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Beyond the simple proximity force approximation: Geometrical effects on the nonretarded
Casimir interaction
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We study the geometrical corrections to the simple proximity force approximation �PFA� for the nonretarded
Casimir force. We present analytical results for the force between objects of various shapes and substrates, and
between pairs of objects. We compare the results to those from more exact numerical calculations. We treat
spheres, spheroids, cylinders, cubes, cones, and wings; the analytical PFA results together with the geometrical
correction factors are summarized in a table.
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I. INTRODUCTION

van der Waals found empirically in 1873 that there is an
attractive force between nonpolar atoms. It took a long time,
until 1930, before there was an explanation to this force.
London �1� gave the explanation in terms of fluctuations in
the electron density within the atoms �fluctuating dipoles�. In
an alternative description �2� one may, instead of discussing
the particles, focus on the electromagnetic fields. The force
may be expressed as a result of changes in the zero-point
energy of the electromagnetic normal modes of the system.
There are modes associated with the atoms and modes asso-
ciated with the vacuum. Casimir studied a more pure and
idealized system consisting of two perfectly reflecting metal
plates. In this geometry there are no modes associated with
the plates themselves; there are only vacuum modes. The
presence of the plates changes the vacuum modes and their
zero-point energy. He published his findings in a classical
paper �3� in 1948; the Casimir force was born, 60 years ago.
Casimir’s paper is one of the most important papers in the
history of physics since it demonstrates that the boundary
conditions of a system may change its zero-point energy and
hence its properties. In the case of objects made from real
materials both the modes associated with the objects and the
vacuum modes contribute to the force �2�. The first type
dominates in the van der Waals region which is for smaller
separations. For larger separations between the objects the
vacuum modes dominate and the result is the Casimir force.
In the idealized case of perfect metals there is no van der
Waals range. In 1997 Lamoreaux �4� performed the first
modern high-precision measurements of the Casimir force.
The accuracy was good enough to make the direct compari-
son with theory feasible. This spurred a burst of renewed
interest in the Casimir effect.

The dispersion forces �van der Waals and Casimir forces�
decrease in size with separation much faster than the Cou-
lomb force and the gravitational force do. This means that
for macroscopic objects at macroscopic separations the dis-
persion forces are very weak compared to other forces. How-
ever, in the micrometer and nanometer ranges they often
dominate. Also, in biological systems they are very impor-

tant; the Coulomb forces are screened by the abundance of
mobile ions; the dispersion forces are not screened.

In the rapidly emerging field of nanotechnology the dis-
persion forces have come to play an important role and one
tries to exploit these forces in nanomechanical devices. In
the design of such devices it is important to develop precise
calculations of the Casimir forces between objects with dif-
ferent geometries and in different configurations. It may be
complicated to calculate the force between objects of general
shapes. The van der Waals and Casimir forces between half
spaces is, however, not very difficult to calculate. For finite
objects at large distances one may use multipolar expansions
�5�. However, for small separations one needs to keep more
and more terms in the expansion the smaller the distance;
one reaches a limit when the method is no longer feasible to
use.

In this work we study an approximation that comes in
handy in this situation. The proximity force approximation
�PFA�. It was first used already in 1934 �6� in connection
with coagulation of aerosols. It is a very powerful and widely
used approximation for the interaction at short distances be-
tween two objects. Lamoreaux’ experiment, discussed above,
is interpreted within this approximation. It is difficult to
make a strict estimate of how good the approximation is but
it has gained widespread acceptance in recent years.

The basic idea of the approximation is that the interaction
potential between the objects is an average interaction energy
between parallel planar interfaces,

V�z� = �
S

dSEp�w� , �1�

where Ep�w� is the interaction energy per unit area between
planar interfaces a distance w apart. The variable z is the
closest distance between the two objects. The surface S is not
uniquely defined and the choice of S is, in the general case,
not a trivial choice to make. In the examples we discuss here
the choice is more obvious. For objects above a substrate we
may choose S to be that part of a flat surface, parallel to the
substrate, that is covered by the projection of the object; w is
the distance at dS between the substrate and the object along
the normal to S. In the case of two interacting objects we
suggest that S is that part of the planar surface, perpendicular
to the resulting force, where the projections of the two ob-*bos@ifm.liu.se; www.ifm.liu.se/�boser
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jects overlap; w is the distance at dS between the two objects
along the normal to S.

Deviations from the PFA results have been observed in
experiments dealing with spheres �7�. There have been sug-
gestions that the deviations are due to the thin coatings of the
objects. However, due to limitations in the experimental and
theoretical parameters one cannot say conclusively that the
PFA calculations for coated plates give better predictions
than PFA for solid and infinitely thick plates.

Some attempts have been made to show its validity in
different cases. However, the lack of a general and rigorous
proof still remains, as well as estimates of the level of accu-
racy at all distances. In the present work we follow an alter-
native procedure where we perform an exhaustive study of
the PFA results for a wide range of geometries and configu-
rations, and compare them with the most accurate results
available in the literature.

A general method for the calculation of van der Waals
forces is shown in Ref. �8�. It is based on the solutions of a
surface integral equation for the electric potential. It is fast
and robust, and allows for calculations with great accuracy.
We use either this method or a multipolar expansion method
to compare with the PFA results. We use the multipolar ex-
pansion method in the case of spheres and spheroids where
the objects have simple symmetries. There are two versions
of the integral equation method: one three dimensional �3D�
and one two dimensional �2D�. The 3D version is the more
general of the two. In some situations one may use the 2D
version, which is faster converging. An example where this
is possible is a finite cylinder above and parallel to a sub-
strate. The force is, in this case to a good approximation,
equal to the length of the cylinder times the force per unit
length for an infinite cylinder above a substrate. In the infi-
nite cylinder case we have cylinder symmetry and a 2D prob-
lem. The 3D and 2D versions give the same result for small
separations but give different results for large separations.
When they deviate it is the results from the 3D version that
are correct.

In the sections that follow we will go through different
examples and compare the results to those from more elabo-
rate calculations. We use extensions to the traditional PFA as
discussed in Sec. II. In Sec. III we show how the calculation
of the interaction energy per unit area in planar structures is
performed. These results are used in our calculations for
more general structures. In Sec. IV we give a general expres-
sion for the interaction energy for half spaces, cylinders, and
spheres. Section V is devoted to spherical objects, Sec. VI to
spheroids, Sec. VII to cylinders, Sec. VIII to cubes, Sec. IX
to cones, and Sec. X to wings. Finally, summary and conclu-
sions are found in Sec. XI. The main analytical results are
summarized in Table I of Sec. XI.

II. PROXIMITY FORCE APPROXIMATION IN THIS
WORK

Traditionally in the PFA of the interaction between two
objects one only takes into consideration the surface of each
object that is facing the other object. The function Ep�w�, in
Eq. �1�, is the energy per unit area for two half spaces, made

up from the materials of the two objects, separated by the
distance w �see Fig. 1�a��. If the objects are immersed in an
ambient medium the gap between the two half spaces is also
filled with this medium. With this treatment the backsides of
the objects have no effect at all. One gets, e.g., the same
result for two spheres as for two half spheres. We know that
the normal modes contributing to the interaction may extend
through the objects and continue on the other side. Thus, the
back side may have important effects on the results. One
may extend the treatment by using Ep�w� from a planar
structure with four interfaces instead of two, according to
Fig. 1�b�. The distance between the interfaces surrounding
the object material is the local thickness of the object. We
will not consider this in the present work, but address an-
other limitation that is more severe. Two coated spheres, e.g.,
are in PFA treated as solid spheres. We will extend the treat-
ment by considering a planar structure with four interfaces,
like in Fig. 1�c�. In the most general case the two coatings
are of different materials and of different thickness. We let
Ep�w ,�� be the energy per unit area for two coated half
spaces, made up from the materials of the two objects, sepa-
rated the distance w. The thickness of the coating is denoted
by �. We may express the potential as

V�z� = �
S

dSEp�w,�� = �
z

z+�

dw
dS

dw
g�w−z�

Ep�w,�� ,

�2�

and find the force as

F�z� = −
dV

dz
= − g���Ep�z + �,�� + g�0�Ep�z,��

− �
z

z+�

dw
dg�w − z�

dz
Ep�w,�� . �3�

In many cases g��� vanishes, like in the illustrating example
in Fig. 2. Here we have a coated spheroid above a substrate.
The surface S is defined through the projection of the object
onto the substrate. When g��� vanishes we have

F�z� = g�0�Ep�z,���1 +
1

g�0�Ep�z,���z

z+�

dw
d2S

dw2Ep�w,��� ,

�4�

where the first part is what one usually means with PFA. The
remaining part, within brackets, is a correction factor de-
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FIG. 1. �a� Planar structure entering Ep�w� in the traditional
PFA. �b� Planar structure used in an extension of PFA to take the
back sides of the objects into account. �c� Planar structure used in
the calculation of Ep�w ,�� in our treatment of coated objects.
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pending on the geometry. This factor is often dropped with-
out any motivation at all or with the argument that the result-
ing error is of the same order of magnitude as the error in
PFA itself. Often Ep�w ,�� has a known power dependence in
w over the whole integration interval. Then we may often
find an analytical expression for the correction factor. In Fig.
2 we study a coated oblate spheroid above an uncoated sub-
strate. The lowest horizontal line is the substrate boundary.
The thicker part of this line indicates the surface S, which is
defined by the projection of the spheroid on the substrate.
The integration variable w varies from z, the closest distance,
to z+�. The region between w and w+dw picks out a surface
on the object whose projection on the substrate is a ring of
area dS. This surface contributes, in the PFA spirit, to the
energy with dS times the energy per unit area, Ep�w ,��, of
the planar configuration defined by the substrate and the film
of thickness �, indicated in the figure. If the spheroid is not
an empty shell, the half space above the film should be filled
by the material of the spheroid.

To summarize, in this work we extend the traditional PFA
in two ways: we retain the correction factor of Eq. �4�; we
extend PFA to include the finite coat thickness of coated
objects. The effects of these extensions are demonstrated and

comparisons are made to numerical results from more accu-
rate calculations. Throughout the text we refer to results from
traditional PFA as PFA results and to extended or corrected
PFA results as full PFA results.

Before we proceed with the various objects we derive, in
the next section, the interaction energy in those planar struc-
tures we need for the PFA calculations.

III. PLANAR STRUCTURES

A general expression for the interaction energy per unit
area in a planar system where only one of the distances, w,
between neighboring interfaces is allowed to vary is �2�

Ep�w� =
�

2
�

−�

� d�

2�
� d2k

�2��2 �ln�f�k,i�,w�� − ln�f�k,i�,���	

=
�

2
�

−�

� d�

2�
� d2k

�2��2 ln� f�k,i�,w�
f�k,i�,��� , �5�

where the reference energy is set to when w is infinite. The
variable k is the two-dimensional wave vector in the plane of
the interfaces. The function f�k ,� ,w� is the function in the
condition for having electromagnetic normal modes in the
planar system,

f�k,�,w� = 0. �6�

In the general case there are two of these functions: one for
TE modes and one for TM modes. Here we limit the treat-
ment to the nonretarded limit. One of the effects from ne-
glecting retardation is that the TE modes are absent. In the
case of a coated object above a coated substrate or of two
coated objects we need four interfaces between five regions.
For a structure of the type 1
2
3
4
5 where medium 3 has the
variable thickness w we have

f�k,�,w�
f�k,�,��

= 1 + e−2kw r23r34 + e−2kd2r12r34 + e−2kd4r23r45 + e−2kd2e−2kd4r12r45

1 + e−2kd2r12r23 + e−2kd4r34r45 + e−2kd2e−2kd4r12r23r34r45
, �7�

where k= 
k
 and

rij =
	 j��� − 	i���
	 j��� + 	i���

. �8�

The function 	i��� and di are the dielectric function and
thickness, respectively, of region i. In the case of a coated
object above a substrate or of two objects where only one is
coated we need three interfaces between four regions. For a
structure of the type 1
3
4
5, where medium 3 has the vari-
able thickness w, we let r12=0 and get

f�k,�,w�
f�k,�,��

= 1 + e−2kwr13r34 + e−2kd4r13r45

1 + e−2kd4r34r45
. �9�

In the case of an uncoated object above an uncoated substrate
or of two uncoated objects we need two interfaces between
three regions. For a structure of the type 1
3
5, where me-
dium 3 has the variable thickness w, we let r45=0 and get

f�k,�,w�
f�k,�,��

= 1 + e−2kwr13r35. �10�

For this last structure the integration over momentum in Eq.
�5� may be performed and results in an infinite series.

dwδ

δ

∆

dS dSz wS

FIG. 2. Coated oblate spheroid above a substrate used to illus-
trate the parameters discussed in the text.
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Ep�w� =
�

8�2�
−�

�

d��
0

�

dkk ln�1 − e−2kwr13r53�

=
�

32�2w2�
−�

�

d��
0

�

dkk ln�1 − e−kr13r53�

= −
�

32�2w2�
−�

�

d��
l=1

�
�r13r53�l

l3 = −
�

32�2w2�
l=1

�
��l
l3 ,

�11�

where the characteristic dielectric integrals ��l are

��l = �
−�

�

d��	1��� − 	3���
	1��� + 	3���

	5��� − 	3���
	5��� + 	3����l

. �12�

This result is obtained after a variable substitution, series
expansion of the logarithm, followed by the integration over
momentum.

IV. GENERAL EXPRESSION FOR HALF SPACES,
CYLINDERS, AND SPHERES

For solid objects in neglect of the geometrical correction
in Eq. �4� one may find the following general expression for
half spaces, cylinders, and spheres �2,9�:

E�z� = −
�

32�2z�1+n/2�
�1 + n/2��2�R1R2

R1 + R2
�1−n/2

�
l=1

�
��l
l3 ,

�13�

where n=0 for spheres, n=1 for cylinders, and n=2 for half
spaces. The result is for the interaction energy in the case of
spheres, the interaction energy per unit length for cylinders,
and the interaction energy per unit area for half spaces. The
variable z is the closest distance between the objects. Thus,
for two half spaces we have

E�z� = −
�

32�2z2�
l=1

�
��l
l3 = Ep�z� , �14�

for two cylinders of radii R1 and R2,

E�z� = −
�

32�2z3/2
�3/2��2�R1R2

R1 + R2
�1/2

�
l=1

�
��l
l3

= 
�3/2��2�R1R2z

R1 + R2
Ep�z� , �15�

and for two spheres of radii R1 and R2 the result is

E�z� = −
�

32�2z
�2�R1R2

R1 + R2
��

l=1

�
��l
l3 = �2�R1R2z

R1 + R2
�Ep�z� .

�16�

To get the result for a cylinder of radius R above a substrate
we let R2 go to infinity and replace R1 with R in Eq. �15�.
This results in

E�z� = −
�

32�2z3/2
�3/2��2�R�
l=1

�
��l
l3 = 
�3/2��2�RzEp�z� .

�17�

To get the result for a sphere of radius R above a substrate
we let R2 go to infinity and replace R1 with R in Eq. �16�.
This results in

E�z� = −
�

32�2z
2�R�

l=1

�
��l
l3 = 2�RzEp�z� . �18�

This is as far as we get with the general formula. Now, we
continue in next and the following sections with the geo-
metrical corrections. We start with spherical objects.

V. SPHERICAL OBJECTS

Spherical objects are often used in experiments. The ad-
vantage is that one avoids the problem of alignment. This is
the case both for a sphere above a substrate and for two
interacting spheres. In Lamoreaux’s �4� classical measure-
ment of the force between two gold plates one actually mea-
sured the force between a sphere and a planar surface.

A. Sphere-substrate interaction

For a sphere above a substrate the parameters entering Eq.
�4� are

� = R, g�x� = 2��R − x�, g�0� = 2�R,
d2S

dw2 = − 2� ,

�19�

and this results in

F�z� = 2�REp�z,���1 −
1

REp�z,���z

z+R

dwEp�w,��� ,

�20�

where we have included the possibility for the sphere and/or
the substrate to have a coating of thickness �. If Ep�w ,��
varies as

Ep�w,�� = − Cp/w�, �21�

in the whole integration interval we find the correction factor
C�� ,x� on the analytical form

C��,x� = �1 − �x − x�/�1 + x��−1�/�� − 1� , � � 1

1 − x ln��1 + x�/x� , � = 1,
� �22�

where x=zR. The correction factor is illustrated for some �
values in Fig. 3. Equation �20� is valid both in the nonre-
tarded and retarded separation regions. The PFA is only good
for small x values but if R is big enough one may still be in
the retarded region. For uncoated sphere and substrate �=2
��=3� in the nonretarded �retarded� region. If either the
sphere or substrate, or both, are coated the separation depen-
dence is, in general, more complex. If a metallic coating is
thin enough there is a separation range where �=5 /2.
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With the proper scaling one may produce universal fig-
ures, i.e., figures that are identical for all values of R. From
Eqs. �5� and �7� it follows that Ep�w ,��= f�w /R ,� /R�w2.
From Eq. �20� it follows that if one plots R times F as a
function of z /R the results look identical as long as the coat
thickness is the same fraction of R. This means that there is
no need to repeat the calculations for different sphere radii.
In Fig. 4 we show R times the nonretarded force on a gold
sphere above a gold substrate as a function of normalized
separation z /R. Throughout we use the dielectric function of
gold given in Ref. �10�. The differences between the curves
are not clearly seen in a figure like this. In Fig. 5 we show
the result from the multipolar calculation and the geometry
corrected or full PFA result relative to the PFA result. We see
that the full PFA means a substantial improvement from
PFA. In Fig. 6 we show R times the nonretarded force on a
spherical gold shell above a gold substrate as a function of
normalized separation z /R. The thick solid curve and dashed
curve are the PFA and full PFA curves, respectively, for a
solid gold sphere and are the same as in Fig. 4; the solid
curve with open circles is the result from the multipolar cal-
culation for a shell of a thickness of one percent of the ra-
dius; the filled circles are our extended PFA result for the
gold shell; the solid curve with triangles is our extended and
full PFA result for the gold shell. We note that the full result,

from the multipolar calculation, follows the PFA result for a
solid gold sphere for distances smaller than approximately
the coat thickness. Then for larger separations there is a re-
gion where it follows rather closely the 2D PFA result ob-
tained by replacing the gold film with a 2D �two-
dimensional� metallic sheet with 2D electron density given
as the projection of the 3D electron density of the film. These
results are derived in Refs. �11,12�,

RF = 2�R2Ep�z� � 0.1556�n�2e2/me
��/R�z/R�5/2,

�23�

where n is the conduction electron density of gold.

B. Sphere-sphere interaction

For two spheres of equal size the parameters entering Eq.
�4� are
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FIG. 3. The correction factor C�� ,x� for a set of � values.
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� = 2R, g�x� = ��R − x/2�, g�0� = �R,
d2S

dw2 = − �/2,

�24�

and this results in

F�z� = �REp�z,���1 −
1

2REp�z,���z

z+2R

dwEp�w,��� .

�25�

If Ep�w ,�� varies as in Eq. �21� in the whole integration
interval we again find the correction factor C�� ,x� on ana-
lytical form and it is identical to the expression in Eq. �22�,
but now x=z /2R. In Fig. 7 we show 8R times the nonre-
tarded force between two gold spheres of equal size as a
function of normalized separation z /2R. Plotted in this way
the PFA and full PFA curves are identical to the correspond-
ing ones in Fig. 4; the result from the multipolar calculation
is not. In Fig. 8 we show the result from the multipolar
calculation and the full PFA result relative to the PFA result.

We find that the agreement is not as good as in the case of a
sphere above a substrate.

VI. SPHEROIDS

A spheroid has an axis of symmetry. We let this axis be
perpendicular to the substrate in the case of a spheroid above
a substrate; in the case of two spheroids we let both symme-
try axes coincide with the line joining the centers of the
spheroids. We let y be the variable along the symmetry axis
and r the variable perpendicular to the symmetry axis. Let A
�B� be the larger �smaller� of the two semiaxes and let

� = A/B  1. �26�

There are two types of spheroid: oblate defined by the equa-
tion

r2

A2 +
y2

B2 = 1, �27�

and prolate defined by

r2

B2 +
y2

A2 = 1. �28�

The oblate spheroid varies between a sphere of radius A
when B is equal to A and a disk of radius A when B is equal
to 0; the prolate spheroid varies between a sphere of radius A
when B is equal to A and a pin of length A when B is equal
to 0.

A. Spheroid-substrate interaction

We start with the oblate spheroids. For an oblate spheroid
above a substrate the parameters entering Eq. �4� are

� = B, g�x� = − 2��2�x − B�, g�0� = 2��2B ,

d2S

dw2 = − 2��2, �29�

and this results in

F�z� = 2�B�2Ep�z,���1 −
1

BEp�z,���z

z+B

dwEp�w,��� .

�30�

Thus,

F�z� = 2�B�2Ep�z,��C��,x�, x = z/B , �31�

if Ep�z ,�� has a power law dependence. The correction factor
C�� ,x� is the same as in Eq. �22�.

To get the results for prolate spheroids we just replace B
with A and � with �−1. The result is

F�z� = 2�A�−2Ep�z,���1 −
1

AEp�z,���z

z+A

dwEp�w,��� ,

�32�

and if Ep�z ,�� has a power law dependence it is
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F�z� = 2�A�−2Ep�z,��C��,x�, x = z/A . �33�

The correction factor C�� ,x� is the same as in Eq. �22�.
If one for an oblate �prolate� spheroid plots B�−2F �A�2F�

as a function of z /B �z /A� and lets the thickness of the coat-
ing be in units of B �A� one obtains the same universal PFA
and full PFA curves as we previously found for a sphere
above a substrate or for two spheres. Figure 9 shows the
results for an oblate �prolate� spheroid with �=1.4 ��=4.0�
above a gold substrate. An alternative way to plot the curves

is to plot R̃ times F as a function of z / R̃, where R̃ is the
radius of curvature at the point of closest contact. Then the
PFA result is universal but the full PFA result is different for
the oblate and prolate cases and depends on the � value. The
radius of curvature is B�2 �A�−2� for oblate �prolate� sphe-
roids.

B. Spheroid-spheroid interaction

In the case of two equal spheroids aligned along the com-
mon symmetry axis we find in the oblate case

F�z� = �B�2Ep�z,���1 −
1

2BEp�z,���z

z+2B

dwEp�w,��� ,

�34�

and if Ep�z ,�� has a power law dependence it is

F�z� = �B�2Ep�z,��C��,x�, x = z/2B . �35�

The correction factor C�� ,x� is the same as in Eq. �22�.
For two prolate spheroids we obtain

F�z� = �A�−2Ep�z,���1 −
1

2AEp�z,���z

z+2A

dwEp�w,��� ,

�36�

and

F�z� = �A�−2Ep�z,��C��,x�, x = z/2A , �37�

if Ep�z ,�� has a power law dependence. The correction factor
C�� ,x� is the same as in Eq. �22�. If one for two oblate
�prolate� spheroids plots 8B�−2F �8A�2F� as a function of
z /2B �z /2A� and lets the thickness of the coating be in units
of 2B �2A� one obtains the same universal PFA and full PFA
curves as we previously found for a sphere above a substrate,
for two spheres and for a spheroid above a substrate. In Fig.
10 we show the force between two gold spheroids, two pro-
late with �=4.0, and two oblate with �=1.4. An alternative

way to plot the curves is to plot 8R̃ times F as a function of

z /2R̃, where R̃ is the radius of curvature at the point of
closest contact. Then the PFA result is universal but the full
PFA result is different for the oblate and prolate cases and
depends on the � value.

VII. CYLINDERS

The problem of alignment in measurements of the disper-
sion forces is partly avoided by using cylinders. It is fully
avoided in the case of crossed cylinders �13�.

A. Cylinder-substrate interaction

Here, we consider a cylinder of radius R and length L
above a substrate. The closest distance is z, as before. This is
a geometry where once again g��� of Eq. �3� vanishes. How-
ever, here one runs into another problem, viz., that g�0� di-
verges. We need to make an alternative derivation,
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V�z� = �
S

dSEp�w� = 2L�
0

R

dyEp�z + R − �R2 − y2�

= 
w = z + R − �R2 − y2
 = 2L�
z

z+R

dw
z + R − w

�R2 − �z + R − w�2
Ep�w� = 
w → u + z


= 2L�
0

R

du
R − u

�R2 − �R − u�2
Ep�u + z� , �38�

and

F�z� = −
dV�z�

dz
= − 2L�

0

R

du
R − u

�R2 − �R − u�2

dEp�u + z�
dz

. �39�

We limit the treatment to power law dependence in the nonretarded limit and obtain

F�z� = �LEp�z��3��/4��2�R/z� � �6�x + 1�2 tan−1�1/�x2 + 2x� + 3��x + 1�2 + 2�x2 + 2x�2x2 + 4x + 3�

�3��/4��2�/x�x + 1��x + 2�2�x2 + 2x
� , �40�

or

F�z�R2/L = �Ep�x��3��/4��2�/x� � �6�x + 1�2 tan−1�1/�x2 + 2x� + 3��x + 1�2 + 2�x2 + 2x�2x2 + 4x + 3�

�3��/4��2�/x�x + 1��x + 2�2�x2 + 2x
� , �41�

where we have written the results on universal form. The
first factor is the PFA result and the second is the correction
factor from the full geometry. The variable x=z /R. The re-
sult is valid under the assumption that Ep�z��z−2. Figure 11
shows the result �thin solid curve� for a gold cylinder above
a gold substrate as calculated with integral equation tech-
niques �8�. We have performed calculations for an infinite
cylinder and for finite ones with L=R and L=2R. All three
curves fall within the curve thickness on a plot like this. The

result from the infinite cylinder calculation we limited to z
�R, otherwise we would have gotten deviations. The thick
solid �thin dashed� curve is the PFA �full PFA� result.

B. Cylinder-cylinder interaction

The result for the force between two identical parallel
cylinders is easily obtained from the results in the previous
section. It is

F�z�8R2/L = �Ep�x��3��/4��2�/x� � �6�x + 1�2 tan−1�1/�x2 + 2x� + 3��x + 1�2 + 2�x2 + 2x�2x2 + 4x + 3�

�3��/4��2�/x�x + 1��x + 2�2�x2 + 2x
� , �42�

where now the variable x=z /2R. Note that the right-hand
side of this equation is identical to the one in Eq. �41�.

C. Standing cylinder

For a cylinder standing upright above a substrate, the
proximity force approximation gives the potential as the bot-
tom area of the cylinder times the interaction energy per unit
area between two half spaces. The full PFA gives the same
result. For a cylinder of length L with a circular cross section
of radius R, we have in the nonretarded case V�z�
=�R2Ep�z� and

F�z� = −
dV�z�

dz
= 2�R21

z
Ep�z� . �43�

The universal expression is

RF = 2�Ep�x�/x , �44�

where x=z /R.

VIII. CUBE-SUBSTRATE INTERACTION

A. Straight cube

For a cube standing upright above a substrate, the prox-
imity force approximation gives the potential as the bottom
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area of the cube times the interaction energy per unit area
between two half spaces. The full PFA gives the same result.
For a cube of side length L we have in the nonretarded case
V�z�=L2Ep�z� and

F�z� = −
dV�z�

dz
= 2L21

z
Ep�z� . �45�

The universal expression is

LF = 2Ep�x�/x , �46�

where x=z /L.

B. Tilted cube

Here we tilt the cube the angle � while keeping one of the
edges parallel to the substrate. The potential is

V�z� = �
S

dSEp�w� = �
0

L cos �

dxLEp�z + x tan ��

+ �
0

L sin �

dxLEp�z + x cot ��

= L cot ��
z

z+L sin �

dwEp�w�

+ L tan ��
z

z+L cos �

dwEp�w� , �47�

and the force

F�z� = −
dV�z�

dz
= − L�cot �Ep�z + L sin �� − cot �Ep�z�

+ tan �Ep�z + L cos �� − tan �Ep�z��

=
− L

sin � cos �
�cos2 �Ep�z + L sin ��

+ sin2 �Ep�z + L cos �� − Ep�z�� . �48�

The universal expression in the nonretarded limit is

LF = � 1

sin � cos �
Ep�x���1 − cos2 ��1 +

sin �

x
�−2

− sin2 ��1 +
cos �

x
�−2� , �49�

where x=z /L. The first factor is the PFA result and the sec-
ond is the correction factor due to the full geometry. Note
that the x dependence of the PFA result changes abruptly
when the cube is tilted. In Fig. 12 we show the results for a
gold cube above a gold substrate. The results are for a
straight cube and for a cube tilted by � /9 and � /4, respec-
tively. The dotted curves are the PFA result and the dashed
curves are the full PFA result. The results from the integral
equation method are represented by thin solid curves. For the
straight cube there are no corrections to PFA. For large sepa-
rations the force for both straight and tilted cubes varies as
F�L3 /z4; for small separations the force on the straight cube
varies as F�L2 /z3; for small separations the force on a tilted
cube varies as F�L /z2. This means that the force at large
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separations is proportional to the volume of the object; at
small separations it is proportional to the projected area for
the straight cube and to the length of the closest edge for the
tilted cube in Sec. VIII.

IX. CONE-SUBSTRATE INTERACTION

A. Cone with a pointed tip

Let the cone have a circular bottom of radius R and be of
height L. It has its point towards the substrate at the distance
z. In this case Eqs. �3� and �4� cannot be used. Instead, we
write

V�h� = �
S

dSEp�w� = �
0

R

dr2�rEp�h + rL/R� , �50�

and if Eq. �21� holds we have

F�z� = −
dV�z�

dz

= − �
0

R

dr
2�rCn

�z + rL/R�n+1

= − 2�CnR2�
0

1

dr
r

�z + rL�n+1

= −
2�CnR2

Ln+1 �
0

1

dr
r

�z/L + r�n+1 =
2�CR2

Ln+1

� � 1

n − 1
��z/L + n�/�z/L + 1�n − 1/�z/L�n−1� , n � 1

1 + ln��z/L�/�z/L + 1�� − �z/L�/�z/L + 1� , n = 1.
�

�51�

In our case we have n=2 and may write on universal form

F�z�L = 2�Ep�x�x2 tan2���/�x�1 + x�2�, x = z/L . �52�

In Fig. 13 we plot LF�z� / tan2��� as a function of z /L for
a gold cone above a gold substrate. In PFA and full PFA this
produces a universal curve for all sizes and for all aperture
angles. We note that for large z /L the full PFA curve varies
as �z /L�−3, which means that the force varies as z−3 and is
proportional to the projected area of the cone. For small rela-
tive separations the curve varies in the limit as �z /L�−1,
which means that the force varies as z−1 and is independent
of the size of the cone. In this geometry the integral equation
method has convergency problems in the small separation
limit so we omit any results here. This method works much
better for cones with spherical tips, which is the topic of the
next section. Before we go on to that subject we explore the
results for the cone with the pointed tip a little bit more. If
we now study the results for the force per unit projected area,

F�z�/�R2 = − 2Cp/�z�L + z�2� , �53�

we see that for fixed L the results are independent of the
aperture angle of the cone; if we keep the height of the cone
fixed and increase the base area the force per unit projected
area stays unchanged. In Fig. 14 we show these results for a

set of L values. The thick solid curve is the result for two
half spaces; all full PFA curves approach this curve for large
z values. The thin curves are the full PFA results for different
cone heights. The dotted curves are the corresponding PFA
results. We should here make a clarifying point. In the
present case there is no region around the point closest to the
substrate within which the object has a flat surface parallel to
the substrate; this is also the case for the tilted cube in Sec.
VIII and for the wings in Sec. X. The PFA is then defined as
the low separation asymptote of the full PFA result. Since we
could not use our more reliable theoretical methods to test
the full PFA result for the pointed cone we have instead
derived the results in the diluted limit by summing over pair
interactions. This should give an interaction with correct dis-
tance dependence but with the wrong strength �9�. We find

F�z�L � − tan2���/�x�1 + z�3�, x = z/L . �54�

Thus, it is fully in agreement with our results for small sepa-
rations. For large separations the force is proportional to the
volume V of the cone and varies as F�z��V /z4, which is
what one would expect from the full result.

B. Cone with a spherical tip

The cone with a pointed tip treated in the previous section
is an idealization. In all practical cases the tip is rounded. In
this section we let the tip be a part of a sphere. We let L be
the height of the truncated cone, and R the radius of curva-
ture of the spherical tip. The tip connects to the truncated
cone so that the slope of the surface is continuous at the
connection. The nearest point is z above the substrate. Let
the angle of aperture be 2�. The force in full PFA consists of
two parts, RF=RF1+RF2, where the first part comes from
the spherical tip

RF1 = 2�Ep�x��1 −
x2 sin �

�x + 1 − sin ��2

− �x −
x2

x + 1 − sin �
��, x = z/R , �55�

and the second from the truncated cone
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RF2�z� = 2� tan2���Ep�x�x2� 1

x + 1 − sin���

−
x + 1 − sin��� + 2L/R

�x + 1 − sin��� + L/R�2�, x = z/R , �56�

where we have assumed that Eq. �21� holds with 2 as an
exponent.

In Fig. 15 we compare the full PFA result �dotted curves�
with that from the full calculation �thin solid curves� of the
force on a gold cone with a spherical tip above a gold sub-
strate. In all cases L is kept eight times the radius of curva-
ture, R, of the tip. The thick solid curves are the limiting
result of the full PFA when the height of the cone goes to-
ward infinity; the dashed curves are the corresponding as-
ymptotes, RF=2� tan2���Ep�x�x. All set of curves are for the
� values � /4, � /6, and � /18, respectively. In Fig. 16 we
keep the aperture angle fixed with the value � /2 and vary
L /R. The thin solid �dotted� curves are from the full �full

PFA� calculation. The thick solid curve is the full PFA result
in the limit when L /R→�; the dashed curve is the corre-
sponding asymptote. We see that the full PFA results stay
below the thick solid curve for all separations and come
closer the larger the L /R value. The results from the full
nonretarded calculation cross the thick solid curve.

X. WINGS-SUBSTRATE INTERACTION

A. Thick wings

In this section we consider a geometrical object, which we
call wings, described in Fig. 17, above a substrate. The ob-
ject has the extension L in the direction perpendicular to the
plane of the figure. Thus, the bottom and top surfaces are
squares of side length L. The thickness of the wings is �.

In the standard PFA the result is independent of the thick-
ness and is the result for infinite thickness. The potential is in
full PFA found as

V�z� = �
S

dSEp�w� = 2�
0

L cos �

dxLEp�z + x tan ��

= 2L cot ��
z

z+L sin �

dwEp�w� , �57�

and the force as

F�z� = −
dV�z�

dz
= 2L�cot �Ep�z + L sin �� − cot �Ep�z��

= 2L cot ��Ep�z + L sin �� − Ep�z�� . �58�

In the nonretarded version the result is

LF�z� = 2L2 cot �Ep�z�� z2

�z + L sin ��2 − 1�
= − 4 cos �Ep�x�

1

x
� �1 + sin �/2x�

�1 + sin �/x�2 �
= − 2 cot �Ep�x�� �1 + 2x/sin ��

�1 + x/sin ��2 �, x = z/L ,

�59�

where the second line is useful in finding the zero angle
limit, −4Ep�x� /x, or the large x asymptote, −4 cos �Ep�x� /x;
the third line to find the small x asymptote, −2 cot �Ep�x�. In
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Fig. 18 we give the results for gold wings above a gold
substrate. The solid curves are the full PFA results for the
angles 0°, 5°, 15°, and 25°. The circles are the corresponding
results from the full integral equation calculation. In this cal-
culation one has to choose a big, but finite thickness. We
have chosen it to be equal to L. We have used a 2D version
of the theory, i.e., we have assumed that the wings have an
infinite extension in the direction perpendicular to the plane
of the figure. We obtain the force per unit length and multi-
ply this with the actual length L. One may alternatively per-
form the calculation for the actual length L directly, i.e., use
a 3D version of the theory. These two results are expected to
be different for large x values; in full PFA there is no differ-
ence. Note that the full PFA works very well for this prob-
lem. For nonzero angles the force is proportional to the
length of the edge at small distances and to the projected
surface for large distances; for zero angle it is proportional to
the projected surface area at all distances.

B. Thin wings

For wings of general thickness one finds in full PFA

F�z� = −
dV�z�

dz

= 2L cot ��Ep�z + L sin �,�� − Ep�z,���

= 2L cot �
1

L2 �Ep�x + sin �,�/L� − Ep�x,�/L��, x = z/L ,

�60�

and

LF�x,�/L� = 2 cot ��Ep�x + sin �,�/L� − Ep�x,�/L�� .

�61�

In Fig. 19 the full PFA result for thick wings of angles 0°,
5°, and 25° is shown as thick curves. The thin curves repre-
sent the full result for thickness 5%, 10%, 25%, 50%, and

100%. The thicker the curve the closer it agrees with the full
PFA result for thick wings. The 100% curve has completely
merged with the corresponding full PFA curve for thick
wings in the whole x range covered in the figure. The full
PFA results for thickness 5%, 10%, and 25% are indicated by
circles. We find that the results from the full PFA even here
agree quite well with the results from the more well founded
result from the 2D version of the integral equation method.

If the thickness becomes extremely small the wings be-
have as a bent two-dimensional metallic film,

LF�z� = 2L2 cot ��Ep�z + L sin �� − Ep�z��

� 2L2 cot �0.024 77�n�2e2/me
��

��z−5/2 − �z + L sin ��−5/2�

= 0.049 54 cot ��n�2e2/me
��/L�x−5/2 − �x + sin ��−5/2�

= 
� → 0
 = 0.123 85�n�2e2/me
��/Lx−7/2 = 
x → 0


= 0.049 54 cot ��n�2e2/me
��/Lx−5/2 = 
x → �


= 0.123 85 cos ��n�2e2/me
��/Lx−7/2. �62�

In Fig. 20 we study how the results approach the strictly
two-dimensional limit �straight line� when the thickness goes
towards zero. The open circles connected with lines is the
result from the full PFA. The result from the full calculation
using the 2D version of the integral equation method is in-
dicated by filled circles.

XI. SUMMARY AND CONCLUSIONS

In this work we have performed a critical test of the va-
lidity of the proximity force approximation. This was done
by comparisons with the results from calculation methods of
more solid foundation, multipole expansions, and a method
based on an integral equation for the potentials. Calculations
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FIG. 18. The force on thick gold wings above a gold substrate.
The lines are the full PFA result and the circles are the full result
from a 2D version of the integral equation method. Note that the
slope of the zero angle curve is different from that of the others at
the small x end of the figure.

10-3

10-2

10-1

100

101

102

103

104

105

10-2 10-1 100

z/L

L
F

(e
V

)

α = 0˚α = 5˚

α = 25˚

FIG. 19. The force on gold wings above a gold substrate. The
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were performed for a variety of geometries including edges
and corners with different orientations; we studied coated
objects and freestanding shells. The PFA results and geo-
metrical correction factors for most of the geometries are
summarized in Table I.

We extended the traditional PFA in two ways; we did not
just keep the small separation asymptote but took the geo-
metrical shapes of the objects fully into account; we took the
finite thickness of the coatings and freestanding shells into
account.

Throughout this work we have presented universal fig-
ures, independent of the system scale. A word of caution is in
place. All results are limited to the nonretarded range. This
means that the range of validity in each figure depends on the

scaling parameter. At the present status of the available mea-
surement techniques one requires big enough objects, in the
order of tens of micrometers, in close proximity, in the range
of hundreds of nanometers. In a majority of cases this means
that one is in the nonretarded limit and that the full PFA
should be a good approximation.

For three examples treated here there is no region around
the point of closest distance to the substrate where the sur-
face of the object is near to parallel with the substrate. The
examples are the tilted cube in Sec. VIII, the pointed cone in
Sec. IX, and the wings in Sec. X. We would imagine that the
electromagnetic normal modes in these geometries would be
quite different from the ones between two parallel plates;
consequently, we would expect the proximity force approxi-
mation to fail in these geometries. In these geometries we
define PFA to be the low separation asymptote of the full
PFA. The slope of these asymptotes jumps from one value to
another when the tilt angle for the cube goes from zero to a
nonzero value. The same holds for the wings when the angle
goes from zero to a finite value. The trend is similar for the
pointed cone, but a little bit more complicated to visualize.
In the discussion in connection with Fig. 14 we pointed out
that the force per unit projected area was independent of
aperture angle if one kept that height of the cone fixed and
changed the base area. If we now instead keep the base area
fixed and change the aperture angle through changing the
cone height, making this smaller and smaller, the slope of the
asymptote stays unchanged but the curve comes closer and
closer to the thick curve. When the aperture angle is �, i.e.,
when the cone is just a circular disk the slope is that of the
thick curve, the result for two half spaces. It turns out that the
full PFA works quite well for these geometries. In the tilted
cube and wings geometries we compared the results with
those from the integral equation method. The agreement was

TABLE I. Summary of the PFA result and the geometrical correction factor for different geometries. The
last column gives the lowest order term in the expansion of the correction factor.

Geometry PFA
Correction factor

=1+�+¯ �

Sphere-substrate RF=2�Ep�x�, x=z /R 1 / �x+1� −x

Sphere-sphere 8RF=2�Ep�x�, x=z /2R 1 / �x+1� −x

Oblate-substrate B�−2F=2�Ep�x�, x=z /B 1 / �x+1� −x

Prolate-substrate A�2F=2�Ep�x�, x=z /A 1 / �x+1� −x

Oblate-oblate 8B�−2F=2�Ep�x�, x=z /2B 1 / �x+1� −x

Prolate-prolate 8A�2F=2�Ep�x�, x=z /2A 1 / �x+1� −x

Cylinder-substrate R2L−1F= �3� /4��2 /xEp�x�, x=z /R a −x /4

Cylinder-cylinder 8R2L−1F= �3� /4��2 /xEp�x�, x=z /2R a −x /4

Straight cube-substrate LF=2Ep�x� /x, x=z /L 1 0

Tilted cube-substrate LF=Ep�x� / �sin � cos ��, x=z /L b c

Pointed cone-substrate L�tan ��−2F=2�xEp�x�, x=z /L 1 / �x+1�2 −2x

Thick wings-substrate LF=−2 cot �Ep�x�, x=z /L �1+2x /sin ��
�1+x /sin ��2

−�x /sin ��2

aThe correction factor is �
6�x+1�2 tan−1�1 /�x2+2x�+3��x+1�2+2�x2+2x�2x2+4x+3�

�3�� /4��2� /x�x+1��x+2�2�x2+2x
�.

bThe correction factor is �1−cos2 ��1+sin � /x�−2−sin2 ��1+cos � /x�−2�.
cLowest order correction term is −�tan2 �+cot2 ��x2.
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extremely good especially in the wings geometry. In the
pointed cone case we had problems getting converging re-
sults in the asymptotic limit, but found that our PFA results
were supported by those from the exact results in the diluted
limit, obtained from a summation over pair interactions.

We have noted two things in particular. One is that the
force between a cube and a substrate drastically changes
character when the cube goes from standing straight to being
slightly tilted; this also holds for the wings when going from
zero angle to finite; the distance dependence of the force
changes. The other is that the full PFA works very well also
for tilted objects and for edges. This means that in experi-

ments it might be better to keep a small but finite angle to the
substrate instead of putting too much effort in trying to get
perfect alignment; in the interpretation one should then use
the full PFA result valid for the finite angle.
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