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The frequency-dependent polarizabilities of closed-shell sodium clusters containing up to 20 atoms
have been calculated using the linear complex polarization propagator approach in conjunction with
Hartree-Fock and Kohn-Sham density functional theories. In combination with polarizabilities for
C60 from a previous work 关J. Chem. Phys. 123, 124312 共2005兲兴, the C6 dipole-dipole dispersion
coefficients for the metal-cluster-to-cluster and cluster-to-buckminster-fullerene interactions are
obtained via the Casimir-Polder relation 关Phys. Rev. 73, 360 共1948兲兴. The B3PW91 results for the
polarizability of the sodium dimer and tetramer are benchmarked against coupled cluster
calculations. The error bars of the reported theoretical results for the C6 coefficients are estimated
to be 5%, and the results are well within the error bars of the experiment. © 2006 American Institute
of Physics. 关DOI: 10.1063/1.2348882兴
I. INTRODUCTION

The long-range dispersion interaction, or van der Waals
interaction, has earned much attention from both theoretical
and experimental fields of physics, chemistry, and biology.
Its important role is due to the fact that it accounts for the
attractive interactions between pairs of neutral systems, such
as colloidal particles in chemistry and biology.1 At large
separations, i.e., in the van der Waals region, the interaction
energy between neutral polarizable species has an R−6 dependence 共once the orientational averaging has been considered兲, whereas at even larger separation, retardation effects
become noticeable and the interaction energy drops off
faster. At the microscopic level, the interaction energy and
the C6 dispersion coefficients are directly related to the electric dipole polarizability according to the Casimir-Polder
relation.2
The original measurements by Knight et al.3 of the polarizability of sodium clusters containing up to 40 atoms
have spurred a large number of theoretical calculations4–9
and experiments10–12 devoted to the ground state electronic
structure and optical properties of these systems. Sodium
clusters attract interest not only because they are fundamental metal clusters with available experimental data but also
due to their physical and chemical properties. Due to computational issues, high precision calculations have been performed only on the smaller clusters,8,9 whereas for the larger
clusters, one has been forced to employ more approximative
methods at the cost of a reduced accuracy. It is our intention
in this work to perform state-of-the-art density based calculations for the larger clusters by use of the complex polarization propagator approach13,14 which, in this context, has
proven successful in a series of applications.15–17
The computational technique adopted in this work allows for the employment of large basis sets, with polarizaa兲
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tion and diffuse functions, which is essential in calculations
of the molecular property of interest. The results are expected to be close to the corresponding basis set limiting
values. The effect of electron correlation has been investigated with the use of Kohn-Sham density functional theory
together with the hybrid B3PW91 exchange-correlation
functional.18,19 The results are also compared to those obtained with the second-order Møller-Plesset 共MP2兲 perturbation theory8,9 and the coupled cluster model with single and
double excitations 共CCSD兲 and perturbative triple excitations
关CCSD共T兲兴.8,9
In the past decade, the C60 fullerene has become one of
the most studied materials in both the theoretical and experimental communities.17,20–23 Recent work has been devoted to
systematic calculations of static polarizabilities for the C60
fullerene17,20–23 as well as for sodium clusters.5–9 Despite the
fact that the C60 to metal-cluster interactions are of fundamental interest in, e.g., the use of scanning microscope tips,
there is, to the best of our knowledge, a lack of theoretical
work devoted to the C6 dispersion coefficients of the larger
clusters themselves as well as in combination with the
fullerene. In addition, the experimental work of Kresin et
al.24 shows a remarkably strong attractive interaction between sodium clusters and C60, and the determination of accurate theoretical reference values of the C6 dispersion coefficients for these systems is therefore well motivated.

II. METHODOLOGY AND COMPUTATIONAL DETAILS

The C6 long-range orientation averaged dipole-dipole
dispersion coefficient between two atoms or molecules A and
B is related to the electric dipole polarizability by the
Casimir-Polder relation2
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where ¯␣A共iI兲 is the isotropic average of the dipole polarizability of molecule A at the imaginary frequency iI and is
defined as
¯␣ = 31 共␣xx + ␣yy + ␣zz兲.

