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Abstract
Time-dependent molecular properties are important for the experimental characterization of molecular materials. We show how these properties can be calculated,
for optical and x-ray frequencies, using novel quantum chemical methods. For xray absorption there are important relativistic effects appearing, due to the high
velocity electrons near the atomic nuclei. These effects are treated rigorously
within the four-component static exchange approximation. We also show how
electron correlation can be taken into account in the calculation of x-ray absorption spectra, in time-dependent density functional theory based on the complex
polarization propagator approach. The methods developed have been applied to
systems of experimental interest—molecules in the gas phase and adsorbed on
metal surfaces. The effects of molecular vibrations have been take into account
both within and beyond the harmonic approximation.
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Populärvetenskaplig
sammanfattning
Genom att se hur ett material absorberar och bryter ljus kan man få information
om molekylerna i materialet. Man kan till exempel undersöka vilka grundämnen
som ingår, och hur atomerna binder kemiskt till varandra. Särskilt noggrann information får man om man mäter hur materialet absorberar ljus vid olika frekvenser,
dess absorptionspektrum. För att kunna utnyttja informationen i ett sådant spektrum behövs en teoretisk modell för vad som händer i molekylerna när de absorberar ljus. I den här avhandligen har vi använt noggranna kvantmekaniska
beräkningar för att ta fram absorptionsspektra för synligt ljus och för röntgenstrålning. Kvantmekaniska beräkningar behövs eftersom elektronerna i en molekyl
uppför sig som vågor, de rör sig enligt kvantmekanikens lagar. Röntgenabsorption
är särskilt intressant när det gäller att bestämma den kemiska strukturen hos en
molekyl, eftersom röntgenstrålarnas korta våglängder gör att de absorberas på
karaktäristiska platser i moleylen. Genom att jämföra teori och experiment kan
vi hjälpa experimentalister att tolka sina resultat. Röntgenabsorption är också intressant ur en rent teoretisk synvinkel eftersom man där måste ta hänsyn till de
starka relativistiska effekter som uppstår när elektroner rör sig med hastigeter nära
ljusets. Einsteins relativitetsteori är något som man ofta förknippar med fenomen
på kosmiska skalor, men vi har visat på betydelsen av en relativistiskt korrekt
kvantmekanisk beskrivning av röntgenabsorption. Vi har också visat hur en och
samma beräkningsmetod, den så kallade komplexa polarisationspropagatorn, kan
användas för att beräkna en lång rad tidsberoende molekylära egenskaper. Genom
att använda denna metod för absorption vid synliga frekvenser och vid röntgenfrekvenser kan vi med hög nogrannhet beräkna molekylära egenskaper som är
relevanta för moderna tillämpningar såsom molekylär elektronik.
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Chapter 1

Introduction
In the year 2003 light from the sun-like star HD 209458—a star which we find in
the Pegasus constellation—reached telescopes on earth. On its way, the light had
passed through the atmosphere of a planet orbiting this star, and then travelled
for 150 years before it was observed by the Hubble Space Telescope. Despite its
long journey, the light still contained evidence of the atomic composition of the
atmosphere on that distant planet. By comparing the spectrum of the starlight
with models of atmospheric molecules, it was possible to conclude that the remote
planet, at 150 light years distance, had an atmosphere rich in carbon and water
vapor—the necessary ingredients of life.
This is only one example of how the optical properties of materials can be used
to characterize the structure of their smallest building blocks, atoms and molecules.
In this thesis, we will study the interaction between molecules and light at visible
and x-ray wavelengths. By using accurate quantum mechanical models of the
molecules, we calculate these interactions and obtain molecular properties, such
as the colors of molecular materials.
We have developed methods that can be used to calculate optical properties
at arbitrary light frequencies, in order to analyze molecular samples of interest to
experimentalists. X-ray photons have very high energy, comparable to the binding
energies of core electrons in atoms. These electrons move with velocities near the
speed of light, therefore it is necessary to take relativistic effects into account.
We have shown how relativistic effects are clearly visible in the x-ray absorption
spectra of elements from the second row of the periodic table. In particular we
have studied x-ray absorption at L-shell energies of sulfur and silicon. These
elements are important for biological and technological applications, and the x-ray
absorption spectra can be used to characterize the chemical environment around
each individual atom. By doing this, we can understand how the atom binds
to its neighbours, which is very important if we want to control the structure of
materials on the molecular scale.

1
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Figure 1.1. Typical length scales in biological and molecular systems. The long
wavelength of visible light motivates the electric dipole approximation for molecules, but
for x-rays the wavelength of the light becomes comparable to the extent of the molecules.
The Tobacco mosaic virus is included for scale, and is not treated further.

1.1 X-ray spectroscopy
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Light of different wavelengths interacts in different ways with molecules. It is,
however, often difficult to appreciate the different scales involved in processes at
the molecular level, and how the size of an atom relates to macroscopic objects
and to the wavelength of visible light. In Figure 1.1, the electric fields of visible
and x-ray light are shown together with one of the smallest biological life forms, a
virus, as well as smaller molecular structures. Also shown are the spatial extent of
some of the Gaussian type orbitals (GTOs) used in quantum chemical models to
represent the electronic wave functions. It is clear from the figure how the electric
field of visible light can be considered as uniform on the molecular scale, while
the x-ray wavelength is comparable to the size of single atoms. For this reason
the x-rays are able to probe the atomic structure of matter, and are therefore an
important experimental tool.

1.1

X-ray spectroscopy

The existence of invisible high energy rays originating from cathode vacuum tubes
has been known at least since the experiments of Tesla in 1887, but it was not
until the work of Röntgen (1895) that the phenomena was given the name x-rays.
Although Röntgen believed that he had found “a new kind of radiation”, 1 it was
later understood that x-rays are the same kind of electromagnetic radiation as
ordinary visible light. In 1917, the very important discovery by Barkla that each
element of the periodic table has characteristic x-ray frequencies was awarded
the Nobel Prize. In the early days of x-ray science, it was x-ray scattering that
was the main application, but, starting with the pioneering work of K. Siegbahn
and coworkers in the 1950’s, the field of x-ray spectroscopy became increasingly
important.
X-ray spectroscopies have been widely used since their initial development in
the fifties, and with the construction of more high-quality radiation sources, the
importance of these spectroscopies remain high. Two spectroscopical methods are
important for the work of this thesis. First is x-ray photoelectron spectroscopy
(XPS), where core electrons are excited out of their bound orbits with enough
energy to leave the molecule. Their kinetic energies and angular distributions are
measured, and the structure of the sample can be inferred from these measurements. Second is x-ray absorption spectroscopy (XAS), where the absorption of
x-ray photons in the sample is measured. This absorption is caused by excitation
of core electrons into bound or unbound states, and using highly monochromatic
tunable synchrotron radiation, it is possible to probe individual excited states of
the sample.
The successes of x-ray spectroscopies are related to the properties of the core
electrons that are excited in the experiments. The binding energies of core electrons of different elements are often well separated. This means that the sample
is transparent to x-rays, except for energies close to a particular ionization edge,
corresponding to an electronic shell of a particular atom type. Moreover, the core
electrons are well localized in space, and this means that it is possible to probe
the local environment of a particular element of the sample.

4
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In this thesis near edge x-ray absorption fine structure (NEXAFS) spectra
have been calculated at the ab initio level of theory, in order to explain how
these spectra relate to various properties of the molecules under study. A solid
theoretical foundation is important, due to the increasing experimental resolution
that reveals the finer details of the spectra. This fine structure contains more
information about the molecular environment, but is difficult to interpret without
supporting calculations.
Circular dichroism, which appears because certain molecules absorb different
amounts of left- and right-circular polarized light, is important for characterization
of chiral molecules. We have calculated such absorption spectra in the x-ray region
of two forms of the L-alanine amino acid. The method can be used in the analysis
of such experiments for many important biological applications.

1.2

Nonlinear optics

In the 1960’s, the invention of the laser—giving a high intensity light at very
sharply defined frequencies—made the study of nonlinear optical effects possible. These effects are due to the nonlinear response to laser fields applied to the
molecules in the sample under study, and typically require very intense light in
order to be observed. It is also possible to induce changes in the optical properties
of materials by the application of static or time-dependent external fields. While
x-ray spectroscopy has mainly applications in characterization and testing of fundamental molecular properties, the induced or natural nonlinear optical effects
of certain classes of materials have many technological applications. Examples
include frequency doubling of laser light, which is used in fiber optics communication, and intensity dependent absorption, which has applications as varied as
optical power limiting and incision free laser surgery.
From a theoretical point of view, the calculation of nonlinear optical properties
require a more accurate description of the electronic structure of molecules. This
is because of the complex interplay of various small effects, that are more important for nonlinear optics than in the linear case. In this work we have performed
theoretical calculations of two-photon absorption and various induced optical properties. These calculations have mainly been done in order to test the theoretical
methods, or to show how important relativistic effects are for the simulation of
these properties.

1.3

Quantum chemistry

Already during the 1920’s and 1930’s—the development years of many-particle
quantum mechanics—it became apparent that the fundamental laws governing
“a large part of physics and the whole of chemistry”, as Dirac put it, had been
discovered. At that time the practical use of the laws was limited to those cases
that could be solved by hand or with the help of simple computational aids. Early
self-consistent field calculations were performed more or less “by hand”, see for
example the early papers by Hartree. 2

1.4 Time-dependent molecular properties
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With the invention of digital computers it became possible to perform much
more elaborate calculations, but many of the approximations that are still in use
today were invented in the early years of quantum chemistry. The reason for the
success of these approximations, for example the Hartree–Fock theory, is that they
are based on a solid understanding of chemical bonding and chemistry in general.
One of the main problems of quantum chemistry is to describe the correlated
motions of the large number of electrons present in a molecule. Two main categories of methods have been developed, one based on an explicit representation
of the correlated electronic wave function, and the other based on density functional theory. The first approach has the advantage that it can in principle (and
in practice, for small molecules) be made exact. The disadvantage is that the
computational costs scales badly with the size of the system, which makes the
methods applicable only to relatively small systems. Density functional theory, on
the other hand, reduces the many-body electron correlation problem to an effective
single particle problem. The drawback here is that there is no known form of the
exact energy functional of the theory. While steady development is being made
in this field the calculation of new molecular properties often reveal deficiencies in
the density functionals used. In this work, we show how time-dependent density
functional theory can be used to calculate x-ray absorption spectra of high quality,
provided that the density functional satisfies some specific conditions.

1.4

Time-dependent molecular properties

While a major goal of quantum chemistry has been to calculate accurate ground
state energies of molecules, and minimizing these energies to obtain equilibrium
molecular structures, an increasingly important application of ab-inito methods
is the calculation of time-dependent molecular properties. One of the reasons for
this is that these properties determine the interaction between light and materials.
This is useful not only for designing materials with certain optical properties, such
as color or refractive index, but also for the characterization of their molecular
structure. Time-dependent molecular properties depend on the excitation energies of the molecules (see Section 2.2.2), which in turn depend on the chemical and
geometrical structure of the materials. In principle, it is possible to “work backwards” and obtain the structure of an actual material from its optical properties.
However, in practice, this requires a very detailed knowledge of the molecules on
a quantum level, and this is where the theoretical models of quantum chemistry
become important.
From a macroscopic point of view, the electromagnetic field of the light interacts with a material through the frequency dependent electric and magnetic
susceptibilities (related to the molecular polarizability and magnetizability). Examples of the effects of the polarizability on the electric part of the electromagnetic
wave are shown in Figure 1.2.
If the photon energy is far from a molecular excitation energy the interaction
is said to be non-resonant. In this case no energy is absorbed by the material, and
only the speed of light in the material is affected (refraction). A chiral material is

6
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Figure 1.2. Examples of effects on the electric field of light passing through a molecular material. In the case of optical rotation the polarization axis are rotated by the
interaction with the medium.

one where its constituent molecules and their mirror images have different optical
properties. For certain chiral materials, or if chirality is induced through an external magnetic field (Paper XI), the index of refraction may be different for leftand right-circular polarized light. The net effect of this is optical rotation.
If, on the other hand, the photon energy is near an electronic excitation energy,
the molecules of the material will absorb the energy of the light. For materials
where the molecules are aligned in some particular way, for example surface attached molecules, the amount of absorption is often strongly dependent on the
polarization of the light beam. For certain classes of materials the polarizability
is strongly dependent on the intensity of the applied electromagnetic field and,
for these materials, effects such as two photon absorption and frequency doubling
appear. With the invention of intense laser light sources, it became possible to
study these nonlinear optical phenomena in a systematic way, and they often give
complementary experimental information compared to linear optical properties.
From a purely theoretical point of view, the time-dependent properties often
require a more elaborate treatment than pure ground state energy calculations.
The reason is that a very large number of excited electronic states enter into the
equations, and these should be given a balanced treatment. On the other hand the
quantum mechanical calculations are instrumental in obtaining an understanding
of these phenomena, since they often lack the intuitive features of for example
molecular bonding and chemical reactions.

