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1. Introduction

This paper contains a survey of recent results concerning dissipativity of partial
differential operators. To be more precise, we mean the notion of functional dissi-
pativity introduced in [15] and its particular case, the so-called Lp-dissipativity.

Our joint studies in this area started in 2005, when we found necessary and
sufficient conditions for the Lp-dissipativity of second-order differential operators
with complex-valued coefficients.

∗Corresponding author.
This is an Open Access article published by World Scientific Publishing Company. It is distributed
under the terms of the Creative Commons Attribution 4.0 (CC-BY) License which permits use,
distribution and reproduction in any medium, provided the original work is properly cited.
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The Lp-dissipativity of a partial differential operator arises in a natural way in
the study of partial differential equations with data in Lp. The theory of such prob-
lems has a long history. In fact Lp-dissipativity appeared in 1937 in the pioneering
work of Cimmino [16] on the Dirichlet problem with boundary data in Lp. Similar
ideas were used in [44, 50]. In [47], the study of degenerate oblique derivative prob-
lem hinges on the weighted Lp-positivity of the differential operator. Later we give
more historical information.

In order to introduce the topic in a simple way, let us consider the classical
Cauchy–Dirichlet problem for the heat equation⎧⎨⎩

∂u

∂t
= Δu, for t > 0,

u(x, 0) = ϕ(x), x ∈ Rn,
(1)

where ϕ is a given function in C0(Rn) ∩ L∞(Rn).
It is well known that the unique solution of problem (1) in the class of smooth

bounded solutions is given by the formula

u(x, t) =
1√

(4πt)n

∫
Rn

ϕ(y) e−
|x−y|2

4t dy, x ∈ R
n, t > 0. (2)

From (2) it follows immediately

|u(x, t)| ≤ ‖ϕ‖∞, t > 0, (3)

since
1√

(4πt)n

∫
Rn

e−
|x−y|2

4t dy = 1 (t > 0). (4)

Inequality (3) leads to the classical maximum modulus principle

‖u(·, t)‖∞ ≤ ‖ϕ‖∞, t > 0,

and this in turn implies that the norm ‖u(·, t)‖∞ is a decreasing function of t. In
fact, fix t0 > 0 and consider the problem⎧⎨⎩

∂v

∂t
= Δv, for t > t0,

v(x, t0) = u(x, t0), x ∈ Rn.
(5)

It is clear that the unique solution of (5) is given by v(x, t) = u(x, t) (t > t0)
and we have

‖v(·, t)‖∞ ≤ ‖u(·, t0)‖∞, t > t0,

i.e.

‖u(·, t)‖∞ ≤ ‖u(·, t0)‖∞, t > t0.

The L∞ norm is not the only norm for which we have this kind of dissipativity.
Let us consider the Lp-norm with 1 < p < ∞. By Cauchy–Hölder inequality, from
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(2) we get

|u(x, t)| ≤
(

1√
(4πt)n

∫
Rn

|ϕ(y)|pe− |x−y|2
4t dy

)1/p(
1√

(4πt)n

∫
Rn

e−
|x−y|2

4t dy

)1/p′

(1/p+ 1/p′ = 1) and then, keeping in mind (4)

|u(x, t)|p ≤ 1√
(4πt)n

∫
Rn

|ϕ(y)|pe− |x−y|2
4t dy.

Integrating over Rn and applying Tonelli’s Theorem, we find∫
Rn

|u(x, t)|pdx ≤ 1√
(4πt)n

∫
Rn

dx

∫
Rn

|ϕ(y)|pe− |x−y|2
4t dy

=
1√

(4πt)n

∫
Rn

|ϕ(y)|pdy
∫

Rn

e−
|x−y|2

4t dx =
∫

Rn

|ϕ(y)|pdy

and we have proved that

‖u(·, t)‖p ≤ ‖ϕ‖p. (6)

As before, this inequality implies that the norm ‖u(·, t)‖p is a decreasing function
of t.

Let us consider now the more general problem⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂u

∂t
= Au, for t > 0,

u(x, t) = 0, for x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ(x), x ∈ Ω,

(7)

where Ω is a domain in Rn and A is a linear elliptic partial differential operator of
the second order

Au =
∑
|α|≤2

aα(x)Dαu,

the coefficients aα being complex valued. A natural question arises: under which
conditions for the operator A the solution u(x, t) of the problem (7) satisfies the
inequality (6)?

As we know already, (6) implies that ‖u(·, t)‖p is a decreasing function of t and
then

d

dt
‖u(·, t)‖p ≤ 0. (8)
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On the other hand, at least formally, we have for 1 < p <∞,a

d

dt
‖u(·, t)‖ p

p =
d

dt

∫
Ω

|u(x, t)|pdx = pRe
∫

Ω

〈∂tu, u〉|u|p−2dx, (9)

where 〈·, ·〉 denotes the usual scalar product in C. Since u is a solution of the problem
(7), keeping in mind (9), we have that (8) holds if, and only if,

Re
∫

Ω

〈Au, u〉|u|p−2dx ≤ 0.

This leads to the following definition: let A a linear operator from D(A) ⊂ Lp(Ω)
to Lp(Ω); A is said to be Lp-dissipative if

Re
∫

Ω

〈Au, u〉|u|p−2dx ≤ 0, ∀u ∈ D(A). (10)

It follows from what we have said before that if A is Lp-dissipative and if problem
(7) has a solution, then (8) holds. Here, we shall not dwell upon details of rigorous
justification of the above argument.

We conclude the Introduction by a well-known result (see e.g. [59, p. 215]).
Consider the operator in divergence form with real smooth coefficients

Au = ∂i(aij(x) ∂ju) (11)

(aji = aij ∈ C1(Ω)): if aij(x)ξiξj ≥ 0 for any ξ ∈ R
n, x ∈ Ω, the operator (11) is

Lp-dissipative for any p. If 2 ≤ p <∞ this can be deduced easily by integration by
parts. Indeed we can write∫

Ω

〈Au, u〉|u|p−2dx = −
∫

Ω

aij ∂ju ∂i(u |u|p−2)dx

= −
∫

Ω

aij∂ju(|u|p−2∂iu+ u ∂i(|u|p−2))dx.

Since

∂i(|u|p−2) = (p− 2)|u|p−3∂i|u| = (p− 2)|u|p−4
Re(u ∂iu)

we can write

∂ju(|u|p−2∂iu+ u∂i(|u|p−2)) = |u|p−4[u u ∂ju ∂iu+ (p− 2)u∂juRe(u ∂iu)].

Setting

|u|(p−4)/2u ∂ju = ξj + iηj,

we have

aij∂ju(|u|p−2∂iu+ u∂i(|u|p−2)) = aij(ξj + iηj)(ξi − iηi + (p− 2)ξi).

This implies

Re(aij∂ju(|u|p−2∂iu+ u∂i(|u|p−2))) = (p− 1)aijξiξj + aijηiηj

aNote that ∂t|u| = ∂t

√
u u = (utu + uut)/(2

√
u u) = Re(utu/|u|).
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and then

Re
∫

Ω

aij∂ju ∂i(u |u|p−2)dx ≥ 0,

i.e. A is Lp-dissipative. Some extra arguments are necessary for the case 1 < p < 2.
During the last half a century various aspects of the Lp-theory of semigroups

generated by linear differential operators were studied in [1, 2, 5, 9, 10, 17–21,
32, 33, 38, 40–42, 53, 57, 61–63] and others. A general account of the subject can
be found in the book [58]. Some of our earlier results have been described in our
monograph [12], where they are considered in the more general frame of semi-
bounded operators.

Necessary and sufficient conditions for the L∞-contractivity for general second-
order strongly elliptic systems with smooth coefficients were given in [35] (see also
the monograph [36]). Scalar second-order elliptic operators with complex coeffi-
cients were handled as a particular case. The operators generating L∞-contractive
semigroups were later characterized in [2] under the assumption that the coefficients
are measurable and bounded.

The maximum modulus principle for linear elliptic equations and systems with
complex coefficients was considered by Kresin and Maz’ya. They have obtained sev-
eral results on the best constants in different forms of maximum principles for linear
elliptic equations and systems (see the monograph [36] and the recent survey [37]).

The case of higher order operators is quite different. Apparently, only the paper
[39] by Langer and Maz’ya dealt with the question of Lp-dissipativity for higher
order differential operators. In the case 1 ≤ p < ∞, p �= 2, they proved that, in
the class of linear partial differential operators of order higher than two, with the
domain containing C∞

0 (Ω), there are no generators of a contraction semigroup on
Lp(Ω). If u runs over not C∞

0 (Ω), but only (C∞
0 (Ω))+ (i.e. the class of nonnegative

functions of C∞
0 (Ω)), then the result for operators with real coefficients is quite

different and really surprising: if the operator A of order k has real coefficients and
the integral ∫

Ω

(Au)up−1dx

preserves the sign as u runs over (C∞
0 (Ω))+, then either k = 0, 1 or 2, or k = 4 and

3/2 ≤ p ≤ 3.
Let us now give an outline of the paper. Section 2 presents the basic results of

Functional Analysis leading to the concept of abstract dissipative operators.
In Sec. 3, we recall our general definition of Lp-dissipativity of the sesquilin-

ear form related to a scalar second-order operator. In Sec. 4, we give an alge-
braic condition we found, which provides necessary and sufficient conditions for the
Lp-dissipativity of second-order operators in divergence form, with no lower order
terms.

Section 5 presents a review on p-elliptic operators, which are operators satisfying
a strengthened version of our algebraic condition.

2230003-5

B
ul

l. 
M

at
h.

 S
ci

. 2
02

2.
12

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 L
IN

K
O

PI
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
09

/1
2/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 17, 2022 17:44 WSPC/1664-3607 319-BMS 2230003

A. Cialdea & V. Maz’ya

Section 6 is concerned with the Lp-dissipativity of operators with lower order
terms.

The topic of Sec. 7 is the linear elasticity system. More general systems are
considered in Sec. 8.

In Sec. 9, we show how the necessary and sufficient conditions we have obtained
lead to determining exactly the angle of dissipativity of certain operators.

Section 10 presents some of the results obtained by Kresin and Maz’ya concern-
ing the validity of the classical maximum principle.

In Sec. 11, we briefly describe some other results we have obtained. They con-
cern the Lp-dissipativity of first-order systems, of the “complex oblique derivative”
operator and of a certain class of integral operators which includes the fractional
powers of the Laplacian (−Δ)s, with 0 < s < 1.

Section 12 discusses the concept of functional dissipativity, which we have
recently introduced.

The final section of this paper, Sec. 13, briefly shows how our conditions for
Lp-dissipativity and its strengthened variant are getting more and more important
in many respects.

