proof With B = D, F(x,y)wehave B~! = A~1(I + (B — A)A~1)~1), which gives
(57) because

HATYIIIB — Al < ||A™ |(Ma + Mab) < q.
Since

Foxy, + Fy, =0, (60)
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we arrive at (58) by using (57) and definition of L.
Derivating once again (60) with respect to y we obtain with Einsteins summation
index

32
dyidyj

_ kI I p P _
F = j:xkxzxy,-xyj +]:mxy,- + Fapy Xy, —i—fxpxyl.yj + Fyy; = 0.

pYj
Solving for xy,y, we get

Xyryy = —(F) ™ (a2 0y, + Fyog Xy, + Frpyxli + Fyy))-

pYj
Using the definitions of norms we obtain (59). O

Corollary 2 Let Ap = {(x, y) : |x] < Vb, |y| < b} and let

M= 3 max||D¢DIF(x. y)ll. (61)
I<|o|+k=<2
If
A M (Vb +b) < cpm. (62)

where ¢y is a positive constant depending only on n and m, then there exists a
C2-function x = x(y) defined for |y| < b and such that |x| < /b, which delivers
all solution to (54) from Ap. Moreover, the matrix D, F (x,y) is invertible for all
(x,y) € Aand

IDLF(x, )" <A™y,
IDyx(y)| < Cl|A~Y|M,
1Dy Dyx(»)|] < CM|IA™Y (1 + MIJATY | + M2 A7),

where C depends only on n and m.

B Bifurcation from a degenerate bifurcation point

The results of the following section can not be considered as new. They can be deduced
from the classical results from [4,5], see also [8] for more complete a presentation and
related references. Here we give another direct presentation which is more suitable
for application to models appearing in biological applications. First, systems here are
finite dimensional and have a special structure, which essentially simplifies the proofs.
Second, the bifurcation parameter is fixed from the beginning and we are interesting
in bifurcation with respect to this parameter. Therefore we present here proofs which
are more adapted to our situation.
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B.1 Interior equilibrium point
Let x’ = (x1,...,x,—1) and x = (x', x,,). Consider the problem
Fx;s) =0, xeR", 5seR, (63)

where F = (F1, ..., F)T. We put F(x;s) = (Fq, ..., Fn_1)T and assume that
Fu(x;s) = f(x;8)x,, where (F1, ..., Fy—1) and f are real valued function of class
C? with respect to all variables. Then the problem (63) can be written as

F(x;s)=0, (64)
Xn f(x;8) =0. (65)

It is assumed that there exists x* € R"~! such that
F(x*,0;0)=0
and that the (n — 1) x (n — 1)-matrix
A ={Agl L) = (0, 7™, 0,077 (66)
is invertible. This implies, in particular, that the equation
F(§,0;5)=0 (67)

has a solution &(s) € C2([—b, b]) such that £(0) = x*. Here b is a positive number
satisfying (62), where M is given by (61) with F replaced by F.

This is a single solution to (67) in A according to Corollary 2. Moreover this
solution is of the class C? and estimates of the derivatives are presented in the same
corollary. One can easily verify that X(s) = (£(s), 0) solves system (64), (65) for
s € [—b, b].

We assume that f(x*, 0; 0) = 0 and our goal is to construct a solution to Egs. (64),
(65) different from X (s). This will be achieved if we solve the problem

F(x:s) =0, (68)
f(x;s) =0. (69)

instead of (64), (65). We denote the Jacobian matrix of the right-hand side at the point
(x*, 0; 0) by A. Direct calculations show that

. A 3y, F(x*,0; 0)
[ Ve f(xF,0;0) 9y, f(x*,0:0) |°

To find the inverse of the matrix consider the equation

AX, X)T =, Y.
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Then
OX,=Vof -ATY —Y, and X' =AY -8, FX,), (70)
where and in what follows we assume that
©:=V, fA™ 8, F(x*,0;0) — 8y, f(x*,0;0) # 0.

