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Abstract

Good models of industrial robots are necessary in a variety of applications, such as
mechanical design, performance simulation, control, diagnosis, supervision and offline
programming. This motivates the need for good modelling tools. In the first part of this
thesis the forward kinematic modelling of serial industrial robots is studied. The first
steps towards a toolbox are implemented in the MAPLE programming language.

A series of possible applications for the toolbox can be mentioned. One example is
to estimate the pose of the robot tool using an extended Kalman filter by means of extra
sensors mounted on the robot. The kinematic equations and the relations necessary for
the extended Kalman filter can be derived in the modelling tool. Iterative learning control,
ILC, using an estimate of the tool position can then improve the robot performance.

The second part of the thesis is devoted to ILC, which is a control method that is
applicable when the robot performs a repetitive movement starting from the same initial
conditions every repetition. The algorithm compensates for repetitive errors by adding
a correction signal to the reference. Studies where ILC is applied to a real industrial
platform is less common in the literature, which motivates the work in this thesis.

A first-order ILC filter with iteration-independent operators derived using a heuristic
design approach is used, which results in a non-causal algorithm. A simulation study is
made, where a flexible two-mass model is used as a simplified linear model of a single
robot joint and the ILC algorithm applied is based on motor-angle measurements only. It
is shown that when a model error is introduced in the relation between the arm and motor
reference angle, it is not necessary that the error on the arm side is reduced as much as
the error on the motor side, or in fact reduced at all.

In the experiments the ILC algorithm is applied to a large-size commercial industrial
robot, performing a circular motion that is relevant for a laser-cutting application. The
same ILC design variables are used for all six motors and the learning is stopped after
five iterations, which is motivated in practice by experimental results. Performance on the
motor side and the corresponding performance on the arm side, using a laser-measurement
system, is studied. Even though the result on the motor side is good, it is no guarantee
that the errors on the arm side are decreasing. One has to be very careful when dealing
with resonant systems when the controlled variable is not directly measured and included
in the algorithm. This indicates that the results on the arm side may be improved when an
estimate of, for example, the tool position is used in the ILC algorithm.
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Sammanfattning

Bra modeller av industrirobotar behövs i en mängd olika tillämpningar, som till exempel
mekanisk design, simulering av prestanda, reglering, diagnos, övervakning och offline-
programmering. I första delen av avhandlingen studeras modellering av framåtkinema-
tiken för en seriell robot och implementeringen av ett modelleringsverktyg, en toolbox,
för kinematikmodellering i MAPLE beskrivs ingående.

Ett antal möjliga tillämpningar för toolboxen kan nämnas. Ett exempel är att med hjälp
av extra sensorer monterade på roboten och ett så kallat extended Kalmanfilter förbättra
skattningen av positionen och orienteringen för robotverktyget. De kinematiska ekvatio-
nerna och sambanden som behövs för extended Kalmanfiltret kan beräknas med hjälp
av modelleringsverktyget. Reglering genom iterativ inlärning – iterative learning control,
ILC – där en skattning av verktygspositionen används, kan sedan förbättra robotens pre-
standa.

Andra delen av avhandlingen är tillägnad ILC. Det är en reglermetod som är använd-
bar när roboten utför en repetitiv rörelse som startar från samma initialvillkor varje gång.
Algoritmen kompenserar för de repetitiva felen genom att addera en korrektionsterm till
referenssignalen. Studier där ILC är tillämpad på en verklig industriell plattform är mindre
vanligt i litteraturen, vilket motiverar arbetet i avhandlingen.

Ett första ordningens ILC-filter med iterationsoberoende operatorer används. ILC-
algoritmen är framtagen enligt ett heuristiskt tillvägagångssätt, vilket resulterar i en icke-
kausal algoritm. I en simuleringsstudie med en flexibel tvåmassemodell som en förenklad
linjär modell av en enskild robotled, används en ILC-algoritm baserad endast på motor-
vinkelmätningar. Det visar sig att när ett modellfel introduceras i sambandet mellan arm-
och motorvinkelreferensen, är det inte säkert att felet på armsidan minskar så mycket som
felet på motorsidan, eller minskar överhuvudtaget.

I experiment tillämpas ILC-algoritmen på en stor kommersiell industrirobot som utför
en cirkelrörelse som är relevant för en laserskärningstillämpning. Samma designvariabler
används för alla sex motorerna och inlärningen stoppas efter fem iterationer, vilket är
motiverat i praktiken genom experimentella resultat. Prestanda på motorsidan studeras,
och motsvarande prestanda på armsidan mäts med ett lasermätsystem. Trots goda resul-
tat på motorsidan finns det inga garantier för minskande fel på armsidan. Stor försiktig-
het krävs när experimenten innefattar ett resonant system där den reglerade variabeln
inte är mätt explicit och inkluderad i algoritmen. Detta visar på möjligheten att förbättra
resultaten på armsidan då en skattning av till exempel verktygspositionen används i ILC-
algoritmen.

vii





Acknowledgments

Three years ago I knew nothing about MAPLE, industrial robots or ILC, and now I really
think that the orange colour is quite nice :). Prof. Svante Gunnarsson and Dr. Mikael
Norrlöf, if you have learned only half of what I have learned, you should be happy! With-
out your experience, patience, curiosity and ability to make me ask all “stupid questions”,
this would not have been possible. I am very grateful for the support and the ambitious
proofreading! Many ideas have come up for new exciting experiments and interesting
theoretical issues, so let us start immediately...

When I entered the conference room Ljungeln for the first time, it was a really nervous
moment – so much knowledge gathered in the room! To me known professors, lecturers
and competent senior researchers were asking me questions for an employment. Appar-
ently I made a good impression, and I am proud and grateful to fit in this group consisting
of so many clever, ambitious and well-informed people. Thank you, Prof. Lennart Ljung,
for letting me join the group!

A special thanks is directed to Daniel Ankelhed, Dr. Torgny Brogårdh, Janne Harju
Johansson, Stig Moberg, Daniel Petersson, Per Skoglar and Dr. Erik Wernholt for proof-
reading various parts of the thesis. Although Christmas and New Years Eve were right
around the corner, you managed to read my complicated sentences and ambiguous text.
Thanks a lot for all the effort that you have spent! Your curiosity and will to understand
every single detail and your ability to ask (adequate confused) questions have improved
this work significantly. My struggles with LATEX have also been considerably easier un-
der the assist of Gustaf Hendeby and other practical issues are indeed facilitated by Ulla
Salaneck. Thank you!

Vetenskapsrådet (VR) and ABB Robotics are important for this work. The financial
support from VR is highly appreciated. The fruitful discussions with the Motion Control
group at ABB Robotics in Västerås is another important ingredient in this work. Thank
you, Torgny Brogårdh with co-workers, for your interest and support. Both your ability
to serve me with research projects that are interesting for both you and me and letting me
try my ideas on your robots are very important to me!

I am aware of that the PhD studies have been somewhat prioritised over my family and
friends... Nevertheless, I often think of you and want to spend more time together with
you, more than what sometimes is possible. Last but not least, a positive and unexpected
outcome of my PhD studies is you, Daniel. I really enjoy being with you, so let us work
less and together discover more in the future!

Linköping, January 2008

ix





Contents

1 Introduction 1
1.1 Background and motivation . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Modelling 9
2.1 Basics about robots and coordinate frames . . . . . . . . . . . . . . . . . 9

2.1.1 Links and frames . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.2 Pairs and joints . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.3 Robot configurations . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.1 Forward kinematics . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.2 Inverse kinematics . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.1 Rigid body dynamics . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.2 Flexible body dynamics . . . . . . . . . . . . . . . . . . . . . . 17

I Derivation and validation of industrial robot kinematics using
MAPLE 19

3 Kinematics 21
3.1 Motivation and limitations for the work . . . . . . . . . . . . . . . . . . 21
3.2 Position kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2.1 Translation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2.2 Rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2.3 Different representations of rotations . . . . . . . . . . . . . . . 23

xi



xii Contents

3.2.4 Rigid motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2.5 Homogeneous transformations for a robot . . . . . . . . . . . . . 25

3.3 Denavit-Hartenberg representation . . . . . . . . . . . . . . . . . . . . . 26
3.4 Velocity kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.4.1 Manipulator Jacobian . . . . . . . . . . . . . . . . . . . . . . . . 28
3.4.2 Linear velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.4.3 Angular velocity . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.4.4 Discussion about the Jacobian . . . . . . . . . . . . . . . . . . . 31

3.5 Acceleration equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Kinematic modelling in MAPLE 35
4.1 Introduction and motivation . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 Chosen computer algebra tool for the toolbox . . . . . . . . . . . . . . . 37

4.2.1 Desired operations, computations and objects . . . . . . . . . . . 37
4.2.2 MAPLE as a programming language . . . . . . . . . . . . . . . . 38

4.3 DH-toolbox . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.3.1 Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.3.2 D-H parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.3.3 Robot . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.3.4 Homogeneous transformations . . . . . . . . . . . . . . . . . . . 45
4.3.5 Rigid motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.3.6 Jacobian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.3.7 Velocity and acceleration . . . . . . . . . . . . . . . . . . . . . . 49

4.4 Summary – a robot example . . . . . . . . . . . . . . . . . . . . . . . . 49

5 Experimental evaluation 53
5.1 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

5.1.1 Inertial measurement unit . . . . . . . . . . . . . . . . . . . . . 54
5.1.2 Motor angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.2 Kinematic relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.3 Experimental motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.3.1 Requirements on the movement . . . . . . . . . . . . . . . . . . 59
5.3.2 Experimental motions . . . . . . . . . . . . . . . . . . . . . . . 60

5.4 Experimental evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5.4.1 Position and orientation . . . . . . . . . . . . . . . . . . . . . . 62
5.4.2 Angular velocity ω and linear acceleration a . . . . . . . . . . . 63

5.5 Appendix: Implementation . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.5.1 MAPLE implementation . . . . . . . . . . . . . . . . . . . . . . 66
5.5.2 Implementation in Robotics Toolbox . . . . . . . . . . . . . . . . 68

6 Conclusions 69

II Iterative learning control of flexible robots 71

7 Theoretical background 73
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73



xiii

7.2 System description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
7.3 ILC algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
7.4 Convergence properties . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
7.5 Design methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
7.6 Repetitiveness in motion and disturbances . . . . . . . . . . . . . . . . . 79
7.7 Related research and applications of ILC . . . . . . . . . . . . . . . . . . 79

8 Simulation study 81
8.1 Introduction to the problem . . . . . . . . . . . . . . . . . . . . . . . . . 81
8.2 Flexible two-mass joint model . . . . . . . . . . . . . . . . . . . . . . . 82

8.2.1 Numerical discrete-time description . . . . . . . . . . . . . . . . 84
8.2.2 Stabilising the system . . . . . . . . . . . . . . . . . . . . . . . 84

8.3 ILC algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
8.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

8.4.1 Reference tracking . . . . . . . . . . . . . . . . . . . . . . . . . 86
8.4.2 Convergence when using L = γqδ and Q = 1 . . . . . . . . . . 88
8.4.3 Results on motor side and arm side . . . . . . . . . . . . . . . . 90

9 Experimental results 95
9.1 Problem description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
9.2 Experimental conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 97

9.2.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
9.2.2 ILC algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
9.2.3 Robot conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 99

9.3 Performance measures . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
9.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

9.4.1 Nominal performance . . . . . . . . . . . . . . . . . . . . . . . 101
9.4.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
9.4.3 Performance with respect to operating points . . . . . . . . . . . 105
9.4.4 Performance with respect to δ . . . . . . . . . . . . . . . . . . . 109
9.4.5 Performance with respect to ωn . . . . . . . . . . . . . . . . . . 110

10 Conclusions 115

Bibliography 117



xiv Contents



Notation

Abbreviations and Acronyms

Abbreviation Meaning
ARX Autoregressive with external input
D-H Denavit-Hartenberg
EKF Extended Kalman filter
FIR Finite impulse response
ILC Iterative learning control
IMU Inertial measurement unit
IRB Industrial robot
LQG Linear quadratic Gaussian
PID Proportional integral derivative
RC Repetitive control
RMS Root mean square
SCARA Selective compliance assembly robot arm
SISO Single input single output
SNR Signal to noise ratio
TCP Tool centre point

Operators and Mathematical Notation

Notation Meaning
x∞ Asymptotic signal in ILC algorithm; xk→∞
x× y Cross (outer) product
det Determinant

xv



xvi Notation

Notation Meaning
aij Element in row i and column j of matrix A
∀ For all
Xk(ω) Frequency-domain description of xk(t)
f(x) Function of variable x
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1
Introduction

ROBOTS ARE FASCINATING! Ever since the beginning of the era of robots, they have
interested and maybe also frightened human beings. Are they dangerous? Will

they steal the work from us? How can we make use of them? In some sense one can
say that it all began when the word robot itself was created. The term robota exists in
several Slavic languages and the original meaning is heavy monotonous work or slave
labour. The Czech playwright Karel Čapek wrote R.U.R. (Rossum’s Universal Robots),
which had its premier in Prague in 1921, and by that the word received another meaning.
In the play the worker robots revolt and kill their human master Rossum. They also
destroy all life on Earthq and the robots are characterised by both super human strength
and intelligence. The story takes place in the 1960s, which also later turned out to be
the decade when the industrial robots were introduced in the industry. (Sciavicco and
Siciliano, 2000; Westerlund, 2000)

One cannot write an introduction to robotics without mentioning the fundamental laws
of robots. The well-known Russian writer of science fiction Isaac Asimov formulated
the three fundamental laws for robots (Asimov, 1942), which are quoted below. The
perspective here is, in contrast to the robot described by Čapek, the benevolent, good
robot that serves the human being (Bolmsjö, 1992).

1. “a robot may not injure a human being, or, through inaction, allow a human being
to come to harm.”

2. “a robot must obey the orders given it by human beings except where such orders
would conflict with the First Law.”

3. “a robot must protect its own existence as long as such protection does not conflict
with the First or Second Laws.”

These laws were complemented by two more laws aimed for industrial robots by
Stig Moberg from ABB Robotics, presented in the Swedish weekly technical maga-

1



2 1 Introduction

zine NyTeknik (2007), where also the motion of the robot is considered. See also Moberg
(2007, p. 16) for a more detailed formulation of the laws.

4. A robot must follow the trajectory specified by its master, as long as it does not
conflict with the first three laws.

