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Chapter 1

Introduction
There are many different applications where three dimensional data describing
the shape of an object is needed. For example it is used in the wood industry
to determine the optimal sawing of logs; in the electronics industry to examine
solder paste deposits and in the 3D animation industry to import real objects into
animated films. Many of those uses have very high requirements of precision.
Our ordinary way of imaging objects is to use a camera. However, taking a
two dimensional image of a three dimensional object is of course a great reduction
of data. Different methods of determining the missing depth data exist, among
others stereo vision; time-of-flight methods and laser triangulation. This thesis
treats laser triangulation where a laser with a known position and angle relative
to the object and the camera is used to obtain the missing data. By calculating
the intersection between the laser and the line of sight of the camera we can
determine the exact point in the three dimensional room where the laser hits the
object. The principle of laser triangulation is pretty straightforward, yet there are
many sources of errors and artifacts, this thesis will try to address some of them
by using spacetime analysis.

1.1

Background

The most common way of doing laser triangulation as of today is to use only one
image at a time when detecting the laser line. The problem of this method is
that it is prone to artifacts caused by variations in surface properties, and small
height differences tend to drown in these artifacts. For example when trying to
measure the height of the bumps in Braille printing1 with regular text written on
top of it, the artifacts caused by the contrast variations in the text are of the same
magnitude as the measured heights, this effectively makes it impossible to reliable
detect the Braille bumps. A similar problem arises near surface discontinuities,
which means that the measured height near a sharp corner will deviate from the
true height. A way of avoiding these artifacts by using several frames at a time is
1 Small

bumps with a height of approximately 0.25 mm.

1
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proposed by Curless and Levoy in [1], this thesis will further evaluate that method.

1.2

Purpose

The purpose of this thesis is to describe, implement, test and evaluate a new
method for laser triangulation. The method is expected to significantly reduce
artifacts that are due to discontinuities in the properties of the scanned surface.
The possibilities of using light sources other than lasers and thereby avoiding the
hazards of laser light will also be examined. Different methods of automatically
calibrating the parameters introduced by the new method will be investigated.
The potential benefits of parallelization will also be investigated by running an
implementation of the algorithm on a GPU (Graphics Processing Unit). The
ultimate goal of the thesis is to show that the new method can handle detection
of Braille printing where regular text has been written on top of it, this is a case
where ordinary methods fail. Laser triangulation issues addressed in this thesis
are:
- Artifacts caused by reflectance discontinuities
- Artifacts caused by surface discontinuities
- Using non-coherent light sources
- Automatically estimating introduced parameters
- Increasing algorithm throughput by parallelization

1.3

Outline

In chapter 2 the needed theory of optics is presented, starting with the thin lens
camera model and then continuing with lens distortions, the Scheimpflug condition and perspective distortions. In chapter 3 the principles of ordinary laser
triangulation are explained and equations for calculating the range data are derived. In chapter 4 the spacetime method is introduced and the theoretical aspects
are discussed in detail. Chapters 2, 3 and 4 are in parts based on earlier results
found in [8] and [3], the presentation is, however, extensively altered to give a
more comprehensive view of spacetime laser triangulation. In [3], for example,
no perspective distortions were accounted for; the different methods of estimating
the parameters introduced by the spacetime analysis are also new and so are the
ideas of using non-coherent light. In chapter 5 a new algorithm for performing
spacetime analysis is presented and the different steps are discussed from a more
practical point of view, this chapter is recommended for readers not interested
in delving the more theoretical aspects of spacetime analysis. Chapter 6 demonstrates the performance of the method and compares the results to the standard
method, the different suggested methods of estimating the introduced parameters
are evaluated as well. Chapter 6 also contains the results obtained from running
the algorithm on a GPU (Graphics Processing Unit). In chapter 7 conclusions
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are drawn, the strengths and weaknesses of spacetime analysis are discussed and
subjects for future work are enumerated.

1.4

Variable Names and Descriptions

Throughout the thesis many different variable names and abbreviations are used.
Table 1.1 summarizes a short description of the most important variables.
Short
(x, y, z)

OA

Full name
World Coordinates
Sensor Coordinates
Optical Axis

OC

Optical Center

α
ϕ
b0

Camera Angle
Laser Angle
—

yL

Laser Offset

I(s)

Intensity Distribution
Reflectivity
Spacetime Angle
Spacetime Angle
—
—

(u, v)

RP
θST
θSTu
∆t
∆u
∆v

—

Description
The coordinates of a point in the real world.
The coordinates of a point on the sensor.
A line passing through the focal point and the
optical center of the lens.
In the thins lens model, this is the center of the
lens.
The angle between the optical axis and ẑ axis.
The angle between the laser and the ẑ axis.
Distance between OC and the image plane along
OA.
The horizontal distance from the optical center to
the laser.
A function describing the intensity distribution of
the light source.
The reflectivity of point P.
The angle of a single point’s trajectory in the vt
plane of the spacetime volume.
The angle of a single point’s trajectory in the ut
plane of the spacetime volume
The time between two consecutive frames.
The distance between two adjacent pixels in the
u direction on the sensor.
The distance between two adjacent pixels in the
v direction on the sensor.

Table 1.1. Descriptions and abbreviations of some variables commonly used in this
thesis.

Chapter 2

Basic Theory of Optics
In principle a camera system consists of an aperture; a lens and some kind of
recording surface onto which the image is projected. All cameras have certain limitations and it is important to have some insight in these when working with images
taken by them. The aim of this chapter is to provide some basic understanding of
the limitations and their implications on the triangulation result.

2.1

The Thin Lens Camera Model

An illustration of the thin lens camera model can be seen in figure 2.1. Rays of
light passing through the lens will get refracted, all rays originating from the same
point in the object plane will, after being refracted, pass through the same point
in the image plane. All incident rays of light parallel to the optical axis (OA)
will be refracted by the lens so that they pass through the focal point F on the
other side of the lens. Rays of light that pass through the optical center of the
lens (OC) will not get refracted at all. If we have an image plane at distance b0
from the lens, only objects in the object plane, at distance a0 from the lens, will
be in perfect focus, see figure 2.1. The relation between the two distances a0 and
b0 is determined by equation 2.1, also called the Gaussian lens equation. Details
and derivation of this equation can be found in [5].
1
1
1
=
+
f
a0
b0

2.1.1

(2.1)

The Scheimpflug Condition

In the thin lens camera model in figure 2.1 the object plane is assumed to be
orthogonal to the optical axis, however this is not always the case. In laser triangulation a setup similar the one in figure 2.2 often is used. In this case we
are trying to determine where in the picture the laser line is located which means
that image quality is most critical near the laser. Thus we want the focus, i.e.
the object plane, to coincide with the laser plane; this way the image always will
5
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Figure 2.1. The thin lens camera model.

Figure 2.2. The principle of laser triangulation.

2.2 Lens Distortions
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Figure 2.3. The modified thin lens camera model.

be sharpest around the laser, exactly where we need it. When the object plane is
tilted the image plane also has to be tilted to compensate for this, figure 2.3 shows
the thin lens camera model after this modification. The angle φ is the angle of the
object plane and β is the angle that the sensor plane has to be tilted by to keep
the whole object plane in focus. The angle β can be calculated by using equation
2.2, also called the Scheimpflug condition.
tan β =

b0
tan φ
a0

(2.2)

Typically the angle β is very small and often the Scheimpflug condition is ignored
when constructing a camera system, i.e. the image plane is kept orthogonal to the
optical axis even though the object plane is tilted. In this thesis β is assumed to
be 0◦ . A derivation of equation 2.2 can be found in [8].

2.2

Lens Distortions

There are several different kinds of lens distortions and they are often divided
into two main groups, chromatic and monochromatic aberrations. The chromatic
aberrations appear when chromatic light (i.e. light consisting of many different
wavelengths) pass through the lens and is caused due to the fact that the index
of refraction of the lens material varies slightly for different wavelengths of the
light which will make the image appear unsharp. Chromatic aberrations are not a
problem when it comes to laser triangulation since laser is monochromatic light.
The second kind of lens distortions, monochromatic aberrations, arise since lenses
are not infinitesimally thin nor perfectly symmetrical as assumed in the thin lens
camera model. Monochromatic aberrations cause the geometry of the image to be

8
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distorted. A thorough theoretical examination of these aberrations can be found
in [5].
The aberrations caused by the camera system used for this thesis is quite modest and, moreover, compensating for them can be considered a problem completely
separable from the spacetime method dealt with here, therefore lens distortions
will be ignored from now on.