2. Abstract Setting

Let X be a (complex) Banach space. A semigroup of linear operators on X is a
family of linear and continuous operators T (t) (0 ≤ t <∞) from X into itself such
that T (0) = I, T (t+ s) = T (t)T (s) (s, t ≥ 0).

We say that T (t) is a strongly continuous semigroup (briefly, a C0-semigroup) if

lim
t→0+

T (t)x = x, ∀x ∈ X.

The linear operator

Ax = lim
t→0+

T (t)x− x

t
(12)

is the infinitesimal generator of the semigroup T (t).
The domain D(A) of the operator A (possibly not continuous) is the set of

x ∈ X such that the limit in (12) does exist.
If T (t) is a C0-semigroup generated by A and u0 is a given element in D(A),

the function u(t) = T (t)u0 is solution of the evolution problem⎧⎨⎩
du

dt
= Au, (t > 0),

u(0) = u0.
(13)

We remark that it is still possible to solve the Cauchy problem (13) when u0

is an arbitrary element of X . In order to do that, it is necessary to introduce a
concept of generalized solution. For this we refer to [59, Chap. 4].
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One can show that if T (t) is a C0 semigroup, then there exist two constants
ω ≥ 0, M ≥ 1 such hat

‖T (t)‖ ≤M eωt, 0 ≤ t <∞. (14)

If ω = 0 and M = 1 in the inequality (14), we have

‖T (t)‖ ≤ 1, 0 ≤ t <∞
and the semigroup is said to be a contraction semigroup or a semigroup of con-
tractions. If the operator A is the generator of a C0-semigroup of contractions, the
solution of the Cauchy problem (13) satisfies the estimates

‖u(t)‖ ≤ ‖u0‖ 0 ≤ t <∞. (15)

If the norm in (15) is the L∞ norm, we have the classical maximum principle
for parabolic equations.

The next famous Hille–Yosida Theorem characterizes the operators which gen-
erate C0 semigroups of contractions.

Theorem 1. A linear operator A generates a C0 semigroup of contractions T (t)
if, and only if

(i) A is closed and D(A) is dense in X ;
(ii) the resolvent set �(A) contains R

+ and the resolvent operator Rλ satisfies the
inequality

‖Rλ‖ ≤ 1
λ
, ∀λ > 0.

Given x ∈ X , denote by I (x) the set

I (x) = {x∗ ∈ X∗ | 〈x∗, x〉 = ‖x‖2 = ‖x∗‖2},
X∗ being the (topological) dual space of X . The set I (x) is called the dual set
of x. The operator A is said to be dissipative if, for any x ∈ D(A), there exists
x∗ ∈ I (x) such that

Re 〈x∗, Ax〉 ≤ 0. (16)

Another characterization of operators generating contractive semigroups is given
by the equally famous Lumer–Phillips theorem:

Theorem 2. If A generates a C0 semigroup of contractions, then

(i) D(A) = X ;
(ii) A is dissipative. More precisely, for any x ∈ D(A), we have

Re〈x∗, Ax〉 ≤ 0, ∀x∗ ∈ I (x);

(iii) �(A) ⊃ R+.
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Conversely, if

(i′) D(A) = X ;
(ii′) A is dissipative;
(iii′) �(A) ∩ R+ �= ∅,

then A generates a C0 semigroup of contractions.

The Lumer–Phillips theorem shows that in order to have a contractive semigroup
the operator A has to be dissipative, i.e. inequality (16) has to be satisfied. If
X = Lp(Ω) (1 < p <∞) it is easy to see that the dual set I (f) contains only the
element f∗ defined by

f∗(x) =

⎧⎨⎩‖f‖2−p
p f(x) |f(x)|p−2 if f(x) �= 0,

0 if f(x) = 0.

Then inequality (16) coincide with (10). We remark that, in the case 1 < p < 2,
the integral in (10) has to be understood with the integrand extended by zero on
the set where it vanishes.

Maz’ya and Sobolevskĭı [50] obtained independently of Lumer and Phillips the
same result under the assumption that the norm of the Banach space is Gâteaux-
differentiable. Their result looks as follows.

Theorem 3. The closed and densely defined operator A+λI has a bounded inverse
for all λ ≥ 0 and satisfies the inequality

‖[A+ λI]−1‖ ≤ [Reλ+ λ0]−1

(λ0 > 0) if and only if, for any v ∈ D(A) and f ∈ D(A∗),

Re〈Γv,Av〉 ≥ λ0‖v‖,
Re〈Γ∗f,A∗f〉 ≥ λ0‖f‖.

Here, Γ and Γ∗ stand for the Gâteaux gradient of the norm in B and in B∗,
respectively. Applications to second-order elliptic operators were also given in [50].
It is interesting to note that the paper [50] was sent to the journal in 1960, before
the Lumer–Phillips paper of 1961 [43] appeared.

3. Scalar Second-Order Operators with Complex Coefficients

In this section, we describe the main results obtained in [9], where we studied the
Lp-dissipativity of scalar second-order operators with complex coefficients.

To be precise we consider operators of the form

Au = ∇t(A ∇u) + b∇u + ∇t(cu) + au,
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where ∇t is the divergence operator, defined in a domain Ω ⊂ RN . The coefficients
satisfy the following very general assumptions:

(i) A is an n×nmatrix whose entries are complex-valued measures ahk belonging
to (C0(Ω))∗. This is the dual space of C0(Ω), the space of complex-valued
continuous functions with compact support contained in Ω;

(ii) b = (b1, . . . , bn) and c = (c1, . . . , cn) are complex-valued vectors with bj , cj ∈
(C0(Ω))∗;

(iii) a is a complex-valued scalar distribution in (C1
0 (Ω))∗, where C1

0 (Ω) = C1(Ω)∩
C0(Ω).

Consider the related sesquilinear form L (u, v)

L (u, v) =
∫

Ω

(〈A ∇u,∇v〉 − 〈b∇u, v〉 + 〈u, c∇v〉 − a〈u, v〉)

on C0
1(Ω) × C0

1(Ω).
The operator A acts from C1

0 (Ω) to (C1
0 (Ω))∗ through the relation

L (u, v) = −
∫

Ω

〈Au, v〉

for any u, v ∈ C1
0 (Ω). The integration is understood in the sense of distributions.

The following definition was given in [9]. Let 1 < p < ∞. A form L is called
Lp-dissipative if for all u ∈ C1

0 (Ω)

Re L (u, |u|p−2u) ≥ 0, if p ≥ 2,

Re L (|u|p′−2u, u) ≥ 0, if 1 < p < 2,
(17)

where p′ = p/(p− 1) (we use here that |u|q−2u ∈ C1
0 (Ω) for q ≥ 2 and u ∈ C1

0 (Ω)).

We remark that the form L is Lp-dissipative if and only if

ReL (u, |u|p−2u) ≥ 0 (18)

for any u ∈ C1
0 (Ω) such that |u|p−2u ∈ C1

0 (Ω).

Indeed, if p ≥ 2, |u|p−2u belongs to C1
0 (Ω) for any u ∈ C1

0 (Ω). If 1 < p < 2, we
prove the following simple fact: u ∈ C1

0 (Ω) is such that |u|p−2u belongs to C1
0 (Ω) if

and only if we can write u = ‖v‖2−p′
p′ |v|p′−2v, with v ∈ C1

0 (Ω).

In fact, if v is any function in C1
0 (Ω), then setting u = ‖v‖2−p′

p′ |v|p′−2v, we have
u ∈ C1

0 (Ω) and u∗ = v belongs to C1
0 (Ω) too. Conversely, if u is such that |u|p−2u

belongs to C1
0 (Ω), set v = u∗. We have v ∈ C1

0 (Ω) and u = ‖v‖2−p′
p′ |v|p′−2v.

Therefore, if 1 < p < 2, condition (18) for any u ∈ C1
0 (Ω) such that |u|p−2u ∈

C1
0 (Ω) means

Re L (|v|p′−2v, v) ≥ 0

for any v ∈ C1
0 (Ω). This completes the proof of the equivalence between condition

(18) for any u ∈ C1
0 (Ω) such that |u|p−2u ∈ C1

0 (Ω) and definition (17).
The first property of dissipative operators we consider is given by the lemma.
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Lemma 1. If a form L is Lp-dissipative, then

〈ReA ξ, ξ〉 ≥ 0 ∀ ξ ∈ R
n. (19)

This assertion follows from the following basic lemma which provides a necessary
and sufficient condition for the Lp-dissipativity of the form L .

Lemma 2 ([9]). A form L is Lp-dissipative if and only if for all w ∈ C1
0 (Ω)

Re
∫

Ω

[〈A ∇w,∇w〉 − (1 − 2/p)〈(A − A ∗)∇(|w|), |w|−1w∇w〉

− (1 − 2/p)2〈A ∇(|w|),∇(|w|)〉] +
∫

Ω

〈 Im(b + c), Im(w∇w)〉

+
∫

Ω

Re(∇t(b/p− c/p′) − a)|w|2 ≥ 0.

Condition (19) is necessary and sufficient for the L2- dissipativity, but it is not
sufficient if p �= 2.

Lemma 2 implies the following sufficient condition.

Corollary 1 ([9]). Let α and β be two real constants. If
4
p p′

〈ReA ξ, ξ〉 + 〈Re A η, η〉 + 2〈(p−1
Im A + p′−1

Im A ∗)ξ, η〉

+ 〈 Im(b + c), η〉 − 2〈Re(αb/p− βc/p′), ξ〉
+ Re[∇t((1 − α)b/p− (1 − β)c/p′) − a] ≥ 0 (20)

for any ξ, η ∈ Rn, then the form L is Lp-dissipative.

Putting α = β = 0 in (20), we find that if
4
p p′

〈ReA ξ, ξ〉 + 〈Re A η, η〉 + 2〈(p−1
Im A + p′−1

Im A
∗)ξ, η〉

+ 〈 Im(b + c), η〉 + Re
[∇t (b/p− c/p′) − a

] ≥ 0 (21)

for any ξ, η ∈ Rn, then the form L is Lp-dissipative.
Generally speaking, condition (21) (and the more general condition (20)) is not

necessary.

Example 1. Let n = 2 and

A =

(
1 iγ

−iγ 1

)
,

where γ is a real constant, b = c = a = 0. In this case, the polynomial (21) is
given by

(η1 + γξ2)2 + (η2 − γξ1)2 − (γ2 − 4/(pp′))|ξ|2.
For γ2 > 4/(pp′) the condition (20) is not satisfied, whereas the Lp-dissipativity
holds because the corresponding operator A is the Laplacian.
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Note that the matrix Im A is not symmetric. In what follows (after Corollary 3),
we give another example showing that the condition (21) is not necessary for the
Lp-dissipativity even for symmetric matrices Im A .