共2兲

For a general complex frequency,  = R + iI, the dipole polarizability may be expressed in terms of a sum-over-states
共SOS兲 formula according to
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ˆ ␣ is the electric dipole moment operator along the
where 
molecular axis ␣ and ប0n are the transition energies between the ground state 兩0典 and the excited states 兩n典. The
prime on the summation denotes the exclusion of the ground
state. A direct evaluation of Eq. 共3兲 can be performed using
the complex linear polarization propagator approach for
which a detailed description is given in the original work;13
for approximate state methods an explicit resolution of the
excited states is avoided and Eq. 共3兲 does in this case correspond to a matrix equation. The method has been successfully applied to determine the dispersion energy of the electronic ground state for the noble gases and n-alkanes,15 for
the polyacenes and fullerene C60,17 and for the first  → *
excited state of azabenzenes.16
The polarizabilities at imaginary frequencies were calculated by means of the linear response functions at the timedependent Hartree-Fock level and the time-dependent density functional theory level with the hybrid B3PW91
exchange-correlation functional.18,19 Unless specified, the
polarization basis set of Sadlej25 was used in all calculations;
a larger basis set26 关19s15p12d6f兴 was employed only in
calculations on the sodium dimer and tetramer.
In order to evaluate the Casimir-Polder integral for the
C6 dispersion coefficients in Eq. 共1兲, the polarizabilities were
calculated at the imaginary frequencies taken from a GaussLegendre integration scheme with the transformation of variables according to
iI = i0共1 − t兲/共1 + t兲.

共4兲

Here we used a transformation factor of 0 = 0.3Eh as suggested in Ref. 27, followed by a Gauss-Legendre quadrature
in the interval −1 艋 t 艋 1. For the interactions between the
sodium clusters and the fullerene C60, the accurate results of
the C60 fullerene were taken from our previous work.17 We
use the six-point Gauss-Legendre integration in the present
work, which has been shown to be accurate for the integration in Eq. 共1兲.
The CCSD model28,29 was used to obtain the Cauchy
moments and the C6 coefficients of Na2 and Na4. The
frequency-dependent polarizabilities can be obtained from
the Cauchy moments by the Cauchy moment expansion. The
C6 dispersion coefficients can be directly evaluated from the
Cauchy moments with the use of the lower 关n , n − 1兴␣ and
upper 关n , n − 1兴␤ Padé approximants recommended by Lang-

hoff and Karplus.30 With n = 4, the values of the C6 coefficients for the dimer and the tetramer are converged to within
1%.
The experimental bond length31 of 3.0788 Å was used
for the dimer, and the B3LYP/ 6-311+ G共d兲 optimized
structure8 was employed for the tetramer. For the case of
larger clusters, the B3LYP/ 6-31G共d兲 optimized structures
were taken from Ref. 7.
All property calculations were performed with the
32
DALTON program.
III. RESULTS AND DISCUSSION

In this work we present calculations of electric dipole
polarizabilities and dipole-dipole dispersion coefficients for a
series of sodium clusters ranging from the dimer to a cluster
with 20 atoms. Our results are combined with a set of data
from our previous work on the C60 fullerene17 and we can
thereby determine the metal-cluster-to-fullerene interactions
as well.
A. Estimating the quality of results