2.3

Perspective Distortions

In simple words, perspective distortions are caused by the fact that something
far away from the camera appears smaller than something near the camera. This
also means that an object moving with a constant speed in the world, from the
perspective of the camera, seems to accelerate the closer it gets to the camera.
This will, as we later will see, affect the results of the spacetime triangulation.
To get a deeper understanding of the effects of perspective distortions we need to
derive analytical expressions describing them.
We start by introducing coordinate systems in the modified thin lens camera
model from figure 2.3, this is illustrated in figure 2.4. The x̂, ŷ, ẑ coordinate axes
span the world and will be referred to as world coordinates or object coordinates.
The û, v̂ coordinate axes span the sensor plane and will be referred to as image
coordinates or sensor coordinates.
First we calculate some intermediate results in order to improve readability, see
figure 2.4(a) for definitions. The parameters b1 , b2 , h and L that is introduced in
figure 2.4 are used only in the intermediate results to make the derivations easier
to follow. From 2.4(a) and some basic trigonometric relations we get
b0
tan α
h = (L − v) sin α
b2 = (L − v) cos α
b0
b1 + b2 =
sinα
L=

(2.3)
(2.4)
(2.5)
(2.6)

By combining equation 2.5 and equation 2.6 we get
b1 =

b0
− (L − v) cos α
sin α

(2.7)

By using figure 2.4(a) and the equations 2.3, 2.4 and 2.7 we get equation 2.8
which is our first relation between sensor coordinates (u, v) and world coordinates
(x, y, z).
b0 tan α + v
y=z
(2.8)
b0 − v tan α
By rearranging equation 2.8 we get expression 2.9 which transforms world coordinates (x, y, z) into sensor v coordinates, this expression will soon be used to

2.3 Perspective Distortions
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(a) From the side

(b) From above

Figure 2.4. Definition of coordinate systems.

10
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examine the effects of perspective distortions.
v = b0

y − z tan α
z + y tan α

(2.9)

Figure 2.4(b) and equation 2.7 give us equation 2.10, which is our second relation
between sensor coordinates (u, v) and world coordinates (x, y, z).
x=

yu
b0 sin α + v cos α

(2.10)

By rearranging equation 2.10 we get equation 2.11 which, in conjunction with
equation 2.9, can be used to transform world coordinates (x, y, z) into sensor u
coordinates.
x
(2.11)
u = (b0 sin α + v cos α)
y
To conclude, we now have two relations, 2.9 and 2.11, describing the dependency
between sensor and world coordinates. This means that we easily can transform
world coordinates (x, y, z) into sensor coordinates (u, v), but we need one more
relation in order to do the opposite. This is exactly what the laser plane introduced
in the next chapter is used for.
The equations 2.8 and 2.10 actually do not contribute any new information,
but having the equations in this form is more intuitive when we later are going
to derive expressions for transforming sensor coordinates (u, v) into world coordinates (x, y, z). First, however, we are going to do a closer examination of the
perspective distortions described by the equations 2.9 and 2.11.
In a common laser triangulation setup there is a conveyor belt moving with
a known constant velocity, in our coordinate system the movement would be in
the ŷ direction. The z coordinate of the conveyor belt is known and the height
of the objects lying on the belt may vary within a specified range. There are no
movements in the x̂ direction. Typically one uses only a relatively short interval in
the v̂ direction of the sensor, this also means that only a relatively short interval
in the ŷ direction of the world is recorded by the sensor as long as α is not too
large. We shall now analyze how perspective distortions affect the image taken by
the camera under these conditions.
Figure 2.5 shows how object space coordinates are transformed into image
space coordinates by the equations 2.11 and 2.9. If there where no perspective
distortions the relation between v and y would be completely linear and u would
not be affected by changes in y at all. We can see that this is the case for α = 0
which means that from a perspective distortion point of view we want the camera
angle to be as close to zero as possible. However, for various reasons, it is not
always possible to use α = 0◦ , but at least α most often can be kept relatively
small (α < 45◦ ). Therefore, and since only a relatively small interval in the v̂
direction is used we can approximate the relation between v and y using a linear
expression.
In the û direction, on the other hand, a relatively large interval is used and
as can be seen in figure 2.5 the perspective distortions are quite prominent for

2.3 Perspective Distortions
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Figure 2.5. Transformation of object space coordinates, (x, y, z), into image space
coordinates, (u, v), for b0 = 35 and varying values of α and z.

12
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Figure 2.6. Comparison of analytical correct perspective distortions (solid) and the
linear approximations (dashed) for b0 = 35 and z = 50.

α = 45◦ . However, a first order approximation is sufficient to compensate for
the distortions in most cases. One more thing should be noted, namely that
perspective distortions also occur when z changes, these distortions will be hard
(but not impossible) to compensate for since z is the unknown quantity in our
triangulation problem.
To sum up, in a standard laser triangulation setup we can ignore any nonlinear
perspective distortions in the v̂ direction and use a first order approximation to
describe the distortions in the û direction. This means that we can describe the
trajectories seen in figure 2.5 by straight lines, figure 2.6 shows this. As can be
seen the approximation are fairly good as long as α is relatively small.

Chapter 3

Laser Triangulation
The images taken by the camera are two dimensional, nevertheless they depict a
three dimensional world. Figure 3.1 schematically explains how this happens. All
the points along the ray R will be projected to the same coordinates, (u, v), on
the sensor. Thus, we have no way of knowing which of the points on R that we
actually see in the image unless we introduce some kind of known reference in the
world. This is exactly the purpose of the laser sheet shown in figure 2.2. If we can
determine the coordinates, (u, v), of the laser in the image recorded by the sensor
we then can calculate the intersection of the ray R emanating from (u, v) and the
laser plane. This way we will know exactly which point in the world, (x, y, z), that
was projected onto the sensor at (u, v). Then, all we have to do is to move an
object through the laser sheet and for each position detect the coordinates of the
laser in the image and then transform these coordinates into world coordinates.
When the entire object has been scanned this way we will have a complete three
dimensional dataset describing the shape of the object.
In this chapter the equations of ordinary laser triangulation will be derived and
the most common causes of artifacts in the obtained range data will be explained.

3.1

The Camera

The thin lens camera model was thoroughly analyzed in chapter 2 and we already
have the needed relations between sensor coordinates (u, v) and world coordinates
(x, y, z), see the equations 2.8 and 2.10.

3.2

The Laser

Figure 2.2 in page 6 shows a typical laser triangulation setup in three dimensions,
in figure 3.2 a more detailed view of a two dimensional laser triangulation setup
is shown. By using the laser angle ϕ and the laser offset yL we can define a
13
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Figure 3.1. The point (u, v) on the sensor may correspond to any of the points along
the ray R in the world.

Figure 3.2. A typical laser triangulation setup in detail.

3.3 Putting it all Together
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mathematical line or, in the three dimensional case, a plane
y = z tan ϕ + yL

(3.1)

This equation gives us a relation between y and z that all points hit by the laser
have to satisfy and by combining it with the camera equations derived in section
2.3 on page 10 we can derive expressions that transform image coordinates, (u, v)
into world coordinates, (x, y, z).
Before doing this, however, we need to know a little bit more about the laser
used. It is a so called sheet-of-light laser which is an ordinary laser beam that is
projected through a special lens1 thus creating an entire laser plane. This plane is
not really a plane in the mathematical sense since it has a thickness. The intensity
of the laser plane is described by the intensity function I(s) where s is the distance
to the (mathematical) plane defined by equation 3.1
I(s) = I(z sin ϕ + (yL − y) cos ϕ)

(3.2)

The intensity function, I(s) is, for our purposes, well approximated using a Gaussian function
 2
−s
(3.3)
I(s) = I0 exp
2σ 2
where σ is a constant parameter determining the thickness of the laser plane and
I0 is a constant scale parameter.

3.3

Putting it all Together

If we combine the equations for the camera, 2.8 and 2.10, with the equation for
the laser plane, 3.1, we can derive the following relations
u
v cos (α − ϕ) + b0 sin (α − ϕ)
b0 sin α + v cos α
y(v) =yL cos ϕ
v cos (α − ϕ) + b0 sin (α − ϕ)
b0 cos α − v sin α
z(v) =yL cos ϕ
v cos (α − ϕ) + b0 sin (α − ϕ)

x(u, v) =yL cos ϕ

(3.4)
(3.5)
(3.6)

This means that we now have what we need to transform the coordinates of a
point in the image hit by the laser , (uL , vL ), into world coordinates, (x, y, z) and
thereby we have the theory needed to do laser triangulation.

3.4

Current Method

The most common method used for laser triangulation as of today is to record one
image at a time and in each image locate the center of the laser line, the coordinates
1 The lens used in this thesis is called a Powell lens which creates a close to uniform laser
plane.
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Figure 3.3. Example of an image captured in a laser triangulation system. To find the
center of the laser line we can calculate the center of gravity along each column.

of the detected laser line can then be transformed into world coordinates by the
above equations. In order to detect the center of the laser we assume that the laser
will appear Gaussian in the image since its intensity function, I(s), is assumed to
be Gaussian. This actually means that we assume that the surface being measured
is flat and has an uniform reflectivity, which is a quite questionable assumption
since it then would be rather pointless to measure it.
In any case, when an image has been recorded we detect the center of the
laser in each column of the image, i.e. we will obtain one v coordinate for each
u position of the image. The easiest way to do the detection is to simply locate
the intensity maximum along each column. A slightly more advanced method is
to calculate the center of gravity along each column, since the only light source
is supposed to be the Gaussian laser we then will end up with the desired laser
position, (uL , vL ). An even more advanced method where a Gaussian curve is
fitted to the laser peak is presented in appendix A, it is mainly this method that
has been used in the conducted experiments.
An example of an image captured by a laser triangulation system can be seen
in figure 3.3. When we have estimated the laser coordinates (u, v) in the image,
all we have to do is to put them into the equations 3.4, 3.5 and 3.6 to obtain the
real world coordinates (x, y, z) given that we know all the other parameters of the
laser triangulation system.2
Intuitively, this may seem like the right way to do it and practically it is
certainly attractive thanks to the modest demands of processing and memory
capacity.

3.5

Laser Triangulation Errors

Many sources of errors and artifacts exist when using laser triangulation. Some of
the problems is due to imperfections in the optical system and the laser and can be
corrected simply by using more expensive equipment and/or a more sophisticated
2 In practice one often uses a lookup table constructed in some sort of calibration process
instead of using the equations directly.

3.5 Laser Triangulation Errors

(a) Uniform surface reflectance.
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(b) Nonuniform
flectance.

surface

re-

Figure 3.4. The center of gravity of the laser peak is shifted when the surface reflectance
varies. The bar at the bottom of each image illustrates the surface reflectance.

calibration process (i.e. deciding the camera and laser parameters). But there are
some kinds of errors that would arise even if the equipment where ideal and the
calibration perfect, to avoid these errors something else has to be done.

3.5.1

Reflectance Discontinuities

The question of locating the center of the laser line actually is little bit more complicated than it seems at a first glance. The laser intensity itself is well approximated using a Gaussian shape. What we have not taken into account, however,
is variations in surface reflectance. Figure 3.4(a) illustrates the intensity reflected
by an area of uniform reflectance, if we instead let half the area have a lower
reflectance, we get a reflected intensity like the one in figure 3.4(b). In this case
the center of gravity is displaced towards the area of higher reflectance causing
the triangulation algorithm inevitably to interpret it as a height difference. In
other words, discontinuities in reflectance will result in false discontinuities in the
height profile. This problem could be reduced, but never completely eliminated,
by choosing a thinner laser. Using a thinner laser also reduces the possibilities to
get subpixel precision when detecting the laser peak since we need intensity data
from many pixels to obtain high accuracy.

3.5.2

Surface Discontinuities

When a corner is hit by the laser, the shape of the light seen by the sensor will
be cut or, even worse, multiple reflections will be visible. The shape of the cut
reflections will no longer be near Gaussian and therefore the center of gravity will
no longer be a good measurement of the actual center of the laser. In the case
of multiple visible reflections the center of gravity (of the combined reflections)
will deviate even more from the correct value, and the height value obtained will
be some kind of mean between the heights. Figure 3.5 illustrates these problems.
This problem could also be reduced by making the laser thinner, but again, this
would also decrease the possibilities of subpixel precision.
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Figure 3.5. The laser gets cut due to discontinuities in the surface causing the sensor
to register multiple, non-Gaussian, intensity peaks.

3.5.3

Occlusion

There are two kinds of occlusion, laser occlusion and sensor occlusion. The names
are quite self explanatory, laser occlusion is when the laser is occluded and does
not hit the surface being measured, see figure 3.6(a). Sensor occlusion is when
the sensor is being occluded and does not have the point to measure in the line of
sight, see figure 3.6(b).

(a) Laser occlusion

(b) Sensor occlusion

Figure 3.6. Different kinds of occlusion.

3.5 Laser Triangulation Errors

3.5.4
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Laser Speckle

Speckle is the interference pattern that arises on the sensor when a coherent light
source such as a laser is reflected by a surface that is rough enough, i.e. when the
differences in path length of the light introduced by the surface roughness exceeds
a wavelength. A thorough exposition of laser speckle can be found in [5] and its
implications on laser triangulation is treated in [3]. In short, laser speckle affects
the triangulation result in about the same way as reflectance variations, since it
makes certain spots of the surface to appear brighter than others.

3.5.5

Secondary Reflections

If the surface is glossy the laser will be specularly reflected, this reflection can in
turn hit the surface somewhere else and chances are that the sensor therefore will
see more than one reflection. It can be very difficult to determine which one of the
detected reflections that is the primary reflection. Several more or less successful
methods of choosing a reflection exist, e.g. simply choosing the first reflection
found; choosing the reflection with the highest intensity or by using a polarizing
filter. However, none of these methods solve the problem completely.

3.5.6

Summary

Several different sources of artifacts in laser triangulation has been discussed.
These may in turn be divided into two groups; artifacts caused by discontinuities in surface properties (i.e. reflectance discontinuities, corners and to some
extent occlusion) and artifacts caused by optical phenomenas (i.e. laser speckle,
secondary reflections and to some extent occlusion). Chapter 4 will, among other
things, discuss how spacetime analysis affects these different artifacts.

Chapter 4

Spacetime Analysis
Many of the drawbacks mentioned in the previous chapter arise due to differences
in the properties of adjacent points (e.g. in reflectivity or in height). To avoid
those problems one could instead of looking at one frame at a time look at multiple
frames at a time. By doing so a single point in the world can be followed through
time and the intensity variation of the point can be calculated as it travels through
the laser line. When the intensity variation of the point is known, the exact time
when the point passes through the middle of the laser can be calculated, given
that the shape of the laser is known. This is what the spacetime method is about,
by using temporal information as well as spatial information, the dependency
between adjacent points in the world can be eliminated. This method was first
described by Curless and Levoy in [1] and further developed by Curless in [3]. Here
the derivation has been completely reworked to take perspective distortions into
account.

4.1

Derivation

We start by introducing something we call the spacetime volume, which can be
seen in figure 4.1, this volume describes how the image recorded by the sensor
varies over time. A point moving with a constant speed in the world will traverse
the spacetime volume along a well defined trajectory.
We now consider an arbitrary point in the world, P0 = (x0 , y0 , z0 ) moving with
a constant velocity v = (0, νc , 0). The position of the point as a function of time,
t, is
P(t) = (x0 , y0 + νc t, z0 )
(4.1)
We can use equation 2.9 on page 10 to obtain an expression of how the point P
maps onto the sensor as a function of time, if we also assume that the trajectory
intersects the optical axis at t = 0 (i.e. y0 = z0 tan α) we get equation 4.2
vP (t) = b0

z0 (1 +

νc t
2
tan α) +
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tνc tan α

(4.2)
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Figure 4.1. Example of a spacetime volume consisting of four frames, a moving object
will be found along a line in the spacetime volume.

4.1 Derivation
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(a) A projection in the vt plane.

(b) A projection in the ut plane.

Figure 4.2. The trajectory of a single point in the spacetime volume as defined by the
spacetime angles. Each image show a projection of the spacetime volume shown in figure
4.1.