5. A robot must follow the velocity and acceleration specified by its master, as long
as nothing stands in its way and it does not conflict with the other laws. (Translated
from Swedish by the author. (NyTeknik, 2007, p. 8))

A desire to automatise has existed for many centuries, but technically one can say that
the industrial robot originates from hydraulic assembly machines in the 1950’s and NC
machines, which are numerically controlled turning and milling machines (Westerlund,
2000). The rest of this thesis is spent on the industrial robot (also called robot manipula-
tor, to put it briefly just named robot in the sequel) although a growing research interest
is devoted to the challenging humanlike humanoid and to service robots. There is much
more to say about the early, exciting steps of the robotics research, the entry of industrial
robots in the everyday industrial production and the main issues of today and tomorrow,
but these things are left out in this work. Some of the challenging problems and issues
when dealing with robots are illustrated in this thesis by theory, simulations and experi-
ments performed on a commercial industrial robot, and may hopefully be interesting for
both the robotic novice as well as the enthusiast. In the rest of the chapter the reader is
introduced into some of the main behaviours of robots, and the main themes of this thesis
are described, motivated and put into their context. Finally, an outline of the thesis and
the main contributions are given.

1.1 Background and motivation

A good way to understand some of the difficulties with robots, is to regard the robot as a
fishing rod. Imagine that it is important to know exactly where the tip of the fishing rod is,
that the tip make smooth movements and no oscillations or other disturbing phenomena
occur. When trying to control the tip, the only chance to affect the rod is by the movement
of the hand, call it motor. It is almost impossible to control the position and movement of
the tip exactly, unless one has a mental model of how the entire fishing rod moves. The
model needs to explain the behaviour of the rod for every single movement of the hand
and in every single part of the trajectory. If it is known, the movement that is needed to
reach the desired position in a desired manner can be performed. In reality one may have
some knowledge of the behaviour of the rod and can make corrections to come closer to
the desired position. The rod will however oscillate, especially for rapid movements.

The robot has the same difficulties as when controlling a fishing rod. Sensors mounted
on a standard industrial robot only measure the motor angles φ, see the centre illustration
in Figure 1.1, which means that generally the motor angles are the only information that
we have. One may ask why it is not just to calculate the tool position from the mechanical
structure, which obviously is known. It is not so easy, because the robot incorporates flexi-
bilities, like the fishing rod, and large friction components, among other characteristics,
which also have to be modelled in order to get a good description of the tool position and
orientation. Flexibilities are, for example, elastic deformation of bearings and gears and
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that the links bend when they carry a load. Friction originates from the bearings in the
motors, the gearboxes and the arm joints.

To summarise, a robot may be studied in many ways. It is illustrated in Figure 1.1,
where a wire frame of a kinematic robot model, a CAD model incorporating the motor
angles φ1, . . . , φ6 and a flexible model are shown. Good models are needed, both for
the mechanical structure – the kinematics – and the behaviour when forces act on the
robot – the dynamics. One can compensate by feedback and use models to change the
motor angles in advance by feedforward to reach the desired position. In Part I kinematic
modelling of the industrial robot is more thoroughly explained.
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Figure 1.1: The robot can be described with a wire frame of a kinematic robot
model (left) or a CAD model of ABB IRB1400 with motor angles φ1, . . . , φ6 for all
six motors (centre). Another way is to study the flexible structure (right).

Modelling tools

To achieve good models, good modelling tools are required. They can have different
purposes and be used in a number of applications; to derive models using a minimum
amount of time and effort, make it possible to derive many different robot structures in a
systematic way, to illustrate the robot graphically and simulate the behaviour, and so on.
The modelling tool developed in this thesis, presented in Chapter 4, considers kinematic
modelling and is implemented in the MAPLE programming language (MAPLE, 2007).
The size of the kinematic equations is large already for robots with only a few links,
which motivates using a computer algebra tool in the modelling.

Starting from the models, a series of possible applications can be mentioned, as are
shown in the right part of Figure 1.3. One of the usages is to develop kinematic relations
when an accelerometer, gyro or camera is mounted somewhere on the robot. The extra in-
formation is added by sensor fusion to the information already known, and it is possible to,
for example, estimate the position of the robot tool using an extended Kalman filter (EKF).
This requires efficient methods for integrating information from several sensors, and im-
plicitly also good models and good modelling tools. Another possible application could
be to identify flexibilities in the robot by means of sensors. Modelling tools are then
needed to create models incorporating the flexibilities.
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Improving performance

Despite not knowing the tool position exactly, robots have high performance require-
ments. Studying data sheets for different ABB robots gives a promise of position repeata-
bility in the range of 0.1 − 0.01 mm (ABB, 2007). Nowadays industrial robots are not
only seen in traditional applications like welding, machine tending and material handling
in manufacturing industries, but also in food-, consumer goods- and electronic industry
(Bolmsjö, 1992; Brogårdh, 2007). This increases the demands on performance and pro-
ductivity. Low-cost alternatives of motors, gears and other components are also used to
a greater extent, which brings a higher degree of nonlinearity and mechanical flexibility
and makes it more difficult to achieve the demands on performance (Brogårdh, 2007).

One way to improve the performance is to add a correction signal by an iterative
learning control (ILC) algorithm, which utilises the repetitive motion to perform better
in next repetition. Using additional sensors such as accelerometers, gyros or cameras
give more information about the robot tool behaviour as was mentioned previously, and
the estimate of the tool position can be used in the ILC algorithm to achieve even better
performance.

The ILC algorithm plays an important role in Part II. The idea is shown in Figure 1.2,
where a circular path performed by a large-size commercial robot from ABB can be seen.
The ideal circle and the circle performed by the tool, measured by a laser-measurement
system from Leica Geosystems (2007) are compared. When an ILC algorithm is applied,
it corrects for the repetitive errors and gives the measured circle closer to the reference
after five iterations, seen in Figure 1.2b. In Figure 1.2a the original behaviour without
ILC is shown. This is discussed in Chapter 9.

The modelling in Part I and ILC in Part II can in the future be fused, to integrate
sensors for different ILC strategies using the toolbox described in Part I, see Figure 1.3.
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(b) Behaviour after 5th ILC iteration.

Figure 1.2: The reference circle (broken line) and the circle performed by the
robot tool (solid line), measured by a laser-measurement system (Leica Geosystems,
2007). When an ILC algorithm is applied, it corrects for the repetitive errors, which
after five iterations gives the measured circle closer to the reference (right), compared
to the original behaviour without ILC (left).
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1.2 Thesis outline

Part I

Part I covers modelling of the kinematics of an industrial robot in MAPLE. It consists of:

Chapter 2 The structure of an industrial robot is presented, and kinematics and dy-
namics are described shortly. The chapter can be omitted by the reader experienced in
robotics.

Chapter 3 The forward kinematics is covered more thoroughly. This chapter is intended
to the reader who wants to know more about robot kinematics.

Chapter 4 In this chapter modelling of the robot kinematics by means of the computer
algebra tool MAPLE is described. A toolbox is implemented, which is illustrated by and
applied to the ABB robot IRB1400.

Chapter 5 The kinematic modelling in MAPLE is evaluated by experiments performed
on the ABB robot IRB1400 with an inertial measurement unit attached to the tool. The
chapter also serves as an example of how to use the toolbox for sensor applications.

Chapter 6 Part I is summarised and ideas for future work are presented.

Part II

In Part II the focus is on iterative learning control, ILC, with applications to industrial
robots. The chapters that belong to this part are:

Chapter 7 Theory concerning ILC methods relevant for the work is described, with
focus on first-order ILC algorithms and convergence.

Chapter 8 An ILC simulation study, based on a flexible two-mass model of a single
robot joint is presented. Although it is a simple model, it reveals many of the properties
that also are characteristic for a robot. Some of these properties are highlighted in this
chapter.

Chapter 9 A first-order ILC algorithm, derived from a heuristic design procedure, is
applied to the motor side of all six joints of a large-size commercial industrial robot from
ABB. The experiments are evaluated on the motor side, showing good performance. By
means of a laser tracker, the performance is also evaluated on the arm side, which gives
results that can be related to Chapter 8.

Chapter 10 The work and the results in Part II are summarised. The kinematic mod-
elling work in Part I and ILC work in Part II will be possible to fuse in the future, which
is described in this chapter.
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1.3 Contributions

Parts of the thesis are based on the following publications. The first part, forward kine-
matic robot modelling using a toolbox implemented in MAPLE, is covered in

Johanna Wallén, Svante Gunnarsson, and Mikael Norrlöf. Derivation of kinematic
relations for a robot using Maple. In Proceedings of Reglermöte 2006, Royal Institute
of Technology, Stockholm, Sweden, May 2006.

Johanna Wallén. On robot modelling using Maple. Technical Report LiTH-ISY-R-
2723, Department of Electrical Engineering, Linköpings universitet, Sweden, August
2007.

The experimental evaluation of the modelling tool, performed on the ABB robot IRB1400
with an inertial measurement unit (IMU) attached to the robot tool, is presented in

Johanna Wallén, Mikael Norrlöf, and Svante Gunnarsson. Accelerometer based evalu-
ation of industrial robot kinematics derived in MAPLE. In Proceedings of Mekatronik-
möte 2007, Lund Institute of Technology, Lund, Sweden, October 2007b.

In the second part, concerning iterative learning control, experiments performed on a
six degrees of freedom industrial robot are covered. Published results can be found in

Johanna Wallén, Mikael Norrlöf, and Svante Gunnarsson. Experimental evaluation of
ILC applied to a six degrees-of-freedom industrial robot. In Proceedings of European
Control Conference, Kos, Greece, July 2007a.

Johanna Wallén, Mikael Norrlöf, and Svante Gunnarsson. Arm-side evaluation of ILC
applied to a six-degrees-of-freedom industrial robot. In Proceedings of IFAC World
Congress, Seoul, Korea, July 2008. Accepted for publication.
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2
Modelling

THIS CHAPTER INTRODUCES THE READER into the world of industrial robot mod-
elling. Models of the robot are needed, because controlling the robot requires accu-

rate analysis of the characteristics of the mechanical structure, actuators and sensors (Sci-
avicco and Siciliano, 2000). Mathematical models describing the motion are also im-
portant in, for example, mechanical design, performance simulation, control, diagnosis,
supervision and offline programming. Examples can be seen in RobotStudio (2007) and
projects of Realistic Robot Simulation (RRS, 2007), like Bernhardt et al. (2002).

First, basics about robots and robot coordinate frames are depicted. Then robot kine-
matics is described, followed by dynamic models and joint modelling. General references
in this chapter are Spong et al. (2006), Sciavicco and Siciliano (2000) and Tsai (1999).

2.1 Basics about robots and coordinate frames

Robots can be classified by several criteria, such as power source or control method, how
the joints are actuated, geometry or kinematic structure and the application area of the
robot. In this section the geometric structure and the parts forming a robot are described
and common terms in industrial robot modelling are explained

2.1.1 Links and frames

The individual bodies that together form a robot are called links, and they are connected by
joints (also called axes). Generally a robot with n degrees of freedom has n+1 links. The
base of the robot is defined as link 0, and the links are numbered from 0 to n. The robot
has n joints, and the convention is that joint i connects link i−1 to link i. The robot can be
seen as a set of rigid links connected by joints, under the assumption that each joint has a
single degree of freedom. The total degrees of freedom for the robot are however equal to
the degrees of freedom associated with the moving links minus the number of constraints

9
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imposed by the joints. Most of the industrial robots have six degrees of freedom, which
makes it possible to control both the position and orientation of the robot tool.

The dynamics of the robot is coupled, which means that a joint provides physical
constraints on the relative motion between two adjacent links. When relating the links and
their motions to each other, coordinate frames (coordinate systems) are used. Frame 0 is
the coordinate frame for the base of the robot (joint/link 0), and frame i is placed at the
end of link i, which means in joint i. For the curious reader, the coordinate frames for
each joint of a robot with six links can be seen in Figure 2.1.
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Figure 2.1: Coordinate frames for each joint of a robot with six joints.

2.1.2 Pairs and joints

The kind of relative motion between links connected by a joint is determined by the con-
tact surfaces, called pair elements (Tsai, 1999). Two pair elements form a kinematic pair.
If the two links are in contact with each other by a substantial surface area, it is called
a lower pair. Otherwise, if the links are in contact along a line or at a point, it is called
a higher pair. A revolute joint, prismatic joint, cylindrical joint, helical joint, spherical
joint and plane pair are all lower pairs. The frequently used universal joint is a combina-
tion of two intersecting revolute joints. Examples of higher pairs are gear pair and cam
pair. In Tsai (1999) joints, pairs and their corresponding degrees of freedom are more
thoroughly described.

In this thesis it is sufficient to know that a revolute joint has a cylindrical shape, where
the possible motion is a rotation by an angle φ. As an example, the robot IRB1400 from
ABB only has revolute joints, and its joint angles φ1, . . . , φ6 are shown in Figure 2.2. A
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prismatic joint can on the other hand be described by a cube with side d, resulting in a
translational motion. All types of joints can be described by means of revolute or pris-
matic joints, both having one degree of freedom. Further work is therefore only applied
to revolute or prismatic joints. (Denavit and Hartenberg, 1955; Spong et al., 2006)

The joint variable q is the angle φ for a revolute joint, and the link extension d for a
prismatic joint. The joint variables q1, . . . , qn form a set of generalised coordinates for an
n-link serial robot, and are used when choosing general coordinate frames according to
the convention by Denavit and Hartenberg (1955). See Section 3.3 for the details.

φ1

φ2

φ3
φ4

φ5

φ6

Figure 2.2: The robot IRB1400 from ABB with joint angles φ1, . . . , φ6.

2.1.3 Robot configurations

The robot links form a kinematic chain. When the kinematic chain is open, every link is
connected to every other link by one and only one chain. If, on the other hand, a sequence
of the links forms one or more loops, the robot contains closed kinematic chains. In Fig-
ure 2.3 examples of configurations of robots from ABB are found. The robot IRB2400
has a closed kinematic chain due to the so-called parallelogram-linkage structure, repre-
sented by a mechanical coupling between motor 3, placed on the foot of the robot, and
the actual link 3. It can also be seen from the figure that IRB340 FlexPicker has closed
kinematic chains, while IRB6600 has an open kinematic-chain structure.

