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Abstract

As marine vessels are becoming increasingly automated, having accurate simu-
lation models available is turning into an absolute necessity. This holds both
for the facilitation of development and for achieving satisfactory model-based
control. Such models can be obtained through system identification, and in this
thesis, particular emphasis is given to experiment design and parameter estima-
tion, which constitute two central steps in the system identification process. The
analysis is carried out for a special class of nonlinear regression models called
second-order modulus models, which is a type of model that is often used for
describing nonlinear hydrodynamic effects in greybox identification of ships.

First, it is demonstrated that the accuracy of an instrumental variable (iv) esti-
mator can be improved by conducting experiments where the input signal has a
static offset of sufficient amplitude and the instruments are forced to have zero
mean. This two-step procedure is shown to give consistent estimators for second-
order modulus models in cases where an off-the-shelf applied iv method does
not, in particular when measurement uncertainty is taken into account. Further,
it is shown that the possibility of obtaining consistent parameter estimators for
models of this type depends on how the process disturbances enter the system
and on the amount of prior knowledge that is available about the disturbances’
probability distributions. In cases where the first-order moments are known, the
aforementioned approach gives consistent estimators even when disturbances en-
ter the system before the nonlinearity. To obtain consistent estimators in cases
where the first-order moments are unknown, a framework for estimating auxil-
iary nuisance parameters that depend on the disturbances’ first and second-order
moments is suggested. This can be done by describing the process disturbances
as stationary stochastic processes in an inertial frame and utilizing the fact that
their effect on a vessel depends on the vessel’s attitude.

After this, the attention is more clearly focused on experiment design, and a sys-
tematic approach for choosing the most informative combination of independent
sub-experiments out of a predefined set of candidates is proposed. Further, a
technique to account for an upcoming subtraction of the instruments’ mean dur-
ing the experiment design is suggested, and the consequences of various ways
of having the mean subtracted are explored. Additionally, it is shown how the
dictionary-based method for finding an excitation signal can be combined with
a motion-planning framework to obtain a trajectory that is both informative and
spatially feasible.

The suggested methods are evaluated in experimental work and show promising
results on both simulated and real data, the latter from a full-scale marine vessel
as well as a small-scale model ship.
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Populärvetenskaplig sammanfattning

I takt med att marina farkoster blir mer autonoma ökar behovet av noggranna ma-
tematiska farkostmodeller. Modellerna behövs både för att förenkla utveckling-
en av nya farkoster och som delkomponenter i avancerade styrsystem. Ett vanligt
sätt att erhålla modeller är genom systemidentifiering, det vill säga genom data-
baserad modellering utgående från mätningar av in- och utsignaler. För en marin
farkost utgör propellerhastighet och rodervinkel typiska exempel på insignaler
medan farkostens position och förflyttningshastighet utgör tänkbara utsignaler.
Det är alltså det dynamiska förhållandet mellan dessa storheter som den fram-
tagna modellen ska beskriva. För att erhålla allmängiltiga och noggranna model-
ler behöver olinjära hydrodynamiska effekter samt systemstörningar orsakade av
vind- och vattenströmmar tas i beaktning. Att utreda hur dessa påverkar nog-
grannheten i modellskattningen är huvudfokus i det här arbetet.

Främst undersöks en speciell typ av modell med kvadratiska olinjäriteter som
ofta används för att beskriva marina farkoster. Ett centralt begrepp är konsistens,
vilket uppnås om modellparametrarna antar rätt värden när mängden mätdata
ökar. För att erhålla konsistens används en redan etablerad statistisk metod som
baseras på instrumentvariabler. Det visas först att noggrannheten i modellskatt-
ningsmetoden kan förbättras om mätdatan är insamlad då farkosten har signifi-
kant nollskild hastighet och instrumentvariablernas medelvärde dras bort. Den
här tvåstegslösningen påvisas vara fördelaktig vid skattning av parametrar i den
ovan nämnda modelltypen, framför allt då mätosäkerhet tas i beaktning. Vidare
så visas det att möjligheten att erhålla konsistenta skattningsmetoder beror på
hur mycket kännedom om systemstörningarna som finns tillgänglig på förhand.
I fallet då de huvudsakliga hastigheterna på vind- och vattenströmmar är kända
räcker den tidigare nämnda tvåstegsmetoden bra. För att även kunna hantera det
mer generella fallet föreslås en metod för att skatta storheter kopplade till has-
tigheterna parallellt med de okända modellparametrarna. Denna idé baserar sig
på att beskriva störningarna som stationära i ett globalt koordinatsystem och att
anta att deras effekt på en farkost beror på hur farkosten är orienterad.

Ett viktigt moment i systemidentifieringsprocessen är planeringen av datainsam-
lingsexperiment, det vill säga framförandet av farkosten under vilken mätningar
av in- och utsignaler samlas in. För att data som erhålls från ett sådant experi-
ment ska lämpa sig för modellskattning behöver den vara informationsrik. Det
är också viktigt att experimenten går snabbt att genomföra då datainsamling med
fullskaliga farkoster är förknippat med höga kostnader. Ett systematiskt sätt att
kombinera en serie av vanliga testmanövrar, till exempel spiralrörelser och kör-
ning i sicksackmönster med olika hastigheter, till ett komplett informativt da-
tainsamlingsexperiment föreslås därför. Det visas också hur denna metod kan
kombineras med en teknik för rörelseplanering, vilket gör det möjligt att erhålla
en plan i form av en faktisk trajektoria.

De i arbetet föreslagna metoderna utvärderas i experimentellt arbete och visar
lovande resultat på både simulerad och verkliga data, den senare insamlad från
ett fullskaligt marint fartyg såväl som ett mindre modellskepp.
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ŷ(k | θ) One-step-ahead predictor of y(k)
Φ (k) Regression matrix
ϕ(k) Column of the regression matrix
Z (k) Instrument matrix
ζ(k) Column of the instrument matrix

Reference frames

Frame Description

b-frame Body-fixed reference frame, see Definition 3.1
n-frame World-fixed reference frame, see Definition 3.2

Position and attitude

Variable Description

xn(k) Position relative the n-frame
yn(k) Position relative the n-frame
zn(k) Position relative the n-frame
φ(k) Roll angle relative the n-frame
θ(k) Pitch angle relative the n-frame
ψ(k) Yaw angle relative the n-frame
η(k) Vector with position and attitude states

Generalized velocities

Variable Description

u(k) Surge speed, velocity along the xb-axis of the b-frame
v(k) Sway speed, velocity along the yb-axis of the b-frame
w(k) Heave speed, velocity along the zb-axis of the b-frame
p(k) Roll rate, velocity about the xb-axis of the b-frame
q(k) Pitch rate, velocity about the yb-axis of the b-frame
r(k) Yaw rate, velocity about the zb-axis of the b-frame
ν(k) Vector with generalized velocity states



Notation xvii

Environmental disturbances

Variable Description

νc(k) Velocity of an ocean current
νw(k) Velocity of the wind
νr (k) Relative velocity with respect to an ocean current
νq(k) Relative velocity with respect to the wind





1
Introduction

In this work, tools for finding mathematical models of marine vessels are ana-
lyzed. The explored methods range from approaches for efficient collection of
measurements using onboard sensors to techniques for estimating model param-
eters based on such data. Both these tasks are rather involved due to the non-
linear dynamic forces and moments that are affecting the vessel. The forces and
moments are primarily caused by interaction with the surrounding water, but for
surface vessels, also by interaction with the surrounding air. This is especially
true for vessels that expose a large side area to the wind, such as container ships
and cruise ferries. Generally, the two surrounding media will move with respect
to each other, which complicates things even further.

This introductory chapter contains background to the carried out work followed
by brief descriptions of the scientific contributions. In addition to this, the struc-
ture of the thesis is outlined.

1.1 Research motivation

Ship motion and control have engaged researchers for at least a century, see for
example Minorsky [1922] for an early reference, and even if the controller con-
cept has hardly changed since then, there have been great advances made. One
major difference in modern-time automatic steering of ships is that the control
methods are model based. In addition to this, many algorithms underlying driver-
assistance functionality, such as the estimation of worst-case braking distance
and computer-aided path planning, make use of models. Therefore, as marine
vessels are becoming increasingly automated, having accurate simulation models
available is turning into an absolute necessity. This holds both for the facilita-
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2 1 Introduction

tion of development and for achieving satisfactory control. At the present time,
it is also desired to automate more advanced maneuvers in comparison to before.
While linear theory is useful for analyzing ship motion performed within close
proximity to an equilibrium point, it is not that useful for accurately predicting
the characteristics of deviating motion, such as heavy acceleration, high-speed
driving and tight maneuvers that are, for example, used during docking at ports.
Therefore, when control solutions that work well in the ship’s complete speed
envelope are sought, it is necessary to account for nonlinear effects during mod-
elling.

The equations describing the dynamics of general vessels in motion are often
based on Newton’s second law, where the force equations are given by

F = mV̇ + ω ×mV . (1.1)

Here m is the mass of the vessel, while V and ω are vectors that include transla-
tional and angular velocities, respectively. Further, F is the sum of forces affect-
ing the vessel, caused by e.g., propulsion, drag and environmental disturbances
such as wind, currents and gravity. Furthermore, mV̇ comes from momentum
change and the term ω × mV constitutes Coriolis and centripetal effects, which
need to be accounted for since the motion is described in a vessel-fixed coordi-
nate system that is itself in movement relative to an inertial frame. Nonlinear
behavior appears in many engineering problems, not least in the study of ma-
rine vessels where, for example, nonlinear drag and Coriolis effects make linear
models imprecise and unable to reproduce essential aspects of system behaviors.
There are many ways to describe the drag or resistance of an object in a fluid en-
vironment such as air or water, see for example Long and Weiss [1999]. A fairly
simple description that often works well is to assume that the drag force is pro-
portional to the squared velocity. The Coriolis and centripetal effects are usually
well-described by quadratic functions as well, which means that more general
system descriptions can be obtained if, in addition to linear ones, quadratic re-
gressors are allowed in the model structures.

Based on this observation, the focus of this work is a model class referred to
as second-order modulus models. As the name suggests, these models include
second-order terms. Additionally, the model class allows the use of modulus
functions. The motivation for this is that marine models should reasonably be
based on odd functions for symmetry purposes, which for quadratic nonlineari-
ties can be resolved by using absolute values. This model class was first proposed
for ships in Fedyaevsky and Sobolev [1964] but notably includes models used in
a variety of other robotic applications as well, e.g., underwater vehicles [Karras
et al., 2018], hovercrafts [Xie et al., 2018], fixed-wing aircraft [Salman et al., 2006],
multirotor aircraft [Zhang et al., 2014] and blimps [Zufferey et al., 2006]. Vessels
of all these types are affected by forces and moments according to Newton’s laws
and their motions are bound by kinematic relationships. Typically both the dy-
namic and the kinematic equations are nonlinear, but a key difference is that
the unknown physical properties, and consequently the parameters that need to
be estimated, are present in the dynamic relations, which are well-described by



1.1 Research motivation 3

second-order modulus models.

Further, tools from the research field of system identification are adopted for find-
ing models. The primary goal of system identification is to obtain a model that
describes the behavior of a dynamical system based on data. There are many im-
portant steps during this process, as explained in Ljung [1999], ranging from the
design of a data-collection experiment, actual data acquisition, choice of model
structure, estimation of time-invariant parameters and model validation. This
work touches on all these topics, but the main focus is on experiment design and
parameter estimation.

Before a ship is ready for service, a series of experiments is typically performed.
The time spent in the water during these experiments is called the commission
time and should desirably be kept short because performing experiments for
ships is expensive. In addition to being associated with high costs, the commis-
sion time needs to be planned carefully since it is generally not reserved for sys-
tem identification alone, and time is also spent on controller tuning and testing
of overall system functionality. Both the experiment design and the parameter
estimation are central to making the ship commissioning as quick as possible.
Planning the data-collection experiment is a critical step in the system identifi-
cation process because the model accuracy strongly depends on the quality of
the data used for estimation. Additionally, to be as resource efficient as possible,
informative data must be collected such that the experiment time can be kept
short.

Regarding efficiency, it is also important that the collected data is used as well as
possible. This means that accurate parameter estimators are needed. Ship com-
missioning is usually planned well in advance, which means that the weather
conditions prevailing under the experiments can vary. As explained earlier, ship
dynamics depend on the forces and moments acting on the ship according to
Newton’s laws of motion. In addition to actuators, like thrusters and rudders,
environmental forces affect the steering dynamics in this way. Dealing with these
typically quite impactful process disturbances correctly during model estimation
is quite challenging already in the linear case and becomes even more difficult
when models are nonlinear. If the measurement data is collected under the pres-
ence of environmental disturbances and these disturbances are not accounted
for during the model estimation, the resulting model might be biased. In prac-
tical terms, this means that instead of just describing the sought characteristics
of the vessel in question, the model can adapt to the weather conditions prevail-
ing under the data acquisition. It is consequently important that the estimators
are robust to data having been collected during heavy wind or in the presence of
ocean currents. Further, there is always uncertainty associated with measuring
something, and dealing with this inherent uncertainty is also important to obtain
accurate models.
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1.1.1 Related work about experiment design

It is well-known that the choice of input signal during the data acquisition is a sig-
nificant factor for the result of the parameter estimation, see for example Ljung
[1999]. For a data-collection experiment, there are both practical and statistical
considerations to be made. The practical considerations are connected to physi-
cal limitations, for example, traffic regulations, actuator saturations and avoiding
obstacles such as shallow water, islands and other vessels. The statistical aspect
of the design relates to maximizing the information gained from the experiment
and can often be studied in a more general and abstract fashion.

Input design for general linear time-invariant systems has been studied for some
time and is by now a fairly well-understood topic, see for example Goodwin and
Payne [1977] for an early reference and Bombois et al. [2011] for a more recent
overview. However, as explained above, accurate ship modelling often requires
that nonlinear hydrodynamic forces and moments are taken into account if the
model should cover the ship’s complete speed envelope. Experiment design for
nonlinear systems is not yet as fully understood and most previous works have
dealt with experiment design for certain subclasses of nonlinear systems. In an
early work regarding experiment design for nonlinear systems, Hjalmarsson and
Mårtensson [2007] discussed a two-step approach to solve the input-design prob-
lem, one step in which the optimal probability density function of the input is
computed and one in which the signal is realized based on the found probability
density. This idea is inspired by how the experiment design is commonly per-
formed for linear systems and was extended in Larsson et al. [2010], where input
design for general nonlinear finite-input-response (fir) models was considered.
This model class was also dealt with in De Cock et al. [2016]. Another often-
studied subclass is the interconnections of linear dynamical systems and static
nonlinearities. Experiment design for such block-oriented systems was explored
in Vincent et al. [2010] and Mahata et al. [2016].

Further, for static nonlinear systems that are linear in the parameters, the input
design can be formulated as a convex optimization problem. This property was
used in Forgione et al. [2014] to perform input design for dynamical systems by
considering a fixed number of amplitude levels of the input signal. A similar
approach was taken in Valenzuela et al. [2015], where input design for nonlinear
output-error (oe) models was considered using graph theory. In Gopaluni et al.
[2011], a particle-filter approach was used, and in Umenberger and Schön [2019],
the input-design problem was transformed into an optimal control problem us-
ing tools from statistical inference. Both these approaches consider fairly general
classes of nonlinear models but rely on stochastic approximation techniques and
require initial guesses for the input signals to deal with the resulting non-convex
formulations.

For most model structures, the optimal experiment design will depend on the
parameters of the system to be identified, i.e., the quantities that it is desired
to estimate. This can seem a bit restrictive, but for many applications, there is
some nominal model available that the experiment design can be based on. In
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other cases, a multi-stage approach can be employed where an estimation step
and a design step are alternated iteratively, as in Gerencsér et al. [2009]. A third
option is a robust design where the experiment-design criterion is optimized over
a distribution of possible parameter values. This last approach was explored for
nonlinear models in Valenzuela et al. [2017].

Parameter estimation for nonlinear models of industrial manipulators was dis-
cussed in Wernholt and Moberg [2011]. A two-step solution was used where
frequency-response estimates for local linear models were first estimated for a
chosen number of operating points. Suitable values for the parameters of a non-
linear model were then found in a second step by minimizing the discrepancy
between these locally valid frequency-response estimates and the parametric fre-
quency response of the nonlinear model. Experiment design for such an ap-
proach was explored in Wernholt and Löfberg [2007]. In this case, the design
reduces to a selection between a predefined set of operating points where, in each
operating point, tools from experiment design for linear systems can be applied
to find a suitable input signal. This is appealing because the Fisher information
matrix of a sequence of sub-experiments can be written as a convex combination
of the Fisher information matrices of the individual sub-experiments. As a result,
the optimal experiment-design problem is convex and can be solved efficiently.

The importance of collecting informative data has also been stressed in works
regarding marine modelling. In Blanke and Knudsen [1999, 2006], ships were
considered, and the informativity gains from zig-zag, circle and spiral maneu-
vers were compared with the informativity gains obtained when applying tele-
graph input signals. Further, an optimal zig-zag maneuver was found in Yoon
and Rhee [2003] by empirically trying out different candidates of varying am-
plitude and frequency. More recently, an approach for finding optimized input
signals for nonlinear models of underwater vehicles was presented in Nouri et al.
[2018]. Their proposed idea was to parameterize a step-wise changing signal in
terms of a finite number of amplitude levels and dwell times, i.e., an approach
similar to Forgione et al. [2014] and Valenzuela et al. [2015]. A comparable ap-
proach was applied for surface vessels in Wang et al. [2020]. Both Nouri et al.
[2018] and Wang et al. [2020] obtain optimization problems that can be solved
in a reasonable time by imposing restrictions on the input signal, such as hav-
ing the propeller thrust fixed and only varying the rudder angle. In both cases,
the resulting optimization problems are solved using numerical methods and the
optimized input signals are in simulation experiments shown to give more accu-
rate parameter estimates than zig-zag maneuvers. Lastly, a comparative study
between model estimation following towing tests and self-actuated tests for an
underwater vehicle was presented in Lack et al. [2019]. The results show the ben-
efits of having the vessel’s own propulsion system generate motion during the
data collection.
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1.1.2 Related work about parameter estimation

The challenges with parameter estimation for nonlinear model classes are also
widely known, see for example Ljung [2010]. As a consequence, there is a sub-
stantial research effort focused on the problem. One possible way of approaching
it is to consider cases where the Maximum Likelihood (ml) problem can be for-
mulated and solved. In Schön et al. [2011], this was done using the Expectation-
Maximization algorithm and particle smoothing. Another common approach is
the prediction error method (pem). In Abdalmoaty [2019], a prediction error per-
spective with suboptimal predictors was explored. The results show that linear
predictors can give consistent estimators for a fairly large class of nonlinear mod-
els, even when data are generated from systems with non-additive disturbances.
The approaches in Schön et al. [2011] and Abdalmoaty [2019] both deal with
quite general model classes, but a limitation is that they typically require prior
knowledge about the disturbances’ probability distributions to work well. Fur-
ther, Larsson [2019] investigated the possibility of having a parameterized linear
observer capturing unmodelled disturbance characteristics. This linear observer
was an easily accessible way of compensating for miss-specified predictors and
gave promising results on data collected from a fixed-wing aircraft. Unlike the
approaches mentioned above, the methods explored in this thesis are tailored to
second-order modulus models in particular. However, the ambition is that some
insights gained in this work should lead to a better understanding of more gen-
eral nonlinear system identification as well.

This work is not the first at applying methods from system identification for
estimating parameters of models for marine applications. Classical techniques
for system identification applied to ship maneuvering include pem [Zhou and
Blanke, 1989], the extended Kalman filter [Fossen et al., 1996, Yoon and Rhee,
2003], and model reference adaption [Van Amerongen, 1984]. During the past
decades, these techniques have been refined in several ways, and more recently,
in Herrero and Gonzalez [2012], identification of a high-speed trimaran ferry
was carried out using a nonlinear prediction error method with the unscented
Kalman filter. Moreover, in Perez et al. [2007] and Sutulo and Soares [2014],
genetic algorithms were used to minimize measures of the difference between
the reference response and the response obtained with the identified parameters.
Another recently suggested technique for parameter estimation is support vector
machine regression. This was applied to ships in Luo et al. [2016].

Sometimes the unknown model parameters are obtained in non-data-driven ways.
In Skjetne et al. [2004], a nonlinear model of a scale ship was obtained by first
having some of the parameters being measured directly by towing tests. Very ac-
curate parameter estimates can be obtained in this way, but the experiments are
often expensive and time-consuming, especially when carried out at full scale. In
Kopman et al. [2015], a nonlinear model of an underwater vehicle in the shape of
a fish was developed. In that work, a nonlinear pem was used to find values for
the parameters connected to the frontal part of the robotic fish whereas the tail
was modelled using beam theory. Recently there have also been advances in the
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development of methods using computational fluid dynamics for ship hydrody-
namics. In Carrica et al. [2013], such a method was used to model maneuvers of
both a model ship and its full-scale equivalent.

1.2 Contributions

In this work, the focus is first on developing accurate parameter estimators for
second-order modulus models. This part of the work serves as a continuation
of Linder [2017], where the instrumental variable (iv) method was successfully
applied for estimating parameters in linear ship models. After this, the focus is
shifted toward experiment design, primarily for the same model class. The goal
is to contribute to the research field of system identification regarding parame-
ter estimation and experiment design for nonlinear model classes, while at the
same time complementing earlier investigations of marine modelling, primarily
by putting the focus on having consistent estimators and an improved experi-
ment design.

There are five main contributions in the thesis. The first contribution is the sug-
gestion of an experiment design where the input signal has a static offset of suf-
ficient amplitude and the instruments in an iv method are forced to have zero
mean. This two-step procedure is analyzed in Chapters 4 and 5, and shown to
give consistent parameter estimators for second-order modulus models in cases
where an off-the-shelf applied iv method does not. It is also shown that non-
additive disturbances with unknown first-order moments make consistency hard
to achieve, even when the aforementioned procedure is followed. This leads to
the second contribution, which is a framework for extending the parameter vec-
tor of a second-order modulus model with auxiliary nuisance parameters that
depend on the non-additive disturbances’ first and second-order moments. In
marine modelling, wind and ocean currents are often treated as non-additive
disturbances, and the main idea is to describe these as stationary stochastic pro-
cesses in an inertial frame and to utilize the fact that their effect on a vessel de-
pends on the vessel’s attitude. It is consequently possible to infer information
about the environmental disturbances by over time measuring the orientation
of a vessel that they are affecting. In addition to providing information about
the environmental disturbances themselves, the technique for augmenting the
system description with disturbance-dependent properties makes it possible to
obtain estimators for the original model parameters that are consistent despite
data having been collected in severe weather conditions. This framework is also
analyzed in Chapters 4 and 5. The third contribution is the suggestion and anal-
ysis of a dictionary-based approach for experiment design, i.e., a systematic way
of choosing the most informative combination of independent experiments out
of a predefined set of candidates. This approach is tailored to fit well with the
previously mentioned two-step solution and an IV estimator in Chapter 7. The
fourth contribution consists of modifications made to a standard motion plan-
ning problem, which make it possible to obtain a plan for the complete experi-
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ment in the form of a spatially feasible trajectory based on the prior-made choice
of information-rich sub-experiments. This is further explained in Chapter 8. The
fifth contribution is experimental work, both in simulation and using collected
ship data. This work is presented in Chapters 6 and 9.

Some of the results in Chapters 4-6 have also been published in

Fredrik Ljungberg and Martin Enqvist. Obtaining consistent param-
eter estimators for second-order modulus models. IEEE Control Sys-
tems Letters, 3(4):781–786, 10 2019.

Fredrik Ljungberg and Martin Enqvist. Consistent parameter esti-
mators for second-order modulus systems with non-additive distur-
bances. In Proceedings of the 21st IFAC World Congress, Berlin, Ger-
many, 2020.

Fredrik Ljungberg and Martin Enqvist. Consistent estimators for non-
linear vessel models. arXiv:2204.04973, 2022.

In the first paper, the idea of performing experiments with excitation offset in
combination with zero-mean instruments is suggested, whereas the possibilities
of using auxiliary disturbance measurements for dealing with non-additive sys-
tem disturbances with unknown first-order moments are explored in the second
paper. The third paper summarizes the work in the first two papers and addition-
ally includes the suggestion of a method to estimate nuisance parameters that
depend on the first and second-order moments of system disturbances alongside
the parameters of a second-order modulus model.

Further, some of the results in Chapters 7-9 have also been published in

Fredrik Ljungberg, Jonas Linder, Kalevi Tervo, and Martin Enqvist.
Experiment design for identification of marine models. arXiv:2210.05496,
2022.

This paper deals with a dictionary-based approach for experiment design and
also proposes a method to generate a spatially feasible experiment trajectory.

1.3 Thesis outline

In the leading chapters of the thesis, brief theoretical introductions to a selection
of topics are given. These chapters contain no new results but are relevant for
understanding the later parts. In Chapter 2, some theoretical preliminaries to
system identification are given, whereas Chapter 3 serves as an introduction to
ship modelling.

In the system identification process, the data collection is naturally performed be-
fore the parameter estimation. However, the experiment-design methods that are
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explored in this thesis are tailored to the earlier developed parameter estimators.
Therefore, to get a coherent presentation, the main focus is initially directed to-
ward estimation, whereas the experiment design is dealt with later. In Chapter 4,
it is first shown that the accuracy of an iv estimator for second-order modulus
models can be improved by conducting experiments where the input signal has
a static offset of sufficient amplitude and the instruments are forced to have zero
mean. The method is then extended to cover the case with non-additive system
disturbances with unknown first-order moments. After this, the abstract tools
developed in Chapter 4 are applied together with a model describing the surge
speed of a marine surface vessel in Chapter 5. This makes it possible to show
their relevance for the marine application and also to discuss some practical as-
pects regarding previously made assumptions. Further, to illustrate the potential
of the estimators derived throughout Chapters 4 and 5, experiments were per-
formed. In these experiments, simulated as well as real data from a full-scale
marine vessel provided by abb were used. In Chapter 6, the experiments are
described briefly, and the results from using the data for estimation of a maneu-
vering model derived in Chapter 3 are presented.

Following this, the attention is shifted from parameter estimation to experiment
design, and in Chapter 7, a dictionary-based approach for input design is tailored
to the earlier suggested iv estimators. In particular, the importance of subtracting
the first-order moments from the instruments is discussed again, and a technique
to account for this in the experiment design is proposed. There are many practical
considerations to be made for a data-collection experiment in addition to exciting
the system as well as possible. It is, for example, important that the experiment
is planned with respect to geographical constraints for safety reasons. The goal
of Chapter 8 is thereby to show how the previously discussed dictionary-based
method for finding an excitation signal can be combined with a motion-planning
framework to obtain a trajectory that is both informative and spatially feasible.
After this, in Chapter 9, the results of experimental work using the methods de-
veloped in Chapters 7 and 8 are presented. Similar to before, the experiments
were performed using a mix of simulated and real data, this time also including
data from a small-scale model ship.

Finally, the thesis is concluded in Chapter 10, where some ideas for future work
are also listed.





2
System identification preliminaries

System identification is the study of data-based modelling of dynamical systems
based on measurements of their input and output signals. This is an important
topic within the research field of automatic control since many modern control
methods are model-based. System identification is an extensive field of research,
and the aim of this chapter is not to provide the reader with a complete overview.
Instead, the focus is on a selection of topics that will be useful for understanding
the remainder of the thesis.

2.1 Systems

The term system refers to an object within which several variables interact to
produce observable effects. These effects are called output signals. The output
signals, y, are interesting because they are assumed to reflect the behavior of the
system under the effect of external stimuli. The stimuli variables are called input
signals and can be further divided into control signals, u, which can be manipu-
lated by a user of the system and disturbances, w, which can not. Sometimes the
disturbances can be measured, whereas other times, they can only be observed
through their influence on the output signals.

For discussions about modelling, it is convenient to introduce the notion of a true
system. The true system will be viewed as a mathematical mapping between the
inputs and the outputs

y = f0(u,w) + e. (2.1)

The additive variable, e, represents the unavoidable uncertainty associated with
measuring something. Whether nature, in reality, is explainable by a mathemat-

11
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ical function or not is a fundamental philosophical question that will not be ex-
plored in this thesis. The main use of the true system will be the evaluation of
modelling tools.

2.1.1 Dynamical systems

Generally, the output of a system does not only depend on the current value of
the input but also on its historical values. Systems with this property are referred
to as dynamical systems. The mapping from input to output is then given as a
differential equation with respect to time. It will be assumed that all dynamical
systems are causal, i.e., that the output does not depend on future values of the
controlled input and disturbances. Then the output at a time instant t does not
depend on any signal at a time later than t.

A convenient way of expressing a causal dynamical system is the state-space rep-
resentation

ẋ(t) = f
(
t, x(t), u(t),w(t), θ0

)
, (2.2a)

y(t) = h
(
t, x(t), u(t), θ0

)
+ e(t). (2.2b)

Here x(t) is a latent variable that is referred to as the system state, and θ0 is a
vector of parameters that does not vary over time. The dot notation indicates first-
order differentiation with respect to time. If there is no explicit time dependence
in the functions f and h, the system is said to be time-invariant. Moreover, if f
and h are linear functions in x(t), u(t) and w(t), the system is said to be linear.

Linear and time-invariant dynamical systems constitute a well-studied special
case for which (2.2) may be written in matrix form

ẋ(t) = A(θ0)x(t) + B(θ0)u(t) + N (θ0)w(t), (2.3a)

y(t) = C(θ0)x(t) + D(θ0)u(t) + e(t). (2.3b)

A less restricted case is nonlinear and time-invariant systems

ẋ(t) = f
(
x(t), u(t),w(t), θ0

)
, (2.4a)

y(t) = h
(
x(t), u(t), θ0

)
+ e(t). (2.4b)

The systems studied in this work fall into this category.

2.1.2 Discrete-time systems

Thus far, the system representations have been given in continuous time. This
is natural in many applications because most known basic relationships are ex-
pressed in terms of differential equations. However, the only way to observe a
system is by measurements, and these are generally obtained as a finite collec-
tion of values, i.e., in discrete time. There are two main strategies for dealing
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with this mismatch. The first one is to transform the continuous-time system
representation to a discrete-time approximation that is compatible with the sam-
pled data. This can be done in several different ways. The simplest is perhaps
Euler’s explicit method, which is based on a finite-difference approximation of
the derivative

ẋ(kTs) ≈
1
Ts

(
x(kTs + Ts) − x(kTs)

)
, k = 1, 2, . . . (2.5)

Here Ts is the time difference between two consecutive samples and kTs denotes
the measurement sampling instants. Substituting the approximation (2.5) into
the continuous-time system representation (2.4) gives

x(kTs + Ts) ≈ x(kTs) + Tsf
(
x(kTs), u(kTs),w(kTs), θ0

)
(2.6a)

∆= fd
(
x(kTs), u(kTs),w(kTs), θ0

)
, (2.6b)

y(kTs) = h
(
x(kTs), u(kTs), θ0

)
+ e(kTs). (2.6c)

If the data is uniformly sampled in time and Ts is small with respect to the signal
variations of x(t), u(t) and w(t), the approximation will be accurate.

Further, for many engineering applications, the controlled input signal is held
constant between the sampling instants. This is referred to as zero-order hold.
It is important to note that a discrete-time approximation that perfectly matches
the continuous-time representation for zero-order-hold inputs might not exactly
match it if the input behaves differently between samples. This is one of the
main motivations for the second strategy of dealing with the aforementioned
issue, which is to stay in the continuous-time domain. In this case, the signal
derivatives are approximated using the data by imposing assumptions on the in-
tersample behavior. For non-uniformly sampled data with deviating but known
intersample behavior, this alternative strategy can constitute a better alternative.
The alternative strategy is sometimes referred to as continuous-time system iden-
tification, and the interested reader will find a broad overview in Garnier and
Wang [2008].

In the marine applications studied in this work, zero-order-hold inputs are com-
monly used, and the measurements are typically collected uniformly in time. Fur-
ther, the system dynamics are relatively slow, which means that Ts can be chosen
small with respect to the signal variations. For these reasons, discretizations us-
ing Euler’s explicit method are often sufficiently accurate, and the analysis pre-
sented in the forthcoming chapters will therefore be carried out for discrete-time
system representations. Subsequently, the time indices t and k will be used to
distinguish between continuous and discrete-time systems when needed, and for
simplified notation, it will often be assumed that Ts = 1.
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2.2 Models

To successfully interact with a system it is necessary to make predictions about its
behavior. This requires figuring out how the system variables relate to each other.
Such an approximation of the true system will be referred to as a model. A model
can sometimes be derived solely based on physical laws and prior knowledge
about the system. This is called whitebox modelling. In other cases, a model can
be based on collected measurement data. To this end, let

D(N ) =
(
y(k), u(k), o(k)

)N
k=1

, (2.7)

be a collection of N data points. In addition to measurements of the output and
control signals, the dataset, D(N ), may include supplementary measured signals,
o(k). This can, for example, be measurements of disturbances. There are many
ways to characterize a mathematical model and in this work the one-step-ahead
predictor

ŷ(k | θ) = g
(
D(k − 1), θ

)
, (2.8)

will be used for this. The nonlinear filter g( · ) takes previous data, D(k − 1), and
the parameter vector, θ, as input.

The primary goal of system identification is to find a predictor model whose out-
puts are similar to those of the true system. This search is usually carried out
over a set of candidate models. Except for the parameter vector, the predictor
will depend on the underlying form of the filter g( · ). This underlying form will
be referred to as the model structure. If no prior knowledge about a system
is used when deciding upon a model structure, the identification procedure is
called blackbox modelling. This is the straight opposite of whitebox modelling,
which was mentioned earlier.

Generally, any modelling in the area between both extremes is referred to as grey-
box modelling. It is mainly modelling of this type that is explored in this work.
There are many levels of greybox modelling, and in Schoukens and Ljung [2019],
a whole palette is defined. Common for all sorts of greybox modelling is that
physical knowledge is first used to the extent possible and that the remaining
free elements are adjusted to make the model predictions match collected data
in a subsequent step. See, for example, Bohlin [2006] for a comprehensive treat-
ment of greybox identification of industrial processes. It is worth noting that,
unlike blackbox modelling, the purpose of greybox modelling is usually not only
to obtain a tool for predicting the system’s future behavior but also to get physical
insights regarding how it functions. Consequently, the validity of the parameter
estimates found when adapting the predictor to data might be equally important
as the accuracy of the predictor itself.
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2.3 Parameter estimation

Once a model structure has been chosen, the parameters, θ, can be determined
by solving an optimization problem

θ̂N = argmin
θ∈ϑ

VN
(
D(N ), θ

)
, (2.9)

where VN ( · ) is a cost function that depends on the data and on the chosen struc-
ture. The search for an optimal θ is carried out over ϑ, which is assumed to be an
open subset of the real numbers. An optimization problem such as (2.9) will be
referred to as en estimator of θ. Generally, each way of forming the cost function,
VN ( · ), will correspond to a unique estimator. In this work, different estimators
will be compared.

A natural way of evaluating estimators is to compare their ability to converge to
the values of the true system parameters θ0. However, given a model structure
and a dataset, it might be hard to find a reasonable estimator that actually does so.
The issue depends both on the chosen model structure and whether the dataset
is informative enough to distinguish between different models, as explained by
Gevers et al. [2009]. If the data is sufficiently informative, the question remaining
is whether the model structure is identifiable, i.e., if different θ can correspond
to the same model.

Definition 2.1 (Global identifiability). A model structure g( · ) is globally iden-
tifiable if g( · , θ) = g( · , θ∗)

θ, θ∗ ∈ ϑ
=⇒ θ = θ∗. (2.10)

This definition of identifiability is similar to the one in Grewal and Glover [1976].

A stochastic framework will be used for representing the uncertainty associated
with data acquisition from the true system. The aforementioned disturbance
signals, e(k) and w(k), will therefore be treated as stochastic processes. Conse-
quently, an estimator will be random and its quality will have to be assessed in
a statistical setting. The properties that are used to compare estimators are often
asymptotic in the number of data points. One such property is consistency. An
estimator of a parameter vector, θ, is said to be consistent if it converges almost
surely to the true value of the parameter vector.

Definition 2.2 (Consistency). An estimator of a parameter vector θ is consis-
tent if

θ̂N → θ0, w.p. 1 as N →∞. (2.11)
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Sometimes the consistency of an estimator can only be shown under certain ex-
perimental conditions, such as when the disturbance signals are well-described
as white stochastic processes. A stochastic process is said to be white if there is
no dependence between its values at different times.

Definition 2.3 (White). A stochastic process, x(k), is white if all samples are
identically distributed and independent, i.e., if x(k) and x(k + s) are independent
and for all s , 0.

Stochastic processes that do not meet this requirement are referred to as colored.

2.3.1 Prediction error methods

One of the most common ways of forming the cost function in (2.9) is

VN
(
D(N ), θ

)
=

1
N

N∑
k=1

`
(
y(k) − ŷ(k | θ)

)
, (2.12)

where `( · ) is a scalar-valued function. An estimator that utilizes a cost function
like (2.12) is called a prediction error method (pem). The parameters are then
determined by solving

θ̂PEM
N = argmin

θ∈ϑ

1
N

N∑
k=1

`
(
y(k) − ŷ(k | θ)

)
. (2.13)

In general, this problem is not convex but simplifies for some model structures
under specific choices of `( · ). One such scenario is when the predictor, (2.8), can
be expressed as a linear function in the parameters

ŷ (k | θ) = Φ T
(
D(k − 1)

)
θ. (2.14)

Here Φ ( · ) is called the regression matrix and its elements can be constructed
based on the data alone. For simplified notation, the data dependency of Φ (k) =
Φ

(
D(k − 1)

)
will subsequently not be written out explicitly. When the predictor

is linear in the parameters, the residual

ε(k | θ) = y(k) − ŷ(k | θ), (2.15)

is affine in the parameters. Then (2.13) will be a convex optimization problem if
`( · ) is a convex function and ϑ is a convex set. In the special case where `( · ) is
a quadratic function, `(x) = xT x, and ϑ is the set of real numbers, the estimator
(2.13) can be expressed as an ordinary least-squares (ls) problem

θ̂LSN = argmin
θ

1
N

N∑
k=1

∥∥∥∥y(k) −Φ T (k)θ
∥∥∥∥2

2
. (2.16)
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The analytical solution to this optimization problem is

θ̂LSN =

 1
N

N∑
k=1

Φ (k)Φ T (k)


−1  1

N

N∑
k=1

Φ (k)y(k)

 , (2.17)

provided that the indicated inverse exists. In this work, it will be assumed that
the data is sufficiently informative and that the considered model structure is
globally identifiable by Definition 2.1. In that case, the inverse does exist.

2.3.2 Instrumental variable methods

The instrumental variable (iv) method constitutes an alternative to pem. An iv
estimator can be defined as an optimization problem, as was done earlier, or as
the solution to a system of algebraic equations

θ̂IVN = sol

 1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
= 0

 . (2.18)

Here Z (k) is called the instrument matrix, and the notation sol
{
f (x) = 0

}
is used

for the solution to the system of equations fi(x) = 0, i = 1, . . . , n. The IV estima-
tor will be consistent if

Ē
{
Z (k)Φ T (k)

}
is full rank, (2.19a)

Ē
{
Z (k)

(
y(k) −Φ T (k)θ0

)}
= 0, (2.19b)

where the notation Ē{ · } = limN→∞
1
N

∑N
k=1 E{ · } was adopted from Ljung [1999].

In general, if (2.19a) is fulfilled, the parameters of an iv estimator will converge
to the values that make

Ē
{
Z (k)

(
y(k) −Φ T (k)θ

)}
= 0. (2.20)

This equation will be important for the analysis in Chapter 5 and will subse-
quently be referred to as the iv equation.