As concluded in section 2.3 it is good enough to use a linear approximation of
equation 4.2, thus we do a first order Taylor expansion around t = 0 and thereby
obtain
b0 cos 2 α
vapprox (t) =
νc t
(4.3)
z0
By using the equations 2.9 and 2.11 we can derive a similar linear approximation
for the sensor u position as a function of time


νc t
xb0 cos α
uapprox (t) =
1 + sin α cos α
(4.4)
z0
z0
These two equations can then be used to calculate the two angles, θST and θSTu ,
that define the trajectory of the point P, see figure 4.2.
z0
b0 νc cos 2 α
x0 b0 νc cos 2 α sin α
x0 sin α
=
=
z02
z0 tan θST

tan θST =
tan θSTu

(4.5)
(4.6)

Note that the spacetime angles are completely independent of the laser angle,
also note that tan θSTu depends linearly on x meaning that the wider the field of
view of the camera is, the larger the maximum θSTu will be, it also means that
θSTu is different in different parts of the spacetime volume. If the field of view
of the camera is narrow enough and the angle of the camera, α, is small enough,
θSTu will be so small that it can be ignored (i.e. θSTu = 0). The angle θST on the
other hand can certainly not be ignored if one wants to minimize the occurrence of
artifacts, although this is exactly what is done in ordinary laser triangulation. As
can be seen in equation 4.5, ignoring θST (i.e. θST = 0) is equivalent to assuming
that the velocity of the conveyor belt is infinite.
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(a) Evenly spaced trajectories are
chosen in the spacetime volume.

(b) The resulting sampling pattern in the world.

Figure 4.3. The sampling pattern of the range data may be non-uniform.

We now can calculate the (linearly approximated) trajectories of a point moving
by a constant velocity in the ŷ direction. The next step is to investigate how the
intensity reflected by the point varies as it moves through the laser. As already
mentioned in chapter 3 the laser can be described by the intensity function I(s).
If we denote the (constant) reflectivity of point P with RP then the intensity
recorded by the sensor along the trajectory marked in figure 4.2 can be calculated
by using equation 3.2.
RP I(P(t)) = RP I(z0 sin ϕ + (yL − y0 − νc t) cos ϕ)

(4.7)

By looking at this equation we can see that the intensity variation along the trajectory will be just as Gaussian as the intensity function itself since the argument
of I is linear in t and the reflectivity is constant. Thus we can use the same laser
peak detection algorithms as in ordinary laser triangulation, but instead of doing
it for each column in each image we do it along the trajectories in the spacetime
volume as defined by the spacetime angles θST θSTu . This way we will obtain the
sensor coordinates of the point P when it is located exactly in the center of the
laser. We then just use the equations 3.4, 3.5 and 3.6 to get the corresponding
world coordinates.1

4.2

The World Sampling Pattern

The simplest strategy of extracting range data from the spacetime volume is to
choose equidistant trajectories separated by a constant time ∆t as shown in figure
4.3(a). As also can be seen in the figure two adjacent points, Pn and Pn+1 ,
will intersect the optical axis (i.e. v=0, see figure 2.4(a) at time tn and tn + ∆t
1 In practice one often uses a lookup-up table constructed in some sort of calibration process
instead of using the equations directly.

4.3 The Impact of the Camera and Laser Angles

(a) The point P is being measured as it passes the camera.
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(b) The trajectory of the point
P in the spacetime volume. The
Gaussian shape represents the intensity, I, recorded by the sensor.

Figure 4.4. The height of point P is being measured using laser triangulation.

respectively. In other words, a single spacetime trajectory represents a single point
Pn in the world and this point is located somewhere along the optical axis at time
tn . Furthermore, the next point sampled, Pn+1 , is located somewhere along the
optical axis at time tn + ∆t and if we assume that the object is moving by the
horizontal velocity νc we effectively will sample the world along lines tilted by
the camera angle α and separated by the distance νc ∆t. See figure 4.3(b) for an
illustration.

4.3

The Impact of the Camera and Laser Angles

In order to better understand how the camera and laser angles affect the triangulation result we consider the simplified triangulation setup shown in figure 4.4(a)
and the corresponding spacetime volume shown in figure 4.4(b).
We start by arbitrarily choosing a valid trajectory in the spacetime volume,
marked by a dashed line in figure 4.4(b), this trajectory corresponds to a single
point, P , in the world at the unknown height h as it passes the camera, this is
illustrated in figure 4.4(a). We denote the time when P intersects the optical axis
(i.e. v = 0) by t0 and the time when P intersects the laser (i.e. v = v1 ) by t1 .
Finding t0 is trivial and by detecting the laser peak along the chosen trajectory
we get v1 and t1 . We now easily can calculate the distance between the laser peak
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and the optical axis at height h in world coordinates as
y1 − y0 = νc (t1 − t0 )

(4.8)

where νc is the constant velocity of the conveyor belt. The height h is the vertical
distance between the point P and the point where the optical axis and the laser
meet. By using basic trigonometry and equation 4.8 we get
h=

y1 − y0
νc (t1 − t0 )
=
tan α − tan ϕ
tan α − tan ϕ

(4.9)

By looking in figure 4.4(a) it is fairly easy to get an intuitive sense of how the
angular difference between the laser and the camera affects the distance between y0
and y1 for a point at a given height h, this distance in turn is directly proportional
to the period of time t1 − t0 needed by the point to travel between y0 and y1 . In
equation 4.9 we can see that this period of time, t1 − t0 , is translated into height
simply by scaling it by a factor which is constant within each triangulation setup,
this constant scale factor can be assumed to be known with high confidence. If
we furthermore do the reasonable assumption that the uncertainty involved in
estimating t1 − t0 is independent of the magnitude of t1 − t0 , it is evident that
the precision by which the height can be estimated mostly depends on the angular
difference between the laser and the camera (since it is this angular difference that
affects the distance between y0 and y1 ).

4.4

Using Relative Coordinates

In many cases we are not interested in absolute world coordinates but rather in
relative height differences, in these cases we do not want to do all the extra work
inferred by transforming sensor coordinates into world coordinates. By looking in
figure 4.4(b) we see that equation 4.9 can be rewritten as
h=

νc tan θST
v1 = Cv1
tan α − tan ϕ

(4.10)

where C is a constant within the laser triangulation setup. In other words, v1
is directly proportional to h and thereby we can use v1 as a measurement of
relative height. Note that this result only is valid if we disregard any perspective
distortions.
However, we still must offset the range samples horizontally due to the nonuniform sampling described in section 4.2. Since we only need relative coordinates
we can formulate the problem of calculating the offset for point P as: find the
point in time, tP , when the point P at height h is located at position y2 where the
variable names are taken from figure 4.4(a). From figure 4.4(a) and equation 4.9
we can calculate the time, toffs it takes for a single point to travel from y0 to y2 .
toffs =

y2 − y0
h tan α
(t1 − t0 ) tan α
=
=
νc
νc
tan α − tan ϕ

(4.11)

4.5 Estimating the Spacetime Angle
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If we use that t1 −t0 = v1 tan θST and let t0 be the time when the point P intersects
the optical axis, see figure 4.4, we now get
tP = t0 +

tan θST tan α
v1
tan α − tan ϕ

(4.12)

By using this expression we can calculate the (relative) horizontal position of each
sample.
If we do not know the laser and camera angles, it is fairly easy to find toffs by
scanning a known shape, for example a step. This step will appear as a tilted line
in the uncorrected range data and since we know that it should be a vertical line
it is easy to calculate the offset by which we need to translate the range data.

4.5

Estimating the Spacetime Angle

We already have derived an expression to calculate the spacetime angles directly
from the laser triangulation parameters. In practice, however, these parameters
often are unknown and it would be much more convenient to have a method of
estimating the angles adaptively directly from the images recorded by the triangulation system. Ideally the system would calibrate itself without any requirements
of user intervention. Here three different methods of estimating the angles are
presented.

4.5.1

Scanning a Flat Surface with Reflectance Variations

The most straightforward method of estimating the angles is to let the system scan
a flat surface containing lots of reflectance variations. If we use the wrong spacetime angles these reflectivity variations will cause artifacts in the form of height
differences so we simply try different angles until we find the angles minimizing
the artifacts. As a measurement of artifacts we use the variance of the calculated
height profiles, when the variance is as small as possible we have found the optimal
spacetime angle.

4.5.2

Using Scatter Data

The image obtained when extracting the intensity values at a fixed distance, d,
from the detected maximum along each trajectory is called a scatter image. Normally this image is used to get information about the light scattering properties
of the surface being scanned, however, by using two scatter images it is possible to
calculate the spacetime angles. The reason for this can be seen in figure 4.5, since
the intensity distribution is assumed to be symmetrical the scatter images will be
identical as long as we look along the correct trajectories and use the distance d
and −d. Thus we simply test different spacetime angles until we find the angles
minimizing the difference between the two scatter images. One big advantage of
this method compared to the variance minimization method described above is
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Figure 4.5. If the intensity distribution of the light source is symmetrical and the right
spacetime angles are used, I1 will be equal to I2 in each trajectory.

that we are not limited to using flat areas with reflectance variations. A disadvantage is that it only works for relatively wide laser shapes since the distance d
needs to be relatively large for the method to yield good precision.

4.5.3

Using Motion Estimation

A much more complicated method is to use a complete motion estimation algorithm to determine the movements in the spacetime volume. The method of choice
in this thesis is a method based on quadrature filters and orientation tensors. The
method is described in [7] and more information about quadrature filters can be
found in [4]. Here only a very brief description of the method is presented.
In order to obtain a sequence of images that can be used in the motion estimation process we first must turn off the laser so that the scene is recorded in
uniform lighting. We then filter the spacetime volume using at least six three dimensional quadrature filters of six different orientations. In simple words, we can
say that the magnitude of each filter response depends on how well the structure
of the spacetime volume coincides with the direction and frequency of the filter.
By combining the quadrature filter responses we can form an orientation tensor for
each point in the spacetime volume and from the orientation tensor we then can
extract an estimate of the velocity and a confidence measure. In other words, this
method should be capable of detecting any nonlinearities of the spacetime angles
formerly disregarded.
Since the velocity of the conveyor belt is assumed to be constant, we can

4.6 Rolling Shutter
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Figure 4.6. An intersection of the spacetime volume demonstrating the rolling shutter
effect, each dot represents a pixel and each dashed line represents a frame.

run the algorithm until we have found motion estimates of enough confidence for
each position of the images recorded by the camera. Furthermore, once we have
estimated the movement in each position for a given conveyor belt velocity, we
easily can adapt to other (known) velocities without having to rerun the algorithm.

4.6

Rolling Shutter

The camera used in this thesis uses a technique called rolling shutter which means
that the image is retrieved from the sensor one row at a time instead of the entire
image at a time. This may potentially cause problems since different rows in the
same picture actually are taken at slightly different times. Figure 4.6 demonstrates
the effect. The exposure time, te = ∆t , is the time between two frames, tr is the
time for one row to be extracted from the sensor and nv is the number of rows
in one frame. Using these variables we can derive an expression for the rolling
shutter angle φRS
te
tan φRS =
(4.13)
∆v nv
In most cases the camera records images at the maximum frame rate allowed
by the chosen exposure time, meaning that nv tr = te which in conjunction with
equation 4.13 gives us the following rolling shutter angle
φRS = arctan

∆t
∆v nv

(4.14)

In a typical laser triangulation setup φRS is approximately 0.5◦ –1◦ and will not
affect the result very much. If we would like to compensate for the rolling shutter
effect, it can be done quite easily in the rectification process without any significant performance losses. All the spacetime angle estimation methods described in
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section 4.5 will automatically do this compensation since they do the estimation
based only on the recorded images without any knowledge of the camera geometry
parameters.

4.7

Choosing the Laser Width

In ordinary laser triangulation choosing the laser width is a compromise between
a wide laser to get subpixel precision and a thin laser to avoid artifacts caused by
surface discontinuities and reflectance variations. When using spacetime analysis
we more or less have eliminated this kind of artifacts, meaning that we are free to
choose a wider laser if we want to. The new limitation on the laser shape is that it
must be distinct enough to allow detection of a specific point with high precision.
This means that we even could choose a light source other than a laser which
is desirable due to the potential hazards of laser light. By using asymmetrical
intensity distributions we could also reduce problems due to secondary reflections
since they, in most cases, will be deformed making them easier to distinguish from
the correct reflection.

4.8

Spacetime Laser Triangulation Errors

Section 3.5 in page 16 enumerates a number of different causes of artifacts and
errors in ordinary laser triangulation. Spacetime analysis will eliminate some of
those, at least in theory, others will not be affected by the spacetime analysis
directly, but thanks to it new measures of avoiding them are available to us.

4.8.1

Variations in Surface Properties

The major advantage of spacetime analysis is that artifacts caused by variations in
surface properties (i.e. surface discontinuities and reflectance discontinuities) will
be completely eliminated, at least in theory. In practice, however, these artifacts
still will be present to some extent due to lighting and camera phenomenas not
taken into account when deriving the method, see section 6.5.1 for some examples
of this.

4.8.2

Occlusion

Occlusion is still a problem, if we cannot see what we are trying to measure
we never will be able to acquire valid measurements. However, as we will se in
chapter 6, spacetime analysis makes it easier to distinguish occluded points from
valid points.

4.8.3

Laser Speckle

The effects of laser speckle in spacetime laser triangulation is thoroughly analyzed
in [3], the conclusion simply is that spacetime laser triangulation is just as prone

4.8 Spacetime Laser Triangulation Errors
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to laser speckle artifacts as standard laser triangulation. However, thanks to the
spacetime analysis, we no longer have extreme demands of a very thin light shape
which means that we could exchange the laser for a non-coherent light source
which does not cause speckle effects.

4.8.4

Secondary Reflections

The occurrence of secondary reflections remains the same as before and if we use
a standard laser we will have similar difficulties when determining which one of
the reflections that is the primary. Thanks to the spacetime analysis, however, we
can use lights with asymmetrical intensity distributions in order to make it easier
to locate the primary reflection.

4.8.5

Summary

In theory spacetime analysis eliminates all artifacts caused by variations in surface
properties, i.e. corners and variations in reflectance. It also opens up new possibilities when it comes to reducing artifacts caused by optical phenomenas since it
broadens the selection of possible light sources. In chapter 6 spacetime analysis is
tested in order to see how well the theory holds in real applications.

Chapter 5

Algorithm
Preceding chapters have been quite theoretical and it may be hard to get an
intuitive understanding of spacetime analysis by reading them. This chapter is
intended to give a more hands on approach to the spacetime laser triangulation
method for those not interested in the deeper theoretical aspects. In order to
simplify the presentation we assume that there are no perspective distortions which
means that we only have to look at a two dimensional case. Figure 5.1 shows a
simplified two dimensional laser triangulation setup, by locating the laser in the
images recorded by the camera our task is to calculate the height, h, of the object.
The proposed algorithm for doing this using spacetime analysis is
• Image acquisition
• Trajectory extraction
• Laser peak detection
• Range data resampling
The different steps are described in detail below.

5.1

Image Acquisition

A detailed two dimensional laser triangulation setup can be seen in figure 5.2,
here the camera has been replaced by a sensor plane and the optical center, OC.
The first point in the world hit by the ray, R, emanating from the image plane at
position v and going through the optical center, OC, will be seen in the image at
position v.
The conveyor belt is moving with a constant speed, νc and as the object lying
on the conveyor belt moves in the world, so will the projection of it do on the
sensor. In other words, when the object and thereby the point (y, z) moves to
the left in the figure, the corresponding point on the sensor, v, will move along
the v̂ axis. If we put several concurrent images recorded by the sensor after each
33
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Figure 5.1. A two dimensional laser triangulation setup.

Figure 5.2. A detailed two dimensional laser triangulation setup.

5.2 Trajectory Extraction
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Figure 5.3. A spacetime volume, each vertical line represents a frame recorded by the
camera. The dot marked in each frame represents the projection of point (y, z) as it
moves on the conveyor belt, the color of each dot represents the current intensity.

other we form something called a spacetime volume, this is shown in figure 5.3. As
the point (y, z) moves through the laser the intensity of the corresponding point
in the image changes, the intensity of the point is illustrated as the color of the
dots in the figure. The angle of the trajectory in the spacetime volume is called
the spacetime angle and denoted θST , different ways of estimating this angle are
presented in section 4.5.

5.2

Trajectory Extraction

Now we want to know exactly when and where each point passes through the laser.
To find this out we first need to extract the trajectories of the points in question.
This can be done by shearing the spacetime volume as shown in figure 5.4, then
we can follow single points as they pass the camera simply by looking along the
columns of the sheared spacetime volume.