Robots having an open kinematic chain can be divided into the following types, based
on geometry. The Cartesian robot has three prismatic joints and the links are mutually
orthogonal, which gives that each degree of mobility corresponds to a degree of freedom
in the Cartesian space. Changing the first prismatic joint to a revolute joint gives a cylind-
rical geometry, where each degree of mobility corresponds to a degree of freedom in
cylindrical coordinates. Replacing the first two prismatic joints by revolute joints gives a
spherical robot, where the degrees of freedom are in spherical coordinates, similar to the
cases above. SCARA stands for selective compliance assembly robot arm, and a SCARA
robot has a mechanical structure with high stiffness to vertical load and compliance to
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Figure 2.3: Robot configurations found among the ABB robots. IRB2400 (left) and
IRB340 FlexPicker (centre) have closed kinematic chains, while IRB6600 (right) has
an open kinematic structure. (ABB Robotics, 2007)

horizontal load. The anthropomorphic robot has three revolute joints, and has similarities
to a human arm. The workspace is approximately a portion of a sphere and the robot
structure can be seen in many industrial applications. The types are explained in more
detail in Sciavicco and Siciliano (2000) and Spong et al. (2006), among others.

The work in this thesis is limited to serial robots, that is, robots with an open kinematic
structure, and the class of parallel robots that can be rewritten to this structure using a
bilinear transformation. Especially serial robots having only revolute joints, so-called
anthropomorphic robots, are studied.

2.2 Kinematics

Kinematics describes the movements of bodies without considerations of the cause. The
relations are fundamental for all types of robot control and when computing robot trajec-
tories (Bolmsjö, 1992). More advanced robot control involves for example moments of
inertias and their effects on the acceleration of the single robot joints and the movement
of the tool. Dynamic models are then required, which are briefly described in Section 2.3.

In kinematic models, position, velocity, acceleration and higher derivatives of the po-
sition variables of the robot tool are studied. Robot kinematics especially studies how
various links move with respect to each other and with time. This implies that the kine-
matic description is a geometric one. (Corke, 1996a)

Using coordinate frames attached to each joint, shown in Figure 2.1, the position p
and orientation ϕ of the robot tool can be defined in the Cartesian coordinates x, y, z with
respect to the base frame 0 of the robot by successive coordinate transformations. This
results in the relation

p0 = Rn
0 pn + dn

0 , (2.1)

where p0 and pn are the position of the tool frame expressed in frame 0 and tool frame n,
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respectively. The rotation matrix Rn
0 describes the rotation of the frame n with respect to

the base frame 0, and gives the orientation ϕ. The vector dn
0 describes the translation of

the origin of frame n relative to the origin of frame 0.
The rigid motion (2.1) can be expressed using homogeneous transformations H as in

P0 =
(
p0

1

)
, Pn =

(
pn

1

)
,

P0 = Hn
0 Pn =

(
Rn

0 dn
0

0 1

)
Pn.

(2.2)

It must be mentioned that there is a variety of formulations of the kinematics, based on
vectors, homogeneous coordinates, screw calculus and tensor analysis (Paul, 1981; Paul
and Rosa, 1986; McCarthy, 1990). As is discussed in Paul and Rosa (1986), the efficiency
of any of these methods is very sensitive to the details of the analytical formulation and
its numerical implementation. The efficiency also varies with the intended use of the
kinematic models.

There are two sides of the same coin describing the kinematics; forward kinematics
and inverse kinematics. The concepts are illustrated in Figure 2.4 and they are shortly
described in the following sections.

q1

q2

q3

q4

q5

q6

x

y

z

Inverse kinematics Forward kinematics

Kinematics

Figure 2.4: In forward kinematics the joint variables q1, . . . , q6 are known and the
position and orientation of the robot tool are sought. Inverse kinematics means to
compute the joint configuration q1, . . . , q6 from a given position and orientation of
the tool.

2.2.1 Forward kinematics

In Part I the focus is on modelling the forward kinematics. The main interest is the prin-
cipal structure, and issues regarding efficiently implementation have not been considered.
The work is based on homogeneous transformations using the Denavit-Hartenberg (D-H)



14 2 Modelling

representation, which gives coordinate frames adapted to the robot structure. In this sec-
tion the essential kinematic relations are introduced. See also Chapter 3, where the for-
ward kinematics are described in more detail.

Position and orientation

The aim of forward kinematics (also called configuration or direct kinematics) is to com-
pute the position and orientation of the robot tool as a function of the joint variables
q1, . . . , qn, as is illustrated in Figure 2.4. The position p and orientation ϕ of the tool
frame n relative to the base frame 0 of the robot are denoted

X =
(
p
ϕ

)
= f(q), (2.3)

where q = (q1, . . . , qn)T is the vector of joint variables. The forward kinematics for a
robot having n degrees of freedom is given by the homogeneous transformation as

Tn
0 (q) =

(
Rn

0 (q) dn
0 (q)

0 1

)
. (2.4)

The orientation ϕ of the tool frame n relative the base frame 0 is given by the rotation
matrixRn

0 , and the position p of the origin of the tool frame with respect to the base frame
is given by the translational part dn

0 . Note that both Rn
0 and dn

0 are functions of the joint
variables.

Velocity and acceleration

Starting from the direct kinematics relation (2.4), it is possible to derive a relationship
between the joint velocities q̇ and the linear velocity v and angular velocity ω of the tool.
This relation is expressed by the Jacobian J(q), which in general is a function of the joint
variables q. To sum up, the velocity is expressed as a function of q and q̇ by the relation

Ẋ =
(
ṗ

φ̇

)
=
(
v
ω

)
= J(q)q̇. (2.5)

Differentiating this expression gives the acceleration of the tool expressed in joint vari-
ables q and the derivatives q̇, q̈ as

Ẍ =
(
p̈

φ̈

)
=
(
a
ω̇

)
=

d

dt

(
J(q)q̇

)
= J(q)q̈ +

d

dt

(
J(q)

)
q̇. (2.6)

2.2.2 Inverse kinematics

Inverse kinematics means computing the joint configuration q1, . . . , qn of the robot from
the position p and orientation ϕ of the robot tool, as is shown in Figure 2.4. Solving the
inverse kinematics problem is important when transforming the motion specifications of
the tool into the corresponding joint angle motions to be able to execute the motion. It
is however in general a much more difficult problem to solve for a serial robot than the
forward kinematics problem discussed above. For parallel kinematic robots as the IRB340
in Figure 2.3, it is easier to calculate the inverse kinematics. See also, for example, Tyapin
et al. (2006).
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Inverse position and orientation

The general inverse kinematics problem, formulated in Spong et al. (2006), is repeated
here. Given the homogeneous transformation

H =
(
R(q) d(q)

0 1

)
, (2.7)

find a solution, or possibly multiple solutions, of the relation

Tn
0 (q1, . . . , qn) = A1(q1) · · ·An(qn) = H. (2.8)

H represents the desired position and orientation of the tool, and the joint variables
q1, . . . , qn are to be found so that the relation Tn

0 (q1, . . . , qn) = H is fulfilled. The
relation (2.8) gives 12 nontrivial, nonlinear equations in n unknown variables, written as

Tij(q1, . . . , qn) = hij , i = 1, 2, 3, j = 1, . . . , 4. (2.9)

The forward kinematics always has a unique solution for serial robots. The inverse kine-
matics problem can however have a solution, not necessarily unique, or no solution. Even
if a solution may exist, the relation (2.8) generally gives complicated nonlinear functions
of the joint variables, which makes it more complicated.

When solving the inverse kinematics problem, a solution of the form

qk = fk(h11, . . . , h34), k = 1, . . . , n, (2.10)

is the most useful. One example of an application is when tracking a welding seam and
the desired location originates from a vision system. A closed form of the kinematic
equations is an advantage, since it needs less computing power compared to an iterative
solution. The inverse kinematic equations generally have multiple solutions, and closed-
form solutions then make it easier to develop rules for choosing a particular solution.

Inverse velocity and acceleration

As mentioned previously in Section 2.2.1, the Jacobian J(q) relates the joint velocities q̇
and the Cartesian velocity Ẋ =

(
v ω

)T
of the tool. Finding the inverse velocity and

acceleration is actually easier than finding the inverse position p and orientation ϕ, under
the assumption that the joint variables q are known. When the Jacobian is square and
nonsingular (detJ(q) 6= 0), the relation (2.5) gives

q̇ =
(
J(q)

)−1
Ẋ. (2.11)

If the robot does not have six joints, the non-square Jacobian cannot be inverted. Then
there is a solution to (2.5) if and only if Ẋ lies in the range space of the Jacobian, that is

rank J(q) = rank
(
J(q) Ẋ

)
. (2.12)

When the robot has n > 6 joints, the relation can be solved for q̇ using the pseudo-
inverse J†, as in

q̇ = J†Ẋ + (I − J†J)b, (2.13)



16 2 Modelling

where b is an arbitrary vector. The pseudoinverse can be constructed using singular value
decomposition; J = UΣV T and J† = V Σ†UT , see, for example, Lancaster and Tis-
menetsky (1985). The first term J†Ẋ in (2.13) is related to minimum-norm joint veloc-
ities, which can be seen from the formulation of the inverse velocity problem as a con-
strained linear optimisation problem (Sciavicco and Siciliano, 2000). The second term,
named the homogeneous solution, means that all vectors of the form (I − J†J)b lie in
the nullspace of J . If Ẋ = 0, it is possible to generate internal motions, described by
(I − J†J)b, that reconfigure the robot structure without changing the position and orien-
tation of the tool.

The acceleration q̈ can be determined under the assumption that the Jacobian J(q) is
nonsingular and that the joint variables q and the derivatives q̇ are known. The acceleration
is then computed using (2.6), giving

q̈ =
(
J(q)

)−1
(
Ẍ − d

dt

(
J(q)

)
q̇
)
. (2.14)

2.3 Dynamics

Forces and torques acting on the robot are related to the resulting robot motion by the
dynamics. First, the general dynamic model for a rigid body is presented. Thereafter
modelling incorporating some of the flexibilities is discussed.

2.3.1 Rigid body dynamics

The equations of motion can be derived using, for instance, Euler-Lagrange equations or
the Newton-Euler formulation, and the formulations can be found in any book in classical
mechanics, see, for example, Goldstein et al. (2002). The Euler-Lagrange equations are
based on the Lagrangian of the system, which is the difference between the kinetic and
potential energy. The Newton-Euler formulation is a recursive formulation of the dynamic
equations that treats the robot as a whole and it is often used for numerical calculation
online. On the other hand, Newton-Euler treats each link of the robot in turn. By forward-
backward recursion it determines all couplings between the links and eventually arrives
at a description of the robot as a whole. The two formulations have evolved in parallel,
and are nowadays equivalent in almost all respects. The reason why choosing one method
before the other is that they may provide different insights.

The dynamic model of a rigid robot can, by means of the Euler-Lagrange equations,
be written as

D(q)q̈ + C(q, q̇)q̇ + g(q) + f(q̇) = τ, (2.15)

where D(q) denotes the inertia matrix, C(q, q̇)q̇ represents the Coriolis and centrifugal
forces, g(q) is the gravity, f(q̇) models the joint viscous friction torques and τ describes
the motor torque applied. The inertia matrix D(q) is calculated by means of the Jacobian,
as can be seen in, for example, Spong et al. (2006). Note that this model is a function of
the generalised coordinates q, which for an n-link serial robot are the joint variables. This
means that the dynamic model is described in joint space.
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Some important properties useful for parameter identification of the dynamic model
and when deriving control algorithms can be noticed. The first property is that the matrix

N(q, q̇) = Ḋ(q)− 2C(q, q̇), (2.16)

is skew symmetric, which means that the component njk in row j and column k of N
satisfy njk = −nkj . This implies that the matrix C has a certain structure, which is
useful in robust and adaptive control algorithms. Related to the skew symmetry is also
the passivity property, which implies that a passive mechanical system can be built us-
ing masses, springs and dampers, see Spong et al. (2006) for further details. The third
property is linearity in the parameters, which are described as follows. The equations of
motion for the robot are defined using parameters such as link masses and moments of in-
ertia. These parameters have to be known/determined for each robot to be able to describe
the behaviour. A useful property for parameter identification (see Wernholt (2007)) is that
the dynamic equations of motion, when omitting the joint friction torques f(q̇), are linear
in these parameters. With Θ denoting the parameter vector, the Euler-Lagrange equations
can be written as

D(q)q̈ + C(q, q̇)q̇ + g(q) = Y (q, q̇, q̈)Θ. (2.17)

2.3.2 Flexible body dynamics

A trend in robot manufacturing is towards a less rigid mechanical structure and using
light-weight materials to a higher extent. This introduces more flexibilities in the robot
structure and also larger variations of the dynamics of individual robots. It is then even
more important to model the flexibilities, which is motivated by the fact that a robot is a
strongly coupled multivariable system, where an accurate model requires up to 50 spring-
mass elements. There are also nonlinearities originating from friction and energy loss in
gears and other transmission components. This truly motivates accurate dynamic models
incorporating these characteristics. (Brogårdh, 2007)

In this section the flexible joint model is presented as an example of how to extend the
rigid dynamic model. More about dynamic models can be seen in Spong et al. (2006), Sci-
avicco and Siciliano (2000) and Moberg (2007). The friction is generally nonlinear, and it
not further described here. Some examples of how to model the nonlinearities are found
in Olsson et al. (1998) and Armstrong-Hélouvry (1991).

Flexible joint model

For many robots the joint flexibility is significant, especially those using harmonic drives
for torque transmission. The joint flexibility has a couple of explanations; torsional flexi-
bilities in the gears, shaft windup, bearing deformation and compression of the hydraulic
fluid in hydraulic robots, among others. Also when other types of compact gearboxes are
used, the gear flexibility contributes with a large amount of flexibility together with the
joint bearings and the arm structure.

Assuming that the mechanical flexibilities are concentrated to the joints of the robot,
the simplified linear two-mass model shown in Figure 2.5 can be used to model a single
robot joint, called the flexible joint model. The flexible gearbox in the system is modelled
as a spring k and a damper d coupling the mass of the motor and the mass of the arm.
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τ(t), qm(t)

qa(t)

Jm

Ja

k, d
rg

fm

Figure 2.5: A two-mass model of the dynamics in a single joint of an robot. It is
characterised by spring k, damper d, viscous friction fm, gear ratio rg , moments of
inertia Jm, Ja, torque τ(t), motor angle qm(t) and arm angle qa(t).