4. The Operator ∇t(A ∇u)

The main result proved in [9] concerns a scalar operator in divergence form with
no lower order terms:

Au = ∇t(A ∇u). (22)

The following assertion gives a necessary and sufficient condition for the Lp-
dissipativity of the operator (22), where — as before — the coefficients ahk belong
to (C0(Ω))∗.

Theorem 4 ([9]). Let Im A be symmetric, i.e. Im A t = Im A . The form

L (u, v) =
∫

Ω

〈A ∇u,∇v〉

is Lp-dissipative if and only if

|p− 2| |〈 Im A ξ, ξ〉| ≤ 2
√
p− 1 〈Re A ξ, ξ〉 (23)

for any ξ ∈ Rn, where | · | denotes the total variation.

The condition (23) is understood in the sense of comparison of measures. Of
course if the coefficients {ahk} are complex-valued L∞ functions (or more generally
L1

loc), the condition (23) means

|p− 2| |〈 Im A (x)ξ, ξ〉| ≤ 2
√
p− 1 〈Re A (x)ξ, ξ〉

for any ξ ∈ Rn and for a.e. x ∈ Ω.
When this result appeared, it was new even for operators with smooth coeffi-

cients. For such operators it implies the contractivity of the generated semigroup.
Note that from Theorem 4, we immediately derive the following well-known

results.

Corollary 2. Let A be such that 〈Re A ξ, ξ〉 ≥ 0 for any ξ ∈ Rn. Then

(1) A is L2-dissipative,
(2) if A is an operator with real coefficients, then A is Lp-dissipative for any p.

The condition (23) is equivalent to the positivity of some polynomial in ξ and
η. More exactly, (23) is equivalent to the following condition:

4
p p′

〈Re A ξ, ξ〉 + 〈Re A η, η〉 − 2(1 − 2/p)〈 Im A ξ, η〉 ≥ 0 (24)

for any ξ, η ∈ Rn.
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More generally, if the matrix Im A is not symmetric, the condition

4
p p′

〈Re A (x)ξ, ξ〉 + 〈Re A (x)η, η〉 + 2〈(p−1
Im A (x) + p′−1

Im A ∗(x))ξ, η〉 ≥ 0

(25)

for almost any x ∈ Ω and for any ξ, η ∈ Rn (p′ = p/(p − 1)) is only sufficient for
the Lp-dissipativity.

Let us assume that either A has lower order terms or it has no lower order terms
and Im A is not symmetric. Then (23) is still necessary for the Lp-dissipativity of
A, but not sufficient, which will be shown in Example 2 (cf. also Theorem 7 below
for the case of constant coefficients). In other words, for such general operators the
algebraic condition (24) is necessary but not sufficient, whereas the condition (21)
is sufficient, but not necessary.

Example 2. Let n = 2, and let Ω be a bounded domain. Denote by σ a real
function of class C0

2(Ω) which does not vanish identically. Let λ ∈ R. Consider the
operator (22) with

A =

(
1 iλ∂1(σ2)

−iλ∂1(σ2) 1

)
,

i.e.

Au = ∂1(∂1u+ iλ∂1(σ2) ∂2u) + ∂2(−iλ∂1(σ2) ∂1u+ ∂2u),

where ∂i = ∂/∂xi (i = 1, 2). By definition, we have L2-dissipativity if and only if

Re
∫

Ω

((∂1u+ iλ∂1(σ2) ∂2u)∂1u+ (−iλ∂1(σ2) ∂1u+ ∂2u)∂2u) dx ≥ 0

for any u ∈ C0
1(Ω), i.e. if and only if∫

Ω

|∇u|2dx− 2λ
∫

Ω

∂1(σ2) Im(∂1u∂2u) dx ≥ 0

for any u ∈ C0
1(Ω). Taking u = σ exp(itx2) (t ∈ R), we obtain, in particular,

t2
∫

Ω

σ2dx− tλ

∫
Ω

(∂1(σ2))2dx +
∫

Ω

|∇σ|2dx ≥ 0. (26)

Since ∫
Ω

(∂1(σ2))2dx > 0,

we can choose λ ∈ R so that (26) is impossible for all t ∈ R. Thus, A is not
L2-dissipative, although (23) is satisfied. Since A can be written as

Au = Δu − iλ(∂21(σ2)∂1u− ∂11(σ2)∂2u),

this example shows that (23) is not sufficient for the L2-dissipativity of an operator
with lower order terms, even if Im A is symmetric.
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5. The p-Ellipticity

Let us consider the class of operators

Au = ∇(A ∇u) + b∇u+ ∇(cu) + au. (27)

with L∞ coefficients, such that the form (25) is not merely nonnegative, but strictly
positive, i.e. there exists κ > 0 such that

4
p p′

〈Re A (x)ξ, ξ〉 + 〈Re A (x)η, η〉 + 2〈(p−1
Im A (x) + p′−1

Im A ∗(x))ξ, η〉

≥ κ(|ξ|2 + |η|2) (28)

for almost any x ∈ Ω and for any ξ, η ∈ R
n. The class of operators (27) whose

principal part satisfies (28) and which could be called (strongly) p-elliptic, was
recently considered by several authors.

Carbonaro and Dragičević [6, 7] showed the validity of a so-called (dimension
free) bilinear embedding. Their main result is the following.

Theorem 5 ([6]). Let PA
t = exp(−tLA), t > 0 and let p > 1. Suppose that the

matrices A,B are p-elliptic. Then for all f, g ∈ C∞
0 (Rn), we have∫ ∞

0

∫
Rn

|∇PA
t f(x)||∇PB

t g(x)|dxdt ≤ C‖f‖p‖g‖p′ (29)

with constant depending on ellipticity parameters, but not dimension.

We note that if A and B are real accretive matrices then (29) holds for the full
range of exponents p ∈ (1,∞).

In a series of papers [23–26] Dindoš and Pipher proved several results concerning
the Lp solvability of the Dirichlet problem. Their result hinges on a regularity
property for the solutions of the Dirichlet problem for the equation

∂i(aij(x)∂ju) + bi(x)∂iu = 0 , (30)

given by the next result

Lemma 3 ([23, p. 269]). Let the matrix A be p-elliptic for p ≥ 2 and let B have
coefficients Bi ∈ L∞

loc (Ω) satisfying the condition

|Bi(x)| ≤ K(δ(x))−1, ∀x ∈ Ω, (31)

where the constant K is uniform, and δ(x) denotes the distance of x to the boundary
of Ω. Suppose that u ∈W 1,2

loc (Ω) is a weak solution of Eq. (30) in Ω, an open subset
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of R
n. Then, for any ball Br(x) with r < δ(x)/4∫

Br(x)

|∇u(y)|2|u(y)|p−2dy ≤ C1r
−2

∫
B2r(x)

|u(y)|pdy

and (∫
Br(x)

|u(y)|qdy
)1/q

≤ C2

(∫
B2r(x)

|u(y)|2dy
)1/2

for all q ∈ (2, np
n−2 ] when n > 2, and where C1, C2 depend only on p-ellipticity

constants and K of (31). When n = 2, q can be any number in (2,∞). In particular,
|u|(p−2)/2u belongs to W 1,2

loc (Ω).

Dindoš and Pipher used this result in an iterative procedure, which is similar to
Moser’s iteration scheme (used in Moser’s proof of the celebrated De Giorgi–Nash–
Moser regularity theorem for real divergence form elliptic equations). Differently
from the real coefficients case, where the procedure can be applied for any p and
leads to the boundedness of the solution (and then to its Hölder continuity), here
the iteration scheme can be applied only up to a threshold determined by the p-
ellipticity of the operator. This is sufficient to obtain an higher integrability of the
solution.

Dindoš and Pipher uses this regularity result in the study of the existence for
the Dirichlet problem⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂i(aij(x)∂ju) + bi(x)∂iu = 0 in Ω,

u(x) = f(x) a.e. on ∂Ω,

Ñ2,a(u) ∈ Lp(∂Ω),

(32)

where f is in Lp(∂Ω). Here, a > 0 is a fixed parameter and Ñ2,a(u) is a nontangential
maximal function defined using Lp averages over balls

Ñ2,a(u)(y) = sup
x∈Γa(y)

(
−
∫

Bδ(x)/2(x)

|u(z)|2dz
)1/2

(y ∈ ∂Ω) where the barred integral indicates the average and Γa(y) is a cone of
aperture a. To be precise, they say that the Dirichlet problem (32) is solvable for a
given p ∈ (1,∞) if there exists a C = C(p,Ω) > 0 such that for all complex-valued
boundary data f ∈ Lp(∂Ω) ∩ B2,2

1/2(∂Ω) the unique “energy solution” satisfies the
estimate ∥∥Ñ2,a(u)

∥∥
Lp(∂Ω)

≤ C‖f‖Lp(∂Ω).

Since the space Ḃ2,2
1/2(∂Ω) ∩ Lp(∂Ω) is dense in Lp(∂Ω) for each p ∈ (1,∞), there

exists a unique continuous extension of the solution operator f �→ u to the whole
space Lp(∂Ω), with u such that Ñ2,a(u) ∈ Lp(∂Ω) and the accompanying estimate
‖Ñ2,a(u)‖Lp(∂Ω) ≤ C‖f‖Lp(∂Ω) is valid.
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Their results have been extended by Dindoš, Li and Pipher to systems and in
particular to elasticity in [22].

We mention that — as Carbonaro and Dragičević [6] show — the p-ellipticity
comes into play also in the study of the convexity of power functions (Bellman
functions) and in the holomorphic functional calculus.

Egert [27] shows that the p-ellipticity condition implies extrapolation to a holo-
morphic semigroup on Lebesgue spaces in a p-dependent range of exponents.

Finally, we remark that, if the partial differential operator has no lower order
terms, the concepts of p-ellipticity and strict Lp-dissipativity coincide. By strict
Lp-dissipativity we mean that there exists κ > 0 such that

Re
∫

Ω

〈A hk ∂ku, ∂h(|u|p−2u)〉 dx ≥ κ

∫
Ω

|∇(|u|(p−2)/2u)|2dx

for any u ∈ C1
0 (Ω) such that |u|p−2u ∈ C1

0 (Ω).
One can prove that the operator A is strictly Lp-dissipative, i.e. p-elliptic, if and

only if there exists κ > 0 such that A− κΔ is Lp-dissipative.

6. Lp-Dissipativity for Operators with Lower Order Terms

Generally speaking, it is impossible to obtain an algebraic characterization for an
operator with lower order terms. Indeed, let us consider, for example, the operator

Au = Δu+ a(x)u

in a bounded domain Ω ⊂ Rn with zero Dirichlet boundary data. Denote by λ1 the
first eigenvalue of the Dirichlet problem for the Laplace equation in Ω. A sufficient
condition for the L2-dissipativity of A has the form Rea ≤ λ1, and we cannot give
an algebraic characterization of λ1.