5.3

Peak Detection

Once the spacetime volume has been sheared we can extract frames from it and
proceed with these frames exactly as when doing ordinary laser triangulation.
Along each column of the acquired frame we detect the center of the laser peak,
if the intensity distribution of the light source was near Gaussian we can use the
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(a) Before shearing

(b) After shearing

Figure 5.4. The spacetime volume is sheared so that the trajectories of single points is
found along columns.

method described in appendix A for high precision detection. We are, however, not
restricted to using Gaussian lasers as we are in standard laser triangulation, section
6.3 describes an experiment conducted with an non-symmetrical light source.
In a practical implementation it can be more effective to do the shearing and
the peak extraction simultaneously, this way the rectified volume never is saved
thus reducing the number of memory accesses.

5.4

Resampling the Height Data

If we want absolute coordinates we can use the equations 3.4, 3.5 and 3.6 derived on
page 15 to transform the acquired range data into world coordinates.1 Sometimes,
however, we are only interested in relative heights, for example this is the case
in detection of Braille printing. As concluded in section 4.3 we can use the v
coordinate of the detected laser peak directly as a measurement of relative height.
However, we must offset the samples according to their height in order to obtain
valid range data, the reason for this is explained in section 4.3. The sample
position, inluding the offset, can be calculated by using equation 4.12 derived on
page 27.
Regardless of whether we have chosen to use absolute world coordinates or
relative coordinates we will end up with a non-uniformly sampled set of range
data (unless α = 0), which in many cases needs to be uniformly resampled before
any further calculations can be performed, appendix B discusses two different ways
of doing this resampling.

1 In practice it is more common to use a lookup table calculated in some sort of calibration
process to do this transformation.

Chapter 6

Experiments
Several experiments were conducted to compare the performance of the standard
laser triangulation method to spacetime laser triangulation. Experiments to evaluate the different ways of estimating the spacetime angle was also performed. The
test object mostly used was a gray medicine box with white text and Braille printing (i.e. small bumps with a diameter of approximately 1.5 mm and a height of
approximately 0.25 mm).

6.1

A Box with Braille Printing

The aim of this experiment simply was to compare standard laser triangulation
to spacetime laser triangulation under as simple circumstances as possible. The
object used was the medicine box described above and the triangulation setup
was identical to the one described in chapter 3 with camera angle α = 0. The
spacetime angle was estimated using the variance minimization method described
in section 4.5. The result is shown in figure 6.1, the range data has not been
transformed into real world coordinates and the braille bumps are not circular due
to non-equal sampling density in the x̂ and ŷ directions. Figure 6.2 compares two
corresponding vertical intersections of the images in figure 6.1 containing the three
left-most Braille bumps. As can be seen in the figures the standard method causes
massive reflectance variation artifacts while the spacetime method show almost no
sign of such artifacts and from figure 6.2 it is clear that extracting the location of
the Braille bumps is fairly easy when using the spacetime triangulation method.
The major cause of the artifacts remaining after spacetime analysis is, in this case,
most likely laser speckle.

6.2

A Sharp Corner

An object with a sharp step was scanned from both directions, see figure 6.3 for
an illustration.
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(a) The standard method.

(b) Spacetime analysis.

Figure 6.1. A part of the carton containing both ordinary writing and Braille printing.

(a) The standard method.

(b) Spacetime analysis.

Figure 6.2. A vertical intersection of the images in figure 6.1 containing the three
left-most Braille bumps.

6.3 A Wide Non-Gaussian Intensity Distribution

(a) When scanned in this direction
no laser occlusion will occur.
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(b) When scanned in this direction
there will be laser occlusion.

Figure 6.3. An object with a sharp step was scanned from both directions.

When scanning the object as illustrated in figure 6.3(a) we expect to obtain
range data in all points scanned since there are neither camera nor laser occlusion.
A range sample is considered occluded if the intensity curve belonging to it deviates
too much from the expected curve.1 The results from this first case are shown in
figure 6.4, each asterisk represents a valid sample and each circle represents a
sample considered occluded. As can be seen, the standard method fails in several
samples, this occurs when the whole laser hits the vertical part of the surface and
therefore cannot be seen by the camera. When using spacetime analysis, this is
not a problem since we in this case follow each range sample as it moves through
the laser.
When scanning the object as illustrated in figure 6.3(b) and applying the same
criteria for occluded samples as described above we obtain the results shown in
figure 6.5. In this case it is the standard method which seems to succeed in
detecting all points, however, once again it is the spacetime analysis method that
is more correct. As can be seen in the illustration in figure 6.3(b) we should end
up with occluded samples since the laser obviously cannot hit all the points seen
by the camera. In other words, some of the samples detected by the standard
method are false. The reason for this is that at least some part of the laser line
will be visible in every frame, see figure 3.5 for an illustration.

6.3

A Wide Non-Gaussian Intensity Distribution

The initial goal of this experiment was to show that spacetime triangulation can be
done without using a laser as light source. However, no suitable replacement light
1 In

this experiment, curves with a maximum intensity value below 50 where considered invalid.
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(a) Using the standard method.

(b) Using spacetime analysis.

Figure 6.4. The results obtained from scanning the object illustrated in figure 6.3(a),
each asterisk represents a sample.

(a) Using the standard method.

(b) Using spacetime analysis.

Figure 6.5. The results obtained from scanning the object illustrated in figure 6.3(b),
each asterisk represents a sample.

6.3 A Wide Non-Gaussian Intensity Distribution
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(a) The image used to calculate the shape of the laser intensity.

(b) The resulting laser intensity distribution.

Figure 6.6. The laser intensity distribution was not very Gaussian.

source was found so an unfocused laser was used instead. The width of the laser
was approximately 3 mm and as an extra twist it turned out that the intensity
distribution was not very Gaussian.
First the actual intensity distribution of the unfocused laser must be estimated.
This can be done by letting the laser hit a uniform surface, as can be seen in figure
6.6(a). By using this image a mean intensity distribution can be calculated, which
can be seen in figure 6.6(b).
Because of the non-Gaussian intensity distribution we first correlate each column of the rectified spacetime volume with the estimated light intensity distribution by using the following equation
X
r(m) =
f (n)g(n − m)
(6.1)
n

Figure 6.7 shows the estimated intensity distribution correlated with itself using
equation 6.1, in the ideal case this is the curve we would obtain for each column
of the rectified spacetime volume. As can be seen the curve is quite Gaussian and
hence we can use the log-parabola method described in appendix A to find the
center of it.
By using this method the box with Braille printing was scanned and the result
is shown in figure 6.8, an vertical intersection showing the three left-most Braille
dots can be seen in figure 6.9. The bumps in the Braille printing has a diameter
of approximately 1.5 mm and as already mentioned the laser was approximately
3 mm wide. In other words, by using spacetime analysis it is possible to resolve
objects smaller than the width of the laser, something that is not possible by using
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Figure 6.7. The estimated intensity distribution correlated with itself.

(a) The standard method.

(b) Spacetime analysis.

Figure 6.8. The box with Braille printing was scanned using a non-Gaussian laser twice
as wide as the Braille bumps.

6.4 Interpolation
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(a) The standard method.

(b) Spacetime analysis.

Figure 6.9. A vertical intersection of the images in figure 6.8 containing the three
left-most Braille bumps.

the standard method.
Unfortunately this experiment could not be conducted with a non-coherent
light source but it at least shows that it is possible to use an arbitrary intensity
distribution that is wider than the object being measured and still obtain good
results.

6.4

Interpolation

Several different methods of interpolation when extracting trajectories from the
spacetime volume where tested but no substantial quality improvement was noticed when using more advanced interpolation methods. In most cases ordinary
linear interpolation probably constitutes a good balance between precision and
computational cost. All the experiments in this thesis have been conducted using
linear interpolation.

6.5

Spacetime Angle Estimation

The different ways of estimating the spacetime angle described in section 4.5 was
tested with at least one surprising result. The angles referred to as the ‘true’ angles
was determined by looking at the spacetime volume and manually following the
trajectories of especially salient points. In the first two experiments the angle of
the camera was zero (i.e. α = 0) implying that θSTu = 0 as well.
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(a) A small and flat area with reflectance
variations.

(b) A large area chosen arbitrarily.

Figure 6.10. The total variance of the height profile as a function of the spacetime
angle in degrees. The angle minimizing the variance will be used as the spacetime angle.