Chapter 2

Theory
The theoretical section of this thesis is written for a reader familiar with the
general methods of quantum chemistry, as presented in for example Ref. 3. In
most cases we have performed calculations using Hartree–Fock and Kohn–Sham
density functional theory, but in Paper XII we have employed an accurate coupled
cluster method for the treatment of electron correlation. The inclusion of electron
correlation is a major research topic within the field of quantum chemistry; see
for example Ref. 4 for a recent review of this problem. The Löwdin definition of
correlation energy, as the difference between the exact energy and the Hartree–Fock
energy of a system, is straight forward to use for the ground state of molecules.
For the calculation of excitation energies it is however less clear how to define
correlation energies. The static exchange method, described in Section 2.4.7, is
based on a configuration interaction singles expansion from a single determinant
reference, but still captures the electron relaxation effects in core excited states.
This effect would be attributed to electron correlation in an approach based on
for example time-dependent density functional theory. Before starting with an
overview of macroscopic electromagnetic effects in absorbing media we note that
all calculations have been made within the Born–Oppenheimer approximation,
which allows us to calculate electronic wave functions for fixed positions of the
nuclei.

2.1

Electromagnetic fields in absorbing media

When an electromagnetic wave enters a medium it induces polarization and magnetization of the medium. Since the electric part of the wave is the most important,
for the properties of interest in this thesis, we will study it more closely. The fields
of interest are typically fairly monochromatic, and we therefore look at Fourier expansions of the fields. The displacement field D is related to the external electric
field E as
D = 0 E + P,
7

(2.1)
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Figure 2.1. Schematic illustration of the real and imaginary parts of the polarizability
α for photon frequencies near a resonance ωn , with a lifetime τ . The real part determines
the optical index of the material, and the imaginary part is related to the absorption of
light.

where P is the electric polarization density. In a linear medium the polarization
can be written as P = χ0 E, where χ is the frequency dependent polarizability of
the medium. The Fourier coefficients of the E and D fields are then related as
D(ω) = 0 (1 + χ(ω))E(ω) = (ω)E(ω),

(2.2)

where the permittivity (ω) has been introduced. A complex value of  describes
the phase difference of the E and D fields, and appears for absorbing media. The
energy loss of a monochromatic wave, of circular frequency ω, in a linear medium
is given by Poynting’s theorem (see Ref. 5, p. 264),
∂u
= −2ω Im (ω) hE(t) · E(t)i ,
∂t

(2.3)

where u is the energy density of the field and the magnetic losses have been neglected. The angular brackets indicate averaging over the period of the wave. In
such a situation the intensity of the wave falls off as e−γz , where z is the path
length. In frequency regions of normal dispersion the attenuation constant is approximately 5
Im (ω) p
γ≈
Re (ω)/0 ω/c.
(2.4)
Re (ω)
The schematic behaviour of the real and imaginary parts of the polarizability near
a resonance is illustrated in Fig 2.1. The region of anomalous dispersion is seen
for ω/ωn ≈ 1, where the slope of the real part of the polarizability is negative.
The macroscopic permittivity  is related to the molecular polarizability α

2.2 Time-dependent molecular properties
through the Clausius–Mosotti, or Lorentz-Lorenz, relation 5


3 /0 − 1
1
α=
≈ (/0 − 1),
N /0 + 2
N

9

(2.5)

where N is the number density of the medium. We can now see how the knowledge
of the frequency dependent molecular polarizability α allows us to determine the
macroscopic optical properties of a molecular substance. The theory in this section
is presented for an isotropic medium, but can be generalized to oriented materials
as well. For strong fields the assumption of a linear relation between E and P
breaks down, and have to be replaced by a power series in the field strength,
P (t) = P0 + χ(1) E(t) + χ(2) E 2 (t) + . . .

(2.6)

In the general case of oriented materials the n-th polarizability χ(n) is a rank
n tensor relating the applied field and induced polarization. These macroscopic
tensors have direct molecular counterparts, that can be calculated using n-th order
response theory.

2.2

Time-dependent molecular properties

Time-dependent properties are convenient from a theoretical point of view, since
they often can be attributed directly to the individual constituent molecules of a
material. This simplifies calculations, since the optical properties can then be calculated for isolated molecules. If this approximation is too drastic the environment
can often be taken into account by solvation models. From an experimental point
of view it is possible to measure properties of the individual molecules in a material by measuring the optical properties of the bulk material. This is particularly
true for x-ray absorption, where the short wavelength of the x-ray radiation enables the experiment to probe the environment of a particular atom in the sample.
In order to calculate time-dependent properties of molecules from first principles,
we need to develop a theory of the response of a quantum system to external
time-dependent perturbations.

2.2.1

Time-independent perturbation theory

How does the expectation value of some property operator X̂ depend on the
strength εy of a perturbation εy Ŷ , added to the unperturbed Hamiltonian Ĥ0 ?
This question is answered by the Hellmann–Feynman theorem, as explained in the
following. Consider a variationally optimized, time-independent state 0̃(ε) , with
|0i = 0̃(0) and for which
Ĥ(ε) 0̃(ε) = E(ε) 0̃(ε) .

(2.7)

where Ĥ depends on a parameter ε. From the Hellmann–Feynman theorem we
have that
d 0̃ Ĥ 0̃
dĤ
dE
=
= h0|
|0i .
(2.8)
dε ε=0
dε
dε
ε=0

10
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If we then proceed by constructing a Hamiltonian
Ĥ = Ĥ0 + εx X̂ + εy Ŷ ,

(2.9)

we can write the expectation value of X̂, for the state |0i, as
hX̂i = h0|X̂|0i =

dE
dεx

.

(2.10)

εx =0

The response of the expectation value hX̂i, due to the perturbation Ŷ , can be
obtained from a second application of the Hellmann–Feynmann theorem,
dhX̂i
dεy

=
εy =0

d2 E
dεx dεy

= hhX̂; Ŷ ii0 ,

(2.11)

εx =εy =0

where Eq. (2.8) was used in the first step, and the linear response function 6
hhX̂; Ŷ ii0 has been introduced on the right-hand side. The energy derivatives
in Eq. (2.11) can then be calculated with some electronic structure method and
variational space. We can continue with the differentiation to obtain quadratic
and higher order responses in a similar way. However, the most experimentally
interesting observables, at least in the area of optics and spectroscopy, are the
time-dependent responses of the electrons in time-dependent external fields. For
this purpose time-dependent perturbation theory is needed.

2.2.2

Time-dependent perturbations and response theory

General time-dependent properties can be calculated using a response theory (polarization propagator) approach. In this work we consider a number of timedependent but monochromatic perturbations. The response functions are then the
Fourier components of the response of the electronic system to the time-dependent
perturbations. To first order, the time-development of an expectation value of X̂,
perturbed by Ŷ , is explicitly
Z∞
hX̂(t)i = h0| X̂ |0i +

hhX̂; Ŷ iiω e−iωt dω.

(2.12)

−∞

In an exact theory, the response function can be written as a sum-over-states
expression
(
)
X h0|X̂|nihn|Ŷ |0i h0|Ŷ |nihn|X̂|0i
−1
hhX̂; Ŷ iiω = ~
+
,
(2.13)
ω0n − ω
ω0n + ω
n>0
where ω0n is the excitation energy from the ground state to state |ni. This expression can only be used for theories where the states |ni are well defined, e.g.
configuration interaction wave functions, but it is not suitable for Hartree–Fock
or density functional theories. However, the response functions can be directly
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calculated in a way similar to Eq. (2.11), but with the time-independent energy E
replaced by the time-averaged quasi-energy {Q}T . The quasi-energy (defined in
Ref. 7), can be defined for both variational and non-variational electronic structure theories, and allows for a uniform treatment of the response theory of these
different cases.
In the case of a single determinant ground state (as in most applications in
this thesis) we choose an exponential ansatz for the time-development
|0̄(t)i = exp [κ̂(t)] |0i .
The operator
κ̂ =

X

κai (t)â†a âi − κ∗ai (t)â†i âa

(2.14)
(2.15)

ai

generates the variations in the wave function (see Section 2.4.3), determined by
the time-dependent parameters κai . Indices a, b are used for virtual orbitals, while
indices i, j are used for occupied orbitals. The linear response function is then
given by the solution to the response equation
h
i−1
hhX̂; Ŷ iiω = −X [1]† E [2] − ωS [2]
Y [1] ,
(2.16)
where E [2] is the electronic Hessian and S [2] is a metric. 6 X [1] and Y [1] are property
gradient vectors, defined by
h
i
[1]
Xai = h0| −â†a âi , X̂ |0i ,
(2.17)
and similarly for Y [1] . The theory presented so far has implicitly assumed that
the excited states have infinite lifetimes τn . As can be seen from Eq. (2.13) the
response
 function has
 poles at the excitation energies of the system, where the
kernel E [2] − ωS [2] is singular. This can be used to calculate the excitation
energies of the system (see Section 2.4.4), but it is also possible to include the
finite lifetimes of the excited states into the response theory itself. This has recently
been done by Norman and coworkers in Refs. 8, 9. One then obtains a complex
polarization propagator, with a sum-over-states expression that reads as
)
(
X h0|X̂|nihn|Ŷ |0i h0|Ŷ |nihn|X̂|0i
+
,
(2.18)
hhX̂; Ŷ iiω = ~−1
ω0n − ω − iγn
ω0n + ω + iγn
n>0
where the line-width γn is related to the state lifetimes as γn = ~/τn . With this
modification the response function is convergent for all frequencies. The resulting
response functions are complex, with the imaginary part related to the absorption
of radiation (see Section 2.1 and Figure 2.1). The excited state lifetimes are not
calculated by the method, and in this work we instead use a common γ = γn in
the calculations. This value is chosen to give a broadening compared to the one
measured in experiment.
With the inclusion of relaxation into the response theory we can adress a large
number of time-dependent molecular properties using the same computational approach. This has many conceptual and practical advantages, and to illustrate the
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Table 2.1. Some response functions and related molecular properties. The perturbations enter through the electric dipole operator µ̂, the magnetic dipole operator m̂ and
the electric quadrupole operator Q̂.

Response function
hhµ̂; µ̂ii−ω,ω
hhm̂; m̂ii−ω,ω
hhµ̂; m̂ii−ω,ω
hhµ̂; Q̂ii−ω,ω
hhµ̂; µ̂, m̂ii−ω,ω,0

Real part
Refractive index
Magnetizability
Optical rotation
Optical rotation
Faraday rotation

Imaginary part
One-photon absorption
Natural circular dichroism
Natural circular dichroism
Magnetic circular dichroism

versality of the method we have listed some commonly used response functions and
molecular properties associated with their real and imaginary parts in Table 2.1.
From a practical point of view, we note that the method allows us to direcly
calculate absorption at any frequency, without the solving very large eigenvalue
problems that appear in an approach based on Eq. (2.29).

2.3

Molecular ionization energies

An ionization energy of a molecule is, simply stated, the energy required to remove
an electron from the molecule. In this thesis we are interested in photoionization,
where an external electromagnetic field ionizes a molecular target, and leaves behind an ion in the ground state or an excited state. It turns out that the ionization
cross section has maxima at energies closely corresponding to the electronic shells
of the target. This is the basis for electron spectroscopy, an experimental technique that builds on the discovery of the photoelectric effect by Herz in 1887. In
particular the ionization energies of the core orbitals, that are typically well separated in energy for each element and shell (see Figure 2.2), have been shown to
be powerful “fingerprints” of the chemical composition and structure of a sample.
It is therefore of great interest to calculate ionization energies, and in particular
the shifts of the core ionization energies for a certain element in different chemical environments. These energies also have important theoretical applications,
for example as parameters in effective one-particle theories of molecular binding
(e.g. extended Hückel theory 10 ), or semi-empirical methods such as the MNDO
family. 11 A plot of the ionization energies of the elements He–Rn, calculated by
nonrelativistic Hartree–Fock theory, is shown in Figure 2.2.
From a theoretical point of view the most important electronic final states
of the ionized molecule can be obtained by simply removing an electron from a
canonical one electron orbital. In the case of Hartree–Fock theory (the Koopmans
theorem) 13 or Kohn–Sham (KS) density function theory (the Janak theorem) 14
the ionization energies are given by the eigenvalues of the canonical orbitals, i.e.
the eigenstates of the Fock operator or Kohn-Sham operator. In the Hartree–Fock
case this method neglects the relaxation of the electrons remaining in the ion,
and while the exact KS DFT orbital energies are in principle exactly equal to
the ionization energies, 15 the current density functionals give rather poor absolute
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Figure 2.2. Ionization energies for each shell of atoms H–Rn, calculated by nonrelativistic Hartree–Fock theory. The energies were taken from Ref. 12.
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energies. In this simple, “frozen”, molecular orbital picture, we can, however,
see the main reason for the dependence of the ionization energies of core orbitals
on the chemical environment. Even if the shape of the core hole itself changes
little in different environments, the electric field from the surrounding charges
directly affects the orbital energy, and is therefore measurable in the photoelectron
spectrum.
One successful theoretical method for obtaining ionization energies is the ∆SCF
method, in which the ionization energy is calculated as the difference of the
Hartree–Fock ground state energy and the Hartree–Fock energy of the ion, optimized with an electron removed from a particular orbital. In this way the electronic relaxation is taken into account, and energies with an error of the order of 1
eV can be obtained for core ionizations. Even though this method is not without
ambiguities (for example the localization of core holes in homo-nuclear molecules),
it is simple to use and has been employed frequently in the literature. A similar
“∆DFT” approach has also been used, 16 often without a solid theoretical basis.
In addition to the strong peaks of the ionization cross section at energies corresponding to each electronic shell there are also a number of smaller peaks at
slightly higher energies. These correspond to a number of different excited states
of the ion, but require a proper treatment of electron correlation to be described
fully, and are not further treated in this thesis. In these cases methods such as
Green’s functions 17 or Fock-space coupled cluster 18 can be used. The shape of
the core holes (the so-called Dyson orbitals) can also be obtained unambiguously
from these calculations (see for example Ref. 19).

