
 
 

Linköping University Postprint 
 
 
 
 
 
 
 

Lie Methods for Color Robot Vision 
 
 

Reiner Lenz 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Original publication:  
 
R. Lenz, Lie Methods for Color Robot Vision, 2007, Robotica 
 http://dx.doi.org/10.1017/S0263574707003906.  
Copyright: Cambridge University Press, http://journals.cambridge.org/  
 
Postprint available free at: 
Linköping University E-Press: http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-10438  

http://dx.doi.org/10.1017/S0263574707003906
http://journals.cambridge.org/
http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-10438


Lie Methods for Color Robot Vision

Reiner Lenz
Department Science and Technology

Linköping University, SWEDEN

Abstract

We describe how Lie-theoretical methods can be used to analyze color
related problems in machine vision. The basic observation is that the
non-negative nature of spectral color signals restricts these functions to
be members of a limited, conical section of the larger Hilbert space of
square-integrable functions. From this observation we conclude that the
space of color signals can be equipped with a coordinate system consisting
of a half-axis and a unit ball with the Lorentz groups as natural trans-
formation group. We introduce the theory of the Lorentz group SU(1, 1)
as a natural tool for analyzing color image processing problems and de-
rive some descriptions and algorithms that are useful in the investigation
of dynamical color changes. We illustrate the usage of these results by
describing how to use compress, interpolate, extrapolate and compensate
image sequences generated by dynamical color changes.

1 Introduction

Visual information is one of the most important sources we use for analyzing
our environment. Color is one of the key components of primate vision, helping
us to recognize and remember things [11]. The important role of color is also
highlighted by the fact that it was studied by almost all scientific disciplines:
physics, medicine, philosophy and art to name only a few. Color is, of course,
also a topic in machine vision and image processing but the majority of the
research there has traditionally been focused on the evaluation of gray value
images.

One of the consequences of this variety of interests is that every community
has developed its own vocabulary and set of tools. Traditional color science,
for example, defines color as something related to human perception. In [9]
the reader can find a detailed description of problems related to human color
perception. In this context it is therefore meaningless to discuss the color vision
system of an animal. It is also meaningless to talk about color in terms of
physics: radiation is the cause of color but it is not color in the sense of color
science.

In this paper we will investigate color related problems in terms of distri-
butions of electromagnetic radiation. We will show that these distributions are
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located in a cone-like part of a vector or Hilbert space. Here we will use tools
from the theory of Lorentz groups to investigate problems related to these distri-
butions. Note that we do not claim that the Lorentz groups are the only choice,
any set of transformations that map non-negative functions to non-negative
functions could be considered. We select the Lorentz group model since it is
well-known and since we found that it can be used to solve relevant problems re-
lated to color. It has also been used previously and for some related approaches
the reader may consult [2,7,12–15,28,30,31,36] and the references found there).
We also want to point out that we usually don’t consider the role of sensors in
the following. We are thus mainly interested in the properties of the space of
distributions of electromagnetic radiations itself.

Most of the investigations mentioned above use a model-building approach
based on trichromatic human color vision. In this paper we will use a data-driven
approach and the restriction to three-dimensional models is mainly motivated
by the fact that these results are easier to derive and to illustrate. Many of the
methods can be applied to higher-dimensional models as well. Note that we
don’t claim that the models described in this paper are the ”correct” models
to describe color related problems. Instead we use them as tools from a well-
developed toolbox, we apply them to empirically measured data and find that
they provide good descriptions of the relevant processes. All of the results will
be derived from purely geometrical facts but we have shown that there is a close
relation between these geometrical facts and concepts from color science derived
from psychophysics experiments (see [18] and the references there for details).

Apart from their relation to human perception we will mainly discuss appli-
cations of this framework to technical systems and we will illustrate how these
techniques can be used to investigate the effects of illumination changes. We will
show that one-parameter subgroups of Lorentz groups provide good descriptors
of illumination changes and we will illustrate usage of these results with a few
examples.

Before we describe the framework in detail we also want to point out that in
the following text we will use familiar terms like hue, saturation or chroma. We
will give them a precisely defined geometrical meaning but they should not be
confused with their counterparts in colorimetry and color science. We will also
restrict us to examples that illustrate the technique. These examples are merely
illustrations, here we will not compare them with more conventional techniques
since they are only used to show how simple methods from the Lie-theoretical
toolbox can be used in machine vision.

2 The conical framework for spectral color sig-
nal processing

Light is electromagnetic radiation and typically one considers the visible range
from 360nm to 830nm. Since we are not specifically interested in human vision
we will only assume that we are considering radiation in some interval I =
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[A,B]. Points in this interval represent wavelength and we denote them using
the wavelength variable λ. We will also use the term light for this radiation.
The visible range is most relevant for color vision but for industrial inspection
near infrared regions are useful and in remote sensing one is measuring in much
wider spectral bands.

We now introduce our model for multispectral color processing (more details
and applications to special classes of signals can be found in [17,18,20,21]). We
investigate functions defined on I and of special interest are the following three
types of functions:

Spectral power distributions: Spectral power distributions (SPD) describe
the spectral characteristics of illumination sources. We denote a typical
SPD by l(λ).

Reflectance spectra: This describes the ratio between the outgoing and the
incoming energy of a certain wavelength. Since we do not consider effects
like fluorescence here, we will assume that these values are between zero
and one. We denote it by r(λ) and have 0 ≤ r(λ) ≤ 1.

Color signals: The combined effect of the illumination and the reflection is
often combined in a single function s(λ), the color signal. Here we will
assume the simplest interaction model and we get s = l · r.

From their definition we see that all functions involved can only assume non-
negative values and they are therefore always located in a certain part of the
function space to which they belong. They are located in a conical section,
where a conical section of a space is a set that is closed under addition and
scalar multiplication with positive scalars.

Summarizing these basic properties we get the first components of our model:
All functions are elements of a Hilbert space L2 ([A,B]) of square integrable
functions on the interval I = [A,B]. Color signals and SPD’s are elements
located in a conical region of L2 ([A,B]) and reflectance spectra are special
elements in this region that have function values between zero and one. Using
other measures than the standard Lebesgue measure we can also include ”non-
smooth´´ spectra with spiky spectral characteristics but we don’t discuss these
details in this paper.

Next we consider stochastic processes with values in L2 ([A,B]). For every
value of the stochastic variable ω we have a color signal s(λ, ω). It follows
directly that the mean E (s(λ, ω)) is also located in the same conical region. For
the correlation function c(λ, λ′) = E (s(λ, ω)s(λ′, ω)) we see that c(λ, λ′) ≥ 0.
The correlation function defines an integral operator C with c(λ, λ′) as a kernel:

(Cs) (λ′) =
∫
I

c(λ, λ′)s(λ) dλ

From the Krein-Rutman theorem follows that the first eigenfunction of this
operator is also non-negative and therefore an element in the cone ((see [8], Vol.
III), [34], [26], [29] and also [10]). For the vast majority of empirical collections
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of color signals investigated by us we could also observe that this eigenfunction
is (approximately) proportional to the mean of the process.

Following the standard Principal Component Analysis (PCA) procedure we
will usually select the first (N +1) eigenfunctions b0, b1, . . . bN of the correlation
operator C such that Cbk = γkbk with γ0 ≥ γ1 ≥ ... and approximate functions
by their expansions in the eigenfunction system. For color signals we get, for
example, approximations of the form:

s ≈ 〈s, b0〉b0 + 〈s, b1〉b1 + · · ·+ 〈s, bN 〉bN = σ0b0 + σ1b1 + · · ·+ σNbN

where 〈s, bn〉 =
∫
s(λ)bn(λ) dλ is the standard scalar product in the Hilbert

space. For related discussions see also [1, 3–5,22].
From the non-negativity of s and the positivity of b0 follows that σ0 =

〈s, b0〉 > 0 for all non-zero signals s. We can therefore use the perspective
projection

(σ0, σ1, · · · , σN ) 7→ σ0

(
σ1

σ0
, · · · , σN

σ0

)
= σ0 (ξ1, · · · , ξN )

which is more adapted to the conical structure of the space since the latter
part ξ = (ξ1, · · · , ξN ) is independent under scaling transformations s 7→ cs with
scaling factors c > 0. Perspective projections and their related group theoretical
transformations were also used in the context of projection and permutation
invariants (see for example [6, 23]) but we will not discuss this relation here.

Following the intuitive notation from color science we call σ0 the intensity
and ξ = (ξ1, · · · , ξN ) the chromaticity of the corresponding color signal s. From
the non-negativity of the color signals follows also that the length of the vectors ξ
has a finite upper bound. After a suitable scaling of the basis function we can
assume that ξ = (ξ1, · · · , ξN ) is an element of the open N-dimensional unit
sphere.

We also remark that this approach is not limited to PCA-based descriptions.
All bases with b0(λ) > 0 are suitable and other selections like b0(λ) = 1 or b0
equal to the mean may (and have also been) used.

3 The symmetry group of color signals

In the model developed so far we find that a color signal can be described by a
coordinate vector (σ0, ξ) with σ0 ∈ R+ and ξ an element in the open sphere. A
general approach used in geometry considers point sets with geometrical prop-
erties like angles and lengths together with their mappings that preserve these
properties. In the following we will follow this idea and describe how it can be
applied to the coordinate space of color signals.

From now on we will restrict us to three-dimensional coordinate systems.
We will do this mainly to keep the technical problems as small as possible and
at the same time realistic enough to illustrate the main features of the general
case. Apart from this theoretical convenience it can also be justified by the
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fact that human color vision is based on three color receptors and that the
vast majority of technical systems is based on the three-dimensional RGB color
representation. We will describe some applications based on RGB images at the
end of the paper.

For this three-dimensional coordinate system we change our notations and
write ξ instead of ξ1 and η instead of ξ2. Combining them to the complex
variable ζ = ξ + iη we have |ζ|2 = ξ2 + η2 < 1 and ζ is an element of the unit
disk denoted by U .

For the set R+ of positive numbers it is well-known that its natural trans-
formation group is the multiplicative group and a natural coordinate system is
given by its exponents:

σ0 = eτ

It is interesting to note that the logarithmic scale has some similarities to prop-
erties of human perception and technical applications like gamma-mapping but
we will not follow these connections further. Problems related to properties
of the intensity parameter τ can be treated separately from the chromaticity
properties and we will always assume that this has been done. Often we will
therefore consider coordinate vectors with constant τ = 0, ie. σ0 = 1.

The chromaticity descriptors ζ = ξ+ iη are points on the unit disk but they
do not necessarily fill the whole disk. A well-known geometry for the unit disk
is defined by the group SU(1, 1). It consists of all complex 2× 2 matrices M of
the form:

M =
(
α β
β̄ ᾱ

)
(1)

with detM = |α|2 − |β|2 = 1. This group is often defined as the group of
all matrices that preserve the non-Euclidean distance. We therefore want to
point out that we do not claim that this distance is the given distance measure
for the chromaticity points. Essentially we use the elements in SU(1, 1) as a
set of transformations that map chromaticity parameters to other chromaticity
parameters.

Here we only introduce some basic properties of SU(1, 1), for a more com-
prehensive account the reader may consult the vast literature on the subject
(for example [16,32] and as a complement [24]).

For a complex variable ζ these matrices define the fractional linear mappings:

ζ 7→M 〈ζ〉 =
αζ + β

β̄ζ + ᾱ

and it can be shown (by a simple computation) that the concatenation of two
such mappings corresponds to the matrix multiplication of the corresponding
matrices:

M2〈M1〈ζ〉〉 = (M2M1) 〈ζ〉

The connection between the group SU(1, 1) and the geometry of the disk U is the
following relation that shows that these transformations preserve the following
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metric on the disk:

dh(ζ1, ζ2) = 2arctanh
|ζ1 − ζ2|
|ζ̄1ζ2 − 1|

; ζ1, ζ2 ∈ U . (2)

This is the hyperbolic distance and every M ∈ SU(1, 1) in the group preserves
the distance:

dh(ζ1, ζ2) = dh(M〈ζ1〉,M〈ζ2〉); ζ1, ζ2 ∈ U (3)

The two complex variables α, β in Eq.( 1) define four real parameters and
since all matrices have determinant one, we can see that the group can be char-
acterized by three parameters. We formalize this by first considering different
parameterizations of the group and then introducing its Lie-algebra and one-
parameter subgroups.

We consider first three special types of matrices and their geometrical inter-
pretation:

• β = 0 : From the determinant |α|2 = 1 we get α = eiϕ/2 and Mϕ/2〈ζ〉 =
eiϕ/2ζ/e−iϕ/2 = eiϕζ. These are rotations and we write them as: K(ϕ).

• M τ =
 cosh τ/2 sinh τ/2

sinh τ/2 cosh τ/2

 : Especially for ζ = 0: M τ 〈0〉 = tanh τ/2

we get a radial scaling in the x-direction. They are written as A(τ).

• For ξ ∈ R define M ξ =
 1 + iξ/2 −iξ/2

iξ/2 1− iξ/2

 and denote the corre-

sponding mapping by N (ξ).

These transformations define the following one-parameter subgroups of SU(1, 1) :
K = {K(ϕ) : 0 < ϕ < 4π}, A+ = {A(τ) : τ ∈ R+} and N = {N(ξ) : ξ ∈ R}.