The two masses have moments of inertia Jm and Ja, viscous friction fm and gear ratio
rg . The motor angle and arm angle are represented by qm(t) and qa(t), respectively, and
the motor is driven by the torque τ(t). Summarising the model gives the relations

τ(t) = Jmq̈m(t) + fmq̇m(t) + rgk
(
rgqm(t) + qa(t)

)
+ rgd

(
rg q̇m(t) + q̇a(t)

)
,

0 = Jaq̈a(t)− k
(
rgqm(t)− qa(t)

)
− d
(
rg q̇m(t)− q̇a(t)

)
.

(2.18)
Modelling the joint flexibility is important due to several reasons. The basic way

of controlling the robot is by independent joint control, which means that each robot
joint is controlled as a single input, single output (SISO) system and the coupling effects
between the links are treated as disturbances. This requires a model of the single joint.
The flexibilities are also important to model if, for example, the behaviour of the robot
is studied. In Chapter 8 the robot is regarded as a single joint, modelled as a two-mass
system with a spring and damper. Even though the model is simple, it reveals the main
characteristics of the robot in one operating point.

In Hovland et al. (1999) the flexible joint model is used to model two elastic joints
with coupled dynamics. The joint elasticity are identified, assumed that the rigid body
dynamics are known. See also Wernholt (2007) for an exhaustive study of identification
of industrial robots, especially in the multivariable frequency-domain.

Modelling the gear elasticity results in the flexible joint model (2.18). If the link
deformation, perpendicular to the previous joint, is included instead, it results in the
flexible link model. In Moberg (2007) it is shown that the flexible joint model must be
extended to achieve an accurate description of a modern industrial robot, resulting in and
the extended flexible joint model. The added elasticity can for example be elasticity of
bearings, tool and foundation, as well as bending and torsion of the links. The idea is
straightforward; divide each elastic link into a suitable number of rigid bodies at proper
locations, connected by multidimensional pairs of springs and dampers. By doing this,
pseudo-joints are added to the model. See Moberg (2007) for the details and a thorough
discussion.
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3
Kinematics

FIRST, ARBITRARY TRANSLATIONS AND ROTATIONS are described, followed by the
position kinematics of the robot using homogeneous transformations. The Denavit-

Hartenberg representation is used, which is a systematic way to choose coordinate frames
at each joint of the robot structure. The velocity kinematics is then described by deriv-
ing the Jacobian, and finally the acceleration equations are derived. The work is based
on Spong et al. (2006), if nothing else is stated.

3.1 Motivation and limitations for the work

Relations describing the forward kinematics for a robot are studied in this chapter. The
Denavit-Hartenberg representation, or so-called D-H convention, of coordinate frames
published in Denavit and Hartenberg (1955) is used. It is a systematic and general method,
and commonly used in the robotics field. The D-H convention is used in other toolboxes
for robot modelling, which also motivates the choice in this work.

Examples of previous work in robot modelling using the D-H convention are Robotics
Toolbox in MATLAB, developed by Corke (1996a), and the MATHEMATICA package
Robotica by Nethery and Spong (1994) based upon Spong and Vidyasagar (1989). There
are however other alternatives to the D-H representation used in robot modelling, which
can be exemplified by the MATHEMATICA package SYMORO+ by Khalil and Creusot
(1997). The focus in Khalil and Creusot (1997) is among others on the computational
cost and computational efficiency, which are not covered in this thesis.

The D-H formulation is compact and convenient for serial robots, that is, robots with
an open kinematic-chain structure, which was described in Chapter 2. However, the
method also has its shortcomings. For systems with a closed kinematic chain additional
changes have to be made (Paul and Rosa, 1986), unless the structure can be rewritten to
a serial structure as is the case in Chapters 4 and 5. The D-H method also has a lack of
uniqueness when joint axes intersect or coincide, and it is not computationally efficient.
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By introducing so-called dual numbers, a reduced form of the Denavit-Hartenberg matrix
is received, which is presented in McCarthy (1986).

The D-H convention uses motor angles in radians, φm
a , seen from the arm side of the

gearbox. When logging the motor angles, they are typically seen from the motor side of
the gearbox. If flexibilities and nonlinearities in the gearboxes are neglected, the relation
between the motor angles expressed on the motor side, φm

m, and on the arm side, φm
a , is

φm
a = rgφ

m
m, (3.1)

where the elements in rg generally are small numbers (≈ 0.01).

3.2 Position kinematics

The aim of forward kinematics is to compute the position p and orientation ϕ of the robot
tool as a function of the joint variables q for the robot. A short overview of position
kinematics has already been given in Section 2.2, and it is more thoroughly described
here. By attaching coordinate frames to each rigid body and specify the relationship
between these frames geometrically, it is possible to represent the relative position and
orientation of one rigid body with respect to other rigid bodies.

3.2.1 Translation

Consider two points; point number i, p0,i, and point number j, p0,j , expressed in the
base coordinate frame 0. A parallel translation of the vector p0,j by the vector d can be
described by the relation

p0,i = p0,j + d. (3.2)

The translation is performed in the base frame 0, and d represents the distance and direc-
tion from p0,j to p0,i.

3.2.2 Rotation

The rotation matrix R1
0 describes the transformation of the vector p from coordinate

frame 1 to frame 0 as
p0 = R1

0p1, (3.3)

where p1 is the vector of coordinates, expressed in frame 1, and p0 is the same vector,
but expressed in frame 0. The matrix R1

0 is built upon scalar products between the ortho-
normal coordinate frames consisting of the standard orthonormal base vectors {x0, y0, z0}
and {x1, y1, z1} in frame 0 and frame 1 respectively. R1

0 can thus be given by

R1
0 =

x1 · x0 y1 · x0 z1 · x0

x1 · y0 y1 · y0 z1 · y0
x1 · z0 y1 · z0 z1 · z0

 . (3.4)

Since the scalar product is commutative, the rotation matrix is orthogonal and the inverse
transformation p1 = R0

1p0 is given by

R0
1 = (R1

0)
−1 = (R1

0)
T . (3.5)
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Now the coordinate frame 2 is added, related to the previous frame 1 as

p1 = R2
1p2. (3.6)

Combining the rotation matrices in (3.3) – (3.6) gives the transformation of the vector p2

expressed in frame 2, to the same vector expressed in frame 0 according to

p0 = R1
0R

2
1p2 = R2

0p2. (3.7)

The order of the transformation matrices cannot be changed, because R1
0R

2
1 and R2

1R
1
0

generally give different results.
In the expressions above the rotations are made around different frames, but some-

times it is desirable to rotate around the fixed frame 0 all the time. This is performed by
multiplying the transformation matrices in the reverse order compared to (3.7), giving

R0
2 = R2

1R
1
0. (3.8)

3.2.3 Different representations of rotations

The nine elements in the general rotation matrix R are not independent. A rigid body can
have three rotational degrees of freedom, and thus at most three independent variables are
needed to specify the orientation. There are many ways of representing rotations. In this
section four representations are described, in which an arbitrary rotation can be described
by three (or four, when using quaternions) independent quantities. In robotics the methods
can be seen as different ways to describe the orientation of the wrist or the robot tool.

Axis/angle The axis/angle representation is based on the idea that a rotation matrix
always can be represented by a single rotation about a single axis in space by a suitable
angle. It can be described by the relation

R = Rk,θ, (3.9)

where k =
(
kx ky kz

)T
is the unit vector that defines the axis of rotation and θ is the

angle of rotation about the axis. The equation is therefore called the axis/angle represen-
tation of R. The unit length

√
k2

x + k2
y + k2

z = 1 gives that two of the components of k
are independent, and the third independent quantity is the angle θ. The representation is
however not unique, since a rotation by the angle −θ about −k gives the same result.

Euler angles The method of Euler angles is a common way to specify the rotation
matrix R using three independent angles φ, θ and Ψ. They are obtained by the following
successive rotations. The orientation of frame 1 relative to frame 0 is specified by first
rotating about the z0-axis by the angle φ. Then a rotation of the current frame about the
current y-axis by the angle θ, followed by a rotation of the current frame about the current
z-axis (which now is the z1-axis) by the angle Ψ. The resulting transformation is

R1
0 = Rz0,φRy,θRz1,Ψ. (3.10)

The method gives a minimal realisation; three independent quantities are used to describe
a rotation of three degrees of freedom. It can however give rise to mathematical singular-
ities, which are avoided by using quaternions (Sciavicco and Siciliano, 2000).
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Roll-pitch-yaw angles This method is another set of Euler angles, where the rotation
matrix R is described as a product of successive rotations about the principal coordinate
axes x0, y0 and z0. The rotation angles are named roll ψ, pitch θ and yaw Ψ, which
denotes typical rotations of an aircraft. First you yaw the coordinate frame about x0 by
the angle Ψ, then pitch about y0 by the angle θ and finally roll about z0 by the angle φ as

R1
0 = Rz0,φRy0,θRx0,Ψ. (3.11)

Quaternions Quaternions consist of four elements q0 . . . q3 and are an extension to the
complex numbers. They were first introduced by Hamilton (1853, 1866) to describe the
ratio between two vectors, and are since then used in many areas of geometric analysis
and modelling (Funda et al., 1990). Mathematically they can be written

q = q0 + iq1 + jq2 + kq3, (3.12)

where i, j and k are mutually orthogonal imaginary units with special properties. An
example of a comprehensive description of unit quaternions is Kuipers (1999).

The quaternions can be used to compactly describe an arbitrary rotation. Two vectors
p0 and p1 are separated by the angle θ, which means a homogeneous transformation

p0 = Rotu,θp1. (3.13)

The rotation is performed around the axis defined by the unit vector u. By means of
quaternions, this expression can be rewritten as

q =
(

cos(θ/2)
u sin(θ/2)

)
,

p0 = q ∗ p1 ∗ q̄,
(3.14)

where ∗ means the quaternion multiplication (see Kuipers (1999)).
Examples of the usage in the robotics field are Dobrovodsky (1994) and Funda et al.

(1990), where the quaternion position representation is used in robot kinematic structures.
In Funda et al. (1990) a quaternion-based solution to the inverse kinematics problem for
the robot arm PUMA 560 is given and the computational issues are addressed. Quater-
nions are also used for interpolation of the rotation of the robot tool, at which θ is used as
interpolation index. See, for example, Dam et al. (1998) for interpolation methods.

3.2.4 Rigid motion

The most general movement between frame n and frame 0 can be described by a pure
rotation combined with a pure translation. This combination is called a rigid motion if

p0 = Rn
0 pn + dn

0 , (3.15)

and the rotation matrix Rn
0 is orthogonal, that is, (Rn

0 )TRn
0 = I . An important property

of the rotation matrix R worth knowing is also that det(R) = 1. The rigid motion can be
represented by a matrix of the form

Hn
0 =

(
Rn

0 dn
0

0 1

)
. (3.16)
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Since R is orthogonal, the inverse transformation is defined by

(Hn
0 )−1 =

(
(Rn

0 )T −(Rn
0 )T dn

0

0 1

)
. (3.17)

The transformation (3.16) is called a homogeneous transformation, and it is based on
the idea of homogeneous coordinates introduced by Maxwell (1951). The homogeneous
representation Pi of the vector pi is defined as

Pi =
(
pi

1

)
. (3.18)

The transformation (3.15) can now be written as the homogeneous matrix multiplication

P0 = H1
0P1. (3.19)

Combining two homogeneous transformations

p0 = R1
0p1 + d1

0,

p1 = R2
1p2 + d2

1,
(3.20)

gives

H1
0H

2
1 =

(
R1

0 d1
0

0 1

)(
R2

1 d2
1

0 1

)
=
(
R1

0R
2
1 R1

0d
2
1 + d1

0

0 1

)
,

P0 = H1
0H

2
1P2.

(3.21)

3.2.5 Homogeneous transformations for a robot

The homogeneous matrix (3.16), representing the position and orientation of frame i rel-
ative to frame i− 1,

Ai(qi) = Hi
i−1 =

(
Ri

i−1 di
i−1

0 1

)
, (3.22)

is a function of the single joint variable qi. It describes the transformation under the as-
sumption that the joints are either revolute or prismatic, see Section 2.1.2 for a description
of joint types. The transformation matrix T j

i that transforms the coordinates of a point
expressed in frame j to frame i can then be written as successive transformations as in

T j
i = Ai+1Ai+2 · · ·Aj−1Aj ,=

(
Rj

i dj
i

0 1

)
, i < j, (3.23)

where
Rj

i = Ri+1
i · · ·Rj

j−1, i < j, (3.24)

and dj
i is given recursively by

dj
i = dj−1

i +Rj−1
i dj

j−1, i < j. (3.25)

For a robot with n joints, (3.23) gives the homogeneous matrix Tn
0 which transforms the

coordinates from the tool frame n to the base frame 0 as

Tn
0 = A1(q1) · · ·An(qn) =

(
Rn

0 dn
0

0 1

)
. (3.26)

As can be seen, every transformation Ai uses the joint variable qi for the current joint i.
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3.3 Denavit-Hartenberg representation

In 1955 Denavit and Hartenberg developed a method for describing lower-pair mecha-
nisms (linkages). The idea is to systematically choose coordinate frames for the links, an
example is shown in Figure 3.1 for the robot IRB1400 with 6 joints. The so-called D-H
joint variables represent the relative displacement between adjoining links. The method
is commonly used in robotic applications, and Pieper (1968) and Paul (1977, 1981) were
among the first applications to industrial robots.

There are two slightly different approaches to the convention, the so-called standard
D-H notation, described in Spong et al. (2006), and the modified D-H form, found in Craig
(1989). Both notations represent a joint as two translations and two rotations, but the
expressions for the link transformation matrices are quite different. It is therefore essential
to know which form the D-H parameters conform to.
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Figure 3.1: Coordinate frames for each joint of the robot IRB1400, determined
according to the standard D-H representation.

Standard Denavit-Hartenberg representation

Each homogeneous transformation Ai, see (3.22), is in the D-H representation regarded
as a product of four basic transformations

Ai = Rotzi−1,θi
Transzi−1,di

Transxi,ai
Rotxi,αi

. (3.27)
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It is assumed that frame i and frame i− 1 are chosen so that the conditions

(DH1) xi is perpendicular to zi−1,

(DH2) xi intersects zi−1,
(3.28)

are satisfied, see Figure 3.1 as an example of the conditions. The choice of zi is arbitrary
(and not unique), usually zi is assigned to be the axis of actuation for joint i + 1. Under
the circumstances that the origin oi of frame i does not lie at joint i, the coordinate frames
for the robot can always be chosen in such a way that the conditions (3.28) are satisfied.