2.4

Calculation of molecular excitation energies

Even though we have shown (Papers VII–VIII) that explicit consideration of (electronic) excited states are not necessary for the calculation of observable properties
such as absorption spectra, it is often necessary to calculate excitation energies of
molecular systems. The knowledge of the energies and properties of the excited
states can be used both for interpretation of observables (such as in Paper XI),
or for accurate treatment of vibrational effects (Papers II and III). Traditionally
the molecular excitation energies have been calculated by two different routes.
One approach is to directly optimize the wave function of the excited states, as
we have done in Papers V,II,III. However, while this approach has the advantage
that the excited state properties can be easily obtained, it has several drawbacks.
For example it is very difficult to ensure a balanced treatment of the ground and
excited states, requiring manual fine tuning and leading to systematic errors in
the resulting excitation energies.
Another problem is that if excitation cross sections are needed these have to be
calculated between separately optimized states, which are not in general orthogonal. This introduces gauge dependencies in the calculated oscillator strengths, as
well as computational problems. Finally, the direct optimization of excited states
is generally not possible in a DFT framework, although the special case of strongly
localized core holes can be treated (see Paper II).
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In order to obtain a balanced treatment of many excited states we need to
find an alternative to separate state optimization. One simple approach is the
configuration interaction (CI) method, where a linear subspace of the complete
configuration space for the molecule is chosen. In this space the Hamiltonian can
be diagonalized and the eigenstates are automatically orthogonal. While calculations using large CI spaces are certainly powerful and conceptually simple, since
all important configurations can be included, they suffer from size extensivity
problems and possibly unbalanced treatment of electron correlation. The computational scaling effectively limits the application of CI calculations using higher
order excitations to relatively small systems, but the simplest CI method, configuration interaction singles (CIS) can be applied also to large systems. Additionally,
it does not suffer from size extensivity problems since it does not treat electrons
correlation at all (see for example Ref. 20).

2.4.1

Configuration interaction singles

The CIS states are formed from a reference determinant |0i as
|ΨCIS i =

occ
virt X
X
a

cai â†a âi |0i = T̂ |0i ,

(2.19)

i

where the single excitation operator T̂ has been introduced (note that this notation
differs slightly from the one used in Paper IV). The reference state |0i is then not
included in the configuration space, because all couplings between this state and
the singly excited configurations vanish for a variationally optimized reference
state. The CIS Hamiltonian matrix can be written as
CIS
Hai,bj
= h0| â†i âa Ĥâ†b âj |0i ,

(2.20)

and this matrix can then be diagonalized to obtain the electronic eigenstates –
a set of cai coefficients. Often iterative numerical methods are used to calculate
a small number of low lying excited states without forming the full Hamiltonian
matrix.
The reason CIS works so well for (linear) optically active states is that, if the
Hartree–Fock determinant is a good approximation to the ground state, then the
perturbing field couples this determinant only to singly excited determinants, by
Brillouin’s theorem. 3 This means that if the (exact) excited states are optically
active they must contain large contributions from the singly excited determinants
used in the CIS calculation. However, any contribution from doubly and higher
excited states is completely neglected, which leads to minor differences between
oscillator strengths computed in length and velocity gauge. It is also not possible
to calculate excitation energies to states of higher spin multiplicity than triplet, if
the ground state is closed shell.
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Natural transition orbitals

For a given set of excitation coefficients cia there exists a unique set of pairs of
occupied and virtual (φk ,φ0k ) orbitals giving an optimal “diagonal” representation
T̂ =

occ X
virt
X
i

cai â†a âi =

a

X

ck â†k0 âk ,

(2.21)

k

where the coefficients ck are real non-negative numbers. The operators â†k0 and âk
create and destroy electrons in the new set of orbitals φ0k and φk . The new orbitals
are obtained as eigenvectors of the hole and excited electron density matrices,
defined in Ref. 21. By a theorem of Schmidt, 22 the N terms with the largest
coefficients ck form the optimal N -term approximation to the full sum of Eq. (2.21).
The orbital pairs φk and φk0 have been termed “natural transition orbitals” 21 in
the literature. They have obvious advantages when it comes to interpretation of
single excitation operators, in particular for characterizing excitations and excited
states in large molecules, where the lack of symmetry makes such labelling difficult.

2.4.3

Orbital rotations

The main problem with CIS is that it offers no way of improving the quality of the
calculation by taking electron correlation into account. Therefore we would like
to use a more general theory that can be applied to DFT as well as Hartree–Fock
electronic structure methods. Hence, we need to find a parameterization which
allows us to perform variations of the electronic state within the single determinant
description. For this purpose the unitary exponential parameterization
h
i
|Ψi = exp(κ̂) |0i = exp T̂ − T̂ † |0i ,
(2.22)
is used, where T̂ is the single excitations operator of Eq. (2.19) and κ̂ = T̂ −T̂ † is the
anti-hermitian generator of the excitations. The analysis of this parameterization
is greatly simplified with the diagonal representation of Eq. (2.21). Using the fact
that â†k0 âk and â†l0 âl commute, we can rewrite this as
h
i
h
i
Y
exp T̂ − T̂ † |0i =
exp ck (â†k0 âk − â†k âk0 ) |0i .
(2.23)
k

Each orbital excitation can now be considered separately, and the effect of the
single orbital rotations is given by
h
i
E
0
exp ck (â†k0 âk − â†k âk0 ) |0i = cos(ck ) |0i + sin(ck ) kk .
(2.24)
In this way we have shown that the parameterization of Eq. (2.22) preserves the
single determinant character of the reference state and, since the orbitals ψk and
ψk0 can be chosen arbitrarily, the parameterization covers all possible single determinant states.
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Time-dependent Hartree–Fock

In the time-dependent Hartree–Fock, or Random Phase Approximation (RPA),
excitation energies are obtained by considering small variations of the the wave
function near a variationally optimized reference state. An expansion of the energy
in orders of the parameters cai can be obtained from a Baker–Cambell–Hausdorff
expansion
1
E = h0| eκ̂ Ĥe−κ̂ |0i = E [0] + E [1] c + c† E [2] c + . . .
(2.25)
2
where
E [0]
E [1]
E [2]

= h0| Ĥ |0i ,
h
i
= h0| â†a âi , Ĥ |0i ,
h
h
ii
= − h0| â†i âa , â†b âj , Ĥ |0i .

(2.26)
(2.27)
(2.28)

If the reference state is variationally optimized the gradient E [1] vanishes, and the
RPA excitation energies are obtained from the (generalized) eigenvalue problem 6

h
i
A
[2]
[2]
det E − ωS
= det
B∗

B
A∗




−ω

1
0

0
−1


= 0.

(2.29)

Solving this equation is equivalent to finding the poles of the linear response function of Eq (2.16). The explicit forms of A and B are
Aai,bj

= δij Fab − δab Fij∗ + [(ai|jb) − (ab|ji)],

(2.30)

Bai,bj

=

(2.31)

[(ai|bj) − (aj|bi)],

where, if the electron–electron interaction in Ĥ is represented by the instantaneous
Coulomb repulsion, the Fock operator is given by
Fpq = hpq +

N
X

[(pq|jj) − (pj|jq)].

(2.32)

j=1

The exact interpretation of the different terms in the E [2] matrix will be discussed
in Section 2.4.6, but here we make some final notes about the RPA as a method
of calculating excitation energies. An important feature of the method is that
there is no explicit representation of the excited states. An approximate excited
state may be constructed from the cai coefficients, but a correct calculation of
excited state properties includes contributions from the third order derivatives of
the energy with respect to the cai ’s. 23 It is important to note that the electronic
one-electron density matrix calculated in this way may not correspond to any single
determinant state. The transition moments between the ground and excited states
can, however, be directly calculated from the c vector.
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Figure 2.3. Energies near the Hartree–Fock reference state in the RPA (left) and
CIS
ˆ˛ ¸˜
(right) parameterizations, for a model Hamiltonian where E [|0i] < E [|ai i] <˛ E ˛bj <
ˆ˛ ¸˜
¸
E ˛ab
, and i 6= j and a 6= b. The effect of the doubly excited configuration ˛ab
in the
ij
ij
RPA case can be seen on the eigenvectors of the Hessian at (0, 0) (arrows).

2.4.5

Comparing RPA and CIS

We can see how the RPA and CIS excitation energies are related by noting that the
A block of the electronic Hessian E [2] is in fact identical to the CIS Hamiltonian
of Eq (2.20). If the B block can be neglected, the CIS and RPA energies are the
same. This point is further examined for core excitations in Paper IV. However,
we can illustrate the difference in another waynby formulating
o CIS using the same
†
†
formalism as for RPA. The RPA generators âa âi − âi âa are then replaced by
state transfer operators {|ai i h0| − |0i hai |}, where |ai i = â†a âi |0i. The difference is
that while â†a âi − â†i âa acts non-trivially on every state where orbital i is occupied
and orbital a is empty, the state transfer operator |ai i h0| − |0i hai | acts only on the
reference state and on |ai i. Therefore the RPA excitation energies do include a
small effect of doubly and higher excited configurations. The difference between
RPA and CIS on the energy near the reference state is illustrated in Figure 2.3,
where contour plots of E as a function of c are presented for both CIS and RPA
with the same model Hamiltonian.

2.4.6

Excitation energies from time-dependent DFT

Having discussed the CIS and RPA approaches to the calculation of excitation
energies we now turn to time-dependent DFT (TDDFT), which currently is the
most promising method for treating electron correlation in large molecules. In
principle the theory is exact, but due to the approximate density functionals used
there are still many open problems, particularly when it comes to time-dependent
properties. Without going deeply into the theory of TDDFT, which is not the
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main topic of this thesis, we note that the working formulas look much like the
ones for RPA, but with an “electronic Hessian” consisting of blocks 24,20 (using
canonical orbitals)
Aai,bj

= δij δab (a − i ) + (ai|jb) − θ(ab|ji) + (1 − θ)(ai|fxc |jb) (2.33)

Bai,bj

=

(ai|bj) − θ(aj|bi) + (1 − θ)(ai|fxc |bj),

(2.34)

where θ is the amount of Hartree–Fock exchange included in the density functional.
The contributions from the exchange-correlation functional, except the Hartree–
Fock exchange, enters through the term (ai|fxc |jb). With this definition we recover
the RPA equations as θ → 1, and we note that the Coulomb-like integral (ab|ji) in
the A matrix stem from the Hartree–Fock exchange part of the energy functional.
In Hartree–Fock theory the important diagonal terms δab δij (ab|ji), which represent Coulomb attraction between the hole and the excited electron, come from
a particular exchange term introduced in the construction of the Fock operator in
order to make it self-interaction free and orbital independent. The Fock operator
is obtained from the Hartree–Fock equations, 3

ĥ +

occ
X


Jˆi − K̂i  ψr = εr ψr ,

(2.35)

i6=r

by noting that the restricted summation can be replaced by an unrestricted sum,
since [Jˆr − K̂r ]ψr = 0. In this way we can turn the orbital dependent operator
in the left hand side of Eq. (2.35) into the orbital independent Fock operator. It
is the exchange part of this “zero” contribution that appears as (aa|ii) on the
diagonal of E [2] . Current DFT functionals, however, are not self-interaction free
(see Paper IX), and in a functional without Hartree–Fock exchange the last term
of Eq. (2.33) is responsible for giving the correct Coulomb attraction between the
hole and excited electron. With a local or near-local exchange correlation kernel
this is not readily accomplished. The use of local kernels in the formation of E [2]
will therefore always lead to underestimated excitation energies when the hole
and excited electron orbitals have little spatial overlap, such as in charge transfer
excitations. 20 We have shown how this error also appears in core excitations, and
used corrected functionals in Papers VII–IX.
The errors due to the self-interaction problem in TDDFT can be minimized
by ensuring that the ground state potential decays as −1/r far away from the
molecule. One thereby gets a set of “optimal” virtual orbitals and eigenvalues.
The contributions from the exchange-correlation term would in this case be small,
also for an exact kernel, and of minor importance. However, such an approach
can lead to size-consistency problems, since the Coulomb term (aa|ii) certainly
depends on the location of the hole orbital ψi , and the distance r from the molecule
is difficult to define for large systems. For a numerical comparison of different
density functionals and approximations for core excitations, see Section 3.3.2.