Consider, as another example, the operator

A = Δ + μ, (33)

where μ is a nonnegative Radon measure on Ω. The operator A is Lp-dissipative if
and only if ∫

Ω

|w|2dμ ≤ 4
pp′

∫
Ω

|∇w|2dx (34)

for any w ∈ C∞
0 (Ω) (cf. Lemma 2). Maz’ya [45, 46, 48] proved that the following

condition is sufficient for (34):

μ(F )
capΩ(F )

≤ 1
pp′

(35)

for all compact set F ⊂ Ω and the following condition is necessary:

μ(F )
capΩ(F )

≤ 4
pp′

(36)

2230003-15

B
ul

l. 
M

at
h.

 S
ci

. 2
02

2.
12

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 L
IN

K
O

PI
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
09

/1
2/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 17, 2022 17:44 WSPC/1664-3607 319-BMS 2230003

A. Cialdea & V. Maz’ya

for all compact set F ⊂ Ω. Here, capΩ(F ) is the capacity of F relative to Ω, i.e.

capΩ(F ) = inf
{∫

Ω

|∇u|2dx :u ∈ C0
∞(Ω), u ≥ 1 on F

}
.

The condition (35) is not necessary and the condition (36) is not sufficient.
It must be pointed out that a theorem by Jaye, Maz’ya and Verbitsky can pro-

vide a necessary and sufficient condition of a different nature for the Lp-dissipativity
of operator (33). In fact in [31] they proved the following result.

Theorem 6. Let Ω be an open set, and let σ ∈ (C∞
0 (Ω))′ be a real-valued distri-

bution. In addition, let A be a symmetric matrix function defined on Ω satisfying
the conditions

(1.4) m|ξ|2 ≤ A(x)ξ · ξ, and |A(x)ξ| ≤M |ξ|, for all ξ ∈ R
n\{0}.

Then

〈σ, h2〉 ≤
∫

Ω

(A∇h) · ∇h dx

holds for all h ∈ C∞
0 (Ω) if and only if there exists a vector field �Γ ∈ L2

loc(Ω) so that

σ ≤ div(A�Γ) − (A�Γ) · �Γ in (C∞
0 (Ω))′.

Keeping in mind that the operator (33) is Lp-dissipative if and only if (34) holds
for any w ∈ C∞

0 (Ω), by taking σ = μ, A = (4/(pp′))I, we find immediately that
(33) is Lp-dissipative if and only if there exists a vector field �Γ ∈ L2

loc(Ω) such that

μ ≤ 4
p p′

(div �Γ − |�Γ|2)

in the sense of distributions.
In the case of an operator with constant coefficients and lower order terms, we

have found a necessary and sufficient condition. Consider the operator

Au = ∇t(A ∇u) + b∇u+ au (37)

with constant complex coefficients. Without loss of generality, we can assume that
the matrix A is symmetric.

The following assertion provides a necessary and sufficient condition for the
Lp-dissipativity of the operator A.

Theorem 7 ([9]). Suppose that Ω is an open set in R
n which contains balls of

arbitrarily large radius. The operator (37) is Lp-dissipative if and only if there
exists a real constant vector V such that

2 ReA V + Imb = 0,

Rea+ 〈ReA V, V 〉 ≤ 0
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and for any ξ ∈ Rn

|p− 2| |〈 Im A ξ, ξ〉| ≤ 2
√
p− 1 〈ReA ξ, ξ〉. (38)

If the matrix Re A is not singular, the following assertion holds.

Corollary 3 ([9]; cf. also [35]). Suppose that Ω is an open set in Rn which con-
tains balls of arbitrarily large radius. Assume that the matrix ReA is not singular.
The operator A is Lp-dissipative if and only if (38) holds and

4 Rea ≤ −〈(Re A )−1
Imb, Imb〉. (39)

Now, we can show that the condition (20) is not necessary for the Lp-
dissipativity, even if the matrix Im A is symmetric.

Example 3. Let n = 1, and let Ω = R1. Consider the operator(
1 + 2

√
p− 1
p− 2

i

)
u′′ + 2iu′ − u,

where p �= 2 is fixed. The conditions (38) and (39) are satisfied, and this operator
is Lp-dissipative in view of Corollary 3.

On the other hand, the polynomial in (21) has the form(
2
√
p− 1
p

ξ − η

)2

+ 2η + 1,

i.e. it is not nonnegative for any ξ, η ∈ R.

Recently Maz’ya and Verbitsky [51] (see also [52]) gave necessary and suffi-
cient conditions for the accretivity of a second-order partial differential operator
L containing lower order terms, in the case of Dirichlet data. We observe that the
accretivity of L is equivalent to the L2-dissipativity of −L.

Their result concerns second-order operators with distributional coefficients

L = div(A∇·) + b · ∇ + c, (40)

where A ∈ ((C∞
0 (Ω))′)n×n, b ∈ ((C∞

0 (Ω))′)n and c ∈ (C∞
0 (Ω))′ are complex valued.

Given A = {ajk} ∈ ((C∞
0 (Ω))′)n×n, we denote by As and Ac its symmetric

part and skew-symmetric part, respectively. The accretivity property for −L can
be characterized in terms of the following real-valued expressions:

P = ReAs, d =
1
2
[Im b− Div(ImAc)], σ = Re c− 1

2
div(Reb). (41)

We note that P = {pik} ∈ ((C∞
0 (Ω))′)n×n,d = {dj} ∈ ((C∞

0 (Ω))′)n, and σ ∈
(C∞

0 (Ω))′.
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Moreover, in order that −L be accretive, the matrix P must be nonnegative
definite, i.e. Pξ · ξ ≥ 0 in (C∞

0 (Ω))′ for all ξ ∈ Rn. In particular, each pjj (j =
1, . . . , n) is a nonnegative Radon measure.

The characterization of accretive operators −L is given in the following criterion
obtained in [51, Proposition 2.1].

Theorem 8. Let L be the operator (40). Suppose that P,d, and σ are defined by
(41). The operator −L is accretive if and only if P is a nonnegative definite matrix,
and the following two conditions hold :

[h]2H = 〈P∇h,∇h〉 − 〈σh, h〉 ≥ 0

for all real-valued h ∈ C∞
0 (Ω), and the commutator inequality

|〈d, u∇v − v∇u〉| ≤ [u]H[v]H (42)

holds for all real-valued u, v ∈ C∞
0 (Ω).

Under some mild restrictions on H, the “norms” [u]H and [v]H on the right-hand
side of (42) can be replaced, up to a constant multiple, with the corresponding
Dirichlet norms

|〈d, u∇v − v∇u〉| ≤ C‖∇u‖L2(Ω)‖∇v‖L2(Ω), (43)

where C > 0 is a constant which does not depend on real-valued u, v ∈ C∞
0 (Ω).

This leads to explicit criteria of accretivity (see [52, Sec. 4] for the details).
Indeed Maz’ya and Verbitsky have found necessary and sufficient conditions for the
validity of commutator inequality (43). For example, when Ω = Rn and d has L1

loc

components, they prove the following result.

Theorem 9. Let d ∈ [L1
loc(R

n)]n, n ≥ 2. The inequality∣∣∣∣∫
Rn

〈d, u∇v − v∇u〉dx
∣∣∣∣ ≤ C‖∇u‖L2(Rn)‖∇v‖L2(Rn) (44)

holds for any real-valued u, v ∈ C∞
0 (Rn) if and only if

d = c + DivF, (45)

where F ∈ BMO(Rn)n×n is a skew-symmetric matrix field, and c satisfies the
condition ∫

Rn

|c|2|u|2dx ≤ C‖∇u‖2
L2(Rn), (46)

where the constant C does not depend on u ∈ C∞
0 (Rn). Moreover, if (44) holds,

then (45) is valid with c = ∇Δ−1(div d) satisfying (46), and F = Δ−1(Curld) ∈
BMO(Rn)n×n.

In the case n = 2, necessarily c = 0, and d = (−∂2f, ∂1f) with f ∈ BMO (R2)
in the above statements.
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7. Elasticity

Consider the classical operator of two-dimensional elasticity

Eu = Δu+ (1 − 2ν)−1∇∇tu, (47)

where ν is the Poisson ratio. As is known, E is strongly elliptic if and only if
either ν > 1 or ν < 1/2. To obtain a necessary and sufficient condition for the
Lp-dissipativity of this elasticity system, we formulate some facts about systems of
partial differential equations of the form

A = ∂h(A hk(x)∂k), (48)

where A hk(x) = {ahk
ij (x)} are m ×m matrices whose entries are complex locally

integrable functions defined in an arbitrary domain Ω of Rn (1 ≤ i, j ≤ m, 1 ≤
h, k ≤ n).

Lemma 4 ([10]). An operator A of the form (48) is Lp-dissipative in Ω ⊂ Rn if
and only if∫

Ω

(Re 〈A hk∂kw, ∂hw〉 − (1 − 2/p)2|w|−4
Re 〈A hkw,w〉Re〈w, ∂kw〉Re 〈w, ∂hw〉

− (1 − 2/p)|w|−2
Re
(〈A hkw, ∂hw〉Re 〈w, ∂kw〉

− 〈A hk∂kw,w〉Re 〈w, ∂hw〉
)
)dx ≥ 0

for any w ∈ (C0
1(Ω))m.

In the case n = 2, Lemma 4 yields a necessary algebraic condition.

Theorem 10 ([10]). Let Ω be a domain of R2. If an operator A of the form (48)
is Lp-dissipative, then

Re 〈(A hk(x)ξhξk)λ, λ〉 − (1 − 2/p)2 Re 〈(A hk(x)ξhξk)ω, ω〉(Re〈λ, ω〉)2

− (1 − 2/p) Re(〈(A hk(x)ξhξk)ω, λ〉
− 〈(A hk(x)ξhξk)λ, ω〉) Re 〈λ, ω〉 ≥ 0

for almost every x ∈ Ω and for any ξ ∈ R2, λ, ω ∈ Cm, |ω| = 1.

Based on Lemma 4 and Theorem 10, it is possible to obtain the following crite-
rion for the Lp-dissipativity of the two-dimensional elasticity system.

Theorem 11 ([10]). The operator (47) is Lp-dissipative if and only if(
1
2
− 1
p

)2

≤ 2(ν − 1)(2ν − 1)
(3 − 4ν)2

. (49)

By Theorems 10 and 11, it is easy to compare E and Δ from the point of view
of Lp-dissipativity.
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Corollary 4 ([10]). There exists k > 0 such that E − kΔ is Lp-dissipative if and
only if (

1
2
− 1
p

)2

<
2(ν − 1)(2ν − 1)

(3 − 4ν)2
.

There exists k < 2 such that kΔ − E is Lp-dissipative if and only if(
1
2
− 1
p

)2

<
2ν(2ν − 1)
(1 − 4ν)2

.