The quality of the fullerene results are discussed in detail
in the original work17 and we therefore focus here at establishing the level of quality for the calculations on the metal
clusters. The orientationally averaged static polarizabilities ¯␣
and C6 dispersion coefficients for the sodium clusters are
collected in Table I. For the smaller clusters, Na2 and Na4,
there exist several theoretical and experimental reference
values in the literature, against which we can evaluate our
calculations. However, due to the wide spread in the experimental values for ¯␣ of the dimer and tetramer 共as well as
larger clusters兲, we are inclined to use the theoretical references for an evaluation of the quality of our results.
Highly correlated results for the dimer and tetramer polarizabilities have recently been presented in the literature8,9
and are included in Table I for reference. For the dimer the
MP2 result for ¯␣ from Ref. 9 is 252.5 a.u., a result which is
obtained in a large basis set. The CCSD and CCSD共T兲 results
in the same work9 are 263.7 and 263.3 a.u., respectively, but
these results are obtained with a smaller basis set of size
关12s9p7d1f兴. We have determined a CCSD value for ¯␣ using
our large basis set of size 关19s15p12d6f兴 and obtained a
value of 259.5 a.u., which we believe is quite close to the
basis set limit. We thus conclude that the MP2 result is some
2% below an estimated CCSD共T兲 result as obtained with a
large basis set. The reason we are focusing on the MP2 reference values is that these are in close agreement with our
results obtained at the Kohn-Sham density functional theory
共DFT兲 level of theory with the B3PW91 functional, see Table
I; this agreement is observed for the dimer as well as the
tetramer. For the tetramer, however, the quality of the basis
set in the wave function correlated calculation does not
match that in the dimer calculation and the observed close
agreement between MP2, CCSD, and CCSD共T兲 results for ¯␣
may therefore be somewhat fortuitous.
Since there is a square dependence between the polarizability and the dispersion coefficient, one can expect the
magnitude of the errors for the C6 coefficients to be twice
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TABLE I. Static mean polarizabilities, dipole-dipole dispersion coefficients 共⫻10−3兲, and effective frequencies
for the Na clusters and C60. All quantities are in a.u.
Nan − Nan
Cluster

Methoda

Reference

¯␣

Na2

HF
DFT/B3PW91
DFT/B3PW91e
MP2
CCSDf
CCSDe,f
CCSD共T兲
Expt.

This work
This work
This work
9
This work
This work
9
3
10
24

272.6
254.0
252.9
252.5
270.9
259.5
263.3
255.8
265.2

This work
This work
This work
8
This work
8
3
10
24

530.1
509.2
508.2
508.6
511.5
509.6
545.9
565.5

This work
This work
3
10
24

743.9
699.7
823.7
754.3

This work
This work
3
10
12
24

883.9
845.9
880.4
901.0
955.6

This work
This work
3
24

1053
999.4
1296

This work
This work
3
12
24

1342
1290
1495
1506

This work
This work
3
12
24

1652
1596
1668
1748

This work
This work
3
12
24

1725
1622
1875
1980

This work
This work
3

1988
1818
2077

Na4

Na6

Na8

Na10

Na12

Na14

Na18

Na20

HF
DFT/B3PW91
DFT/B3PW91e
MP2
CCSDf
CCSD共T兲
Expt.

HF
DFT/B3PW91
Expt.

HF
DFT/B3PW91
Expt.

HF
DFT/B3PW91
Expt.

HF
DFT/B3PW91
Expt.

HF
DFT/B3PW91
Expt.

HF
DFT/B3PW91
Expt.

HF
DFT/B3PW91
Expt.

Nan − C60

 1b

C 6c

C 6d

4.681
4.187
4.174

0.0840
0.0865
0.0870

15.77
15.10
15.14

16.02
15.36
15.41

4.659
4.362

0.0846
0.0864

C6

17.62
17.06
15.98
15.99

0.0810
0.0822
0.0826

16.80

0.0856

30.19
29.43
29.55

30.72
29.94
30.06

26.56
35.55
32.47

0.0856
0.0884

44.09
42.60

44.85
43.33

38.91
52.68
49.47

0.0899
0.0922

54.71
53.44

55.63
54.33

55.01
76.60
70.88

0.0921
0.0946

66.53
64.62

67.63
65.67

63.71
119.6
112.7

0.0885
0.0902

82.31
80.47

83.70
81.81

92.52
174.9
165.8

0.0854
0.0868

98.57
96.61

100.3
98.25

108.3
214.9
198.4

0.0963
0.1006

113.0
109.9

114.8
111.7

139.0
272.3
244.8

0.0919
0.0988

126.8
122.1

128.8
124.0
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TABLE I. 共Continued.兲
Nan − Nan
Cluster