20

2.4.7

Theory

The static exchange approximation

The static exchange (STEX) method 25,26 is a pragmatic approach to core spectroscopy. It is based on the observation that the single largest error in RPA core
spectra is the failure to take the orbital relaxation into account. By incorporating the relaxation through the use of a separately optimized reference state,
from which a CIS expansion is performed, a cheap an reliable method is obtained.
Another problem with calculating core excitations using traditional methods is
that the excited states of interest are embedded in a continuum of valence excited states, which do not contribute to the absorption intensity. In a finite basis
set these continuum states appear as a very large number of strongly basis set
dependent excitations, and are a major obstacle in “bottom-up” calculation of
excited states. Furthermore, the iterative calculation of the hundreds of states
that may contribute to a given absorption edge is a very difficult numerical problem. The problem is illustrated in Figure 2.4. In STEX this is circumvented by
including only excitations from the particular core orbitals corresponding to the
absorption edge of interest, in what we have called the restricted excitation channel approximation (see Section 3.3.1). The STEX method and its extension to the
four-component relativistic framework is presented in Paper IV.

Figure 2.4. Schematical illustration of excited states of different energies, in an exact
model (left) and in a finite basis set approximation (right). Bound state energy levels
are drawn with a thick line, while the unbound continuum states are shown in gray.
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Since synchrotron radiation is easily tunable over a large energy range it is
important to use a theoretical method that can provide results both below and
above the ionization threshold. In STEX this is accomplished by the use of a
large basis set of square integrable functions. The Gaussian type orbitals (GTO)
employed in all calculations in this thesis are not well suited for the continuum
states, since there is no efficient way to cover the energy spectrum evenly with
these basis functions. Other basis functions, such as the single-center STOCOS 27
functions, have been considered in the literature, but these are difficult to apply to
large molecular systems and have therefore seen limited use. If a large enough GTO
basis set is used the true continuum spectrum can be extracted with a method such
as Stieltjes imaging. 28 The effect of the basis set size for CIS and RPA calculations
of the K-edge absorption spectrum of water is shown in Figure 2.5. As can be
seen in this plot the lowest absorption peaks have a good description already with
the valence basis set, while the diffuse Rydberg states just below the ionization
energy are much more dependent on a sufficiently diffuse basis. In addition the
strong basis set dependence on the pseudo-states above the ionization threshold
can be noted.

Figure 2.5. The effect of the basis set size on the RPA and CIS excitation energies of
the oxygen K-edge of water, below (solid line) and above the ionization threshold. The
aug-cc-pVTZ basis set 29 has been augmented with different number of diffuse functions.
Notice that RPA and CIS are not identical above the ionization threshold.

2.5

Relativistic quantum chemistry

Quantum chemical calculations of valence properties have been long performed
neglecting the effects of relativity. This approximation is often well justified, since
these effects become important only for high velocity electrons. In Figure 2.6 the
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Lorentz factor
γ=q

1
1−

v2
c2

(2.36)

is shown for a free electron as a function of its kinetic energy. Also shown is the
nonrelativistic and relativistic relations between velocity and kinetic energy. We
might expect large relativistic effects only when these two diverge, or when γ is
large.

Figure 2.6. Relativistic (thick solid line) and nonrelativistic (dashed line) electron
velocities as a function of kinetic energy. The dimensionless Lorentz factor γ (thin solid
line) is also shown.

Since the kinetic energy of electrons is highest near the nucleus, and since
this energy increases as Z 2 , where Z is the nuclear charge, we can expect strong
relativistic effects for the core electrons. The kinetic energy of 1s electrons of
radon is some 106 eV, and as shown in Section 3.4.1 strong relativistic effects
can indeed be observed for this shell. For the valence we could argue that the
velocity is low, and that relativistic effects should be negligible. However, it is
important to note that also very small relativistic effects might be important for
valence properties, and that these effects appear for much lighter elements. The
reason is that the magnetic interactions between the electron currents and electron
spins, which require a relativistic treatment, break symmetries of the nonrelativistic many-electron Hamiltonian. The effect that this symmetry breaking has is
to allow electronic transitions which are forbidden in a nonrelativistic theory, and
the effects on observable properties can sometimes be dramatic (see Papers XI and
XIII). Recently several textbooks have been published on the topic of relativistic
quantum chemistry, for example Refs. 30, 31, 32.
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From a theoretical point of view the use of a relativistic theory has many advantages, even when the observable effects can be treated as perturbations to a
nonrelativistic model. Since the electromagnetic theory is fundamentally relativistic the inclusion of magnetic properties and electron currents appear naturally in
a relativistic framework (see for example Saue, in Ref. 30). The starting point for
a relativistic quantum chemical model is the one-particle Dirac equation.

2.5.1

The Dirac equation

The Dirac equation 33,34 for a particle in an electromagnetic field,
i~



∂ψ
(r, t) = ĥD ψ = β̂mc2 + eφ(r) + cα̂ · π̂ ψ,
∂t

(2.37)

provides a Lorenz covariant theory for spin-1/2 particles, and is thus automatically
consistent with special relativity and electrodynamics. The wave function ψ is
required by the theory to be a four-component vector; a four-spinor. The external electromagnetic field enters through a so-called minimal substitution of the
mechanical momentum
π̂ = p̂ − eA(r, t),
(2.38)
and through the electrostatic potential φ(r). In the standard representation the α
and β matrices are defined as 35




Iˆ2
0
0 σ̂i
β̂ =
; α̂i =
,
(2.39)
σ̂i 0
0 −Iˆ2
where σ̂i are the Pauli spin matrices and Iˆ2 is the two dimensional unit matrix.
The explicit form of the one-particle Dirac Hamiltonian is then


(mc2 + eφ)Iˆ2
cσ̂ · π̂
ĥD =
(2.40)
cσ̂ · π̂
(−mc2 + eφ)Iˆ2
The structure of the algebra of the α matrices are presented in, for example, Ref. 35
or the geometric interpretation of Ref. 36. In the standard representation, the four
component wave function (spinor) is written as
 αL 
ψ
 ψ βL 

ψ =  αS 
(2.41)
.
ψ
ψ βS
The L and S denote the so-called large and small components of the spinor,
respectively, while α and β are the usual spin labels. In the dirac program, 37
and in Paper IV, the components have been grouped by spin label instead of L/S
labels, which gives slightly different representations for the α matrices. The small
components of the spinor are strongly coupled to the momentum of the electron
through the Dirac Hamiltonian of Eq. (2.40). In the proper nonrelativistic limit the
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four-component Dirac equation (the so-called Lévy-Leblond equation) is simply a
reformulation of the Pauli equation, where the two small components serve to make
the equation first order in spatial derivatives. In fact this leads to special basis
set requirements for the small component. This is the so-called kinetic balance
condition for the basis functions,


lim 2c χS = (σ̂ · p̂) χL .
(2.42)
c→∞

Another consequence of this coupling is that the small components are very small
for weak potentials, that is almost everywhere in space except close to heavy nuclei. It is therefore not surprising that, in many cases, the two electron integrals
involving the products of four small component orbitals can be neglected or approximated through multipole expansions around each nuclei . This is important
in practice, since the kinetic balance of the basis set [Eq. (2.42)] gives a large small
component basis set, and thus a large number of two electron integrals. These integrals can often be neglected, or approximated by a point charge at each nucleus
(see Paper XIII).
Despite the fact that the Dirac equation might seem more complicated than the
Schrödinger equation at a first glance it has fundamental advantages to a nonrelativistic theory (except the obvious advantage that it is more physically correct).
In particular the Dirac theory naturally incorporates magnetic interactions such as
the coupling of electron currents and spins in a molecule. In fact it can be claimed
that magnetism itself is a relativistic property, since the generated magnetic field
of a moving charge disappears if the limit of infinite speed of light is taken in the
Coulomb gauge (∇ · A = 0). 38 The relativistic charge and current densities are
ρ(r) = −eψ † ψ; j = −eψ † cα̂ψ.

(2.43)

The form of the charge density carries over to the nonrelativistic (Schrödinger)
limit, but for the current density one obtains 38


† 
o
e2 n †
e
†
†
ψN R p̂ψN R − ψN R p̂ψN R
−
ψN R ÂψN R
jN R = −
2m
2m
n
o
e
†
∇ × ψN
−
(2.44)
R σ̂ψN R .
2m
The terms correspond to contribution from the electron motion, the external vector
potential, and electron spin, respectively. The separation of the relativistic current
density into a spatial part and a spin part can be done also at the relativistic
level through the Gordon decomposition, 35 but it is clear that this separation is
not Lorenz invariant. From Eq. (2.44), it can be seen that orbitals of constant
complex phase, in particular real orbitals, carry no current. Ref. 38 contains a
good summary of the difficulties in obtaining a correct nonrelativistic limit of
the Dirac equation in the presence of external fields, where the difficulties stem
from joining the essentially relativistic theory of electrodynamics to nonrelativistic
quantum mechanics. The relativistic electron-electron interaction is discussed in
Section 2.5.5.
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Finally, the most surprising feature of the Dirac equation is perhaps that even
the free Hamiltonian has a spectrum of negative energy solutions, separated from
the positive energy solutions by a gap of 2mc2 . These are the so-called positronic
solutions, and they are necessary for a covariant theory. The electronic and
positronic solutions of the free particle Dirac equation are related through the
charge-conjugation operation C. 35

2.5.2

The relativistic variational problem

In the no-pair approximation the quantum mechanical state of the system is assumed to contain only electrons. This is a reasonable assumption even for heavy
elements, which can be introduced into the theory by surrounding the Dirac Hamiltonian with projection operators that delete the positronic solutions. A problem
here is that the classification of spinors as either electronic or positronic depends on
the external potential, for example through the Fock operator in a self consistent
field (SCF) calculation. It turns out that the generalization of a nonrelativistic full
CI calculation is a state specific multi-configuration self consistent field (MCSCF)
calculation. The energy is then maximized with respect to electronic-positronic
variations of the orbitals. 39,40 For SCF this means that, in each iteration, the Fock
operator is diagonalized, and the electronic orbitals, those above the 2mc2 energy
gap, are occupied as in a nonrelativistic calculation. However, it is important
to incorporate electronic-positronic variations in a perturbation treatment, since
external fields, and in particular magnetic fields, cause mixing between these two
orbital classes.

2.5.3

Symmetries of the Dirac Hamiltonian and its eigenfunctions

Since the Dirac equation includes magnetic effects (for example spin-orbit coupling) the spinors are not in general spin eigenfunctions, and it is then not possible to separate them into spatial and spin parts. All fermions have the property
that their wave functions are not invariant under a 360◦ rotation in space, but
instead require two such rotations to return to the initial state. To classify these
wave functions in symmetry groups requires the introduction of a new operation,
the 360◦ rotation—distinct from the unit element of the group. This leads to a
doubling of the number of symmetry operations (although not necessarily of the
number of irreducible representations). In this way we end up with so-called double groups (see for example Ref. 41). In a nonrelativistic spin-separable system the
spatial part can, however, be treated separately, and it is then possible to classify
the spatial part in the ordinary, boson, irreducible representations of the molecular
point group. Since the basis functions can be chosen as scalar, even in a relativistic
framework, we exploit the molecular point group in the integral evaluation in the
same way as in the nonrelativistic case. Furthermore, by considering how each of
the four components of the one-electron spinors transform under the operations
of the molecular point group, one can achieve even greater reduction in computation time. This is done through a quaternion symmetry scheme in Dirac 42 (see
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Figure 2.7. The effect of time-reversal (T ), spatial inversion (P ) and charge conjugation
(C) on one-electron quantities. The electron is located at r, with a linear momentum p.
The magnetic B field is including contributions from both spin (S) and orbital angular
momentum (L), through the current J. The electric field E is generated by the electron
charge (Q).

references in Paper IV).
In addition to the properties implicit in the Lorenz covariance the symmetries
of the Dirac Hamiltonian itself are the discrete symmetries of time-reversal (T ),
spatial inversion (parity, P ), and charge conjugation (C). In a more exact theory
incorporating the strong and weak nuclear forces, it is only the combined CP T
operation which is a symmetry operation, but in the Dirac theory all these symmetries hold individually (if the external potential does not break the symmetry).
The effects of these symmetry operations on a moving charge are illustrated in
Figure 2.7. The parity symmetry (P ) gives rise to a parity quantum number,
+1 or −1, which is a good quantum number in molecules with a center of inversion. Time-reversal (T ) symmetry gives rise to the pairing of orbital eigenvalues,
through Kramers theorem, but since the time reversal operator is anti-unitary it
does not give rise to any eigenstates, and hence no quantum numbers. 43 Time
reversal symmetry is broken by an external magnetic field, which also breaks the
double degeneracy of the orbitals. The charge conjugation symmetry (C) relates
the positive and negative energy solutions to the free particle Dirac Hamiltonian,
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and ensures that the anti-matter counterpart of normal molecules obeys the same
equation of motion, but this property is not used in normal quantum chemical
calculations.