As remarked on p. 18 for scalar operators, this is equivalent to saying that E
is strictly Lp-dissipative, i.e. E is p-elliptic. The last result was recently extended
to variable Lamé parameters by Dindoš et al. [22]. It must be pointed out that
these authors introduce an auxiliary function r(x) (see [22, pp. 390–391]) which
generates some first-order terms in the partial differential operator. In the definition
of p-ellipticity these terms do not play any role, while they have some role in
the dissipativity. Therefore our and their results do not seem to be completely
equivalent.

In [11], we showed that condition (49) is necessary for the Lp-dissipativity of
operator (47) in any dimension, even when the Poisson ratio is not constant. At
present it is not known if condition (49) is also sufficient for the Lp-dissipativity
of the elasticity operator for n > 2, in particular for n = 3 (see [49, Problem 43]).
Nevertheless, in the same paper, we gave a more strict explicit condition which is
sufficient for the Lp-dissipativity of (47). Indeed we proved that if

(1 − 2/p)2 ≤

⎧⎪⎪⎨⎪⎪⎩
1 − 2ν

2(1 − ν)
if ν < 1/2,

2(1 − ν)
1 − 2ν

if ν > 1,

then the operator (47) is Lp-dissipative.
In [11], we gave also necessary and sufficient conditions for a weighted Lp-

negativity of the Dirichlet–Lamé operator, i.e. for the validity of the inequality∫
Ω

(Δu+ (1 − 2ν)−1∇div u)|u|p−2u
dx

|x|α ≤ 0 (50)

under the condition that the vector u is rotationally invariant, i.e. u depends only
on � = |x| and u� is the only nonzero spherical component of u. Namely, we showed
that (50) holds for any such u belonging to (C∞

0 (RN\{0}))N if and only if

−(p− 1)(n+ p′ − 2) ≤ α ≤ n+ p− 2.

8. A Class of Systems of Partial Differential Operators

In this section, we consider systems of partial differential operators of the form

Au = ∂h(A h(x)∂hu), (51)
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where A h(x) = {ah
ij(x)} (i, j = 1, . . . ,m) are matrices with complex locally inte-

grable entries defined in a domain Ω ⊂ Rn (h = 1, . . . , n). Note that the elasticity
system is not a system of this kind.

To characterize the Lp-dissipativity of such operators, one can reduce the con-
sideration to the one-dimensional case. Auxiliary facts are given in the following
two subsections.

Langer and Maz’ya considered the Lp-dissipativity of weakly coupled systems
in [38].

8.1. Dissipativity of systems of ordinary differential equations

In this subsection, we consider the operator

Au = (A (x)u′)′, (52)

where A (x) = {aij(x)} (i, j = 1, . . . ,m) is a matrix with complex locally inte-
grable entries defined in a bounded or unbounded interval (a, b). The corresponding
sesquilinear form L (u,w) takes the form

L (u,w) =
∫ b

a

〈A u′, w′〉 dx.

Theorem 12 ([10]). The operator A is Lp-dissipative if and only if

Re 〈A (x)λ, λ〉 − (1 − 2/p)2 Re 〈A (x)ω, ω〉(Re〈λ, ω〉)2 − (1 − 2/p) Re(〈A (x)ω, λ〉
− 〈A (x)λ, ω〉) Re 〈λ, ω〉 ≥ 0

for almost every x ∈ (a, b) and for any λ, ω ∈ Cm, |ω| = 1.

This theorem implies the following assertion.

Corollary 5 ([10]). If the operator A is Lp-dissipative, then

Re 〈A (x)λ, λ〉 ≥ 0

for almost every x ∈ (a, b) and for any λ ∈ Cm.

As a consequence of Theorem 12 it is possible to compare the operators A and
I(d2/dx2).

Corollary 6 ([10]). There exists k > 0 such that A−kI(d2/dx2) is Lp-dissipative
if and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x, λ, ω) > 0.

There exists k > 0 such that kI(d2/dx2) −A is Lp-dissipative if and only if

ess sup
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x, λ, ω) <∞.
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There exists k ∈ R such that A− kI(d2/dx2) is Lp-dissipative if and only if

ess inf
(x,λ,ω)∈(a,b)×Cm×Cm

|λ|=|ω|=1

P (x, λ, ω) > −∞.

8.2. Criteria in terms of eigenvalues of A (x)

If the coefficients aij of the operator (52) are real, it is possible to give a necessary
and sufficient condition for the Lp-dissipativity of A in terms of eigenvalues of the
matrix A .

Theorem 13 ([10]). Let A be a real matrix {ahk} with h, k = 1, . . . ,m. Suppose
that A = A t and A ≥ 0 (in the sense that 〈A (x)ξ, ξ〉 ≥ 0 for almost every
x ∈ (a, b) and for any ξ ∈ R

m). The operator A is Lp-dissipative if and only if(
1
2
− 1
p

)2

(μ1(x) + μm(x))2 ≤ μ1(x)μm(x)

almost everywhere, where μ1(x) and μm(x) are the smallest and largest eigenvalues
of the matrix A (x), respectively. In the particular case m = 2, this condition is
equivalent to (

1
2
− 1
p

)2

(trA (x))2 ≤ detA (x)

almost everywhere.

Corollary 7 ([10]). Let A be a real symmetric matrix. Let μ1(x) and μm(x) be
the smallest and largest eigenvalues of A (x), respectively. There exists k > 0 such
that A− kI(d2/dx2) is Lp-dissipative if and only if

ess inf
x∈(a,b)

[
(1 +

√
p p′/2)μ1(x) + (1 −

√
p p′/2)μm(x)

]
> 0. (53)

In the particular case m = 2, the condition (53) is equivalent to

ess inf
x∈(a,b)

[
trA (x) −

√
p p′

2

√
(trA (x))2 − 4 detA (x)

]
> 0.

Under an extra condition on the matrix A , the following assertion holds.

Corollary 8 ([10]). Let A be a real symmetric matrix. Suppose that A ≥ 0 almost
everywhere. Denote by μ1(x) and μm(x) the smallest and largest eigenvalues of
A (x), respectively. If there exists k > 0 such that A− kI(d2/dx2) is Lp-dissipative,
then

ess inf
x∈(a,b)

[
μ1(x)μm(x) −

(
1
2
− 1
p

)2

(μ1(x) + μm(x))2
]
> 0. (54)

If, in addition, there exists C such that

〈A (x)ξ, ξ〉 ≤ C|ξ|2 (55)
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for almost every x ∈ (a, b) and for any ξ ∈ R
m, the converse assertion is also true.

In the particular case m = 2, the condition (54) is equivalent to

ess inf
x∈(a,b)

[
detA (x) −

(
1
2
− 1
p

)2

(trA (x))2
]
> 0.

We remark that A− kI(d2/dx2) is Lp-dissipative means that A is p-elliptic.
Generally speaking, the assumption (55) cannot be removed even if A ≥ 0.

Example 4. Consider (a, b) = (1,∞), m = 2, A (x) = {aij(x)}, where

a11(x) = (1 − 2/
√
pp′)x+ x−1, a12(x) = a21(x) = 0,

a22(x) = (1 + 2/
√
pp′)x+ x−1.

Then

μ1(x)μ2(x) −
(

1
2
− 1
p

)2

(μ1(x) + μ2(x))2 = (8 + 4x−2)/(p p′)

and (54) holds. But (53) is not satisfied because

(1 +
√
p p′/2)μ1(x) + (1 −

√
p p′/2)μ2(x) = 2x−1.

Corollary 9 ([10]). Let A be a real symmetric matrix. Let μ1(x) and μm(x) be
the smallest and largest eigenvalues of A (x), respectively. There exists k > 0 such
that kI(d2/dx2) −A is Lp-dissipative if and only if

ess sup
x∈(a,b)

[
(1 −

√
p p′/2)μ1(x) + (1 +

√
p p′/2)μm(x)

]
<∞. (56)

In the particular case m = 2, the condition (56) is equivalent to

ess sup
x∈(a,b)

[
trA (x) +

√
p p′

2

√
(trA (x))2 − 4 detA (x)

]
<∞.

If A is positive, the following assertion holds.

Corollary 10 ([10]). Let A be a real symmetric matrix. Suppose that A ≥ 0
almost everywhere. Let μ1(x) and μm(x) be the smallest and largest eigenvalues of
A (x), respectively. There exists k > 0 such that kI(d2/dx2) − A is Lp-dissipative
if and only if

ess sup
x∈(a,b)

μm(x) <∞.

8.3. Lp-dissipativity of the operator (51)

We present necessary and sufficient conditions for the Lp-dissipativity of the system
(51), obtained in [10].
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Denote by yh the (n − 1)-dimensional vector (x1, . . . , xh−1, xh+1, . . . , xn) and
set ω(yh) = {xh ∈ R |x ∈ Ω}.
Lemma 5 ([10]). The operator (51) is Lp-dissipative if and only if the ordinary
differential operators

A(yh)[u(xh)] = d(A h(x)du/dxh)/dxh

are Lp-dissipative in ω(yh) for almost every yh ∈ R
n−1 (h = 1, . . . , n). This condi-

tion is void if ω(yh) = ∅.
Theorem 14 ([10]). The operator (51) is Lp-dissipative if and only if

Re 〈A h(x0)λ, λ〉 − (1 − 2/p)2 Re〈A h(x0)ω, ω〉(Re〈λ, ω〉)2

− (1 − 2/p) Re(〈A h(x0)ω, λ〉 − 〈A h(x0)λ, ω〉) Re 〈λ, ω〉 ≥ 0 (57)

for almost every x0 ∈ Ω and for any λ, ω ∈ Cm, |ω| = 1, h = 1, . . . , n.

In the scalar case (m = 1), the operator (51) can be considered as an operator
from Sec. 4.

In fact, if Au =
∑n

h=1 ∂h(ah∂hu), ah is a scalar function, then A can be written
in the form (22) with A = {chk}, chh = ah, chk = 0 if h �= k. The conditions
obtained in Sec. 4 can be directly compared with (57). We know that the operator
A is Lp-dissipative if and only if (24) holds. In this particular case, it is clear that
(24) is equivalent to the following n conditions:

4
p p′

(Re ah) ξ2 + (Re ah) η2 − 2(1 − 2/p)(Im ah) ξη ≥ 0 (58)

almost everywhere and for any ξ, η ∈ R, h = 1, . . . , n. On the other hand, in this
case, (57) reads as

(Re ah)|λ|2 − (1 − 2/p)2(Re ah)(Re(λω)2 − 2(1 − 2/p)(Im ah) Re(λω) Im(λω) ≥ 0

(59)

almost everywhere and for any λ, ω ∈ C, |ω| = 1, h = 1, . . . , n. Setting ξ + iη = λω

and observing that |λ|2 = |λω|2 = (Re(λω))2+(Im(λω))2, we see that the conditions
(58) (hence (24)) are equivalent to (59).