a

Method

Reference

¯␣

12
24

2267

C6

Nan − C60

1

b

C6

c

C 6d

169.2

Unless specified, Sadlej’s polarization basis set is used 共see Ref. 25兲.
Effective frequency is determined by 1 = 4C6,ii / 3¯␣i共0兲2.
Results for C60 are taken from Ref. 17 and obtained at the Hartree-Fock level with Sadlej’s basis set.
d
Results for C60 are taken from Ref. 17 and obtained at the DFT/B3LYP level with Sadlej’s basis set.
e
Calculated with a large 关19s15p12d6f兴 basis set 共see Ref. 26兲.
f
Mean value is obtained from the lower 关n , n − 1兴␣ and upper 关n , n − 1兴␤ Padé approximants 共see Refs. 28 and
30兲. For the dimer, the CCSD values reported by Urban and Sadlej 共Ref. 4兲 and Maroulis 共Ref. 9兲 are 269.7 and
263.7 a.u., respectively.
a

b
c

that of ¯␣. If we compare the DFT/B3PW91 and CCSD results for the C6 coefficient of the dimer we see that the discrepancy is some 4% 共the DFT result is 4.174⫻ 103 a.u.兲,
and which thus amounts to a doubling of the error for the
polarizability.
Our large basis set can be employed in the DFT calculations of the dimer and tetramer but, due to computational
issues, not for the larger clusters. Fortunately, however, the
basis set dependence in the DFT approach is less pronounced
than in wave function correlated approaches. From our results in Table I it is clear that there is a perfect agreement
between DFT results obtained with our large basis set and
those obtained with the smaller polarization basis set of Sadlej.
In conclusion regarding the accuracy of the results presented for the C6 coefficients of the metal clusters, we estimate the DFT/B3PW91 results to be within 5% of highly
correlated wave function values, if such could be determined
for the whole series of systems.

B. Metal-cluster-to-fullerene interaction

The van der Waals interaction between sodium clusters
and the buckminster fullerene has been studied in collision
scattering experiments by Kresin et al.24 In their work, the
C6 coefficients were determined from a fit to integral scattering cross sections measured from collisions between sodium
cluster beams and a fullerene vapor, and the error bars in this
procedure are estimated to be about 30%.24 The molecular
structure of the metal clusters is not possible to determine in
the experiment, and for the larger clusters the experiment
may well refer to a statistical mixture of the possible conformations. Our calculations, on the other hand, refer to, for
each cluster size, a single structure obtained from theoretical
structure optimizations.7,8 We have not studied the conformational dependence of the van der Waals interaction in the
present work.
In Table I we report the C6 dispersion coefficients for the
interaction between the sodium clusters and C60. The
Hartree-Fock 共HF兲 and DFT/B3LYP polarizabilities of C60 as
given in Ref. 17 were utilized for evaluation of the C6 coefficients. The difference in the resulting dispersion coefficients depending on which data set is used for the polariz-

ability of the fullerene is insignificant, but it was argued in
Ref. 17 that the set of HF polarizabilities is the better of the
two.
In Fig. 1 we compare the theoretical results for the dispersion coefficients of the metal-cluster-to-fullerene interaction against the experimental results reported Kresin et al.24
As mentioned above, the estimated error bar in the experiment amounts to about 30%,24 and our theoretical data are in
all cases well within the experimental error bars. It is apparent, however, that the discrepancy between theory and experiment increases with the size of the metal cluster. Since
the quality of the calculations remains constant for different
cluster sizes, we are inclined to believe that the explanation
for the increasing discrepancy lies in the issue of metal cluster conformations. Our choice of optimized structures may
not refer to the experimental situation, e.g., more spatially
extended conformations will lead to enhanced values for the
polarizabilities.
The frequency-dependent polarizability is often represented by a simple model with an effective, or characteristic,
frequency 1 according to
¯␣共iI兲 =

¯␣共0兲
.
1 + 共  I/  1兲 2

共5兲

This is the so-called London approximation and it has been
suggested since the polarizability on the imaginary frequency
axis decreases monotonically from the static value to zero as