The D-H link parameters θi, ai, di and αi are parameters of link i and joint i, and are
defined as follows. An illustration of them can be seen in Figure 3.2.

• Angle θi: angle between the xi−1- and xi-axis measured in the plane perpendicular
to the zi−1-axis.

• Length ai: distance from the origin oi of frame i to the intersection between the xi-
and zi−1-axis measured along the xi-axis.

• Offset di: distance between the origin oi−1 of frame i − 1 and the intersection of
the xi-axis with zi−1-axis measured along the zi−1-axis.

• Twist αi: angle between the zi−1- and zi-axis measured in the plane perpendicular
to the xi-axis.

a1

d1

α1

θ1o0

o1

x0

y0

z0

x1

y1
z1

Figure 3.2: The D-H link parameters θ1, d1, a1, α1 and the corresponding transfor-
mations between frame 0 and frame 1, according to the standard D-H representation.

First a rotation by the angle θi around the zi−1-axis is performed, then a translation di

along the zi−1-axis, followed by a translation ai along the xi-axis, and finally a rotation by
the angle αi around xi-axis. Using (3.27), the homogeneous transformation Ai in (3.22)
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can be written as

Ai = Rotzi−1,θi
Transzi−1,di

Transxi,ai
Rotxi,αi

=


cos θi − sin θi 0 0
sin θi cos θi 0 0

0 0 1 0
0 0 0 1




1 0 0 0
0 1 0 0
0 0 1 di

0 0 0 1




1 0 0 ai

0 1 0 0
0 0 1 0
0 0 0 1




1 0 0 0
0 cosαi − sinαi 0
0 sinαi cosαi 0
0 0 0 1



=


cos θi − sin θi cosαi sin θi sinαi ai cos θi

sin θi cos θi cosαi − cos θi sinαi ai sin θi

0 sinαi cosαi di

0 0 0 1

 . (3.29)

It can be seen directly from (3.22) that the forward kinematics is given by

Ri
i−1 =

cos θi − sin θi cosαi sin θi sinαi

sin θi cos θi cosαi − cos θi sinαi

0 sinαi cosαi

 , (3.30)

di
i−1 =

ai cos θi

ai sin θi

di

 . (3.31)

As mentioned previously, the homogeneous transformation A(qi) is a function of just
the generalised coordinate qi for joint i, so three of the four D-H link parameters θi, ai, di

and αi are constant for link i and the fourth is the present joint variable qi. For example the
joint variable for a revolute joint is the angle of rotation, whereas it is the link extension
for a prismatic joint, which also was discussed in Section 2.1.2.

3.4 Velocity kinematics

The velocity kinematics relates the velocity of a point on the robot to the joint veloci-
ties q̇. The linear and angular velocity relations are derived in this section, followed by a
discussion about the Jacobian. The equations are restricted to the case with a robot having
only revolute joints, since the experimental evaluation in Chapter 5 only deals with such
a robot. See, for example, Spong et al. (2006) or Sciavicco and Siciliano (2000) for the
corresponding case with prismatic joints.

3.4.1 Manipulator Jacobian

The forward kinematic equations derived in Section 3.3 determine the position x and ori-
entation ϕ of the robot tool given the D-H joint variables q. The Manipulator Jacobian,
called the Jacobian for short, of this function relate the linear and angular velocities v
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and ω of a point on the robot to the joint velocities q̇. The Jacobian is one of the most
important quantities in the analysis and control of the robot motion. It is used in many
aspects in robot control, like planning and execution of smooth trajectories, determina-
tion of singular configurations, execution of coordinated motion, derivation of dynamic
equations of motion and to transform tool forces to joint torques.

Generally the n-joint robot has the vector of joint variables q = (q1, . . . , qn)T . The
transformation matrix (3.26) from the tool frame n to the base frame 0 depends on the
joint variables q as in

Tn
0 (q) =

(
Rn

0 (q) dn
0 (q)

0 1

)
, (3.32)

dn
0 = dn−1

0 +Rn−1
0 dn

n−1. (3.33)

The unit transformation T 0
0 (q) = I in the base frame 0 implies

R0
0(q) = I, d0

0(q) =
(
0 0 0

)T
. (3.34)

The angular velocity vector ωn
0 is defined using the skew-symmetric matrix S as in

S(ωn
0 ) = Ṙn

0 (Rn
0 )T . (3.35)

The linear velocity of the robot tool is

vn
0 = ḋn

0 , (3.36)

where ḋn
0 means the time derivative d

dtd
n
0 . Written on the form

vn
0 = Jv q̇, (3.37)
ωn

0 = Jω q̇, (3.38)

(3.37) and (3.38) can be combined to(
vn
0

ωn
0

)
=
(
Jv

Jω

)
q̇ = Jn

0 q̇, (3.39)

where Jn
0 is called the Jacobian. It is a 6×n-matrix because it represents the instantaneous

transformation between the n-vector of joint velocities q̇ and the 6-vector describing the
linear and angular velocities vn

0 , ω
n
0 of the robot tool, expressed in the base frame 0. In

the following sections it is described how the matrices Jv and Jω for a robot with only
revolute joints are derived. See, for instance, Spong et al. (2006) for the prismatic case.

3.4.2 Linear velocity

The linear velocity of the robot tool is described by ḋn
0 , see (3.36). Using the chain rule

of differentiation gives

ḋn
0 =

n∑
i=1

∂dn
0

∂qi
q̇i. (3.40)

The differentiation (3.40) combined with (3.37) gives that the ith column of Jv is ∂dn
0

∂qi
.

This expression is the linear velocity if q̇i is equal to one and all other q̇j are zero, for the
case i 6= j. This is achieved if the ith joint is actuated at unit velocity and all the other
joints are fixed.
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Revolute joint

The relative motion for the revolute joint i is described by the relation (3.33). If only the
ith joint is actuated, all joint angles except θi are fixed, which gives that di−1

0 and Ri−1
0

are constant. Differentiation of (3.33) now gives

ḋn
0 = Ri−1

0 ḋn
i−1. (3.41)

Since the joint is revolute and therefore the motion of link i is a rotation qi = θi about the
current z-axis, it gives

ḋn
i−1 = θ̇iz

i−1
i−1 × dn

i−1, (3.42)

where zi−1
i−1 =

(
0 0 1

)T
in coordinate frame i − 1. When combining (3.41) – (3.42)

with the relation Ri−1
0 zi−1

i−1 = zi−1
0 and (3.33), this results in

ḋn
0 = Ri−1

0

(
θ̇iz

i−1
i−1×d

n
i−1

)
= θ̇iR

i−1
0 zi−1

i−1×R
i−1
0 dn

i−1 = θ̇iz
i−1
0 ×(dn

0 −di−1
0 ). (3.43)

From (3.40), with qi = θi, it can be seen that

∂dn
0

∂qi
= zi−1

0 × (dn
0 − di−1

0 ). (3.44)

Expression for linear velocity

The expression for the prismatic joint can be found in Spong et al. (2006) or Sciavicco
and Siciliano (2000), among others.

Comparison with (3.37) gives the part of the Jacobian for the linear velocity, Jv , as

Jv =
(
Jv1 . . . Jvn

)
, (3.45)

where Jvi is given as

Jvi =
∂dn

0

∂qi
=

{
zi−1
0 , prismatic joint,
zi−1
0 × (dn

0 − di−1
0 ), revolute joint.

(3.46)

z0
0 is the unit vector in the base frame 0 and n is the number of robot joints, as mentioned

before.

3.4.3 Angular velocity

Angular velocities can be added vectorially if they all are expressed in the same coordinate
frame. Thereby it is possible to express the angular velocity of each link in the base frame
and add them to the total angular velocity of the robot tool.

Revolute joint

When the ith joint is revolute, the joint variable is qi = θi and the z-axis is the axis of
rotation, as described in Section 3.3. The angular velocity expressed in frame i− 1 is

ωi
i−1 = q̇iz

i−1
i−1 , (3.47)
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where zi−1
i−1 is the unit vector (0 0 1)T in coordinate frame i − 1. The resulting vector

transformed to the base frame 0 is

zi−1
0 = Ri−1

0 zi−1
i−1 . (3.48)

Expression for angular velocity

The expression for the prismatic joint is derived using the fact that there is a pure trans-
lation relating the adjacent joints. It implies zero angular velocity, as can be seen in Spong
et al. (2006) or Sciavicco and Siciliano (2000).

Summing all the angular velocities for each link of the robot with n links, gives the
following angular velocity of the robot tool

ωn
0 = ρ1θ̇1z

0
0 + ρ2θ̇2R

1
0z

1
1 + . . .+ ρnθ̇nR

n−1
0 zn−1

n−1 =
n∑

i=1

ρiθ̇iz
i−1
0 =

n∑
i=1

ρiq̇iz
i−1
0 ,

(3.49)
where

ρi =

{
1, revolute joint,
0, prismatic joint.

(3.50)

Comparison between (3.38) and (3.49) gives the part Jω of the Jacobian as

Jω =
(
ρ1z

0
0 . . . ρnz

n−1
0

)
. (3.51)

z1
0 , . . . z

n−1
0 is given by (3.48), and z0

0 is also here the unit vector in the base frame 0.
Jω can therefore be seen as a matrix of the unit vectors z for each coordinate frame
transformed into the base frame.

3.4.4 Discussion about the Jacobian

The Jacobian is an important quantity in robot modelling, analysis and control, since it can
tell us about robot characteristics. In this section some of these properties are discussed.
A more thorough discussion can be found in any book regarding robot modelling and
control, like Spong et al. (2006), Sciavicco and Siciliano (2000) or Tsai (1999).

Interpretation of the Jacobian

From the relation

Ẋ =
(
vn
0

ωn
0

)
=
(
Jv

Jω

)
q̇ = Jn

0 q̇, (3.52)

it can be seen that the Jacobian Jn
0 is a transformation between the joint velocities q̇

and the robot tool velocities Ẋ . Sometimes velocities for other positions than the tool
position are sought. The calculations resulting in the Jacobian are as usual, the difference
is to involve only the actual links. As an example, the velocity involving up to the first
four joints only depends on the derivatives of the joint variables q1, . . . , q4.
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Static force/torque relationships

When the robot is interacting with its environment, forces and moments are produced
at the robot tool. This results in torques produced at the joints of the robot. There is a
relationship between the tool forces and joint torques, described by the Jacobian. This
relation is important in, for example, development of path planning methods, derivation
of dynamic equations and design of force control algorithms.

Let F represent the vector of forces and moments at the robot tool and τ be the corre-
sponding vector of joint torques. Then F and τ are related by

τ = JT (q)F, (3.53)

which involves the transpose of the Jacobian. This relationship can be derived by the
so-called principle of virtual work as is described below. Introducing infinitesimal dis-
placements of q and X gives

dX = J(q)dq. (3.54)

The virtual work dω of the system is given by

dω = FT dX − τT dq, (3.55)

which together with (3.54) yields

dω = (FTJ − τT )dq. (3.56)

The principle of virtual work says that dω is equal to zero if the robot is in equilibrium and
that the robot tool forces are related to the joint torques by the transpose of the Jacobian.

Singularities

The forward kinematic equations derived previously are dependent of the chosen coor-
dinate frames, but the robot configurations themselves are geometric quantities that are
independent of the chosen frames.

When working with robots, it is unavoidable to end up in singularities, also called
singular configurations. At a singular configuration, a vector F in the nullspace of
JT does not produce any torque, see (3.53), and therefore no rotation about the joints.
There are also directions in the Cartesian space where the robot cannot exert forces. This
happens when columns in the Jacobian are linearly dependent and the actual configuration
q gives a decreasing rank of J .

Identifying the singularities is important in robot control, since at singularities

• certain directions of motion may be unreachable,

• bounded tool velocities may correspond to unbounded joint velocities,

• bounded joint torques may correspond to unbounded tool forces and torques,

• the robot often is on the boundary of its workspace,

• points in the robot workspace may be unreachable under small perturbations of the
link parameters.
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Near singularities there may be no solution or infinitely many solutions to the inverse
kinematics problem, that is, to calculate the joint configuration of the robot from the
position and orientation of the robot tool. A typical behaviour in a singularity is that the
robot has a configuration where a rotation in a certain joint can be fully counteracted by
rotating another joint in “opposite direction”.

When dealing with robots with spherical wrists, it is possible to split the determination
of the singular configurations into two simpler problems regarding arm singularities and
wrist singularities. Arm singularities are singularities from the motion of the arm (the first
three or more joints) and wrist singularities results from the motion of the spherical wrist
(the joints between the arm and the robot tool). The wrist singularities only appear when
two revolute joints axes for the arm are collinear, since an equal and opposite rotation
about the joint axes gives no net motion of the robot tool. This singularity is unavoidable
without having mechanical limits that prevent the axes from being collinear. For example,
arm singularities occur when the wrist centre intersects the axis of the base rotation, z0.
See Spong et al. (2006) for a further discussion.

3.5 Acceleration equations

Differentiating the velocity expression (3.52) gives the linear acceleration an
0 and angular

acceleration ω̇n
0 of the joint n, expressed in the base frame 0, resulting in

Ẍ =
(
ẍn

0

ω̇n
0

)
=
(
an
0

ω̇n
0

)
=

d

dt

(
Jn

0 (q)q̇
)

= Jn
0 (q)q̈ +

d

dt

(
Jn

0 (q)
)
q̇

= Jn
0 (q)q̈ +

(
n∑

i=1

∂

∂qi

(
Jn

0 (q)
)
q̇i

)
q̇.

(3.57)

The inverse accelerations q̈ can now be determined under the assumption that the Jacobian
J(q) is non-singular, that is, detJ(q) 6= 0. Then the following relation holds

q̈ =
(
Jn

0 (q)
)−1
(
Ẍ − d

dt

(
Jn

0 (q)
)
q̇
)
. (3.58)

Using an accelerometer at the robot tool in combination with logging the motor angles φ,
gives the measurement relation

yt = h(xt) =
(
φ
χ̈

)
. (3.59)

The vector yt contains all measured signals, φ is a vector containing the logged motor
angles and χ̈ describes the acceleration vector in the local coordinate frame of the ac-
celerometer. Computing the acceleration by (3.57) shows a need of computing the time
derivatives of the Jacobian, and considering the complexity of the Jacobian it is clear that
this calculation is impossible to do by hand, which again motivates the need of a good
modelling tool.
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4
Kinematic modelling in MAPLE

INDUSTRIAL ROBOTS ARE COMPLEX to understand and describe, which is highlighted
in Brogårdh (2007), where present and future control and modelling aspects of indus-

trial robots are discussed. In order to facilitate these issues, computer algebra modelling
tools are highly needed, which is motivated in this chapter. Thereafter the kinematic
modelling toolbox is described, which is implemented in a module using the MAPLE pro-
gramming language. The toolbox is illustrated by applying the procedures on the ABB
robot IRB1400.