The analytical solution to (2.18) is

θ̂IVN =

 1
N

N∑
k=1

Z (k)Φ T (k)


−1  1

N

N∑
k=1

Z (k)y(k)

 , (2.21)

provided that the indicated inverse exists. By comparing (2.17) with (2.21), the ls
estimator can be seen to be a special case of the iv estimator with Z (k) = Φ (k). It
is easy to find examples where an ls estimator is not consistent, and the flexibility
to choose Z (k) gives increased chances of obtaining consistency. On the other
hand, the variance properties of an iv estimator depend highly on the choice of
instruments and might very well be worse than those of an ls estimator. See for
example Söderström and Stoica [1989] for more details about ivmethods.
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2.4 Errors-in-variables identification

As mentioned earlier, there is always uncertainty associated with measuring some-
thing. This means that the elements of the data-dependent regression matrix,
Φ (k), sometimes are not known exactly. In statistics, these elements are called
independent variables and system representations that account for measurement
uncertainty in the independent variables are referred to as errors-in-variables
models. Whether or not it is important to acknowledge the fact that there are mea-
surement errors in the independent variables depends on several factors, such as
the chosen model structure, the reliability of the sensors used for data acquisition
and the required model accuracy. Consequently, the relevance of addressing the
challenges associated with errors-in-variables identification is highly application
dependent. Generally, it is relevant to consider errors-in-variables formulations
when part of the goal is to determine the physical laws that describe the process
and not only to predict the system’s future behavior. This is because, in this case,
it is typically a model between the noise-free input and noise-free output that is
sought.

Uncertainty in the independent variables is caused by measurement errors and
the most common is perhaps to measure the output signals, y(k). However, some-
times the system inputs, u(k), or other supplementary signals, o(k), need to be
measured as well. For linear systems, it is often reasonable to assume that all
disturbance effects can be lumped into an additive term at the output, see for
example Ljung [1999]. An exception to this is the situation where there is mea-
surement uncertainty associated with the input signal, which is recognized as a
difficult problem to deal with for accurate parameter estimation. In this work,
the challenges associated with errors-in-variables identification will primarily be
induced by uncertain output measurements. This is a relevant problem to study
because for nonlinear systems it is usually not possible to only consider distur-
bance effects at the output, even if the system input is known exactly. Errors-in-
variables identification constitutes an important scenario where pem often fails
to give consistent estimators and the iv method comprises a better alternative.
There are also other approaches that can be considered, and the interested reader
will find a comprehensive overview of methods suitable for errors-in-variables
identification in Söderström [2018].



3
Modelling of ship motions

Different parametric model structures for ship dynamics have been proposed in
the past, and the aim of this work is not to develop any new theory in that re-
gard. Instead, the focus is on developing parameter estimators for a fairly gen-
eral class of nonlinear models for marine vessels called second-order modulus
models. This chapter serves as an introduction to ship modelling and contains
no new results. The presented theory is based on the ideas found in, for instance,
Fossen [1994], Perez [2005] and Fossen [2011]. For simplified notation, the time
dependence of continuous-time signals will in this chapter not be written out
explicitly.

3.1 The undisturbed equations of motion

For describing the motion of ships and other marine vehicles operating in mul-
tiple degrees of freedom (dof), it is convenient to first define two coordinate
systems.

Definition 3.1 (b-frame). The b-frame has its origin, Ob, in the ship. The xb-
axis points towards the bow, i.e., forward, whereas the yb-axis points starboard
(right) and the zb-axis points downwards. See Figure 3.1 for an illustration.

Definition 3.2 (n-frame). The n-frame has its origin, On, fixed to earth. The
xn-axis points north, whereas the yn-axis points east and the zn-axis points down-
wards, see Figure 3.1. This is sometimes referred to as a north-east-down (ned)
system.

For ships moving in wide areas, an Earth-centered reference frame can also be
considered. However, for the analysis in this thesis, the above-defined coordinate
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Figure 3.1: Illustration of a ship showing the reference frames in Defini-
tions 3.1 and 3.2.

systems will be sufficient.

The equations of motion under undisturbed conditions are in Fossen [2011] for-
mulated as

η̇ = J(η)ν, (3.1a)

Mν̇ + C(ν)ν + D(ν)ν + g(η) + g0 = τact. (3.1b)

Here the first state vector

η =
[
xn yn zn φ θ ψ

]T
, (3.2)

constitutes global position and attitude in the form of Euler angles between the
n-frame and the b-frame. The second state vector

ν =
[
u v w p q r

]T
, (3.3)

includes the translational velocities in the b-frame and angular velocities about
the b-frame axes, as in Figure 3.1. The translational velocities, u = ẋb, v = ẏb and
w = żb, are by convention referred to as surge, sway and heave, respectively, and
the Euler angles, φ , θ and ψ, are for the same reason referred to as roll, pitch and
yaw. Notably, the order of the Euler angles is important and the zyx convention
is used. This determines the structure of J(η), which is an attitude dependent
rotation matrix. Further, M is a matrix including mass and inertia elements in
accordance with Newton’s laws, C(ν) includes Coriolis and centripetal forces that
are due to the rotation of the b-frame about the n-frame, D(ν) describes energy
losses due to damping and g(η) + g0 are static forces that are, for example, caused
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by buoyancy and gravity. The system input τact is a collection of forces and mo-
ments caused by the ship’s actuators. Note that the model (3.1) can be nonlinear
despite the matrix representation since some matrices are velocity dependent and
some matrices depend on the ship’s orientation.

Any motion of a marine craft will induce motion in the surrounding water. It is
thereby common to divide the mass and inertia matrix, M, as well as the Coriolis
matrix, C(ν), into separate parts for rigid-body kinetics, which comprises forces
and moments caused by moving the vessel itself and hydrodynamics, which com-
prises forces and moments caused by the moved water

M = MRB + MA, (3.4)

C(ν) = CRB(ν) + CA(ν). (3.5)

From a system identification point of view, this separation is unappealing be-
cause unique identification of the two effects is not necessarily possible. It would
therefore be desirable to maintain the compact notion of (3.1b). The separation
is, however, required for treating the environmental disturbances correctly.

3.2 Environmental disturbances

In addition to the ship’s actuators, there are mainly three sources of environmen-
tal disturbances that affect the vessel. These are ocean currents, wind and waves.
In this thesis, only ocean currents and wind are dealt with.

When the surrounding water is not at a standstill with respect to the inertial
frame, which is the case if ocean currents are considered, the rigid-body effects
enter the system in a different way than the hydrodynamic effects do. Denoting
the generalized velocity vector of the water in the body-fixed frame as νc and the
corresponding relative velocity of the ship as νr = ν − νc, the rigid-body effects
depend on the ship’s absolute velocity

τRB = MRBν̇ + CRB(ν)ν , (3.6)

whereas the hydrodynamic forces and moments depend on the relative velocity
between the ship and the surrounding water

τhyd = MAν̇r + CA(νr )νr + D(νr )νr . (3.7)

Regarding wind disturbances, it is common to assume the principles of superpo-
sition and neglect the fact that the aerodynamic forces depend on the velocity of
the ship. This is a reasonable approximation in some cases, but in general, the
wind effect will be nonlinear and enter the system non-additively in the equations
of motion. To be able to develop consistent estimators in the later chapters of this
thesis, a more accurate description of the wind forces will be needed. Therefore,
denote the generalized velocity vector of the surrounding air in the body-fixed
frame as νw and the corresponding relative velocity of the ship as νq = ν − νw.
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The aerodynamic damping matrix F (νq) will be used to describe the effects of the
wind as well as regular air resistance. In theory, there will be both added-mass
and Coriolis effects connected to the moved air as well, but these are supposedly
small, and a damping matrix will be assumed sufficient for capturing all relevant
aerodynamic effects

τair = F (νq)νq. (3.8)

The equations of motion including environmental disturbances can now be writ-
ten as

MRBν̇ + MAν̇r + CRB(ν)ν + CA(νr )νr + D(νr )νr + F (νq)νq + g(η) + g0 = τact.
(3.9)

The ocean and air currents are modelled as stationary stochastic processes in the
inertial frame

νc,n ∼ Pνc,n , (3.10)

νw,n ∼ Pνw,n , (3.11)

whereas in the body-fixed frame, they are assumed to depend on the attitude of
the ship

νc = J−1(η)νc,n, (3.12)

νw = J−1(η)νw,n. (3.13)

It will be further assumed that the ocean current is almost constant in the n-
frame, ν̇c,n ≈ 0, and that the ship is turning slowly such that the acceleration of
the current is negligible also in the b-frame, ν̇c ≈ 0. In this case, the added-mass
term is

MAν̇r = MA(ν̇ − ν̇c) ≈ MAν̇ . (3.14)

Having to assume that the ship is turning slowly is a bit restricting but it greatly
simplifies the parameter estimation discussed in the forthcoming chapters. If
(3.14) holds and M = MRB + MA is nonsingular, (3.9) can be cast on state-space
form as

ν̇ = M−1
(
−CRB(ν)ν −

(
CA(νr ) + D(νr )

)
νr − F (νq)νq + τact − g(η) − g0

)
. (3.15)

3.3 Maneuvering models

Maneuvering models in three dof constitute an important special case of the
general model described above. In this case, only motion in the horizontal plane
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is considered, and the state vectors with some abuse of notation are

ν =
[
u, v, r

]T
, (3.16)

η =
[
xn, yn, ψ

]T
. (3.17)

This means that the dynamics associated with motion in heave, roll and pitch
are neglected, w = p = q = 0. For horizontal motion of a vessel, the kinematic
equations (3.1a) reduce to one principal rotation about the zb-axis

JΘ(η) = R(ψ) =


cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1

 . (3.18)

In maneuvering theory, it is also common to neglect the static forces g(η) and g0.
This means that the state-space representation (3.15) simplifies to

ν̇ = M−1
(
−CRB(ν)ν −

(
CA(νr ) + D(νr )

)
νr − F (νq)νq + τact

)
. (3.19)

3.4 Nonlinear ship modelling

The model (3.19) is nonlinear due to the velocity dependence of CRB(ν), CA(νr ),
D(νr ) and F (νq). There are many possible representations of the Coriolis and
centripetal matrices, but in general, only first-order terms are present, meaning
that the resulting expressions, CRB(ν)ν and CA(νr )νr , only include terms of sec-
ond order. The most uncertain component in the model is perhaps the damping
vector, D(νr )νr , to which many hydrodynamic phenomena contribute. Based on
knowledge from fluid dynamics it is often expanded in a series in one of two
ways.

3.4.1 Truncated Taylor expansion

The first approach is to base the series on a Taylor expansion and this was sug-
gested by Abkowitz [1964]. If Taylor expansions are considered, the even-order
terms are usually neglected. This is done to enforce that the resulting model
behaves in the same way for positive and negative relative velocities, something
that is necessary due to ship symmetry.

3.4.2 Second-order modulus models

The other type of series expansion was first proposed by Fedyaevsky and Sobolev
[1964]. Their suggestion is based on a combination of physical effects such as cir-
culation and cross-flow drag principles, properties that are usually well-described
by quadratic functions, and the constraint of having a symmetric model is instead
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resolved by the use of the modulus function. These models are not necessarily
continuously differentiable, and strictly speaking, they can therefore not repre-
sent the physical system. However, experience has shown that they can describe
the water’s damping effects quite accurately. Therefore, they are often used any-
way. Expansions of this type typically do not include any terms of higher order
than two, and the resulting models are thereby often referred to as second-order
modulus models.

For describing a general second-order modulus model, it is convenient to first
define a second-order modulus function.

Definition 3.3. A second-order modulus function is a function, f : R
nx+nθ →

R
nf that can be written as

f (x, θ) = Φ T (x)θ,

where each element of the nθ × nf matrix Φ (x) is on one of the forms xi , |xi |, xixj ,
xi

∣∣∣xj ∣∣∣ for i, j ≤ nx or zero and θ ∈ Rnθ is a vector of coefficients.

It can be noted that by Definition 3.3, the sum of two second-order modulus
functions can be expressed as a second-order modulus function

f1(x1, θ1) + f2(x2, θ2) = Φ T
1 (x1)θ1 + Φ T

2 (x2)θ2 =
[
Φ T

1 (x1) Φ T
2 (x2)

] [θ1
θ2

]
∆= Φ̃

T
[x1
x2

] [θ1
θ2

]
= f̃

[x1
x2

]
,

[
θ1
θ2

] , (3.20)

and that the linear relationship f (x) = Ax, is a special case of a second-order
modulus function.

In this work, the second-order modulus approach will be adopted. This means
that the hydrodynamic damping matrix, D(νr ), and its aerodynamic counterpart,
F (νq), will be assumed to include first-order elements, possibly with absolute
values. Together with the aforementioned assumption that CRB(ν) and CA(νr )
only include elements of first order, each individual term on the right-hand side
of (3.19) can be viewed as a second-order modulus function. Consequently, the
whole equation can be viewed as a second-order modulus function

ν̇ = M−1
(
−CRB(ν)ν −

(
CA(νr ) + D(νr )

)
νr − F (νq)νq + τact

)
∆= fν(ν , θν) + fνr (νr , θνr ) + fνq (νq, θνq ) + fτ (τact, θτ ) = f



ν
νr
νq
τact

 ,

θC
θD
θF
θτ


 . (3.21)

Here θν , θνr , θνq and θτ are time-invariant parameters associated with the matri-
ces M, CRB, CA, D and F .
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3.5 Deriving a model structure

The state equation defined by (3.21) is expressed in arbitrary matrices M, CRB,
CA, D and F . However, for presenting the theory in Chapter 5 and the experimen-
tal work in Chapters 6 and 9, specific ship models will be used. In the subsequent
sections, the derivation of a 3-dof maneuvering model is presented to which all
these specific models are related.

3.5.1 Rigid-body kinetics

The effects of forces acting on a rigid body are called kinetics and can, for ex-
ample, be derived based on Newton’s laws. Here the derivation is omitted and
the interested reader is referred to Fossen [1994] or Fossen [2011]. One way to
express the rigid-body mass matrix for maneuvering models is

MRB =


m 0 0
0 m mxG
0 mxG Iz

 , (3.22)

where m is the mass of the ship and xG is the distance between the center of
gravity and the origin of the b-frame, Ob. Lastly, Iz is the moment of inertia
about the zb-axis. If the distance between the center of gravity and Ob is small,
the diagonal approximation

MRB ≈


m 0 0
0 m 0
0 0 Iz

 , (3.23)

will be good. This was the case for the ships studied in Chapters 6 and 9. There-
fore, the diagonal structure will be used.

Further, there are many possible representations of the Coriolis and centripetal
matrix. In Fossen [2011], the representation

CRB(ν) =


0 0 −m(xGr + v)
0 0 mu

m(xGr + v) −mu 0

 , (3.24)

is suggested. Making the same assumption as above of having xG ≈ 0 gives the
slightly simplified expression

CRB(ν) ≈


0 0 −mv
0 0 mu
mv −mu 0

 . (3.25)

If the ocean current is irrotational

νc =
[
uc vc 0

]T
, (3.26)
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constant in the n-frame, ν̇c,n = 0, and CRB(ν) is parameterized independently of
linear velocities, Hegrenæs [2010] has shown that

MRBν̇ + CRB(ν)ν = MRBν̇r + CRB(νr )νr . (3.27)

It can be noted that the choice (3.25) gives the generalized force vector

CRB(ν)ν =


0 0 −mv
0 0 mu
mv −mu 0



u
v
r

 =


−mvr
mur

0

 , (3.28)

and that an alternative representation that gives exactly the same forces is

C̃RB(ν) =


0 −mr 0
mr 0 0
0 0 0

 . (3.29)

The main difference between (3.25) and (3.29) is that the matrix C̃RB(ν) defined
by (3.29) is parameterized independently of linear velocities, which means that
the property (3.27) can be used.

To see that (3.27) holds for C̃RB(ν), recall that

νc,n = R(ψ)νc, (3.30)

and note that ν̇c,n = 0 implies that

ν̇c,n = Ṙ(ψ)νc + R(ψ)ν̇c = 0, (3.31)

or equivalently that

ν̇c = −R−1(ψ)Ṙ(ψ)νc. (3.32)

The matrix R(ψ) defined by (3.16) is orthogonal, i.e., its transpose is equal to its
inverse. It is thereby straightforward to show that

ν̇c = −


cos(ψ) sin(ψ) 0
− sin(ψ) cos(ψ) 0

0 0 1



−r sin(ψ) −r cos(ψ) 0
r cos(ψ) −r sin(ψ) 0

0 0 0



uc
vc
0

 =


rvc
−ruc

0

 . (3.33)

Further, it holds that

MRBν̇c =


m 0 0
0 m 0
0 0 Iz



rvc
−ruc

0

 =


mrvc
−mruc

0

 , (3.34)

and that

C̃RB(νr )νc =


0 −mr 0
mr 0 0
0 0 0



uc
vc
0

 =


−mrvc
mruc

0

 . (3.35)
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Combining (3.34) and (3.35) gives

MRBν̇c + C̃RB(νr )νc = 0. (3.36)

and finally, since the Coriolis and Centripetal matrix C̃RB(ν) is parameterized
independently of linear velocities and the ocean current is irrotational, it is the
case that

C̃RB(ν) = C̃RB(νr ). (3.37)

Consequently, the sought property

MRBν̇ + C̃RB(ν)ν = MRB(ν̇r + ν̇c) + C̃RB(νr )(νr + νc)

= MRBν̇r + C̃RB(νr )νr , (3.38)

follows. The proof of this result can also be found in Chapter 8 of Fossen [2011].

The assumption that the ocean current is constant in the n-frame is restricting.
However, as long as the current is not changing too rapidly, ν̇c,n ≈ 0, it is reason-
able to assume that (3.27) will hold approximately.

3.5.2 Hydrodynamics

The added mass matrix will also be assumed to be diagonal

MA =


−Xu̇ 0 0

0 −Yv̇ 0
0 0 −Nṙ

 . (3.39)

The notation for the parameters Xu̇ , Yv̇ and Nṙ , which are commonly referred to
as hydrodynamic derivatives, is adopted from SNAME [1950]. For example, the
hydrodynamic added-mass force X along the xb axis due to an acceleration u̇ in
the xb-direction is written as

X = Xu̇ u̇, (3.40)

where Xu̇ = ∂X
∂u̇ .

The hydrodynamic Coriolis and centripetal matrix is assumed to have the same
structure as its rigid-body counterpart and is given by

CA(νr ) =


0 0 Yv̇vr
0 0 −Xu̇ur

−Yv̇vr Xu̇ur 0

 . (3.41)

The expression for the hydrodynamic damping is adopted from Blanke [1981].
He suggested a simplified version of what was originally proposed by Norrbin
[1970], namely that

D̃(νr ) =


−X|u|u |ur | 0 0

0 −Y|v|v |vr | −Y|v|r |vr |
0 −N|v|v |vr | −N|v|r |vr |

 .
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This damping matrix will be supplemented with viscous friction

D̄ =


−Xu 0 0

0 −Yv 0
0 0 −Nr

 ,
such that

D(νr ) = D̄ + D̃(νr ) =


−Xu − X|u|u |ur | 0 0

0 −Yv − Y|v|v |vr | −Y|v|r |vr |
0 −N|v|v |vr | −Nr − N|v|r |vr |

 . (3.42)

Quadratic damping dominates at high speeds, whereas viscous damping is more
prominent at lower speeds. Having linear friction terms in the model thereby
gives an increased possibility of adaptation to data collected when the ship is
moving slowly.

3.5.3 Aerodynamics

The aerodynamic forces and moments are significantly smaller than the hydrody-
namic forces and moments. Consequently, the aerodynamic part of the model is
harder to identify. The simple representation

F (νq) =


−W|u|u

∣∣∣uq∣∣∣ 0 0
0 −W|v|v

∣∣∣vq∣∣∣ 0
0 −Wuvuq 0

 , (3.43)

without viscous friction will therefore be used in order to keep the number of un-
known parameters low. This representation gives expressions of wind forces and
moments that are similar to the ones given in Fossen [2011]. However, unlike the
expressions in Fossen [2011], (3.43) gives wind forces and moments on second-
order modulus form. This is convenient for the subsequent analysis in this thesis
since it enables a unified treatment of disturbances caused by ocean currents and
wind.

3.5.4 Azimuth actuation

Historically, the actuator force and moment components in the vector τact have
originated from tunnel thrusters and rudders. These types of excitation are thor-
oughly covered in the aforementioned references. Azimuth actuation is a more
recently advanced technology. In this case, a type of thruster that can be rotated
about its vertical axis is used.

Assume that Na azimuth thrusters are placed on the ship’s hull. Let azimuth
thruster i be running with a propeller speed ni at a variable angle αi . Further,
assume that αi = 0 when the azimuth thruster is pointing towards the bow of
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Figure 3.2: The rotation and mounting position of azimuth i, which is
marked as a black dot.

the ship (forward) and that αi increases with negative rotation about the zb-axis.
Annotate the force in xb-direction originating from azimuth thruster i as

Fx,i = gx(ni , αi , ua,i ). (3.44)

Here ua,i is the advance velocity, i.e., the speed of the water passing thruster i
in negative xb-direction. The dependence of ua,i is needed because the propeller
efficiency falls off in the directional region of operation where the ship has sub-
stantial speed, i.e., when ua,i and ni cos(αi ) are of the same sign and ua,i increases
in magnitude. Furthermore, some propellers show linear behavior in propeller
speed while others show a quadratic one. Here it will be assumed that gx( · ) is
linear in ni and that the force can be expressed as

gx(ni , αi , ua,i ) = µini cos(αi ) − κ′i niua,i cos(αi ), (3.45)

where µi and κ′i are positive constants. Moreover, it will be assumed that

ua,i = (1 − wi )ur , (3.46)

where the wake fraction number, wi ∈ [0, 1], determines the difference between
the ship’s speed and the flow velocity over the propeller disc. Following this,
(3.45) can instead be expressed as

gx(ni , αi , ua,i ) = µini cos(αi ) − κ′i niur (1 − wi ) cos(αi )

= µini cos(αi ) − κiniur cos(αi ), (3.47)

where the last equality follows by introducing another positive constant κi =
κ′i (1−wi ). The function gx( · ) is in reality more complex, for example, due to hull
effects and because other actuators affect the force as a result of cross streams.
However, the model (3.47) will be sufficient for the analysis in this work.
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Following similar reasoning as above, it will be assumed that the force in yb-
direction originating from azimuth i is

Fy,i = gy(ni , αi , va,i) = µini sin(αi) − κ′iniva,i sin(αi)

= µini sin(αi) − κinivr sin(αi). (3.48)

Azimuth thruster i will also generate torque, and this torque will depend on
where the azimuth is mounted. Assuming that azimuth i is mounted at (∆x,i ,∆y,i)
in the b-frame, as in Figure 3.2, the resulting torque about the zb-axis is

Mi = ∆x,iFy,i − ∆y,iFx,i . (3.49)

The generalized force vector consists of the sum of the forces and moments from
all the azimuth thrusters combined

τact =


∑Na
i=1 µini cos(αi)−κiniur cos(αi)∑Na
i=1 µini sin(αi)−κinivr sin(αi)∑Na

i=1 ni

[
µi

(
∆x,i sin(αi)−∆y,i cos(αi)

)
−κi

(
∆x,ivr sin(αi)−∆y,iur cos(αi)

)]
 .

(3.50)

To keep the model complexity low, the dependence on the advance velocity will
only be considered for the force in xb-direction where the corresponding effect is
most prominent

τact ≈


∑Na
i=1 µini cos(αi) − κiniur cos(αi)∑Na

i=1 µini sin(αi)∑Na
i=1 µini

(
∆x,i sin(αi) − ∆y,i cos(αi)

)
 . (3.51)

For the same reason, it will be assumed that all the azimuths are equally efficient

µi = µj
∆= µ ∀ i, j = 1, . . . , Na, (3.52)

κi = κj
∆= κ ∀ i, j = 1, . . . , Na, (3.53)

such that the generalized torque vector can be expressed as

τact =


µτ̃x
µτ̃y
µτ̃ψ

 +


κur τ̃x

0
0

 , (3.54)

where

τ̃ =


τ̃x
τ̃y
τ̃ψ

 ∆=


∑Na
i=1 ni cos(αi)∑Na
i=1 ni sin(αi)∑Na

i=1 ni
(
∆x,i sin(αi) − ∆y,i cos(αi)

)
 , (3.55)

is known if the system inputs, ni and αi , as well as the azimuths’ mounting posi-
tions, ∆x,i and ∆y,i , are known for all i = 1, . . . , NA. Then the parameters left to
be estimated are µ and κ.
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3.5.5 State-space representation

By neglecting the static forces and making use of the property (3.27), it is possible
to express the disturbed equations of motion given by (3.9) as

Mν̇r + C(νr )νr + D(νr )νr + F (νq)νq = τact, (3.56)

where M = MRB + MA and C(νr ) = CRB(νr ) + CA(νr ). Further, as in (3.14), the
assumption ν̇c ≈ 0 gives that

Mν̇r ≈ Mν̇ . (3.57)

Using the proposed force and moment representations, (3.23), (3.29), (3.39), (3.41),
(3.42), (3.43) and (3.54), a 3-dofmodel on state-space form is then given by

ν̇ =
[
u̇ v̇ ṙ

]T
= M−1

(
−
(
C(νr ) + D(νr )

)
νr − F (νq)νq + τact

)

=


1

m−Xu̇ 0 0
0 1

m−Yv̇ 0
0 0 1

Iz−Nṙ


−


−mvr r + Yv̇vr r − Xuur − X|u|u |ur | ur

mur r − Xu̇ur r − Yvvr − Y|v|v |vr | vr − Y|v|r |vr | r
(Xu̇ − Yv̇)urvr − Nr r − N|v|v |vr | vr − N|v|r |vr | r


−


−W|u|u |uq |uq
−W|v|v |vq |vq
−Wuvuqvq

 +


(µ + κur )τ̃x

µτ̃y
µτ̃ψ




=


1

m−Xu̇

(
(m − Yv̇)vr r + Xuur + X|u|u |ur | ur + W|u|u |uq |uq + µτ̃x + κur τ̃x

)
1

m−Yv̇

(
−(m − Xu̇)ur r + Yvvr + Y|v|v |vr | vr + Y|v|r |vr | r + W|v|v |vq |vq + µτ̃y

)
1

Iz−Nṙ

(
−(Xu̇ − Yv̇)urvr + Nr r + N|v|v |vr | vr + N|v|r |vr | r + Wuvuqvq + µτ̃ψ

)
 .

(3.58)

Casting this as a discrete-time model using Euler’s explicit method gives

u(kTs + Ts) = u(kTs) +
Ts

m − Xu̇

(
(m − Yv̇)vr (kTs)r(kTs) + Xuur (kTs)

+ X|u|u
∣∣∣ur (kTs)∣∣∣ ur (kTs) + W|u|u |uq(kTs)|uq(kTs) + µτ̃x(kTs)

+ κur (kTs)τ̃x(kTs)
)
, (3.59a)

v(kTs + Ts) = v(kTs) +
Ts

m − Yv̇

(
−(m + Xu̇)ur (kTs)r(kTs) + Yvvr (kTs)

+ Y|v|v
∣∣∣vr (kTs)∣∣∣ vr (kTs) + Y|v|r

∣∣∣vr (kTs)∣∣∣ r(kTs) + W|v|v |vq(kTs)|vq(kTs)

+ µτ̃y(kTs)
)
, (3.59b)

r(kTs + Ts) = r(kTs) +
Ts

Iz − Nṙ

(
−(Xu̇ − Yv̇)ur (kTs)vr (kTs) + Nr r(kTs)

+ N|v|v
∣∣∣vr (kTs)∣∣∣ vr (kTs) + N|v|r

∣∣∣vr (kTs)∣∣∣ r(kTs) + Wuvuq(kTs)vq(kTs)

+µτ̃ψ(kTs)
)
. (3.59c)
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Furthermore, redefining parameters in accordance with Table 3.1 makes it pos-
sible to express this model as a regression in the parameters, which under the
assumption of unit sampling time can be written as

u(k)
v(k)
r(k)

 =


u(k − 1)
v(k − 1)
r(k − 1)

 +


ϕTu (k) 0 0

0 ϕTv (k) 0
0 0 ϕTr (k)

 θ =


u(k − 1)
v(k − 1)
r(k − 1)

 + Φ T (k)θ. (3.60)

Here the regression vectors are

ϕu(k) =
[
ur (k − 1) vr (k − 1)r(k − 1) ur (k − 1)

∣∣∣ur (k − 1)
∣∣∣ . . .

. . . uq(k − 1)
∣∣∣uq(k − 1)

∣∣∣ τ̃x(k − 1) ur (k − 1)τ̃x(k − 1)
]T
, (3.61)

ϕv(k) =
[
vr (k − 1) ur (k − 1)r(k − 1) vr (k − 1)

∣∣∣vr (k − 1)
∣∣∣ . . .

. . . r(k − 1)
∣∣∣vr (k − 1)

∣∣∣ vq(k − 1)
∣∣∣vq(k − 1)

∣∣∣ τ̃y(k − 1)
]T
, (3.62)

ϕr (k) =
[
r(k − 1) ur (k − 1)vr (k − 1) vr (k − 1)

∣∣∣vr (k − 1)
∣∣∣ . . .

. . . r(k − 1)
∣∣∣vr (k − 1)

∣∣∣ uq(k − 1)vq(k − 1) τ̃ψ(k − 1)
]T
, (3.63)

and the parameter vector is

θ =
[
Xu Xvr X|u|u W|u|u Xµ Xκ Yv Yur Y|v|v . . .

. . . Y|v|r W|v|v Yµ Nr Nuv N|v|v N|v|r Wuv Nµ
]T
. (3.64)

3.5.6 Surge model

If the motion in sway and yaw, as well as the dependence of the advance speed in
the thrust force, are neglected, a simple surge model is obtained

u(k + 1) = u(k) + Xuur (k) + X|u|u
∣∣∣ur (k)

∣∣∣ ur (k) +W|u|u
∣∣∣uq(k)

∣∣∣ uq(k) + Xµτ̃x(k).
(3.65)

This model is sufficiently simple and transparent for analysis, but the estimation
of its parameters is a non-trivial task that includes most of the challenges dis-
cussed in this work. It is therefore used for presenting the theory in Chapter 5.

3.6 Estimating velocity states

A situation that sometimes occurs in practice is that only parts of the state vector
can be measured directly. Easiest to measure are probably angular velocities and
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Table 3.1: Discrete-time aggregations of the model parameters.

Discrete-time parameter Continuous-time expression

Xu Ts
Xu

m−Xu̇
Xvr Ts

m−Yv̇
m−Xu̇

X|u|u Ts
X|u|u
m−Xu̇

W|u|u Ts
W|u|u
m−Xu̇

Xµ Ts
µ

m−Xu̇
Xκ Ts

κ
m−Xu̇

Yv Ts
Yv

m−Yv̇
Yur −Ts

m−Xu̇
m−Yv̇

Y|v|v Ts
Y|v|v
m−Yv̇

Y|v|r Ts
Y|v|r
m−Yv̇

W|v|v Ts
W|v|v
m−Yv̇

Yµ Ts
µ

m−Yv̇
Nr Ts

Nr
Iz−Nṙ

Nuv −Ts
Xu̇−Yv̇
Iz−Nṙ

N|v|v Ts
N|v|v
Iz−Nṙ

N|v|r Ts
N|v|r
Iz−Nṙ

Wuv Ts
Wuv
Iz−Nṙ

Nµ Ts
µ

Iz−Nṙ
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accelerations using inertial sensors. Surface vessels are also often equipped with
a global navigation satellite system (gnss) receiver for positioning. However, the
linear velocities are more difficult to measure directly. A simple way of obtaining
an estimate of the velocity states, ν̂ , based on measurements of the position and
attitude states in the n-frame, yη , is a finite-difference approximation

ν̂(k) =
1

2Ts
R−1

(
yψ(k)

) (
yη(k + 1) − yη(k − 1)

)
. (3.66)

A notable downside is, however, that this is not an unbiased estimator of the
velocities if the yaw angle is measured with uncertainty.

To see this, assume that η(k) is measured with symmetrically distributed zero-
mean white noise

yη(k) =


yxn(k)
yyn(k)
yψ(k)

 = η(k) + eη(k) =


xn(k)
yn(k)
ψ(k)

 +


exn(k)
eyn(k)
eψ(k)

 . (3.67)

In this case

E
{
R−1

(
yψ(k)

) (
yη(k + 1) − yη(k − 1)

)}
= E

R−1
(
ψ(k) + eψ(k)

)
·


xn(k + 1) − xn(k − 1) + exn(k + 1) − exn(k − 1)
yn(k + 1) − yn(k − 1) + eyn(k + 1) − eyn(k − 1)
ψ(k + 1) − ψ(k − 1) + eψ(k + 1) − eψ(k − 1)




= E




cos
(
ψ(k) + eψ(k)

)
sin

(
ψ(k) + eψ(k)

)
0

− sin
(
ψ(k) + eψ(k)

)
cos

(
ψ(k) + eψ(k)

)
0

0 0 1

 ·


xn(k + 1) − xn(k − 1)
yn(k + 1) − yn(k − 1)
ψ(k + 1) − ψ(k − 1)




+ E




cos
(
ψ(k) + eψ(k)

)
sin

(
ψ(k) + eψ(k)

)
0

− sin
(
ψ(k) + eψ(k)

)
cos

(
ψ(k) + eψ(k)

)
0

0 0 1

 ·


exn(k + 1) − exn(k − 1)
eyn(k + 1) − eyn(k − 1)
eψ(k + 1) − eψ(k − 1)




= E




cos
(
ψ(k) + eψ(k)

)
sin

(
ψ(k) + eψ(k)

)
0

− sin
(
ψ(k) + eψ(k)

)
cos

(
ψ(k) + eψ(k)

)
0

0 0 1

 ·


xn(k + 1) − xn(k − 1)
yn(k + 1) − yn(k − 1)
ψ(k + 1) − ψ(k − 1)


 ,

(3.68)

since exn(k), eyn(k) and eψ(k) have zero mean and are independent of the states.
Moreover, by trigonometric identities, it holds that

sin
(
ψ(k) + eψ(k)

)
= sin

(
ψ(k)

)
cos

(
eψ(k)

)
+ cos

(
ψ(k)

)
sin

(
eψ(k)

)
, (3.69)

and that

cos
(
ψ(k) + eψ(k)

)
= cos

(
ψ(k)

)
cos

(
eψ(k)

)
− sin

(
ψ(k)

)
sin

(
eψ(k)

)
. (3.70)
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Since eψ(k) is zero-symmetric it is the case that E
{
sin

(
eψ(k)

)}
= 0. However, the

expected value of cos
(
eψ(k)

)
will vary depending on the distribution of eψ(k), but

in general

E
{
cos

(
eψ(k)

)}
∆= µeψ , 1. (3.71)

Consequently, all terms in (3.68) that include a factor sin
(
eψ(k)

)
will disappear,

while the terms including a factor cos
(
eψ(k)

)
will be scaled by µeψ . In other words

E
{
R−1

(
yψ(k)

) (
yη(k + 1) − yη(k − 1)

)}

=


µeψ
µeψ
1

 ◦ E



cos
(
ψ(k)

)
sin

(
ψ(k)

)
0

− sin
(
ψ(k)

)
cos

(
ψ(k)

)
0

0 0 1

 ·


xn(k + 1) − xn(k − 1)
yn(k + 1) − yn(k − 1)
ψ(k + 1) − ψ(k − 1)


 , (3.72)

where ◦ denotes the Hadamard (element-wise) product. This means that the esti-
mates of the surge and sway velocities, û(k) and v̂(k), will be biased.

This issue with obtaining an unbiased estimator of the rotation matrix affects
alternative ways of forming a velocity state estimator as well, for example, ideas
based on Kalman filtering or Kalman smoothing. If µeψ happens to be known, a
natural modification to the estimator (3.66) is

ν̂(k) =
1

2Ts


1
µeψ

1
µeψ
1

 ◦
[
R−1

(
yψ(k)

) (
yη(k + 1) − yη(k − 1)

)]
. (3.73)

The estimator (3.73) is unbiased, but the requirement of knowing µeψ is not easy
to meet. Under a Gaussian assumption, eψ ∼ N (0, λψ), it is the case that

E
{
cos(eψ(k)

}
= exp(−λψ/2). (3.74)

Then it is sufficient to know the variance of the measurement noise. An approx-
imation of this variance can be based on the physical characteristics of the used
sensor. If that information is not available, an estimate can be obtained by, for
example, using the ideas presented in Garcia [2010].

If the variance of the measurement noise is small, the estimator (3.66) will work
quite well. However, for being able to guarantee consistency in a subsequent step
of parameter estimation, as discussed in the remaining chapters of this thesis, it
would be necessary to have a consistent estimator of µeψ . Such an estimator is not
possible to get in the general case, and it should therefore be pointed out that the
results regarding consistency that are presented in Chapters 4 and 5 only hold
as long as the measurements are acquired in the b-frame. It can be noted that
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this does not require the velocities to be measured directly. For example, light
detection and ranging solutions, usage of acoustic sensors or similar ideas would
provide measurements of the ship’s position relative to some object or landmass
in the b-frame. These measurements could readily be used in a finite-difference
approximation to form estimates of ν̂ that are unbiased.



Part I

Parameter estimation





4
Parameter estimators for

second-order modulus models

In this chapter, iv estimators for a set of second-order modulus models are sug-
gested, which asymptotically eliminate the influence of disturbances on the pa-
rameter estimates when the amount of estimation data is large, i.e., iv estimators
that are consistent by Definition 2.2. It is relevant to justify why the potential
of the iv method is explored when the two perhaps most commonly used esti-
mation methods in system identification are the ml method and pem. The ml
method often gives consistent estimators provided that the corresponding esti-
mation problem can be formulated. However, formulating the ml problem for
parameter estimation generally requires prior knowledge about the disturbances’
probability distributions. Since the environmental disturbances considered for
ships usually are not well-described as white Gaussian processes, the required
prior knowledge is not even necessarily restricted to first and second-order mo-
ments. This makes themlmethod unsuitable in the scenario studied in this work.
Another conceivable approach is the lsmethod. Since the work deals with regres-
sion models, the ls estimate coincides with the pem estimate for a quadratic cost
function and can readily be formulated. However, such an approach often pro-
vides biased estimators under errors-in-variables conditions, a shortcoming of
the ls method that will be illustrated in Example 4.1. The iv method can give
consistent estimators for many model classes despite restricted knowledge about
the characteristics of the system disturbances. This is the reason why its potential
for estimation of parameters in ship models has been analyzed.

Since a continuous-time second-order modulus model such as (3.21) can be cast
as a discrete-time model with the same type of nonlinearities, the results in this

39
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chapter are shown by the use of the discrete-time state-space system

x(k + 1) = fsom

[x(k) + R(k)v(k)
u(k)

]
, θ0

 + w(k), (4.1a)

y(k) = x(k) + e(k), (4.1b)

YR(k) = R(k) + ER(k). (4.1c)

Here the conventional control nomenclature of Chapter 2 is used, which means
that the vector u(k) ∈ R

nu is a known input signal and x(k) ∈ R
nx is a vector

consisting of the latent system states, all of which are measured directly (with
noise) and collected in the output vector y(k) ∈ R

nx . Moreover, R(k) ∈ R
nx×nv

is a time-varying matrix, v(k) ∈ R
nv and w(k) ∈ R

nx are external signals that
are assumed to be unknown (process disturbances) while e(k) ∈ Rnx and ER(k) ∈
R
nx×nv constitute additive measurement errors, which are also assumed to be

unknown. The system is described by the parameter vector θ0 ∈ Rnθ , which does
not vary over time. For ease of notation, unit sampling time is assumed without
loss of generality. Additionally, the following premises regarding the system are
assumed to be imposed.

Assumption A1. fsom( · ) is a second-order modulus function in agreement with
Definition 3.3 and its structure is known.

Assumption A2. The measurement noises, e(k) and ER(k), are stationary signals
with zero mean and well-defined moments of any order.

Assumption A3. The process disturbance w(k) is a stationary signal with well-
defined moments of any order.

Assumption A4. The process disturbance v(k) is a stationary signal with well-
defined moments of any order.

Assumption A5. The signals e(k), ER(k), R(k) and v(k) are bounded in magni-
tude such that

−ηv ≤ R(k)v(k) ≤ ηv ,

−ηe ≤ e(k) +
(
R(k) + ER(k)

)
E
{
v(k)

}
≤ ηe.