FIG. 1. The C6 dispersion coefficients for interactions between sodium clusters containing up to 20 atoms and fullerene C60. The experimental data with
error bars are taken from Ref. 24.
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the frequency tends to infinity, and its validity is based on the
assumption that there is one dominant state in the linear absorption spectrum, so that the corresponding oscillator
strength is larger than the sum of others. It was shown in our
previous work17 that the errors involved with an estimation
of the frequency-dependent polarizability from Eq. 共5兲 are
substantial. Nevertheless, the model may be useful not so
much for a determination of ␣共iI兲 as such but for expressing the correlation between the static polarizability and the
corresponding dispersion coefficient. With the approximation
in Eq. 共5兲 made, the integral to obtain the C6 coefficient 关Eq.
共1兲兴 for like molecules can be evaluated analytically, and the
expression for the dispersion coefficient becomes
C6 =

31
¯␣共0兲2 .
4

共6兲

In this respect the characteristic frequency 1 becomes a fit
parameter.
The values of the characteristic frequencies of the sodium clusters are included in Table I. A small spread in 1
ranging from 0.08 to 0.10 a.u. is found and the mean value
of 1 is 0.091 a.u. This observation suggests that it may be
possible to construct simple structure-to-property relations
for the dispersion coefficients, in a similar way that was done
in our earlier work for the n-alkanes.15,33 In a recent theoretical study of Chadrakumar et al.8 it was shown that the static
polarizability displays a linear dependence on the sodium
cluster volume. So, since we have found that the characteristic frequency is almost independent of cluster size, one can
directly relate the cluster volume to the C6 coefficients with
the help of Eq. 共6兲. It is noted that, for other classes of
compounds, such as -conjugated polyacenes, structure-toproperty relations are not found in this way due to an effective frequency that varies strongly with system size.17
IV. CONCLUSIONS

The complex polarization propagator approach has been
shown to be an effective and direct way to determine the
polarizability on the imaginary frequency axis for the sodium
clusters. We present first-principles calculations of the electric dipole polarizabilities and the dipole-dipole dispersion
coefficients of the closed-shell sodium clusters up to 20 atoms and the C60 fullerene. The method allows for the employment of large and diffuse basis sets that are optimized
for the calculations of the polarizabilities, and therefore accurate for the determination of the C6 dispersion coefficients.
In cases where comparison to experimental data can be
made—referring to polarizabilities as well as dispersion
coefficients—our theoretical values are well within the error
bars of the experiment.24 We conclude that our results, obtained at the time-dependent density functional theory with
the B3PW91 functional, for the metal-cluster-to-cluster and
cluster-to-fullerene dispersion interactions do provide a set
of accurate theoretical reference values. Our results are close
to the basis set limiting values, and the treatment of electron
correlation in the metal clusters parallels that of the secondorder Møller-Plesset method.

ACKNOWLEDGMENTS

The authors would like to express their gratitude towards
Professor Vitaly V. Kresin for sharing a list of his experimental C6 dispersion coefficients and Professor Andrzej J. Sadlej
for providing a high-quality basis set for sodium. The authors
acknowledge financial support from the Swedish Research
Council 共Grant No. 621-2002-5546兲 and a grant for computing time at the National Supercomputer Centre 共NSC兲 in
Sweden.
1