4.1 Introduction and motivation

Dealing with robots also involves dealing with models, both kinematic and dynamic,
as was described in more detail in Chapters 2 and 3. Nowadays when the robots are
used in new application areas and the structure is becoming more flexible, good models
are needed to be able to describe the behaviour of the robot and improve the perfor-
mance (Brogårdh, 2007). Good modelling tools are also needed in other areas, as could
be seen in Figure 1.3, where applications related to the work presented in this thesis were
shown. One example is estimating the position and orientation of the tool by means of
extra sensors mounted on the robot, using an extended Kalman filter (EKF). The EKF
equations could then be derived in a modelling tool. Thereafter ILC using an estimate of
for example the tool position can improve the robot performance. Estimating flexibilities
in the robot structure by experiments using flexible models is another application.

Introductory example

If we draw our attention to the main focus of Part I – kinematic modelling – it is easy to
give examples of calculations and operations that would be almost impossible, or at least
very strenuous, to handle without modelling tools. Example 4.1 clearly illustrates this.

35
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Example 4.1: Strenuous kinematic modelling

We want to describe the kinematics of an industrial robot, which has six degrees of free-
dom and only revolute joints. The D-H link parameters and joint variables are given sym-
bolically as θi, di, ai, αi for the joints i = 1, . . . , 6. The homogeneous transformation
Ai (3.29) gives the transformation from coordinate frame i to frame i− 1 as

Ai =
(
Ri

i−1 di
i−1

0 1

)
=


cos θi − sin θi cosαi sin θi sinαi ai cos θi

sin θi cos θi cosαi − cos θi sinαi ai sin θi

0 sinαi cosαi di

0 0 0 1

 . (4.1)

The transformation matrix for the robot tool (frame 6) relative to the base frame 0 is

T 6
0 = A1A2A3A4A5A6 =

(
R6

0 d6
0

0 1

)
, (4.2)

which means that the homogeneous matrices Ai for all six links have to be multiplied.
Assume that we want to know the linear and angular velocities v and ω of the robot tool.
Then the Jacobian J6

0 (3.39) has to be derived by the relation(
v6
0

ω6
0

)
=
(
Jv

Jω

)
θ̇ = J6

0 θ̇, (4.3)

where θ̇ is the vector of time derivatives of the joint variables. The assumption that
the actual robot only has revolute joints gives the linear part Jv (3.46) and angular part
Jω (3.51) of the Jacobian as

Jv =
(
Jv1 . . . Jv6

)
, where Jvi = zi−1

0 × (d6
0 − di−1

0 ),

Jω =
(
z0
0 . . . z5

0

)
.

(4.4)

The vectors di−1
0 , d6

0 are given from the relation corresponding to (4.2) for each joint i−1,
and zi

0 means the unit vector
(
0 0 1

)T
in the ith coordinate frame expressed in the

base frame 0. Performing the calculations in the symbolic algebra tool MAPLE gives
a symbolic expression for the Jacobian J6

0 , which can be written using approximately
90 A4 pages (!).

Now say that we are also interested in the linear and angular acceleration of the robot
tool. The Jacobian then has to be differentiated with respect to time according to

Ẍ =
(
ẍ6

0

ω̇6
0

)
=

d

dt

(
J6

0 (θ)θ̇
)
. (4.5)

It is almost impossible to derive this symbolic expression, using the Jacobian J6
0 above,

without a good modelling tool.
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Related research

An example of previous work in the area of robot modelling is Bienkowski and Kozlowski
(1998), where a MATHEMATICA based approach is presented. The kinematic derivation
does, however, not use the D-H representation, which is a commonly used standard in the
robotics field, see Section 3.3. A fairly well-known contribution is Robotics Toolbox, de-
veloped by Corke (1996a), where numerical calculations of kinematics, dynamics and tra-
jectory planning are possible. It provides simulation and analysis of results from real robot
experiments. Another contribution is Corke (1998), but the focus is on dynamics and how
dynamic models of robots can be simplified using MAPLE. See also Corke (1996b) for the
details. A MATHEMATICA package, Robotica, has been developed by Nethery and Spong
(1994). This package is based upon Spong and Vidyasagar (1989) and gives support for
both kinematic as well as dynamic modelling, which is similar to what is presented in
this thesis. However, the package Robotica is no longer supported or updated and it is
not sure that it works in the last version of MATHEMATICA without editing the source
code (Spong, 2007). Another example of softwares developed for symbolic modelling of
robots is SYMORO+ by Khalil and Creusot (1997). It is a package for generating geo-
metric, kinematic, dynamic models and models for identification of inertial parameters.
The models are developed in MATHEMATICA and the graphical interface is written in C.

There are also many symbolic modelling packages for educational purposes, and one
example of such a work is Ferreira and Machado (2000). These educational packages are
however put aside in this work.

4.2 Chosen computer algebra tool for the toolbox

In this thesis the first steps towards a toolbox, called DH-toolbox, for kinematic mod-
elling of industrial robots are taken. The aim is to provide a platform where it is simpler
to, for instance, evaluate various sensor locations on the robot. MAPLE is used as a tool
to symbolically generate the kinematic models for the robot structure, and the models can
be translated to MATLAB- or C code to implement, for example, state estimation using an
extended Kalman filter (EKF) algorithm.

4.2.1 Desired operations, computations and objects

The structure in the DH-toolbox is inspired by Robotics Toolbox (Corke, 1996a). Like
in Robotics Toolbox, the work in this thesis is based on the D-H convention (Denavit and
Hartenberg, 1955), and the procedures are implemented to reflect the mechanical structure
of the robot in some way.

In the DH-toolbox the individual links of a robot are characterised by the D-H link
parameters and joint variables θ, d, a, α and the joint type; revolute (r) or prismatic (p).
Link i is therefore formed as a list with the structure

(
θi di ai αi type

)
. When all

links are created, they can be gathered as a robot, which is implemented as a list of lists.
The procedures in the toolbox use either the individual link, or the whole robot. Sym-

bolical or numerical computations can then be performed, resulting in, for instance, a
transformation matrix from one coordinate frame to another, the Jacobian for the whole
robot, or expressions for the linear acceleration of the robot tool.
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4.2.2 MAPLE as a programming language

In this section some of the features in MAPLE are described, that are used when imple-
menting the toolbox. See, for example, Monagan et al. (2007), MAPLE (2007) and Heck
(1993) for details regarding MAPLE programming.

Types

The inputs to the procedure creating a robot link has to be of allowed types. Structured
types, which are combined MAPLE types, are used when creating own types. This requires
knowledge of MAPLE types and how to use them. As an example, the structured types
used as link arguments are various combinations of the motor angles φ, and they are
shown in Table 4.1.

• There is a type hierarchy. For example, numeric is a larger type class, containing
the subclasses integer, fraction and float.

• Including different packages can change default types. It is explained with the
example

type(1+a, ’+’);
with(VectorCalculus);
type(1+a, ’+’);

The first one is true, but after using the package VectorCalculus the ordinary
type ’+’ is changed to the plus operator in the package VectorCalculus, giv-
ing the answer false. Typing

type(1+a, :-’+’);

instead, gives true, because the global, ordinary + is used without any extra pack-
ages loaded.

• It is useful to know that −π is regarded as (−1) ∗ π in MAPLE, of type ’∗’ with
operands of type integer and symbol. −π

2 is in the same way the multiplication
(− 1

2 ) ∗ π with operands of types fraction and symbol.

• With MAPLE one often returns to the concept on types. When trying to distinguish
between different variables q, q(t), q1 and q1(t) that are time dependent and time
independent, types are useful. q and q1 are both of type name. q(t) and q1(t) are
of type function(symbol) and op(0, q(t)) and op(0, q_(t)), which
means selecting q, are not of type name. See next section for a description of the
op command.

Operands

The op command is used to select one part of an expression. As an example, the elements
in a list defining one link, can be selected by

mylink := [theta[1], d[1], a[1], alpha[1], r];
op(mylink);
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Table 4.1: Possible arguments to the link procedure, where φ denotes the motor
angles. The types are chosen to be as specific as possible (or as general as possible,
when such a property is useful).

Argument MAPLE type

5 numeric

5.0 numeric

π symbol
π
2 ’&*’(numeric, symbol)

φ symbol

φ1 name(indexed)

φ(t) function(symbol)

φ1(t) function(symbol)

φ(t) + 5 ’&+’(function(symbol), numeric)

φ(t) + π ’&+’(function(symbol), symbol)

φ(t) + π
2 ’&+’(function(symbol),

’&*’(numeric, symbol))

φ(t)− 5 ’&+’(function(symbol), numeric))

φ(t)− 5.0 ’&+’(function(symbol), numeric))

φ(t)− π ’&+’(function(symbol),

’&*’(numeric, symbol))

φ(t)− π
2 ’&+’(function(symbol),

’&*’(numeric, symbol))

−φ(t)− 5 ’&+’(’&*’(numeric, function(symbol)),

numeric)

−φ1(t) + 0 ’&*’(numeric, function(symbol))

φ1 − φ2 ’&+’(name(indexed),

’&*’(numeric, name(indexed)))

φ1(t)− φ2(t) ’&+’(function(symbol),

’&*’(numeric, function(symbol)))

φ1 − φ2 − 5 ’&+’(name(indexed),

’&*’(numeric, name(indexed)), numeric)

φ1 − φ2 − π
2 ’&+’(name(indexed),

’&*’(numeric, name(indexed)),

’&*’(numeric, symbol))

φ1(t)−φ2(t)− 5 ’&+’(function(symbol),

’&*’(numeric, function(symbol)), numeric)

φ1(t)−φ2(t)−π ’&+’(function(symbol),

’&*’(numeric, function(symbol)),

’&*’(numeric, symbol))
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When picking out an operand from expressions of different types, the operand is specified
by using the op command differently. As an example, the operand θ is returned from the
expressions θ(t) and θ1(t) by typing

op(0, theta(t));
op(0, op(0, theta[1](t)));

This example also shows the importance of knowing the type (structure) of the expression,
as was discussed earlier.

The has procedure

The has procedure is useful when one want to know if an expression contains a certain
variable or not. In this example the question is whether the expression 5q1(t) + cos q1(t)
has the variable q1(t) in it. this is investigated by

has(q[1](t) + 5cos(q[1](t), q[1](t));

The answer is true. Note that it also gives true when checking for the variable q1 or q.
The explanation is that q and q1 are parts of q1(t), and therefore these variables are also a
part of the expression.

Differentiating expressions and matrices

Calculating the expression

d

dq1(t)

(
5q1(t) + cos q1(t)

)
, (4.6)

is impossible in MAPLE because one cannot differentiate directly with respect to the time
dependent variable q1(t). A solution to this problem is to change the variable q1(t) tem-
porarily so that q1(t) = q1, differentiate the expression with respect to q1 and then change
back to the original variable.

It is important to stress that it is unsuitable when, for example, q and q(t) represent
different variables. Another problem can appear if both q(t) and qi(t) are in the same
expression. When substituting q(t) = q and differentiate with respect to the variable q,
MAPLE sees the variable name q as a part of qi and then also tries to differentiate d

dq qi,
which only results in this symbolic expression. If MAPLE would have seen the variables
as two separate names, it would have returned 0 instead.

The process to first change the variables and thereafter differentiate is shown below
expr := 5q[1](t) + cos(q[1](t));
subsexpr := subs(q[1](t) = q[1], expr);
diffsubsexpr := diff(subsexpr, q[1]);
subs(q[1] = q[1](t), diffsubsexpr);

As expected, this results in

d

dq1(t)

(
5q1(t) + cos q1(t)

)
= 5− sin q1(t). (4.7)

Substituting to a time independent name is useful, for example, when differentiating(
an
0

ω̇n
0

)
=

d

dt

(
Jn

0 (q)q̇
)
. (4.8)
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If the D-H joint variables are time dependent, that is, qi(t), the differentiation has to be
performed by first temporarily substitute qi(t) = qi, differentiate with respect to qi, and
last substitute to qi = qi(t), as described above.

Make the expression translatable to MATLAB code

The Jacobian (3.39) and the acceleration expressions (3.57) depend on the variables qi(t),
d
dtqi(t) and d2

dt2 qi(t), for the motors i = 1, . . . , 6. When translating these expressions to
MATLAB code, they first have to become more MATLAB-friendly, by defining new names
for the variables involved. An example of how to do with the first variable q1(t) is shown
below.

Jdotmatlab := subs(diff(q_1(t),t,t) = qdd1,
diff(q_1(t),t) = qd1,
q_1(t) = q1, Jdot);

4.3 DH-toolbox

In this section the structure of the toolbox is described, see also Wallén et al. (2006)
and Wallén (2007). The usage of the implemented procedures is exemplified by applying
the procedures on the robot IRB1400 from ABB, as is seen in Figure 4.1. Another ex-
ample is found in Chapter 5, where it is shown how the toolbox can be used for sensor
applications.

balancing 
springs

Figure 4.1: The industrial robot IRB1400 with a maximum payload of 5 kg and
range of 1.44 m. It can be seen that the robot has a mechanical coupling between
motor 3, placed on the foot of the robot, to the actual link 3. (ABB Robotics, 2007)
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4.3.1 Structure

The robot links are defined by the D-H link parameters and joint variables, together with
information about the joint type (revolute or prismatic). As is the case in reality, the robot
is defined by its links. In the toolbox the procedures DHlink and DHrobot create links
and robot structures.

The procedures DHmatrixA, DHmatrixT, DHpositionT, DHrotationT, and
DHtransformationT are developed to handle the homogeneous transformations and
the translational and rotational transformations. The Jacobian of the robot can be derived
using DHjacobian and the velocity kinematics are achieved by DHvelocity and
DHacceleration. In Figure 4.2 the structure of the toolbox is illustrated, and it can
be seen how the procedures relate to each other.

New typesProcedures

type::link

type::robot

DHparameter

DHlink

DHrobotDHmatrixA

DHmatrixT

DHpositionT

DHrotationT

DHtransformationT

DHlinearjacobian

DHangularjacobian

DHjacobian

DHlinearvelocity

DHangularvelocity

DHvelocity

DHlinearacceleration

DHangularacceleration

DHacceleration

Figure 4.2: Structure of the DHtoolbox, which is implemented in MAPLE.

4.3.2 D-H parameters

The local coordinate frames for each joint, chosen according to the D-H standard, were
shown in Figure 3.1. Since the movement for each joint of the robot IRB1400 is a rotation
around the z-axis of the local frame, it gives that all joints are revolute, see Section 3.3.

The robot IRB1400 has, as can be seen in Figure 4.1, a mechanical coupling between
motor 3, placed on the foot of the robot, to the actual link 3. This gives that the robot has
a closed kinematic chain, and the structure in this particular case is also called a parallelo-
gram linkage structure to link 3 (Spong et al., 2006). In practice this parallelogram linkage
structure means that joint 2 and joint 3 are coupled. If motor 2 is moved, but not motor 3,
the angle between the upper arm (x3-axis) and z0-axis is constant. Link 3 keeps the same
orientation with respect to the base frame, and when moving motor 2 it will affect both
the joint variables for joint 2 and 3. The profitable idea with this parallelogram linkage
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structure is that motor 3, which moves joint 3, is placed below this joint. The upper robot
links can then be made thinner and less torque is necessary to apply. A drawback with
this structure is however that the movement of the robot is more restricted since the robot
cannot bend backwards.

The D-H convention is based on the assumption that a movement of a joint does
not affect any other joint, that is, an open kinematic-chain structure. The closed kine-
matic chain of IRB1400 is of a bilinear form, which gives the opportunity to rewrite the
joint variables to the corresponding D-H joint variables for the transformed, open struc-
ture (Norrlöf, 1999). One also has to consider that when the robot IRB1400 stands in its
zero position and orientation (like an L, turned upside-down), defined by

θ0 =
(
0 −π/2 0 0 0 π

)T
, (4.9)

the joint variables need to be transformed to achieve agreement between the zero pose and
the pose when the D-H joint variables are zero. To summarise, the D-H joint variables θ
can be calculated from the joint angles φ using the following relation

θ = θTransφ+ θ0 =


1 0 0 0 0 0
0 1 0 0 0 0
0 −1 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

φ+


0

−π/2
0
0
0
π

 . (4.10)

This can be performed in MAPLE by the procedure DHparameter as is shown below.
First, the parameters have to be defined.

DHalpha := Vector[column]([-Pi/2, 0, -Pi/2, Pi/2, -Pi/2, 0]);
DHa := Vector[column]([0.15, 0.6, 0.12, 0, 0, 0]);
phi := Vector[column]([phi[1](t), phi[2](t), phi[3](t),

phi[4](t), phi[5](t), phi[6](t)]);
DHd := Vector[column]([0.475, 0, 0, 0.72, 0, 0.085]);
DHtheta0 := Vector[column]([0, -Pi/2, 0, 0, 0, Pi]);

The matrix θTrans in (4.10) is

theta||Trans := Matrix([[1, 0, 0, 0, 0, 0],
[0, 1, 0, 0, 0, 0],
[0, -1, 1, 0, 0, 0],
[0, 0, 0, 1, 0, 0],
[0, 0, 0, 0, 1, 0],
[0, 0, 0, 0, 0, 1]]);

The transformed D-H joint variables θ in (4.10) are calculated using DHparameter.

DHtheta := DHparameter(DHtheta, DHtheta0, thetaTrans);

gives the row qi = θi in Table 4.2. The D-H link parameters αi, ai, di and joint variables
qi = θi for the robot IRB1400 are collected in Table 4.2.
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Table 4.2: The D-H link parameters αi, ai, di and joint variables qi = θi for the
robot IRB1400 (Norrlöf, 1999). The joint angle for motor i is denoted φi.

Joint/Link αi ai qi = θi di

i [rad] [m] [rad] [m]

1 −π/2 0.15 φ1 0.475
2 0 0.6 φ2 − π

2 0
3 −π/2 0.12 −φ2 + φ3 0
4 π/2 0 φ4 0.72
5 −π/2 0 φ5 0
6 0 0 φ6 + π 0.085

Link

The procedure to create a link is shown below for a robot example where the first link is
prismatic and the second link is revolute, as in

link1 := DHlink(theta[1], d[1], a[1], alpha[1], p);
link2 := DHlink(theta[2], d[2], a[2], alpha[2], r);

The result is
link1 :=

[
θ1 d1 a1 α1 p

]
,

link2 :=
[
θ2 d2 a2 α2 r

]
,

(4.11)

of type link, which a type defined in the DH-toolbox. The link type is a list of
allowed types, derived from the structured types in Table 4.1. One extra argument, q,
gives a link

DHlink1 := DHlink(theta[1], d[1], a[1], alpha[1], p, q);

where the D-H joint variable θi is exchanged to qi in the case of a revolute link and qi = di

in the case of a prismatic link. When the links are numerical, the D-H parameters are not
affected.

4.3.3 Robot

A robot model is constructed by placing a number of robot links of type link after each
other in a list. The procedure DHrobot can take arbitrarily many links as arguments. For
example, with link1 and link2 defined as above a robot can be defined as

robot := DHrobot(link1, link2);

It gives the output

robot :=
[ [
θ1 q1 a1 α1 p

]
,
[
q2 d2 a2 α2 r

] ]
, (4.12)

of type robot, which is a type defined in the DH-toolbox.
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4.3.4 Homogeneous transformations
The homogeneous matrices, described in Section 2.1.2, are in the DH-toolbox calcu-
lated by means of the procedure DHmatrixA. For example, a revolute link with the D-H
joint variable θ1

link1 := DHlink(theta[1], d[1], a[1], alpha[1], r);
A[1] := DHmatrixA(link1);

gives the homogeneous matrix (3.29)

A1 =


cos θ1 − sin θ1 cosα1 sin θ1 sinα1 a1 cos θ1
sin θ1 cos θ1 cosα1 − cos θ1 sinα1 a1 sin θ1

0 sinα1 cosα1 d1

0 0 0 1

 . (4.13)

When the motor angles φ in (4.10) for the robot IRB1400 are zero, the robot stands in
its zero pose (4.9) and the D-H joint variables qi = θi are constant. For the first two links
of the robot IRB1400 it gives

link1 := DHlink(0, 0.475, 0.15, -Pi/2, r);
A[1] := DHmatrixA(link1);

link2 := DHlink(-Pi/2, 0, 0.6, 0, r);
A[2] := DHmatrixA(link2);

This results in the homogeneous transformations

A1 ≈


1 0 0 0.15
0 0 1 0
0 −1 0 0.475
0 0 0 1

 , (4.14)

A2 ≈


0 1 0 0
−1 0 0 −0.6
0 0 1 0
0 0 0 1

 . (4.15)

These matrices describe the two coordinate frames associated to the two links. Using
DHmatrixT, the transformation matrix T 2

0 can be derived as
myrobot := DHrobot(link1, link2);
T := DHmatrixT(myrobot);
T[2];

which gives

T 2
0 = A1A2 ≈


0 1 0 0.150
0 0 1 0
1 0 0 1.075
0 0 0 1

 . (4.16)

The position d2
0 and orientation R2

0 of frame 2 with respect to the base frame 0 are com-
puted using DHpositionT and DHrotationT as in

d02 := DHpositionT(T[2]);
R02 := DHrotationT(T[2]);
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This results in

d2
0 =

0.150
0

1.075

 ,

R2
0 =

0 1 0
0 0 1
1 0 0

 .

(4.17)

The transformation matrix for the robot tool (frame 6) for IRB1400 relative to the base
frame 0 is computed similarly, giving

T 6
0 = A1A2A3A4A5A6 ≈


0 0 1 0.955
0 1 0 0
−1 0 0 1.195
0 0 0 1

 . (4.18)

It means that the position of the robot tool relative to the base frame of the robot is 0.995 m
in the x0-direction, 0 m in the y0-direction and 1.195 m in the z0-direction. Examining
the blueprint of the robot IRB1400, see Figure 4.1, gives the same result.

The general transformation matrices, dependent on the joint angles φ, are for the first
two links of IRB1400 given as

link1 := DHlink(phi[1], 0.475, 0.15, -Pi/2, r);
link2 := DHlink(phi[2] - Pi/2, 0, 0.6, 0, r);
myrobot := DHrobot(link1, link2);
T := DHmatrixT(myrobot);
T[1];
T[2];

The resulting expressions are

T 1
0 = A1 =

0BB@
cos φ1 0 − sin φ1 0.15 cos φ1

sin φ1 0 cos φ1 0.15 sin φ1

0 −1 0 0.475
0 0 0 1

1CCA , (4.19)

T 2
0 = A1A2 =

0BB@
cos φ1 sin φ2 cos φ1 cos φ2 − sin φ1 0.6 cos φ1 sin φ2 + 0.15 cos φ1

sin φ1 sin φ2 sin φ1 cos φ2 cos φ1 0.6 sin φ1 sin φ2 + 0.15 sin φ1

cos φ2 − sin φ2 0 0.475 + 0.6 cos φ2

0 0 0 1

1CCA .

(4.20)

As can be seen, the size of the expressions are increasing, which motivates the need of
good modelling tools.

4.3.5 Rigid motion

As an example of how the transformation matrices derived above can be used, the vector

p2 =

1
1
1

 , (4.21)
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is studied, expressed in coordinate frame 2. It is transformed to the base frame 0 by means
of the transformation matrix (4.20), dependent on the joint angles φ1 and φ2 as in

R2
0 =

cosφ1 sinφ2 cosφ1 cosφ2 − sinφ1

sinφ1 sinφ2 sinφ1 cosφ2 cosφ1

cosφ2 − sinφ2 0

 . (4.22)

The translating vector from the origin to coordinate frame 2 from (4.20) is given by

d2
0 =

0.6 cosφ1 sinφ2 + 0.15 cosφ1

0.6 sinφ1 sinφ2 + 0.15 sinφ1

0.475 + 0.6 cosφ2

 . (4.23)

Using (3.15) the vector expressed in frame 0 can now be calculated as

p2
0 = R2

0p2 + d2
0, (4.24)

which gives

p2
0 =

1.6 cosφ1 sinφ2 + cosφ1 cosφ2 − sinφ1 + 0.15 cosφ1

1.6 sinφ1 sinφ2 + sinφ1 cosφ2 + cosφ1 + 0.15 sinφ1

1.6 cosφ2 − sinφ2 + 0.475

 . (4.25)

Using the procedures DHpositionT, DHrotationT and DHtransformationT,
the relations above can be derived in MAPLE as follows

link1 := DHlink(phi[1], 0.475, 0.15, -Pi/2, r);
link2 := DHlink(phi[2] - Pi/2, 0, 0.6, 0, r);
myrobot := DHrobot(link1, link2);
T := DHmatrixT(myrobot);

p[2] := Vector[column]([1,1,1]);

R02 := DHrotationT(T[2]);
d02 := DHpositionT(T[2]);
p[0] := DHtransformationT(p[2], T[2]);

4.3.6 Jacobian

The first four links of the robot IRB1400 gives

link1 := DHlink(phi[1](t), 0.475, 0.15, -Pi/2, r);
link2 := DHlink(phi[2](t) - Pi/2, 0, 0.6, 0, r );
link3 := DHlink(-phi[2](t) + phi[3](t), 0, 0.12, -Pi/2, r);
link4 := DHlink(phi[4](t), 0.72, 0, Pi/2, r);
myrobot := DHrobot(link1, link2, link3, link4);

With DHangularjacobian the part Jω of the Jacobian for the four first joints can be
calculated as

Jomega := DHangularjacobian(myrobot);



48 4 Kinematic modelling in MAPLE

with the result

Jω =

0 − sinφ1(t) − sinφ1(t) Jω14

0 cosφ1(t) cosφ1(t) Jω24

1 0 0 Jω34

 , (4.26)

where

Jω14 = cos φ1(t) sin φ2(t) sin
`
φ2(t)− φ3(t)

´
+ cos φ1(t) cos φ2(t) cos

`
φ2(t)− φ3(t)

´
,

Jω24 = sin φ1(t) sin φ2(t) sin
`
φ2(t)− φ3(t)

´
+ sin φ1(t) cos φ2(t) cos

`
φ2(t)− φ3(t)

´
,

Jω34 = cos φ2(t) sin
`
φ2(t)− φ3(t)

´
− sin φ2(t) cos

`
φ2(t)− φ3(t)

´
.

(4.27)
To be able to show something from an overall picture, the D-H joint variables for the

robot IRB1400 in the zero pose given by (4.9), is used. Using DHlinearjacobian to
calculate the linear part, Jv , of the Jacobian gives

link1 := DHlink(0, 0.475, 0.15, -Pi/2, r);
link2 := DHlink(-Pi/2, 0, 0.6, 0, r );
link3 := DHlink(0, 0, 0.12, -Pi/2, r);
link4 := DHlink(0, 0.72, 0, Pi/2, r);
link5 := DHlink(0, 0, 0, -Pi/2, r);
link6 := DHlink(Pi, 0.085, 0, 0, r);

myrobot := DHrobot(link1, link2, link3, link4, link5, link6);
Jv := DHlinearjacobian(myrobot);
Jw := DHangularjacobian(myrobot);

This results in

Jv ≈

 0 0.7200 0.1200 0 0 0
0.9550 0 0 0 0 0

0 −0.8050 −0.8050 0 −0.0850 0

 , (4.28)

Jω =

0 0 0 1 0 1
0 1 1 0 1 0
1 0 0 0 0 0

 , (4.29)

which corresponds to the result in Norrlöf (1999).
If the robot has consisted of only prismatic joints, just change r to p in the link type

definitions above in the MAPLE code. The corresponding Jacobian then becomes

J6
0 =


0 0 0 1 0 1
0 1 1 0 1 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 . (4.30)

As can be seen, the Jacobian now has a simpler structure. The angular part consists of
only zeros and the linear part avoids computing zi−1

0 × (dn
0 − di−1

0 ). See Section 3.4 for
the details.
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4.3.7 Velocity and acceleration
The linear velocity for the two first links of the robot IRB1400 can be calculated using
DHlinearvelocity as in

link1 := DHlink(phi[1](t), 0.475, 0.15, -Pi/2, r);
link2 := DHlink(phi[2](t) - Pi/2, 0, 0.6, 0, r );
myrobot := DHrobot(link1, link2);

variables := Vector[column]([phi[1], phi[2]]);
v := DHlinearvelocity(robot, variables);

The variables defines which variables to differentiate with respect to. This gives the
linear velocity of the robot tool as

v =

−0.15 sinφ1(t) d
dtφ1(t)

0.15 cosφ1(t) d
dtφ1(t)

0

 . (4.31)

Similarly, the angular velocity is derived using DHangularvelocity as
w := DHangularvelocity(robot, variables);

resulting in

ω =

− sinφ1(t) d
dtφ2(t)

cosφ1(t) d
dtφ2(t)

d
dtφ1(t)

 . (4.32)

DHvelocity gives both linear and angular velocity according to
(
v ω

)T
.