The reason for imposing the slightly complicated-looking assumption A5 will be-
come clearer later in this chapter. One notable simplification in (4.1) with respect
to (3.21) is that the wind and current disturbances are combined into one generic
non-additive disturbance denoted v(k). The extension to second-order modulus
systems with two non-additive disturbances will be addressed in Section 4.3, but
before this, two simpler cases will be studied in Sections 4.1 and 4.2.



4.1 Basic predictor 41

4.1 Basic predictor

Following Definition 3.3, the system dynamics of (4.1) can be expressed as

x(k + 1) = Φ T

[x(k) + R(k)v(k)
u(k)

] θ0 + w(k), (4.2)

where Φ ( · ) ∈ R
nθ×nx , and since the structure of this system is known by A1, a

simple way of modelling it is to consider the one-step ahead predictor

ŷ1(k | θ) = Φ T

[y(k − 1)
u(k − 1)

] θ. (4.3)

Using this predictor, the conditions (2.19a) and (2.19b) are challenging to fulfill
at the same time for two main reasons. Firstly, due to the errors-in-variables for-
mulation in (4.1), i.e., the fact that the state is measured with uncertainty and
not known exactly, e(k) , 0, and secondly, due to the non-additive process dis-
turbance, v(k) , 0. Therefore, the possibilities of obtaining consistent parameter
estimators for θ with this basic predictor using iv methods depend on the char-
acteristics of the disturbance signals. One way of doing so is to consider an exper-
iment with excitation offset and an instrument matrix with zero mean. This can
give consistent estimators when E{v(k)} = 0 but in general not otherwise. One
way of obtaining a consistent estimator when E{v(k)} , 0 is to consider an auxil-
iary measurement of v(k). These results were formalized in Ljungberg [2020] and
will here be illustrated by two arithmetic examples followed by simulation exper-
iments. More generally applicable methods of obtaining consistent estimators
for θ will be provided in Sections 4.2 and 4.3.

4.1.1 Motivating examples

In the first example, the non-additive disturbance, v(k), is assumed to be identi-
cally zero. Conducting experiments where the input signal has a static offset of
sufficient amplitude and forcing the instruments to have zero mean can already
in this case improve the accuracy of an iv estimator. In the second example, a
non-additive disturbance is included. In that case, it is only possible to achieve
consistency if the disturbance has zero mean or is measured.

Example 4.1
Obtaining a consistent parameter estimator of even a small-scale single-input

single-output (siso) second-order modulus system can prove to be a bit challeng-
ing. Therefore, consider the system

x(k + 1) = n0x(k)
∣∣∣x(k)

∣∣∣ + f0u(k) + w(k), (4.4a)

y(k) = x(k) + e(k), (4.4b)

where the two noise sources are mutually independent, white, stationary, uni-
formly distributed stochastic processes with zero mean and −ηw < w(k) < ηw,
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−ηe < e(k) < ηe. Assume that the input is Gaussian and white, also with zero
mean, and that the system is operating in open loop, i.e., that the input, u(k), is
independent of the measured state, y(k), and consequently assumed to be inde-
pendent of the noise signals, w(k) and e(k). Let θ0 = [n0 f0]T denote the true
system parameter vector. A simple way of modelling this system is to ignore
the fact that only noisy measurements of x(k) are available and to consider the
predictor model

ŷ(k | θ) =
[
y(k − 1)

∣∣∣y(k − 1)
∣∣∣ u(k − 1)

] [n
f

]
∆= ϕT (k)θ, (4.5)

which is a special case of (4.3). In agreement with (2.17), the asymptotic ls esti-
mator of the system parameters can be obtained as

w.p.1
lim
N→∞

θ̂LSN = Ē
{
ϕ(k)ϕT (k)

}−1
Ē
{
ϕ(k)y(k)

}
, (4.6)

provided that the data is sufficiently informative. Moreover, due to the causality
of the system and the fact that the input and noise signals are white and have
zero mean, it is assumed to be the case that

Ē
{
u(k)x(l)

}
= 0 ∀ k ≥ l, (4.7a)

Ē
{
e(k)x(l)

}
= 0, ∀ k, l, (4.7b)

Ē
{
w(k)x(l)

}
= 0, ∀ k ≥ l. (4.7c)

Using this and the fact that the system is operating in open loop gives

Ē
{
ϕ(k)ϕT (k)

}
=

Ē
{
y(k − 1)4

}
0

0 Ē
{
u(k − 1)2

} , (4.8)

Ē
{
ϕ(k)y(k)

}
=

Ē
{
y(k)y(k − 1)

∣∣∣y(k − 1)
∣∣∣}

Ē
{
u(k − 1)y(k)

}  . (4.9)

It is the case that

Ē
{
y(k − 1)4

}
= Ē

{
x(k − 1)4 + 6x(k − 1)2e(k − 1)2 + e(k − 1)4

}
, (4.10)

because the expected value of any odd moment of a random variable with zero-
symmetric distribution (if it exists) is zero. This holds for x(k) and e(k) alike.
Further, it holds that

Ē
{
y(k)y(k − 1)

∣∣∣y(k − 1)
∣∣∣} = Ē

{(
n0x(k − 1)

∣∣∣x(k − 1)
∣∣∣ + f0u(k − 1) + w(k − 1) + e(k)

)
·
(
x(k − 1) + e(k − 1)

)∣∣∣x(k − 1) + e(k − 1)
∣∣∣}

= n0Ē
{
x(k − 1)

∣∣∣x(k − 1)
∣∣∣ (x(k − 1) + e(k − 1)

)∣∣∣x(k − 1) + e(k − 1)
∣∣∣} ,
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where the properties that u(k), w(k) and e(k) are white, mutually independent
and have zero mean were used. Lastly, it is the case that

Ē
{
u(k − 1)y(k)

}
= Ē

{
u(k − 1)

(
n0x(k − 1)

∣∣∣x(k − 1)
∣∣∣ + f0u(k − 1) + w(k − 1) + e(k)

)}
= f0Ē

{
u(k − 1)2

}
, (4.11)

making use of the same properties. All things considered, this means that

w.p.1
lim
N→∞

θ̂LSN =

 n0Ē{x(k) ·|x(k)| · (x(k)+e(k)) ·|x(k)+e(k)|}
Ē{x(k)4+6x(k)2e(k)2+e(k)4}

f0

 , (4.12)

which shows that in presence of measurement noise, e(k) , 0, the ls estimator is
inconsistent. This result is expected since it is well-known that the ls estimate is
inconsistent under errors-in-variables conditions. See, for example, Söderström
[2007] for further details regarding this.

Now recall the iv estimator defined by (2.18). It has been shown in Gilson et al.
[2011] that having the instrument vector represent a noise-free version of the
regression vector is a good choice, at least in the linear case. Therefore, assume
that completely noise-free regressors are available for use as instruments

ζ(k) =
[
x(k − 1)

∣∣∣x(k − 1)
∣∣∣ u(k − 1)

]T
. (4.13)

If Ē
{
ζ(k)ϕT (k)

}
is nonsingular, the asymptotic iv estimator can be obtained as

w.p.1
lim
N→∞

θ̂IVN = Ē
{
ζ(k)ϕT (k)

}−1
Ē
{
ζ(k)y(k)

}
=


Ē{y(k)x(k−1) |x(k−1)|}

Ē{x(k−1) ·|x(k−1)| · y(k−1) ·|y(k−1)|}
Ē{u(k−1)y(k)}
Ē{u(k−1)2}

 .
(4.14)

For the new expressions, it holds that

Ē
{
y(k)x(k − 1)

∣∣∣x(k − 1)
∣∣∣} = Ē

{(
n0x(k − 1)

∣∣∣x(k − 1)
∣∣∣ + f0u(k − 1)

+w(k − 1) + e(k)
)
x(k − 1)

∣∣∣x(k − 1)
∣∣∣} = n0Ē

{
x(k − 1)4

}
, (4.15)

and

Ē
{
x(k − 1)

∣∣∣x(k − 1)
∣∣∣ y(k − 1)

∣∣∣y(k − 1)
∣∣∣}

= Ē
{
x(k − 1)

∣∣∣x(k − 1)
∣∣∣ (x(k − 1) + e(k − 1))

∣∣∣x(k − 1) + e(k − 1)
∣∣∣} , (4.16)

such that

w.p.1
lim
N→∞

θ̂IVN =


n0Ē

{
x(k)4

}
Ē{x(k) ·|x(k)| · (x(k)+e(k)) ·|x(k)+e(k)|}

f0

 , (4.17)
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which is inconsistent as well. For an iv estimator to be consistent, (2.19b) must
hold. For this system, this means that

Ē
{
ζ(k)

(
n0x(k − 1)

∣∣∣x(k − 1)
∣∣∣ + w(k − 1) + e(k)

−n0

(
x(k − 1) + e(k − 1)

)∣∣∣x(k − 1) + e(k − 1)
∣∣∣)} = 0. (4.18)

If the instruments are uncorrelated with w(k) and e(k), this implies that

Ē

{
ζ(k)

(
x(k − 1)

∣∣∣x(k − 1)
∣∣∣ − (

x(k − 1) + e(k − 1)
)∣∣∣x(k − 1) + e(k − 1)

∣∣∣)} = 0, (4.19)

which is not easily fulfilled, while keeping Ē
{
ζ(k)ϕT (k)

}
nonsingular, for any

choice of ζ(k). This shows that it is difficult to achieve consistency for the iv
estimator even though the instruments are uncorrelated with the noise signals.

However, an inconsistent estimate can be avoided by using an input with an off-
set. Recall that the amplitude of the measurement noise has an upper bound,∣∣∣e(k)

∣∣∣ < ηe. The input should be such that it excites the system to the extent that
its state, x(k), has an amplitude that is bigger than the worst-case amplitude of
the measurement noise. Consider the case where the input u(k) = ū + ũ(k) is
applied where ũ(k) is uniformly distributed with zero mean, −ηũ < ũ(k) < ηũ . If
the system is stable, this will yield an output that, with the notation Ē{x(k)} = x̄,
can be written like

x(k) = x̄ + x̃(k), Ē
{
x̃(k)

}
= 0. (4.20)

Further, assume that ū > 0, x̄ > 0 and

x(k) = x̄ + x̃(k) > ηe > 0. (4.21)

Under the stated circumstances, it can be concluded that x(k) + e(k) > 0 and
consequently that

w.p.1
lim
N→∞

1
N

N∑
k=1

ζ(k)
(
y(k) − ϕT (k)θ0

)
= Ē

{
ζ(k)

(
w(k − 1) + e(k) − 2n0x(k − 1)e(k − 1) − e(k − 1)2

)}
. (4.22)

This will equal zero for all instruments that are independent of the noise signals,
w(k) and e(k), while also fulfilling Ē{ζ(k)} = 0. For example, the instrument vec-
tor

ζ(k) =
[
x(k − 1)2 − Ē

{
x(k − 1)2

}
u(k − 1) − Ē

{
u(k − 1)

}]T
=

[
x̃(k − 1)2 + 2x̄x̃(k − 1) − Ē{x̃(k − 1)2} ũ(k − 1)

]T
, (4.23)
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gives

Ē
{
ζ(k)ϕT (k)

}
=

[
mx̃ 0
0 Ē{ũ2}

]
, (4.24)

Ē
{
ζ(k)y(k)

}
=

[
n0mx̃
f0Ē{ũ2}

]
, (4.25)

where mx̃ = Ē{x̃4} + 4x̄Ē{x̃3} + 4x̄2Ē{x̃2} − Ē{x̃2}2. These computations are also
based on the fact that x̃(k) and ũ(k) are independent. As long as the input is per-
sistently exciting such that Ē{ζ(k)ϕT (k)} is invertible, the asymptotic parameter
estimator is consistent

w.p.1
lim
N→∞

θ̂IVN = Ē
{
ζ(k)ϕT (k)

}−1
Ē
{
ζ(k)y(k)

}
=

[
n0
f0

]
= θ0. (4.26)

Example 4.2
Now assume that data is generated based on the system

x(k + 1) = n0

(
x(k) + v(k)

)∣∣∣x(k) + v(k)
∣∣∣ + f0u(k) + w(k), (4.27a)

y1(k) = x(k) + e1(k), (4.27b)

where v(k) = v̄+ ṽ(k) and ṽ(k) is white, uniformly distributed −ηṽ < ṽ(k) < ηṽ and
has zero mean, w(k) is a stationary signal with well-defined moments of any order
and e1(k) is uniformly distributed −ηe1 < e1(k) < ηe1 with zero mean. Consider
the predictor

ŷ(k | θ) =
[
y1(k − 1)

∣∣∣y1(k − 1)
∣∣∣ u(k − 1)

] [n
f

]
∆= ϕT (k)θ, (4.28)

and the input u(k) = ū+ ũ(k) where ũ(k) is uniformly distributed with zero mean,
−ηũ < ũ(k) < ηũ . With the notation Ē{x(k)} = x̄, this will yield an output that can
be written as

x(k) = x̄ + x̃(k), Ē
{
x̃(k)

}
= 0, (4.29)

if the system is stable. For simplicity, assume that ū > 0, x̄ > 0 and

x(k) = x̄ + x̃(k) > max( |v̄| + ηṽ , ηe1 ) > 0. (4.30)

Under the stated circumstances, it can be concluded that x(k) + v(k) > 0 and
x(k) + e1(k) > 0. Consequently, all occurrences of the modulus operator both
in the system and in the predictor can be ignored. Provided that the input is
informative such that (2.19a) holds, the consistency of an iv estimator can be
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studied by the fulfillment of (2.19b), which left-hand side in this situation is

Ē
{
ζ(k)

(
y1(k) − ϕT (k)θ0

)}
= Ē

{
ζ(k)

(
n0(x(k − 1) + v(k − 1)

)2
+ f0u(k − 1)

+w(k − 1) + e1(k) − n0

(
x(k − 1) + e1(k − 1)

)2
− f0u(k − 1))

}
= 2n0Ē

{
ζ(k)x(k − 1)

(
v(k − 1) − e1(k − 1)

)}
+ n0Ē

{
ζ(k)

(
v(k − 1)2 − e1(k − 1)2

)}
+ Ē

{
ζ(k)w(k − 1)

}
+ Ē

{
ζ(k)e1(k)

}
= 2n0v̄Ē

{
ζ(k)x(k − 1)

}
. (4.31)

Here the last equality follows if u(k) and ζ(k) are independent of the disturbances,
Ē{ζ(k)} = 0, and the disturbances are mutually independent. If (2.19a) holds, it is
the case that Ē{ζ(k)x(k − 1)} , 0. This means that the estimator will be consistent
if v̄ = 0 but not otherwise.

One way to get consistency in the general case when v̄ , 0 is to add a second
sensor for measuring the disturbance, y2(k) = v(k)+e2(k). Here it will be assumed
that also e2(k) is uniformly distributed with zero mean, −ηe2 < e2(k) < ηe2 . Now
consider the modified predictor

ŷr (k | θ) =
[
y̌(k − 1)

∣∣∣y̌(k − 1)
∣∣∣ u(k − 1)

] [n
f

]
∆= ϕTr (k)θ, (4.32)

where y̌(k) = y1(k) + y2(k) = x(k) + v(k) + ě(k) and ě(k) = e1(k) + e2(k). To be able
to ignore the modulus functions, it is assumed that

x(k) > |v̄| + ηṽ + ηe1 + ηe2 . (4.33)

This gives another left-hand side of (2.19b), which can be expressed as

Ē
{
ζ(k)

(
y1(k) − ϕTr (k)θ0

)}
= Ē

{
ζ(k)

(
n0

(
x(k − 1) + v(k − 1)

)2
+ f0u(k − 1)

+w(k − 1) + e1(k) − n0

(
x(k − 1) + v(k − 1) + ě(k − 1)

)2
− f0u(k − 1)

)}
= −2n0Ē

{
ζ(k)

(
x(k−1) + v(k−1)

)
ě(k−1)

}
− n0Ē

{
ζ(k)ě(k−1)2

}
+ Ē

{
ζ(k)w(k−1)

}
+ Ē

{
ζ(k)e1(k)

}
= −2n0Ē

{
ě(k − 1)

}
Ē
{
ζ(k)

(
v(k − 1) + x(k − 1)

)}
= 0. (4.34)

Here the last equality holds provided that the same assumptions regarding instru-
ment vector, input, and disturbances are imposed. This means that the estimator
is consistent.
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4.1.2 Simulations

In order to further illustrate the results, simulation experiments were performed
using the siso system

x(k + 1) = n0

(
x(k) + v(k)

)∣∣∣x(k) + v(k)
∣∣∣ + f0u(k) + w(k), (4.35a)

y1(k) = x(k) + e1(k), (4.35b)

y2(k) = v(k) + e2(k). (4.35c)

This system was also used in Example 4.2 above. It is sufficiently simple and
transparent for analysis, but the estimation of its parameters is a non-trivial task,
which includes some challenges that are relevant in the forthcoming sections.

In the simulation study, the system parameters were n0 = −0.1 and f0 = 1. Fur-
ther, the four noise sources were sampled from Gaussian distributions

w(k) ∼ N (0.1, 0.1), (4.36a)

v(k) ∼ N (v̄, 0.25), (4.36b)

e1(k) ∼ N (0, 0.1), (4.36c)

e2(k) ∼ N (0, 0.1), (4.36d)

which means that neither the distributions of the measurement noises nor of the
process disturbances did have finite support. This choice was made to test the
robustness of the discussed methods. Four sets of Monte Carlo simulations were
carried out where among other things, the first-order moment of the non-additive
processes disturbance, E{v(k)} = v̄, was varied. In each Monte Carlo iteration,
N = 5000 data points were used for parameter estimation. This procedure was
repeated 500 times per set with new noise realizations.

Three estimators were compared in the simulation experiments, one ls estimator
and two iv estimators. The iv estimators differed by having zero-mean instru-
ments or not. The estimators will be denoted by θ̂LSN , θ̂IV1

N and θ̂IV2
N , where the

last one uses zero-mean instruments. In Example 4.1, it was unrealistically as-
sumed that exact noise-free versions of the regressors were available for use as
instruments. A common way of obtaining instruments in practice is by simula-
tion of an auxiliary model, see for example Thil et al. [2008]. In this simulation
study, the model obtained by taking the ls estimate for the parameters was used
for this such that

ζ(k) =
[
x̂LS (k − 1)

∣∣∣x̂LS (k − 1)
∣∣∣ u(k − 1)

]T
, (4.37)

where

x̂LS (k + 1) = n̂LSN x̂
LS (k)

∣∣∣∣x̂LS (k)
∣∣∣∣ + f̂ LSN u(k), k = 1, . . . , N , (4.38)

x̂LS (1) = 0. (4.39)

The parameters were then refined by iteratively letting the instruments instead
be simulated from the model parameterized by the latest version of θ̂IVN until
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convergence, as described in Young [2008]. In order to obtain zero-mean instru-
ments, the average value of each component of ζ(k) was simply subtracted

ζ̃i(k) = ζi(k) − 1
N

N∑
k=1

ζi(k), i = 1, 2. (4.40)

The first two sets of Monte Carlo simulations were based on different experiment
designs. In both these sets, the non-additive disturbance had zero mean, v̄ = 0,
and the predictor model

ŷ(k | θ) =
[
y1(k − 1)

∣∣∣y1(k − 1)
∣∣∣ u(k − 1)

] [n
f

]
, (4.41)

was considered. The baseline input, ũ(k), followed a zero-mean Gaussian distri-
bution with unit variance, ũ(k) ∼ N (0, 1). In the first set of simulations, this
input was used right away, u(k) = ũ(k), which means that the input had zero
mean. Histograms showing the parameter errors for the estimators are provided
in Figures 4.1 and 4.2. The two iv estimators coincide because the input has zero
mean, and the model that is used to simulate the instruments is based on an odd
function. Neither the ls nor the iv estimators seem to be consistent in this setup.

In the second set of Monte Carlo simulations, the input was modified as

u(k) =


∣∣∣ũ(k)

∣∣∣ , if
∣∣∣ũ(k)

∣∣∣ > 0.6,
0.6, otherwise,

(4.42)

in order to have the system state well-separated from the origin. Histograms
showing the parameter errors for the three estimators are this time provided in
Figures 4.3, 4.4 and 4.5. In this case, the zero-mean iv estimator seems consis-
tent. By comparing Figures 4.4 and 4.5 it can, however, be noted that subtracting
the mean from the instruments also resulted in a slightly increased estimation
variance.

After this, two sets of Monte Carlo simulations were performed with v̄ = 0.1 and
the input signal defined by (4.42). First, the predictor model (4.41) was consid-
ered. The estimation errors are then given in Figures 4.6, 4.7 and 4.8, where it
can be observed that none of the estimators are consistent.

In the fourth set of Monte Carlo simulations, the supplementary measurements
were utilized by forming the predictor

ŷr (k | θ) =
[
y̌(k − 1)

∣∣∣y̌(k − 1)
∣∣∣ u(k − 1)

] [n
f

]
, (4.43)

where y̌(k) = y1(k) + y2(k). The corresponding estimation errors are this time
presented in Figures 4.9, 4.10 and 4.11. In this case, the zero-mean iv estimator
denoted by θ̂IV2

N seems to be consistent.
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Figure 4.1: Normalized ls estimation errors for the set of Monte Carlo runs
with v̄ = 0 and zero-mean input. The mean errors plus/minus one standard
deviation are εLSn̂ = 0.0922 ± 0.0330 and εLS

f̂
= 0.0005 ± 0.0062.

Figure 4.2: Normalized iv estimation errors for the set of Monte Carlo runs
with v̄ = 0 and zero-mean input. The mean errors plus/minus one standard
deviation are εIV1

n̂ = −0.0423 ± 0.0389 and εIV1

f̂
= 0.0007 ± 0.0062.
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Figure 4.3: Normalized ls estimation errors for the set of Monte Carlo runs
with v̄ = 0 and input according to (4.42). The mean errors plus/minus one
standard deviation are εn̂ = 0.2097 ± 0.0416 and εLS

f̂
= 0.0511 ± 0.0076.

Figure 4.4: Normalized iv estimation errors for the set of Monte Carlo runs
with v̄ = 0 and input according to (4.42). The mean errors plus/minus one
standard deviation are εIV1

n̂ = 0.0762 ± 0.0486 and εIV1

f̂
= 0.0654 ± 0.0079.

Figure 4.5: Normalized zero-mean-instrument iv estimation errors for the
set of Monte Carlo runs with v̄ = 0 and input according to (4.42). The mean
errors plus/minus one standard deviation are εIV2

n̂ = −0.0066 ± 0.0531 and

εIV2

f̂
= 0.0002 ± 0.0137.
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Figure 4.6: Normalized ls estimation errors for the set of Monte Carlo runs
with v̄ = 0.1, the predictor model (4.41) and input according to (4.42). The
mean errors plus/minus one standard deviation are εLSn̂ = 0.1511 ± 0.0428
and εf̂ = 0.0417 ± 0.0073.

Figure 4.7: Normalized iv estimation errors for the set of Monte Carlo runs
with v̄ = 0.1, the predictor model (4.41) and input according to (4.42). The
mean errors plus/minus one standard deviation are εIV1

n̂ = 0.0051 ± 0.0505

and εIV1

f̂
= 0.0568 ± 0.0077.

Figure 4.8: Normalized zero-mean-instrument iv estimation errors for the
set of Monte Carlo runs with v̄ = 0.1, the predictor model (4.41) and input
according to (4.42). The mean errors plus/minus one standard deviation are
εIV2
n̂ = −0.0798 ± 0.0578 and εIV2

f̂
= −0.0001 ± 0.0135.
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Figure 4.9: Normalized ls estimation errors for the set of Monte Carlo runs
with v̄ = 0.1, the predictor model (4.43) and input according to (4.42). The
mean errors plus/minus one standard deviation are εLSn̂ = 0.2899 ± 0.0270
and εf̂ = 0.0552 ± 0.0069.

Figure 4.10: Normalized iv estimation errors for the set of Monte Carlo runs
with v̄ = 0.1, the predictor model (4.43) and input according to (4.42). The
mean errors plus/minus one standard deviation are εIV1

n̂ = 0.1168 ± 0.0409

and εIV1

f̂
= 0.0800 ± 0.0082.

Figure 4.11: Normalized zero-mean-instrument iv estimation errors for the
set of Monte Carlo runs with v̄ = 0.1, the predictor model (4.43) and input
according to (4.42). The mean errors plus/minus one standard deviation are
εIV2
n̂ = 0.0122 ± 0.0486 and εIV2

f̂
= −0.0003 ± 0.0133.
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4.2 Augmented predictor

In Example 4.2 and the subsequent simulation experiments, it was shown that
one way to get consistency in the more general case, where the non-additive
disturbance has a non-zero mean, is to add a second sensor for measuring the
disturbance. In practice, it is not always desired, or even possible, to add addi-
tional sensors. In this section, another method of obtaining consistent parameter
estimators in the case of non-additive disturbances having a non-zero mean is
explored. The main idea is to augment the regression matrix with elements that
capture the behavior of the noise distribution, i.e., to estimate properties related
to the first and second-order moments of the disturbance alongside the model
parameters.

Given that NE sub-experiments are performed where ND data points are col-
lected in each, the following assumptions are made regarding the experiment
design.

Assumption A6. The system is operating in open loop, i.e., the input, u(k), does
not depend on the measurements, y(k) and YR(k), and is consequently assumed
to be independent of all disturbances. This, in turn, means that x(k) and R(k) are
assumed to be independent of the measurement noises, e(k) and ER(k).

Assumption A7. The input in each sub-experiment is such that it excites the
system to the extent that each of its states, x1(k), . . . xnx (k), continuously has an
amplitude that is sufficiently well-separated from the origin∣∣∣xi(k)

∣∣∣ > max(ηe,i , ηv,i),

for k = 1, . . . ND , i = 1, . . . nx.

As seen in the motivating examples, performing experiments by A7 is a key step,
which makes it possible to temporarily treat second-order modulus functions as
normal second-order functions during the analysis of the parameter estimation.
The reasons for considering multiple sub-experiments are twofold. Firstly, hav-
ing the possibility of collecting data in shorter batches is convenient and is com-
mon practice in the industry. Secondly, performing a set of experiments instead
of a single one is necessary for obtaining informative data for certain second-
order modulus models. This will become clearer later in this section.

Further, the restrictiveness of A5, and thereby the plausibility of performing ex-
periments by A7, can be questioned. The assumption A5 imposes upper and
lower bounds on signals that are generally of unknown character, which can seem
unreasonable. In essence, A5 and A7 proclaim that the system states can be ex-
cited to higher magnitudes than the disturbance signals and whether this is prac-
tically feasible or not is highly application dependent. Lastly, it can be stressed
that complete fulfillment of A5 and A7 is primarily relevant for theoretical jus-
tification. In the later presented simulation experiments, the assumptions are
occasionally violated during the experiments since disturbance signals without
finite support are considered.



54 4 Parameter estimators for second-order modulus models

Recall (4.2) and note that by A1, the matrix

Φ T





x1(k) +
∑nv
j=1 R1,j (k)vj (k)
...

xnx (k) +
∑nv
j=1 Rnx ,j (k)vj (k)
u1(k)
...

unu (k)




,

will consist of a combination of different kinds of second-order modulus ele-
ments. Moreover, by A5 and A7, in each sub-experiment, i = 1, . . . , NE , either
of the conditions

x`(k) +
nv∑
j=1

R`,j (k)vj (k) > 0, ∀ k = 1, . . . , ND ,

x`(k) +
nv∑
j=1

R`,j (k)vj (k) < 0, ∀ k = 1, . . . , ND ,

will hold for ` = 1, . . . , nx. This, together with the fact that the input is perfectly
known, means that all absolute values can be removed and hence that Φ ( · ) can
be treated as a regular (matrix-valued) second-order function during the param-
eter estimation. When the squares of this function are developed, a limited num-
ber of terms can appear. Some will not depend on v(k), whereas some will in-
clude either a factor vj (k) or a factor vj (k)vm(k) for some j, m = 1, . . . , nv . Further,
once Φ T ( · ) is multiplied with θ0, each term will include a factor θ0,p for some
p = 1, . . . , nθ . Collecting these factors in vectors makes it possible to express the
system dynamics as

x(k + 1) = Φ T
(
Ω1(k)

)
θ0 + Φ T

ρ,i

(
Ω2(k)

) 
...

vj (k)θ0,p
...

︸       ︷︷       ︸
=Ωρ(k)

+ Φ T
λ,i

(
Ω3(k)

) 
...

vj (k)vm(k)θ0,p
...

︸              ︷︷              ︸
=Ωλ(k)

+w(k),

for each sub-experiment i. Here Φρ,i( · ) and Φλ,i( · ) are element-wise quadratic
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functions and

Ω1(k) =
[
x(k)
u(k)

]
, Ω2(k) =


x(k)
u(k)
Ω3(k)

 , Ω3(k) = vec
(
R(k)

)
.

It can be noted that each element of Φλ,i(Ω3(k)) will include a quadratic factor
R`,jR`,m by construction. On the contrary, no element of Φρ,i(Ω2(k)) will include
a factor that is quadratic in R(k) but each will include a linear factor R`,j . Since
Φ (Ω1(k)) does not depend on R(k) at all, it can consequently be concluded that
each element of Φ (Ω1(k)), Φρ,i(Ω2(k)) and Φλ,i(Ω3(k)) will be a unique function
of k with respect to the elements of the other two matrices, provided that R(k)
is sufficiently excited. Further, it is straightforward to remove redundant rows
of Φρ,i(Ω2(k)) by augmenting elements of the vector Ωρ(k). In this way, it can
be made certain that the rows of Φρ,i(Ω2(k)), for i = 1, . . . , NE , are mutually
unique functions of k as well. An analogous procedure can then be carried out
for Φλ,i(Ω3(k)) and Ωλ(k). These steps are important for ensuring identifiability.

Now consider the predictors

ŷ2,i(k | θ, ρ,λ) =


Φ

(
Ω′1(k − 1)

)
Φρ,i

(
Ω′2(k − 1)

)
Φλ,i

(
Ω′3(k − 1)

)

T 
θ
ρ
λ

 , (4.44)

for i = 1, . . . , NE , where

Ω′1(k) =
[
y(k)
u(k)

]
, Ω′2(k) =


y(k)
u(k)
Ω′3(k)

 , Ω′3(k) = vec
(
YR(k)

)
,

and where, in addition to the model parameters θ ∈ Rnθ , the vectors ρ ∈ Rnρ and
λ ∈ R

nλ are left as free variables during estimation. Further, note that Φρ,i( · ) ∈
R
nρ×nx and Φλ,i( · ) ∈ R

nλ×nx for i = 1, . . . , NE . Going forward, the consistency
of an iv estimator for the predictors defined by (4.44) will be analyzed, and it
will be shown that ρ will converge to a function of the first-order moment of the
non-additive disturbance, E{v(k)} = v̄, as the number of data points increases,
whereas λ asymptotically will depend on the second-order moment of v(k).

By the discussion above, it is reasonable to presume indentifiability for the pa-
rameters of the model structure (4.44).

Assumption A8. The vectors θ, ρ and λ are globally identifiable in (4.44) ac-
cording to Definition 2.1.

Moreover, consider the case where there is an instrument matrix Zi(k) ∈ R
nζi×nx

for each sub-experiment, i = 1, . . . , NE , that fulfills the following assumptions.

Assumption A9. Zi(k) is independent of the measurement noises, e(k) and ER(k),
as well as the additive process disturbance w(k).
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Assumption A10. Ē
{
Zi(k)

}
= 0 and all moments of higher order are well-defined.

Assumption A11. The matrix

H =
[
HT

1 . . . HT
NE

]T
∈ R(nζ1 +...+nζNE

)×(nθ+nρ+nλ)
,

with block elements

Hi = Ē

Zi(k)


Φ

(
Ω′1(k − 1)

)
Φρ,i

(
Ω′2(k − 1)

)
Φλ,i

(
Ω′3(k − 1)

)

T
 , for i = 1, . . . , NE ,

has full rank.

An instrument matrix can, for example, be constructed using past input signals,
either directly or through filtering techniques. In this case, the instruments will,
by A6, be independent of the disturbance signals and consequently fulfill A9. Fur-
ther, subtracting the first-order moment from the instrument matrix to meet A10
is straightforward and A11 is a standard assumption, which declares that when
ND → ∞, the parameters can be determined uniquely. In addition to the data
from all the experiments combined being sufficiently informative, A8 is notably
a necessary condition for A11 to hold.

Recall that Φ ( · ) ∈ R
nθ×nx , Φρ,i( · ) ∈ R

nρ×nx and Φλ,i( · ) ∈ R
nλ×nx . It is com-

mon to let the dimension of the instrument matrix match the dimension of the
regression matrix. However, if the instrument matrix corresponding to each sub-
experiment has the dimension Zi(k) ∈ R

(nθ+nρ+nλ)×nx , an exact solution to (2.18)
might not exist. In this case, the iv estimate can be obtained as the least-squares
solution to 

1
ND

ND∑
k=1

Z1(k)
(
y(k) − ŷ2,1(k | θ, ρ,λ)

)
= 0,

...

1
ND

NEND∑
k=(NE−1)ND+1

ZNE (k)
(
y(k) − ŷ2,NE (k | θ, ρ,λ)

)
= 0,

(4.45)

which generally will be an overdetermined system of (nθ + nρ + nλ)NE equations
with nθ + nρ + nλ unknown variables. Here a different approach will be explored,
where the dimension of each individual instrument matrix is defined separately
such that

NE∑
i=1

nζi = nθ + nρ + nλ. (4.46)

This has as consequence that[
Z T1 (k) . . . Z TNE (k)

]T
∈ R(nθ+nρ+nλ)×nx , (4.47)
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and ensures that (4.45) has an exact solution for finite amounts of data as long as
the data is sufficiently informative.

Theorem 4.1. Provided that A1-A11 are fulfilled, the iv method defined by
(4.45) and (4.47) is a consistent estimator of θ0.

Proof: An iv estimator is consistent if conditions (2.19a) and (2.19b) hold. By
A11, it is immediately possible to conclude that (2.19a) is fulfilled. Consequently,
it remains to show that (2.19b) holds.

For each sub-experiment, i = 1, . . . , NE , the model residual, y(k) − ŷ2,i(k | θ, ρ,λ),
can by A1, A5 and A7 be expressed as

Φ
(
Ω1(k − 1)

)
Φρ,i

(
Ω2(k − 1)

)
Φλ,i

(
Ω3(k − 1)

)

T 

θ0
Ωρ(k − 1)
Ωλ(k − 1)

 + w(k − 1) + e(k) −


Φ

(
Ω′1(k − 1)

)
Φρ,i

(
Ω′2(k − 1)

)
Φλ,i

(
Ω′3(k − 1)

)

T 
θ
ρ
λ

 ,
with the elements of the regression matrices being quadratic functions. When
the squares are developed, it is possible to express Φ

(
Ω′1(k)

)
as

Φ
(
Ω′1(k)

)
= Φ

(
Ω1(k)

)
+ f1

(
Ω1(k), e(k)

)
+ f2

(
e(k)

)
,

where each element of f1( · , · ) is bilinear in the arguments and f2( · ) is an element-
wise quadratic function. Similarly, Φρ,i

(
Ω′2(k)

)
can be expressed as

Φρ,i

(
Ω′2(k)

)
= Φρ,i

(
Ω2(k)

)
+ f3

(
Ω2(k), e′(k)

)
+ f4

(
e′(k)

)
,

where each element of f3( · , · ) is bilinear in the arguments, f4( · ) is an element-

wise quadratic function and e′(k) =
[
eT (k) vec

(
ER(k)

)T ]T
. Lastly, Φλ,i

(
Ω′3(k)

)
can be expressed as

Φλ,i

(
Ω′3(k)

)
= Φλ,i

(
Ω3(k)

)
+ f5

(
Ω3(k), e′′(k)

)
+ f6

(
e′′(k)

)
,

where each element of f5( · , · ) is bilinear in the arguments, f6( · ) is an element-
wise quadratic function and e′′(k) = vec

(
ER(k)

)
.

By A2 and A9, it holds that

Ē
{
Zi(k)e(k)

}
= Ē

{
Zi(k)

}
Ē
{
e(k)

}
︸  ︷︷  ︸

=0

= 0,

and by A6 it is the case that Ω1(k), Ω2(k), and Ω3(k) are independent of e(k), e′(k)
and e′′(k). Thereby, since each element of f1( · , · ), f3( · , · ) and f5( · , · ) is linear in
the second argument, it can under A2, A6 and A9 be concluded that

Ē

Zi(k)


f1

(
Ω1(k − 1), e(k − 1)

)
f3

(
Ω2(k − 1), e′(k − 1)

)
f5

(
Ω3(k − 1), e′′(k − 1)

)

T
 = 0.
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Moreover, by A3, A9 and A10, it holds that

Ē
{
Zi(k)w(k − 1)

}
= Ē

{
Zi(k)

}
︸    ︷︷    ︸

=0

Ē
{
w(k − 1)

}
= 0,

and similarly, by A2, A9 and A10, that

Ē

Zi(k)


f2

(
e(k − 1)

)
f4

(
e′(k − 1)

)
f6

(
e′′(k − 1)

)

T
 = Ē

{
Zi(k)

}
︸    ︷︷    ︸

=0

Ē



f2

(
e(k − 1)

)
f4

(
e′(k − 1)

)
f6

(
e′′(k − 1)

)

T
 = 0.

Consequently, it is by A4 the case that

Ē
{
Zi(k)

(
y(k) − ŷ2,i(k | θ, ρ,λ)

)}
= Ē

Zi(k)


Φ

(
Ω1(k − 1)

)
Φρ,i

(
Ω2(k − 1)

)
Φλ,i

(
Ω3(k − 1)

)

T 

θ0 − θ
Ωρ(k − 1) − ρ
Ωλ(k − 1) − λ


 .

When all sub-experiments are considered, it can by A11 be concluded that

Ē
{
Zi(k)Φ T

ρ,i

(
Ω2(k − 1)

) (
Ωρ(k − 1) − ρ

)}
= 0, (4.48)

Ē
{
Zi(k)Φ T

λ,i

(
Ω3(k − 1)

) (
Ωλ(k − 1) − λ

)}
= 0, (4.49)

have got unique solutions ρ∗ and λ∗ that are valid for i = 1, . . . , NE . Thereby, the
sought property

Ē
{
Zi(k)

(
y(k) − ŷ2,i(k | θ0, ρ

∗,λ∗)
)}

= 0,

holds for i = 1, . . . , NE , which means that condition (2.19b) is fulfilled and that
the ivmethod is a consistent estimator of θ0.

Remark 4.1. The input must be informative such that the parameters can be determined
uniquely. For example, if both the regressors x` |xm| and xm

∣∣∣x` ∣∣∣ are present in Φ ( · ), both
sub-experiments where x` and xm are of the same sign and sub-experiments where they
are of opposite sign are needed.

Remark 4.2. If R(k) = R̄ does not vary with time, A11 is in general not fulfilled. This
means that R(k) needs to be excited for the data to be sufficiently informative.

Now supplement A4 with the following assumption.

Assumption A12. The non-additive process disturbance, v(k), is white by Def-
inition 2.3, independent of the instrument matrix Zi(k) for i = 1, . . . , NE and
independent of w(`) for k ≥ `.
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In this case, the following theorem can be proved where condition (4.47) is not
needed.

Theorem 4.2. Provided that A1-A12 are fulfilled, the iv method defined by the
ls solution to (4.45) is a consistent estimator of θ0, Ē

{
Ωρ(k)

}
and Ē

{
Ωλ(k)

}
.

Proof: By A6 and A12, it is possible to conclude that Ωρ(k) and Ωλ(k) are inde-
pendent of Ω2(k), Ω3(k) and Zi(k) for i = 1, . . . , NE . This means that (4.48) and
(4.49) can be cast as

Ē
{
Zi(k)Φ T

ρ,i

(
Ω2(k − 1)

)}
Ē
{
Ωρ(k − 1) − ρ

}
= 0,

Ē
{
Zi(k)Φ T

λ,i

(
Ω3(k − 1)

)}
Ē
{
Ωλ(k − 1) − λ

}
= 0,

which have unique solutions ρ = Ē
{
Ωρ(k)

}
and λ = Ē

{
Ωλ(k)

}
that are valid for

i = 1, . . . , NE . Together with the proof of Theorem 4.1, this shows that the iv
method is a consistent estimator of θ0, Ē

{
Ωρ(k)

}
and Ē

{
Ωλ(k)

}
.