If A has real coefficients, we can characterize the Lp-dissipativity in terms of
the eigenvalues of the matrices A h(x).

Theorem 15 ([10]). Let A be an operator of the form (51), where A h are real
matrices {ah

ij} with i, j = 1, . . . ,m. Suppose that A h = (A h)t and A h ≥ 0 (h =
1, . . . , n). The operator A is Lp-dissipative if and only if(

1
2
− 1
p

)2

(μh
1 (x) + μh

m(x))2 ≤ μh
1 (x)μh

m(x)

for almost every x ∈ Ω, h = 1, . . . , n, where μh
1 (x) and μh

m(x) are the smallest and
largest eigenvalues of the matrix A h(x), respectively. In the particular case m = 2,
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this condition is equivalent to(
1
2
− 1
p

)2

(trA h(x))2 ≤ detA
h(x)

for almost every x ∈ Ω, h = 1, . . . , n.

9. The Angle of Dissipativity

By means of the necessary and sufficient conditions we have obtained, we can deter-
mine exactly the angle of dissipativity. Determining the angle of dissipativity of an
operatorA, means to find necessary and sufficient conditions for the Lp-dissipativity
of the differential operator zA, where z ∈ C.

Consider first the scalar operator

A = ∇t(A (x)∇),

where A (x) = {aij(x)} (i, j = 1, . . . , n) is a matrix with complex locally integrable
entries defined in a domain Ω ⊂ R

n. If A is a real matrix, it is well known (cf.,
for example [28, 29, 55]) that the dissipativity angle is independent of the operator
and is given by

|arg z| ≤ arctan
(

2
√
p− 1

|p− 2|
)
. (60)

If the entries of the matrix A are complex, the situation is different because the
dissipativity angle depends on the operator, as the next theorem shows.

Theorem 16 ([10]). Let a matrix A be symmetric. Suppose that the operator A
is Lp-dissipative. Let

Λ1 = ess inf
(x,ξ)∈Ξ

〈 Im A (x)ξ, ξ〉
〈Re A (x)ξ, ξ〉 , Λ2 = ess sup

(x,ξ)∈Ξ

〈 Im A (x)ξ, ξ〉
〈Re A (x)ξ, ξ〉 ,

where

Ξ = {(x, ξ) ∈ Ω × R
n | 〈ReA (x)ξ, ξ〉 > 0}.

The operator zA is Lp-dissipative if and only if

ϑ− ≤ arg z ≤ ϑ+,

whereb

ϑ− =

⎧⎪⎪⎨⎪⎪⎩
arccot

(
2
√
p− 1

|p− 2| − p2

|p− 2|
1

2
√
p− 1 + |p− 2|Λ1

)
− π if p �= 2,

arccot(Λ1) − π if p = 2,

bHere, 0 < arccoty < π, arccot(+∞) = 0, arccot(−∞) = π, and

ess inf
(x,ξ)∈Ξ

〈 Im A (x)ξ, ξ〉
〈Re A (x)ξ, ξ〉 = +∞, ess sup

(x,ξ)∈Ξ

〈 ImA (x)ξ, ξ〉
〈Re A (x)ξ, ξ〉 = −∞

if Ξ has zero measure.
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ϑ+ =

⎧⎪⎪⎨⎪⎪⎩
arccot

(
−2

√
p− 1

|p− 2| +
p2

|p− 2|
1

2
√
p− 1 − |p− 2|Λ2

)
if p �= 2

arccot(Λ2) if p = 2.

Note that for a real matrix A we have Λ1 = Λ2 = 0 and, consequently,

2
√
p− 1

|p− 2| − p2

2
√
p− 1|p− 2| = − |p− 2|

2
√
p− 1

.

Theorem 16 asserts that zA is dissipative if and only if

arccot
(
− |p− 2|

2
√
p− 1

)
− π ≤ arg z ≤ arccot

( |p− 2|
2
√
p− 1

)
,

i.e. if and only if (60) holds.
We can precisely determine the angle of dissipativity also for the matrix ordinary

differential operator (52) with complex coefficients.

Theorem 17 ([10]). Let the operator (52) be Lp-dissipative. The operator zA is
Lp-dissipative if and only if

ϑ− ≤ arg z ≤ ϑ+,

where

ϑ− = arccot
(

ess inf
(x,λ,ω)∈Ξ

(Q(x, λ, ω)/P (x, λ, ω))
)
− π,

ϑ+ = arccot

(
ess sup

(x,λ,ω)∈Ξ

(Q(x, λ, ω)/P (x, λ, ω))

)
,

P (x, λ, ω) = Re 〈A (x)λ, λ〉 − (1 − 2/p)2 Re 〈A (x)ω, ω〉(Re〈λ, ω〉)2

− (1 − 2/p) Re(〈A (x)ω, λ〉 − 〈A (x)λ, ω〉) Re 〈λ, ω〉,
Q(x, λ, ω) = Im 〈A (x)λ, λ〉 − (1 − 2/p)2 Im 〈A (x)ω, ω〉(Re〈λ, ω〉)2

− (1 − 2/p) Im(〈A (x)ω, λ〉 − 〈A (x)λ, ω〉) Re 〈λ, ω〉
and Ξ is the set

Ξ = {(x, λ, ω) ∈ (a, b) × C
m × C

m | |ω| = 1, P 2(x, λ, ω) +Q2(x, λ, ω) > 0}.
Finally Theorem 14 allows us to determine the angle of dissipativity of the

operator (51).

Theorem 18 ([10]). Let the operator (51) be Lp-dissipative. The operator zA is
Lp-dissipative if and only if

ϑ− ≤ arg z ≤ ϑ+,
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where

ϑ− = max
h=1,...,n

arccot
(

ess inf
(x,λ,ω)∈Ξh

(Qh(x, λ, ω)/Ph(x, λ, ω))
)
− π,

ϑ+ = min
h=1,...,n

arccot

(
ess sup

(x,λ,ω)∈Ξh

(Qh(x, λ, ω)/Ph(x, λ, ω))

)
and

Ph(x, λ, ω) = Re 〈A h(x)λ, λ〉 − (1 − 2/p)2 Re 〈A h(x)ω, ω〉(Re〈λ, ω〉)2

− (1 − 2/p) Re(〈A h(x)ω, λ〉 − 〈A h(x)λ, ω〉) Re 〈λ, ω〉,
Qh(x, λ, ω) = Im 〈A h(x)λ, λ〉 − (1 − 2/p)2Im 〈A h(x)ω, ω〉(Re〈λ, ω〉)2

− (1 − 2/p) Im(〈A h(x)ω, λ〉 − 〈A h(x)λ, ω〉) Re 〈λ, ω〉,
Ξh = {(x, λ, ω) ∈ Ω × C

m × C
m | |ω| = 1, P 2

h (x, λ, ω) +Q2
h(x, λ, ω) > 0}.

10. Maximum Principles for Linear Elliptic Equations
and Systems

As said in the Introduction, Kresin and Maz’ya have obtained results on different
forms of maximum principles for linear elliptic equations and systems. Here, we
recall some of their results.

Let us consider the operator

A0(Dx) =
n∑

j,k=1

Ajk∂jk, (61)

whereDx = (∂1, . . . , ∂n) and Ajk = Akj are constant real (m×m)-matrices. Assume
that the operator A0 is strongly elliptic, i.e. that for all ζ = (ζ1, . . . , ζm) ∈ Rm and
σ = (σ1, . . . , σn) ∈ Rn, with ζ, σ �= 0, we have the inequality〈

n∑
j,k=1

Ajkσjσkζ, ζ

〉
> 0.

Let Ω be a domain in Rn with boundary ∂Ω and closure Ω. Let [Cb(Ω)]m denote the
space of bounded m-component vector-valued functions which are continuous in Ω.
The norm on [Cb(Ω)]m is ‖u‖ = sup{|u(x)| : x ∈ Ω}. The notation [Cb(∂Ω)]m has a
similar meaning. By [C2(Ω)]m we denote the space of m-component vector-valued
functions with continuous derivatives up to the second order in Ω.

Let

K(Ω) = sup
‖u‖[Cb(Ω)]m

‖u‖[Cb(∂Ω)]m
,

where the supremum is taken over all nonzero vector-valued functions in the class
[Cb(Ω)]m ∩ [C2(Ω)]m satisfying the system A0(Dx)u = 0.
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Clearly, K(Ω) is the best constant in the inequality

|u(x)| ≤ K(Ω) sup{|u(y)| : y ∈ ∂Ω},
where x ∈ Ω and u is a solution of the system A0(Dx)u = 0 in the class [Cb(Ω)]m ∩
[C2(Ω)]m

If K(Ω) = 1, then the classical maximum modulus principle holds for the system
A0(Dx)u = 0.

Kresin and Maz’ya proved the following criterion for the validity of this classical
modulus principle.

Theorem 19. Let Ω be a domain in Rn with compact closure and C1-boundary.
The equality K(Ω) = 1 holds if and only if the operator A0(Dx) is defined by

A0(Dx) = A
n∑

j,k=1

ajk∂jk, (62)

where A and {ajk} are positive-definite constant matrices of orders m and n, respec-
tively.

Suppose now that the operator (61) has complex coefficients, i.e. suppose that
Ajk = Akj are constant complex (m ×m)-matrices. Assume that the operator is
strongly elliptic. This means that

Re

〈
n∑

j,k=1

Ajkσjσkζ, ζ

〉
> 0

for all ζ = (ζ1, . . . , ζm) ∈ Cm and σ = (σ1, . . . , σn) ∈ Rn, with ζ, σ �= 0.
A necessary and sufficient condition for validity of the classical modulus principle

for operator (61) with complex coefficients in a bounded domain runs as follows.

Theorem 20. Let Ω be a domain in Rn with compact closure and C1-boundary.
The equality K(Ω) = 1 holds if and only if the operator A0 (Dx) has the form (62),
where now A is a constant complex-valued (m×m)-matrix such that Re(Aζ, ζ) > 0
for all ζ ∈ Cm, ζ �= 0, and {ajk} is a real positive-definite (n× n) matrix.

These results have been extended to more general systems and we refer to the
survey [37] for all the details.