2.5.4

Symmetries of many-electron states

For a many electron system there is no closed form Hamiltonian, and the particle
interaction has to be approximated by including terms up to some order in the
fine structure constant α = e2 /~c. Because of the spin-orbit coupling there are no
many-particle spin eigenstates in a relativistic theory, but the total angular momentum J is still a good quantum number (if the molecular point group permits).
All electronic states with an even number of electrons transform like a boson under rotations, and the excited electronic states can be assigned to irreps of the
molecular point group like in the nonrelativistic theory. A way of choosing the excitation operators in a CI theory, that closely resembles that of the nonrelativistic
spin adapted configurations, is the Kramers-restricted parameterization, 44 where
time reversal symmetry replaces spin symmetry. The use of time-symmetrization
procedures is further discussed in Paper IV.
An example of the properties of excited states under spatial transformations
are the singly excited 2s
1s states of helium. Here the nonrelativistic singlet and
triplet states are replaced by one totally symmetric state of J = 0 (corresponding
to the singlet) and three degenerate states with J = 1 (the triplets). While the
J = 1 states may be chosen as eigenfunctions of the Jˆz operator, with eigenvalues
mj = {−1, 0, 1}, it is preferable to chose combinations that transform as rotations
Rx , Ry , and Rz (the mj = 0 states of Jˆx , Jˆy , and Jˆz ). With this choice the J = 1
states span irreps of Abelian symmetry groups such as C2v and D2h . This choice
of states is completely analogous to the choice of px , py , and pz orbitals as the
basis states of a p shell. The extension to a symmetry breaking molecular field are
then easier understood.

2.5.5

Magnetic interactions in the four-component framework

One of the great advantages of a four-component relativistic treatment is the
natural way that magnetic interactions are included in the theory. In the dipole
approximation an external magnetic field couples to the total electronic current
through the magnetic dipole operator (see Paper XI)
1
e
m̂ = − (r̂ × cα̂) = − (r̂ × ĵ).
2
2

(2.45)

In contrast to the nonrelativistic case there is no term proportional to A2 in the
relativistic case, and the diamagnetic response is completely described in terms of
the redressing of the electronic and positronic states. 45 The fact that this redressing cannot be neglected can be inferred from the form of the m̂ operator, because
the α̂ operator directly couples the large and small components [Eq. (2.39)].
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For the internal forces in the molecule it is natural to work in the frame of
fixed nuclei, and in the electromagnetic Coulomb gauge. There is no instantaneous
closed form of the elecron-electron interaction in a relativistic theory as discussed
here, but the interaction operator can be expanded in orders of the fine structure
constant α = e2 /~c, as
ĝ(1, 2) =


α̂1 · α̂2
(α̂1 · r̂12 )(α̂2 · r̂12 )
1
+ O α3 .
−
−
3
r̂12
2r̂12
2r̂12

(2.46)

The first term in Eq. (2.46) is the instantaneous Coulomb interaction which includes the spin-own orbit, or charge-current, coupling. Two different classical
points of view of this interaction are shown in Figure 2.8. In the relativistic calculations of this thesis, the electron-electron interaction has been approximated by
the 1/r̂12 operator, which together with the Dirac Hamiltonian [Eq. (2.40)] forms
the so-called Dirac–Coulomb Hamiltonian. The most important neglected physical effects are then the spin-other orbit and spin-spin couplings. Both of these
are examples of current-current type interactions, and are represented by the two
last terms of Eq. (2.46), known together as the Breit interaction. This can be
intuitively understood from the connection between the current and the α̂ operator. In a closed shell (Kramers restricted) Hartree–Fock state the currents of each
electron pair cancels exactly, due to the time-reversal symmetry of the state, and
this means that only interactions between the electrons of each pair are missing.
Nevertheless there is a small effect from the spin–other orbit coupling even on the
2p-shells of second row atoms, as investigates in Section 3.4.2.
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Figure 2.8. The figure shows classical spin-own orbit coupling in the circular motion
of a magnet around a positive point charge. Electric monopole fields are not shown.
The choice of reference frame gives different wordnings of the reason for the spin-orbit
interaction, but results in the same interaction strength.
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Chapter 3

Illustrative examples
3.1

Response of a damped and undamped twolevel atom

Two level systems are particularly well suited for illustrating basic concepts of
quantum mechanical systems in external fields. Such a system may be realized,
for example, by considering one of the 1s → 2p excitations in atomic hydrogen.
At photon energies near the resonance energy for this transition the other excited
electronic states can be neglected, and the problem can be reduced to two levels
only, |ai and |bi. Such a system, with and without interaction with the environment, is treated in a density matrix formalism by Boyd, 46 pp. 191. In this section
we will treat the response of a similar two level system to an external field, by
direct integration of the Schrödinger equation. Without any perturbations the
dynamics of the system is governed by the Hamiltonian


Ea 0
Ĥ0 =
.
(3.1)
0 Eb
A harmonic external electric field, of strength E, enters through the electric dipole
operator


0
ha| µ̂ |bi
µ̂ =
,
(3.2)
hb| µ̂ |ai
0
giving the total time-dependent Hamiltonian Ĥ(t) = Ĥ0 + E · sin(ωt)Θ(t)µ̂. The
function Θ(t) is a switching function that turns the perturbation on slowly. Given
an initial state of the system, |ψ(0)i = |ai, the equations of motion can be integrated to give |ψ(t)i. By doing this for two different frequencies, one at resonance
(~ω = ~ωab = Eb − Ea ) and one off resonance (~ω = (Eb − Ea )/3), we can
compare the induced dipole moments for the two cases as a function of time. In
order to get at least the correct order of magnitude for the response properties
we have used an energy gap Eb − Ea = 0.1 a.u., and a transition dipole moment
hb| µ̂ |ai = 1 a.u. A pulsed laser of modest energy produces a peak electric field of
31
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Figure 3.1. Response of a two level atom to a resonant (top) and off-resonant (bottom)
perturbation. Left panels show the time-domain response, while the right panels show
the absolute value of the corresponding frequency domain response. Black lines show the
response of the damped system, while the gray lines show the undamped response. A
small nonlinear response is indicated with an arrow in the bottom right panel.

about 107 V/m (Ref. 46, p. 432), which gives a value of E = 2 · 10−5 a.u. At resonance the system is expected to be excited to its upper level, but we can dampen
the system by introducing an imaginary dampening factor into the Hamiltonian,
Ĥdamp = Ĥ − iγ |bi hb|. With this phenomenological dampening the population of
the |bi state decreases exponentially with time, and this can be used to simulate
the finite lifetime of the excited state [compare Eq. (2.18)].
Despite the fact that this two-state model is very simplistic it has many of
the features that appear for realistic systems. The response of the system with
the parameters given above is shown in Figure 3.1. In the resonant case (top) we
can observe how the perturbation and the response are out of phase, which can
be seen most clearly from the amplitudes at t = 50 fs. This is expected from the
discussion of complex polarizabilities in Section 2.1. The dipole moment of the
undamped system increases steadily, since the perturbation is in resonance with
the a → b transition in the atom. This implies that the upper |bi state gets a
non-negligible population, and as a result of this perturbation theory cannot be
used in this case. The damped system, on the other hand, soon gets into a steady
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state, where the population of the upper states remain low. It is important to
note that the damped and undamped responses are in phase. In the off-resonant
case (bottom) the damped and undamped responses are almost identical, but here
we can observe another important phenomenon. The perturbation frequency has
been chosen to be ω = ωab /3, which is far away from the resonance frequency. We
do, however, notice a small response at a frequency ωab . This appear because of
nonlinear couplings in the equations of motion for the system, and can be treated
perturbatively by nonlinear response theory. While the two level system could be
directly integrated using a numerical method, and dampened using the complex
Hamiltonian, it is important to note that such an approach can only be applied
when working in a linear subspace of the full Hilbert space of a system. This is
the case for CI methods, but not for Hartree–Fock or density functional theories.
In these cases it is necessary to use time-dependent response theory, and the finite
lifetime can in this case be taken into account using the complex polarization
propagator method.

3.2

Core-excited states

In order to predict and interpret x-ray spectroscopy data it is important to have an
understanding of the electronic structure of core excited and core ionized molecules.
In both XPS and NEXAFS spectroscopy the photon energies are chosen so that
electrons are mainly excited from the core of a particular atom type. If the light is
monochromatic enough, then individual chemically shifted sites can be resolved.
This is the basis of XPS, and we perform such an analysis in Paper I. When an
electron is removed from the core, the effect can be approximately described by
increasing the nuclear charge by one, because the tightly bound core electrons
appear essentially point-like to the valence electrons. This observation forms the
basis of the so-called equivalent core, or Z + 1, approximation that has been
effective in describing the rough features of NEXAFS spectra. 47,48 In this section
we will however make a more detailed investigation of what happens when an
electron is removed from the core.
Near the atomic core the dominant force on the electrons is the Coulomb
attraction to the nucleus. Compared to this force the removal of a single electron
does not have a very strong impact. On the other hand the change of the electric
field does have a large effect on the valence electrons, which are not as tightly
bound. If the excited electron is removed completely from the molecule, as in
XPS, or if it enters a diffuse Rydberg orbital far from the molecule, then the
valence can be approximated by an Hartree–Fock calculation of a core-ionized
state. To quantify these statements we have performed average-of-configuration
optimizations of 2p hole states in the H2 S molecule and the argon atom. In this
approach the average energy of selected configurations is minimized, for example
the six different configurations obtained by placing five electrons in the six 2p
1/2
spin-orbitals. The expectation value r2
has been computed for each orbital
individually, with the origin on the heavy atom. The position of the origin is not at
the center of charge for the bonding orbitals of H2 S, but, nevertheless, the results
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allow us to see the effects of the core hole. The values in Table 3.1 show how the
hole orbitals contract because of the decreased Coulomb interaction between the
electron pair in the hole orbital. It is also visibe how the removal of an electron
from the 2p1/2 orbital causes a larger contraction of the 2p3/2 orbitals than that
of the 2p1/2 orbital. Since STEX is a single reference method, and excitations
from 2p1/2 and 2p3/2 cannot be considered in two separate calculations, due to
the important effects of channel coupling in this case (see Paper IV), the most
balanced choice of reference is the reference state average over all configurations
with five electrons in the 2p shell.
The effect of the hole on the valence is much more pronouced than the effect
on the core, as seen in Table 3.1. This is the cause of the large discrepancy
between RPA calculation and experiment for core excitations. For example the
sulfur 2p excitation energies are overestimated by about 6 eV with the use of RPA,
in addition to the effects on the fine structure of the spectrum.
˙ ¸1/2
(a.u.), for different choice of
Table 3.1. Orbital radial expectation values r2
relaxation schemes describing a hole in the 1s and 2p shells of Ar and H2 S.

Orbital
Ar
1s
2s
2p1/2
2p3/2
3s
3p1/2
3p3/2

HF
gs

gs

1s−1

DHF
2p−1

2p−1
1/2

2p−1
3/2

0.0998
0.4486
0.4176
0.4176
1.5332
1.8197
1.8197

0.0993
0.4462
0.4153
0.4177
1.5269
1.8118
1.8226

0.0987
0.4280
0.3880
0.3904
1.3913
1.5487
1.5568

0.0992
0.4382
0.4136
0.4160
1.4081
1.5785
1.5861

0.0992
0.4381
0.4132
0.4047
1.4080
1.5935
1.5814

0.0992
0.4382
0.4026
0.4159
1.4081
1.5740
1.5900

H2 S
1s
2s
2p1/2
2p3/2
2p3/2
3s
2b2
5a1
2b1

0.11264
0.51851
0.49244
0.49199
0.49115
2.01947
2.46290
2.33663
2.34674

0.1122
0.5164
0.4898
0.4924
0.4916
2.0131
2.4630
2.3378
2.3467

0.1114
0.4920
0.4518
0.4543
0.4537
1.7977
2.1808
2.0502
1.9409

0.1121
0.5055
0.4858
0.4874
0.4888
1.8194
2.2097
2.0801
1.9790

0.1121
0.5054
0.4849
0.4741
0.4734
1.8188
2.2100
2.0828
1.9828

0.1121
0.5055
0.4718
0.4872
0.4886
1.8192
2.2099
2.0817
1.9811

A concrete example of a core excitation is given by the nonrelativistic calculations in Paper I, where strong excitations from carbon 1s to π ∗ in pentacene were
investigated. Figure 3.2 shows the lowest unoccupied molecular orbital (LUMO)
of the ground state of pentacene, together with the lowest 1s excited electron orbitals, for holes in two different carbon atoms. Two effects can be seen in this
picture. First, there is a polarization of the excited electron orbital around the
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Figure 3.2. The lowest unoccupied Hartree–Fock orbital of pentacene (a) together with
the excited electron orbital of the lowest STEX states, for excitations from carbon 1s, at
the arrow indicated sites [(b) and (c)].

hole, which is expected from the increased effective charge in the core. Second,
the excited electron is prohibited to come too close to the carbon atom with the
hole, due to the repulsion from the polarized valence electrons. This latter effect is essentially caused by electron correlation, and can never be described at
the uncorrelated RPA level of theory. In STEX the effect is included due to the
core-ionized reference state used for the CIS expansion. The choice of a STEX
reference state for the CIS expansion is a compromise, since the same reference
is used for all the excited states, no matter if the excited electron ends up near
the molecule or far away from it. The separately optimized reference state also
leads to final states that are not orthogonal to the Hartree–Fock ground state. In
an exact treatment all the excited states are orthogonal, because they are eigenstates of the full Hamiltonian of the system. In the STEX approach the emphasis
is to get as good approximations as possible to both the ground and the excited
states for a computational cost comparable to a single Hartree–Fock iteration, and
so orthogonality is sacrificed for this reason. The nonorthogonality may lead to
gauge dependencies in the transition moments. In practice this is not a problem
for reasonable choices of gauge origin, because the ground and final state overlaps
are small.

