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Linköpings universitet
SE-581 83 Linköping, Sweden
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Abstract

Interactions between combinatorics and statistical mechanics have provided many
fruitful insights in both fields. A compelling example is Kuperberg’s solution to
the alternating sign matrix conjecture, and its following generalisations. In this
thesis we investigate two models from statistical mechanics which have received
attention in recent years.

The first is the fully packed loop model. A conjecture from 2001 by Razumov
and Stroganov opened the field for a large ongoing investigation of the O(1) loop
model and its connections to a refinement of the fully packed loop model. We
apply a combinatorial bijection originally found by de Gier to an older conjecture
made by Propp.

The second model is the hard particle model. Recent discoveries by Fendley
et al. and results by Jonsson suggests that the hard square model with cylin-
drical boundary conditions possess some beautiful combinatorial properties. We
apply both topological and purely combinatorial methods to related independence
complexes to try and gain a better understanding of this model.
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Introduction and Overview

Background

In statistical mechanics, a model is a set of possible configurations, or states. Each
configuration s has an energy E(s). A central concept is that of the partition
function of the model. It is defined as

Z =
∑

s

e−E(s)/kT ,

where the sum is over all configurations of the model, k is the Boltzmann constant
and T is the temperature. From a combinatorial point of view, the interesting
cases are when the energy can be specialized so that Z is the generating function
of some property of the configuration space. For example, if the energy is equal
for all configurations, then Z simply enumerates the configurations.

Perhaps one of the most fascinating examples of interaction between the field
of combinatorics and that of statistical mechanics can be found in the story of
the alternating sign matrix conjecture. An alternating sign matrix is an n × n
matrix with entries from {−1, 0, 1} such that in each row and each column, the
−1 and 1 alternates and such that each row sum and each column sum equals 1.
The alternating sign matrix conjecture stated that the number An of alternating
n × n matrices is given by

An =

n−1∏

k=0

(3k + 1)!

(n + k)!
.

It was conjectured by Mills, Robbins and Rumsey [16] and finally settled by
Zeilberger [22] in a proof of great proportions, both mathematically and in actual
size. Shortly after, Kuperberg presented a very different proof [15]. He had noticed
a connection between the alternating sign matrices and configurations of the six-
vertex, or square ice model from statistical mechanics. This model had been
exactly solved, i.e, the partition function was known for a general class of weights.
By specializing the partition function, he was able to let each configuration have
weight 1, and enumerate them.

October 16, 2007 (11:23)
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A comprehensive and inspiringly written recount of this story, both math-
ematically and historically, can be found in Bressoud’s praised book Proofs and
Confirmations [5].

The fully packed loop model

The fully packed loop model is defined on an n × n square grid. Each vertex in
this grid has 4 possible edges, extending left, right, up and down to the closest
neighbour. In case the vertex is on the boundary of the grid, the edges extending
outwards are called external edges. Given such a grid, a configuration in the model
is a subset of the edges such that each vertex is of degree two. An example of
a configuration on a 6 × 6 square grid is shown in Figure 1. In this figure, the
absent edges are dotted.

Figure 1: A fully packed loop configuration on a 6 × 6 grid.

A configuration with the pattern of external edges shown in Figure 1 is said
to satisfy domain wall boundary conditions. The set of fully packed loop config-
urations with these boundary conditions are known to be in bijection with the
alternating sign matrices. The number of such configurations on an n × n grid is
therefore An. The following idea can be used to do a refined counting of the fully
packed loop configurations. Label the external edges with the integers 1, 2, . . . , 2n
counter-clockwise starting on the left side at the top-most edge. This induces a
perfect matching π on this set of integers. The configuration in Figure 1 induces
the matching {{1, 12}, {2, 7}, {3, 4}, {5, 6}, {8, 11}, {9, 10}}.

Let
∏

2n be the set of perfect matchings on the integers [2n] = {1, 2, . . . , 2n}.
Let An(π) be the number of configurations of size n×n which induce the matching
π. Wieland showed in [21] that the numbers An(π) are invariant under the action
of the dihedral group.

Theorem 0.1 (Wieland 2000). Let d ∈ D2n be an element of the dihedral group
of order 2n. Then,

An(π) = An(dπ),

for all π ∈ ∏
2n.

This is an important property of the numbers An(π), as it shows that they
are invariant under the rather arbitrary choice of starting point and direction of
the labelling.

October 16, 2007 (11:23)
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Let 1n denote the matching where each integer in [2n], when placed on a
circle, is matched with a neighbour. There are of course two ways of doing this, but
Theorem 0.1 says that either will suffice. The following conjecture is mentioned
in Wieland’s paper, and is due to Propp.

Conjecture 0.1 (Propp).

An(1n) =
∑

π∈
Q

2(n−1)

An−1(π).

That is, the sum of all configurations where each external edge is matched
to a neighbour is equal to the total number of configurations of size one less. It
is a captivating conjecture, and a holy grail of sort, of the combinatorial study of
fully packed loops.

In two papers in 2001, Razumov and Stroganov [18, 20] made an interesting
observation on the ground state vector of finite XXZ spin chains. They conjectured
that when scaled so that the smallest entry is equal to 1, the entire vector is
integral and its sum equals An, the number of alternating sign matrices of size
n×n. Batchelor, de Gier and Nienhuis [1] expanded on this conjecture and stated
it the setting of the O(1) loop model with both periodic and open boundaries.
Following this line, Razumov and Stroganov [19] found numerical evidence for
an element by element correspondence between the ground state vector of the
periodic O(1) loop model and the numbers An(π). This conjecture is often referred
to as the Razumov-Stroganov Conjecture.