So the matrix A is invertible if A is invertible and ® # 0. From (70) it follows the
estimates

[JA=Y| )
|V, fIIY|+—|Y|

1 X, <
" E] 16|

and

_ _ AT 19y, FI Ve £l
IX'| < AT (Y| + 18y, FI1Xal) < ||A 1||(1+ - o M

]
JA] |8y, F v
na o o1,
O]
Therefore

1
A7 1= (A + g (U g FHIAT ) 1+ 190 11471,

where C is a positive constant depending only on n.
Let us introduce the quantity

M= > max(|[DYOF(x; 9)l| + |DLOL £ (x: 9)D),
Ap
1<|a|+k<2

Then according to Corollary 2 there exists a solution X(s) = (£'(s), X, (s)) to (64)—
(65) belonging to C%([—b, b]) such that x(O) (x*, 0). Here b is a positive number
satisfying (62), where M is replaced by M.

Let us evaluate the derivative d’;gy) . Differentiating (68) and setting s = 0, we have

d A~/ * d A *
A—3x"(0) + 0y, F(x™, 0; 0) —X%,(0) + 9, F (x™,0; 0) = 0.
ds ds

Differentiating F (£(s), 0; s) = 0 withrespect to s we get 9, F (x*, 0; 0) = —A %E(O).
Therefore

—(x —£)(0) + 9y, F(x™, 0; 07 xn(O)—O (71)
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Writing Eq. (69) as f(X(s); s) — f(X(s); s) + f(X(s); s) = 0 and differentiating it at
s =0, we get

d d d
Ve f(x*,0; 0)%(2’ —£)(0) + 9y, f(x™, 0; 0)$£n(0) + gf(i; ) 0= 0.

Therefore

4 f(E(s), 0; 5)|s=0

xAn (s) = s 1)

s + 0(s?), (72)

where O (s?) is estimated by Cs?, where C depends only on n, ||.A~!|| and M. Other
components are not important for us in this paper so we write only that

X'(s) = y"+ 0(sD)

with similar comment on O (s) as above. From (71) we can derive a similar formula
for the derivative

d d d
—3'(s) = —£(0) — A8y, F(x*, 05 0)—%,(0) + O(|s]).
ds ds ds

B.2 On smallest eigenvalue of the Jacobian
The Jacobian matrix for system (64), (65) is

J=Txis) = |:8X/F(X; §) Oy, F(x; s)] '

Ay (xXp f) axn (xn f)
The Jacobian matrix

J(x*,0;0) = |:g ax6Fi| at (x;s) = (x*,0;0)

has a simple eigenvalue 0. Let us denote the perturbation of this eigenvalue at the point
(x;5) by A = A(x; s). The smallest eigenvalue of 7 (X(s); s) is

d
M (s);8) = f(X(s);8) = 75 6(). 03 9)ls=05 + 0(s?). (73)

Our aim is to find smallest eigenvalue of J(X(s); s) corresponding to the solution
X(s). The eigenvalue equation for the Jacobian at the point x (s) is

)= [x)
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Without lost of generality we can put X,, = 1. Solving this system with respect to X’
and putting the result in the last equation, we get

-1
XV f - (DX/F + X0y G (E: 5) — ,\) 85, (F) + 3y, (xn f) = .
Which implies A(s) = —x(s)O + 0(s?) or, using (72), we get

d
AE©):9) = === f(E), 0; )ls=05 + 0(s?). (74)

Comparing (73) and (74), we see that the first derivative of smallest eigenvalue corre-
sponding to solutions X and X has opposite sign.

Remark 4 1f we assume that the function s — f(&(s), 0; s) is strongly mono-
tone on the interval [—b, b] then all solution to (64), (65) in the set |s| < b,
x" — x*? + x,% < b are exhausted by X(s) and x(s), where b corresponds to

w:=max(||A""] |M JATY |M) in (62). Moreover derivatives of first and second order
of this solutions are estimated by constant depending on p and n only.
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