36

3.3

Illustrative examples

Successes and failures of time-dependent DFT
for core excitations

Since TDDFT holds great promise in the accurate calculation of x-ray absorption
spectra, and since these calculations are a challenge for the currently available
density functionals, we present detailed analysis of calculations on two simple
systems, the water molecule and the neon atom. In Papers VIII-X we have employed the LB94 49 and CAMB3LYP 50 functionals, since these provide a correct
asymptotic hole-excited electron Coulomb interaction. This is necessary for a
correct description of the Rydberg states, as discussed in Section 2.4.6. In the
case of the LB94 functional this is done through a correction to the ground state
exchange-correlation potential, while the CAMB3LYP functional contains exact
long-range Hartree–Fock exchange. The amount of long range exchange, as well
as parameters of the long range/short range switching function, can be optimized
for particular applications. 51 We have, however, found it necessary to use 100%
long range Hartree–Fock exchange, since only this value gives correct energies of
the high Rydberg states, in which the orbital of the excited electron has a very
large spatial extent. The other parameters of the functional are left at the values
given in Ref. 50, but should in principle be re-optimized as well. This highlights
the interplay between particular applications, such as core excitations, and the
construction of more accurate density functionals.

3.3.1

The restricted excitation channel approximation

In order to analyze the results of the TDDFT x-ray absorption calculations we
have employed the restricted channel approximation. This means that we have
restricted the excitations in Eq. (2.19) to those involving only the core orbitals
of interest. The reason for doing this is that the typical eigenvalue solvers used
in the diagonalization of E [2] work by finding the eigenvalues “bottom up”. It
is therefore important to remove the need to calculate thousands or millions of
valence excitations that are below the core excited states in energy.
The approximation can be motivated from a simple matrix perturbation theory
standpoint, since the core ionization energies, and Kohn–Sham orbital eigenvalues,
are well separated in energy. Since these appear on the diagonal of the electronic
Hessian [Eq. (2.33)], and since the off-diagonal elements are typically much smaller
than the core orbital eigenvalues, the effect of neglecting the off-diagonal elements
is small. However, in the case when there are several atoms of the same type the
interactions between the excitations can be important, and we then include all
excitations from e.g. 1s orbitals of these atoms.
Even though the restrict channel approximation works well for the example
calculations in this section, the size of the off diagonal coupling elements is very
much dependent on the molecular system, the character of the excitation, and the
exchange correlation functional used. It is therefore always important to compare the calculation with this approximation to calculations using the complex
polarization propagator, where all excitation channels are included.
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3.3.2

How time-dependent DFT performs in practice

The performance of the commonly used DFT functionals for ground state energies
are well documented in the literature, and similar studies can be found for optical
excitation energies. For x-ray absorption the situation is less clear. In this section
we compare the x-ray absorption spectrum of water, calculated with different
density functionals and with uncorrelated methods. The K edge spectrum of water
has been computed using the channel restricted time-dependent Hartree–Fock, the
local density approximation (LDA), 52 LB94, and CAMB3YLP as well as the STEX
method. All calculations, except STEX, were performed using the Dalton 53
program, and a triply augmented aug-cc-pVDZ basis set. 54 The STEX calculation
was performed using the implementation described in Paper IV, but with the nonrelativistic Lévy-Leblond Hamiltonian. Figure 3.3 shows the calculated spectra.
By comparing the results to the experimental spectrum in the bottom panel we
see that the three first peaks of the spectrum are reasonably well described with
LB94, CAMB3LYP and STEX. RPA does not include the effects of electronic
relaxation, and overestimates the onset of the absorption edge by some 15 eV.
LDA, on the other hand, fails to take into account the Coulomb attraction between
the excited electron and the hole. This leads to a severe underestimation of the
excitation energy. Both RPA and LDA give poor relative energies and intensities,
and so cannot be used for this type of calculation.
While LB94 and CAMB3LYP give rather large absolute errors in the excitation
energies the relative energies and intensities between the peaks of the spectrum
are well reproduced. The absolute error can be corrected using the approach
described in Paper IX, and is thus of less importance. We note that the STEX
spectrum has an absolute error of about 1 eV, and gives a good agreement with
experiment. In the case of STEX this is achieved by using the molecular orbitals
of the core ionized molecule as a reference state. The virtual orbitals are then
near optimal for describing the core excited states, as can be seen in Table 3.2.
The LB94 density functional, which uses LDA for the response kernel, works in
a similar way, which can be seen from the virtual orbital weights in Table 3.2.
A major difference is that while STEX uses orbitals optimized for a core hole
on a particular atom the LB94 functional gives one set of orbitals for the whole
molecule. This leads to size consistency problems, described in Section 3.3.3.
The CAMB3LYP functional, on the other hand, works with orbitals more closely
resembling those of the Hartree–Fock ground state (see Figure 3.4). Here it is the
long-range exchange interaction of the density functional that is responsible for the
electron-hole Coulomb interaction. This effect can be seen in Table 3.2, where a
strong mixing of the virtual orbitals can be seen for CAMB3LYP, similarly to the
RPA case. The Hartree–Fock orbital of the ion have in this case been calculated in
the equivalent core approximation, but is very similar to the corresponding orbital
used in the STEX calculation.
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Figure 3.3. The oxygen K-edge of water, calculated with TDHF, TDDFT and STEX.
Bottom panel shows the experimental spectrum from Ref. 55. Some calculated absorption
peaks above the ionization threshold are shown in the figure, but these are an artifact of
the finite basis set and have no direct interpretation. The oscillator strengths from the
TDHF (SCF) calculations are drawn at a larger scale.
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Figure 3.4. Contour plots of the first virtual orbital of B2 symmetry of water, in the
plane of the molecule. The calculations were done using SCF and DFT (LDA, LB94
and CAMB3LYP functionals). The virtual orbital of core ionized water (SCF ION)
was calculated in the equivalent core approximation. Contour levels and spacings are
indicated in the figures.
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Table 3.2. Properties of the lowest energy K-edge core excitations of water for each
symmetry, calculated using TDHF, TDDFT, and STEX. The weights of the three most
dominant virtual orbitals for each excitation are shown in columns four–six.

Method

Energy (eV)

SCF
LDA
LB94
CAMB3LYP
STEX

551.41
506.02
532.26
519.58
534.43

SCF
LDA
LB94
CAMB3LYP
STEX

552.05
506.84
534.07
521.32
536.13

SCF
LDA
LB94
CAMB3LYP
STEX

555.94
506.95
535.26
522.13
536.92

3.3.3

f0n × 103
A1
38.83
4.38
25.10
8.99
5.30
B1
70.86
0.06
18.02
19.24
13.54
B2
26.09
0.15
5.53
6.28
3.94

Weights (%)
18
100
100
20
100

16
0
0
16
0

14
0
0
15
0

39
100
100
24
100

17
0
0
20
0

16
0
0
16
0

31
100
100
42
100

23
0
0
20
0

20
0
0
20
0

Size consistency of the Coulomb attenuated B3LYP
and LB94 functionals

A reasonable requirement of a quantum chemical method is that it should give the
same results for a calculation on two noninteracting subsystems as two separate
calculations on the subsystems. This condition is typically satisfied by DFT methods, but it is sometimes unclear how much the systems have to be separated in
order to give size consistent results. We have performed calculations of K-edge excitation energies of isolated neon, and a system of two well separated neon atoms,
using the CAMB3LYP and LB94 functionals. These functionals do not describe
long-range correlation (dispersion) interaction, and the interaction energies of the
separated atoms are small in both cases (−10−7 a.u. for CAMB3LYP at 10 Å,
and −10−8 a.u. for LB94 at 20 Å). In the case of the time-dependent calculation
the situation is different.
With the use of CAMB3LYP, a Ne–Ne distance of 10 Å was sufficient to give
very small atom–atom interaction effects in the excitation spectrum. For LB94
it was, however, difficult to reach the isolated atom limit, even with an atomic
distance of 20 Å, as can be seen in Figure 3.5. This is due to the way the LB94
exchange correlation potential is constructed. Since the LDA kernel used with
LB94 has negligible effect on the mixing of the virtual orbitals (Table 3.2), the
virtual orbitals and their energies can only give correct results in an average sense.
These orbitals come from the single Kohn–Sham Hamiltonian of the ground state
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and can, in general, give correct results only in the limit of Rydberg states. This
is the reason why the functional gives rise to the spurious peaks in Figure 3.5.
Similar size-consistency problems have also been noted for more recent functionals
similar to LB94, in the literature. 56 It is therefore questionable if LB94 and similar functionals can be used for the calculation x-ray absorption spectra of large
molecules, even though it gives good results for small molecules (see examples in
Paper VII).

Figure 3.5. X-ray absorption at the K-edge of Ne (top) and Ne2 (bottom). With the
CAMB3LYP functional (left) the Ne2 spectrum is almost identical to the Ne spectrum
already at a Ne–Ne distance of 10 Å. The LB94 spectrum (right) contains strong spurious
states (indicated by arrows) even at a Ne–Ne distance of 20 Å.

3.4

Relativistic effects

Scalar relativistic effects come into play already for the core levels of first row
elements, and significant spin–orbit splitting of the 2p core shell appear in the
second row elements. Relativistic effects in the valence, however, appear strongly
only on the fourth and fifth row. For the case of chemical bonding these effects can
often be captured through the use of effective core potentials, which are fitted to
relativistic calculations and reproduce the correct valence shells. However, when
truly relativistic effects such as spin non-conservation are important for valence
properties it may be necessary to employ a relativistic method already at the
fourth row (see examples in Papers XI and XIII). In order to show how relativistic
effects come into play in the areas relevant for this thesis we will present some
sample calculations where the relativistic effects are highlighted.
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Figure 3.6. Hartree–Fock orbital energy levels (red bars) and radius expectation values (green dots) of radon, calculated using the non-relativistic Lévy-Leblond Hamiltonian
(LL), the spin free (SF) Hamiltonian of Ref. 57, the infinite order two component approximation with atomic mean field spin–orbit interaction (2C), 58 the Dirac–Coulumb fourcomponent Hamiltonian with approximate small-small integrals (DCLV), exact Dirac–
Coulomb interaction (DC), the 2C approximation including Gaunt interaction (2C+G),
and the full Dirac–Coulomb–Gaunt Hamiltonian (DCG).
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3.4.1

Illustrative examples

Relativistic effects in the radon atom

With an atomic number of 86 radon is the heaviest naturally occurring noble gas,
and shows strong relativistic effects both in the core and valence. It is therefore
a good target for comparing the performance of different approximate relativistic
Hamiltonians. The reason for the interest in approximate Hamiltonians is that a
full Dirac–Coulomb–Breit calculation requires the calculation of a large number
of complicated two electron integrals, which can make a relativistic calculation
at least 25 times more expensive than a corresponding non-relativistic calculation
(See Paper XIII). Therefore it is very important to find a good compromise between
accuracy and computational effort, and we will see that this is indeed possible for
the properties of interest for this thesis. The Hartree–Fock wave function was
optimized using a hierarchy of more accurate relativistic Hamiltonians, using an
uncontracted [30s26p17d11f ] basis set by Dyall. 59 This basis set is optimized for
the relativistic calculation, but since it is uncontracted it is flexible enough to
allow the orbitals to deviate from their fully relativistic shape.
We then compare the Hartree–Fock orbital energies and the radial expectation
1/2
values r2
of the occupied canonical orbitals. The results are presented in
Figure 3.6. For the s shells we can observe a large shift in energy, as the electrons
become more tightly bound due to scalar relativistic effects. It is therefore not
surprising that this shift is well reproduced already using the spin free Hamiltonian.
For the 1s orbital there are noticeable contributions to the energy also from the
Gaunt term. The radial expectation values show a relativistic contraction which is
important in both the core and the valence, an effect that is well reproduced with
the scalar relativistic spin free Hamiltonian. For p and higher orbitals the spin–
orbit coupling causes a split of both energies and radial expectation values, with
the anti-parallel spin/angular momentum combinations (i.e. 2p1/2 , 3d3/2 , etc.)
being both lower in energy and of smaller radius. A small effect of the Gaunt term
can be seen on the 3p radial expectation values and energies. In the valence region,
we see that the large effects of spin–orbit coupling on the 6p orbitals makes scalar
relativistic approaches fruitless when it comes to accurate calculation of properties
such as valence excitations.