Such remarkable observations did not go unnoticed, and soon combinatori-
alists and physicists alike were calculating and conjecturing values for families of
entries of this ground state vector, and via the Razumov-Stroganov conjecture,
also on the refined numbers of fully packed loop configurations. When many of
the conjectures seemed to be related to rhombus tilings of different triangulated
regions, de Gier [8] found a simple, but fruitful method for enumerating An(π) for
particular families of matchings. This method was then used in many subsequent
papers [6, 7, 11, 12, 13] to prove this type of results.

The Razumov-Stroganov conjecture for the sum of the entries of the ground
state vector of the O(1) loop model with periodic boundary boundaries was proven
in [10]. An alternative proof due to Pasquier can be found in [17]. For the refined
conjecture on the individual ground state entries, Zinn-Justin has given a proof
for some infinite families in [23].

The hard particle model

In the hard particle model on a given regular grid, particles are placed on the
sites of the grid. A particle has a certain size, which means that it extends to
neighbours of the site on which it is placed. For the square grid, the particles
can be thought of as tilted squares with an area which is twice that of a square
in the grid. Particles are then placed as shown in Figure 2 so that no two tilted
squares overlap. The partition function of the hard particle model is taken to
be the generating function of the configurations with respect to the number of
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Figure 2: A hard square configuration on a 6 × 7 grid.

particles. Specifically,

Z =
∑

s

z|s|,

where |s| is the number of particles in the configuration s and z is a variable
called the activity of the model. The hard hexagon model which is defined on the
triangular grid was solved for activity z = 1 by Baxter in [2]. A more detailed
proof is given in [3].

An independent set in a graph is a set of vertices such that no two vertices
in the set are adjacent in the graph. The configurations of a hard particle model
on a grid graph are independent sets on that graph. A simplicial complex ∆,
is a collection of subsets over a ground set V such that if σ ∈ ∆ and τ ⊆ σ,
then τ ∈ ∆. The dimension of a set σ is defined to be dim(σ) = |σ| − 1. The
independence complex of a graph is the simplicial complex over the vertex set of
the graph where the sets are given precisely by the independent sets of the graph.
It is exactly the set of all configurations of the corresponding hard particle model.

In [9] Fendley, Schoutens and van Eerten studied the hard square model at
activity -1. They found analytical and numerical evidence that the eigenvalues
of the transfer matrix with periodic boundary were all roots of unity, something
which had not been observed for the hard particle model on any other regular grid.
The conjecture was proven by Jonsson [14], along with another observation made
by Fendley et al., that given an m× n square grid with toroidal identifications, if
m and n are relatively prime, then the partition function equals 1.

When the activity is −1, each configuration is weighted by −1 to the parity of
the number of particles of the configuration. This makes it very interesting from
a combinatorial point of view, as the partition function of the model corresponds
to the reduced Euler characteristic,

χ̃(∆) =
∑

σ∈∆

(−1)dim(σ)

of the independence complex ∆ of the same underlying grid. Jonsson’s proof used
a number of matchings to remove configurations from the model until the only
remaining configurations could be identified with a tiling problem. The matchings
that were used were however not suitable for further topological analysis of the
independence complex. Bousquet-Mélou, Linusson and Nevo [4] studied a different
region of the square grid which turned out to be more easily handled using a
more restricted type of matchings, Morse matchings, and Forman’s discrete Morse
theory. This allowed them to, in addition to the partition function of the model,
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obtain the homotopy type of the independence complex. They also determined the
homotopy type for the independence complex on a parallelogram-shaped region of
the square grid and showed how eigenvalues for the cylindrical case could possibly
be obtained through this more easily handled region.

Outline of the thesis

This thesis consists of two papers.

• The first paper applies the combinatorial bijection originally suggested by de
Gier in [8] between classes of fully packed loop configurations and rhombus
tilings of triangulated regions to a generalisation of Conjecture 0.1, suggested
by Zuber [24].

The method gives rise to a family of matrices A(σ), indexed by Ferrers di-
agrams σ which fit in the triangular diagram (n − 1, n − 2, . . . , 1). These
matrices are then used to formulate a coherent and refined conjecture which
includes Zuber’s generalisation as well as some other observed sum rules
on fully packed loop numbers [24]. The multiplication of the matrices
M(σ) = A(σ)A−1(0n), where 0n is the empty diagram, appear to satisfy
a rule similar to (a dual version of) Pieri’s rule for multiplication of Schur
functions. The symmetry of the Littlewood-Richardson coefficients would
then imply commutation among these M -matrices, which in turn is shown
to be a large step towards a proof of the main conjecture.

In the previously published version of the paper, the bijection ∆ from
Lemma 3.1 was incorrectly described. The author has made the following
modification in this version. On the second row of the proof, 2n− 1− i 6∈ σ
has been changed to 2n− 1− i ∈ σ. Also, the numbering on the left side of
the triangle in Figure 8 has been corrected.

• The second paper is an attempt at investigating the hard square and hard
triangle model with cylindrical identifications by calculating the homology
groups of the related independence complexes. The empirical data obtained
shows that at least some of the complexes have a more complicated homo-
topy type than can be easily handled with discrete Morse theory.

A matching in the spirit of the on given in [14] is also presented. The part
of the partition function which is left unexplained by this matching shows
some interesting patterns.

Finally, an idea presented by Bousquet-Mélou, Linusson and Nevo in [4] on
how to obtain parts of the spectrum for cylindrical identifications using a
more easily handled region is reviewed.
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