6.5.1

Minimizing Variance

The variance minimization method was tested on an image sequence of the medicine
box. Figure 6.10 shows the total variance as a function of the spacetime angle in
degrees, in 6.10(a) a suitable flat area of 40 × 30 pixels with many reflectance variations was used and in figure 6.10(b) almost the whole box was used (300 × 300
pixels). The periodic jagginess of the curves is mainly due to the linear interpolation used when extracting data from the spacetime volume. As can be seen in the
figures the choice of region of interest is very important, if an unsuitable area is
used the spacetime angle cannot be calculated which makes the method hard to
automate. The method is also fairly sensitive to laser speckle since it introduces
a noise whose variance tends to drown the interesting signal.
It turns out that the angle estimated this way deviated quite much from the
‘true’ spacetime angle (approximately by 6◦ in this case) and, as can be seen in
figure 6.11, the result obtained when using this ‘false’ spacetime angle is far better
than when using the ‘true’ one. This was of course not the expected outcome and
needs some reflection.
When we deduced the spacetime method we did it under the assumption that
the intensity of a point as recorded on the sensor depends only on the location
of the point relatively the laser. As can be seen in figure 6.12, however, this is
apparently not completely true in practice and here a couple of different possible
explanations of this are presented.
The first possible cause of the shift is that each point is not only illuminated
by the light source directly but light is also spread from other nearby points of the
surface, this effect is called scattering and is always present to some extent. It is
possible that this ability to scatter the light among other things depends on the
color of the point, which would explain the effects seen in this case.
The second possible cause is sensor blooming, which means that the intensity
recorded in one pixel of the sensor overflows into other neighboring pixels on the
sensor chip which also would result in the situation seen in figure 6.12. Sensor
blooming is further explained in [6].

6.5 Spacetime Angle Estimation
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(a) Result using the ‘true’ spacetime angle (b) Result using the spacetime angle mini(θ = 16.7◦ ).
mizing surface variance (θ = 10.5◦ ).

Figure 6.11. Using the ‘true’ spacetime angle not always yields the best result.
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Figure 6.12. The intensity of three identical points as they move through the laser.
The solid curve comes from a point in a uniform neighborhood. The dotted line is from a
point with a brighter area in front of it. The dashed line is from a point with a brighter
area behind it.

It has not been possible to determine the exact cause of the deviation from
the ‘true’ spacetime angles through experiments but the above suggestions are
the two most viable explanations so far. What is most interesting about this,
however, is that it is possible to compensate for these kinds of effects by adjusting
the spacetime angle.

6.5.2

Using Scatter Data

The angle estimation method using scatter data described in section 4.5.2 was
tested on the same datasets as the variance minimization method mentioned above.
The sum of the squares of the resulting differences as a function of the spacetime
angle in degrees can be seen in figure 6.13. This method is not as sensitive to
the region of interest used as the variance minimization method, if only there
are some kind of landmarks, be it reflectance variations or surface discontinuities, which makes it a better candidate for automation. This method, just like
the variance minimization method, tends to find the angle giving the best2 result rather than the ‘true’ spacetime angle thus automatically compensating for
possible sensor blooming, nonuniform scattering, etc. The method is, just as the
variance minimization method, fairly sensitive to laser speckle since this adds noise
to the scatter images making the matching of the images harder. The method also
demands a fairly wide laser since the accuracy of the spacetime angle estimate
will improve for larger scatter offsets, d, see figure 4.5. The scatter offset in the
experiments shown in figure 6.13 was d = 5 pixels.
2 The

best result in respect to reflectance variation artifacts, see section 6.5.1.

6.5 Spacetime Angle Estimation

(a) A small and flat area with reflectance
variations.
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(b) A large area chosen arbitrarily.

Figure 6.13. The sum of the squared differences in the scatter data. The angle minimizing the sum will be used as the spacetime angle.

6.5.3

Motion Estimation

In order to test the motion estimation method described in section 4.5.3 the
medicine box was scanned using an camera angle of approximately 55◦ and to
further increase the perspective distortions the box was put with its long side facing the camera, this way a larger portion of the field of view of the camera than
earlier was used.
The motion estimation algorithm was run on approximately 100 consecutive
frames, which yielded approximately 100 motion estimates for each sensor position.
Then the estimates with the highest confidence where chosen for each point and at
last the remaining estimates where smoothed using a large Gaussian filter kernel.
The final estimates of θST and θSTu can be seen in figure 6.14. The variations in
the v direction in these images where deemed to come mainly from imperfections
in the motion analysis, and therefore the mean of each column where calculated,
the estimates actually used in the spacetime analysis are shown in figure 6.15.
Figure 6.16(a) shows the results obtained by using the standard method (i.e.
θST = θSTu = 0), as can be seen the artifacts caused by reflectance variations are
very distinct, both to the left and in the upper right corner. The stripes are caused
by vibrations from the conveyor belt.
Figure 6.16(b) shows the results obtained when using the spacetime angles
obtained from the motion analysis directly, as can be seen the artifacts are reduced,
but still present. The best results, shown in figure 6.16(c), were obtained when
reducing θST by approximately 10◦ (found completely ad hoc) as shown in figure
6.15(a) the possible reasons for this somewhat surprising result are discussed in
section 6.5.1. In figure 6.17 a small area of the result has been enlarged. An
interesting thing to note here is that we did not have to adjust θSTu to obtain the
results in figure 6.16(c). In other words, the effect discussed in section 6.5.1 only
seems to affect motions in the direction perpendicular to the laser line.

48

Experiments

(a) The estimated θST in different points of the sensor (degrees).

(b) The estimated θST X in different points of the sensor (degrees).

Figure 6.14. The spacetime angles for different points of the sensor as estimated by the
motion estimation algorithm.

(a) The solid line shows the θST obtained by motion estimation, and the
dashed line shows the modified θST used
in figure 6.16(c).

(b) The θST X obtained by motion analysis.

Figure 6.15. The spacetime angles obtained by calculating the mean of each column in
figure 6.14.

6.5 Spacetime Angle Estimation

(a) Result using the standard method (i.e. θST = θST u = 0).

(b) Result using the angles obtained from the motion estimation directly.

(c) Result after subtracting an offset from the θST obtained by the motion estimation.

Figure 6.16. The results from the motion estimation experiment.
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(a) Using
method.

the

standard (b) Using the estimated space- (c) Using the spacetime angles
time angles.
yielding the best result.

Figure 6.17. An enlarged area from the results of the motion estimation experiment.

6.6

Increasing Throughput of the Algorithm

When using laser triangulation in an industrial application the demands of speed
may be very high. Specialized laser triangulation solutions using the standard laser
triangulation method can deliver height profiles at a frame rate of up to 30 kHz.
The spacetime triangulation algorithm is, both computationally and memory wise,
substantially more expensive than the standard method and without specialized
hardware it is impossible to reach speeds even close to 30 kHz. Nevertheless the
algorithm was implemented on a standard PC and different techniques to improve
the performance were tested with very successful results.

6.6.1

Multithreading

Traditionally, the way to improve the performance of a CPU was to increase its
frequency but when CPUs began to reach frequencies of almost 4 GHz the heat
dissipation problems forced the CPU manufacturers to start using other strategies. The problem was solved or at least circumvented by, instead of raising the
frequency, adding multiple CPU cores to the same physical CPU chip. Modern
CPUs often have two or even four cores, but the development is not likely to
stop there. For example Intel has demonstrated a prototype containing 80 cores.
Having the opportunity to utilize more than one processing unit potentially can
improve the performance greatly, but it also introduces many new problems and

6.6 Increasing Throughput of the Algorithm
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Figure 6.18. The performance obtained when running the spacetime algorithm on a
dual core CPU.

challenges to the programmer. The greatest problem is synchronizing the computations and memory accesses between several cores so that all cores are utilized as
much as possible.
The spacetime triangulation algorithm is well suited for parallell computing,
in principle the computations can be distributed over an arbitrary number of
cores by letting each core handle the extraction of one range sample each. A test
program running an arbitrarily number of threads according to this principle was
implemented in C++ and run on a system with an AMD X2 4600+ CPU which
has two cores, each running in 2400 MHz. The test data consisted of 1200 frames
which each had the dimensions 1536 by 64 pixels. Figure 6.18 shows how the
performance of the program varied depending on the number of threads. As can
be seen the performance when using two threads instead of one actually is doubled,
furthermore the performance does not degrade when using more than one thread
per available CPU core.