3.4.2

Relativistic effect in x-ray spectroscopy – The argon
L-edge

Argon is a suitable model system for studying excitations from the 2p shell. Accurate experimental data is available, and since argon is atomic there are no vibrational effects that complicate the analysis. The spin–orbit coupling of the argon
2p shell is 2.1 eV, large enough to be important but not so large that coupling
between excitations from 2p1/2 and 2p3/2 can be neglected.
Spin-other orbit effects in the argon 2p shell
The Hamiltonians used in the papers in this thesis have not included the interaction between electron spin and the currents of the other electrons, the so-called
spin-other orbit interaction. While this effect might at first glance appear very
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large, we have to consider that the two electrons of each Kramers pair have opposite and cancelling currents. This leaves only the interaction between the spin of
each electron and the current of its Kramers partner, in the closed-shell Hartree–
Fock approximation. In Paper IV we find an overestimation of the total sulfur
2p spin–orbit splitting by 70 meV, or 6%, with the Dirac–Coulomb Hamiltonian.
Similar errors are obtained for the argon 2p splitting (Table 3.3), which have been
calculated using the Dirac–Coulomb (DC) and the infinite order two-component
(IOTC) Douglas–Kroll–Hess Hamiltonians, with and without the Gaunt (G) interaction term, and the basis set described in Section 3.4.2. In the case of the
IOTC Hamiltonian the spin–orbit integrals are evaluated using the atomic mean
field approximation. 60 As can be seen the inclusion of spin–other orbit interactions though the Gaunt term in the Hamiltonian reduces the spin–orbit splitting
by some 4%, and brings the values much closer to the experiment. The absolute
effect of spin–other orbit on the splitting is to lower the splitting by 80 meV.
While the spin–other orbit effect is important for the calculation of very accurate XPS and XAS spectra, the errors introduced by omitting this effect are of the
same order as the effects of electron correlation. The importance of proper correlation treatment for very accurate XPS calculations of molecular field splitting
of the 2p shell is well understood, 61 and similar effects can be expected also for
the spin–orbit splitting. 62 A more detailed comparison of the spin–orbit treatment
with different Hamiltonians can be found in Ref. 58.
Table 3.3. The 2p1/2 and 2p3/2 ionization energies of argon, and the spin–orbit splitting,
as measured 63 and calculated at the average-of-configuration ∆SCF level of theory. Results excluding (IOTC, DC) and including (IOTC+G, DCG) spin–other orbit interaction
are presented. The energies are given in eV.

2p−1
1/2
2p−1
3/2
∆SO

IOTC
250.4538
248.2366
2.2171

DC
250.4741
248.2620
2.2121

IOTC+G
250.3976
248.2642
2.1333

DCG
250.2631
248.1364
2.1267

Expt.

2.147(6)

X-ray absorption spectrum
The x-ray absorption spectrum of argon gas is a good test-case for the relativistic
STEX approximation. It is simple to analyze because each excited state can be
labeled with the total angular momentum quantum number J. The experimental
spectrum is also very well resolved due to the complete lack of vibrational structure. All calculations in this section were performed with the Dirac program,
using a decontracted aug-cc-pCVQZ basis set, 64 augmented with diffuse functions, giving a total of (25s21p16d9f |25s21p16d9f ) large component basis functions. This basis is not sufficient for very diffuse Rydberg states, but it is sufficient
for the individually resolved states of the experimental spectrum, 4s, 5s, 3d, 4d and
5d. The reference state was an average-of-configuration optimized state with five
electrons in the six 2p orbitals. A schematic picture of the electronic configuration
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Figure 3.7. Schematic picture of the orbitals energies of the argon atom. The excitations responsible for the strong experimental absorption peaks are drawn in the
picture. The spin-orbit splitting numbers for the occupied orbitals are take from the
Dirac–Hartree–Fock ground state, while the split of the virtual 4p orbitals comes from
the core-ionized STEX reference state.

of the ground state, and the virtual orbitals of the core ionized state, is shown in
Figure 3.7.
The experimental spectrum in Figure 3.8 shows the part of the spectrum below
the ionization energy of 2p3/2 electrons, about 248.2 eV. Above this energy the
real, continuous, absorption spectrum cannot be directly taken from the STEX
calculation, because the results are very much dependent on the basis set. Using a
gaussian type orbital basis set, it is difficult to approximate the true wave function
of the photoelectron, which has an infinite number of nodes. However, in this
section we are looking only at the spectrum below the ionization threshold.
The virtual canonical Hartree–Fock orbitals are not very good at giving compact CIS expansions, because they “feel” the potential of a neutral system and are
thus too diffuse. The virtual orbitals of the core-ionized reference state, on the
other hand, give a very compact description of the excited states. It is thus easy to
label each excited state by the orbital(s) that the excited electron occupies. The
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Figure 3.8. X-ray absorption below the 2p3/2 ionization threshold of argon. Experimental 65 spectrum above the theoretical four-component STEX results, with arbitrary
intensity scales. Primed labels are for states excited from the 2p1/2 orbital, while unprimed labels indicate states excited from 2p3/2 .
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first absorption peak, labeled 4s, in the argon L-edge spectrum is due to excitations from the four 2p3/2 orbitals to the two empty 4s orbitals. The coupling of the
angular momentum of the excited electron and the remaining electron in the core
gives a total of 4 × 2 = 3 + 5 excited states, three states with J = 1 and five states
with J = 2. Before the excitation the total angular momentum of the argon atom
and the photon is one, and because of the conservation of angular momentum it
is then only possible to excite the atom into an electronic state with J = 1.
The next absorption peak, 4s0 , is due to excitations from the two 2p1/2 spin
orbitals into the empty 4s orbital. This peak is separated from the first 4s absorption peak by the spin orbit splitting and exchange effects. The exchange effects
are small, but they are mentioned here because they become more important for
elements with a smaller spin-orbit splitting, for example the sulfur atom. The coupling of the angular momentum of the excited electron and the remaining electron
in the core gives one J = 0 state and three degenerate J = 1 states, where again
only the J = 1 states are visible in the spectrum.
In Figure 3.9 it is shown how the nonrelativistic 2p → 4s singlet and triplet
states separate into states better labeled as 2p3/2 → 4s and 2p1/2 → 4s0 . In the
case of argon, with a calculated spin-orbit splitting of 2.23 eV, the mixing between
excitations from 2p3/2 and 2p1/2 is neglegible, although the J = 1 states are in
principle free to mix due to exchange interaction. Also shown in Figure 3.9 is the
effect of increasing the speed of light to four times its real value, c = 4c0 . In this
case the spin-orbit splitting is much smaller, and the exchange interaction between
the J = 1 states favours a singlet/triplet splitting, because exchange interaction
favours parallel spins. Because of this mixing the main part of the absorption
intensity is shifted to the upper, low spin, states. In the fully relativistic case the
intensity ratio is fs /fs0 = 2.34, compared to fs /fs0 = 1.01 in the case of c = 4c0 .
The labeling fs0 is retained here for the J = 1 states of higher energy, even though
this state may be a mixture of configurations with holes in 2p3/2 and 2p1/2 . In
the nonrelativistic limit the ratio is 0, since no absorption occurs to the high-spin
triplet states. That the relativistic ratio is actually greater than two, indicates
that some intensity is borrowed from 4s0 by the nearby 5s and 3d states.
In Section 3.4.3 the exchange splitting of the J = 0 and J = 1 states in excitations from 2p1/2 to an s state was calculated to be one third of the nonrelativistic
exchange splitting. This calculation was performed with the assumption that the
spin-orbit splitting has no effect on the total electron density. In the relativistic
calculation this is only approximatively true, and therefore there is a small deviation from the predicted splittings. Another reason for this deviation may be
a mixing between 4s0 and close-lying J = 1 states. The calculated splittings are
shown in Figure 3.9.
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Figure 3.9. The effect of relativity on the 2p → 4s excitations in argon. As the speed
of light is decreased from infinity (the nonrelativistic limit) to its true value (c0 in this
picture), the spin orbit splitting increases to 2.23 eV, and breaks singlet/triplet state
symmetry. The letter K indicates mixing due to exchange interaction. Also shown are
schematic illustrations of the angular momenta in the core and valence, which couple to
give the total angular momentum quantum number J.

After the 4s and 4s0 states follows as series of 2p3/2 → d excitations, converging
in a Rydberg series towards the ionization limit. At the high-energy part of the
spectrum the basis set is insufficient to resolve all, or even a majority, of the excited
states. The s states above 4s0 contribute only a small amount of intensity, and are
not further discussed here.
The general agreement between the experiment and the STEX spectrum of the
argon L-edge is very good, considering the single reference state used in STEX.
The overestimated screening introduced by the complete removal of one electron
during the optimization of the reference state, results in a compression of the
spectrum. This gives a somewhat too good an agreement for the 4s peak; a
more fair comparision would be to shift the STEX spectrum up in energy by
about 0.25 eV to align the ionization thresholds. The gap between the 4s and 4s0
peaks is overestimated, and the gap between 4s0 and 3d is too small. This is at
least partly due to the overestimation of spin-orbit splitting in the Dirac–Coulomb
Hamiltonian used for the calculation. The spin–other orbit interaction will reduce
the total spin orbit splitting. The exchange interaction effects discussed above
are general features of L-edge NEXAFS spectra, and are, for the L- edge, most
important for second row elements. There the spin–orbit splitting is large enough
to be important, but not so large that the exchange interaction can be neglected.
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Figure 3.10. The singly excited configurations generated in a CIS calculation with a
single pair of occupied orbitals and a single pair of virtual orbitals. The orbitals are not,
in general, spin-eigenstates in a relativistic treatment.

3.4.3

Exchange effects on absorption peak spin–orbit splittings

In order to understand the exchange effects on the apparent spin–orbit splittings
between core excited states we will perform a minimal configuration interaction
singles (CIS) calculation. One hole orbital (one pair of spin orbitals) and one
virtual spin orbital pair are enough to demonstrate the origins of this effect. In
CIS the excited electronic states are found as linear combinations of singly excited
determinants (configurations), all generated from a single reference determinant.
The idea is illustrated in Figure 3.10. We begin by writing down the Hamiltonian
for these states, and later diagonalize it to find the CIS approximation to the timeindependent eigenstates of the system. The CIS Hamiltonian, in the canonical
Hartree–Fock orbital basis, is given by
h
h
ii
†
HAI,BJ = E0 + h0| −q̂AI , q̂BJ
, Ĥ0 |0i =

E0 + δIJ δAB (A − I )

+

[(AI|JB) − (AB|JI)],

(3.3)

where the two electron integral is defined as
Z
(IJ|KL) =

−1 †
ψI† (r1 )ψJ (r1 )r12
ψK (r2 )ψL (r2 )dr1 dr2

(3.4)

The Fock operator for a closed-shell system is time-reversal symmetric. For this
reason, the orbital energies are doubly degenerate, and the corresponding spinors
of each pair are related through the operation of time-reversal, or the Kramers
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operator K̂. Arranging the four components of a one-electron spinor as
 Lα 
ψi
 α 
 ψiSα 
ψi

=
.
ψi (r) = 
 ψiLβ 
ψiβ
ψiSβ
The Kramers operator is defined by its action on a spinor according to


−ψiβ∗
K̂ψi (r) = ψī (r) =
,
ψiα∗

(3.5)

(3.6)

where we have introduced the bar notation on the indices to indicate Kramers
partners. In the following discussion we will use capital indices when referring to a
general spinor, while small indices, with and without bar, are reserved for Kramers
pairs of spinors. We briefly note that K̂ 2 ψi = ψ¯ī = −ψi . When the nonrelativistic
limit (spin-eigenstates) is discussed, the convention is that all unbarred indices
refer to the same spin direction.
The introduction of Kramers pairs leads to some special cases of two electron
integrals. For the densities we have

∗
ψI† (r)ψJ (r) =
ψJ† (r)ψI (r)
(3.7)
ψI† (r)ψI (r)
ψi† (r)ψī (r)

∈

R

=

−ψiα∗ ψiβ∗

(3.8)
+

ψiα∗ ψiβ∗

=0

∗
ψi† (r)ψj (r) = ψiα∗ ψjα + ψiβ∗ ψjβ = ψī† (r)ψj̄ (r)

∗
ψi† (r)ψj̄ (r) = ψiα∗ ψjβ∗ + ψiβ∗ ψjα∗ = − ψī† (r)ψj (r)

(3.9)
(3.10)
(3.11)

For the two electron integrals this leads to
(IJ|KL)

=

(KL|IJ)

=

(JI|LK)∗

=

0

(īj̄|k̄¯l) = (ij|kl)∗
(ij̄|k̄¯l) = −(īj|kl)∗
(ij̄|k¯l) = (īj|k̄l)∗
(IJ|k k̄)

It is now possible to write down the CIS Hamiltonian for excitations {ψi , ψī } →
{ψa , ψā }. Initially we choose to generate the singly excited configurations as
†
†
{q̂ai
, q̂āi
, q̂a† ī , q̂ā† ī } |0i. The Hamiltonian then becomes
H = (a − i − (aa|ii))I4 + K,
where



K=


(ai|ia)


(ai|iā) (ai|īa) (ai|īā)
(āi|iā) (āi|īa) (āi|īā) 
.
···
(aī|īa) (aī|īā) 
···
···
(āī|īā)

(3.12)

(3.13)
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If ψi and ψa are spin eigenstates (nonrelativistic limit), then the exchange term
K reduces to


(ai|ia) 0 0 (ai|ia)


0
0 0
0
.
(3.14)
K NR = 


0
0 0
0
(ai|ia) 0 0 (ai|ia)
In
 this case
 it is easy to see that the eigenstates split up into one singlet state,
†
†
q̂ai + q̂āī |0i, and three degenerate triplet states, with the singlet-triplet splitting of 2(ai|ia). In the general relativistic case, when the orbitals are not spin
eigenstates, the splitting is not so easily determined. We will do the prototypical
case of excitations from the hydrogen-like 2p1/2 orbital to a virtual orbital that is
a spin eigenstate.
Excitations from 2p1/2
The model case of excitations from 2p1/2 to a single virtual orbital is useful to
explain the mechanism behind the fine structure of for example the sulfur L edge.
We will use the hydrogen-like spin orbitals, written in terms of spin-eigenstates
px , py , and pz ,
− √13 Y1,0
q
2
3 Y1,1

!