11. Other Results

In this section, we briefly mention other results we have obtained.
In [13], we found necessary and sufficient conditions for the Lp-dissipativity of

systems of the first order. Namely, we have considered the matrix operator

Eu = Bh(x)∂hu+ D(x)u, (63)

where Bh(x) = {bhij(x)} and D(x) = {dij(x)} are matrices with complex locally
integrable entries defined in the domain Ω of Rn and u = (u1, . . . , um) (1 ≤ i, j ≤ m,
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1 ≤ h ≤ n). It states that, if p �= 2, E is Lp-dissipative if, and only if,

Bh(x) = bh(x)I a.e., (64)

bh(x) being real locally integrable functions, and the inequality

Re〈(p−1∂h B
h(x) − D(x))ζ, ζ〉 ≥ 0

holds for any ζ ∈ Cm, |ζ| = 1 and for almost any x ∈ Ω. If p = 2 condition (64) is
replaced by the more general requirement that the matrices Bh(x) are self-adjoint
a.e.

We have applied this result also to second-order operators, obtaining a suffi-
cient condition for their Lp-dissipativity. We have also determined the angle of
dissipativity of operator (63).

In [14], we have considered the “complex oblique derivative” operator

λ · ∇u =
∂u

∂xn
+

n−1∑
j=1

aj
∂u

∂xj
, (65)

where λ = (1, a1, . . . , an−1) and aj are complex-valued functions. We gave neces-
sary and, separately, sufficient conditions under which such boundary operator is
Lp-dissipative on Rn−1. If the coefficients aj are real valued, we have obtained a
necessary and sufficient condition: the operator (65) is Lp-dissipative if and only if
there exists a real vector Γ ∈ L2

loc(R
n) such that

−∂j(Re aj)δ(xn) ≤ 2
p′

(div Γ − |Γ|2)
in the sense of distributions.

In the same paper, we have considered also the class of integral operators which
can be written as ∫ ∗

Rn

[u(x) − u(y)]K(dx, dy), (66)

where the integral has to be understood as a principal value in the sense of Cauchy
and the kernel K(dx, dy) is a Borel positive measure defined on Rn ×Rn satisfying
certain conditions. The class of operators we considered includes the fractional
powers of the Laplacian (−Δ)s, with 0 < s < 1. For the latter we previously had
proved the following theorem.

Theorem 21 ([12, pp. 230–231]). Let 0 < α < 1. We have, for any u ∈ C∞
0 (Rn),∫

Rn

〈(−Δ)αu, u〉|u|p−2dx ≥ 2 cα
p p′

‖|u|p/2‖2
Lα,2(Rn),

where

cα = −π−n/24αΓ(α+ n/2)/Γ(−α) > 0

and

‖v‖Lα,2(Rn) =
(∫∫

Rn×Rn

|v(y) − v(x)|2 dxdy

|y − x|n+2α

)1/2

.
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In [14], we have established the Lp-positivity of operator (66), extending in this
way Theorem 21.

12. The Functional Dissipativity

In [15], we have introduced the new concept of functional dissipativity. Roughly
speaking the idea is to replace |u|p−2 by a more general ϕ(|u|), ϕ being a positive
function.

Let us consider the operator (22) with L∞ complex-valued coefficients. We say
that it is functional dissipative or LΦ-dissipative if

Re
∫

Ω

〈A ∇u,∇(ϕ(|u|)u)〉 dx ≥ 0

for any u ∈ H̊1(Ω) such that ϕ(|u|)u ∈ H̊1(Ω). Here, ϕ is a positive function defined
on R+ = (0,+∞) which satisfies the following conditions:

(i) ϕ ∈ C1((0,+∞));
(ii) (s ϕ(s))′ > 0 for any s > 0;
(iii) the range of the strictly increasing function s ϕ(s) is (0,+∞);
(iv) there exist two positive constants C1, C2 and a real number r > −1 such that

C1s
r ≤ (sϕ(s))′ ≤ C2 s

r, s ∈ (0, s0)

for a certain s0 > 0. If r = 0 we require more restrictive conditions: there
exists the finite limit lims→0+ ϕ(s) = ϕ+(0) > 0 and lims→0+ s ϕ′(s) = 0.

(v) There exists s1 > s0 such that

ϕ′(s) ≥ 0 or ϕ′(s) ≤ 0 ∀ s ≥ s1.

The reason for requiring that function s ϕ(s) is increasing is that in such a way
the function

Φ(s) =
∫ s

0

σ ϕ(σ)dσ (67)

is a Young function (i.e. a convex positive function such that Φ(0) = 0 and
Φ(+∞) = +∞) . We note that, if t ψ(t) is the inverse function of s ϕ(s), then

Ψ(s) =
∫ s

0

σ ψ(σ)dσ

is the conjugate Young function of Φ.
The condition (iv) prescribes the behavior of the function ϕ in a neighborhood

of the origin, while (v) concerns the behavior for large s.
The function ϕ(s) = sp−2 (p > 1) provides an example of such a function.
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A motivation for the study of the concept of functional dissipativity comes from
the decrease of the Luxemburg norm of solutions of the Cauchy–Dirichlet problem⎧⎨⎩u

′ = Au,

u(0) = u0.
(68)

Indeed let us consider the Orlicz space of functions u for which there exists
α > 0 such that ∫

Ω

Φ(α |u|)dx < +∞.

For the general theory of Orlicz spaces we refer to Krasnosel’skĭı and Rutickĭı
[34] and Rao and Ren [60]. As in (9), if u(x, y) is a solution of the Cauchy–Dirichlet
problem (68), we have the decrease of the integrals∫

Ω

Φ(|u(x, t)|)dx

if

Re
∫

Ω

〈Eu, u〉|u|−1Φ′(|u|)dx ≤ 0.

This implies the decrease of the Luxemburg norm in the related Orlicz space

‖u(·, t)‖ = inf
{
〈> 0 |

∫
Ω

Φ(|u(x, t)|/λ)dx ≤ 1
}
.

In paper [15], we proved the following technical lemma, which played a key role.

Lemma 6. The operator A is LΦ-dissipative if and only if

Re
∫

Ω

[〈A ∇v,∇v〉 + Λ(|v|)〈(A −A
∗)∇|v|, |v|−1v∇v)〉 +

−Λ2(|v|) 〈A ∇|v|,∇|v|〉]dx ≥ 0, ∀ v ∈ H̊1(Ω),

where the function Λ is the function defined by the relation

Λ(s
√
ϕ(s)) = − s ϕ′(s)

s ϕ′(s) + 2ϕ(s)
.

We remark that if ϕ(s) = sp−2, the function Λ is constant and

Λ(t) = −(1 − 2/p), 1 − Λ2(t) = 4/(p p′).

As corollaries of Lemma 6, we have obtained necessary and, separately, sufficient
conditions for the functional dissipativity of the operator E.

Corollary 11. If the operator A is LΦ-dissipative, we have

〈Re A (x)ξ, ξ〉 ≥ 0 (69)

for almost every x ∈ Ω and for any ξ ∈ Rn.
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Corollary 12. If

[1 − Λ2(t)]〈Re A (x) ξ, ξ〉 + 〈Re A (x) η, η〉 + [1 + Λ(t)]〈Im A (x) ξ, η〉
+ [1 − Λ(t)]〈Im A ∗(x) ξ, η〉 ≥ 0 (70)

for almost every x ∈ Ω and for any t > 0, ξ, η ∈ Rn, the operator A is LΦ-dissipative.

Corollary 13. If the operator A has real coefficients and satisfies condition (69)
for almost every x ∈ Ω and for any ξ ∈ Rn, than it is LΦ-dissipative with respect
to any Φ.

The main result obtained in [15] is the following necessary and sufficient
condition.

Theorem 22. Let the matrix Im A be symmetric, i.e. Im A t = Im A . Then the
operator A is LΦ-dissipative if, and only if,

|s ϕ′(s)| |〈Im A (x)ξ, ξ〉| ≤ 2
√
ϕ(s) [s ϕ(s)]′ 〈Re A (x) ξ, ξ〉 (71)

for almost every x ∈ Ω and for any s > 0, ξ ∈ R
n.

Suppose that the condition Im A = Im A t is not satisfied. Arguing as in the
proof of Theorem 22, one can prove that condition (71) is still necessary for the
LΦ-dissipativity of the operator E. However in general it is not sufficient, whatever
the function ϕ may be. This is shown by the next example.

Example 5. Let n = 2 , Ω be a bounded domain, λ be a real parameter and

A =

(
1 iλx1

−iλx1 1

)
.

Since 〈Re A ξ, ξ〉 = |ξ|2 and 〈Im A ξ, ξ〉 = 0 for any ξ ∈ Rn, condition (71) is
satisfied.

If the corresponding operator Eu = Δu+ i λ ∂2u is LΦ-dissipative, then

Re
∫

Ω

〈Δu+ i λ ∂2u, u〉ϕ(|u|) dx ≤ 0, ∀u ∈ C∞
0 (Ω). (72)

Take u(x) = �(x) ei t x2 , where � ∈ C∞
0 (Ω) is real valued and t ∈ R. Since

〈Eu, u〉 = �[Δ�+ 2 i t ∂2�− t2�+ i λ(∂2�+ it�)], condition (72) implies∫
Ω

�Δ�ϕ(|�|) dx− λ t

∫
Ω

�2ϕ(|�|) dx − t2
∫

Ω

�2ϕ(|�|) dx ≤ 0 (73)

for any t, λ ∈ R. The function ϕ being positive, we can choose � in such a way that∫
Ω

�2ϕ(|�|)dx > 0.

Taking

λ2 > 4
∫

Ω

�Δ�ϕ(|�|) dx
(∫

Ω

�2ϕ(|�|) dx
)−1

,

inequality (73) is impossible for all t ∈ R. Thus E is not LΦ-dissipative, although
(71) is satisfied.
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We have also the following corollary.

Corollary 14. Let the matrix Im A be symmetric, i.e. Im A t = Im A . If

λ0 = sup
s>0

|s ϕ′(s)|
2
√
ϕ(s) [s ϕ(s)]′

< +∞, (74)

then the operator E is LΦ-dissipative if, and only if,

λ0 |〈Im A (x) ξ, ξ〉| ≤ 〈Re A (x) ξ, ξ〉 (75)

for almost every x ∈ Ω and for any ξ ∈ Rn. If λ0 = +∞ the operator E is LΦ-
dissipative if and only if Im A = 0 and condition (69) is satisfied.

If we use the function Φ (see (67)), condition (71) can be written as

|sΦ′′(s) − Φ′(s)| |〈Im A (x) ξ, ξ〉| ≤ 2
√
sΦ′(s)Φ′′(s) 〈Re A (x)ξ, ξ〉

for almost every x ∈ Ω and for any s > 0, ξ ∈ Rn. In the same way, formula (74)
becomes

λ0 = sup
s>0

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

< +∞.

We consider now some examples in which we indicate both the functions Φ and
ϕ. It is easy to verify that in each example the function ϕ satisfies conditions (i)–(v)
(see p. 36).

Example 6. If Φ(s) = sp, i.e. ϕ(s) = p sp−2, which corresponds to Lp norm, the
function in (74) is constant and λ0 = |p − 2|/(2√p− 1). In this way we reobtain
Theorem 4.