Related to these subgroups are the following parameterizations:

• G = KA+K is the Cartan decomposition of SU(1, 1) and φ, τ, ψ are
the three Euler angles. This means that each M ∈ SU(1, 1) can be
written as M = K(φ)A(τ)K(ψ) for K(φ),K(ψ) ∈ K and A(τ) ∈ A+.
The relations between φ, τ, ψ and α, β are:

τ = 2arctanh
∣∣∣∣βα
∣∣∣∣ ; φ = arg

(
β

ᾱ

)
; ψ = arg(αβ̄), (4)

alternatively

α = ei(φ+ψ)/2 cosh
τ

2
; β = ei(φ−ψ)/2 sinh

τ

2
. (5)

We have M〈0〉 = (α · 0 + β)/(β̄ · 0 + ᾱ) = β/ᾱ and:

τ = 2arctanh |M〈0〉| ; φ = arg (M〈0〉) . (6)
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• The Iwasawa decomposition is SU(1, 1) = KAN , ie.M = K(ϕ)A(τ)N(ξ)
with parametrization (ϕ, τ, ξ).

Apart from these matrix factorizations we introduce coordinates using ma-
trix exponentials as follows:

• Assume M(t) is a one-parameter subgroup. Its infinitesimal genera-
tor X is the matrix

X =
dM(t)
dt

|t=0= lim
t→0

M(t)−E
t

. (7)

• For a given infinitesimal matrix X the exponential is:

M(t) = etX = E + tX +
t2

2!
X2 + ...+

tk

k!
Xk + ... (8)

where E is the identity matrix.

• The infinitesimal matrices X (one for each one-parameter subgroup of
SU(1, 1)) form the Lie algebra su(1, 1).

• For a starting point ζ(0) ∈ U and a one-parameter subgroup M(t) we
define an orbit or an SU(1, 1) curve ζ(t) as:

ζ(t) = M(t)〈ζ(0)〉 = etX〈ζ(0)〉; t ∈ R; z(t) ∈ U (9)

For the Lie-algebra su(1, 1) it can now be shown that it forms a three di-
mensional vector space with basis elements:

J1 =
(

i 0
0 −i

)
; J2 =

(
0 1
1 0

)
; J3 =

(
0 i
−i 0

)
and every element X in the Lie algebra can therefore be written as a linear
combination X = α1J1 +α2J2 +α3J3 and the vector α = (α1, α2, α3) is another
coordinate vector for the Lie algebra element X and the Lie group element eX .
One-parameter subgroups are described by straight lines in the Lie-algebra.

We now consider a one-parameter group with infinitesimal generator X act-
ing on points on the unit disk and describe its relation to differential operators.
For a function f(ζ) we define the differential operator DX as:

DXf(ζ) = lim
t−→0

f(M(t) < ζ >)− f(ζ)
t

(10)

Treating f as a function of the real and imaginary parts ξ, η separately and
using the chain-rule results in

DXf(ξ, η) = gX(ξ, η)D1f(ξ, η) + hX(ξ, η)D2f(ξ, η)

with partial derivatives: D1f(ξ, η) = ∂f(ξ,η)
∂ξ , D2f(ξ, η) = ∂f(ξ,η)

∂η and the two
functions gX(ξ, η), hX(ξ, η) depending on the one-parameter subgroup repre-
sented by X. For a one-parameter subgroup with the coordinates (α1, α2, α3)
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it can be shown that the differential operator can be described by the matrix
product

(
D1 D2

)( −2η0 1− ξ20 + η2
0 −2ξ0η0

2ξ0 −2ξ0η0 1− η2
0 + ξ20

) α1

α2

α3

 (11)

A well-known property from hyperbolic geometry shows that for a sequence
of three points ζ0, ζ1, ζ2 there is exactly oneM ∈ SU(1, 1) such thatM < ζ0 >=
ζ1 and M < ζ1 >= ζ2. The fact that three points are needed is a consequence
of the fact that the group SU(1, 1) has a three-dimensional Lie-algebra and the
disk U is two-dimensional. It can be shown that for every point ζ ∈ U there is
a one-parameter group with elements M ζ (t) and ζ(t) = M ζ (t) 〈ζ〉 = ζ. These
stabilizing subgroups are given by:

α1, α2 = α3 = 0 ( if η = ξ = 0)

α1 =
(1 + η2)

2η
α2, α3 = 0 ( if ξ = 0, η 6= 0)

α1 = − (1 + η2 + ξ2)
2ξ

α3; α2 = −η
ξ
α3 ( if ξ 6= 0) (12)

The first equation is nothing else than the fact that the origin is a fixed point
under two-dimensional rotations.

4 Regression

We will now use these results, and especially Eqs.(11), to analyze color signals.
In a typical application we have a collection of measured data and we want
to fit the data to the model. One example is the analysis of a sequence of
illumination spectra, another the measured sequence of color signals originating
in the same surface point but illuminated with different illumination spectra.
A familiar example is an observation of an object under a sunrise or sunset.
Given these measurements one is often interested in interpolation (generating
the color signals in between actual measurements), extrapolation to predict the
next color signal in the sequence or compensation (eliminating the influence of
the factor giving rise to the changing color signals). All of these operations
are of interest in machine vision where a general problem is the separation of a
measured signal into its different generating processes.

In the simplest case we are interested in chromaticity changes of light sources
(dealing with intensity changes in a separate analysis). In this case the spectral
measurements generate a set of points ζk on the unit disk U . Our hypothesis
is that these points were generated by a one-parameter subgroup. If we want
to fit a curve, generated by a one-parameter subgroup, to this data we have
to estimate the parameter vector α of the infinitesimal element and the time
parameters tk describing the approximate locations of the points ζk on the curve.

8



In a more general context we do not have access to the spectral properties of
the light sources but only through their effect on a linear measuring device like
a camera. In this case the changing illuminations first interact with the objects
in the scene, generating time-varying sequences of color signals. These color
signals are then analyzed by the sensors in the camera resulting in a sequence
of RGB-vectors. In the simplest approximation the camera defines a bilinear
mapping of pairs of reflectance and illumination spectra into the space of RGB
vectors. Every one-parameter group of illumination changes defines therefore an
operator in the space of RGB vectors and every reflectance spectrum generates
a curve in RGB-space. The estimation of the illumination parameters from a
given RGB-curve is a common task in robot vision.

In the simplest case we have an ordered sequence of spectral measurements.
In many application, for example in the case of time sequences, such an order-
ing is naturally given, in others we can construct one by selecting the nearest
neighbor of a point as its successor. Assuming a certain regularity we can in
some cases even assume that the points are evenly distributed. In this case the
regression problem can now be formulated as follows:

Given a sequence of points ζk ∈ U , k = 1, . . .K and a fixed index κ with 1 ≤
κ ≤ K find a matrix M ∈ SU(1, 1) such that ζ̃l = M l〈ζκ〉 approximates ζκ+l.

We mentioned above that a sequence of three points defines a unique trans-
form. Given a point ζ0 in the data set we can now find the two nearest neigh-
bors ζ1, ζ2 with dh(ζ0, ζ1) ≤ dh(ζ0, ζ2) ≤ dh(ζ0, ζn). From these three points we
compute the matrix M with M < ζ0 >= ζ1 and M < ζ1 >= ζ2. One way to
find this matrix is via the Cartan Decomposition mentioned earlier.

The M defines an element X ∈ su(1, 1) in the Lie algebra with M = eX .
This element X has the coordinate vector α in the coordinate system defined
by the infinitesimal elements and in this way we construct a mapping U →
su(1, 1); ζ0 7→ α associating an element α(ζk) ∈ su(1, 1) from the Lie algebra
to each data point ζk (except for the two last points in the sequence that have
no two new nearest neighbors). From this collection of points α(ζk) in the Lie-
algebra one can construct a general solution for example by averaging: α =
mean (α(ζk)). A more sophisticated solution can be constructed by using an
optimization process to find the solution with the lowest approximation error
(measured in the hyperbolic metric).

A second solution is based on the discretization of the equations in (11). We
compute the changes of the points on the disk ∆ξ = dξ(t)

dt ‖t = 0,∆η = dη(t)
dt ‖t = 0

and obtain the following system of linear equations

∆ξ = −2η0α1 + (1− ξ20 + η2
0)α2 − 2ξ0η0α3

∆η = 2ξ0α1 − 2η0ξ0α2 + (1− η2
0 + ξ20)α3 (13)

with the three unknown parameters α1, α2, α3. Again we see that the informa-
tion contained in one measurement point is not sufficient to estimate all group
parameters since the position within the one-parameter subgroup that leaves
the given point fixed cannot be estimated. In most cases we are interested
in the properties of longer measurement series where we have more than two
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observations. In that case we can use any collection of at least two gradient
estimates ∆ξ,∆η in Eq.(13) to generate at least four equations and from that
we can estimate the unknown parameters (α1, α2, α3).

5 Applications

In the simplest case we have a sequence of spectral measurements and we want
to fit an SU(1,1) curve to the data. Before we describe the experiments with
spectral data in detail we mention the model of a black-body radiator. This
is the radiation generated by thermal stimulation and it is often used as a
standard since there is a closed expression for the emitted radiation. For details
the reader is referred to any standard textbook such as [35]. Here it suffices to
mention that lower temperature correspond to reddish colors whereas increasing
the temperature shifts color to the blue range. Typical daylights often used in
standardization procedures are 5500K and 6500K.

In the first series of experiments we investigate daylight spectra. We used
a recommended procedure to generate daylight spectra (for details see [35])
where the spectra are generated by linear combinations of three basis vectors.
The basis vectors are shown in Figure 1 and a few sample spectra are plotted
in Figure 2.

The spectra are given by linear combinations of the form l(λ) = b0(λ) +
γ1b1(λ)+γ2b2(λ) where γ1, γ2 describe the deviation from the mean distribution.
In our experiments we use a sequence of 56 spectra (corresponding to color tem-
peratures (in Matlab notation) (4000K:100K:8500K), (8500K:500K:10000K),
(10000K:1000K:15000K) and (15000K:5000K:25000K)). The coordinates γ1, γ2

used to compute the spectra are not very suitable for regression as can be seen
in Figure 3. In this and the following figures we use the following convention:
the positions of the original points are marked by circles, the starting point with
the hexagram, points in the past (negative group parameter) by x and points
in the future (positive group parameter) are marked by +.

Instead of using the original coordinate system, we will now follow the stan-
dard procedure and compute the coordinate system based on the principal com-
ponents of the correlation matrix. The three basis vectors obtained are shown
in Figure 4.

We then computed the coefficients in this coordinate system and used per-
spective projection to the unit disk. From these coefficients we estimated the
SU(1,1) curve based on the solution of Equations 11. For every point in the
sequence we considered three consecutive points and estimated the local best
fit based on the resulting six equations. From the solution vector (α1, α2, α3)
calculated for this point we computed the matrixX in the Lie-algebra andM =
eX ∈ SU(1, 1). We then applied Mk to the selected point until we reached both
ends of the sequence. The result of an estimation using the first 20 spectra in
the sequence (corresponding to color temperatures 4000K to 5900K) is shown
in Figure 5.

The result for an regression of all points in the sequence, starting at point
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Figure 1: Three basis vectors recommended for generation of daylight power
distributions
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Figure 5: Approximation of the first 20 points starting from point 10 (4900K)
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Figure 6: Approximation all points starting from point 26 (6500K)

26 (=6500K) is shown in Figure 6.
The last figure shows that the approximated curve captures very well the

shape of the original distribution but that the assumption of equi-distributed
points is not valid, the distances between points at the end of the measured
data are clearly varying. This could be incorporated into the regression solving
for approximations of the form etkX instead of ekX but we will not follow this
approach here.

Instead we investigate a sequence of blackbody radiators in approximately
the same range: 4000K to 20000K. We used 200 spectra but in contrast to
the last experiment were the difference between the spectra was in constant
temperature increments we use here increments in inverse temperature 1/K
(the mired sampling). It is known that our perception of color differences is
much better correlated to the mired than to the original temperature scale.
The regression result is shown in Figure 7 and we see that the approximation is
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Figure 7: Approximation blackbody radiators in the range 4000K to 20000K

in much better agreement than in the previous case.
The next series of experiments investigates the changes of color signals as a

function of illumination changes. For this purpose we construct two bases: one
basis describes the power distribution of the illuminants. It is computed from
a selection of black-body radiators. The other basis describes the properties of
reflection spectra. It is computed from all color samples in the Munsell color
atlas (see [27] for a detailed description).

We use a multispectral image and the sensitivity of a commercial Canon 10D
camera to generate an RGB representation of the images. The multispectral im-
age consists of 31 bands described in [25] and the camera calibration procedure
can be found in [33].

We generated a sequence of 50 blackbody spectra in the range 4000K to
15000K in the mired sampling and computed the color signals as products of
the illuminant spectra and the reflection spectra in the image. For each pixel
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Simulated RGB images for frames 5 and 30

Figure 8: Frames 5 and 30 in the simulated image sequence

we get a sequence of 50 color signals of dimension 31. The simulated images of
frame 5 and 30 (corresponding roughly to color temperatures 4200K and 7100K)
are shown in Figure 8.

Next we computed the coefficients of the color signals in the basis derived
from the Munsell atlas and after perspective projection we have for each pixel
in the scene a sequence of 50 points on the unit disk. For each of the pixels and
the corresponding sequence on the disk we computed a one-parameter group
using the regression method described above.

The traces of the color signals on the disk vary widely as a consequence of
the interaction with the surface points in the scene. An illustration is given in
the next two figures. In Figure 9 we mark the location of five points in the scene
(the center points of the black and white squares). We illustrate the results of
our experiments with the help of these five points.

In Figure 10 we see the location of the coordinates of the five sequences on
the disk. We see that they are located in different regions and have different
lengths. Here one has to take account the variation of hyperbolic lengths in
comparison to euclidean length: The same euclidean length represents a higher
hyperbolic length the nearer the points lie to the boundary of the disk. The
sequence in the upper right part represents therefore a longer hyperbolic curve
than the curve near the center of the disk. For all sequences we can see a good
agreement between the measured locations and their approximations. The result
with the blackbody radiators showed a close relation between the mired scale
and the group parameter. This is confirmed in Figure 11. In the middle image
we see the (scaled) hyperbolic distance between the points on the unit disk
belonging to frames 25 and 26. In the right image the corresponding scaled
distance between the first and last (50th) frame in the sequence is shown. The
impression that they are virtually identical is confirmed in the left plot which
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Figure 9: Five points with different reflection properties
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Figure 11: Hyperbolic distances between frames

shows the value of the scaled total distance (between first and last frame) and
the value of the distance between frames 25 and 26 on the y-axis. The scaling
factor was calculated by regression and set to 0.0212.

The coordinates in the Lie-algebra are more difficult to visualize. In Fig-
ure 12 we show (scaled) versions of the three different components of the vectors
(caption ”Dimension 1” corresponds to the shifted and scaled value of α1 etc.)
and a pseudo-color representation of the whole vector. The pseudo-color image
was based on the idea that the subgroup K(ϕ) is the rotation group and its co-
ordinates are thus related to angles. We therefore map the vectors (α1, α2, α3)
to the HSV color space where H represents hue (α1), S saturation (α1) and V
value (or intensity, α1)). We first shifted and the scaled the three channels inde-
pendently so that their values where in the interval [0,1] and then we used the
Matlab conversion HSV2RGB to generate the RGB image shown in the lower
right quadrant of Figure 12.

We illustrate an application of this result for coding, interpolation and ex-
trapolation of color image sequences. For every pixel in the image we construct
a six-dimensional descriptor: The first three components of this descriptor are
the three expansion coefficients (σ0, σ0ξ, σ0η) computed from the color signal at
the given position under a fixed illumination. The other three descriptor compo-
nents are the vector (α1, α2, α3, ) with the infinitesimal generator estimated at
this pixel from the given frame and some of its consecutive frames. In our exper-
iments we used three consecutive frames as mentioned above. From this vector
we can generate an approximation of the color signal t time steps away from the
current frame by first computing M(t) = et(α1J1+α2J2+α3J3). Then we apply
the chromaticity transformation to obtain ζ(t) = ξ(t)+iη(t) = M(t)〈ζ〉 with ζ =
ξ + iη. Finally we get the vector with the new coefficients: (σ0, σ0ξ(t), σ0η(t)) .

In Figures 13 and 14 we illustrate one result obtained using this method.
We start with the results obtained from Frame 25 in the previous sequence, cor-
responding to an illuminant with temperature 6242K. Using the matrix C with
the sensitivity functions of the Canon 10D camera and the matrix B with the
basis vectors computed from the Munsell color atlas we compute the transfor-
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Figure 12: Visualization of Lie-algebra coordinates
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Figure 13: RGB images with Illuminant 5590K

mation matrix T = CB of size 3×3. For a coefficient vector c = (σ0, σ0ξ, σ0η)′

we compute the RGB vector as Tc.
The images in Figures 13 and 14 are now obtained as follows: For a given

pixel with infinitesimal vector (α1, α2, α3, ) we computeM(t) = et(α1J1+α2J2+α3J3)

with t = −5 for Figure 13 and t = 25 for Figure 14. They correspond to
frames 20 (5590K) and 50 (15000K) in the original sequence. We use them to
compute the transformed values of ζ(−5), ζ(25) and the new coefficient vectors.
Then we compute the estimated RGB image using the transformation T = CB.
For comparison we compute the simulated RGB images using the full spectral
descriptions of the illuminant, the reflection spectra and the camera. We see
the result of the prediction on the left side of the Figures and the full spectral
version on the right.

The previous experiment shows that the infinitesimal generators and the
start values of the chromaticity points are sufficient to approximate RGB images
of the same scene under different illuminants. The computations require however
access to the full spectral descriptions of the color signals. Producing such
dynamic multispectral video sequences is however very difficult and expensive.
It would therefore be of interest if the necessary information could be obtained
from standard RGB images. In the following experiment we will investigate to
what extend this is possible.

The approach is based on the observation that the spectral data is only
needed to estimate the first three coefficients in an expansion. In the previous
experiments these three coefficients are the result of a projection of the full
spectral data onto the three-dimensional subspace spanned by the first three
eigenvectors of a positive-definite operator. If we now replace the eigenvector
based projection operator with the projection operator defined by the spectrally
calibrated RGB camera then we obtain another three-dimensional representa-
tion and we may try to estimate the three-dimensional PCA coordinates from
the three-dimensional RGB vectors.
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Figure 14: RGB images with Illuminant 15000K

In the experiment we used the spectra from the Munsell atlas and we gen-
erated 100 blackbody radiators in the range 3000K to 18000K (in the mired
sampling). Then we computed the correlation matrix of the color signals gen-
erated from the chips in the Munsell atlas and the 100 blackbody illuminants.
The eigenvectors of this correlation matrix form the projection operator from
the space of color signals to the three-dimensional coefficient space. In the next
step we used again all combinations of chips in the Munsell atlas and the 100
blackbody radiators to generate color signals. For each color signal we then
computed the coefficient vector of the PCA basis and the RGB vector from
the Canon 10D camera. For each color signal we have thus a pair of two three-
dimensional coordinate vectors: the PCA coefficients and the RGB vector. From
this collection we compute the 3× 3 matrix that is the best linear estimator of
the PCA vectors given the RGB vectors.

Using this linear estimation we now compute the estimated PCA coordinate
vectors from the RGB images and use these estimated coefficient vectors in the
same way as the exact coefficient vectors were used in the previous experiments.

Figure 15 corresponds to Figure 11 but now the hyperbolic distances are
computed in coordinates computed from the RGB camera images via linear
regression. It shows that there is still a good agreement between low hyperbolic
distances (smaller color changes) but that the variation is much greater for
more significant color changes. The visualization of the Lie-algebra coordinates
is given in Figure 16 but a comparison with Figure 12 is very difficult since this
result is based on another basis in the Hilbert space of color signals. Finally we
compare the prediction characteristics of the spectral based estimation and the
RGB-based method. For that we start again with the PCA coordinates of frame
25 in the sequence and we compare the predictions 5 frames back and 25 frames
ahead. In the two Figures 17 and 18 we see on the left the exact images as
calculated from the spectral data. In the middle we see the estimates based on
the PCA-coordinates (see Figures 13 and 14). On the right we see the estimated
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Figure 16: Visualization of Lie-algebra coordinates (derived from RGB images)
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Spectral PCA−based RGB−based

Figure 17: RGB images with Illuminant 5590K

Spectral PCA−based RGB−based

Figure 18: RGB images with Illuminant 15000K

images based on the infinitesimal operators and the coefficient vectors computed
from the RGB images. We see that the results for the RGB-based and the
PCA-based estimates are very similar. This is also confirmed by the histograms
in Figure 19 where we see the histograms of the Red, Green and Blue channels
for the original, spectrally computed image (marked by a *), the PCA-based
estimate (marked by a hexagram) and the RGB-based estimate (marked by a
circle). This is based on the prediction of frame 50 from the data computed from
frame 25. We see that the PCA-based estimate is slightly better, especially in
the red channel.

6 Conclusions and Summary

We started with the observation that all functions relevant in spectral color
processing are non-negative. From this we concluded that these functions are
all located in a cone. The cone is geometrically a direct product of the half-
axis and a disk and we could therefore introduce a coordinate system in the

26



0 100 200
0

0.1

0.2

0.3

0.4

0.5

0.6

Red , Histogram, Frame 50

 

 
Original
PCA
RGB

0 100 200
0

0.1

0.2

0.3

0.4

0.5

Green, Histogram, Frame 50

 

 
Original
PCA
RGB

0 100 200
0

0.1

0.2

0.3

0.4

0.5

Blue, Histogram, Frame 50

 

 
Original
PCA
RGB

Figure 19: Histograms of estimates for Illuminant 15000K

Hilbert space in which the first coordinate is the projection of the function on
the half-axis and the vector of the remaining coordinates lies on the unit disk.
For three-dimensional approximations (which are especially relevant for human
and technological color applications) we considered the two-dimensional unit
disk and introduced the Lorentz-group SU(1, 1) as a group of metric-preserving
transformations. Problems involving functions on the unit disk were then lin-
earized using the Lie algebra and their differential operators.

This derivation of the theoretical framework is completely based on geo-
metrical arguments without taking into account color specific properties. It
is therefore important to check how relevant the framework is for color signal
processing. Here we illustrated the usefulness of the tools with some exam-
ples involving illuminants defined by numerical or theoretical models. We used
these here since they allow complete control of the properties involved. Other
examples with measured data can be found in [17–21].

Among the many problems that can be solved using Lie-theoretical tools we
selected the compression/interpolation/extrapolation problem for sequences of
multispectral image sequences. We first showed that relevant sequences of illu-
minants can be described by one-parameter subgroups of the Lorentz group. We
then described how non-linear regression can be used to estimate this subgroup
from measurement data and then we showed how these estimates can be used
to compress multispectral image sequences and how the appearance of a scene
under a new illuminant can be computed from an existing Lie-based description.

This is only one application where these tools can be used. Other applica-
tions for robot vision include the construction of invariants and the design of
features for the recognition of patterns in multispectral or color images.
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