1
1
= √ (−pz + p̄x + ip̄y ) ; ψī = √ (−p̄z − px + ipy )
3
3
(3.15)
as the hole orbital, and a spin eigenstate virtual orbital ψa . Now all products of
barred and unbarred orbitals vanishes, and the exchange part of the CIS Hamiltonian can be written as


(az|za)
(az|za)

1
(ax|xa) + (ay|ya) −(ax|xa) + (ay|ya)


(3.16)
K =


···
(ax|xa) + (ay|ya)
3
···
(az|za)


0 −(az|xa) + i(az|ya) (az|xa) + i(az|ya)
1
0
−2i(ax|ay)
−(az|xa) − i(az|ya) 

 ···
+

···
···
0
(az|xa) − i(az|ya) 
3
···
···
0
ψi =

1/2,1/2
Y1,1/2

=

If we assume that ψa is an s-state, so that (ax|ax) = (ay|ya) = (az|za) = (sz|sz)
and (ax|ya) = (ax|za) = (ay|za) = 0, we get


1 0 0 1

1
2 0 0 

K = (sz|zs) 
(3.17)

··· 2 0 
3
1
This leads to three degenerate states (J = 1) and one single J = 0 state,
of lower energy. The splitting in this case is 32 (sz|zs), which is one third of the
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nonrelativistic splitting. For excitations from 2p3/2 , however, the splitting has the
same value as in the nonrelativistic case, and the net difference lowers the total
energy splitting between the intense absorption peaks of the 2p1/2 and 2p3/2 levels.
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Appendix A

Implementation details of
the four-component static
exchange approximation
The implementation details of Paper IV leave out the final, tedious, steps of the
implementation. These steps are detailed here for reference. The real symmetric,
transformed STEX Hamiltonian can be calculated straightforwardly from Eqs. (4)
and (15)-(18) in Paper IV, and the transformed Hamiltonian is then



A0 = 


A++
ai,bj
A−+
ai,bj
A++
āi,bj
A−+
āi,bj

A+−
ai,bj
A−−
ai,bj
A+−
āi,bj
A−−
āi,bj

A++
ai,b̄j
A−+
ai,b̄j
A++
āi,b̄j
A−+
āi,b̄j

A+−
ai,b̄j
A−−
ai,b̄j
A+−
āi,b̄j
A−−
āi,b̄j







(A.1)

where


A++
ai,bj

=

Re Aai,bj + Aai,b̄j̄

A−−
ai,bj

=

Re −Aai,b̄j̄ + Aai,bj

A+−
ai,bj
A−+
ai,bj
A++
ai,b̄j
A+−
ai,b̄j
A−+
ai,b̄j
A−−
ai,b̄j

=

Im −Aai,bj + Aai,b̄j̄

Im Aai,bj + Aai,b̄j̄

Re Aai,b̄j − Aai,bj̄

=
=
=

Im −Aai,b̄j − Aai,bj̄

= Im Aai,b̄j − Aai,bj̄

= Re Aai,b̄j + Aai,bj̄




(A.2)
(A.3)
(A.4)
(A.5)



(A.6)
(A.7)
(A.8)
(A.9)
(A.10)
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A+−
= Im Aaī,bj̄ + Aaī,b̄j
(A.11)
āi,b̄j

A++
= Re Aaī,bj̄ − Aaī,b̄j
(A.12)
āi,b̄j

−−
Aāi,b̄j = Re Aaī,bj̄ + Aaī,b̄j
(A.13)

A−+
= Im Aaī,bj̄ − Aaī,b̄j
(A.14)
āi,b̄j

+−
Aāi,bj = Im −Aaī,b̄j̄ + Aaī,bj
(A.15)

++
Aāi,bj = Re −Aaī,b̄j̄ − Aaī,bj
(A.16)

A−+
= Im Aaī,b̄j̄ + Aaī,bj
(A.17)
āi,bj

−−
Aāi,bj = Re −Aaī,b̄j̄ + Aaī,bj ,
(A.18)

and
∗
AAI,BJ = δIJ FAB − δAB FIJ
+ LAI,BJ ,

(A.19)

where the two-electron part has been denoted LAI,BJ (compare Eq. (4) of Paper
IV). The four different hole transition density matrices for each pair of hole orbitals
leads to four time-reversal symmetric blocks

A1Ai,Bj

=

A2Ai,Bj

=

A3Ai,Bj

=

A4Ai,Bj

=


1
AAi,Bj + AAī,B j̄ = δIJ FAB − δAB ReFij
(A.20)
2

1
+ LAi,Bj + LAī,B j̄
2

1
1
AAi,Bj − AAī,B j̄ = iδAB ImFij + (LAi,Bj − LAī,B j̄ )(A.21)
2
2

1
1
A
− AAī,Bj = −δAB ReFij̄ + (LAi,B j̄ − LAī,Bj )(A.22)
2 Ai,B j̄
2

1
1
AAi,B j̄ + AAī,Bj = iδAB ImFij̄ + (LAi,B j̄ + LAī,Bj ),(A.23)
2
2

and by denoting the different block of these matrices by their quaternion label (as
used in the dirac program),

1

AAB

=

ReAab

(A.24)

i

AAB

=

ImAab

(A.25)

j

AAB

=

ReAab̄

(A.26)

k

AAB

=

ImAab̄ ,

(A.27)
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We finally arrive at
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(A.42)

A2ij

−1A3ij

+1A4ij ,

(A.43)

k

j

where the left hand side of each equation is a matrix block of the real STEX
Hamiltonian, and the right hand side are the quantities that are computed by the
integral code of dirac.
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Appendix B

Numerical calculation of
vibrational wave functions
During our work on the floppy vibrations of the core excited CH3 and CD3 radicals
(Papers II and III) we decided to write a program, NGrid, for the numerical
solution of the time independent Schödinger equation on a regular grid. More
specifically we want to find the lowest eigenstates of Hamiltonians of the form
N
X
p̂2i
Ĥ =
+ V (q̂1 , q̂2 , . . . , q̂N ).
2mi
i

(B.1)

For a small number of dimensions, N , and smooth potentials, V , this problem can
be efficiently solved by representing the potential and the wave functions on a regular N dimensional grid. The eigenstates are found by using an iterative scheme
implemented in the Arpack 66 numerical package, where we only need to be able
to calculate the action of the Hamiltonian on test vectors. The kinetic energy
can then be accurately calculated by performing a Fourier transform of the wave
function along each dimension of the grid, multiplying with p2i and transforming
back. These transformations are performed efficiently using the FFTW library. 67
Periodic boundary conditions on the wave function are thus enforced, but since
most vibrational problems results in well-localized states that have zero wave function amplitude near the grid boundary these problems can also be treated. The
relative errors in the eigenvalues of the Harmonic oscillator (m = 1, V = q 2 ), as a
function of the number of grid points and kinetic energy evaluation method, are
shown in Table B.1. Since the potential and wave function is represented on a
finite grid the “tails” of the wave functions are not properly described, but this
error is negligible for a large enough grid compared to the confinement of the potential. For the calculations presented Table B.1, the grid consisted of Npt points
in the interval [−4, 4], and this is the reason why the errors of the eigenvalues do
not improve significantly when going from Npt = 20 to Npt = 50.
Since the total number of grid points increases exponentially with the number
of dimensions the approach is limited mainly by the amount of available memory.
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Table B.1. Relative errors of the first five calculated eigenvalues of the Harmonic
oscillator, using an Npt -point grid. Exponents are given in parenthesis.

State
1
2
3
4
5

Fourier transform
Npt = 10
Npt = 20
Npt = 50
8(-3)
-2(-10)
-7(-10)
-5(-3)
2(-9)
9(-9)
2(-2)
-3(-8)
-1(-7)
-5(-2)
3(-7)
1(-6)
1(-1)
-3(-6)
-9(-6)

5 point finite difference
Npt = 10
Npt = 20
Npt = 50
-2(-2)
-1(-3)
-3(-5)
-7(-2)
-3(-3)
-7(-5)
-5(-2)
-6(-3)
-1(-4)
-2(-1)
-1(-2)
-3(-4)
-4(-2)
-2(-2)
-4(-4)

However, another important problem is how the values of the potential V on the
grid points are obtained. It is often not feasible to calculate ab inito energies at
thousand or millions of grid points. Therefore we need an efficient interpolation
method, which works in arbitrary number of dimensions and can be used with a
scattered set of data points. Typical standard method, such as those implemented
in the Matlab programming environment, require a separate implementation
for the case of one, two, tree, or more dimensional data. Furthermore methods
bases on splines may introduce ripples in the interpolating function, and produce
spurious minima outside the fitting point data set. We have therefore used a global
curvature minimization approach. The potential on the regular grid, Ṽ , is then
fitted to the scattered ab initio potential energy surface points, V (q̄ (k) ), by solving
the minimization problem


2
N
Z X
2 
X
∂ 2 Ṽ (q̄)
dq̄ + µ
V (q̄ (k) ) − Ṽ (q̄ (k) )
.
(B.2)
min

∂qi ∂qj
Ṽ 
ij

k

The first term makes the PES curvature minimal and the additional condition of
the second term ensures that the fitting surface reproduces the true PES at the
given points. An exact fit is obtained as µ → ∞, but in practice the second term
is evaluated through linear interpolation and therefore a large but finite µ value is
used. The second derivatives in the first term are evaluated through a three point
finite difference approximation during the fitting, and the integral is approximated
by a sum over all points in the interior of the grid. The minimization problem
is then reduced to a sparse least square problem that can be solved using standard techniques (the non-symmetric conjugate-gradient method). The advantages
of this approach are that it is simple to implement, generalizes immediately to
arbitrary number of dimensions, and produces ripple-free extrapolation without
spurious minima outside the set of fitting points.

B.1

Coordinate transformations for molecular vibrations

Since the full number of vibrational coordinates cannot be treated as coupled,
for anything else than very small molecules, we need a way of separating the full

B.1 Coordinate transformations for molecular vibrations
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vibrational Hamiltonian. Starting from the Cartesian coordinates of the n nuclei,


x1
 y1 


(B.3)
Q̄ =  .  ,
 .. 
zn

and the corresponding mass tensor M = diag(m1 , m1 , m1 , . . . , mn ), we can write
the Hamiltonian for the Q̄ vector as
H=

1 † −1
P̄ M P̄ + V (Q̄),
2

(B.4)

˙ We can now in principle change to any other coordinate system,
where P̄ = M Q̄.
in order to exactly or approximately separate V , using a canonical transformation.
However, the quantum mechanical treatment is greatly simplified for the case of
linear transformations q̄ = AQ̄. The problem with general transformations of
this kind is that it introduces cross-derivatives in the kinetic energy part of the
Hamiltonian, and therefore it is convenient to introduce so-called mass weighted
coordinates q̄ = M 1/2 Q̄. The Hamiltonian then becomes
H=

1 †
p̄ p̄ + V (M −1/2 q̄),
2

(B.5)

˙ We can then apply any unitary linear transformation q̃ = U q̄, to
with p̄ = q̄.
transform the potential energy into its most convenient form. In the harmonic
approximation, the problem can be solved exactly by diagonalizing the PES Hessian using a suitable U . On the other hand, it might be known, for example from
symmetry arguments, that the nuclear motion will take place along some coordinate defined by Q̄ = sn̄ + Q̄0 . The n̄ vector in this case is a constant nuclear
displacement vector of the vibrational mode in question. By inserting this into the
original Hamiltonian, we obtain a mass, ms for the s coordinate to be ms = n̄† M n̄.
With this in mind, it is possible to directly write down the Hamiltonian for this
vibrational mode, without going through the algebra above.