Example 7. Let us consider Φ(s) = sp log(s + e) (p > 1), which is the Young
function corresponding to the Zygmund space Lp logL. This is equivalent to saying
that ϕ(s) = psp−2 log(s+ e) + sp−1(s+ e)−1. By a direct computation we find

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

=

∣∣p(p− 2) log(s+ e) + (2p−1)s
s+e − s2

(s+e)2

∣∣
2
√(

p log(s+ e) + s
s+e

)(
p(p− 1) log(s+ e) + 2ps

s+e − s2

(s+e)2

) .
(76)

Since

lim
s→0+

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

= lim
s→+∞

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

=
|p− 2|

2
√
p− 1

the function is bounded. Then we have the LΦ-dissipativity of the operator A if,
and only if, (75) holds, where λ0 is the sup of the function (76) in R+.
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Example 8. Let us consider the function Φ(s) = exp(sp) − 1, i.e. ϕ(s) =
p sp−2 exp(sp). In this case

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

=
|p sp + p− 2|

2
√

(p sp + p− 1)

and λ0 = +∞. In view of Corollary (14), the operator A is LΦ-dissipative, i.e.

Re
∫

Ω

〈A ∇u,∇[u |u|p−2 exp(|u|p)]〉dx ≥ 0

for any u ∈ H̊1(Ω) such that |u|p−2 exp(|u|p)u ∈ H̊1(Ω), if and only if the operator
A has real coefficients and condition (69) is satisfied.

Example 9. Let Φ(s) = s− arctan s, i.e. ϕ(s) = s/(s2 + 1). In this case

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

=
|s2 − 1|

2
√

2(s2 + 1)

and λ0 = +∞. As in the previous example, we have that

Re
∫

Ω

〈
A ∇u,∇

( |u|u
|u|2 + 1

)〉
dx ≥ 0

for any u ∈ H̊1(Ω) such that |u|u/(|u|2 + 1) ∈ H̊1(Ω), if and only if the operator
A has real coefficients and condition (69) is satisfied.

Example 10. Let Φ(s) = s4/(s2 + 1), i.e. ϕ(s) = 2 s2(2 + s2)/(s2 + 1)2. In this
case

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

=
2√

(s2 + 1)(s2 + 2)(s4 + 3s2 + 6)
.

This function is decreasing and λ0 is equal to its value at 0, i.e. λ0 = 1/
√

3. The
operator A is LΦ-dissipative, i.e.

Re
∫

Ω

〈
A ∇u,∇

( |u|2(2 + |u|2)u
(|u|2 + 1)2

)〉
dx ≥ 0

for any u ∈ H̊1(Ω) such that |u|2(2 + |u|2)u/(|u|2 + 1)2 ∈ H̊1(Ω), if and only if

|〈Im A (x) ξ, ξ〉| ≤
√

3 〈Re A (x) ξ, ξ〉

for almost any x ∈ Ω and for any ξ ∈ Rn.

2230003-34

B
ul

l. 
M

at
h.

 S
ci

. 2
02

2.
12

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 L
IN

K
O

PI
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
09

/1
2/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 17, 2022 17:44 WSPC/1664-3607 319-BMS 2230003

A survey of functional and Lp-dissipativity theory

Example 11. Let Φ(s) = s2(s2+2)/(s2+1)−2 log(s2+1), i.e. ϕ(s) = 2 s4/(s2+1)2.
In this case

|sΦ′′(s) − Φ′(s)|
2
√
sΦ′(s)Φ′′(s)

=
2√

(s2 + 1)(s2 + 5)
.

This function is decreasing and λ0 is equal to its value at 0, i.e. λ0 = 2/
√

5. The
operator A is LΦ-dissipative, i.e.

Re
∫

Ω

〈
A ∇u,∇

( |u|4u
(|u|2 + 1)2

)〉
dx ≥ 0

for any u ∈ H̊1(Ω) such that |u|4u/(|u|2 + 1)2 ∈ H̊1(Ω), if and only if

2|〈Im A (x) ξ, ξ〉| ≤
√

5 〈Re A (x) ξ, ξ〉
for almost any x ∈ Ω and for any ξ ∈ Rn.

By analogy to the Lp case, if we have an operator with lower order term (27) and
if the principal part is such that the left-hand side of (70) is not merely nonnegative
but strictly positive, i.e.

[1 − Λ2(t)]〈Re A (x)ξ, ξ〉 + 〈Re A (x)η, η〉 + [1 + Λ(t)]〈Im A (x)ξ, η〉
+ [1 − Λ(t)]〈Im A ∗(x)ξ, η〉 ≥ κ(|ξ|2 + |η|2)

for a certain κ > 0 and for almost every x ∈ Ω and for any t > 0, ξ, η ∈ Rn, we say
that the operator A is (strongly) Φ-elliptic.

We note that, if A is a (strongly) Φ-elliptic operator, then there exists a constant
κ such that for any nonnegative χ ∈ L∞(Ω) and any complex-valued u ∈ H1(Ω)
such that ϕ(|u|)u ∈ H1(Ω), we have

Re
∫

Ω

〈A ∇u,∇(ϕ(|u|)u)〉χ(x)dx ≥ κ

∫
Ω

|∇(
√
ϕ(|u|)u)|2χ(x)dx

(see [15, Corollary 4]).

13. Concluding Remarks

Our condition (25) and its strengthened variant are getting more and more impor-
tant in many respects. We already considered the notion of p-ellipticity, but there
are also other applications.

We mention that Hömberg et al. [30] used some of the techniques introduced in
[9] to show the Lp-dissipativity of a certain operator connected to the problem of
the existence of an optimal control for the heat equation with dynamic boundary
condition.

Beyn and Otten [3, 4] considered the semilinear system

AΔv(x) + 〈Sx,∇v(x)〉 + f(v(x)) = 0, x ∈ RN ,

where A is a m × m matrix, S is a N × N skew-symmetric matrix and f is a
sufficiently smooth vector function. Among the assumptions they made, they require
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the existence of a constant γA > 0 such that

|z|2 Re〈w,Aw〉 + (p− 2) Re〈w, z〉Re〈z,Aw〉 ≥ γA|z|2|w|2

for any z, w ∈ Cm. This condition originates from our (57).
The results of [9] allowed Nittka [54] to consider the case of partial differential

operators with complex coefficients.
Ostermann and Schratz [56] have obtained the stability of a numerical proce-

dure for solving a certain evolution problem. The necessary and sufficient condition
(23) show that their result does not require the contractivity of the corresponding
semigroup.

Chill et al. [8] used some ideas from [9] in the study of the numerical range of
second-order elliptic operators with mixed boundary conditions in Lp.

ter Elst et al. [64] considered second-order divergence form operators with com-
plex coefficients, complemented with Dirichlet, Neumann or mixed boundary con-
ditions. They proved several results related to the generation of strongly continuous
semigroups on Lp.
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Math. Phys. 60 (2013) 111–133.

[12] A. Cialdea and V. Maz’ya, Semi-Bounded Differential Operators, Contractive
Semigroups and Beyond, Operator Theory: Advances and Applications, Vol. 243
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[50] V. Maz’ya and P. Sobolevskĭı, On generating operators of semi-groups, Uspehi Mat.
Nauk 17(6) (1962) 151–154.

2230003-38

B
ul

l. 
M

at
h.

 S
ci

. 2
02

2.
12

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 L
IN

K
O

PI
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
09

/1
2/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



July 17, 2022 17:44 WSPC/1664-3607 319-BMS 2230003

A survey of functional and Lp-dissipativity theory

[51] V. Maz’ya and I. Verbitsky, Accretivity of the general second order linear differential
operator, Acta Math. Sin. (Engl. Ser.) 35(6) (2019) 832–852.

[52] V. Maz’ya and I. Verbitsky, Accretivity and form boundedness of second order dif-
ferential operators, Pure Appl. Funct. Anal. 5(2) (2020) 391–406.

[53] G. Metafune, D. Pallara, J. Prüss and R. Schnaubelt, Lp-theory for elliptic operators
on R

d with singular coefficients, Z. Anal. Anwendungen 24(3) (2005) 497–521.
[54] R. Nittka, Projections onto convex sets and Lp-quasi-contractivity of semigroups,

Arch. Math. (Basel) 98(4) (2012) 341–353.
[55] N. Okazawa, Sectorialness of second order elliptic operators in divergence form, Proc.

Amer. Math. Soc. 113(3) (1991) 701–706.
[56] A. Ostermann and K. Schratz, Stability of exponential operator splitting methods

for noncontractive semigroups, SIAM J. Numer. Anal. 51(1) (2013) 191–203.
[57] E. M. Ouhabaz, Gaussian upper bounds for heat kernels of second-order elliptic

operators with complex coefficients on arbitrary domains, J. Operator Theory 51(2)
(2004) 335–360.

[58] E. M. Ouhabaz, Analysis of Heat Equations on Domains, London Mathematical Soci-
ety Monographs Series, Vol. 31 (Princeton University Press, Princeton, NJ, 2005).

[59] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Applied Mathematical Sciences, Vol. 44 (Springer-Verlag, New York,
1983).

[60] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Monographs and Textbooks in
Pure and Applied Mathematics, Vol. 146 (Marcel Dekker, New York, 1991).

[61] D. W. Robinson, Elliptic Operators and Lie Groups, Oxford Mathematical Mono-
graphs (The Clarendon Press, Oxford University Press, New York, 1991).

[62] Z. Sobol and H. Vogt, On the Lp-theory of C0-semigroups associated with second-
order elliptic operators. I, J. Funct. Anal. 193(1) (2002) 24–54.

[63] R. S. Strichartz, Lp contractive projections and the heat semigroup for differential
forms, J. Funct. Anal. 65(3) (1986) 348–357.

[64] A. F. M. ter Elst, R. Haller-Dintelmann, J. Rehberg and P. Tolksdorf, On the Lp-
theory for second-order elliptic operators in divergence form with complex coeffi-
cients, J. Evol. Equ. (2021), doi:10.1007/s00028-021-00711-4.

2230003-39

B
ul

l. 
M

at
h.

 S
ci

. 2
02

2.
12

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 L
IN

K
O

PI
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
09

/1
2/

22
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.


	Introduction
	Abstract Setting
	Scalar Second-Order Operators with Complex Coefficients
	The Operator t(Au)
	The p-Ellipticity
	Lp-Dissipativity for Operators with Lower Order Terms
	Elasticity
	A Class of Systems of Partial Differential Operators
	Dissipativity of systems of ordinary differential equations
	Criteria in terms of eigenvalues of A(x)
	Lp-dissipativity of the operator (51)

	The Angle of Dissipativity
	Maximum Principles for Linear Elliptic Equations and Systems
	Other Results
	The Functional Dissipativity
	Concluding Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