E. J. W. Verwey and J. T. G. Overbeek, Theory of the Stability of Lyophobic Colloids 共Elsevier, New York, 1948兲.
2
H. B. G. Casimir and D. Polder, Phys. Rev. 73, 360 共1948兲.
3
W. D. Knight, K. Clemenger, W. A. de Heer, and W. A. Saunders, Phys.
Rev. B 31, 2539 共1985兲.
4
M. Urban and A. J. Sadlej, J. Chem. Phys. 103, 9692 共1995兲.
5
P. Calaminici, K. Jug, and A. M. Köster, J. Chem. Phys. 111, 4613
共1999兲.
6
L. Kronik, I. Vasiliev, M. Jain, and J. R. Chelikowsky, J. Chem. Phys.
115, 4322 共2001兲.
7
I. A. Solov’yov, A. V. Solov’yov, and W. Greiner, Phys. Rev. A 65,
053203 共2002兲.
8
K. R. S. Chandrakumar, T. K. Ghanty, and S. K. Ghosh, J. Chem. Phys.
120, 6487 共2004兲.
9
G. Maroulis, J. Chem. Phys. 121, 10519 共2004兲.
10
D. Rayane, A. R. Allouche, E. Benichou et al., Eur. Phys. J. D 9, 243
共1999兲.
11
V. V. Kresin, G. Tikhonov, V. Kasperovich, K. Wong, and P. Brockhaus,
J. Chem. Phys. 108, 6660 共1998兲.
12
G. Tikhonov, V. Kasperovich, K. Wong, and V. V. Kresin, Phys. Rev. A
64, 063202 共2001兲.
13
P. Norman, D. M. Bishop, H. J. Aa. Jensen, and J. Oddershede, J. Chem.
Phys. 115, 10323 共2001兲.
14
P. Norman, D. M. Bishop, H. J. Aa. Jensen, and J. Oddershede, J. Chem.
Phys. 123, 194103 共2005兲.
15
P. Norman, A. Jiemchooroj, and B. E. Sernelius, J. Chem. Phys. 118,
9167 共2003兲.
16
P. Norman, A. Jiemchooroj, and B. E. Sernelius, J. Comput. Methods Sci.
Eng. 4, 321 共2004兲.
17
A. Jiemchooroj, P. Norman, and B. E. Sernelius, J. Phys. Chem. 123,
124312 共2005兲.
18
A. D. Becke, J. Chem. Phys. 98, 5648 共1993兲.
19
J. P. Perdew, J. A. Chevary, S. H. Vosko, K. A. Jackson, M. R. Pederson,
and D. J. Singh, Phys. Rev. B 46, 6671 共1992兲.
20
R. Antoine, Ph. Dugourd, D. Rayane, E. Benichou, and M. Broyer, J.
Chem. Phys. 110, 9771 共1999兲.
21
A. Ballard, K. Bonin, and J. Louderback, J. Chem. Phys. 113, 5732
共2000兲.
22
K. Ruud, D. Jonsson, and P. R. Taylor, J. Chem. Phys. 114, 4331 共2001兲.
23
L. Jensen, P.-O. Åstrand, A. Osted, J. Kongsted, and K. V. Mikkelsen, J.
Chem. Phys. 116, 4001 共2002兲.
24
V. V. Kresin, V. Kasperovich, G. Tikhonov, and K. Wong, Phys. Rev. A
57, 383 共1998兲.
25
A. J. Sadlej, Collect. Czech. Chem. Commun. 53, 1995 共1988兲.
26
A. J. Sadlej 共private communication兲.
27
R. D. Amos, N. C. Handy, P. J. Knowles, J. E. Rice, and A. J. Stone, J.
Phys. Chem. 89, 2186 共1985兲.
28
C. Hättig, O. Christiansen, and P. Jørgensen, J. Chem. Phys. 107, 10592
共1997兲.
29
O. Christiansen, A. Halkier, H. Koch, P. Jørgensen, and T. Helgaker, J.
Chem. Phys. 108, 2801 共1998兲.
30
P. W. Langhoff and M. Karplus, J. Chem. Phys. 53, 233 共1970兲.
31
K. P. Huber and G. Herzberg, Constants of Diatomic Molecules, Molecular Spectra and Molecular Structure Vol. IV 共Van Nostrand, New York,
1979兲.
32
DALTON, a molecular electronic structure program, Release 2.0, 2005 共see
http://www.kjemi.uio.no/software/dalton/dalton.html兲.
33
A. Jiemchooroj, B. E. Sernelius, and P. Norman, Phys. Rev. A 69,
044701 共2004兲.

Downloaded 07 Nov 2009 to 130.236.84.134. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp

