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According to the so-called Janak’s theorem, the eigenstates of the Kohn-Sham Hamiltonian are given by the
derivative of the total energy with respect to the occupation numbers of the corresponding one-electron states.
The linear dependence of the Kohn-Sham eigenvalues on the occupation numbers is often assumed in order to
use the Janak’s theorem in applications, for instance, in calculations of the core-level shifts in materials by
means of the Slater-Janak transition state model. In this work first-principles density-functional theory calcu-
lations using noninteger occupation numbers for different core states in 24 different random alloy systems were
carried out in order to verify the assumptions of linearity. It is found that, to a first approximation, the
Kohn-Sham eigenvalues show a linear behavior as a function of the occupation numbers. However, it is also
found that deviations from linearity have observable effects on the core-level shifts for some systems. A way
to reduce the error with minimal increase of computational efforts is suggested.

DOI: 10.1103/PhysRevB.72.134203 PACS number�s�: 71.15�m, 71.23�k

I. INTRODUCTION

In density-functional theory1,2 �DFT�, a many-body sys-
tem is described by noninteracting particles which have the
same electron-density as the true many-body system. The
ground-state electron-density minimizes the total-energy
functional

E�n� = Ts�n� +� drn�r��Vext�r� + VH�r�� + Exc�n� , �1�

where Ts�n� is the kinetic energy for noninteracting particles,
Vext the external potential of the system under consideration,
VH is the Coulomb potential, and Exc�n� the exchange-
correlation energy. In DFT, all manybody interactions are
contained within this last term, which usually is very ame-
nable to approximations.3

Minimization of Eq. �1� yields a Schrödinger-like
equation

�− �2 + Vext�r� + VH�r� + vxc�r���i = �i�i, �2�

where vxc=�Exc/�n�r� is the exchange-correlation potential
and �i the Kohn-Sham eigenvalue for the ith electron state.
The electron-density for an N-electron system is given by

n�r� = �
i=1

N

��i�r��2, �3�

where the summation is taken over the N lowest one-electron
states in Eq. �2�. Equations �2� and �3� have to be solved
self-consistently. Once self-consistency has been reached, the
result is inserted into Eq. �1�. Since in the DFT the real
manybody problem is mapped onto the problem for nonin-
teracting particles, the Kohn-Sham eigenvalues do not nec-
essarily have physical meaning, though they describe the
correct electron density.4

In a well-known paper, Janak5 introduced an extension of
the standard DFT, which made use of fractional occupation

numbers for the electrons. Within this theory it is possible to
show that the derivative of the total-energy functional with
respect to an occupation number equals the corresponding
Kohn-Sham eigenvalue, which is known as “Janak’s theo-
rem.” After the publication of this theorem, its validity has
been discussed.6 Though being an interesting and important
discussion, we do not comment on it in the present work.
Despite the abovementioned discussion, Janak’s theorem
provided a new method to calculate the binding energy for
electrons. Calculations for different occupation numbers for
some systems have been performed in Refs. 7 and 8. The
most widely used version of this method is the so-called
“Slater-Janak transition state,” which states that the binding
energy equals the Kohn-Sham eigenvalue for a half-occupied
state. This model is based on the assumption that the Kohn-
Sham eigenvalues are linear functions of the occupation
number. Though widely applied, this assumption behind the
Slater-Janak transition state model, have not, to the best of
our knowledge, been tested systematically.

Here we present DFT calculations investigating numeri-
cally the validity of the Slater-Janak transition state approach
for 24 alloy systems. The paper is organized as follows. In
Sec. II A we present the background of the Slater-Janak tran-
sition state picture and similar schemes, in Sec. II B we dis-
cuss the core-level shifts as an application of the theory and
as a method to verify the assumption of linearity. The results
are presented and discussed in Sec. III and the work is sum-
marized in Sec. IV.

II. METHODOLOGY

A. Theory

In Ref. 5, Janak redefined the DFT charge density
to be
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n�r� = �
i

�i��i�r��2, �4�

where the �i is an occupation number for the state i
�0���1�. Self-consistent solutions to Eqs. �2� and �4� can
be found for a given set of �i’s, including sets containing
noninteger occupation numbers.

By defining

T̃s = �
i

�iti,

where ti=�dr�i
*�−�2��i, one can construct a new, slightly

different total-energy functional Ẽ:

Ẽ = T̃s +� drn�r��Vext�r� + VH�r�� + Exc�n� . �5�

Generally Ẽ�E, but if the �i’s have the form of Fermi-Dirac

distribution, Ẽ will be equal to E.
Using the above definition, it is possible to derive the

so-called “Janak theorem”5

�Ẽ

��i
= �i. �6�

By integration of Eq. �6� one can connect the energies of the
ground states of an N and an �N+1� particle system

EN+1 − EN = �
0

1

���i�d�i. �7�

Equation �7� can be used to calculate the change in total
energy when removing one electron from the core, which
will then be the core-level binding energy for that electron
state, i.e., EBi

=�0
1���i�d�i. It should be mentioned that Jan-

ak’s theorem is only applicable to the highest occupied elec-
tron state.3,5 However, the theorem has been used with suc-
cess for core states.9–11

If the Kohn-Sham eigenvalue � is a linear function of the
occupation number �, the core-level binding energy can eas-
ily be calculated as

EBi
= �

0

1

�i��i�d�i 	 �i�1/2� �8�

	�i�1� +
1

2
��i�0� − �i�1�� , �9�

where the evaluation at midpoint, Eq. �8�, is the abovemen-
tioned Slater-Janak transition state.5,12 Equation �9� is physi-
cally more transparent than Eq. �8�, since it shows the sepa-
ration of inital- and final-state effects �the first and second
term, respectively� of the binding energy. Systems containing
fractional occupation numbers do not necessarily represent
any physical system,8 but here the use of fractional occupa-
tion numbers is merely a way to numerically solve the inte-
gral, Eq. �7�. Since the above method rests upon the assump-
tion of linearity, it is important to verify its validity. In the
present work we evaluate the linearity of the Kohn-Sham
eigenvalues as a function of � and investigate if possible

deviations from linearity have any effect of physical
observable.

B. Core-level shifts in alloys

The electronic states in a pure metal have a certain spec-
trum specific to the atomic species and the structure of the
crystal. This spectrum will, in general, be different from the
spectrum of the same atomic species in an alloy. This gives
rise to the so-called core-level shifts �CLS�, which is the
difference in binding energy for the same electronic state
between the alloy and the pure metal. The CLS can be di-
vided into inital- and final-state contributions. The initial-
state contribution is the shift in core-electron eigenstates and
the final-state contribution is due to core-hole relaxation ef-
fects when removing the core electron.13

The transition-state �TS� model for calculating the CLS is
one of the applications of Janak’s theorem and the Slater-
Janak transition state. Therefore, it provides a more physical
approach to investigate the linearity of the Kohn-Sham ei-
genvalues. Usually, in theoretical calculations one employs
either Eq. �8� and �9�. It is worth to notice that the first of
these two equations only requires two calculations, one for
the reference system and one for the system in interest, in
order to obtain the binding energy shift, whereas the latter
requires two calculations per reference and studied systems,
respectively, i.e., totally four calculations.

Though no meaningful absolute reference level for the
lineup of one-electron eigenenergies exist,14 the CLS are of-
ten related to the Fermi level, since this is convenient for
metallic systems.15 In our notation, this means that

�i��i� = EF��i� − �i
OE��i� ,

where EF is the Fermi-energy and �i
OE the one-electron

eigenenergy for the ith core state. Hence the CLS for the ith
electron state in an A atom in an AB alloy calculated by
using the Slater-Janak transition state �Eq. �8�� is

ECLS
TS�1,1/2��Ai� = 
EF

alloy�1/2� − �i
OE,alloy�1/2�� ,

− 
EF
pure�1/2� − �i

OE,pure�1/2�� . �10�

This method for calculating the CLS will be denoted
“TS�1,1 /2�.”

In order to test the abovementioned assumption of linear-
ity �Sec. II A� one may also calculate the TS-CLS by using
Eq. �9�:

ECLS
TS�1,0��Ai� = 
�EF

alloy�1� − �i
OE,alloy�1�� + �EF

alloy�0�

− �i
OE,alloy�0��� − 
�EF

pure�1� − �i
OE,pure�1��

+ �EF
pure�0� − �i

OE,pure�0��� . �11�

The CLS calculated using this method will be denoted
“TS�1,0�.” The CLS calculated with these two methods will
only be equal if the one-electron eigenenergy is a linear func-
tion of the occupation number. Apart from the transition-state
model, the CLS can also be calculated by using the initial-
state model16 �IS� and the complete screening picture13,17

�CS�.
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C. Computational details

1. Calculations

The metal systems calculated are Cu, Ag, Pd, Au, and Pt,
for which the electronic states under investigation are 2p3/2,
3d5/2, 3d5/2, 4f7/2, and 4f7/2, respectively. For the alloys, only
binary systems have been calculated, and these consists of
different mixes of the metals above. For the pure Cu and Au
systems, additional electronic states have also been
calculated.

All computations were performed within the DFT using
the Green’s function technique based on the method accord-
ing to Korringa, Kohn, and Rostocker �KKR� and the atomic
sphere approximation �ASA�.4,18 The random alloy problem
was solved within the coherent potential approximation19,20

�CPA� and the cutoff for the basis set of linear muffin-tin
orbitals21,22 was set to lmax=3. For the exchange-correlation
functional the generalized gradient approximation �GGA� ac-
cording to Perdew et al.23 was chosen. ASA+M �Refs. 24
and 25� is used throughout to account for multipole correc-
tions to the ASA. Charge correlations were treated using the
screened impurity model �SIM�.26–29 In the calculations the-
oretical equilibrium volumes are used. No local lattice relax-
ation effects due to size mismatch between alloy components
are included. A complete description of the technique is
given in Ref. 24.

The evaluation of the Kohn-Sham eigenvalues is per-
formed numerically by adjusting the occupancy for the
electron-state of interest. In order to maintain charge neutral-
ity, the same amount that is removed from the core state is
added to the valence band. The concentration of atoms for
which the occupancy is varied is 1%.

2. Linearity

If the Kohn-Sham eigenvalues are linear functions of the
occupation number �, they can be written as

���� = � · � + � . �12�

By comparing with Eq. �9� we see that in Eq. �12�, �, which
is the slope of the curve, corresponds to two times the final-
state contribution to the binding energy and � corresponds to
the initial-state contribution.

In order to investigate the linearity, the Kohn-Sham eigen-
values are calculated for occupation number � ranging from
0 to 1 in steps of 0.1, and the resulting eigenvalues are plot-
ted as functions of �. This is done for several concentrations
in the investigated alloys. The points are then used to per-
form linear interpolations of �. For comparison, two simple
estimates of the function are also performed, using two
points only; one using �= �1,1 /2� and one using �= �1,0�.
This corresponds to using Eq. �8� and �9� for calculating the
binding energy, respectively. As mentioned in Sec. II B, these
last two-point interpolations will only yield the same slope of
the curve if the Kohn-Sham eigenvalues are linear functions
of �.

Also, as a measure of the deviation from linearity, the
norm of residuals is calculated:

	 =
1

n
��

i=0

n


��xi�interpol − ��xi�calc�2, �13�

where xi= �0,0.1, . . . ,0.9,1.0�, �interpol are the linearly inter-
polated values and �calc are the values from the first-
principles calculations. However, since the norm of residuals
depends on the magnitude of the eigenvalues, it is difficult to

FIG. 1. Kohn-Sham eigenvalues for different systems as func-
tion of occupation number �. The lines in each graph have been
taken from the linear interpolations and are shown as a guide to the
eye.

FIG. 2. Kohn-Sham eigenvalues for different systems as func-
tion of occupation number �. The lines in each graph have been
taken from the linear interpolations and are shown as a guide to the
eye.
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use 	 for comparing different electron-states. Therefore we
define

D 
	

���
, �14�

where � is the slope of the curve �Eq. �12��. D will be used
as a measure of the deviation from linearity.

The most accurate way to evaluate the binding energy
integral, Eq. �7�, is to perform numerical integration over the
occupation numbers. The smaller the step is between two
adjacent occupation numbers, the more accurate is the inte-
gral. For this numerical integration we have used the trap-
ezoid rule30 and varied the occupation number in steps of
0.1. This means totally 11 points are used for each binding
energy, where each point correspond to one self-consistent
calculation. For comparison, a numerical integration using
the Simpson’s rule30 over three points �i.e., �=0, 1 /2 and 1�
has also been employed.

III. RESULTS AND DISCUSSION

A. The Kohn-Sham eigenvalues as a function of occupation
numbers

The Kohn-Sham eigenvalues as function of the occupa-
tion numbers are shown for twelve different alloy systems in
Figs. 1 and 2. We choose to present twelve graphs, though
we have performed calculations on more systems �as can be
seen in Tables I and II�. From these two figures we see that,
at least to a first approximation, the Kohn-Sham eigenvalues
are linear functions of �. However, a more detailed analysis
is needed before any conclusions may be drawn.

In Table I calculations of the slopes of the Kohn-Sham
eigenvalues using different methods are presented. The first
column show the alloy system, the next three show calcula-
tions of the slopes and the last one show the devation from
linearity, using Eq. �14�.

We see that using the two points �= �1,1 /2� yields slopes
that are less steep than those calculated using the two points
�= �1,0� or those from the linear interpolation. We also see

TABLE I. Slopes of the function ����=� ·�+� for different calculations. All slopes are in Ry. For the
interpolated slope we used a linear interpolation for � ranging from 0 to 1 in steps of 0.1. The deviations D
have been obtained by Eq. �14�. See text for more details.

System Electron state

Slope ���
Deviation

D�= �1,1 /2� �= �1,0� Interpolated

Cu Cu 2p3/2 −3.39 −3.49 −3.48 0.016

Ag Ag 3d5/2 −1.93 −1.99 −1.99 0.016

Pd Pd 3d5/2 −1.61 −1.67 −1.66 0.023

Au Au 4f7/2 −1.00 −1.05 −1.05 0.026

Pt Pt 4f7/2 −0.78 −0.82 −0.82 0.027

Ag50Pd50 Pd 3d5/2 −1.66 −1.71 −1.71 0.019

Ag50Pd50 Ag 3d5/2 −1.92 −1.98 −1.98 0.018

Cu50Pd50 Cu 2p3/2 −3.38 −3.49 −3.49 0.018

Cu70Au30 Cu 2p3/2 −3.40 −3.50 −3.50 0.017

Cu50Au50 −3.40 −3.51 −3.51 0.018

Cu30Au70 −3.41 −3.52 −3.52 0.019

Cu10Au90 −3.41 −3.53 −3.53 0.020

Cu90Au10 Au 4f7/2 −1.00 −1.03 −1.03 0.022

Cu70Au30 −1.00 −1.04 −1.04 0.023

Cu50Au50 −1.00 −1.04 −1.04 0.024

Cu30Au70 −1.00 −1.04 −1.04 0.025

Cu70Pt30 Cu 2p3/2 −3.38 −3.48 −3.48 0.018

Cu50Pt50 −3.37 −3.48 −3.48 0.019

Cu30Pt70 −3.37 −3.48 −3.48 0.020

Cu10Pt90 −3.36 −3.49 −3.49 0.021

Cu90Pt10 Pt 4f7/2 −0.85 −0.88 −0.88 0.022

Cu70Pt30 −0.83 −0.87 −0.87 0.024

Cu50Pt50 −0.82 −0.85 −0.85 0.025

Cu30Pt70 −0.80 −0.84 −0.84 0.025
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that the latter two methods are in better agreement with each
other, as compared with the first one. This indicates that the
eigenvalues are not perfectly linear functions, and show a
slightly “concave” behavior.

From this table it is worth noting that for Cu 2p3/2 in
CuAu and CuPt, D increases as the Cu concentration de-
crases. On the contrary, for Au 4f7/2 and Pt 4f7/2, D decrease
as the concentration Au or Pt increase.

In Table II we present calculations similar to those in
Table I, but carried out for several different electron-states in
pure Cu and Au. From this table one may notice two inter-
esting facts. First, the slope increases �i.e., the final-state con-
tribution to the binding energy� the deeper into the atom the
electron-state is located. This is expected, since the core-hole
created when ejecting an electron will be more efficiently
screened the deeper the level is, because there will be more
electrons surrounding the hole. Secondly, the deviation �D� is
somewhat smaller for deeper states than for those closer to
the valence band.

B. Core level shifts

As mentioned in Sec. II B, the CLS as an application of
Janak’s theorem may show if devations from linearity of the
Kohn-Sham eigenvalues has any noticable effect in physical
observables. Figure 3 shows the CLS in CuAu for different
transition-state calculations as a function of Au concentra-
tion. For the Cu 2p3/2 shift we see that there is a difference
between the TS�1,1 /2� and the TS�1,0� methods, and that it
increases with the Au concentration. By comparing this ob-
servation with Table I, were we see that the deviation �D�
from linearity increases with the Au concentration, it is clear
that the difference between the two TS-CLS are due to the
devation from linearity. For 90% Au, this difference is
around 0.16 eV, which is rather large. One may also notice

that the shifts calculated using numerical integration over 11
and 3 points are very close to each other, and the results are
in between the TS�1,1 /2� and TS�1,0� shifts.

If we turn to the Au 4f7/2 shift we see that the TS�1,1 /2�
and the TS�1,0� CLS are closer to each other than the corre-
sponding shifts in Cu 2p3/2. Table I indicates that the devia-
tion �D� is larger for Au 4f7/2 than for Cu 2p3/2. However, the
binding energy is much lower for the 4f7/2 level which
causes the effect of the deviation from linearity to be smaller.
Also here the shifts calculated using numerical integration
over 11 and 3 points are close to each other, and in between
the other two TS shifts.

In Fig. 4 the CLS in CuPt for different transition-state
calculations is shown as a function of the concentration Pt.
Starting with the Cu 2p3/2 shift, the situation is similar to that
in Fig. 3. As for CuAu, Table I shows that Cu has an increas-
ing deviation from linearity with increasing concentration Pt.
Also, the difference between the TS�1,1 /2� and the TS�1,0�
methods increase with the concentration Pt. The largest dif-
ference between the TS�1,1 /2� and TS�1,0� shifts is about
0.18 eV. The two shifts calculated by numerical integration
are once again close to each other, but here they are closer to
the TS�1,1 /2� shift than to the TS�1,0� shift.

For the Pt 4f7/2 shift, the difference between the
TS�1,1 /2� and TS�1,0� shifts is very small, even though
Table I indicates a relatively high deviation from linearity.
This small difference is due to a small binding energy

TABLE II. Slopes of the function ����=� ·�+� for different
electron-states in two metals, using different calculational methods.
All slopes are in Ry. For the interpolated slope we used a linear
interpolation for � ranging from 0 to 1 in steps of 0.1. The devia-
tions D have been obtained by Eq. �14�. See text for more details.

System
Electron-

state

Slope ���
Deviation

D�= �1,1 /2� �= �1,0� Interpolated

Cu Cu 2p1/2 −3.49 −3.59 −3.59 0.016

Cu 2p3/2 −3.39 −3.49 −3.48 0.016

Cu 3p3/2 −0.31 −0.37 −0.37 0.105

Au Au 3d3/2 −4.69 −4.75 −4.75 0.007

Au 3d5/2 −4.49 −4.55 −4.55 0.007

Au 4s1/2 −1.29 −1.33 −1.33 0.018

Au 4p1/2 −1.28 −1.32 −1.32 0.019

Au 4d3/2 −1.13 −1.17 −1.17 0.021

Au 4d5/2 −1.10 −1.14 −1.14 0.021

Au 4f5/2 −1.02 −1.06 −1.06 0.026

Au 4f7/2 −1.00 −1.05 −1.05 0.026

FIG. 3. CLS using different Transition State models for �a� Cu
2p3/2 and �b� Au 4f7/2 in CuAu as a function of the atomic concen-
tration Au. Filled downward triangles ��� denote calculations using
Eq. �11� �i.e., TS2�, empty upward triangles ��� denote calculations
using Eq. �10� �i.e., TS1�, empty squares ��� denote numerical
integration over all 11 occupation numbers, and filled circles ���
denote numerical integration using Simpson’s rule �i.e., over �
= �0,1 /2 ,1��.
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combined with a rather small CLS. The CLS from numerical
integrations is in between the other two TS-CLS.

In order to compare our results for the Slater-Janak tran-
sition state model, we show the CLS in CuAu using different
theoretical models and experimental results in Fig. 5. The
TS-CLS shown in this figure employs numerical integration
using the Simpson rule over �= �0,1 /2 ,1�. For the Cu 2p3/2

shift we see that the CS-CLS is somewhat closer to the ex-
perimental values. Also, by comparing with the IS shift, one
may notice that the CS-CLS has a larger final-state contribu-
tion than the TS-CLS has. Though there are differences, the
agreement between the TS and CS shifts is reasonable.

The TS Au 4f7/2 shift is quite close to the IS shift. These
two shifts are not very close to the CS shifts, which on the
other hand is closer to the experimental results. The fact that
the TS shift is close to the IS shift indicates that the TS
model do not yield a large final-state contribution for Au
4f7/2 in CuAu. The reason for this difference is, to the best of
our knowledge, not known.

Figure 6 shows the CLS in CuPt using the same methods
as in Fig. 5. Starting with the Cu 2p3/2 shift, we see that the
CS and IS shifts are quite close to each other, but the TS shift
is not very far from these two. Since there is some discrep-
ancy between the two different experimental shifts, it is dif-
ficult to conclude which one of the theoretical models that is
closest to the experimental results. It may be worth noting
that the TS shift has a negative final-state contribution, op-
posite to the Cu shift in CuAu.

The TS shift for Pt 4f7/2 is in good agreement with the CS
shift, though the difference between the two increases with

FIG. 4. CLS using different Transition State models for �a� Cu
2p3/2 and �b� Pt 4f7/2 in CuPt as a function of the atomic concen-
tration Pt. Filled downward triangles ��� denote calculations using
Eq. �11� �i.e., TS2�, empty upward triangles ��� denote calculations
using Eq. �10� �i.e., TS1�, empty squares ��� denote numerical
integration over all 11 occupation numbers and filled circles ���
denote numerical integration using Simpson’s rule �i.e., over �
= �0,1 /2 ,1��.

FIG. 5. CLS for �a� Cu 2p3/2 and �b� Au 4f7/2 in CuAu as a
function of the atomic concentration Au, using different methods.
Filled circles ��� denote numerical integration using Simpson’s rule
�i.e., over �= �0,1 /2 ,1��, diamonds ��� IS calculations and crosses
�
� CS calculations. Filled rightward triangles ��� denote experi-
mental results from Ref. 31 and filled leftward triangles ��� experi-
mental results from Ref. 32.

FIG. 6. CLS for �a� Cu 2p3/2 and �b� Pt 4f7/2 in CuPt as a
function of the atomic concentration Pt, using different methods.
Filled circles ��� denote numerical integration using Simpson’s rule
�i.e., over �= �0,1 /2 ,1��, diamonds ��� IS calculations and crosses
�
� CS calculations. Filled rightward triangles ��� denote experi-
mental results from Ref. 33 and filled leftward triangles ��� experi-
mental results from Ref. 34.
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decreasing Pt concentration. Also here, it is difficult to draw
any conclusions about the agreement with experimental re-
sults, since there are differences between the different experi-
mental shifts. The final-state contribution is quite large, both
for the TS and CS shifts. The fact that the final-state contri-
bution differs considerably between the TS and CS shifts for
Au 4f7/2 but not for Pt 4f7/2 suggest that a more thourough
study on the difference between the CS and TS models
would be interesting.

IV. SUMMARY

We have performed ab-initio DFT calculations on 24 dis-
ordered alloy systems in order to verify if the Kohn-Sham
eigenvalues are linear functions of the occupation number.
To a first approximation, the eigenvalues show a linear de-
pendence. However, for applications such as the calculation
of core-level shifts, the deviation from linearity may have a
noticeable effect.

The numerical integration using 11 values of the occupa-
tion numbers has been compared with the Simpson’s rule

integration over only 3 points ��=0,1 /2 ,1�. Even for sys-
tems with considerable deviations from linearity, the differ-
ence between the two schemes for numerical integration is at
most 0.7%, while the difference between either one of the
traditional TS approaches �i.e., Eq. �8� or Eq. �9�� and the 11
point integration is up to 15%. This indicates that the three-
point integration may be an alternative method to calculate
the TS-CLS. It requires one more calculation than using
TS�1,0� and two more than using TS�1,1 /2�, but should be
more accurate.
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