Remark 4.3. For simulating the output of system (4.1) in undisturbed conditions, it is
sufficient to know θ0. However, the nuisance parameters, ρ and λ, contain information
about the first and second-order moments of v(k), which can be useful as well, for example,
for disturbance attenuation by feedforward control.

4.3 Multiple non-additive disturbances

A relevant extension to the previously studied model class is second-order mod-
ulus systems with two non-additive disturbances

x(k + 1) = fsom,1

[x(k) + R(k)v1(k)
u(k)

]
, θ0,1


+ fsom,2

[x(k) + R(k)v2(k)
u(k)

]
, θ0,2

 + w(k), (4.50a)

y(k) = x(k) + e(k), (4.50b)

YR(k) = R(k) + ER(k). (4.50c)

Systems like this appear in practice when vessels are moving in two surrounding
media at the same time. As can be seen in Chapter 3, this is the case for marine
surface vessels, which operate in both air and water. Consequently, the extension
is important for dealing with wind and ocean currents at the same time.

4.3.1 Identifiability and informativity discussion

It can immediately be noted that the system formulation (4.50) is problematic
when fsom,1( · ) and fsom,2( · ) have common terms. Actually, unless additional in-
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formation is provided, unique identification of parameters associated with com-
mon terms is not possible. A set of predictors such as (4.44) and the estima-
tion framework suggested in the previous section can still be applied, but in this
case, ρ and λ will asymptotically depend on mixed moments of v1(k) and v2(k),
whereas θ generally will converge to an aggregation of θ0,1 and θ0,2. In order
to uniquely identify θ0,1 and θ0,2, an auxiliary disturbance measurement can be
considered.

Assumption A13. An auxiliary measurement, yaux(k) = R(k)v2(k) + eaux(k), is
available. The associated measurement noise, eaux(k), is a stationary signal with
zero mean and well-defined moments of any order.

Then the set of predictors

ŷ3,i(k | θ1, θ2, ρ,λ) = ŷ2,i(k | θ1, ρ,λ) + Φ T
2

(
Ω′4(k)

)
θ2, (4.51)

for i = 1, . . . , NE can be used, where

Ω′4(k) =
[
y(k) + yaux(k)

u(k)

]
,

and where Φ2( · ) is the matrix associated with fsom,2( · ) by Definition 3.3. Note
that ŷ2,i( · ) is defined by (4.44).

Despite the usage of the auxiliary disturbance measurement, there can still be
issues with common terms. The case when fsom,1( · ) and fsom,2( · ) have com-
mon terms that only depend on u(k) is not that interesting and can typically
be dealt with by reformulating the problem. However, common terms that de-
pend on the state can be present in (4.50), in which case there will be issues if
R(k)v1(k) = R(k)v2(k) for all k. This happens if v1(k) = v2(k) but can happen
under milder conditions if R(k) does not have full column rank. Moreover, if
the measured non-additive disturbance does not vary with time, v2(k) = v̄2, the
auxiliary measurement, yaux(k), does not provide sufficiently much new informa-
tion beyond y(k) and YR(k), which has as consequence that some common terms
cannot be distinguished from each other.

As before, consider the case where there is an instrument matrix Zi(k) ∈ R
nζi×nx

for each sub-experiment. Provided that the functions fsom,1( · ) and fsom,2( · ) do
not have common terms that only depend on u(k), as well as the two non-additive
disturbances being such that v2(k) , v2(`) and R(k)v1(k) , R(k)v2(k) for almost
all k and `, it is reasonable to impose the following assumptions regarding iden-
tifiability and data informativity.

Assumption A14. The vectors θ1, θ2, ρ and λ are globally identifiable in (4.51)
according to Definition 2.1.

Assumption A15. The matrix

H̄ =
[
H̄T

1 . . . H̄T
NE

]T
∈ R(nζ1 +...+nζNE

)×(nθ1 +nθ2 +nρ+nλ)
,
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with block elements

H̄i = Ē


Zi(k)


Φ

(
Ω′1(k)

)
Φρ,i

(
Ω′2(k)

)
Φλ,i

(
Ω′3(k)

)
Φ2

(
Ω′4(k)

)


T

, for i = 1, . . . , NE ,

has full rank.

In addition to the data from all the experiments combined being sufficiently in-
formative, (A14) is a necessary condition for (A15) to hold.

4.3.2 Main result

In addition to fulfilling A9-A11, the instrument matrix corresponding to each
sub-experiment is assumed to fulfill the following assumption.

Assumption A16. The instrument matrix Zi(k) is independent of the measure-
ment noise eaux(k) for i = 1, . . . , NE .

Further, the iv estimator can be defined as the least-squares solution to

1
ND

ND∑
k=1

Z1(k)
(
y(k) − ŷ3,1(k | θ1, θ2, ρ,λ)

)
= 0,

...

1
ND

NEND∑
k=(NE−1)ND+1

ZNE (k)
(
y(k)− ŷ3,NE (k | θ1, θ2, ρ,λ)

)
=0.

(4.52)

However, similar to before, it will be assumed that the dimension of each individ-
ual instrument matrix is defined separately such that

NE∑
i=1

nζi = nθ1
+ nθ2

+ nρ + nλ, (4.53)

and consequently that[
Z T1 (k) . . . Z TNE (k)

]T
∈ R(nθ1 +nθ2nρ+nλ)×nx . (4.54)

This ensures that (4.52) has an exact solution for finite amounts of data as long
as the data is sufficiently informative.

Lastly, supplement A7 with a final assumption regarding the experiment design.
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Assumption A17. The input in each sub-experiment excites the system such
that each of its states continuously has an amplitude that fulfills∣∣∣∣∣∣∣∣∣xi(k) +

nv∑
j=1

Ri,j (k)v2,j

∣∣∣∣∣∣∣∣∣ >
∣∣∣ei(k) + eaux,i(k)

∣∣∣ ,
for k = 1, . . . ND , i = 1, . . . nx.

It is now possible to formulate the main result of this chapter.

Theorem 4.3. Provided that data is generated based on (4.50), that A1-A10 hold
(for v1(k) in place of v(k)) and that A13-A17 hold, the iv method defined by
(4.52) and (4.54) is a consistent estimator of θ0,1 and θ0,2.

Proof: An iv estimator is consistent if conditions (2.19a) and (2.19b) hold. By
A15, it is immediately possible to conclude that (2.19a) is fulfilled.

Now it will be shown that (2.19b) holds for i = 1, . . . , NE . From (4.50), it follows
that

y(k) = fsom,1( · ) + w(k − 1) + e(k)︸                            ︷︷                            ︸
=ξ1(k)

+ fsom,2( · )︸    ︷︷    ︸
=ξ2(k)

,

and the fact that

Ē
{
Zi(k)

(
ξ1(k) − ŷ2,i(k | θ1, ρ,λ)

)}
= 0,

is fulfilled for θ = θ0,1, ρ = ρ∗ and λ = λ∗ was shown in the proof of Theorem 4.1.
Thereby, in view of (4.51), it remains to show that

Ē

{
Zi(k)

(
ξ2(k) −Φ T

2

(
Ω4(k − 1)

)
θ0,2

)}
= 0,

or more specifically that

Ē

{
Zi(k)

(
Φ T

2

(
Ω4(k − 1)

)
−Φ T

2

(
Ω′4(k − 1)

))}
θ0,2 = 0, (4.55)

holds, where

Ω4(k) =
[
x(k) + R(k)v2(k)

u(k)

]
, Ω′4(k) =

[
y(k) + yaux(k)

u(k)

]
.

It can be noted that

Ω′4(k) = Ω4(k) +
[
e(k) + eaux(k)

0

]
,
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and that

Ē
{
Zi(k)

(
e(k − 1) + eaux(k − 1)

)}
= 0,

holds under A2, A9, A13 and A16. Moreover, the sign of all modulus expres-
sions are known by A17, which means that Φ2( · ) temporarily can be treated as a
second-order function. When the squares are developed, it is possible to express
Φ2

(
Ω′4(k)

)
as

Φ2

(
Ω′4(k)

)
= Φ2

(
Ω4(k)

)
+ f7

(
Ω4(k), e′′′(k)

)
+ f8

(
e′′′(k)

)
,

where each element of f7( · , · ) is bilinear in the arguments, f8( · ) is an element-
wise quadratic function and e′′′(k) = e(k) + eaux(k). Thereby, reasoning analogous
to the proof of Theorem 4.1 makes it possible to conclude that

Ē
{
Zi(k)f T7

(
Ω4(k), e′′′(k)

)}
= 0,

holds by A2, A6, A9, A13, A16 and that

Ē
{
Zi(k)f T8

(
e′′′(k)

)}
= 0,

holds by A2, A9, A13 and A16. Consequently, (4.55) holds true, which in turn
means that (2.19b) is fulfilled. This shows that the iv method is a consistent
estimator of θ0,1 and θ0,2.

Remark 4.4. Whether it is feasible to measure a system disturbance or not is highly ap-
plication dependent. For example, ships are often equipped with sensors for measuring
wind speed and direction but rarely with sensors for measuring the speed and direction
of ocean currents.

Remark 4.5. Assumption A17 can be more or less restricting than A7. In particular, for
disturbances with large magnitude, A17 is easier to fulfill. This is further illustrated with
simulation experiments in Chapter 6.

Remark 4.6. The measured non-additive process disturbance, v2(k), does not need to be
a stationary signal and can include a deterministic time-dependent component.

Remark 4.7. The main idea of the proof is to treat the aggregation x′(k) = x(k) +R(k)v2(k)
as state temporarily during estimation. It is also possible to immediately measure the
aggregated state x′(k).

Similar to the case in Section 4.2 with a single non-additive disturbance, an addi-
tional theorem can be proved where condition (4.54) is not needed.

Theorem 4.4. Provided that data is generated based on (4.50), that A1-A10 and
A12 hold (for v1(k) in place of v(k)) and that A13-A17 hold, the iv method de-
fined by the ls solution to (4.52) is a consistent estimator of θ0,1, θ0,2, Ē

{
Ωρ(k)

}
and Ē

{
Ωλ(k)

}
.

Proof: This follows analogously to the proofs of Theorems 4.2 and 4.3.
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4.4 Summary

In this chapter, methods for obtaining consistent parameter estimators for second-
order modulus models have been demonstrated. The basic idea behind all these
is a two-step approach where experiments are performed with excitation offset
and the instruments of an iv estimator are forced to have zero mean. This two-
step approach is sufficient for achieving consistency under some restricting as-
sumptions on the disturbance characteristics. In a more general case, where the
non-additive disturbance has an unknown first-order moment, consistent estima-
tors can be obtained by augmenting the regression matrix with elements that cap-
ture the behavior of the noise distribution or by the use of auxiliary disturbance
measurements. Lastly, the extension to second-order modulus systems with two
non-additive disturbances, such as wind and ocean currents, was addressed.

This last extension is mostly relevant for marine surface vessels. However, even
if second-order modulus models were first proposed for ships, the model class
has been used for a variety of other robotic applications, as outlined in Chapter 1.
Actually, vessels of most types are affected by forces and moments according to
Newton’s laws and have their motions bound by kinematic relationships. Typ-
ically, both the dynamic and the kinematic equations are nonlinear, but a key
difference is that the unknown physical properties, and consequently the param-
eters that need to be estimated, are present in the dynamic relations, which are
well-described by second-order modulus models. Effects such as wind, currents
and gravity can then be treated as process disturbances. The results in this chap-
ter were shown using the general second-order modulus system descriptions (4.1)
and (4.50). Most observations and insights should thereby be of relevance for
other robotic applications as well.



5
Identification of ship models

In Chapter 4, methods for obtaining consistent parameter estimators for second-
order modulus models were presented. There the studied problem formulations
were abstract and general, and the goal of this chapter is to illustrate how the
ideas can be applied in practice. In particular, it is shown that the methods de-
veloped in Chapter 4 can be applied for identification of ship models, such as
the ones derived in Chapter 3. Additionally, some practical aspects regarding
previously made assumptions are discussed.

5.1 Problem formulation

To begin with, assume that data is generated based on the simple surge model
(3.65) and that the absolute surge speed and the yaw angle are measured

u(k + 1) = u(k) + Xuur (k) + X|u|u
∣∣∣ur (k)

∣∣∣ ur (k) +W|u|u
∣∣∣uq(k)

∣∣∣ uq(k) + Xµτ̃x(k),
(5.1a)

yu(k) = u(k) + eu(k), (5.1b)

yψ(k) = ψ(k) + eψ(k). (5.1c)

Further, annotate the parameters required to simulate the output of system (5.1)
in undisturbed conditions as

θ0 =
[
1 + Xu X|u|u +W|u|u Xµ

]T
.

In particular, note that for performing undisturbed simulations, it is not neces-
sary to uniquely identify the hydrodynamic and aerodynamic damping as sep-
arate effects, but solely an estimate of the aggregation X|u|u + W|u|u is needed.

65
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Moreover, let

θ∗0 =
[
1 + Xu X|u|u W|u|u Xµ

]T
, (5.2)

denote a parameter vector where the two damping effects are separated.

Recall from Chapter 3 that νr = ν − νc and νq = ν − νw, where νc is the velocity
of an ocean current and νw is the wind velocity. These disturbance signals are
assumed to be stationary stochastic processes in the n-frame, whereas in the body-
fixed frame they are assumed to depend on the attitude of the ship

νc(k) = R−1
(
ψ(k)

)
νc,n(k) =


cos

(
ψ(k)

)
sin

(
ψ(k)

)
0

− sin
(
ψ(k)

)
cos

(
ψ(k)

)
0

0 0 1



νc,NS (k)
νc,EW (k)

0

 . (5.3)

Here the north/south component, νc,NS (k), is positive for southern currents, and
the east/west component, νc,EW (k), is positive for western currents, i.e., currents
going from south to north and currents going from west to east, respectively.
Analogously, the components of the wind disturbance are given by

νw(k) = R−1
(
ψ(k)

)
νw,n(k) =


cos

(
ψ(k)

)
sin

(
ψ(k)

)
0

− sin
(
ψ(k)

)
cos

(
ψ(k)

)
0

0 0 1



νw,NS (k)
νw,EW (k)

0

 . (5.4)

Further, the measurement noises, eu(k) and eψ(k), are assumed to follow station-
ary zero-symmetric distributions and be bounded in magnitude

−ηeu < eu(k) < ηeu , (5.5a)

−ηeψ < eψ(k) < ηeψ , (5.5b)

whereas the environmental disturbances are assumed to have constant determin-
istic parts, which are possibly non-zero, and stochastic parts with zero mean that
are bounded in magnitude

νc,NS (k) = ν̄c,NS + ν̃c,NS (k), −ην̃c < ν̃c,NS (k) < ην̃c , (5.6a)

νc,EW (k) = ν̄c,EW + ν̃c,EW (k), −ην̃c < ν̃c,EW (k) < ην̃c , (5.6b)

νw,NS (k) = ν̄w,NS + ν̃w,NS (k), −ην̃w < ν̃w,NS (k) < ην̃w , (5.6c)

νw,EW (k) = ν̄w,EW + ν̃w,EW (k), −ην̃w < ν̃w,EW (k) < ην̃w . (5.6d)

Since a surge model is considered, it is the components of the environmental
disturbances in xb-direction

uc(k) = νc,NS (k) cos
(
ψ(k)

)
+ νc,EW (k) sin

(
ψ(k)

)
, (5.7a)

uw(k) = νw,NS (k) cos
(
ψ(k)

)
+ νw,EW (k) sin

(
ψ(k)

)
, (5.7b)
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which are relevant to consider. Therefore, in order to be able to temporarily re-
move the modulus operators during the analysis of the parameter estimation, as-
sume that the experiments are performed in a way such that ur (k) > 0, uq(k) > 0
and yu(k) = u(k) + eu(k) > 0. By (5.5), (5.6) and (5.7), a sufficient condition for
fulfilling this is

u(k) > max (ηeu , ηνc , ηνw ), for k = 1, . . . , N . (5.8)

Here ηeu is the worst-case magnitude of the measurement noise and

ηνc
∆=

√(∣∣∣ν̄c,NS ∣∣∣ + ην̃c
)2

+
(∣∣∣ν̄c,EW ∣∣∣ + ην̃c

)2
, (5.9)

ηνw
∆=

√(∣∣∣ν̄w,NS ∣∣∣ + ην̃w
)2

+
(∣∣∣ν̄w,EW ∣∣∣ + ην̃w

)2
, (5.10)

denote the most severe current and wind levels to which the ship can be exposed.
Under assumption of such an experiment design, (5.1a) may be rewritten as

u(k + 1) = u(k) + Xu
(
u(k) − uc(k)

)
+ X|u|u

(
u(k) − uc(k)

)2
+W|u|u

(
u(k) − uw(k)

)2

+ Xµτ̃x(k) =
(
1 + Xu − 2X|u|uuc(k) − 2W|u|uuw(k)

)
u(k)

+
(
X|u|u +W|u|u

)
u(k)2 + Xµτ̃x(k) − Xuuc(k) + X|u|uuc(k)2 +W|u|uuw(k)2.

(5.11)

5.2 Basic predictor

For modelling system (5.1), consider first a predictor that only utilizes the surge
measurement

ŷu,1(k | θ) =
[
yu(k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣ τ̃x(k − 1)

] 
θ1
θ2
θ3

 . (5.12)

This basic predictor can be compared with (4.3).

5.2.1 Straight-line motion

Assume that the ship is moving on a straight-line path

ψ(k) = ψ̄, k = 1, . . . , N . (5.13)

In this case, the environmental disturbances’ dependence on the ship’s attitude
can be ignored

uc(k) = νc,NS (k) cos(ψ̄) + νc,EW (k) sin(ψ̄) ∆= uc,ψ̄(k), (5.14a)

uw(k) = νw,NS (k) cos(ψ̄) + νw,EW (k) sin(ψ̄) ∆= uw,ψ̄(k). (5.14b)
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Moreover, assume that there exists an instrument vector ζu,1(k) ∈ R3 that is inde-
pendent of uc,ψ̄(k), uw,ψ̄(k), eu(k) and has zero mean, Ē{ζu,1(k)} = 0. Also, assume
that the input is informative such that (2.19a) holds. By the iv equation, (2.20),
the parameters of an iv estimator will converge to the values that make

Ē
{
ζu,1(k)

(
yu(k) − ϕTu,1(k)θ

)}
= 0. (5.15)

Writing this expectation out explicitly gives

Ē

{
ζu,1(k)

((
1 + Xu − 2X|u|uuc,ψ̄(k − 1) − 2W|u|uuw,ψ̄(k − 1)

)
u(k − 1)

+ (X|u|u +W|u|u)u(k − 1)2 + Xµτ̃x(k − 1) − Xuuc,ψ̄(k − 1) + X|u|uuc,ψ̄(k − 1)2

+W|u|uuw,ψ̄(k − 1)2 + eu(k) − θ1

(
u(k − 1) + eu(k − 1)

)
−θ2

(
u(k − 1)2 + 2u(k − 1)eu(k − 1) + eu(k − 1)2

)
− θ3τ̃x(k − 1)

)}
=

(
1 + Xu − 2X|u|u ūc,ψ̄ − 2W|u|u ūw,ψ̄ − θ1

)
Ē
{
ζu,1(k)u(k − 1)

}
+

(
X|u|u +W|u|u − θ2

)
Ē
{
ζu,1(k)u(k − 1)2

}
+

(
Xµ − θ3

)
Ē
{
ζu,1(k)τ̃x(k − 1)

}
,

(5.16)

where

ūc,ψ̄ = Ē
{
uc(k − 1)

}
= ν̄c,NS cos(ψ̄) + ν̄c,EW sin(ψ̄), (5.17a)

ūw,ψ̄ = Ē
{
uw(k − 1)

}
= ν̄w,NS cos(ψ̄) + ν̄w,EW sin(ψ̄). (5.17b)

From (5.16), it can be seen that the asymptotic parameter estimates are

w.p.1
lim
N→∞

θ̂IVN =


1 + Xu − 2X|u|u ūc,ψ̄ − 2W|u|u ūw,ψ̄

X|u|u +W|u|u
Xµ

 , θ0. (5.18)

There is a clear bias in the estimate of the linear damping. The fact that the iv
estimator is biased in this scenario is in agreement with Example 4.2, which was
studied in Chapter 4.

5.2.2 Straight-line motion — with a twist

Now consider a slightly modified setup, where halfway through the experiment,
the ship is rotated half a lap about the zb-axis

ψ(k) =

ψ̄, for k = 1, . . . , N /2,
ψ̄ + π, for k = N/2 + 1, . . . , N .

(5.19)
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The only differences in the calculation of the asymptotic parameter estimates in
this case are

ūc,ψ̄ = Ē
{
uc(k − 1)

}
= 0, (5.20a)

ūw,ψ̄ = Ē
{
uw(k − 1)

}
= 0, (5.20b)

which makes the iv estimator consistent

w.p.1
lim
N→∞

θ̂IVN =


1 + Xu

X|u|u +W|u|u
Xµ

 = θ0. (5.21)

It would be convenient if this modified experiment design could be generalized
for identification of more complete models. However, the assumption that the
instruments are independent of the environmental disturbances’ effect in the b-
frame is problematic. It was shown in Chapter 3 that motion in surge and yaw
are coupled. Most instruments that are independent of ψ(k) are thereby also in-
dependent of u(k), and the previously considered case where the ship is moving
on a straight-line path is an exception. If the experiment design was restricted to
motion along straight paths, it would be impossible to identify cross terms. There-
fore, the result of obtaining consistency by an experiment design such as (5.19)
is generally of limited usefulness for identification of more complete models.

5.3 Augmented predictor

The fact that the estimation bias depends on the average attitude of the ship is
the main motivation for the approach outlined in Section 4.2. To this end, note
that (5.1a), under the assumption of an experiment design such as (5.8), may be
written as

u(k + 1) =


u(k)
u(k)2

τ̃x(k)


T 

1 + Xu
X|u|u +W|u|u

Xµ



+


cos

(
ψ(k)

)
sin

(
ψ(k)

)
u(k) cos

(
ψ(k)

)
u(k) sin

(
ψ(k)

)


T 
−Xuνc,NS (k)
−Xuνc,EW (k)

−2
(
X|u|uνc,NS (k) +W|u|uνw,NS (k)

)
−2

(
X|u|uνc,EW (k) +W|u|uνw,EW (k)

)


+


cos2

(
ψ(k)

)
sin

(
ψ(k)

)
cos

(
ψ(k)

)
sin2

(
ψ(k)

)

T 

X|u|uνc,NS (k)2 +W|u|uνw,NS (k)2

2
(
X|u|uνc,NS (k)νc,EW (k) +W|u|uνw,NS (k)νw,EW (k)

)
X|u|uνc,EW (k)2 +W|u|uνw,EW (k)2

 ,
(5.22)
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if uc(k) and uw(k) are substituted with the explicit expressions in (5.7) and the
squares are developed. Based on this observation, it is reasonable to consider the
modified regression vector

ϕu,2(k) =
[
yu(k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣ τ̃x(k − 1) cos

(
yψ(k − 1)

)
. . .

sin
(
yψ(k − 1)

)
yu(k − 1) cos

(
yψ(k − 1)

)
yu(k − 1) sin

(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
, (5.23)

and the associated predictor model

ŷu,2(k | θ, ρ,λ) = ϕTu,2(k) ·
[
θ1 θ2 θ3 ρ1 ρ2 ρ3 ρ4 λ1 λ2

]T
, (5.24)

where the system states are simply replaced with their respective measurements.
It can be noted that the elements of the parameter vector in (5.24) are annotated
in agreement with (4.44) and that the final six parameters have in common that
they are not needed for performing undisturbed simulations of system (5.1). The
main reason for including their corresponding terms in the model is to obtain
more accurate estimates of the first three parameters. Furthermore, assume that
there exists an instrument vector ζu,2(k) ∈ R

9 that is independent of eu(k) and
eψ(k), has zero mean and fulfills (2.19a). It can be observed that the regres-

sor sin2
(
yψ(k − 1)

)
is not included in ϕu,2(k) despite the fact that sin2

(
ψ(k)

)
is

present in (5.22). The reason for this is that

Ē
{
ζu,2(k) sin2

(
yψ(k − 1)

)}
= Ē

{
ζu,2(k)

(
1 − cos2

(
yψ(k − 1)

))}
= −Ē

{
ζu,2(k) cos2

(
yψ(k − 1)

)}
, (5.25)

which means that including both sin2
(
yψ(k − 1)

)
and cos2

(
yψ(k − 1)

)
as regres-

sors would make

Ē
{
ϕTu,2(k)ζu,2(k)

}
,

rank deficient for any instrument vector with zero mean. In this case, (2.19a)
would not hold.

Recall that in Chapter 3

µeψ = E
{
cos

(
eψ(k)

)}
, (5.26)

was defined. Now, introduce the additional notation

σeψ
∆= E

{
cos2

(
eψ(k)

)}
. (5.27)
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By use of trigonometric identities, the assumption that eψ(k) follows a zero-symmetric

distribution and the fact that Ē
{
ζu,2(k)

}
= 0, it can be concluded that

Ē
{
ζu,2(k) sin

(
2yψ(k − 1)

)}
= Ē

{
ζu,2(k)

(
sin

(
2ψ(k − 1)

)
cos

(
2eψ(k − 1)

)
+ cos

(
2ψ(k−1)

)
sin

(
2eψ(k−1)

))}
= Ē

{
ζu,2(k) sin

(
2ψ(k−1)

)}
Ē
{
cos

(
2eψ(k−1)

)}
= Ē

{
ζu,2(k) sin

(
2ψ(k − 1)

)}
Ē
{
cos2

(
eψ(k − 1)

)
− sin2

(
eψ(k − 1)

)}
= (2σeψ − 1)Ē

{
ζu,2(k) sin

(
2ψ(k − 1)

)}
, (5.28)

and that

Ē
{
ζu,2(k) cos2

(
yψ(k − 1)

)}
=

1
2
Ē

{
ζu,2(k)

(
1 + cos

(
2yψ(k − 1)

))}
=

1
2
Ē

{
ζu,2(k)

(
cos

(
2ψ(k − 1)

)
cos

(
2eψ(k − 1)

)
− sin

(
2ψ(k − 1)

)
sin

(
2eψ(k − 1)

))}
=

1
2
Ē
{
ζu,2(k) cos

(
2ψ(k − 1)

)}
Ē
{
cos

(
2eψ(k − 1)

)}
= (2σeψ − 1)Ē

{
ζu,2(k) cos2

(
ψ(k − 1)

)}
. (5.29)

For analyzing the convergence of an iv estimator, again the iv equation, (2.20),
can be studied. Using (5.25), (5.28) and (5.29), the left-hand side of the iv equa-
tion can, in this case, be expressed explicitly as

Ē
{
ζu,2(k)

(
yu(k) − ŷu,2(k | θ, ρ,λ)

)}
= Ē

ζu,2(k)
[(

1 + Xu − 2X|u|u
(
νc,NS (k − 1)

· cos
(
ψ(k − 1)

)
+ νc,EW (k − 1) sin

(
ψ(k − 1)

))
− 2W|u|u

(
νw,NS (k − 1) cos

(
ψ(k − 1)

)
+νw,EW (k − 1) sin

(
ψ(k − 1)

)))
u(k − 1) +

(
X|u|u +W|u|u

)
u(k − 1)2 + Xµτ̃x(k − 1)

− Xu
(
νc,NS (k − 1) cos

(
ψ(k − 1)

)
+ νc,EW (k − 1) sin

(
ψ(k − 1)

))
+ X|u|u

(
νc,NS (k)2

· cos2
(
ψ(k − 1)

)
+ 2νc,NS (k − 1)νc,EW (k − 1) cos

(
ψ(k − 1)

)
sin

(
ψ(k − 1)

)
+νc,EW (k − 1)2 sin2

(
ψ(k − 1)

))
+W|u|u

(
νw,NS (k)2 cos2

(
ψ(k − 1)

)
+ 2νw,NS (k − 1)

· νw,EW (k − 1) cos
(
ψ(k − 1)

)
sin

(
ψ(k − 1)

)
+ νw,EW (k − 1)2 sin2

(
ψ(k − 1)

))
+ eu(k) − θ1

(
u(k − 1) + eu(k − 1)

)
− θ2

(
u(k − 1)2 + 2u(k − 1)eu(k − 1)

+eu(k − 1)2
)
− θ3τ̃x(k − 1) − ρ1 cos

(
ψ(k − 1) + eψ(k − 1)

)
− ρ2 sin

(
ψ(k−1)+eψ(k−1)

)
−ρ3

(
u(k−1) + eu(k−1)

)
cos

(
ψ(k−1)+eψ(k−1)

)
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−ρ4

(
u(k−1)+eu(k−1)

)
sin

(
ψ(k−1) + eψ(k−1)

)
−λ1 cos2

(
ψ(k−1) + eψ(k−1)

)
−λ2 sin

(
2
(
ψ(k − 1) + eψ(k − 1)

))] = (1 + Xu − θ1)Ē
{
ζu,2(k)u(k − 1)

}
+

(
X|u|u +W|u|u − θ2

)
Ē
{
ζu,2(k)u(k − 1)2

}
+

(
Xµ − θ3

)
Ē
{
ζu,2(k)τ̃x(k − 1)

}
+

(
−Xu ν̄c,NS − µeψρ1

)
Ē
{
ζu,2(k) cos

(
ψ(k − 1)

)}
+

(
−Xu ν̄c,EW − µeψρ2

)
Ē
{
ζu,2(k) sin

(
ψ(k − 1)

)}
+

(
−2X|u|u ν̄c,NS − 2W|u|u ν̄w,NS − µeψρ3

)
Ē
{
ζu,2(k) cos

(
ψ(k − 1)

)
u(k − 1)

}
+

(
−2X|u|u ν̄c,EW − 2W|u|u ν̄w,EW − µeψρ4

)
Ē
{
ζu,2(k) sin

(
ψ(k − 1)

)
u(k − 1)

}
+

(
X|u|u

(
Ē
{
νc,NS (k − 1)2

}
− Ē

{
νc,EW (k − 1)2

})
+W|u|u

(
Ē
{
νw,NS (k − 1)2

}
−Ē

{
νw,EW (k − 1)2

})
− (2σeψ − 1)λ1

)
Ē
{
ζu,2(k) cos2

(
ψ(k − 1)

)}
+

(
X|u|u Ē

{
νc,NS (k − 1)νc,EW (k − 1)

}
+W|u|u Ē

{
νw,NS (k − 1)νw,EW (k − 1)

}
−(2σeψ − 1)λ2

)
Ē
{
ζu,2(k) sin

(
2ψ(k − 1)

)}
. (5.30)

From this, it can be seen that the asymptotic parameter estimates are

w.p.1
lim
N→∞

θ̂IVN =


1 + Xu

X|u|u +W|u|u
Xµ

 = θ0, (5.31a)

w.p.1
lim
N→∞

ρ̂IVN =
1
µeψ


−Xu ν̄c,NS
−Xu ν̄c,EW

−2(X|u|u ν̄c,NS +W|u|u ν̄w,NS )
−2(X|u|u ν̄c,EW +W|u|u ν̄w,EW )

 , (5.31b)

w.p.1
lim
N→∞

λ̂IVN =
1

2σeψ − 1

ξ1

(
νc,n, νw,n

)
ξ2

(
νc,n, νw,n

) , (5.31c)

where

ξ1

(
νc,n, νw,n

)
= X|u|u

(
Ē
{
νc,NS (k − 1)2

}
− Ē

{
νc,EW (k − 1)2

})
+W|u|u

(
Ē
{
νw,NS (k − 1)2

}
− Ē

{
νw,EW (k − 1)2

})
, (5.32)

ξ2

(
νc,n, νw,n

)
= X|u|u Ē

{
νc,NS (k − 1)νc,EW (k − 1)

}
+W|u|u Ē

{
νw,NS (k − 1)νw,EW (k − 1)

}
, (5.33)
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depend on the second-order moments of the environmental disturbances. To be-
gin with, this is a consistent estimator of θ0. In addition, the estimator provides
information about the first and second-order moments of the environmental dis-
turbances. The first element in θ̂IVN can be used together with the first and second
elements of ρ̂IVN to form

ˆ̄νc,NS =
[ρ̂IVN ]1

1 − [θ̂IVN ]1
→ 1

µeψ
ν̄c,NS w.p. 1 as N →∞, (5.34)

ˆ̄νc,EW =
[ρ̂IVN ]2

1 − [θ̂IVN ]1
→ 1

µeψ
ν̄c,EW w.p. 1 as N →∞. (5.35)

These disturbance estimates are biased in the same way as the estimates of the lin-
ear velocities in Section 3.6. If the yaw angle, ψ, is measured with high accuracy,
it will be the case that µeψ / 1, and consequently, the bias error will be small. In
general, the magnitude of ν̄c,NS and ν̄c,EW will asymptotically be overestimated,
but since the scale error is the same for both estimates, the ratio between them
will be correct.

There are too many unknowns to work out independent estimates of ν̄w,NS and
ν̄w,EW . However, the third and fourth elements of ρ̂IVN give information about the
first-order moment of the combined effect of the ocean current and the wind.

5.4 Violating the experiment condition

It is relevant to study what happens when the experiment assumptions underly-
ing (5.8) are not met. First, consider the completely opposite condition

u(k) < −max (ηeu , ηνc , ηνw ), for k = 1, . . . , N . (5.36)

Fulfilling this implies that ur (k) < 0 and uq(k) < 0, and in this case can (5.1a) be
rewritten as

u(k + 1) = u(k) + Xu
(
u(k) − uc(k)

)
− X|u|u

(
u(k) − uc(k)

)2
− W|u|u

(
u(k) − uw(k)

)2

+ Xµτ̃x(k) =
(
1 + Xu + 2X|u|uuc(k) + 2W|u|uuw(k)

)
u(k)

−
(
X|u|u +W|u|u

)
u(k)2 + Xµτ̃x(k) − Xuuc(k) − X|u|uuc(k)2 − W|u|uuw(k)2.

(5.37)

Furthermore, (5.36) implies that yu(k) < 0 and with the same instrument vector
as before, an iv estimator using predictor (5.24) does in this scenario give a left-
hand side of the iv equation that can be expressed as

Ē
{
ζu,2(k)

(
yu(k) − ϕTu,2(k)θ

)}
= Ē

ζu,2(k)
[(

1 + Xu + 2X|u|u
(
νc,NS (k − 1)

· cos
(
ψ(k − 1)

)
+ νc,EW (k − 1) sin

(
ψ(k − 1)

))
+ 2W|u|u

(
νw,NS (k − 1) cos

(
ψ(k − 1)

)
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+νw,EW (k − 1) sin
(
ψ(k − 1)

)))
u(k − 1) −

(
X|u|u +W|u|u

)
u(k − 1)2 + Xµτ̃x(k − 1)

− Xu
(
νc,NS (k − 1) cos

(
ψ(k − 1)

)
+ νc,EW (k − 1) sin

(
ψ(k − 1)

))
− X|u|u

(
νc,NS (k)2

· cos2
(
ψ(k − 1)

)
+ 2νc,NS (k − 1)νc,EW (k − 1) cos

(
ψ(k − 1)

)
sin

(
ψ(k − 1)

)
+νc,EW (k − 1)2 sin2

(
ψ(k − 1)

))
− W|u|u

(
νw,NS (k)2 cos2

(
ψ(k − 1)

)
+ 2νw,NS (k − 1)

· νw,EW (k − 1) cos
(
ψ(k − 1)

)
sin

(
ψ(k − 1)

)
+ νw,EW (k − 1)2 sin2

(
ψ(k − 1)

))
+ eu(k) − θ1

(
u(k − 1) + eu(k − 1)

)
+ θ2

(
u(k − 1)2 + 2u(k − 1)eu(k − 1)

+eu(k − 1)2
)
− θ3τ̃x(k − 1) − ρ1 cos

(
ψ(k − 1) + eψ(k − 1)

)
− ρ2 sin

(
ψ(k−1)+eψ(k−1)

)
+ρ3

(
u(k−1) + eu(k−1)

)
cos

(
ψ(k−1)+eψ(k−1)

)
+ρ4

(
u(k−1)+eu(k−1)

)
sin

(
ψ(k−1) + eψ(k−1)

)
+λ1 cos2

(
ψ(k−1) + eψ(k−1)

)
+λ2 sin

(
2
(
ψ(k − 1) + eψ(k − 1)

))] = (1 + Xu − θ1)Ē
{
ζu,2(k)u(k − 1)

}
−
(
X|u|u +W|u|u − θ2

)
Ē
{
ζu,2(k)u(k − 1)2

}
+

(
Xµ − θ3

)
Ē
{
ζu,2(k)τ̃x(k − 1)

}
+

(
−Xu ν̄c,NS − µeψρ1

)
Ē
{
ζu,2(k) cos

(
ψ(k − 1)

)}
+

(
−Xu ν̄c,EW − µeψρ2

)
Ē
{
ζu,2(k) sin

(
ψ(k − 1)

)}
−
(
−2X|u|u ν̄c,NS − 2W|u|u ν̄w,NS − µeψρ3

)
Ē
{
ζu,2(k) cos

(
ψ(k − 1)

)
u(k − 1)

}
−
(
−2X|u|u ν̄c,EW − 2W|u|u ν̄w,EW − µeψρ4

)
Ē
{
ζu,2(k) sin

(
ψ(k − 1)

)
u(k − 1)

}
−
(
X|u|u

(
Ē
{
νc,NS (k − 1)2

}
− Ē

{
νc,EW (k − 1)2

})
+W|u|u

(
Ē
{
νw,NS (k − 1)2

}
−Ē

{
νw,EW (k − 1)2

})
− (2σeψ − 1)λ1

)
Ē
{
ζu,2(k) cos2

(
ψ(k − 1)

)}
−
(
X|u|u Ē

{
νc,NS (k − 1)νc,EW (k − 1)

}
+W|u|u Ē

{
νw,NS (k − 1)νw,EW (k − 1)

}
−(2σeψ − 1)λ2

)
Ē
{
ζu,2(k) sin

(
2ψ(k − 1)

)}
. (5.38)

From this, it can be seen that the asymptotic parameter estimates in (5.31) again
follow. The fact that the same parameters are recovered in this case is natural
because all the second-order modulus terms that alter signs in the true system
also alter signs in the predictor model. Therefore, even if the signs of some terms
in the iv equation change, the same parameter vector still makes it fulfilled.

An inherently challenging scenario is encountered if ur (k) and uq(k) are of oppo-
site sign. For example, if ur (k) > 0, uq(k) < 0 and u(k) + eu(k) > 0, which could
be the case if the ship is moving forward under a heavy tailwind, the ship would
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experience a decelerating effect from the surrounding water and an accelerating
effect from the surrounding air. In this situation, it is difficult to get an estimate of
the sought sum X|u|u +W|u|u and merely an estimate of the difference X|u|u −W|u|u
would be obtainable. Without adding more measurements, it is thereby neces-
sary to assume that the experiments can be performed with positive excitation of
sufficient amplitude to fulfill (5.8) or with negative excitation enough to fulfill
the opposite condition (5.36). In theory, there could be other conditional regions
where the sought sum could be found. For example, if the ship, the ocean current
and the wind all were moving in the same direction, but the ship was moving at
a slower speed than the other two, it could possibly be the case that ur (k) < 0,
uq(k) < 0 and u(k) + eu(k) > 0. Then the sum X|u|u +W|u|u could actually be es-
timated. However, requiring that experiments fulfill a condition like that is not
practically feasible, especially in the later analyzed 3-dof case.

5.5 Including wind measurements

In general, to be able to uniquely separate the aerodynamic and hydrodynamic
damping effects, either the wind velocity or the velocity of the ocean current
needs to be measured. It is possible, but not so common, to have sensors for mea-
suring the relative velocity between the ship and the surrounding water. On the
other hand, ships are often equipped with means for measuring wind speed and
direction. In this section, a way to include wind measurements in the estimation
framework is shown.

Wind velocity can be measured in different ways, which leads to various chal-
lenges. Sensors that measure wind speed are called anemometers and the most
common is perhaps to measure the wind’s speed and direction using a propeller-
based anemometer attached to a weather vane, as described in Fossen [2011].
Another option is to use ultrasonic anemometers. Further, the wind sensors are
usually mounted onboard the ship and provide relative measurements, but some-
times land-based weather stations are used.

5.5.1 Cartesian measurements in the b-frame

The most convenient from a system identification point of view is to directly have
Cartesian measurements in the ship’s center of rotation

yuq (k) = uq(k) + euq (k), (5.39a)

yvq (k) = vq(k) + evq (k). (5.39b)

An ultrasonic anemometer measures the time taken for an acoustic pulse to travel
from one transducer to another and compares it with the time it takes for a pulse
to travel in the reverse direction. The wind speed along the axis spanned by the
two transducers can then be calculated from the difference in time of flight. Us-
ing four transducers, this can be done both in xb- and yb-directions. Cartesian



76 5 Identification of ship models

measurements of relative wind in the b-frame, like (5.39), are therefore naturally
obtained when using ultrasonic anemometers mounted onboard the ship. No-
tably, if the sensors are not mounted with the ship’s center of rotation in mind,
the measured relative wind speeds will also depend on the ship’s yaw rate. Carte-
sian measurements in the b-frame can also be obtained by mounting two conven-
tional propeller-based anemometers in tunnels aligning with the xb- and yb-axis,
respectively.

5.5.2 Polar measurements in the b-frame

The use of weather vanes is common but poses some challenges for system iden-
tification. There are many ways to represent wind conditions. One is the decom-
position into north/south and east/west components in the n-frame, as was done
before. For discussions about weather-vane measurements, a representation on
polar form is, however, more useful. Therefore, let

Vq(k) =
√
uq(k)2 + vq(k)2, (5.40)

denote the relative speed between the ship and the wind, and let βq(k) denote
the direction of the relative wind vector expressed in the n-frame, such that the
connection to the decomposed form is[

νq,NS (k)
νq,EW (k)

]
=

Vq(k) cos
(
βq(k)

)
Vq(k) sin

(
βq(k)

) . (5.41)

In the b-frame, the relative velocities depend both on βq(k) and on ψ(k)[
uq(k)
vq(k)

]
=

Vq(k) cos
(
βq(k) − ψ(k)

)
Vq(k) sin

(
βq(k) − ψ(k)

) . (5.42)

Defining the angle of attack as in Figure 5.1 gives

γq(k) = 2π − βq(k) + ψ(k). (5.43)

In this case, the b-frame velocities can equivalently be expressed as[
uq(k)
vq(k)

]
=

Vq(k) cos
(
−γq(k)

)
Vq(k) sin

(
−γq(k)

) =

 Vq(k) cos
(
γq(k)

)
−Vq(k) sin

(
γq(k)

) . (5.44)

An anemometer mounted together with a weather vane measures the relative
speed between the ship and the wind

yVq (k) = Vq(k) + eVq (k), (5.45)

whereas the weather vane itself measures the angle between a reference line on
the ship and the vector representing the relative motion between the body and the



5.5 Including wind measurements 77

xb

yb

Vq

ψ
γq

βq

xn (North)

yn (East)

Figure 5.1: Relative speed between the ship and the wind Vq, relative wind
angle βq and angle of attack γq relative to the bow of the ship.

surrounding air. If the weather vane is mounted in the ship’s center of rotation
and such that this reference line coincides with the xb-axis, it will measure the
angle of attack

yγq (k) = γq(k) + eγq (k). (5.46)

Using these actual measurements, artificial ones of the corresponding surge and
sway components can be formed

y′uq (k) = yVq
(k) cos

(
yγq (k)

)
, (5.47a)

y′vq (k) = −yVq
(k) sin

(
yγq (k)

)
. (5.47b)

It can be noted that these artificial measurements are not unbiased even if eVq
(k)

and eγq (k) follow zero-symmetric distributions

E
{
y′uq (k)

}
= Ē

{(
Vq(k) + eVq

(k)
)

cos
(
γq(k) + eγq (k)

)}

= E

Vq(k)
(
cos

(
γq(k)

)
cos

(
eγq (k)

)
− sin

(
γq(k)

)
sin

(
eγq (k)

))

= µeγ E
{
Vq(k) cos

(
γq(k)

)}
= µeγ E

{
uq(k)

}
, (5.48)
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E
{
y′vq (k)

}
= −Ē

{(
Vq(k) + eVq (k)

)
sin

(
γq(k) + eγq (k)

)}
= −E

Vq(k)
(
sin

(
γq(k)

)
cos

(
eγq (k)

)
+ cos

(
γq(k)

)
sin

(
eγq (k)

))
= −µeγE

{
Vq(k) sin

(
γq(k)

)}
= µeγE

{
vq(k)

}
. (5.49)

Here the bias depends on the expectation

µeγ
∆= E

{
cos

(
eγq (k)

)}
. (5.50)

If the regressor y′uq (k−1)
∣∣∣∣y′uq (k − 1)

∣∣∣∣ is included in the predictor, it is consequently
not possible to obtain a consistent estimator in the same way as discussed earlier.

5.5.3 Measurements in the n-frame

If the used sensors are land-based, the wind velocity will instead be measured in
the n-frame and not naturally be relative to the velocity of the ship. In this case,
mapping to the b-frame must be carried out before the measurements are used
to form regressors. Since the rotation matrix is based on measurements of the
yaw angle and is not known exactly, this will again cause problems in the same
way as discussed in Section 3.6. Provided that the yaw angle is measured with
high accuracy, the measurements will still be useful after the coordinate transfor-
mation. Estimates of the relative velocity can then, in turn, be obtained by use
of the already available measurements of the ship’s absolute velocity. As men-
tioned in Remark 4.7, both relative and absolute disturbance measurements can
be considered as long as they are obtained in the b-frame. The scenario with dis-
turbance measurements in the n-frame is, however, not dealt with by the analysis
in Chapter 4.

5.5.4 Including a wind regressor

Assume that a measurement of relative wind speed in surge direction, (5.39a), is
available and that the corresponding measurement disturbance has zero mean
and is bounded in magnitude

−ηeuq < euq (k) < ηeuq . (5.51)

Further, augment the regression vector as

ϕu,3(k) =
[
yu(k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣ yuq (k − 1)

∣∣∣∣yuq (k − 1)
∣∣∣∣ τ̃x(k − 1)

cos
(
yψ(k − 1)

)
sin

(
yψ(k − 1)

)
yu(k − 1) cos

(
yψ(k − 1)

)
yu(k − 1) sin

(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
, (5.52)
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and form the corresponding predictor

ŷu,3(k | θ, ρ,λ) = ϕTu,3(k) ·
[
θ1 . . . θ4 ρ1 . . . ρ4 λ1 λ2

]T
. (5.53)

This predictor can be compared with (4.51). Now, consider the modified experi-
ment condition u(k) > max (ηeu , ηνc ), for k = 1, . . . , N ,

uq(k) > ηeuq , for k = 1, . . . , N ,
(5.54)

under which (5.1a) can be expressed as

u(k + 1) = u(k) + Xu
(
u(k) − uc(k)

)
+ X|u|u

(
u(k) − uc(k)

)2
+W|u|uuq(k)2

+ Xµτ̃x(k) =
(
1 + Xu − 2X|u|uuc(k)

)
u(k) + X|u|uu(k)2

+W|u|uuq(k)2 + Xµτ̃x(k) − Xuuc(k) + X|u|uuc(k)2. (5.55)

Assume that there exists an instrument vector ζu,3(k) ∈ R
10, which is indepen-

dent of eu(k), eψ(k) and euq (k), has zero mean and fulfills (2.19a). The left-hand
side of the iv equation can in this case be expressed as

Ē
{
ζu,3(k)

(
yu(k) − ϕTu,3(k)θ

)}
= Ē

ζu,3(k)
[(

1 + Xu − 2X|u|u
(
νc,NS (k − 1)

· cos
(
ψ(k − 1)

)
+ νc,EW (k − 1) sin

(
ψ(k − 1)

)))
u(k − 1) + X|u|uu(k − 1)2

+W|u|uuq(k − 1)2 + Xµτ̃x(k − 1) − Xu
(
νc,NS (k − 1) cos

(
ψ(k − 1)

)
+νc,EW (k − 1) sin

(
ψ(k − 1)

))
+ X|u|u

(
νc,NS (k)2 cos2

(
ψ(k − 1)

)
+2νc,NS (k − 1)νc,EW (k − 1) cos

(
ψ(k − 1)

)
sin

(
ψ(k − 1)

)
+νc,EW (k − 1)2 sin2

(
ψ(k − 1)

))
+ eu(k) − θ1

(
u(k − 1) + eu(k − 1)

)
− θ2

(
u(k − 1)2 + 2u(k − 1)eu(k − 1) + eu(k − 1)2

)
− θ3

(
uq(k − 1)2 + 2euq (k − 1)uq(k − 1) + euq (k − 1)2

)
− θ4τ̃x(k − 1)

− ρ1 cos
(
ψ(k − 1) + eψ(k − 1)

)
− ρ2 sin

(
ψ(k − 1) + eψ(k − 1)

)
− ρ3

(
u(k − 1) + eu(k − 1)

)
cos

(
ψ(k − 1) + eψ(k − 1)

)
−ρ4

(
u(k−1)+eu(k−1)

)
sin

(
ψ(k−1) + eψ(k−1)

)
−λ1 cos2

(
ψ(k−1) + eψ(k−1)

)
−λ2 sin

(
2
(
ψ(k−1) + eψ(k−1)

))]
= (1 + Xu − θ1)Ē

{
ζu,3(k)u(k − 1)

}
+

(
X|u|u − θ2

)
Ē
{
ζu,3(k)u(k − 1)2

}
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+
(
W|u|u − θ3

)
Ē
{
ζu,3(k)uq(k − 1)2

}
+

(
Xµ − θ4

)
Ē
{
ζu,3(k)τ̃x(k − 1)

}
+

(
−Xu ν̄c,NS − µeψρ1

)
Ē
{
ζu,3(k) cos

(
ψ(k − 1)

)}
+

(
−Xu ν̄c,EW − µeψρ2

)
Ē
{
ζu,3(k) sin

(
ψ(k − 1)

)}
+

(
−2X|u|u ν̄c,NS − µeψρ3

)
Ē
{
ζu,3(k) cos

(
ψ(k − 1)

)
u(k − 1)

}
+

(
−2X|u|u ν̄c,EW − µeψρ4

)
Ē
{
ζu,3(k) sin

(
ψ(k − 1)

)
u(k − 1)

}
+

(
X|u|u

(
Ē
{
νc,NS (k−1)2−νc,EW (k−1)2

})
−(2σeψ−1)λ1

)
Ē
{
ζu,3(k) cos2

(
ψ(k−1)

)}
+

(
X|u|u Ē

{
νc,NS (k−1)νc,EW (k−1)

}
−(2σeψ−1)λ2

)
Ē
{
ζu,3(k) sin

(
2ψ(k−1)

)}
.

(5.56)

From this, it can be seen that the asymptotic parameter estimates are

w.p.1
lim
N→∞

θ̂IVN =


1 + Xu
X|u|u
W|u|u
Xµ

 = θ∗0, (5.57a)

w.p.1
lim
N→∞

ρ̂IVN =
1
µeψ


−Xu ν̄c,NS
−Xu ν̄c,EW
−2X|u|u ν̄c,NS
−2X|u|u ν̄c,EW

 , (5.57b)

w.p.1
lim
N→∞

λ̂IVN =
1

2σeψ − 1

X|u|u
(
Ē
{
νc,NS (k − 1)2

}
− Ē

{
νc,EW (k − 1)2

})
X|u|u Ē

{
νc,NS (k − 1)νc,EW (k − 1)

}
 . (5.57c)

As before, it is possible to instead perform the experiments such that the converse
condition u(k) < −max (ηeu , ηνc ), for k = 1, . . . , N ,

uq(k) < −ηeuq , for k = 1, . . . , N ,
(5.58)

is fulfilled. In this case, the signs of terms coming from modulus functions in ex-
pression (5.56) change, but as in the previously analyzed scenario without supple-
mentary wind measurements, the asymptotic parameter estimates are unaffected.
Moreover, since the relative velocity between the ship and the surrounding air
is measured separately, it is no longer necessary to perform experiments where
uq(k) is of the same sign as ur (k). In other words, any of the conditionsu(k) < −max (ηeu , ηνc ) for k = 1, . . . , N ,

uq(k) > ηeuq for k = 1, . . . , N ,
(5.59)
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or u(k) > max(ηeu , ηνc ) for k = 1, . . . , N ,
uq(k) < −ηeuq , for k = 1, . . . , N ,

(5.60)

can instead be met. This changes the sign of the aerodynamic term, both in the
true system equation and in the predictor, and does consequently not affect the
asymptotic parameter estimates. The fact that (5.59) and (5.60) can be consid-
ered is important, because the wind speed is sometimes higher than the maxi-
mum speed of the ship, which makes conditions like (5.54) and (5.58) hard to
meet. This is especially true when models with multiple dof are considered. Fi-
nally, and perhaps most importantly, when wind measurements are included in
the framework, it is possible to uniquely identify the hydrodynamic and aerody-
namic damping as separate effects. This added information can be utilized at a
later stage when ship motion is predicted.

5.6 Maneuvering model

Thus far, the methods developed in Chapter 4 have been applied for (3.65), which
is a model describing the surge motion of a marine vessel. The methods can, how-
ever, readily be applied for the estimation of models that describe ship motion
in more than one dof as well. In that case, the derivations of predictors are a
bit more tedious to carry out, but the reasoning is analogous. Subsequently, a set
of predictors for the 3-dof maneuvering model (3.60) will be presented. These
predictors are relevant to show because they were used in the simulation experi-
ments that are demonstrated in Chapter 6. To keep the presentation more concise,
the associated derivations will be omitted.

To this end, assume that data is generated based on (3.60) and that all the absolute-
velocity states, as well as the yaw angle and relative wind-velocity components,
are measured 

u(k)
v(k)
r(k)

 =


u(k − 1)
v(k − 1)
r(k − 1)

 +


ϕTu,0(k) 0 0

0 ϕTv,0(k) 0
0 0 ϕTr,0(k)

 θ0, (5.61a)

y(k) =



yu(k)
yv(k)
yr (k)
yψ(k)
yuq (k)
yvq (k)


=



u(k)
v(k)
r(k)
ψ(k)
uq(k)
vq(k)


+



eu(k)
ev(k)
er (k)
eψ(k)
euq (k)
evq (k)


. (5.61b)

Here the added subscript, 0, indicates that this is now considered to be the true
system. As before, assume that the measurement noises follow zero-symmetric
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distributions and that they are bounded in magnitude

−ηeu < eu(k) < ηeu , (5.62a)

−ηev < ev(k) < ηev , (5.62b)

−ηer < er (k) < ηer , (5.62c)

−ηeψ < eψ(k) < ηeψ , (5.62d)

−ηeuq < euq (k) < ηeuq , (5.62e)

−ηevq < evq (k) < ηevq . (5.62f)

Further, recall that the environmental disturbances are bounded in magnitude
by (5.6).

A simple way of modelling system (5.61) is by the set of basic predictors
ŷu,basic(k | θ)
ŷv,basic(k | θ)
ŷr,basic(k | θ)

 =


ϕTu,basic(k) 0 0

0 ϕTv,basic(k) 0
0 0 ϕTr,basic(k)



θ1
...
θ15

 , (5.63)

ϕu,basic(k) =
[
yu(k − 1) yv(k − 1)yr (k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣

. . . τ̃x(k − 1) yu(k − 1)τ̃x(k − 1)
]T
, (5.64)

ϕv,basic(k) =
[
yv(k − 1) yu(k − 1)yr (k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ τ̃y(k − 1)
]T
, (5.65)

ϕr,basic(k) =
[
yr (k − 1) yu(k − 1)yv(k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ τ̃ψ(k − 1)
]T
, (5.66)

which can be compared with (4.3) and (5.12). These predictors can readily be
formulated, but it is known from Chapter 4 and the analysis in Section 5.2 that
the possibilities of obtaining consistent parameter estimators for predictors of
this type using iv methods depend on the characteristics of the disturbance sig-
nals. A more complete way of modelling the system is by the set of augmented
predictors

ŷu,aug(k | θ1, ρ1,λ1)
ŷv,aug(k | θ2, ρ2,λ2)
ŷr,aug(k | θ3, ρ3,λ3)

 =


ϕTu,aug(k) 0 0

0 ϕTv,aug(k) 0
0 0 ϕTr,aug(k)



θ′1
θ′2
θ′3

 , (5.67)

ϕu,aug(k) =
[
yu(k − 1) yv(k − 1)yr (k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣ τ̃x(k − 1)
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. . . yu(k − 1)τ̃x(k − 1) cos
(
yψ(k − 1)

)
sin

(
yψ(k − 1)

)
. . . yu(k − 1) cos

(
yψ(k − 1)

)
yu(k − 1) sin

(
yψ(k − 1)

)
. . . yr (k − 1) cos

(
yψ(k − 1)

)
yr (k − 1) sin

(
yψ(k − 1)

)
. . . τ̃x(k − 1) cos

(
yψ(k − 1)

)
τ̃x(k − 1) sin

(
yψ(k − 1)

)
. . . cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
, (5.68)

ϕv,aug(k) =
[
yv(k − 1) yu(k − 1)yr (k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ τ̃y(k − 1) cos
(
yψ(k − 1)

)
. . . sin

(
yψ(k − 1)

)
yv(k − 1) cos

(
yψ(k − 1)

)
. . . yv(k − 1) sin

(
yψ(k − 1)

)
yr (k − 1) cos

(
yψ(k − 1)

)
. . . yr (k − 1) sin

(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
. . . sin

(
2yψ(k − 1)

)]T
, (5.69)

ϕr,aug(k) =
[
yr (k − 1) yu(k − 1)yv(k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ τ̃ψ(k − 1) yr (k − 1) cos
(
yψ(k − 1)

)
. . . yr (k − 1) sin

(
yψ(k − 1)

)
yv(k − 1) cos

(
yψ(k − 1)

)
. . . yv(k − 1) sin

(
yψ(k − 1)

)
yu(k − 1) cos

(
yψ(k − 1)

)
. . . yu(k − 1) sin

(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
. . . sin

(
2yψ(k − 1)

)]T
, (5.70)

which can be compared with (4.44) and (5.24). Here the parameter vectors are
partitioned such that

θ′i =
[
θi ρi λi

]T
, for i = 1, 2, 3. (5.71)

This means that θ1, θ2 and θ3 completely define the undisturbed simulation
model, i.e., that θ = [θ1, θ2, θ3]T corresponds to the parameters in (5.63). The
predictors defined by (5.68)-(5.70) are derived based on (3.60) under assumption
that the experiments are performed such that

u(k) > max (ηeu , ηνc , ηνw ), for k = 1, . . . , N , (5.72a)

v(k) > max (ηev , ηνc , ηνw ), for k = 1, . . . , N , (5.72b)

in an analogous manner to how the predictor (5.24) was derived earlier in this
chapter. Recall that ηeu and ηev are worst-case magnitudes of the measurement
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noises defined by (5.62), while ηνc and ηνw denote the most severe current and
wind levels to which the ship can be exposed and are defined by (5.9) and (5.10),
respectively.

Similar to the analysis in Section 5.4, deriving predictors by imposing the con-
verse experiment conditions, i.e., that the states are negative with sufficient offset,
would be possible. Also, if some parts of the experiment fulfilled (5.72a) but not
(5.72b), the corresponding data could be used to support the estimate of θ′1 but
not of θ′2 and θ′3. Likewise, if some parts of the experiment fulfilled (5.72b) but
not (5.72a), the corresponding data could be used to support the estimate of θ′2
and θ′3 but not of θ′1. This is due to the block-diagonal structure of (5.61a) and the
fact that the surge state, u(k), appears inside a modulus function in ϕu,0(k) but
not in ϕv,0(k) and ϕr,0(k), whereas the sway state, v(k), appears inside modulus
functions in ϕv,0(k) and ϕr,0(k) but not in ϕu,0(k). Neither of these observations
is, however, relevant for the simulation study presented in Chapter 6 because
all simulation experiments were conducted with positive excitation offset in both
surge and sway. It can be noted that no conditions are imposed for the yaw rate,
r(k), in the experiment design. This is possible because r(k) never appears inside
a modulus function in (3.60).

As observed earlier in this chapter, the predictor models defined by (5.63)-(5.66)
and (5.67)-(5.70) can at best be expected to describe the system in undisturbed
conditions. To uniquely identify the hydrodynamic and aerodynamic damping
as separate effects, auxiliary disturbance measurements are needed. Thereby, a
final set of predictors that utilize wind measurements are given by

ŷu,wind(k | θ1, ρ1,λ1)
ŷv,wind(k | θ2, ρ2,λ2)
ŷr,wind(k | θ3, ρ3,λ3)

 =


ϕTu,wind(k) 0 0

0 ϕTv,wind(k) 0
0 0 ϕTr,wind(k)



θ′1
θ′2
θ′3

 , (5.73)

ϕu,wind(k) =
[
yu(k − 1) yv(k − 1)yr (k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣

. . . yuq (k − 1)
∣∣∣∣yuq (k − 1)

∣∣∣∣ τ̃x(k − 1)

. . . yu(k − 1)τ̃x(k − 1) cos
(
yψ(k − 1)

)
sin

(
yψ(k − 1)

)
. . . yu(k − 1) cos

(
yψ(k − 1)

)
yu(k − 1) sin

(
yψ(k − 1)

)
. . . yr (k − 1) cos

(
yψ(k − 1)

)
yr (k − 1) sin

(
yψ(k − 1)

)
. . . τ̃x(k − 1) cos

(
yψ(k − 1)

)
τ̃x(k − 1) sin

(
yψ(k − 1)

)
. . . cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
, (5.74)

ϕv,wind(k) =
[
yv(k − 1) yu(k − 1)yr (k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ yvq (k − 1)
∣∣∣∣yvq (k − 1)

∣∣∣∣ τ̃y(k − 1)
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. . . cos
(
yψ(k − 1)

)
sin

(
yψ(k − 1)

)
yv(k − 1) cos

(
yψ(k − 1)

)
. . . yv(k − 1) sin

(
yψ(k − 1)

)
yr (k − 1) cos

(
yψ(k − 1)

)
. . . yr (k − 1) sin

(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
. . . sin

(
2yψ(k − 1)

)]T
, (5.75)

ϕr,wind(k) =
[
yr (k − 1) yu(k − 1)yv(k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ yuq (k − 1)yvq (k − 1) τ̃ψ(k − 1)

. . . yr (k − 1) cos
(
yψ(k − 1)

)
yr (k − 1) sin

(
yψ(k − 1)

)
. . . yv(k − 1) cos

(
yψ(k − 1)

)
yv(k − 1) sin

(
yψ(k − 1)

)
. . . yu(k − 1) cos

(
yψ(k − 1)

)
yu(k − 1) sin

(
yψ(k − 1)

)
. . . cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
. (5.76)

These predictors can be compared with (4.51) and (5.53). Further, it can be noted
that θ′1, θ′2 and θ′3 include additional components in comparison to before, which
constitutes a slight abuse of notation. Furthermore, the predictors are derived
under the assumption that the experiments are performed such thatu(k) > max (ηeu , ηνc ), for k = 1, . . . , N ,∣∣∣uq(k)

∣∣∣ > ηeuq , for k = 1, . . . , N ,
(5.77a)v(k) > max (ηeu , ηνc ), for k = 1, . . . , N ,∣∣∣vq(k)

∣∣∣ > ηevq , for k = 1, . . . , N .
(5.77b)

As for the augmented predictors defined by (5.68)-(5.70), which do not utilize
wind measurements, other experiment conditions could have been considered as
well. These two will, however, suffice for the discussion in Chapter 6.

5.7 Summary

In this chapter, the methods for obtaining consistent parameter estimators pro-
posed in Chapter 4 were exemplified by the use of a model describing the surge
speed of a marine surface vessel. The motivation for this was to make the abstract
analysis in Chapter 4 more concrete. In particular, it was shown that having ac-
cess to auxiliary wind measurements makes it possible to require milder exper-
iment conditions ((5.54), (5.58), (5.59), (5.60)) for consistency in comparison to
when attitude measurements are used for inferring information about the aero-
dynamic effects ((5.8), (5.36)). As pointed out in Section 5.4, there are also other
conditional regions where the sought model parameters can be estimated with
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high accuracy, but requiring that experiments fulfill any of these is not practi-
cally feasible. In addition to being an enabler for unique identification of effects
related to hydrodynamic damping and aerodynamic drag, auxiliary wind mea-
surements are thereby important for avoiding asymptotic estimation bias. Lastly,
it can be stressed that ocean currents, despite having a quite significant impact
on a ship’s motion, usually do not move that fast. Requiring that the ship is mov-
ing faster than an ocean current is therefore reasonable from a practical point of
view.



6
Experimental work: A

In order to illustrate the potential of the estimators derived throughout Chap-
ters 4 and 5, experiments have been performed. The results of these are presented
in this chapter. To begin with, the outcome of a simulation study is provided in
Section 6.1. A key strength of simulation studies is the ability to understand
the behavior of statistical properties, such as asymptotic estimation bias, due to
the truth being known. Thereby, the study primarily shows the convergences
proclaimed in Chapters 4 and 5. This was done by Monte Carlo simulations
using the 3-dof model defined by (3.60) and the predictors presented in Sec-
tion 5.6. The usefulness of the previously proposed estimators was then tested
using data from a full-scale marine vessel. This data was provided by abb, which
is a Swiss-Swedish corporation that among other things works with automation
technologies for marine vessels. The studied ship and the associated experiments
are described in Section 6.2. Lastly, the validity of the results presented in the
chapter is discussed in Section 6.3.

6.1 Simulation study

To demonstrate the usefulness of the developed estimators in terms of bias and
variance for the parameters, two simulation experiments were carried out. The
results of these are described in this section. First, the general simulation setup
is presented, and then the results of two separate simulation experiments are
shown. The first simulation experiment demonstrates the consistency that has
been discussed earlier, while the second one illustrates how the model accuracy
depends on the amount of estimation data. Each simulation experiment is di-
vided into cases of mild and severe wind conditions.

87
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6.1.1 Simulation setup

Throughout all simulation experiments, data was generated based on the maneu-
vering model 

u(k)
v(k)
r(k)

 =


u(k − 1)
v(k − 1)
r(k − 1)

 +


ϕTu,0(k) 0 0

0 ϕTv,0(k) 0
0 0 ϕTr,0(k)

 θ0, (6.1a)

y(k) =



yu(k)
yv(k)
yr (k)
yψ(k)
yuq (k)
yvq (k)


=



u(k)
v(k)
r(k)
ψ(k)
uq(k)
vq(k)


+



eu(k)
ev(k)
er (k)
eψ(k)
euq (k)
evq (k)


, (6.1b)

defined by (3.60). Unit sampling time was used and θ0 was chosen based on
models found using the experimental data presented in Section 6.2, but the aero-
dynamic coefficients were scaled up slightly. Conceivably, this could correspond
to a case where the ship is loaded differently and thereby has a bigger area ex-
posed to the surrounding air. The values of θ0 are given in Table 6.1. Further, all
disturbance signals were sampled from Gaussian distributions

eu(k) ∼ N (0, 2 · 10−4), (6.2a)

ev(k) ∼ N (0, 2 · 10−4), (6.2b)

er (k) ∼ N (0, 2 · 10−4), (6.2c)

eψ(k) ∼ N (0, 10−4), (6.2d)

euq (k) ∼ N (0, 10−3), (6.2e)

evq (k) ∼ N (0, 10−3), (6.2f)

νc,NS (k) ∼ N (0.2, 10−3), (6.2g)

νc,EW (k) ∼ N (−0.2, 10−3), (6.2h)

νw,NS (k) ∼ N (ν̄w,NS , 10−3), (6.2i)

νw,EW (k) ∼ N (ν̄w,EW , 10−3), (6.2j)

which means that neither the distributions of the measurement noises nor of the
environmental disturbances did have finite support.

Six estimators were compared in the simulation study, three ls estimators de-
noted by θ̂LS1

N , θ̂LS2
N , θ̂LS3

N and three iv estimators denoted by θ̂IV1
N , θ̂IV2

N , θ̂IV3
N .

These estimators make use of the predictors derived in Section 5.6. The estima-
tors θ̂LS1

N and θ̂IV1
N relied on the basic predictors defined by (5.63)-(5.66), while

the other four estimators used augmented predictors. Two of them, θ̂LS2
N and θ̂IV2

N ,
did not utilize wind measurements and were based on the predictor models de-
fined by (5.67)-(5.70). The final two estimators, θ̂LS3

N and θ̂IV3
N , were based on
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Table 6.1: System premises for simulation.
Parameter True system Nominal model
Xu −0.05 −0.2
Xvr 1 0.8
X|u|u −0.05 0
W|u|u −0.0005 0
Xµ 0.02 0.01
Xκ −0.0025 0
Yv −0.2 −0.3
Yur −0.65 −0.8
Y|v|v −0.2 0
Y|v|r −0.1 0
W|v|v −0.0015 0
Yµ 0.02 0.01
Nr −0.1 −0.15
Nuv −0.0015 0
N|v|v −0.001 0
N|v|r −0.04 0
Wuv −0.00003 0
Nµ 0.0003 0.00015
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the predictors defined by (5.73)-(5.76), which utilized wind measurements. This
means that the estimators θ̂LS3

N and θ̂IV3
N provide more information in compari-

son to the other estimators by enabling identification of hydrodynamic damping
and aerodynamic drag as separate effects.

It can be noted that there might be outliers in the data for which the validity of
the predictors does not hold. This is because the predictors were derived under
assumptions for the experiment design, such as (5.72) and (5.77), which impose
that the disturbance signals are bounded in magnitude. The choice of having
the disturbance signals sampled from Gaussian distributions thereby tests the
robustness of the proposed estimation framework.

Further, as in the simulation experiments carried out in Chapter 4, a refinement
procedure was performed for the iv estimators. Here the first set of instruments
was, however, obtained by simulation of a nominal model with crude parameter
values. The nominal model had the same structure as the true system and its
parameters are given in the right column of Table 6.1. All the iv estimators used
zero-mean instruments. To obtain zero-mean instruments, the average value of
each component of the instrument vector was simply subtracted.

The actuator configuration was adopted from the ship studied in Section 6.2.
That ship has two azimuth thrusters mounted along the centerline, one at the
front and one in the rear. The input was generated by rotating both these thrusters
with a nominal offset ᾱ = π/5 radians and having both propellers run with the
same positive nominal speed n̄ = 10 revolutions per second (rps). The propellers’
speeds and angles were then varied around these nominal values

n1(k) = n2(k) = n̄ + ñ(k), (6.3a)

α1(k) = ᾱ + α̃1(k), (6.3b)

α2(k) = ᾱ + α̃2(k). (6.3c)

The time-varying components ñ(k), α̃1(k) and α̃2(k) were smoothed pulses of vary-
ing width that excited the system well. With an input signal like this, the ship has
a positive surge and sway speed. Therefore, the data fulfill the requirements of
having the surge and sway states well-separated from the origin simultaneously.

6.1.2 Simulation results - Convergence

To illustrate the consistency results found in Chapter 5, histograms of estima-
tion errors following Monte Carlo simulations would ideally have been shown.
Since there are many unknown parameters to estimate in the maneuvering model
(3.60), this would, however, have required a large number of histograms. It was
therefore decided to instead show the results in a table format, providing the
estimation errors as an average plus/minus one standard deviation for each pa-
rameter. Here the property of the origin being within this spun interval will be
taken as an indication of consistency, but it can be noted that an estimation bias
can be obscured by a high variance and also that a seemingly significant bias
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might vanish when N → ∞. It is consequently hard to prove the consistency of
an estimator using data.

To begin with, a set of 500 simulations were performed with moderately low wind
velocity, ν̄w,NS = ν̄w,EW = 1 m/s. In each Monte Carlo iteration, N = 5000 data
points were used for parameter estimation. Data from one of these experiments
is shown in Figure 6.1. It can be observed that the ship is moving faster than the
surrounding air for the major part of the experiment. This means that conditions
(5.72), for the most part, are fulfilled. Estimation errors for the six estimators
are provided in Tables 6.2, 6.3 and 6.4. In Tables 6.2 and 6.4, it can be seen
that neither of the ls estimators seems consistent. Actually, the only two estima-
tors that seem consistent in this scenario are θ̂IV2

N and θ̂IV3
N because, as can be

seen in Table 6.3, also the iv estimator using basic predictors in each dof seems
inconsistent. From the estimators θ̂LS3

N and θ̂IV3
N , independent estimates of the

aerodynamic drag coefficients are obtained. It can be noted that these estimates
are quite uncertain, which is reasonable following the mild wind conditions. The
high standard deviation is also partly explained by how the estimation errors are
normalized.

After this, another set of 500 simulations was performed. This time a higher wind
speed, ν̄w,NS = ν̄w,EW = 10 m/s, was used. Estimation errors for the six estima-
tors are provided in Tables 6.5, 6.6 and 6.7. In this case, only the iv estimator that
utilizes wind measurements seems to be consistent. The fact that θ̂IV2

N is biased
in this scenario is reasonable because the wind moves much faster than the ship
in this simulation setup. Therefore, conditions (5.72) are occasionally violated
during the simulation experiments, while conditions (5.77) are continuously ful-
filled. This results in θ̂IV2

N giving biased estimates of the parameters associated
with the surge and sway predictors. Further, it can in Table 6.6 be seen that the pa-
rameters associated with the yaw-rate predictor are still estimated accurately by
θ̂IV2
N despite the increased wind speed. This is because neither uq(k) nor vq(k) ap-

pears inside modulus functions in the yaw-rate equation in (3.60), which means
that it is not necessary to require that the ship is moving faster than the wind for
accurate estimation of those parameters. For the estimators utilizing wind mea-
surements, the estimates of the aerodynamic drag coefficients associated with
surge and yaw rate can in Table 6.7 be seen to be more accurate than in Table 6.4.
This is likely due to the increased aerodynamic excitation that follows the more
severe wind conditions in the second set of simulations.

6.1.3 Simulation results - Model fit

In a situation with a limited amount of estimation data, an inconsistent estimator
might very well give better-performing models than a consistent one. Therefore,
to evaluate the variance properties of the suggested estimators, some simulations
were performed where the amount of estimation data was varied. Instead of look-
ing at parameter-estimation errors, the results of these simulations were assessed
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Figure 6.1: Example of a set of simulated data from the Monte Carlo simula-
tions with low wind speed, ν̄w,NS = ν̄w,EW = 1 m/s. The propellers rotate at
the same speed while their angles are varied independently. The speed has a
static offset of 10 rpswhereas the angles are nominally offset by π/5 radians.
This makes the experiment fulfill the requirements of having the surge and
sway states well-separated from the origin.
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using the normalized model-fit metric

fit
(
ŷ(k | θ)

)
= 100

1 −

√√√√√√ ∑N
k=1

(
y(k) − ŷ(k)

)2

∑N
k=1

(
y(k) − 1

N

∑N
k=1 y(k)

)2

 . (6.4)

This metric is sometimes interpreted as a percentage because the best possible
outcome is 100. The output of a model can, however, have an arbitrarily bad fit
to measured data, and values below 0 are therefore possible.

These simulations were also divided into the two cases of moderately low wind
speed, ν̄w,NS = ν̄w,EW = 1 m/s, and high wind speed, ν̄w,NS = ν̄w,EW = 10 m/s.
The model fit was calculated by comparing the simulated response with an undis-
turbed set of validation data. In the validation dataset, a more conventional input
signal was used, which made the ship move forward in a zig-zag manner. The
more conventional input signal was used in order to evaluate the models in a
more realistic scenario. The results are given in Figures 6.2 and 6.3 for the two
cases, respectively. These figures were obtained by averaging the results of 100
Monte Carlo iterations for different values of N between 1000 and 5000, and the
average values of fit plus/minus one standard deviation are marked with trian-
gles. In Figure 6.2, it can be seen that the gray and magenta lines are missing for
the case N = 1000. This is because the corresponding estimators, θ̂IV2

N and θ̂IV3
N ,

occasionally yield unstable models when really low amounts of data are used for
estimation. When N = 1000 data points were used for estimation, this happened
in 3 out of the 100 Monte Carlo iterations, which is why the average fit could
not be computed. For low amounts of data, it can thereby be argued that the
models obtained from θ̂LS2

N and θ̂LS3
N are performing better than models obtained

from their corresponding iv estimators. When more estimation data is used, the
accuracy of models obtained with the estimators θ̂IV2

N and θ̂IV3
N , however, seem

to overtake the accuracy of those obtained with the ls estimators. In the case of
high wind speed shown in Figure 6.3, the shortcomings of the estimator θ̂IV2

N are

clear, especially in surge. The corresponding ls estimator, θ̂LS2
N , also seems to

give less accurate models in this scenario.

The regular estimators, θ̂LS1
N and θ̂IV1

N , generate models with low fit in both cases,
and to make the other results clear, the figures are retained to only show values
of model fit between 0 and 100. As a consequence, the results of those estimators
are frequently not shown.

6.2 Data from full-scale ship

In this section, the estimation results obtained when using data from a full-scale
marine vessel are presented. First, the studied ship and the experiments are de-
scribed briefly. Since no substantial ocean currents could be observed at the ex-
periment location, the estimators do not need to account for disturbances of that
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Table 6.2: The mean plus/minus one standard deviation of normalized esti-
mation errors for two ls estimators not utilizing wind measurements. Data
from the set of Monte Carlo runs with low wind speed was used for estima-
tion.

LS1 LS2

θ̂1−Xu
|Xu |

0.0401 ± 0.0010 0.0398 ± 0.0039

θ̂2−Xrv
|Xrv | −0.9107 ± 0.0042 −0.6689 ± 0.0158

θ̂3−(X|u|u+W|u|u )

|X|u|u+W|u|u | 1.0345 ± 0.0100 0.4916 ± 0.0403

θ̂4−Xµ
|Xµ |

−0.9030 ± 0.0049 −0.6815 ± 0.0222

θ̂5−Xκ
|Xκ| 0.7986 ± 0.0192 0.9269 ± 0.0701

θ̂6−Yv
|Yv | 0.2320 ± 0.0007 0.0719 ± 0.0056

θ̂7−Yur
|Yur |

0.4403 ± 0.0186 0.5888 ± 0.0379

θ̂8−(Y|v|v−W|v|v )

|Y|v|v−W|v|v | 1.0262 ± 0.0022 0.3519 ± 0.0163

θ̂9−Y|v|r
|Y|v|r | 5.6544 ± 0.1574 −0.7297 ± 0.3399

θ̂10−Yµ
|Yµ |

−0.9817 ± 0.0008 −0.3264 ± 0.0163

θ̂11−Nr
|Nr | −0.3801 ± 0.0239 −0.5614 ± 0.0394

θ̂12−(Nuv+Wuv )
|Nuv+Wuv | −3.9929 ± 0.2840 −3.5999 ± 0.4637

θ̂13−N|v|v
|N|v|v | −3.7116 ± 0.6099 −8.1639 ± 1.0556

θ̂14−N|v|r
|N|v|r | −5.4772 ± 0.4391 −4.3743 ± 0.7357

θ̂15−Nµ
|Nµ |

4.0316 ± 0.1033 4.5444 ± 0.1145
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Table 6.3: The mean plus/minus one standard deviation of normalized esti-
mation errors for two iv estimators not utilizing wind measurements. Data
from the set of Monte Carlo runs with low wind speed was used for estima-
tion.

IV1 IV2

θ̂1−Xu
|Xu |

1.8895 ± 0.2385 −0.0008 ± 0.0289

θ̂2−Xrv
|Xrv | 1.3503 ± 0.2421 0.0013 ± 0.0374

θ̂3−(X|u|u+W|u|u )

|X|u|u+W|u|u | −15.1362 ± 1.9721 0.0037 ± 0.2056

θ̂4−Xµ
|Xµ |

−1.4233 ± 0.1925 0.0021 ± 0.0640

θ̂5−Xκ
|Xκ| 10.9371 ± 1.3990 −0.0061 ± 0.2313

θ̂6−Yv
|Yv | 0.7552 ± 0.0836 −0.0072 ± 0.0679

θ̂7−Yur
|Yur |

0.2307 ± 0.0602 −0.0125 ± 0.1104

θ̂8−(Y|v|v−W|v|v )

|Y|v|v−W|v|v | −0.5611 ± 0.1489 −0.0086 ± 0.1304

θ̂9−Y|v|r
|Y|v|r | 2.8439 ± 0.4505 −0.0330 ± 0.6008

θ̂10−Yµ
|Yµ |

−0.5728 ± 0.0226 0.0139 ± 0.0861

θ̂11−Nr
|Nr | 0.0302 ± 0.0121 −0.0016 ± 0.0111

θ̂12−(Nuv+Wuv )
|Nuv+Wuv | −0.0833 ± 0.1217 −0.0064 ± 0.1047

θ̂13−N|v|v
|N|v|v | −0.4563 ± 0.3229 −0.0163 ± 0.2068

θ̂14−N|v|r
|N|v|r | −0.5657 ± 0.2404 −0.0026 ± 0.1708

θ̂15−Nµ
|Nµ |

0.0090 ± 0.0698 0.0096 ± 0.0480
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Table 6.4: The mean plus/minus one standard deviation of normalized es-
timation errors for two estimators utilizing wind measurements. Data from
the set of Monte Carlo runs with low wind speed was used for estimation.

LS3 IV3

θ̂1−Xu
|Xu |

0.0157 ± 0.0047 −0.0007 ± 0.0289

θ̂2−Xrv
|Xrv | −0.6770 ± 0.0158 0.0013 ± 0.0374

θ̂3−X|u|u
|X|u|u | 0.3411 ± 0.0457 −0.0013 ± 0.2119

θ̂4−W|u|u
|W|u|u | 32.7737 ± 3.0803 0.4715 ± 4.1298

θ̂5−Xµ
|Xµ |

−0.6667 ± 0.0234 0.0021 ± 0.0640

θ̂6−Xκ
|Xκ| 0.8242 ± 0.0764 −0.0059 ± 0.2312

θ̂7−Yv
|Yv | 0.0538 ± 0.0071 −0.0069 ± 0.0734

θ̂8−Yur
|Yur |

0.5935 ± 0.0380 −0.0123 ± 0.1121

θ̂9−Y|v|v
|Y|v|v | 0.3263 ± 0.0171 −0.0159 ± 0.1334

θ̂10−Y|v|r
|Y|v|r | −0.7192 ± 0.3408 −0.0326 ± 0.5997

θ̂11−W|v|v
|W|v|v | 8.3754 ± 1.7210 0.9334 ± 3.1922

θ̂12−Yµ
|Yµ |

−0.3325 ± 0.0163 0.0137 ± 0.0871

θ̂13−Nr
|Nr | −0.5806 ± 0.0449 −0.0016 ± 0.0111

θ̂14−Nuv
|Nuv | −4.1452 ± 0.6798 −0.1087 ± 1.5434

θ̂15−N|v|v
|N|v|v | −7.9390 ± 1.0842 −0.0187 ± 0.2091

θ̂16−N|v|r
|N|v|r | −4.0171 ± 0.8344 −0.0024 ± 0.1717

θ̂17−Wuv

|Wuv | 33.4305 ± 34.5225 5.1621 ± 77.2216

θ̂18−Nµ
|Nµ |

4.5405 ± 0.1145 0.0097 ± 0.0483
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Table 6.5: The mean plus/minus one standard deviation of normalized esti-
mation errors for two ls estimators not utilizing wind measurements. Data
from the set of Monte Carlo runs with high wind speed was used for estima-
tion.

LS1 LS2

θ̂1−Xu
|Xu |

0.0404 ± 0.0009 0.0565 ± 0.0036

θ̂2−Xrv
|Xrv | −0.8982 ± 0.0032 −0.7351 ± 0.0148

θ̂3−(X|u|u+W|u|u )

|X|u|u+W|u|u | 1.0272 ± 0.0094 0.3862 ± 0.0354

θ̂4−Xµ
|Xµ |

−0.9234 ± 0.0042 −0.7975 ± 0.0211

θ̂5−Xκ
|Xκ| 0.8834 ± 0.0175 1.2534 ± 0.0694

θ̂6−Yv
|Yv | 0.2241 ± 0.0013 0.1949 ± 0.0029

θ̂7−Yur
|Yur |

0.5046 ± 0.0137 0.9679 ± 0.0233

θ̂8−(Y|v|v−W|v|v )

|Y|v|v−W|v|v | 1.0588 ± 0.0029 0.6328 ± 0.0124

θ̂9−Y|v|r
|Y|v|r | 5.2393 ± 0.1217 −0.9368 ± 0.2149

θ̂10−Yµ
|Yµ |

−0.9864 ± 0.0008 −0.7088 ± 0.0082

θ̂11−Nr
|Nr | −0.3320 ± 0.0141 −0.5500 ± 0.0308

θ̂12−(Nuv+Wuv )
|Nuv+Wuv | −3.0330 ± 0.1623 1.2716 ± 0.3710

θ̂13−N|v|v
|N|v|v | 1.2763 ± 0.3242 −12.0168 ± 1.0420

θ̂14−N|v|r
|N|v|r | −0.4307 ± 0.2661 −3.0029 ± 0.6034

θ̂15−Nµ
|Nµ |

2.0552 ± 0.0698 3.9702 ± 0.1036
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Table 6.6: The mean plus/minus one standard deviation of normalized esti-
mation errors for two iv estimators not utilizing wind measurements. Data
from the set of Monte Carlo runs with high wind speed was used for estima-
tion.

IV1 IV2

θ̂1−Xu
|Xu |

−6.2544 ± 1.0798 −0.1564 ± 0.0299

θ̂2−Xrv
|Xrv | 1.1187 ± 0.3285 0.0117 ± 0.0449

θ̂3−(X|u|u+W|u|u )

|X|u|u+W|u|u | 43.8002 ± 7.5375 1.0357 ± 0.2102

θ̂4−Xµ
|Xµ |

11.3908 ± 2.1581 0.1748 ± 0.0773

θ̂5−Xκ
|Xκ| −45.7600 ± 8.4159 −0.7723 ± 0.2732

θ̂6−Yv
|Yv | 0.6852 ± 0.1407 −0.1451 ± 0.0475

θ̂7−Yur
|Yur |

−7.9334 ± 1.4339 0.4831 ± 0.0763

θ̂8−(Y|v|v−W|v|v )

|Y|v|v−W|v|v | 2.4907 ± 0.3081 0.2072 ± 0.0994

θ̂9−Y|v|r
|Y|v|r | 101.1160 ± 15.9178 −3.3620 ± 0.6771

θ̂10−Yµ
|Yµ |

−1.9724 ± 0.1508 −0.0513 ± 0.0682

θ̂11−Nr
|Nr | −0.0265 ± 0.0160 −0.0009 ± 0.0100

θ̂12−(Nuv+Wuv )
|Nuv+Wuv | 0.2630 ± 0.1011 −0.0010 ± 0.1041

θ̂13−N|v|v
|N|v|v | −0.1248 ± 0.3742 −0.0147 ± 0.2372

θ̂14−N|v|r
|N|v|r | 0.6394 ± 0.2264 0.0023 ± 0.1697

θ̂15−Nµ
|Nµ |

−0.1070 ± 0.0543 0.0040 ± 0.0410
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Table 6.7: The mean plus/minus one standard deviation of normalized es-
timation errors for two estimators utilizing wind measurements. Data from
the set of Monte Carlo runs with high wind speed was used for estimation.

LS3 IV3

θ̂1−Xu
|Xu |

0.0626 ± 0.0044 −0.0013 ± 0.0291

θ̂2−Xrv
|Xrv | −0.6230 ± 0.0161 0.0025 ± 0.0438

θ̂3−X|u|u
|X|u|u | 0.1447 ± 0.0473 0.0057 ± 0.2130

θ̂4−W|u|u
|W|u|u | 0.3638 ± 0.0166 −0.0012 ± 0.0367

θ̂5−Xµ
|Xµ |

−0.6854 ± 0.0246 0.0039 ± 0.0726

θ̂6−Xκ
|Xκ| 1.2374 ± 0.0867 −0.0090 ± 0.2633

θ̂7−Yv
|Yv | 0.0751 ± 0.0059 −0.0024 ± 0.0534

θ̂8−Yur
|Yur |

0.5884 ± 0.0330 −0.0099 ± 0.1117

θ̂9−Y|v|v
|Y|v|v | 0.2993 ± 0.0174 −0.0057 ± 0.1239

θ̂10−Y|v|r
|Y|v|r | −0.9430 ± 0.2943 0.0205 ± 0.7147

θ̂11−W|v|v
|W|v|v | 0.3199 ± 0.0158 −0.0051 ± 0.0758

θ̂12−Yµ
|Yµ |

−0.2973 ± 0.0144 0.0063 ± 0.0802

θ̂13−Nr
|Nr | −0.4985 ± 0.0308 −0.0010 ± 0.0110

θ̂14−Nuv
|Nuv | −1.3072 ± 0.4833 0.0027 ± 0.1590

θ̂15−N|v|v
|N|v|v | −11.6011 ± 1.0547 −0.0180 ± 0.2399

θ̂16−N|v|r
|N|v|r | −4.3462 ± 0.6150 0.0038 ± 0.1849

θ̂17−Wuv

|Wuv | −2.8341 ± 0.3977 −0.1005 ± 6.0789

θ̂18−Nµ
|Nµ |

4.1584 ± 0.1077 0.0043 ± 0.0418
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Figure 6.2: The average fit of models obtained from the six examined esti-
mators for different values of N . Data with low wind speed was used for
estimation. The figure only shows positive fit values, which is why some
lines are occasionally missing. The triangles indicate the average model fit
plus/minus one standard deviation.
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Figure 6.3: The average fit of models obtained from the six examined esti-
mators for different values of N . Data with high wind speed was used for
estimation. The figure only shows positive fit values, therefore the yellow
and blue lines are sometimes missing. The triangles indicate the average
model fit plus/minus one standard deviation.
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type. Therefore, the predictors presented in Section 5.6 have been simplified by
the removal of some redundant regressors. Finally, results from using the ship
data for estimation of the maneuvering model (3.60) are presented.

6.2.1 Experiment description

The ship that was used to collect the data is roughly 30 meters long and has an
actuator setup with two azimuth thrusters, Na = 2. The thrusters are mounted
along the centerline, one at the front and one in the rear

∆x,1 = 9,

∆x,2 = −9,

∆y,1 = 0,

∆y,2 = 0.

Here the notation of Figure 3.2 is used. It can be noted that this configuration
makes it possible to excite the ship in sway without having a forward speed.

A gnss receiver was used to provide measurements of the ship’s position. The re-
ceiver collected new information once every second and had two antennas, which
made it possible to also obtain estimates of the ship’s yaw angle. Further, the
ship was equipped with a propeller-based anemometer mounted on a weather
vane for measuring wind speed and direction. The wind sensors collected data
every five seconds, and the wind measurements were therefore padded under a
zero-order-hold assumption to obtain the same sampling frequency as the gnss
receiver. The actuator signals were sampled at a higher rate than the sensors, but
this was not utilized in the parameter estimation. The fact that the actuator sig-
nals sometimes changed in between the sampling points was thereby neglected.
To summarize, all the data were resampled at Ts = 1 second.

The data were collected on two separate occasions with different weather condi-
tions. One set of data was collected on a day with wind speeds of less than 3 m/s,
i.e., light breeze by the definition in Fossen [2011]. On the other day of experi-
ments, the wind speed was about 10 m/s, which corresponds to fresh breeze by
the same set of definitions. On both these days, six shorter experiments were car-
ried out with varying levels of excitation in surge and sway. Each of the shorter
experiments lasted for about 6-10 minutes. In total, the 12 batches of data con-
sisted of 5840 samples, which corresponds to roughly 97 minutes of experiment
time.

In Figure 6.4, data from one of these short experiments is shown. For visualiza-
tion purposes, the measurements from the gnss receiver have been converted to a
coordinate system with origin in the initial position of the ship. The anemometer
measurements, Vq and γq, constitute wind speed and wind angle relative to the
speed and attitude of the ship, respectively, i.e., the wind measurements are ob-
tained on polar form in the b-frame as explained in Section 5.5. The fact that the
measurements are relative can be seen by their tight connection to the ship’s yaw
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angle. Further, the two bottom plots show the actuator signals. The propellers
both rotate with the same positive speed, and the angle of the bow thruster is
kept still while the angle of the stern thruster is varied. An exception is at the
end, where the bow thruster is used to decelerate the ship. The ship’s trajectory
during this sub-experiment is shown in Figure 6.5.

It can be noted that this type of actuation makes the ship go forward in a zig-zag
manner, which is a type of maneuver that is not in agreement with the proposed
idea of avoiding the origin. In other words, the experiments were not conducted
in the way suggested in the earlier chapters of this work. Moreover, all exper-
iments were carried out at the same geographical location. In this region, no
substantial ocean currents could be observed. These two facts significantly limit
what hypotheses the experimental data can be expected to verify.

6.2.2 Experimental results

In Chapters 4 and 5, parameter estimation biases are discussed. To see the ef-
fects of such model errors on real data, it is necessary to have validation data that
is collected independently of the estimation data. Since there is presumably a
slowly changing deterministic trend in the wind disturbance, it is not sufficient
to consider two in-time adjacent experiments as being independent. Therefore, it
was decided to solely use the data from the windiest day for estimation and keep
the data from the other day aside for validation purposes. All the data from the
windy day was, however, not necessary for estimating the parameters of a model,
and smaller sets of estimation data were formed. Each set was made up of two
experiments with surge as the main excitation and two experiments with sway as
the main excitation. This partitioning was chosen to have balanced sets of estima-
tion data and thereby avoid an uneven weighting of different dof. There are nine
ways of forming datasets in this way. Basing the analysis on multiple estimation
datasets also gives the possibility of providing some statistical measures for the
shown results. However, since the amount of experimental data is quite limited
and the discussed effects are small with respect to other model errors, the shown
results will be uncertain.

Six estimators were deemed relevant to compare in this experimental analysis,
denoted by θ̂LS1

N , θ̂LS2
N , θ̂LS3

N , θ̂IV1
N , θ̂IV2

N and θ̂IV3
N . These estimators roughly cor-

respond to the ones analyzed in Section 6.1. Since there is no ocean-current dis-
turbance present here, many of the bias-capturing regressors are, however, re-
dundant. This can be seen by inspecting the earlier shown asymptotic estimates,
(5.31) and (5.57), and noting that when ν̄c,NS = ν̄c,EW = 0, many of the nuisance
parameters are zero. In order to improve the variance properties of the estima-
tors, the redundant regressors were removed. The estimators not utilizing wind
measurements, θ̂LS2

N and θ̂IV2
N , used predictors based on the regression vectors

ϕu,aug(k) =
[
yu(k − 1) yv(k − 1)yr (k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣ τ̃x(k − 1)

. . . yu(k − 1)τ̃x(k − 1) yu(k − 1) cos
(
yψ(k − 1)

)
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Figure 6.4: Example of a batch of measurement data from a zig-zag test
performed during the less windy day. The zig-zag motion is obtained by
having the propellers rotate with the same positive speed and the angle of
the bow thruster fixed while the angle of the stern thruster is varied. An
exception is in the end where the bow thruster is used to decelerate the ship.
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Figure 6.5: The trajectory corresponding to the data from the zig-zag test
shown in Figure 6.4. The arrows show the orientation of the ship.
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. . . yu(k − 1) sin
(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
,

(6.5)

ϕv,aug(k) =
[
yv(k − 1) yu(k − 1)yr (k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ τ̃y(k − 1) cos
(
yψ(k − 1)

)
sin

(
yψ(k − 1)

)
. . . cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
, (6.6)

and

ϕr,aug(k) =
[
yr (k − 1) yu(k − 1)yv(k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ τ̃ψ(k − 1) yv(k − 1) cos
(
yψ(k − 1)

)
. . . yv(k − 1) sin

(
yψ(k − 1)

)
yu(k − 1) cos

(
yψ(k − 1)

)
. . . yu(k − 1) sin

(
yψ(k − 1)

)
cos2

(
yψ(k − 1)

)
sin

(
2yψ(k − 1)

)]T
.

(6.7)

Notably, in addition to the removal of redundant regressors, these predictors
were modified slightly. For example, to be in complete agreement with the anal-
ysis in Chapter 5, the regressors v(k − 1) cos

(
ψ(k − 1)

)
and v(k − 1) sin

(
ψ(k − 1)

)
should have been included in the sway predictor. However, including them did
have a negative impact on the resulting models and consequently they were re-
placed with the simpler regressors cos

(
ψ(k − 1)

)
and sin

(
ψ(k − 1)

)
. Recall that in

severe wind, the experiment design conditions (5.72) are violated. Consequently,
A7 does not hold, which means that the convergence analysis in Chapter 4 does
not apply. The predictors shown above turned out to give the best results in the
subsequent validations. The reason why the modifications improved the results
is not fully understood

The estimators utilizing wind measurements, θ̂LS3
N and θ̂IV3

N , do in this case not
include any yaw-angle dependent regressors at all. The only difference between
them and the estimators relying on basic predictors, θ̂LS1

N and θ̂IV1
N , are one wind-

measurement-dependent regressor in each dof

ϕu,wind(k) =
[
yu(k − 1) yv(k − 1)yr (k − 1) yu(k − 1)

∣∣∣yu(k − 1)
∣∣∣

. . . y′uq (k − 1)
∣∣∣∣y′uq (k − 1)

∣∣∣∣ τ̃x(k − 1) yu(k − 1)τ̃x(k − 1)
]T
, (6.8)

ϕv,wind(k) =
[
yv(k − 1) yu(k − 1)yr (k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ y′vq (k − 1)
∣∣∣∣y′vq (k − 1)

∣∣∣∣ τ̃y(k − 1)
]T
, (6.9)
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and

ϕr,wind(k) =
[
yr (k − 1) yu(k − 1)yv(k − 1) yv(k − 1)

∣∣∣yv(k − 1)
∣∣∣

. . . yr (k − 1)
∣∣∣yv(k − 1)

∣∣∣ y′uq (k − 1)y′vq (k − 1) τ̃ψ(k − 1)
]T
. (6.10)

Here y′uq (k − 1) and y′vq (k − 1) are the artificial wind measurements in (5.47).

As earlier, the instruments of the iv estimators were generated based on simula-
tion experiments with nominal models. These nominal models were obtained by
picking the corresponding ls parameter estimates, i.e., θ̂LSiN was used to simulate

instruments for θ̂IViN for i = 1, 2, 3. In the simulation experiments performed for
instrument generation, the disturbances were assumed to be zero. This means
that the wind measurements were not used. Since each batch of estimation data
included data from multiple sub-experiments, one instrument matrix

Zij (k) =
[
ζij,u(k) ζij,v(k) ζij,r (k)

]
, j = 1, . . . NE , (6.11)

was formed for each such sub-experiment. This is in agreement with the discus-
sion in Chapter 4. Further, as mentioned earlier, the experiments were not con-
ducted with excitation offset. For that reason, there was no merit in removing the
mean from the instruments. In practice, it turned out to be difficult to accurately
simulate the attitude of the ship because the simulated yaw angle eventually di-
verged from the measurements. Also, there is no easy way of simulating wind
velocity. Therefore, instead of simulated yaw angle and relative wind velocity,
the corresponding measurements were used in the instrument vector. Notably,
this violates the assumption made in Chapter 5 regarding the instrument vector
being independent of the measurement noises. With these changes, no advan-
tage of a refinement procedure could be observed. Therefore, only one step of iv
estimation was conducted.

To perform parameter estimation in the way discussed previously in the thesis,
estimates of the ship’s velocity states were needed. For this, the finite-difference
approximation (3.66) was used. Doing this for the batch of measured data shown
in Figure 6.4 gives the velocity estimates in Figure 6.6. Finite-difference estimates
were used both for parameter estimation and model validation. The validation
was done by computing the normalized model fit, (6.4), between the simulated
model output and the velocity estimates obtained from finite-difference approx-
imations based on the measurements. The output was simulated for one batch
of validation data at a time, similar to the instrument generation. Unlike the
simulation experiments performed for instrument generation, the outputs of the
models obtained from the estimators θ̂LS3

N and θ̂IV3
N were, however, generated us-

ing wind measurements. This means that the validated model outputs were not
obtained from pure simulations. For the models obtained from θ̂LS2

N and θ̂IV2
N it

was assumed that the disturbance signals were zero. This means that the bias-
capturing regressors only were active in the estimation step.

The aforementioned datasets were used to estimate sets of model parameters, and
the average model fit plus/minus one standard deviation obtained when the cor-
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Figure 6.6: Finite-difference approximations of the velocity components fol-
lowing a batch of measurement data from the less windy day. Velocity esti-
mates of this type were used both for estimation and validation.
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Table 6.8: The average fit of models obtained from the six examined estima-
tors using 9 different estimation datasets from the windiest day, validated
on all data from the less windy day. The average fit is given plus/minus one
standard deviation in each dof.

Estimator Fit - Surge Fit - Sway Fit - Yaw rate

θ̂LS1
N 48.9206 ± 6.0295 44.6541 ± 4.6111 38.0489 ± 9.7221

θ̂LS2
N 57.3144 ± 2.7117 49.9672 ± 2.7275 43.5381 ± 6.0683

θ̂LS3
N 53.5811 ± 4.5087 48.3428 ± 3.4570 39.8135 ± 9.1647

θ̂IV1
N 55.7913 ± 3.7346 44.9494 ± 3.0644 45.1150 ± 1.4595

θ̂IV2
N 56.1931 ± 4.7991 45.9648 ± 2.7519 43.3887 ± 2.6456

θ̂IV3
N 56.0920 ± 8.4091 43.1615 ± 6.0109 43.1556 ± 5.7910

responding models are cross-validated on data from the less windy day are given
in Table 6.8. The standard deviations are high, and it is thereby hard to con-
clude anything with certainty. However, adding bias-capturing regressors in the
predictor seems to improve the accuracy of the ls estimators. The same thing
cannot be said about the iv estimators, where the conventional iv estimator, θ̂IV1

N ,
also seems to perform well. Notably, there is no observable merit in using wind
measurements in an iv estimator either. The only thing that can be seen is that
the conventional ls estimator, θ̂LS1

N , seems to be performing worse than the other
estimators in surge and about equally well in the other two dof. Even this is,
however, hard to conclude due to the high uncertainty.

To make it more clear that θ̂LS1
N is not achieving as good results as the other esti-

mators, a type of sign test was conducted. The results of this test are provided in
Table 6.9, where it can be seen that the models obtained from θ̂LS1

N have the low-
est fit in surge for almost all the estimation datasets. Moreover, it can be observed
that θ̂LS1

N often gives worse-performing models than the other two ls estimators
in every dof.

Surprisingly, there is no notable merit in including wind measurements for an
iv estimator. The estimated aerodynamic damping coefficients from θ̂LS3

N and

θ̂IV3
N following the estimation datasets used above are given in Table 6.10. These

coefficients attain negative values, which is reasonable from a physical point of
view and the corresponding standard deviations are small. However, when com-
pared with the linear hydrodynamic damping coefficients in Table 6.11, the aero-
dynamic damping effects can be seen to be quite insignificant.

In Table 6.10, it can also be seen that the aerodynamic damping is notably big-
ger in sway. This is also reasonable from a physical standpoint because the area
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Table 6.9: Sign-test comparison of models obtained using 9 different estima-
tion datasets from the windiest day, validated on all data from the less windy
day. The number of times each estimator gives a model with a higher fit than
the estimator θ̂LS1

N is given in each dof.

Estimator #Wins - Surge #Wins - Sway #Wins - Yaw rate

θ̂LS2
N 9/9 9/9 7/9

θ̂LS3
N 9/9 9/9 9/9

θ̂IV1
N 9/9 3/9 7/9

θ̂IV2
N 8/9 4/9 6/9

θ̂IV3
N 8/9 4/9 6/9

Table 6.10: Estimated aerodynamic drag coefficients obtained using 9 dif-
ferent estimation datasets from the windiest day. The estimates are given
plus/minus one standard deviation.

Estimator W|u|u W|v|v Wuv

θ̂LS3
N (−9.38 ± 2.22) · 10−5 (−2.51 ± 0.25) · 10−4 (−2.32 ± 0.25) · 10−7

θ̂IV3
N (−8.16 ± 2.92) · 10−5 (−2.99 ± 0.49) · 10−4 (−0.53 ± 0.46) · 10−7

Table 6.11: Estimated linear hydrodynamic damping coefficients obtained
using 9 different estimation datasets from the windiest day. The estimates
are given plus/minus one standard deviation.

Estimator Xu Yv Nr
θ̂LS3
N −0.0522 ± 0.0030 −0.1369 ± 0.0134 −0.0879 ± 0.0220

θ̂IV3
N −0.0578 ± 0.0026 −0.3005 ± 0.0236 −0.1498 ± 0.0165
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Table 6.12: The average fit in sway of models obtained using 3 different esti-
mation datasets with sway as the main excitation from the windiest day, val-
idated on data from the less windy day. The average fit is given plus/minus
one standard deviation.

Estimator Fit - Sway

θ̂LS1
N 50.3056 ± 4.4771

θ̂LS2
N 64.5389 ± 2.8203

θ̂LS3
N 62.2644 ± 4.1303

θ̂IV1
N 63.3711 ± 8.3876

θ̂IV2
N 71.9800 ± 2.8652

θ̂IV3
N 70.3522 ± 3.4760

which is exposed to wind in that direction is likely larger than the frontal area of
the ship. To see a notable effect of the discussed methods, another type of test was
conducted based on this observation. There are three different ways of selecting
a set of two experiments from the windiest day with sway as the main excitation.
These were used as estimation data, and the three experiments with sway as the
main excitation from the less windy day were used as validation data. The result-
ing values of model fit in sway are provided in Table 6.12. In this special case,
it can be seen that the conventional iv estimator, θ̂IV1

N , yields less accurate mod-

els than the iv estimators with augmented predictors, θ̂IV2
N and θ̂IV3

N . The same

thing can be said about the conventional ls estimator, θ̂LS1
N , which gives worse

models than the corresponding estimators with augmented predictors, θ̂LS2
N and

θ̂LS3
N . These observations were verified in sign tests, similar to before. The re-

sults of those tests are given in Tables 6.13 and 6.14. The special case with a
sway-specific model is of limited relevance in practice. Still, the results that are
shown in Tables 6.12, 6.13 and 6.14 indicate that the discussed bias effects ex-
ist and that augmenting the predictor with wind-dependent regressors in some
cases can improve the accuracy of an iv estimator.

6.3 Discussion

In this chapter, the results from experimental work with the parameter estima-
tors developed in Chapters 4 and 5 have been presented. The results from simu-
lation experiments were shown in Section 6.1 and those obtained using real data
were provided in Section 6.2. The results obtained with simulated data are quite
clear, and it could be observed that the discussed bias effects can be resolved
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Table 6.13: Sign-test comparison of models obtained using 3 different es-
timation datasets from the windiest day with sway as the main excitation,
validated on data from the less windy day. The number of times each esti-
mator gives a model with a higher fit than θ̂LS1

N in sway is given.

Estimator #Wins - Sway

θ̂LS2
N 3/3

θ̂LS3
N 3/3

θ̂IV1
N 3/3

θ̂IV2
N 3/3

θ̂IV3
N 3/3

Table 6.14: Sign-test comparison of models obtained using 3 different es-
timation datasets from the windiest day with sway as the main excitation,
validated on data from the less windy day. The number of times each esti-
mator gives a model with a higher fit than θ̂IV1

N in sway is given.

Estimator #Wins - Sway

θ̂LS1
N 0/3

θ̂LS2
N 2/3

θ̂LS3
N 2/3

θ̂IV2
N 3/3

θ̂IV3
N 3/3
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by using the proposed estimators. Additionally, it could be verified that the use
of auxiliary wind measurements is important when data is collected in severe
weather conditions.

The results obtained using real data are, however, not as clear as the results ob-
tained using simulated data. In fact, no benefit of adding bias-capturing regres-
sors can be observed for an iv estimator when real data is used for estimation un-
less only sway motion is considered. There are multiple plausible explanations
for this. The most likely reason is perhaps that there are no observable ocean
currents present at the experiment location. The forces and moments caused
by aerodynamic drag enter the system in ways that are similar to their hydrody-
namic counterparts, but the aerodynamic effects seem to be very small in com-
parison, even in quite severe wind conditions. Further, the experiments carried
out to collect data were not performed in the way discussed in Chapters 4 and 5.
For these two reasons, the suggested approach might still prove useful in another
situation.

A third plausible explanation is that there are structural model errors caused by
the model not being able to describe the data, which are more impactful than
the discussed estimation bias. Techniques based on nonlinear blackbox mod-
elling are increasing in popularity, and it would be interesting to see how well
such a method performs in comparison to the greybox approach taken here. It is
then possible to have a very flexible model structure, but a potential drawback is
the lack of means to deal with environmental disturbances. A two-step solution,
where a greybox model is first identified for the sake of capturing disturbance
characteristics and the estimated disturbance properties are used as input to a
blackbox-model estimator in a second step, might therefore be beneficial.





Part II

Experiment design





7
Selecting an informative mix of

sub-experiments

Data for estimation of marine models are often collected using standard maneu-
vers such as turning circles, spiral motions and zig-zag tests. These maneuvers
were not initially developed for generating informative data but for evaluating a
ship’s maneuvering capabilities [Wang et al., 2020]. A standard maneuver alone
does not necessarily excite all relevant system modes, but when multiple maneu-
vers are performed in sequence, informative data can often be obtained. Based
on this observation and inspired by the work of Wernholt and Löfberg [2007], a
dictionary-based approach for experiment design of marine vessels is explored in
this chapter, i.e., a systematic way of choosing the most informative combination
of independent sub-experiments out of a predefined set of candidates. The idea
is tailored to the estimator based on instrumental variables, which was developed
in Chapters 4 and 5. Regarding that estimator, it was noted that choosing instru-
ments with zero mean can improve the estimation accuracy, in particular when
it is applied to second-order modulus models. Subtracting the instrument mean
affects the data informativity in different ways for different excitations. Conse-
quently, a technique to account for an upcoming subtraction of the instrument
mean already during the experiment design is suggested.

7.1 Basic method

Experiment design for linear time-invariant models is intrinsically easier in com-
parison to its nonlinear counterpart. This is because the optimal input design for
linear models is defined by an optimal frequency spectrum, while the amplitude
distribution does not affect the data informativity beyond the signal-to-noise ra-
tio. For many nonlinear models, this is not the case, and usage of an input sig-
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nal with poor amplitude distribution can result in data that is not sufficiently
informative. One of the main difficulties with experiment design for nonlinear
models is thereby that the increased flexibility of also having to find a good am-
plitude spectrum expands the dimension of the search space for an optimal in-
put signal. Additionally, the mapping from input signal to data informativity is
complex and nonlinear, which in general results in non-convex problem formu-
lations. Solving non-convex problems is by no means impossible, but especially
for high-dimensional experiment-design problems, i.e., designs of substantially
long experiments for systems with multiple actuators, care must be taken not to
encounter intractability.

Although not yet as well understood as input design for linear time-invariant
models, input design for nonlinear model classes is a substantial field of research,
and as outlined in Section 1.1.1, a significant number of interesting techniques
have been proposed in the literature. Unlike many of the references listed there,
the ambition of this work is not to propose a way of finding a globally optimal
input signal. Instead, the goal is to suggest a method for finding an input sig-
nal that gives an improvement regarding data informativity in comparison to
what is currently the case for ships in practice. The explored dictionary-based ap-
proach agrees well with current industrial practice and should therefore be quite
readily implementable. This is the main motivation for analyzing its usefulness.
Additionally, not all excitations are acceptable for the operators because the ex-
periment design must be plant friendly and not expose the ship to unnecessary
wear and tear. This is another incentive for basing the design on well-known
maneuvers.

7.1.1 Problem formulation

The first item to address for experiment design is the formulation of a criterion
to optimize. If a system can be fully described by the model structure, it is pos-
sible to evaluate the potential of an estimator based on the bias and covariance
of the parameter estimates. In this chapter, the focus is on the covariance since
the consistency of the estimator was explored in Chapters 4-6. A common start-
ing point when formulating an experiment-design problem for minimizing the
variance is to assume that the estimator is asymptotically efficient, which means
that the covariance matrix of the estimated parameters will converge to the in-
verse of the Fisher information matrix as the amount of estimation data increases
[Ljung, 1999]. In this case, making the covariance matrix as small as possible is
equivalent to making the information matrix as large as possible, at least asymp-
totically. This is appealing because it is usually easier to obtain an expression
for the information matrix, which to a large extent depends on the Hessian of
the cost function, in comparison to directly find an analytical expression for the
covariance matrix. However, even though the iv method gives increased possi-
bilities of obtaining consistency, iv estimators are generally not asymptotically
efficient. Therefore, the conventional arguments in terms of Fisher information
do not apply to the estimators studied in this work. Still, maximizing the Hes-
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sian of the cost function with respect to the parameters is useful from a practical
point of view because it makes the estimator sensitive to changes in the parame-
ters. Thereby, performing experiments in such a way should generally give more
distinct optima to the resulting parameter estimation problems.

An iv estimator can, as in (2.18), be defined as the solution to a system of alge-
braic equations or as the solution to an optimization problem. Consider here the
latter alternative and let

θ̂IVN = argmin
θ

V IV
N (θ), (7.1)

where the objective function is

V IV
N (θ) =

∥∥∥∥∥∥∥∥ 1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)∥∥∥∥∥∥∥∥
2

2

. (7.2)

Moreover, let

G(N ) ∆=
1
2
∂2

∂θ2V
IV
N (θ), (7.3)

denote the Hessian of the cost function and note that

G(N ) =

 1
N

N∑
k=1

Φ (k)Z T (k)


 1
N

N∑
k=1

Φ (k)Z T (k)


T

. (7.4)

Even if this is technically not the Fisher information matrix, it will subsequently
be referred to as the information matrix. The fact that maximizing G(N ) actually
reduces the uncertainty of the parameter estimates is shown with a simulation
example in Chapter 9.

Ideally, the optimization problem

u∗ = argmax
u(1),...,u(N )

`
(
G(N )

)
s.t. u(1), . . . , u(N ) ∈ Feasible input,

y(1), . . . , y(N ) ∈ System dynamics,

(7.5)

would be solved for some scalar function `( · ). This is, however, generally a
non-convex problem, and solving it would require a good initial guess for the
input signal. Such an initial guess is not that easy to obtain for marine vessels
because they are often equipped with multiple thrusters, which means that there
are many dof in the input design. A simpler alternative to directly solving (7.5) is
to use a dictionary-based approach. This is done by constructing a suboptimal in-
put sequence by selecting the most informative combination of input signals out
of a predefined set of candidates. An important step of such an approach is the
selection of signals in the dictionary because if the dictionary does not include in-
formative candidate signals, the optimized design will not be informative either.



120 7 Selecting an informative mix of sub-experiments

Concerning marine vessels, it is common that data is collected from a number of
standard maneuvers, and the goal here is to show that even a simple selection
step on top of what is usually done can give significantly more useful data.

7.1.2 Dictionary-based experiment design

The problem of selecting informative candidate signals will not be addressed,
and it will be assumed that there exists a set of excitation signals to consider

U =
{
u1(k), . . . , uQ(k)

}
. (7.6)

Subsequently, the motion trajectories obtained when applying these signals will
be referred to as experiment primitives. Moreover, introduce the variable

Φ̃ (k) ∆= Φ (k)Z T (k), (7.7)

for simplified notation and let

Gq(Nq) =

 1
Nq

Nq∑
k=1

Φ̃ q(k)


 1
Nq

Nq∑
k=1

Φ̃
T
q (k)

 , (7.8)

be the Hessian of the cost function when using the candidate signal uq(k) and in-
strument matrix Zq(k). If all the candidate input signals are applied in sequence,
the total information gain is

G(N ) = Γ (N )Γ T (N ), (7.9)

where

Γ (N ) =
1
N


N1∑
k=1

Φ̃1(k) + . . . +
NQ∑
k=1

Φ̃Q(k)

 , (7.10)

and where N = N1 + . . . + NQ corresponds to the total experiment time. Since
the Hessian is a matrix, it is necessary to choose some scalar measure of it to opti-
mize. There are multiple different such criteria that can be used, some of which
are discussed in Mehra [1974]. In this work, what is commonly referred to as
a D-optimal design will be sought, which means that the determinant of G(N )
will be maximized. Under the assumption that the information matrix is propor-
tional to the inverse of the covariance matrix, this is geometrically comparable to
minimizing the uncertainty volume of the estimated parameters.

Provided that the dimension of the instrument matrix, Z (k), matches the dimen-
sion of the regression matrix, Φ (k), the matrix Γ (N ) defined above has the same
number of rows and columns. Consequently, it holds that

det
(
G(N )

)
= det

(
Γ (N )Γ T (N )

)
= det

(
Γ (N )

)2
, (7.11)



7.1 Basic method 121

and thereby that maximizing the determinant of G(N ) is equivalent to maximiz-
ing the determinant of Γ (N ) as long as Γ (N ) � 0. The common choice of letting
the instrument matrix correspond to an estimated noise-free version of the re-
gression matrix, Z (k) = Φ̂ (k), gives

Φ̃ (k) = Φ (k)Φ̂
T

(k) ≈ Φ (k)Φ T (k), (7.12)

which is generally positive definite if the instruments are sufficiently accurate.
In turn, this results in Γ (N ) being positive semidefinite. When the first-order
moment is subtracted from the instrument matrix, the positive semidefiniteness
does, however, not necessarily hold anymore. Thereby, since Γ (N ) � 0 cannot
be guaranteed in a general case, the maximum of

∣∣∣det(Γ (N ))
∣∣∣ will be sought in-

stead. Then it does not matter if Γ (N ) has negative eigenvalues, but it should
be mentioned that including absolute values in the objective function prevents
a convex problem formulation. Another option could be to instead consider the
regularized matrix Γ ′(N ) = Γ (N ) + αI , where I is the identity matrix with the
same dimension as Γ (N ) and α is a positive scalar. The regularized matrix will
be positive semidefinite for any α larger than the smallest eigenvalue of Γ (N ).
Such an approach can enable a convex problem formulation, but there is gener-
ally no guarantee for the maximization of det

(
Γ ′(N )

)
to result in a large value of

det
(
G(N )

)
. This alternative approach will not be pursued here because the final

problem formulation (7.53), to be presented later, will be non-convex regardless.

Now let

Γ q(Nq) =
1
Nq

Nq∑
k=1

Φ̃ q(k), (7.13)

be the information gain from using uq(k) and Zq(k). If stationary signals are
considered, Γ q(Nq) will converge almost surely as Nq →∞. To this end, let

Γ̄ q
∆=

w.p.1
lim
Nq→∞

1
Nq

Nq∑
k=1

Φ̃ q(k), (7.14)

denote this limit and observe that the approximation

NqΓ q(Nq) = Nq
1
Nq

Nq∑
k=1

Φ̃ q(k) ≈ Nq Γ̄ q, (7.15)

is valid for significantly large Nq. Under the assumption that each candidate
signal is applied for a sufficiently long time, it is thereby reasonable to consider
the optimization problem

(N ∗1, . . . , N
∗
Q) = argmax

N1,...,NQ

log
∣∣∣det (T )

∣∣∣
s.t. T = N1Γ̄ 1 + . . . + NQ Γ̄ Q,

N1 + . . . + NQ = N,

Nq ∈ Z≥0, q = 1, . . . , Q,

(7.16)
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where Γ̄ 1, . . . , Γ̄ Q are estimated for finite values of N1, . . . , NQ beforehand. These
estimates can be based on data collected during initial experiments with the real
platform or on data obtained from a simulation environment with a nominal
model. It can be noted that

T ≈ N Γ (N ), (7.17)

which, since N is not a free variable during the optimization, means that the
solution to the problem above will maximize

∣∣∣det(Γ (N ))
∣∣∣. In turn, this implies

that the determinant of G(N ) will be maximized, which was the original goal.
In the last constraint of (7.16), the symbol Z≥0 denotes the set of non-negative
integers. An immediate relaxation to the problem is to first solve

(N ∗1, . . . , N
∗
Q) = argmax

N1,...,NQ

log
∣∣∣det (T )

∣∣∣
s.t. T = N1Γ̄ 1 + . . . + NQ Γ̄ Q,

N1 + . . . + NQ = N,

Nq ≥ 0, q = 1, . . . , Q,

(7.18)

and to truncate N1, ..., NQ to adjacent integer values in a second step. This relax-
ation makes the optimization easier to carry out and has a negligible effect on the
outcome for reasonably long experiments.

7.2 Method adapted for marine models

In this section, the dictionary-based method outlined above is adapted to the
framework developed in earlier chapters, i.e., to an iv estimator and second-order
modulus models. Two key steps proposed in Chapter 4 were to perform the ex-
periments with excitation offset and to force the instrument matrix to have zero
mean. These two steps will be central to the discussion here. When data is col-
lected from sub-experiments with different levels of excitation offset, there are
multiple ways in which the instrument mean can be subtracted. One way is to
subtract the mean from one batch of data at a time

Z̃q(k) = Zq(k) − 1
Nq

Nq∑
k=1

Zq(k), q = 1, . . . , Q. (7.19)

Another alternative is to subtract the mean of the complete dataset at once

Z̃q(k) = Zq(k) − 1
N

Q∑
q=1

Nq∑
k=1

Zq(k)

︸              ︷︷              ︸
∆=Z̄

. (7.20)



7.2 Method adapted for marine models 123

It turns out that the latter option often gives a reduced variance for the estimated
parameters, and better results can be obtained if this is taken into consideration
already during the experiment design. The fact that (7.20) generally is a better
option in comparison to (7.19) can be motivated in several different ways. Here a
simple but illustrative example using a linear fir model will first be considered.
Following this, two lemmas showing equivalences between the subtraction of
instrument means and the estimation of bias-capturing nuisance parameters are
proven. Lastly, an alternative problem formulation to (7.18) is proposed, where
the fact that the first-order moment of the instrument matrix will be subtracted
as in (7.20) during the parameter estimation is acknowledged already during the
experiment design.

7.2.1 Motivating example

There are two main points that will be made in this section. Firstly, it will be
demonstrated that the choices of operating points during a data-collection exper-
iment are important for the accuracy of the parameter estimation. Secondly, the
observation made in Section 4.1.2 regarding the worsened variance properties of
an iv estimator following subtraction of the instrument mean will be explored
further.

Since an optimal experiment design for a nonlinear system depends on the input
signal’s amplitude spectrum, it is apparent that the choices of operating points
generally are relevant for identification of second-order modulus systems. For
linear systems, it is not necessarily important to have the mean of the instrument
matrix subtracted to obtain a consistent estimator. However, even for linear sys-
tems, the choices of operating points can be of relevance for the accuracy of the
parameter estimation. An example using a linear fir system will here suffice for
making the discussed issues clear. The observations made in the example are
relevant in the nonlinear case as well.

Example 7.1
Consider the data-generating siso system

y(k) = θ0u(k) + e(k), (7.21)

with a single parameter, θ0, and the predictor model

ŷ(k) = u(k)θ ∆= ϕ(k)θ. (7.22)

For a general instrumental variable, ζ(k), the iv estimate is

θ̂IVN =

 1
N

N∑
k=1

ζ(k)ϕ(k)


−1  1

N

N∑
k=1

ζ(k)y(k)


= θ0 +

1
N

∑N
k=1 ζ(k)e(k)

1
N

∑N
k=1 ζ(k)u(k)

.
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Further, assume that the input has a time-varying component ũ(k) with zero
mean and an excitation offset that alters sign halfway through the experiment

u(k) =

ũ(k) + ū, if k = 1, . . . N /2,
ũ(k) − ū, if k = N/2 + 1, . . . N .

(7.23)

Now, divide the analysis into two cases. Firstly, assume that ζ(k) = u(k) and
note that this corresponds to a complete subtraction of the instrument mean (the
mean of u(k) is zero by design). Then it holds that

θ̂IV1
N = θ0 +

1
N

(∑N
k=1 ũ(k)e(k)

)
+ ūe′N

1
N

(∑N
k=1 ũ(k)2

)
+ 2ūũ′N + ū2

. (7.24)

where

e′N
∆=

1
N


N/2∑
k=1

e(k) −
N∑

k=N/2+1

e(k)

 , (7.25)

and

ũ′N
∆=

1
N


N/2∑
k=1

ũ(k) −
N∑

k=N/2+1

ũ(k)

 , (7.26)

were introduced for simplified notation. Secondly, assume that ζ(k) = ũ(k), which
corresponds to a batchwise subtraction of the instrument mean. In this case, it
holds that

θ̂IV2
N = θ0 +

1
N

∑N
k=1 ũ(k)e(k)

1
N

(∑N
k=1 ũ(k)2

)
+ ūũ′N

. (7.27)

For significant values of N , the factor ũ′N is typically quite small, which means
that the approximations

θ̂IV1
N ≈ θ0 +

1
N

(∑N
k=1 ũ(k)e(k)

)
+ ūe′N

1
N

(∑N
k=1 ũ(k)2

)
+ ū2

, (7.28)

and

θ̂IV2
N ≈ θ0 +

1
N

∑N
k=1 ũ(k)e(k)

1
N

(∑N
k=1 ũ(k)2

) , (7.29)

are reasonably accurate. It can be noted that the variance expression for θ̂IV1
N

in (7.28) has an additional term, ū2, in the denominator in comparison to the
variance expression for θ̂IV2

N in (7.29), which means that it will decrease to zero
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Figure 7.1: The variance of the estimation errors for the two iv estimators
with ζ(k) = u(k) and ζ(k) = ũ(k), respectively, plotted against the excitation
offset ū.

more rapidly when ū increases. Additionally, it can be observed that (7.28) equals
(7.29) when ū = 0. An interpretation for this is that the additional information
obtained from using an excitation offset, ū , 0, is lost when the mean is sub-
tracted batchwise. Conclusively, θ̂IV1

N is a better choice in comparison to θ̂IV2
N

for significant values of ū, whereas the two estimators do not differ significantly
for ū ≈ 0.

Data was generated based on (7.21) with θ0 = 1 and e(k) ∼ N (0.25, 0.25). Further,
the excitation signal was chosen as (7.23) with ũ(k) ∼ N (0, 1) and ū ∈ [0, 10]. The
value of ū was varied between 0 and 10 over Monte Carlo simulations with a res-
olution of 0.25. For each value of ū, 1000 Monte Carlo iteartions were completed
using 200 data points each time. The resulting variances for the estimation errors
are plotted versus ū for the two estimators in Figure 7.1. It can be seen that the
variance of θ̂IV1

N decreases for increasing values of ū while the variance of θ̂IV2
N is

unaffected. This observation agrees well with the calculations above.
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7.2.2 An interpretation of using zero-mean instruments

Now, consider the equation-based definition of the iv estimator in (2.18) and let

θ̂IV1
N = sol

 1
N

N∑
k=1

Z (k) − 1
N

N∑
s=1

Z (s)

 (y(k) −Φ T (k)θ
)

= 0

 , (7.30)

denote an arbitrary iv estimator where the mean of the instrument matrix has
been subtracted. Moreover, letθ̂IV2

N
ρ̂

 = sol

 1
N

N∑
k=1

[
Z (k)
I

] y(k) −
[
Φ T (k) I

] [θ
ρ

] = 0

 , (7.31)

denote an iv estimator where the original parameter vector has been augmented
with the nuisance parameter vector ρ ∈ R

nρ but where the instrument matrix
does not necessarily have zero mean. Here I ∈ R

nρ×nρ is an identity matrix with
dimension matching ρ. This is a common way of dealing with unknown ampli-
tude levels in estimation data, see for example Ljung [1999].

Lemma 7.1. The IV estimators θ̂IV1
N and θ̂IV2

N , defined by (7.30) and (7.31), are
equivalent.

Proof: Note that the inner equation of (7.30) can be cast as

0 =
1
N

N∑
k=1

Z (k) − 1
N

N∑
s=1

Z (s)

 (y(k) −Φ T (k)θ
)

=
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
− 1
N

N∑
k=1

 1
N

N∑
s=1

Z (s)

 (y(k) −Φ T (k)θ
)

=
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
−

 1
N

N∑
k=1

Z (k)

 1
N

N∑
k=1

(
y(k) −Φ T (k)θ

)
. (7.32)

Further, the first inner equation in (7.31) can be rewritten as

1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
−

 1
N

N∑
k=1

Z (k)

 ρ = 0, (7.33)

whereas the second one can be expressed as

ρ =
1
N

N∑
k=1

(
y(k) −Φ T (k)θ

)
. (7.34)

Inserting (7.34) into (7.33) and comparing the result with (7.32) shows that the
two equations are equal. In turn, this means that (7.30) and (7.31) result in the
same estimates.
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Remark 7.1. This lemma shows that forcing the instrument matrix to have zero mean is
equivalent to estimating a nuisance parameter for capturing bias effects. Since estimating
more parameters generally is associated with an increased estimation uncertainty, this
further explains why a higher variance could be observed when the mean was subtracted
from the instrument vector in the simulation study in Section 4.1.2.

Remark 7.2. The factor 1
N

∑N
k=1 Z (k), i.e., the mean of the instrument matrix, shows up

naturally in (7.33) as well.

7.2.3 Batchwise or complete subtraction of instrument mean

The result above shows that subtracting the mean of the complete experiment at
once gives the same result as estimating a nuisance parameter vector. Now, it will
be shown that subtracting the mean batchwise gives the same result as estimating
one nuisance parameter vector per batch of data.

To this end, assume that all batches of data are stacked after each other and let

Z̄1 =
1
N1

N1∑
k=1

Z (k),

Z̄2 =
1
N2

N1+N2∑
k=N1+1

Z (k),

...

Z̄Q =
1
NQ

N1+...+NQ∑
k=N1+...+NQ−1+1

Z (k)

be the mean of the instruments associated with each batch. Moreover, let κq(k)
for q = 1, . . . , Q be indicator functions such that

κ1(k) =

1 if 1 ≤ k ≤ N1,

0 otherwise,

κ2(k) =

1 if N1 + 1 ≤ k ≤ N1 + N2,

0 otherwise,

...

κQ(k) =

1 if
∑Q−1
q=1 Nq + 1 ≤ k ≤

∑Q
q=1 Nq,

0 otherwise.

Further, consider the iv estimator

θ̂IV3
N = sol

 1
N

N∑
k=1

Z (k) −
Q∑
q=1

κq(k)Z̄q

 (y(k) −Φ T (k)θ
)

= 0

 , (7.35)
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where the mean of the instrument matrix has been subtracted batchwise as in
(7.19). An alternative here is

θ̂IV4
N
ρ̂1
...
ρ̂Q

 = sol


1
N

N∑
k=1

Z ′(k)

y(k) −Φ ′(k)


θ
ρ1
...
ρQ


 = 0


, (7.36)

where the original parameter vector has been augmented with one nuisance pa-
rameter vector per batch of data, and the instrument and regression matrices
have been modified accordingly

Z ′(k) =
[
Z T (k) κ1(k) · I . . . κQ(k) · I

]T
, (7.37)

Φ ′(k) =
[
Φ T (k) κ1(k) · I . . . κQ(k) · I

]T
. (7.38)

Lemma 7.2. The IV estimators θ̂IV3
N and θ̂IV4

N , defined by (7.35) and (7.36), are
equivalent.

Proof: The inner equation given by (7.35) can be expressed as

0 =
1
N

N∑
k=1

Z (k) −
Q∑
q=1

κq(k)Z̄q

 (y(k) −Φ T (k)θ
)

=
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
− 1
N

N∑
k=1


Q∑
q=1

κq(k)Z̄q

 (y(k) −Φ T (k)θ
)

=
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
− 1
N


N1∑
k=1

Z̄1

(
y(k) −Φ T (k)θ

)
+

+
N1+N2∑
k=N1+1

Z̄2

(
y(k) −Φ T (k)θ

)
+ . . . +

N1+...+NQ∑
k=N1+...+NQ−1+1

Z̄Q
(
y(k) −Φ T (k)θ

) (7.39)

Moreover, inserting (7.37) and (7.38) into the inner equation given by (7.36) re-
sults in

1
N

N∑
k=1


Z (k)

κ1(k) · I
...

κQ(k) · I


y(k) −

[
Φ T (k) κ1(k) · I . . . κQ(k) · I

]

θ
ρ1
...
ρQ


 = 0, (7.40)

where the first equation can be rewritten as

0 =
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
− 1
N

N∑
k=1

Z (k)


Q∑
q=1

κq(k)ρq

 , (7.41)
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or equivalently as

0 =
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
− 1
N


N1∑
k=1

Z (k)ρ1 +
N1+N2∑
k=N1+1

Z (k)ρ2 + . . .

. . . +
N1+...+NQ∑

k=N1+...+NQ−1+1

Z (k)ρQ

 (7.42)

and the other equations can be expressed as

ρ1 =
1
N1

N1∑
k=1

(
y(k) −Φ T (k)θ

)
,

ρ2 =
1
N2

N1+N2∑
k=N1+1

(
y(k) −Φ T (k)θ

)
,

...

ρQ =
1
NQ

N1+...+NQ∑
k=N1+...+NQ−1+1

(
y(k) −Φ T (k)θ

)
,

Inserting these expressions into (7.42) gives

0 =
1
N

N∑
k=1

Z (k)
(
y(k) −Φ T (k)θ

)
− 1
N


 1
N1

N1∑
k=1

Z (k)


N1∑
k=1

(
y(k) −Φ T (k)θ

)

+

 1
N2

N1+N2∑
k=N1+1

Z (k)


N1+N2∑
k=N1+1

(
y(k) −Φ T (k)θ

)
+ . . .

. . . +

 1
NQ

N1+...+NQ∑
k=N1+...+NQ−1+1

Z (k)


N1+...+NQ∑

k=N1+...+NQ−1+1

(
y(k) −Φ T (k)θ

) , (7.43)

which, when compared with (7.39), shows that the two equations are equal. In
turn, this means that (7.35) and (7.36) result in the same estimates.

Remark 7.3. This lemma shows that subtracting the mean batchwise is equivalent to esti-
mating a new nuisance parameter for each batch of data. In general, there are no benefits
associated with estimating additional nuisance parameters unless the nuisance parameters
contain relevant system information by themselves (as the wind and current parameters
discussed in Chapters 4 and 5). Thereby, subtracting the mean of the instrument matrix
batchwise is a strictly worse option in comparison to subtracting the total mean at once.
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Simulation example

To further illustrate the result of Lemma 7.2, a small-scale simulation study was
carried out with the siso system

x(k + 1) = n0

(
x(k) + v(k)

)∣∣∣x(k) + v(k)
∣∣∣ + f0u(k) + w(k), (7.44a)

y(k) = x(k) + e(k), (7.44b)

and the predictor model

ŷ(k | θ) =
[
y1(k − 1)

∣∣∣y1(k − 1)
∣∣∣ u(k − 1)

] [n
f

]
, (7.45)

adopted from Chapter 4. As before, the noise sources were sampled from Gaus-
sian distributions

w(k) ∼ N (0.1, 0.1), (7.46a)

v(k) ∼ N (0, 0.25), (7.46b)

e(k) ∼ N (0, 0.1), (7.46c)

and the true system parameters were n0 = −0.1 and f0 = 1. Further, each Monte
Carlo iteration was repeated 500 times using new noise sequences, and in each
iteration, N = 5000 data points were used for parameter estimation. The input
was formed by superimposing a signal sampled from a zero-mean Gaussian dis-
tribution, ũ(k) ∼ N (0, 0.5), with a gradually increasing excitation offset

ū(k) =



1 if 1 ≤ k ≤ N
5 ,

2 if N
5 + 1 ≤ k ≤ 2N

5 ,

3 if 2N
5 + 1 ≤ k ≤ 3N

5 ,

4 if 3N
5 + 1 ≤ k ≤ 4N

5 ,

5 if 4N
5 + 1 ≤ k ≤ N.

(7.47)

The resulting signal

u(k) = ũ(k) + ū(k), (7.48)

is shown in the topmost plot of Figure 7.2. It can be noted that there are at least
two natural ways of subtracting the mean from this signal. Firstly, the mean can
be subtracted from one batch of data at a time. This results in recovering ũ(k),
which is depicted in the middle plot of Figure 7.2. Alternatively, the mean can be
subtracted from the complete signal at once, which gives the result in the bottom
plot of the same figure.

As in Section 4.1.2, the model obtained by taking the ls estimate for the parame-
ters was used for generating instruments

ζ(k) =
[
x̂LS (k − 1)

∣∣∣x̂LS (k − 1)
∣∣∣ u(k − 1)

]T
. (7.49)
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Figure 7.2: An illustration of two conceivable ways of subtracting the first-
order moment of a signal with multiple excitation levels. The top plot shows
the original input signal, u(k) whereas the middle plots shows the same sig-
nal after a batchwise subtraction of its first-order moment (comparable to
(7.19)). Lastly, the bottom plot shows the result of subtracting the first-order
moment of the complete signal at once (comparable to (7.20)).

To obtain zero-mean instruments, the average value of each component of ζ(k)
was subtracted, either as in (7.19) or as in (7.20). The two alternative ways of sub-
tracting the mean correspond to the cases illustrated in Figure 7.2 and yield differ-
ent estimators, denoted by θ̂IV1

N and θ̂IV2
N , respectively. Histograms showing the

parameter errors for the two estimators are provided in Figures 7.3 and 7.4. It can
be seen that both estimators seem consistent but that θ̂IV2

N , which corresponds to
a complete subtraction of the mean, gives a substantially smaller variance for the
estimates of the parameter f .

7.2.4 Zero-mean instruments in the experiment design

Lemma 7.1 shows that picking instruments with zero mean is equivalent to es-
timating a nuisance parameter for capturing bias effects, and Lemma 7.2 shows
that subtracting the mean batchwise is equivalent to estimating a new nuisance
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Figure 7.3: Normalized estimation errors for the iv estimator with batchwise
subtraction of instrument mean. The average errors plus/minus one stan-
dard deviation are εIV1

n̂ = −9.73 · 10−4 ± 0.0233, εIV1

f̂
= −3.54 · 10−4 ± 0.0162.

Figure 7.4: Normalized estimation errors for the iv estimator with complete
subtraction of instrument mean. The average errors plus/minus one stan-
dard deviation are εIV2

n̂ = −2.78 · 10−4 ± 0.0212, εIV2

f̂
= −1.89 · 10−4 ± 0.0075.
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parameter for each batch of data. Consequently, subtracting the mean batchwise
corresponds to estimating more nuisance parameters, and estimating additional
parameters often yields a higher estimation variance. This was further illustrated
by the simulation example above and is the main reason that (7.20) is the pre-
ferred way of subtracting the mean from the instrument matrix. Furthermore,
Example 7.1 shows that the additional information obtained from using an exci-
tation offset is lost when the mean of the instrument matrix is subtracted batch-
wise. This is another reason for preferring (7.20) over (7.19). However, it should
be mentioned that there are certain scenarios where it is not strictly unfavorable
to estimate additional nuisance parameters, and consequently, by Lemma 7.2, not
disadvantageous to subtract the mean as in (7.19) either. Such a scenario was in
Example 7.1 encountered when ū = 0. In general, (7.20) never gives a higher
estimation variance in comparison to (7.19) and is thereby a more solid choice.

Compensating for a batchwise subtraction of the mean in the experiment design
is straightforward. To see this, introduce the following notation

X̄q
∆=

w.p.1
lim
Nq→∞

1
Nq

Nq∑
k=1

Φ q(k)Z Tq (k), (7.50)

Ȳq
∆=

w.p.1
lim
Nq→∞

1
Nq

Nq∑
k=1

Φ q(k), (7.51)

recall (7.14), and note that it is possible to express

Γ̄ q = lim
Nq→∞

1
Nq

Nq∑
k=1

Φ q(k)
(
Zq(k) − Z̄q

)T
= X̄q − ȲqZ̄ Tq , (7.52)

if the instrument mean is subtracted batchwise. In this case, the previously con-
sidered optimization problem (7.18) can be rewritten as

(N ∗1, . . . , N
∗
Q) = argmax

N1,...,NQ

log
∣∣∣det (T )

∣∣∣
s.t. T = N1(X̄1 − Ȳ1Z̄

T
1 ) + . . . + NQ(X̄Q − ȲQZ̄ TQ ),

N1 + . . . + NQ = N,

Nq ≥ 0, q = 1, . . . , Q.

(7.53)

From (7.52) and (7.53), it can be seen that dividing Γ̄ q into the components X̄q, Ȳq
and Z̄q was unnecessary since all important information was already contained in
Γ̄ q. In general, the previously studied problem formulation, (7.18), is sufficiently
flexible as long as the instrument matrix corresponding to each sub-experiment
is predetermined. This covers the case where the instrument mean is subtracted
batchwise because then the relevant signal levels associated with each experiment
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primitive can be found during the initial experiments where Γ̄ 1, . . . , Γ̄ Q are esti-
mated.

If the mean is to be subtracted for the complete experiment at once, this is no
longer the case, and the usefulness of each sub-experiment can only be assessed
in combination with the other sub-experiments. Compensating for a complete
subtraction of the mean in the experiment design is thereby a bit more challeng-
ing. If the mean is subtracted in this way, i.e., as in (7.20), it is the case that

Γ̄ q =
w.p.1
lim
Nq→∞

1
Nq

Nq∑
k=1

Φ q(k)
(
Zq(k) − Z̄

)T
= X̄q − ȲqZ̄ T , (7.54)

using the notation introduced above. The matrices X̄q, Ȳq and

Z̄q =
w.p.1
lim
Nq→∞

1
Nq

Nq∑
k=1

Zq(k), (7.55)

can all be estimated for each experiment primitive based on initial experiments
with the real platform or by simulation experiments with a nominal model. This
is similar to how Γ̄ q was estimated for each experiment primitive earlier, but a
key difference here is that the total instrument mean, Z̄ , is unknown until the op-
timal mix of sub-experiments has been determined. However, it can for arbitrary
values of N1, ..., NQ be expressed as

Z̄ =
1

N1 + . . . + NQ
(N1Z̄1 + . . . + NQZ̄Q). (7.56)

Consequently, the optimization problem

(N ∗1, . . . , N
∗
Q) = argmax

N1,...,NQ

log
∣∣∣∣det

(
T − SZ̄ T

)∣∣∣∣
s.t. T = N1X̄1 + . . . + NQX̄Q,

S = N1Ȳ1 + . . . + NQȲQ,

Z̄ =
1
N

(N1Z̄1 + . . . + NQZ̄Q),

N1 + . . . + NQ = N,

Nq ≥ 0, q = 1, . . . , Q,

(7.57)

can be considered as an alternative to (7.18), where the fact that the first-order
moment of the instrument matrix will be removed as in (7.20) during the param-
eter estimation is acknowledged in the experiment design. It can be noted that
this optimization problem is non-convex. Unlike many other non-convex prob-
lem formulations used for experiment design, no initial guess for the optimal
input signal is, however, required but solely a guess for how long the candidate
signals should be applied with respect to each other. This is a significantly milder
requirement, and it has in experimental work been sufficient to assume that all
candidate signals are used equally much for convergence.
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7.3 Alternative formulations and use cases

There are a couple of small modifications that can be made for the optimization
problems (7.18) and (7.57). Firstly, it can be observed that the variable N , corre-
sponding to the experiment length, does not affect the outcome of the optimiza-
tion beyond scaling. Consequently, N can be chosen freely without loss of gen-
erality. For example, if N = 1, the optimization variables can be interpreted as
the time fractions of the total experiment that should be spent in various modes.
This interpretation will be used frequently in the forthcoming chapters.

Further, under the assumption thatNprior data points have already been collected,
it is possible to compute

Γ prior =
1

Nprior

Nprior∑
k=1

Φ̃ (k), (7.58)

based on these and to augment (7.18) or (7.57) with Γ prior as an extra term. This
is important because if the expected informativity gains (Γ̄ q or X̄q, Ȳq and Z̄q, for
q = 1, . . . Q) are estimated by use of a crude and inaccurate nominal model, it
might be beneficial to iteratively re-plan the experiment during the time of data
collection. This can be done by using the thus-far collected data to recursively
update the nominal model. By augmenting the optimization problems with the
term above, they instead yield the best mix of experiment primitives to comple-
ment the prior-collected data.

A third conceivable use case is for the evaluation of already available data. This
is of relevance in scenarios where large amounts of data have been collected, pos-
sibly from ships in normal operation, and a data-mining approach is sought for
picking out the most informative parts for performing model updates. It should,
however, be stressed that there are other unresolved challenges associated with a
task like this, for example, regarding closed-loop identification.

7.3.1 Covariance or information domain

By use of a nominal model, it is possible to apply each of the candidate signals
in (7.6) in a simulation experiment and to estimate θ based on the resulting data
and a chosen consistent estimator. If this procedure is repeated NMC times for
varying noise realizations, it is in turn possible to estimate sample covariance
matrices

Pq =
1

NMC

NMC∑
n=1

(θ̂q,n − θnominal)(θ̂q,n − θnominal)
T , (7.59)

for q = 1, . . . , Q. Further, as long as sufficiently much data is used, the parameter
estimates will follow Gaussian distributions

θ̂q,n ∼ N (θnominal, Pq), q = 1, . . . , Q, (7.60)
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and under the additional assumption of the estimates being independent, a weighted-
least-squares optimal way of fusing them is

θ̂fused = (P −1
1 + . . . + P −1

Q )−1(P −1
1 θ̂1 + . . . + P −1

Q θ̂Q), (7.61)

see for example Gustafsson [2010]. In (7.61), the fused parameter vector follows
a Gaussian distribution

θ̂fused ∼ N (θnominal, P fused), (7.62)

where

P fused = (P −1
1 + . . . + P −1

Q )−1. (7.63)

By imposing that the covariance matrices, P1, . . . , PQ, are inversely proportional
to the number of data points used for estimation, which is typically the case if
substantial amounts of data are used, it is possible to formulate an optimization
problem similar to (7.18) that depends on the prior-simulated covariance matri-
ces defined in (7.59) instead of the expected information gains that have been
considered before.

There are both merits and disadvantages connected with this approach. The ulti-
mate goal of the experiment design is to obtain accurate models, and the covari-
ance matrix associated with the model parameters is perhaps the most direct indi-
cator of this. Thereby, minimizing the expression (7.63) is arguably more theoret-
ically sound than to maximize the cost-function Hessian (7.3). On the other hand,
estimating the covariance matrices in (7.59) by repeated experiments is computa-
tionally costly in comparison to the expected information gains discussed before
and therefore yields an overall increase in problem complexity. This can be prob-
lematic if the experiment design is to be carried out in real-time, which would
be required for re-planning. Secondly, and perhaps most importantly, basing
the experiment design on sample covariance matrices requires that each experi-
ment primitive by itself is sufficiently informative for estimating all the system
parameters. Otherwise, if an experiment primitive does not meet this condition,
the corresponding covariance matrix will not be well-defined. This is one of the
main reasons for performing experiment design in the information domain.

7.4 Summary

In this chapter, a dictionary-based approach for experiment design has been out-
lined. The idea of applying such an approach for marine vessels was inspired by
the work of Wernholt and Löfberg [2007], where a similar procedure was used for
carrying out experiment design for identification of industrial manipulators. A
general formulation of the method was described in Section 7.1, whereas more de-
tails regarding how it can be applied to marine models were given in Section 7.2.
In particular, the two alternative ways of subtracting the mean from the instru-
ment matrix, (7.19) and (7.20), were discussed. The former is easy to account for
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in the experiment design but gives a higher estimation variance. A method was
therefore proposed for planning the experiment with (7.20), i.e., a complete sub-
traction of the mean, in mind. This resulted in the optimization problem (7.57),
which constitutes a way to decide how much of the total experiment time that
should be spent on performing each candidate maneuver. The chapter was con-
cluded by discussing some design choices for the developed method. Primarily,
the option of basing the choice of sub-experiments on sample covariance matrices
instead of expected information gains was considered.





8
Experiments with spatial feasibility

Most previous works about experiment design have focused on obtaining an
information-optimal input signal, but there are many practical considerations
to be made for a data-collection experiment in addition to exciting the system as
much as possible. It is, for example, important that the experiment is planned
with respect to geographical constraints for safety reasons. Thereby, the goal of
this chapter is to show how the previously discussed dictionary-based method for
finding an excitation signal can be combined with a motion-planning framework
to obtain a trajectory that is both informative and spatially feasible.

8.1 Preliminaries for motion planning

The term motion planning refers to the problem of computing a feasible trajec-
tory for a possibly nonlinear system from an initial state to a goal state in an
environment with obstacles. This trajectory can also be optimized on a higher
level than just being feasible, e.g., in terms of safety, comfort, time efficiency or
fuel economy. Motion planning is a substantial field of research, and the ambi-
tion here is not to give a detailed overview. A brief theoretical introduction is,
however, relevant for understanding the latter parts of the chapter.

There is a large number of techniques that have been suggested for solving motion-
planning problems, see for example Paden et al. [2016] for an overview of meth-
ods that can be applied for ground-based vehicles. In general, exact motion plan-
ning is difficult and requires solving a non-convex optimal control problem (ocp)
formulated in continuous time. Certain solution strategies aim at solving this
ocp directly, but the possibilities of doing this in a reasonable time vary depend-
ing on how well-structured the environment is. For on-road driving with cars, it

139
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is common to exploit information about the road center for enforcing structure
into the problem [Ljungqvist, 2020]. However, marine vessels typically operate
in unstructured environments where no clearly defined driver path is available.
This gives challenges similar to those encountered when performing motion plan-
ning for cars in open areas, such as parking lots. In this case, a common approach
is to search for an approximate solution to the general ocp. Locally optimal so-
lutions can often be found by considering the ocp as a nonlinear programming
problem and relying on shooting methods combined with numerical integration
[Ljungqvist, 2020]. If a sufficiently accurate initial guess is available, this can
yield a solution with satisfactory precision. In other cases, one can use sampling-
based methods where the vessel’s reachable state space is explored incrementally
by repeated random sampling, see for example Karaman and Frazzoli [2011]. A
deterministic alternative is to consider lattice-based motion planning.

8.1.1 Lattice-based motion planning

A lattice-based approach is based on a library of motion primitives that are com-
bined to obtain a feasible trajectory [Pivtoraiko et al., 2009]. Previously, the can-
didate excitation signals, u1(k), . . . , uQ(k), have been associated with information
gains by use of a nominal model or by initial experiments with the real platform.
Similarly, each candidate signal can be associated with an expected change in po-
sition and attitude. These motion segments can then be used in lattice-based mo-
tion planning to find a suitable realization under spatial limitations. In this way,
lattice-based motion planning unifies well with the dictionary-based approach
discussed in Chapter 7.

The standard formulation of a lattice-based motion planning problem is

minimize
{mk }M−1

k=0 ,M

M−1∑
k=0

J(mk) (8.1a)

s.t. x0 = xs, xM = xf , (8.1b)

xk+1 = f (xk ,mk), (8.1c)

mk ∈ P , (8.1d)

c(mk , xk) ∈ X free, (8.1e)

adopted from Bergman [2021]. Here J(mk) is a cost function, and the decision
variables are the motion primitive sequence {mk}Mk=1 and its length M. Further,
the constraints in (8.1b) define the initial and final states, the state transition in
(8.1c) gives the successor state xk+1 after mk is applied in xk , the set P in (8.1d)
includes all applicable motion primitives, and lastly, the constraint (8.1e) ensures
that there is no collision with obstacles when mk is applied in xk .
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8.1.2 Graph search

The combinatorial problem (8.1) can be solved accurately using graph-search
methods. For example, the algorithm proposed by Dijkstra et al. [1959] can be
used, which exhaustively explores all alternative ways of going from the initial
state to the goal state. There are primarily two factors that determine the com-
putational complexity associated with this. Firstly, the dimension of the state
vector, xk , together with the resolution of the state lattice and the proportion of
obstacles, decide how many different states that can be reached. If the problem
is solved using graph-search techniques, this corresponds to the maximum num-
ber of nodes that might have to be explored. Secondly, the number of motion
primitives, i.e., the size of the set P , gives the branching factor in the search. Con-
sequently, if more motion primitives are considered, it becomes more expensive
to expand each node.

For high-dimensional and large state lattices, an exhaustive search for a solution
might be too time-consuming. In this case, the planning can instead be carried
out using the A∗-search algorithm introduced by Hart et al. [1968]. The online
computational efficiency of such a search method relies on a well-informed and
accurate heuristic function to guide the search toward the solution. The heuris-
tic function, h(x, x′), takes as input two arbitrary states in the state lattice and
returns an estimated cost of going from one to the other. Typically, the second
input argument is the goal node, h(x, xf ), such that the heuristic function returns
the estimated cost of reaching the goal. It is only possible to guarantee optimal-
ity if the heuristic function is admissible, i.e., if it never overestimates the cost of
reaching the goal. Further, a heuristic function is said to be consistent if its esti-
mate never exceeds the actual cost of reaching a nearby state plus the estimated
cost of getting from there to the goal state. If a heuristic function with this prop-
erty is used, a minimal number of states has to be explored before the optimal
solution is found. In this case, the search will be efficient. It can be remarked
that the property of a heuristic function being consistent should not be confused
with the consistency of an estimator in Definition 2.2.

8.2 Motion planning for experiment design

Usually, the state vector, xk , contains information about position and attitude,
which for motion planning in the horizontal plane includes positional coordi-
nates, (x, y), and heading angle, ψ. Therefore, recall the notation

ηk =
[
xk yk ψk

]T
, (8.2)

that was introduced in Chapter 3. The key difference between motion planning
for dictionary-based experiment design and regular motion planning lies in the
requirement of respecting the ratios between N1, . . . , NQ found with the method
outlined in Chapter 7. There are multiple ways to include such a constraint in
the problem (8.1). One possibility is to augment the state vector with additional
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elements that count how many times each experiment primitive has been used.
This approach is conceptually appealing because of its interpretability. Thereby,
let gqk be the number of times experiment primitive q has been used at time k.
Including this, the state vector becomes

xk
∆=

[
ηTk g1

k . . . gQk

]T
, (8.3)

and the ratios between N1, . . . , NQ can be respected by enforcing that each exper-
iment primitive is used a chosen number of times

xs =


ηs
0
...
0

 , xf =


ηG
d1
...
dQ

 . (8.4)

Further, the number of times experiment primitive q is applied in total can be
selected such that dqN ′q ≈ Nq. In this case, N ′1, . . . , N

′
Q become design variables,

which declare how long each motion primitive should be.

Due to the augmented state vector, the state lattice will be of a higher dimension
in comparison to a conventional lattice-based motion planning problem. If the
resolution for planning in the horizontal plane is chosen with dx × dy positional
coordinates, dψ heading angles and Q different information-yielding experiment
primitives of which an arbitrary one should be used dq times, a lattice with

dlattice = dxdydψ

Q∏
q=1

dq, (8.5)

states is obtained. It can be observed that if too many experiment primitives
(large Q) are considered, and each is divided into a significant number of parts,
i.e., large d1, . . . , dQ, the state lattice will grow quickly. Consequently, since
large values of d1, . . . , dQ follow small values of N ′1, . . . , N

′
Q, the trade-off between

feasibility and computational complexity that follows the choice of N ′1, . . . , N
′
Q

is important. Moreover, there are some general difficulties associated with a
dictionary-based experiment design. Firstly, different concatenation orders will
lead to different signal transitions, which affects the informativity of the design.
This is because applying different signal types after each other might lead to
abrupt changes and consequently to high-frequency transients that themselves
yield information. Further, having abrupt switches in the excitation might con-
flict with other experiment constraints regarding wear and tear. This last aspect
can be dealt with by low-pass filtering the input signal, but this will also affect
the informativity of the design. These problems become more apparent when
the experiment primitives are divided into smaller parts. To summarize, large
values of N ′1, . . . , N

′
Q make the motion-planning problem easier to solve, whereas

small values of N ′1, . . . , N
′
Q give better possibilities of finding feasible solutions

but increase the computational complexity and make the expected information-
gain from the experiment harder to predict. From a more practical point of view,
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some sub-experiments, such as zig-zag maneuvers, have natural breaking points
at the end of each period. ChoosingN ′1, . . . , N

′
Q in agreement with these is thereby

a reasonable choice.

8.2.1 Including basic motion primitives

The objective function

J =
M−1∑
k=0

J(mk), (8.6)

is made up of the accumulated cost of applying a sequence of M motion prim-
itives. In a conventional motion planning problem, the cost of applying a par-
ticular motion primitive can, for example, be related to travel time or fuel cost.
Performing motion planning for experiment design is a bit different. Ideally, a
data-collection experiment should only be made up of information-yielding ma-
neuvers, but in practice, this is not always possible. This is because it is some-
times necessary to reposition the ship before executing the next maneuver due to
space constraints. A way of dealing with this is to assume that there are basic mo-
tion primitives available in addition to the information-yielding ones, resulting
in the set of motion primitives being partitioned as

P =

m1, . . . ,mQ︸        ︷︷        ︸
informative

,mQ+1, . . . ,mQ+B︸               ︷︷               ︸
basic

 . (8.7)

The basic motion primitives can be of types that are often used in conventional
motion planning, such as straight driving as well as plain left and right turns. The
goal of the experiment design can then be thought of as using each information-
yielding primitive a given number of times while using the basic primitives as
sparsely as possible. A simple objective function that caters to this goal is

J(m`) =

0 if ` ≤ Q,
L̄ if ` > Q.

(8.8)

In other words, have the cost of applying an information-yielding primitive be
0 and the cost of applying a basic primitive be L̄ > 0. Associating a cost with
the information-yielding primitives is not relevant due to the hard constraints on
how many times they are to be used.

8.2.2 Choosing a heuristic function

An important choice for any informed graph search is the heuristic function. One
that has turned out to work well in practice is

h(xk , xf ) = α1h̃1(xk , xf ) + α2h̃2(xk , xf ) + α3h̃3(xk , xf ). (8.9)
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Here the first term

h̃1(xk , xf ) =

∥∥∥∥∥∥
[
xk
yk

]
−
[
xf
yf

]∥∥∥∥∥∥
2

, (8.10)

is the Euclidian distance to the goal and

h̃2(xk , xf ) =
∣∣∣ψk − ψf ∣∣∣ , (8.11)

constitutes the deviation in angle. Lastly, the term

h̃3(xk , xf ) =


∑Q
q=1(dq − g

q
k ) if gqk ≤ dq for q = 1, . . . , Q,

∞ otherwise,
(8.12)

is a cost associated with the remaining required use of the experiment primitives.
The variables α1, α2 and α3 are positive scalars, which can be used to tune the
outcome of the search. Large values of α1 and α2 will, for example, quickly
guide the search towards the goal geographically, whereas a large value of α3
will make the algorithm prioritize using information-yielding motion primitives
when possible.

As mentioned earlier, optimality and search efficiency can only be guaranteed if
the heuristic function is admissible and consistent, but the one defined by (8.9)
does not meet any of these criteria. Actually, it is not that easy to come up with
a non-trivial heuristic function that is admissible and consistent for the problem
addressed here. This is because the cost of reaching the goal node from another
node can be zero even if this other node happens to be far away from the goal
in terms of spatial distance. In fact, considering (8.8), the cost will be zero if
the goal position can be reached by using any combination of the information-
yielding experiment primitives that are still left to be used. This means that it
is hard to say for sure that a solution is optimal unless most other options have
been explored.

An admissible and consistent heuristic function needs to be aware of this fact, but
it is challenging to have it encoded in an analytical expression. Another common
way of forming an admissible heuristic is to explore the cost of reaching the goal
state from any other state in a relaxed version of the motion-planning problem
before performing the actual search. These costs can then be stored in a lookup ta-
ble that works as a heuristic [Knepper and Kelly, 2006]. Such a relaxation can, for
example, be obtained by neglecting all obstacles, in which case the lookup table
will include perfect estimates of the costs in free space. Performing an exhaustive
exploration of the obstacle-free problem can be significantly time-consuming, of-
ten more so than solving the actual problem. This approach is thereby primarily
useful if the heuristic lookup table can be found at a less time-critical moment,
such as prior to the real experiments. This can be of relevance if it is necessary to
repeatedly re-configure the experiment design during the time of data collection,
as discussed in Section 7.3. It should, however, be noted that adding or remov-
ing experiment primitives, as well as adjusting how many times each primitive
should be used, typically alters the problem in such a way that the costs in the
heuristic lookup table must be updated.
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8.3 Summary

In this chapter, the dictionary-based approach for finding an excitation signal out-
lined in Chapter 7 was combined with a motion-planning framework. This was
done to get a systematic way of obtaining experiment trajectories that are both
informative and spatially feasible. The basic idea is to augment the state vector
of a lattice-based motion planner with motion-primitive counters. In this way,
the problem becomes similar to regular lattice-based motion planning, except
that the planning is performed in a state space of a higher dimension. Since the
problem is combinatorial, the complexity associated with a rapidly growing state
space is tough to deal with. For this reason, the possibility of using a heuristic
function to more efficiently solve the resulting graph-search problem was dis-
cussed.
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Experimental work: B

To explore how well the methods discussed in Chapters 7 and 8 can be expected
to perform in practice, experiments have been carried out. The results of these
experiments are summarized in this chapter. First, the outcomes of a set of simu-
lation experiments are shown in Section 9.1, which illustrate how the uncertainty
in parameter estimates can be minimized by maximizing the cost-function Hes-
sian with a dictionary-based approach, as suggested in Chapter 7. It is also shown
that this, in turn, leads to a reduced prediction error for the resulting models. Af-
ter this, data collected from a small-scale model ship are used to verify that the
observation regarding a reduced prediction error holds outside a simulation en-
vironment. In addition to a description of the experimental setup and results,
the interested reader will find a brief technical presentation of the model ship in
Section 9.2. The validation of the dictionary-based approach is then concluded
in Section 9.3 by showing the results obtained when applying the method to data
from the full-scale marine vessel presented in Chapter 6. Further, the technique
for generating an experiment trajectory that was proposed in Chapter 8 has been
tested in a simulation example, and the results are shown in Section 9.4. Lastly,
the overall results presented in this Chapter are discussed in Section 9.5.

9.1 Simulation study

To show the usefulness of the developed experiment-design methods in terms of
bias and variance for the resulting parameter estimates, as well as the effects of
these errors on prediction accuracy, a number of simulation experiments have
been carried out. Throughout the simulation experiments, data have been gener-
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ated based on the system

u(k + 1) = u(k) + Xuur (k) + Xvrvr (k)r(k) + Xu|u|ur (k)
∣∣∣ur (k)

∣∣∣ + Xττ1(k), (9.1a)

v(k + 1) = v(k) + Yvvr (k) + Yurur (k)r(k) + Yττ2(k), (9.1b)

r(k + 1) = r(k) +Nr r(k) +Nuvur (k)vr (k) +Nττ3(k), (9.1c)

y(k) =
[
u(k) v(k) r(k)

]T
+ e(k), (9.1d)

which is a simplified version of (3.60). Recall that u(k), v(k) and r(k) constitute
surge, sway and yaw rate, respectively, and that τ(k) = [τx(k), τy(k), τψ(k)]T

are input forces and moments caused by the ship’s actuators. Also, recall that
the subscripted r signifies relative velocity, such that ur (k) = u(k) − uc(k) and
vr (k) = v(k) − vc(k) where uc(k) and vc(k) are velocity components of an ocean
current. Here the simplifications that have been made are that wind disturbances
as well as quadratic damping in sway and yaw direction have been neglected.
Wind was not considered because a system disturbance from the ocean current
was deemed sufficient for representing the challenges found in earlier chapters.
Further, the reasons for only considering quadratic damping in surge are twofold.
Firstly, ships usually attain higher speeds in surge than in other directions, and
this simpler model turned out to be sufficient for describing the data collected
with the small-scale model ship presented in Section 9.2. Secondly, estimating
the parameters of a simpler model requires less data, which made it possible to
test more realizations of the same experiment design in subsequent studies using
real data. In turn, this made it easier to discuss the results and draw statistical
conclusions. To make the overall analysis more coherent, the simpler model was
used in the simulation experiments as well.

The parameter values used for the true system were chosen based on earlier work
with the small-scale model ship and are given in the middle column of Table 9.1.
All experimental data obtained with the model ship were collected at a sampling
rate of fs = 8 Hz, which affects these parameter values.

9.1.1 Experiment primitives

Data was generated based on 11 different excitation signals, and the system states
resulting from applying them in undisturbed simulations, i.e., the expected ex-
periment primitives, are described below.

(τ1) Decelerating motion:
u(k) : 1→ 0, v(k) = 0, r(k) = 0.

(τ2) Accelerating motion:
u(k) : 0→ 1, v(k) = 0, r(k) = 0.

(τ3) Slow/flat zig-zag motion
u(k) ≈ 0.35, v(k) ∈ [−0.1, 0.1], r(k) ∈ [−0.2, 0.2].



9.1 Simulation study 149

Table 9.1: System premises for simulation.
Parameter True system Nominal model
Xu −0.06 −0.08
Xvr 0.08 0
X|u|u −0.01 0
Xµ 1.4 · 10−5 10−5

Yv −0.1 −0.08
Yur −0.006 0
Yµ 1.4 · 10−5 10−5

Nr −0.35 −0.4
Nuv −0.03 0
Nµ 3 · 10−4 3.5 · 10−4

(τ4) Moderate/flat zig-zag motion:
u(k) ≈ 0.8, v(k) ∈ [−0.1, 0.1], r(k) ∈ [−0.2, 0.2].

(τ5) Fast/flat zig-zag motion:
u(k) ≈ 1.15, v(k) ∈ [−0.1, 0.1], r(k) ∈ [−0.2, 0.2].

(τ6) Slow/steep zig-zag motion:
u(k)≈0.35, v(k)∈ [−0.15, 0.15], r(k)∈ [−0.35, 0.35].

(τ7) Moderate/steep zig-zag motion:
u(k)≈0.7, v(k) ∈ [−0.15, 0.15], r(k) ∈ [−0.35, 0.35].

(τ8) Fast/steep zig-zag motion:
u(k) ≈ 1, v(k) ∈ [−0.15, 0.15], r(k) ∈ [−0.35, 0.35].

(τ9) Slow (inward-bound) spiral motion:
u(k) ≈ 0.4, v(k) ≈ 0.05, r(k) : 0→ −0.6.

(τ10) Moderate (inward-bound) spiral motion:
u(k) ≈ 0.75, v(k) ≈ 0.125, r(k) : 0→ −0.6.

(τ11) Fast (inward-bound) spiral motion:
u(k) ≈ 1, v(k) ≈ 0.2, r(k) : 0→ −0.6.

Here all values for u(k) and v(k) are given in m/s and the values for r(k) in rad/s.
Each of the input signals was applied for about 40 s (300 samples), and the ma-
trices in (7.50), (7.51) and (7.55) were estimated. The problem (7.57) was solved
in MATLAB using the function fmincon and the interior-point algorithm, which
resulted in an optimized design where τ1(k) is used for 16 % of the total experi-
ment time, τ2(k) for 4 %, τ5(k) for 9 %, τ6(k) for 42 %, τ8(k) for 4 % and τ11(k) for
25 %. It can be noted that the most used experiment primitive in the optimized
design is the slow and steep zig-zag motion associated with τ6(k). This is a bit
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surprising, considering that the signal magnitudes are strictly higher when input
signals τ7(k) or τ8(k) are applied. The experiment primitive that gives the most
information when used alone is the one obtained with τ8(k).

9.1.2 Simulation results

The predictor model

ŷ(k) =


ϕTu (k) 0 0

0 ϕTv (k) 0
0 0 ϕTr (k)

 θ, (9.2)

with

ϕu(k) =
[
y1(k) y1(k)

∣∣∣y1(k)
∣∣∣ y2(k)y3(k) τ1(k)

]T
,

ϕv(k) =
[
y2(k) y1(k)y3(k) τ2(k)

]T
,

ϕr (k) =
[
y3(k) y1(k)y2(k) τ3(k)

]T
,

was used, which is able to describe the data-generating system in undisturbed
conditions. Similar to the experimental work presented in Chapter 6, the instru-
ments were generated by simulating the output of this model with crude param-
eter values

ζu(k) =
[
ŷ1(k) ŷ1(k)

∣∣∣ŷ1(k)
∣∣∣ ŷ2(k)ŷ3(k) τ1(k)

]T
,

ζv(k) =
[
ŷ2(k) ŷ1(k)ŷ3(k) τ2(k)

]T
,

ζr (k) =
[
ŷ3(k) ŷ1(k)ŷ2(k) τ3(k)

]T
.

The nominal parameter values used for instrument generation are given in the
right column of Table 9.1.

Further, an optimized input sequence of 125 s (1000 samples) was formed, which
respected the found ratios presented above, and new data was collected based on
(9.1) with uc(k) ∼ N (0, 0.025), vc(k) ∼ N (0, 0.025) and ei(k) ∼ N (0, 0.025) for
i = 1, 2, 3. The models obtained from 500 Monte Carlo simulations using this op-
timized design were compared with models obtained using a random design. The
random design was formed by arbitrarily choosing 1 out of the 11 input signals
for each of 5 equally long segments (200 samples each). Which input signals were
used, and in what order, was varied over the Monte Carlo simulations. For each
Monte Carlo iteration, normalized parameter estimation errors were computed,
and the root-mean-squared errors (rmses) are shown in Figure 9.1. By visual
inspection, it can be seen that the random design often gives higher estimation
errors and that the improved design is a more robust choice in this regard. The
improved design gives an error that is smaller than 1.5 units of this error metric
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Figure 9.1: Normalized rmse between estimated parameters, θ̂, and true
parameters, θ0 = [Xu . . .Nτ ]T , over 500 Monte Carlo simulations. The top
plot shows an optimized design and the bottom plot a random design. Errors
above 5 are truncated to 5.

in more than 99 % of the cases, whereas the random design only does so in 46 %
of the cases.

The accuracies of the estimated models were also evaluated by cross-validation
between simulated model output and the output of the true system. In the valida-
tion dataset, an input signal that was different from all the experiment primitives
was used. The rmse metric was used in this case as well, and in Figure 9.2, the
errors for each dof are shown, and in Figure 9.3, the norm of these is shown. It
can be seen that the simulated model output is more often in agreement with the
system output when the optimized experiment design is used. Similar to when
parameter errors were considered, it can in Figure 9.3 be noted that the norm
of the simulation errors is smaller than 0.15 in 99 % of the cases when the opti-
mized design is used but only in 69 % of the cases when the random design is
used. Similar observations can be made for each individual dof in Figure 9.2.
The motivation for using the rmsemetric instead of evaluating the accuracies in
terms of model fit, as was done in Chapter 6, is that rmse has a clearer connec-
tion to covariance, which is what the proposed method is designed to minimize.
Further, by comparing Figures 9.1 and 9.3, it can be seen that the estimation er-
rors for the model parameters are strongly linked to the simulation errors. This
indicates that no parameters of the simulation model are redundant.
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Figure 9.2: Cross-validation rmse between simulated model output and
output of the data-generating system for each dof, εu(k) = û(k) − u(k),
εv(k) = v̂(k) − v(k), εr (k) = r̂(k) − r(k). Errors above 1, 0.25 and 0.15 are
truncated, respectively.

Figure 9.3: Norm of cross-validation rmse between simulated model output
and output of the data-generating system, εu(k) = û(k) − u(k), εv(k) = v̂(k) −
v(k), εr (k) = r̂(k) − r(k). Errors above 0.5 are truncated to 0.5.
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9.2 Data from small-scale model ship

To show the potential benefits of using the discussed experiment-design methods
in practice, real data was needed. However, as mentioned in Chapter 1, perform-
ing experiments for ships is generally quite expensive. To make data collection
easier, a small-scale model ship was therefore assembled and equipped with suit-
able sensors and actuators to replicate the behavior of a full-scale marine vessel
as well as possible. A brief technical description of the small-scale ship follows
below, but the interested reader will find more information in Jerrelind [2021]
and Zetterqvist and Steen [2021].

9.2.1 Experimental platform

The small-scale model ship is depicted in Figure 9.4 and is about 1 meter long, 0.3
meters wide and weighs roughly 14 kg. The main part of the weight comes from
concrete blocks, which were primarily used to give the ship slower dynamics and
thereby make it behave more similarly to a full-scale vessel. Further, the propul-
sion system of the ship comprises three thrusters in total, two azimuth thrusters
mounted in the stern and a tunnel thruster located in the bow. All these are pow-
ered with brushless electric motors and the directions of the azimuth thrusters
are controlled by electrical servos. Additionally, the ship is equipped with an
inertial measurement unit (imu) for orientation, a gnss receiver for positioning
and rotational-speed sensors for the thrusters. The gnss receiver has support for
error correction using real-time kinematic (rtk) positioning, which means that
the position measurements were of very high accuracy. The ship is shown from
two directions in Figure 9.5, where it is possible to see most of the electric compo-
nents as well as the positions of the stern propellers. With aid from the gearing
shown in the right picture, it is possible to rotate each azimuth thruster about
360 degrees, and all the thrusters can be run in both directions. This gives the
ship quite significant control capabilities. Using the notation of Figure 3.2, the
positions of the thrusters are ∆x,1 = −0.39 m, ∆y,1 = 0.07 m, ∆x,2 = −0.39 m,
∆y,2 = −0.07 m, ∆x,3 = 0.37 m, ∆y,3 = 0 m, where the third thruster is the non-
rotatable one. As in earlier experimental work, the positions of the thrusters are
assumed to be known and will consequently not be estimated using data. When
the ship is submerged in water, the frontal area perpendicular to the wind is
Afw ≈ 0.01 m2, whereas the lateral projected area is Alw ≈ 0.1 m2. The ship is not
equipped with any sensors for measuring wind speed or direction.

9.2.2 Experiment description

As mentioned above, the small-scale ship is propulsed by two azimuth thrusters
and a tunnel thruster. In general, the efficiency of a tunnel thruster decreases
rapidly when a ship moves with substantial forward speed, and dedicated sub-
experiments are thereby typically needed to obtain complete information about
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Figure 9.4: A photo of a small-scale model ship used for data collection. The
picture is taken in an old water-filled gravel pit outside Linköping, infor-
mally known as Blå lagunen, where all experiments were performed.

(a) Ship hull and stern thrusters (b) Hardware and
electronics

Figure 9.5: The small-scale model ship depicted from two different angles.
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actuators of this type. To make the analysis simpler, the tunnel thruster was con-
sequently not used during the experiments, and the input forces and moments,
τx(k), τy(k) and τψ(k), were generated solely based on the two azimuth thrusters.
The control signals, i.e., the speeds and directions of the azimuth thrusters, were
based on the simple static actuator model derived in Section 3.5.4 chosen to yield
experiment primitives, τ1(k),...,τ11(k), in agreement with the simulation experi-
ments presented above.

In Figure 9.6, sensor data from one of the experiments is shown. The two topmost
plots show the measurements from the gnss receiver, which have been converted
to a coordinate system with origin in the initial position of the ship for illustration
purposes. After this follows a plot showing the yaw angle of the ship. This yaw-
angle estimate was obtained by fusing magnetic and gyroscopic measurements
of the imu. In theory, it would be sufficient to solely use the magnetometer mea-
surements for estimating the yaw angle, but in practice, this turned out to give
very noisy measurements. The fourth plot shows the yaw rate, which was imme-
diately available from the gyroscopic measurements of the imu. This is unlike
the data from the full-scale vessel presented in Chapter 6, where the yaw rate
had to be estimated. The two bottom plots show the speeds and directions of the
azimuth thrusters. The shown thruster speeds were measured using rotational-
speed sensors, whereas the shown directions were not measured and correspond
to estimates obtained from the known input voltages sent to the servos. The static
mapping from input voltage to thruster angle was found in earlier experiments.
Further, the ship’s trajectory during this experiment is shown in Figure 9.7. It can
be noted that the experiment corresponds to an inwards-bound spiral motion.

Similar to the analysis with real data in Chapter 6, the surge and sway speeds
were estimated using Euler’s explicit method applied to the position and orien-
tation measurements. Doing this for the batch of measured data shown in Fig-
ure 9.6 gives the velocity estimates in Figure 9.8. It can be seen that the surge
speed decreases as the turn rate of the spiral motion increases. In this particular
batch of data, maneuvers of the types τ2, τ9, τ10 and τ11 were represented.

The model structure was the same as in the simulation experiments, and the
instruments were again generated by simulation experiments using a nominal
model with the structure (9.2). This time, the crude parameter values used for
the nominal model were obtained by the least-squares estimate.

9.2.3 Experimental results

The collected data was divided into 55 parts (75 samples each), 5 for each of
the 11 experiment primitives. Using these shorter datasets for estimating (7.50),
(7.51) and (7.55), and solving (7.57) gave an optimized design where τ1(k) is used
for 20 % of the total experiment time, τ6(k) for 49 %, τ9(k) for 13 % and τ11(k)
for 18 %. This optimized design was then approximated with a design where
τ6(k) is used for half of the total time and τ1(k), τ9(k) and τ11(k) are used for one-
sixth of the time each. In this way, multiple different datasets could be formed
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Figure 9.6: Example of a batch of measurement data collected with the
small-scale model ship.
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Figure 9.7: The trajectory corresponding to the data shown in Figure 9.6.
The arrows show the orientation of the ship.
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Figure 9.8: Finite-difference approximations of the surge and sway speeds
obtained using the data shown in Figure 9.6. Velocity estimates of this type
were used both for estimation and validation.
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from the collected data where the optimized ratios were fulfilled. The fact that
multiple different realizations of the optimal experiment could be formed made it
easier to discuss the results and to make statistical conclusions, something that is
otherwise only possible in simulation experiments where more data is available.

The optimized datasets were formed by picking 3 of the sub-experiments where
τ6(k) is used and 1 of the sub-experiment where τ1(k), τ9(k) and τ11(k) are used
each. This means that 6 of the shorter sub-experiments were used in total. The op-
timal way of forming the experiment was compared to a random design, where 6
of the sub-experiments were selected randomly. Similar to the simulation experi-
ments, the accuracies of the estimated models were evaluated by cross-validation
between simulated model output and estimates obtained from the measured sig-
nals. For both the optimized design and the random design, the set of sub-
experiments was varied 500 times, and the results are given in Figures 9.9 and
9.10. It can be seen that the simulated model output is more often in agreement
with the measured system output when the optimized experiment design is used.
Here it is most notable because the error following the random design takes on
degenerate values in about 20 % of the cases.

The validation data was made up of all the 55 sub-experiments, which means
that the validation data was not completely independent of the estimation data
(6/55 ≈ 11 % overlap). This small overlap was deemed justifiable because the
alternative would be a folded type of cross-validation, where the sub-experiments
currently used for estimation were kept out and not included in the validation set.
Since there were only 5 sub-experiments of each type available, this would mean
that some maneuvers occasionally were not present at all in the validation data
and would therefore possibly result in a misleading evaluation.

9.3 Data from full-scale ship

As a final test for the dictionary-based approach for experiment design, the method
was applied together with the data from the full-scale marine vessel presented in
Chapter 6. Recall that this data was collected from twelve shorter sub-experiments
with varying excitation in surge and sway, in total corresponding to roughly
97 minutes of experiment time. The maneuvers performed during these sub-
experiments were not the same as the ones conducted with the small-scale model
ship, and consequently, the data did not include the previously discussed experi-
ment primitives. Instead, the following nine motion types were identified.

(τ12) Surge accelerations/decelerations:
u(k) ∈ [0, 3.5], v(k) = 0, r(k) = 0.

(τ13) Sway accelerations/decelerations:
u(k) = 0, v(k) ∈ [−1, 1], r(k) = 0.

(τ14) Slow sway motion:
u(k) = 0,

∣∣∣v(k)
∣∣∣ ∈ [0.5, 0.8], r(k) = 0.
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Figure 9.9: Cross-validation rmse between simulated model output and es-
timates obtained from measured signals in each dof from the small-scale
model ship, εu(k) = û(k) − u(k), εv(k) = v̂(k) − v(k), εr (k) = r̂(k) − r(k). Errors
above 1, 0.25 and 0.25 are truncated, respectively.

Figure 9.10: Norm of cross-validation rmse between simulated model out-
put and estimates obtained from measured signals from the small-scale
model ship. Errors above 1 are truncated to 1.
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(τ15) Moderate sway motion:
u(k) = 0,

∣∣∣v(k)
∣∣∣ ≈ 0.9, r(k) = 0.

(τ16) Fast sway motion:
u(k) = 0,

∣∣∣v(k)
∣∣∣ ∈ [1.1, 1.2], r(k) = 0.

(τ17) Slow/high frequent (T ≈ 30) zig-zag motion:
u(k) ≈ 3, v(k) ∈ [−0.5, 0.5], r(k) =∈ [−0.03, 0.03].

(τ18) Fast/high frequent (T ≈ 30) zig-zag motion:
u(k) ≈ 4, v(k) ∈ [−0.5, 0.5], r(k) =∈ [−0.03, 0.03].

(τ19) Slow/low frequent (T ≈ 100) zig-zag motion:
u(k) ≈ 3, v(k) ∈ [−0.5, 0.5], r(k) =∈ [−0.03, 0.03].

(τ20) Fast/low frequent (T ≈ 100) zig-zag motion:
u(k) ≈ 4, v(k) ∈ [−0.5, 0.5], r(k) =∈ [−0.03, 0.03].

As before, all values for u(k) and v(k) are given in m/s and the values for r(k) in
rad/s. Moreover, T is the period time of the zig-zag motion in seconds.

In the experimental work presented in Chapter 6, a fairly complex model struc-
ture based on (3.60) was used to describe the motion of this full-scale vessel. The
reason for choosing that structure was simply that it gave the models with the
highest fit to measured data during testing. Estimating the parameters of a more
complex model structure, however, requires substantial amounts of data, and in
that experimental work, 4 of the 12 batches of data were used for estimation.
Using that much data for estimation gives very limited freedom in varying the
particular realization. The simplified model structure (9.2) generally gave less
accurate models but tended to give acceptable models even if lower amounts of
data were used for estimation. In this experimental work, the model structure
(9.2) was therefore deemed to be more suitable.

The instrument matrix was generated in the same way as for the small-scale ship,
i.e., by using the least-squares estimate for the parameters of the nominal model.
Further, the data was divided into different parts for the different maneuvers.
This time, 4 sub-experiments of each type were formed, each corresponding to
100 seconds of maneuvering (i.e., 100 samples). It can be noted that this in total
corresponds to 60 minutes of data, which might seem odd given that 97 minutes
of data was available. The reason for discarding more than a third of the data was
to keep the sets of sub-experiments balanced. Since 400 seconds corresponded
to the time that the least represented experiment primitive was used during the
experiments, no more data could be utilized while still including equally much
of each type.

9.3.1 Experimental results

Estimating (7.50), (7.51) and (7.55), and solving (7.57) gave an optimized design
where τ13(k) is used for 4 % of the total experiment time, τ14(k) for 2 %, τ16(k)
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for 30 %, τ18(k) for 22 %, τ19(k) for 11 % and τ20(k) for 31 %. Analogously
to before, the optimal design was approximated with a design where τ16(k) and
τ20(k) are used for one-third each while τ18(k) and τ19(k) are used for one-sixth
each. In this case, realizations of an optimal experiment can be formed by pick-
ing 2 of the sub-experiments where τ16(k) is used, 1 where τ18(k) is used, 1 where
τ19(k) is used and 2 where τ20(k) is used. Furthermore, the optimized experiment
design was compared with a random design, where 6 sub-experiments were se-
lected randomly, and the accuracies of the estimated models were evaluated by
cross-validation between simulated model output and estimates obtained from
the measured signals. For both the optimized design and the random design, the
set of sub-experiments was varied 500 times, and the results are given in Fig-
ures 9.11 and 9.12. Here it is actually the case that the most accurate models are
obtained with the random design. The worst-case errors following the random
design are, however, also higher and sometimes take on degenerate values. In
this sense, the optimized design is a more solid choice.

The fact that the most accurate models are obtained with the random design can
partly be explained by the weather conditions prevailing under the data acquisi-
tion. Recall that the data from the full-scale ship was collected on two separate
occasions with wind speeds of 3 m/s and 10 m/s, respectively. The experiment
primitives τ16(k)-τ18(k) were only applied during the windiest day, and conse-
quently, the data associated with those motion types are noisier in comparison
to the other data. Since the realizations of the optimal design are formed by the
concatenation of sub-experiments where both τ16(k) and τ18(k) are used, they
are bound to always include at least 50 % of data from the windiest day. The
realizations of the random design are, however, occasionally made up exclusively
of data from the calmer day.

9.4 Finding an experiment trajectory

In Chapter 8, a method to generate a spatially feasible experiment trajectory
based on an already determined mix of sub-experiments was proposed. To show
that this idea is reasonable, a proof-of-concept simulation experiment was per-
formed based on a sea-depth map over the port of Helsinki. This simulation ex-
periment was carried out under the assumption that three different experiment
primitives had been selected, possibly using the approach outlined in Chapter 7.
The three considered experiment primitives were two types of zig-zag motion in
surge direction with low and high amplitude for the turns, respectively, as well
as one zig-zag motion in sway direction. It was assumed that the primitives were
to be applied three times each. What maneuvers that the motion primitives are
based on is not important in this step, and other types of motion, such as spiral
and circle tests, could equally well have been considered. The main motivation
for choosing these particular maneuvers was that applying them gives the ship
a new position regardless of how long they are applied. This makes them con-
siderably easier to illustrate in a plot. In addition to the information-yielding
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Figure 9.11: Cross-validation rmse between simulated model output and
estimates obtained from measured signals in each dof from the full-scale
ship. Errors above 1, 0.5 and 0.05 are truncated, respectively.

Figure 9.12: Norm of cross-validation rmse between simulated model out-
put and estimates obtained from measured signals from the full-scale ship,
εu(k) = û(k) − u(k), εv(k) = v̂(k) − v(k), εr (k) = r̂(k) − r(k). Errors above 1 are
truncated to 1.
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maneuvers, the ship was allowed to move straight forward and to rotate on the
spot (both clockwise and anticlockwise), i.e., three basic motion primitives were
considered as well. The obstacles were represented by bounding boxes, and ad-
ditional bounding boxes associated with the changes in position from the motion
primitives were computed. The constraint (8.1e) could then be checked by exam-
ining whether the bounding box associated with a particular motion primitive
overlapped with any bounding box associated with an obstacle. In practice, there
can be uncertainty in the estimate of the geographical space required for execut-
ing a specific maneuver, for example, due to limited trust in the nominal model
that the experiment design is based on. Within this framework, such uncertainty
can readily be accounted for by making the associated bounding box larger.

The state lattice was discretized with 35 × 44 positional coordinates and 4 differ-
ent attitude levels. Notably, this gives a state lattice with 35 · 44 · 4 · 33 = 166320
states if the states obscured by obstacles are included. This is a fairly large state
lattice and an exhaustive search would be time-consuming. The planning was
therefore carried out using the A∗-search algorithm as discussed in Chapter 8. In
this simulation experiment, a greedy heuristic function based on (8.9) was im-
plemented, which prioritized using information-yielding maneuvers whenever
possible. As mentioned before, this heuristic function is neither admissible nor
consistent. Consequently, the shown results are not necessarily optimal.

A planned trajectory is shown in Figure 9.13, where the ship was assumed to
start in the upper-left corner, which is a harbor, and to finish up in a position
in the lower parts of the map. The goal position was chosen arbitrarily, and an
arguably more realistic scenario would be to both start and end in the harbor.
Planning with the same node as start and goal is, however, by no means more
difficult and choosing the goal node in this way had the benefit of the trajectory
not overlapping itself, which makes the result much easier to illustrate. It can
be noted that the planner chooses to use the most space-consuming maneuvers
in the wide area at the top right, which is reasonable. Further, the importance
of including the basic motion primitives is clear because it would not be possi-
ble to pass by the narrow region around the coordinates (2000, -3500) without
them. Finding this trajectory took about 40 seconds on a modern laptop when
using a completely plain implementation of the A∗-search algorithm outlined in
Bergman [2021].

9.5 Discussion

In this chapter, the results from experimental work using the methods proposed
in Chapters 7 and 8 have been presented. The results from testing the dictionary-
based approach for finding a suitable input signal to use during a data-collection
experiment were shown in Sections 9.1-9.3. Moreover, the result of a proof-of-
concept simulation example, using the proposed technique for generating an
experiment trajectory, was presented in Section 9.4. Regarding the dictionary-
based approach for experiment design, promising results were obtained using
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Figure 9.13: Planned trajectory using 3 different experiment primitives;
steep zig-zag motion in surge direction (blue), wide zig-zag motion in surge
direction (yellow) and wide zig-zag motion in sway (green). The start posi-
tion is marked in yellow and the goal position is marked in purple. Islands
and shallow water are treated as obstacles and are marked in red.
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simulated as well as real data. In particular, the results regarding reduced es-
timation errors obtained with simulated data are quite compelling, and similar
results were obtained using data collected with a small-scale model ship. These
results could readily be converted to instead provide reduced experimental time
by lowering the requirements on model accuracy. As in the experimental work
presented in Chapter 6, the results obtained using data from a full-scale marine
vessel are not as clear since the most accurate models, in this case, are obtained
with the random design. There are multiple conceivable explanations for this.
The most plausible is the fact that the data was collected on separate occasions
with varying weather conditions. However, it should be stressed that despite this
limitation with the data, there is a clear indication that the proposed method is
useful in the sense that the risk of ending up with a very inaccurate model is sig-
nificantly reduced. Actually, reduced risk of ending up with degenerate models
is a highly desirable attribute in practice since the main goal is usually to ob-
tain models that are sufficiently accurate to prove useful. Whether the obtained
model is optimally accurate or not is then secondary.

A key step in a dictionary-based approach for experiment design is the selection
of candidate input signals. In this work, it was assumed that the set of candidate
signals to consider was predetermined. If some candidate signals are significantly
worse than others, a dictionary-based approach can seem to be beneficial simply
by avoiding the use of maneuvers with poor information content. The considered
excitation signals, τ1-τ11 were therefore carefully chosen to all constitute reason-
able alternatives. As briefly mentioned earlier, the signals τ7 and τ8 give the
highest magnitudes for the system states and consequently also provide the most
information when used alone. The fact that these two signals barely showed up
in the optimized designs supports the claim of a fair choice of candidates. The
candidate signals considered for the full-scale vessel, τ12-τ20, were not chosen
for this work in particular but were represented in experiments carried out for
system identification purposes. They should therefore also constitute reasonable
alternatives.

In general, solving (7.57) results in a continuous partition of how long each candi-
date signal is to be applied. To test the method in practice, these continuous par-
titions were approximated with designs where batches of data with fixed lengths
were combined. Batches of significant length were chosen to ensure that the ex-
pected information gains from each candidate signal were reliable. As a conse-
quence of this approximation, candidate signals that were to be used for a short
time were not used at all, and it was implicitly assumed that not conducting ex-
periments using these excitations had a negligible effect on the resulting data
informativity. It should be mentioned that there are problematic cases where
such an assumption will not hold. For example, there might be a subset of the
model parameters that can only be identified if a specific candidate signal is used.
In this case, it might not be necessary to apply the specific candidate signal for
a particularly long time, but not applying it at all will inevitably result in data
that is insufficiently informative. Such problems were never observed for any of
the data presented in this chapter. However, problems of this type could occur if
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the gain from the tunnel thruster was considered unknown and included in the
model. This is because dedicated sub-experiments where the tunnel thruster is
used would then be needed.

An issue with the proposed method for generating a spatially feasible experiment
trajectory is the poor scalability. In the numerical example presented above,
three information-yielding maneuvers were to be performed three times each.
This is a fairly simple scenario but is still at a level of complexity that is rele-
vant for experiment design in practice. It can be noted that if five maneuvers
instead were to be performed five times each, the state lattice would grow to
35 · 44 · 4 · 55 = 19250000, i.e., the number of states would increase by a factor
higher than 100. Solving the planning problem corresponding to this more de-
manding scenario would be quite time-consuming using a plain implementation
of the A∗-search algorithm. Multiple conceivable improvements can be consid-
ered, for example, regarding the use of hash tables for the list of nodes left to
be explored, as discussed in Chapter 8. A more state-of-the-art implementation
would probably speed up the search significantly.
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Conclusions and future work

In this thesis, nonlinear system identification has been applied for marine appli-
cations. In particular, parameter estimators for a special type of nonlinear regres-
sion model called second-order modulus models have been developed, and the
usefulness of an associated approach for improved experiment design has been
evaluated. Second-order modulus models were initially suggested for ships in
Fedyaevsky and Sobolev [1964] and have since been used frequently for describ-
ing the motion of general marine vessels, both on and below the water surface. As
stated in Chapter 1, the model class has sometimes also been used for vessels op-
erating in media other than water, and the usefulness of the results of this thesis
can therefore be of relevance in other robotic applications as well.

Limited attention has in literature been devoted to finding parameter estimators
for second-order modulus models that work well also when data is collected in
the presence of disturbances, despite the model class being commonly used. The
first goal of this thesis was thereby to fill this gap. An immediate choice that had
to be made regarding this was whether the focus should be on low estimation
variance or consistency. The trade-off between variance and bias is unavoidable
in system identification, and in a situation with a limited amount of estimation
data, an inconsistent estimator might very well give better-performing models
than a consistent one. For example, many of the recent advancements in black-
box modelling with machine learning methods are presumably due to clever use
of regularization techniques, i.e., the introduction of an intended estimation bias,
in combination with highly flexible (deep) network structures, see for example
Pillonetto et al. [2014]. Still, a natural starting point for any kind of physically
derived model class is to find a way of obtaining consistent parameter estimators.
This is because the purpose of such modelling is usually not only to predict the
system’s future behavior but also to get physical insights into how it functions.

169
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The possibility of trading asymptotic convergence for improved variance proper-
ties can always be discussed at a later stage.

In the initial work presented in Chapters 4-6, the primary focus was thereby to
asymptotically eliminate the estimation bias. In addition to dealing with bias
effects induced by environmental disturbances, this required addressing the chal-
lenges associated with errors-in-variables estimation for second-order modulus
models. A substantial list of approaches that are well-suited to deal with prob-
lems of this type for linear systems can be found in Söderström [2018]. Since
second-order modulus models are nonlinear, a method that could be generalized
beyond the linear setting was, however, sought. Out of multiple plausible alter-
natives, it was decided to explore the usefulness of the iv method for this. In
addition to being known to perform well under errors-in-variables conditions
[Söderström, 2007], the iv method has a couple of additional advantages that
are worth mentioning. Firstly, an iv estimator can readily be recast for recur-
sive estimation, as explained in Söderström and Stoica [2002]. Secondly, the iv
method can be used for closed-loop identification, as suggested by Söderström
et al. [1987] and Gilson et al. [2011]. Both these aspects can be of relevance if
models are updated based on data from ships in live operation, which is a fairly
conceivable future scenario.

If data is collected from ships in live operation, larger amounts of data than what
is typically the case in current industrial practice might be available. In this case,
it can be relevant to select a suitable subset of the data to use for estimation since,
as seen in Chapters 4-6, a careless choice might lead to an estimation bias. Fur-
ther, if the data from normal operation is not sufficiently informative, it might be
suitable to execute some informative maneuvers in addition to the regular driv-
ing to maintain high model accuracy. These observations tie well with the later
parts of the thesis where, in Chapters 7-9, the usefulness of a dictionary-based
approach for selecting a suitable mix of sub-experiments was explored. This ex-
periment design method can readily be used to propose an information-yielding
maneuver to complement the data collected during normal operation and can
also be useful in a more traditional setting, with dedicated data-collection exper-
iments followed by offline parameter estimation. In the latter case, significant
costs can be avoided by not letting the data acquisition be too time-consuming.
For this, the suggested experiment design framework can be used to plan time-
efficient experiments that are plant-friendly, safe and give informative data.

10.1 Future work

The results regarding consistency in this thesis are based on the assumption that
the absolute velocity states are measured directly. In practice, it is more common
that only some components of the state vector are available immediately, whereas
other components must be obtained by filtering techniques. This leads to discus-
sions such as the one in Section 3.6. Similar problems arise when wind sensors
are not mounted onboard the ship and also when weather vanes are used, regard-
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less of where they are mounted. This is further discussed in Section 5.5. The
root of the problem lies in the uncertainty of the mapping from one coordinate
system to another that follows uncertain angle estimates. In theory, the model
could instead be represented with n-frame velocities or cast on polar form. These
are not the conventional ways of expressing ship models but they constitute in-
teresting alternatives. Further, as seen in Chapter 4, an unbiased estimate of the
rotation matrix is an enabler for achieving consistency. The common procedure
of first estimating Euler angles, which in a second step are used for estimating
the rotation matrix, might in some cases be an unnecessary detour that propa-
gates uncertainty through nonlinearities. For certain sensors, using the raw mea-
surements for immediately obtaining an estimate of the rotation matrix can be a
better alternative.

Moreover, conducting experiments with excitation offset and forcing the instru-
ment matrix to have zero mean turned out to be sufficient solution steps for deal-
ing with the challenges associated with errors-in-variables estimation of second-
order modulus models. For obtaining consistent parameter estimators in cases
where data is collected under the presence of environmental disturbances with
more unknown character, an additional remedy was to estimate properties re-
lated to the first and second-order moments of system disturbances alongside the
model parameters. This idea was presented in Section 4.2 using predictors with
augmented regression vectors. In practice, such an approach tends to give pre-
dictors of high complexity. For example, the augmented predictors in Section 6.1
have more than twice as many parameters as the estimators using basic predic-
tors. This adds complexity to the estimation problem, and a natural side effect
is higher variance in the parameter estimates. The simulation examples in Sec-
tion 6.1.3 illustrate this. One possible way of reducing the variance is to enforce
that some of the bias terms are zero, already in the experiment design. Thereby,
the corresponding regressors would not have to be included in the predictor. As
seen in Section 5.2, this can be done in the case where the ship is moving along a
straight-line path. Removing all the estimation bias for a 3-dofmodel with cross
terms in this way is perhaps not feasible, but enforcing that some terms are zero
could possibly improve the variance properties of the estimators. Evaluating the
usefulness of such an approach is a possible area of future work. Further, there
is a close connection between the work presented in Chapters 4-6 and the design
of disturbance observers. It would be interesting to see how accurately the en-
vironmental disturbance properties can be estimated using attitude-dependent
regressors in the case where a model of the undisturbed system is already known.

In the latter parts of the thesis, the usefulness of a dictionary-based approach for
experiment design was analyzed and promising results were obtained using both
simulated and real data. Selecting a set of informative maneuvers in the proposed
way can probably in itself give improvements in terms of model accuracy in com-
parison to what is currently done in industrial practice, and if a more generally
optimal input signal is sought, the suggested method can be viewed as a way of
obtaining an initial guess for warm-starting a more flexible optimizer. Evaluat-
ing the potential benefits of such an approach is important future work. Further,
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a key step in a dictionary-based approach for experiment design is the selection
of candidate input signals. For ships, natural choices are excitation signals cor-
responding to standard maneuvers, such as zig-zag, circle and spiral motions of
varying speeds, frequencies and turn rates. In this work, it was assumed that
the set of candidate signals to consider was predetermined, and relevant future
work is to explore ways of automating the choice. The first step in this direc-
tion could be to adapt the set of candidate excitations based on the data that has
thus far been collected during the experiment, in line with the discussion about
re-planning in Section 7.3. For example, given a high model uncertainty in the
parameters associated with a specific dof, more experiment primitives that pro-
vide information about those parameters can be included in the set of candidates.
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