6.6.2

GPGPU

GPGPU stands for General-Purpose computing on Graphics Processing Units and
means that a GPU, Graphics Processing Unit, is used instead of the ordinary
CPU to do general purpose calculations. The main advantage of using a GPU for
calculations is that it is heavily optimized for parallel computing. For example
one of the fastest graphics card currently available on the consumer market, the
Nvidia Geforce 8800GTX, consists of 128 processors each running at 1350MHz.
Depending on how well suited the calculations are for parallell computing, Nvidia
claims that obtaining 10–200 times the performance of an ordinary single core
CPU implementation is possible.
There are several different ways to utilize the GPU for general purpose calculations, the one used in this thesis is called CUDA (Compute Unified Device Architecture) [2]. CUDA is a technique developed by Nvidia which makes it possible to
write programs for the latest Nvidia GPU:s in a way similiar to the programming
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language C.
A program running the spacetime triangulation algorithm using CUDA was
implemented and tested on a computer with an Intel Pentium 4, 3000 MHz CPU
and a Nvidia 8600GT graphics card. The 8600GT graphics card has 32 processors
running in parallel. The test data used was the same as in section 6.6.1, i.e. 1200
frames, each of size 1536 by 64 pixels. When only using the CPU, the computer
was able to process an average of 335 frames per second and when using the GPU
as well it was able to process 3385 frames per second, which is an enormous increase
by more than 10 times, and this only by using a very inexpensive graphics card in
the lower mid-range segment.

Chapter 7

Conclusions and Future
Work
In this thesis a new method for laser triangulation has been evaluated, in this
chapter the results will be discussed and subjects for future work will be proposed.

7.1

Conclusions

This thesis has shown that spacetime analysis can be used to almost completely
eliminate artifacts caused both by variations in reflectance and by surface discontinuities. For example when scanning Braille printing the few remaining artifacts
have no significant impact on the result.
The possibilities of using a non-coherent light source in combination with spacetime analysis where evaluated using an unfocused laser. These experiments showed
that it is possible to resolve objects smaller than the laser width thanks to the
spacetime analysis. It also showed that Braille bumps may be detected with an
intensity distribution of a width of approximately 3 mm, which is not an unrealistic width for a non-coherent light source. In other words it should be possible
to use a non-coherent light source when detecting Braille printing, unfortunately
no suitable non-coherent light source was found, but at least it was made very
plausible that it is possible.
The parameters introduced in the laser triangulation problem when using
spacetime analysis are the spacetime angles. Three different methods of estimating
these angles were suggested and tested, and all three methods showed promising
results, although it also turned out that it not always is the theoretically correct
spacetime angle that reduces the artifacts the most. All three methods have their
strengths and weaknesses; the variance minimization method is very sensitive to
the region of interest chosen but when a suitable region is used it gives a very
distinct angle estimate; the scatter method is less sensitive to the region of interest, but on the other hand seems to give an estimate with a slightly higher
variance; the last method, which uses motion estimation, has a potential even
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to find possible non-linearities in the spacetime angles, however it turns out that
these non-linearities, for a standard laser triangulation setup, are so small that
they do not affect the result in any way.
It also has been shown that the new limitations imposed by the increased computational cost and memory consumption can be overcome by taking advantage
of the parallelization capabilities of modern computer hardware. Large improvements in performance can be achieved on modern CPU:s simply by writing multi
threaded programs, the most impressive increase in performance, however, is obtained by utilizing the capabilities of modern graphics cards. By using a very
inexpensive graphics card and a fairly simple C-style programming language a
tenfold increase of the algorithm throughput was achieved. The new bottleneck
is transferring images from the camera to the PC for processing, despite using
gigabit network for the transfer only approximately one third of the bandwidth
needed to make the PC run at full speed could be achieved.
The standard method of doing laser triangulation actually can be seen as a special case of spacetime analysis where the spacetime angles are assumed to be zero,
therefore spacetime laser triangulation never will yield results worse than the standard method. The only disadvantage of spacetime laser triangulation found in this
thesis is that it needs substantially more computing and memory resources. However, as the rapid development of new processors and larger memories continues,
these problems will pose less and less of a real problem.

7.2

Future work

The experiments conducted in this thesis mostly have been at the proof-of-concept
level and should therefore not be used as the sole source of information in making
any decisions of whether to use spacetime analysis in a real application or not,
before doing any such decisions more studies on robustness probably need to be
performed.
Although the experiments conducted in the thesis made it very probable that a
non-coherent light source could be sufficient, experiments with a real non-coherent
light source should be conducted to verify this and to further investigate what
precision that can be obtained by such a light source.
Another thing that would be interesting to study further is the reason for why
the optimal spacetime angle, θST , does not always coincide with the theoretically
correct spacetime angle.
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Appendix A

Finding the Center of a
Gaussian Curve
When we have extracted a trajectory from the spacetime volume we must estimate
the center of the intensity distribution along it. Using a high precision algorithm to
do this estimation is crucial to obtaining a good triangulation result. The method
mostly used in this thesis is the log-parabola method described in [3]. This method
uses the fact that the intensity distribution, I(s), is assumed to be Gaussian


−(s − s0 )2
I(s) = I0 exp
(A.1)
2σ 2
where s0 is the sought after center position. If we take the log of the intensity
distribution we obtain
log [I(s)] = log [I0 ] −

−(s − s0 )2
1
s0
s2
= − 2 s2 + 2 s + log [I0 ] − 02
2
2σ
2σ
σ
2σ

(A.2)

By using least square fitting we can find the coefficients of this polynomial for the
log of the trajectory in question. From these coefficients s0 is easily calculated.
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Resampling the Range Data
As concluded in section 4.2 the range data obtained may be non-uniformly sampled
in the ŷ direction, therefore we may need to do an uniform resampling. When doing
this one can run into a couple of different problems; the samples may have grouped
together so that several samples have the same coordinates; or the samples may
have moved away so that some areas of the range data are too sparsely sampled.
There are at least two different approaches to cope with these problems. One
could compensate for the different offsets by choosing unevenly spaced trajectories
in the spacetime volume in the first place, this would, however, require some
kind of preprocessing since the distances between the trajectories then would be
dependent of the trajectories themselves. An alternative approach is to use evenly
spaced trajectories but let the trajectory distance be small so that the range data
is oversampled, then ordinary linear resampling or a technique like the modified
channel smoothing described below can be used to uniformly resample the range
data.

B.1

Linear Resampling

A simple way of resampling the range data is to place uniformly spaced new
samples in the data set and calculate their values by linearly interpolating the
values from the nearest left and right old sample. This is demonstrated in figure
B.1.

B.2

Channel Smoothing

A more advanced method of resampling the data is to use a modified variant of a
technique called channel smoothing. The idea behind channel smoothing is shown
in figure B.2. Each sample is encoded into channels depending on its value as
shown in figure B.2(a), quadratic b-splines are used to distribute each sample into
several channels . The next step is to smooth each channel separately for example
by using a Gaussian kernel. At last, for each position where we want a new sample,
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Figure B.1. A simple way of resampling the data, the value of each new sample is
calculated by linearly interpolating between the two nearest old samples.

(a) Each original sample is spread to the channels using quadratic b-splines.

(b) Each channel is smoothed separately and then the new samples are reconstructed
using the three channels surrounding the maximum channel value.

Figure B.2. Channel smoothing demonstrated using 6 channels. Channel values are
indicated by gray-scale values
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(a) A situation where channel smoothing
may perform better than ordinary linear
resampling.

(b) A situation where ordinary linear resampling may perform better than channel smoothing.

Figure B.3. The dotted line represents the underlying function, the black dots is the
original samples, the crosses are the new samples obtained by ordinary linear resampling
and the diamonds are the new samples obtained by using channel smoothing.

we extract the value by calculating the center of gravity of a window spanning
over three channels centered on the channel containing the maximum value, this is
shown in figure B.2(b). Channel smoothing will result in a smoothing of the signal
as well, this effect may in some cases be undesired. The theory behind channel
smoothing is thoroughly treated in [9].
The big advantage of channel smoothing compared to ordinary linear resampling is that it preserves sharp steps in the underlying function, this can be seen in
figure B.3(a). A disadvantage may be that there is a risk for smoothing too much
so that thin peaks are removed completely, this can be seen in figure B.3(b).
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