The linear and angular acceleration is computed similarly, using the implemented pro-
cedures DHlinearacceleration, DHangularacceleration, and all the accel-
eration terms are derived using DHacceleration.

4.4 Summary – a robot example

In this section it is summarised how to do the calculations step by step using the developed
procedures in the DH-toolbox. To avoid huge expressions, a robot with n = 2 revolute
links is used in the example. The D-H parameters are assumed to be known for each link
of the robot.

The numerical link parameters are from (4.9) and Table 4.2. The robot has an open
kinematic chain, and the zero pose is defined according to

θ = θTransφ+ θ0 =
(

1 0
0 1

)
φ+

(
0
−π

2

)
. (4.33)

First, the joint angles φ and D-H link parameters d, a, α are defined
phi[1];
d[1] := 0.475;
a[1] := 0.15;
alpha[1] := -Pi/2;
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phi[2];
d[2] := 0;
a[2] := 0.6;
alpha[2] := 0;

The translation and transformation matrices are given by
thetaTrans := Matrix([1, 0], [0, 1]);
theta0 := Vector[column](0, -Pi/2);

The link parameters φ are translated to the D-H parameters θ according to
DHtheta := DHparameter(phi, theta0, thetaTrans);

Next the links can be determined as follows. The next to last letter describes the type of
the link – prismatic (p) or revolute (r).

link1 := DHlink(DHtheta[1], d[1], a[1], alpha[1], r, q);
link2 := DHlink(DHtheta[2], d[2], a[2], alpha[2], r, q);

This gives a list of type link, consisting of the D-H joint variables, link parameters
and joint type. The actual D-H variable, in this case θ, is replaced by a chosen variable
name q. Omitting the last argument gives the default variable name. The homogeneous
transformation matrices A can now be determined for each link as follows

A[1] := DHmatrixA(DHlink1);
A[2] := DHmatrixA(DHlink2);

Next step is to create the robot by collecting the links as a list of lists,
robot := DHrobot(DHlink1, DHlink2);

The transformation matrices Ti are calculated as
T := DHmatrixT(robot);

The respective T -matrices for the links are collected in a table, and if for example T2 is
needed, type T2 := T[2]. The following step is to calculate the rigid motion, given
using p2

0 = R2
0p2 + d2

0, with for example the vector p2 =
(
1 1 1

)T
in frame 2. The

answer p2
0 (called p[0]) is given by

p[2] := Vector[column]([1,1,1]);
p[0] := DHtransformationT(p[2], T[2]);

If the transformation matrix R2
0 or the translation vector d2

0 are the sought quantities, type
R02 := DHrotationT(T[2]);
d02 := DHpositionT(T[2]);

Next step is to calculate the different parts of the Jacobian (3.39). The linear part, Jv , and
angular part, Jω, are derived as follows

Jv := DHlinearjacobian(robot);
Jw := DHangularjacobian(robot);

The resulting Jacobian can be determined by
J := DHjacobian(robot);

The linear and angular velocity v and ω are computed as in
variables := Vector[column]([phi[1], phi[2]]);
v := DHlinearvelocity(robot, variables);
w := DHangularvelocity(robot, variables);
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where variables defines which variables to differentiate with respect to. The whole
velocity vector is achieved by

DHvelocity(robot, variables);

The linear and angular acceleration are derived similarly,
a := DHlinearacceleration(robot, variables);
wdot := DHangularacceleration(robot, variables);
DHacceleration(robot, variables);

After substituting the variable names to more MATLAB friendly names, the translation to
MATLAB code of, for example, the linear acceleration a is performed by typing

CodeGeneration[’Matlab’](a);

The MAPLE package CodeGeneration translates the MAPLE code into programming
languages like C, Fortran, Java, MATLAB and Visual Basic. The resulting code can be
compiled and used independently of MAPLE.
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5
Experimental evaluation

IN THIS CHAPTER THE EXPRESSIONS for the forward kinematics developed in the tool-
box are evaluated by experiments using the robot IRB1400 with an inertial measure-

ment unit (IMU) attached to the tool, shown in Figure 5.1. The evaluation also serves
as an example of how to use the toolbox for sensor applications. First, the kinematic
relations are computed in the DH-toolbox, transformed to MATLAB code and the pre-
dicted angular velocity ω̂ and acceleration â are achieved. Measured ωmeas and ameas

are transformed to the base frame of the robot, compared to the predicted quantities and
the results are discussed.

Figure 5.1: The experimental setup, where the inertial measurement unit (IMU) is
attached to the tool of the ABB robot IRB1400.

53
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5.1 Experimental setup

The experiments are performed on the medium-size industrial robot IRB1400 from ABB
(2007) with six degrees of freedom. It is a fairly rigid robot with a maximum payload
of 5 kg has and only revolute joints, as was discussed in Chapter 4. In the sequel, TCP0

means the robot TCP without any tool, that is, the point for the sixth joint.
First, the IMU attached to the robot is presented. Thereafter the motor angle measure-

ments are described and numerical derivatives of these measurements are derived.

5.1.1 Inertial measurement unit

The additional sensor used in the experiments is an IMU of type MTx from Xsens Tech-
nologies B.V. (2007). It is attached to the robot as is shown in Figure 5.1 and the local
IMU frame is oriented as the robot base frame 0. The position of the origin of the IMU
frame relative to the robot is measured by hand, which gives an accuracy of approximately
1 mm. The resulting position of the origin of the local IMU frame relative to TCP0 isxy

z

 =

 32
−26
90

 mm. (5.1)

It could also be computed from experiments, where the robot performs a circle and the po-
sition of the IMU is calculated from the acceleration in the direction tangential and normal
to the path. Because of noisy measurements, this will not give an accurate estimate.

Data from IMU

Data are easily collected, using MT Software (Xsens Technologies B.V., 2007), and can
be handled in MATLAB. The “calibrated inertial and magnetic data output mode”, which
is used in these experiments, gives data that are calibrated according to a physical model
of the sensor outputs compensating for, temperature and other physical effects. Data are
low-pass filtered before the evaluation, as is described below. The output measurement
consists of three dimensional acceleration a [m/s2], rate of turn ω [rad/s] (rate gyro) and
earth-magnetic field m normalised to earth-magnetic field strength. These measurements
are expressed in the body-fixed coordinate frame of the IMU. Note however that the ac-
celerometer measures all accelerations, including the acceleration due to gravity, therefore
the gravity must be subtracted from the accelerometer measurements. In the experiments
the rate of turn and acceleration measurements are used when evaluating the predicted
angular velocity and acceleration, derived from the kinematic relations in MAPLE.

The IMU of type MTx can measure accelerations up to ±1.7 g and angular velocities
up to ±1200 o/s. The default update rate used here is fs,IMU = 100 Hz, which implies
a sample time of Ts,IMU = 10 ms. See also Xsens Technologies B.V. (2007) for the
technical details regarding accuracy of the measurements. It not investigated further here,
because the work in this chapter serve as an example of how to use the DH-toolbox for
sensor applications, at the same time as a quantitative evaluation of the DH-toolbox is
made. When using sensor measurements for estimating the robot tool position, accuracy
of measurements are important. This is however left for future work.
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Measurement noise

Rate of turn and acceleration measurements are noisy. The gyro and accelerometer them-
selves give noisy measurements, but when studying the acceleration it can be seen that
a large part of the noise originates from the robot. When the motors are turned off, the
brake for each joint is active, resulting in noise only from the accelerometer. When the
robot motors are switched on, the robot is vibrating even if the motors stand in their null
position, because of noise in the control loop. This behaviour can be seen in Figure 5.2,
where the noise and vibrations increase when the motors are switched on around t = 25 s.
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Figure 5.2: The noise level in the acceleration measurements is small when the robot
motors are turned off, but increases due to noise in the control loop when the motors
are switched on (t ≈ 25 s).

When analysing the frequency content of the measured acceleration, a small peak can
be seen for frequencies around 27 Hz, which may originate from a mechanical flexibility.
A low-pass Butterworth filter of second order with cutoff frequency ωn = 5 Hz is used,
because it is reasonable to assume that the measured acceleration can be described by
its low-pass characteristics, and higher frequencies originate from measurement noise
and robot vibrations. In the experiments the data are analysed offline, and it is therefore
possible to apply the MATLAB function filtfilt to get a zero-phase behaviour. A
resulting filter of fourth order is thereby applied to the measurements.

When filtering signals, it is a trade-off between cutoff frequency ωn and information
loss. In the results presented in Section 5.4, the aim is to compare the overall behaviour,
and it is not that important if the small changes do not coincide due to a noisy signal or a
low-pass filtered signal. Therefore a low cutoff frequency is chosen to achieve a smooth,
filtered measurement that easily can be compared to predicted values.

Gravity and offset compensation

Gravity can be removed in two ways. One alternative is to remove the gravity vector in
the local IMU frame. However, the measurements have to be transformed to the base
frame in the comparison with the DH-toolbox later, which makes it easier transform
the accelerometer measurements to the robot base frame and thereafter remove the term
9.82 from the measurements in the z0-direction.

The measurement shown in Figure 5.2 is performed in the zero pose (4.9). Assume
that the base frame 0 and the local IMU frame have their x-, y- and z-axes in parallel.
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This implies that the mean of the measurements would beāx

āy

āz

 =

 0
0

9.82

 m/s2, (5.2)

expressed in the base frame 0. If the orientation of the IMU frame is not correctly assumed
and instead is slightly twisted compared to the base frame 0, it gives rise to a deviation
from the ideal mean, as can be seen in Figure 5.2, which is removed as a final step.

When using the accelerometer measurements for estimating, for example, tool posi-
tion, the measurements must be compensated for the actual IMU position and orientation.
Therefore, an improved gravity and offset compensation is on the future agenda.

Transformation to robot base frame

In this work the measured angular velocity ω and acceleration a, expressed in the local
IMU frame, are transformed to the robot base frame 0. This is performed by

ωIMU
0,meas = RIMU

0 ωIMU
IMU,meas,

aIMU
0,meas = RIMU

0 aIMU
IMU,meas,

(5.3)

where the notation ωIMU
0,meas and ωIMU

IMU,meas means the angular velocity of the sensor
measured in the local IMU frame transformed to base frame 0, and expressed in the IMU
frame, respectively. The matrixRIMU

0 transforms the measurements from the IMU frame
to the frame 0.

After transforming the measurements to the base frame 0, the gravity is removed.

5.1.2 Motor angles

The motor angles φ = (φ1, . . . , φ6)T are logged on the motor side with the sample time
Ts,motor = 4 ms, which gives fs,motor = 250 Hz. The relation between motor angles φm

m

expressed on the motor side, φm
m, and motor angles φm

a expressed on the arm side of the
gearbox, is given by

φm
a = rgφ

m
m, (5.4)

see Section 3.1. In the case of no flexibilities modelled in the links, it is assumed that the
angles on the motor side correspond to the angles on the arm side as

φa
a = φm

a . (5.5)

This works if the mechanical flexibilities are not excited during the movement, the static
deflection of the robot links is compensated for by robot calibration and it is assumed that
the robot has no play or lost motion.

When transforming the IMU measurements from the local IMU frame to the base
frame 0, see (5.3), the transformation matrix RIMU

0 is needed in the sample instants of
the IMU measurements. Therefore the logged motor angles φ need to be downsampled to
Ts,IMU = 10 ms.
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Differentiated motor angles

Numerical derivatives φ̇ and φ̈ of the motor angles are needed to compute the predicted
acceleration âIMU

0 , derived from the equations describing the forward kinematics shown
in Section 3.5. The derivatives are computed from the down-sampled motor angle mea-
surements using straightforward differentiation according to

φ̇(t) ≈ φ(t+ h)− φ(t)
h

,

φ̈(t) ≈ φ(t+ h)− 2φ(t) + φ(t− h)
h2

, where h = Ts,IMU .

(5.6)

Resampling followed by differentiating gives a derivative with slightly less noise and
therefore this way is preferred.

The numerical derivatives φ̇ and φ̈ are noisy and they are filtered with a second-order
Butterworth filter with cutoff frequency 5 Hz, similarly as in Section 5.1.1.

5.2 Kinematic relations

The kinematic relations describing the position, orientation, angular velocity and linear
acceleration of TCP0 and the IMU are discussed in this section. See Appendix 5.5 for how
the robot + IMU structure is implemented in the DH-toolbox and Robotics Toolbox.

The standard D-H parameters and joint variables θ, d, a, and α for the joints of the
robot IRB1400 were derived in Section 4.3.2, using the blueprint shown in Figure 4.1. As
was established previously, the robot IRB1400 has a closed kinematic chain, which due
to a bilinear transformation makes it possible to rewrite the motor angles φ to D-H joint
variables θ for the corresponding open structure. In Table 5.1 the D-H parameters and
joint variables for the robot links i = 1, . . . , 6 are given.

When the IMU is attached to the robot structure, it is seen as an additional link. The
general homogeneous transformation matrix, according to the standard D-H convention,

Table 5.1: D-H link parameters and joint variables for the robot links i = 1, . . . , 6
and the additional “IMU links” i = 7, 8. The variables φ are the motor angles on the
arm side for the motors.

Link qi = θi di ai αi

i [rad] [m] [rad] [m]

1 φ1 0.475 0.150 −π/2
2 φ2 − π/2 0 0.600 0
3 −φ2 + φ3 0 0.120 −π/2
4 φ4 0.720 0 π/2
5 φ5 0 0 −π/2
6 φ6 + π 0.085 0 0
7 π 0.032 0.090 π/2
8 π/2 −0.026 0 π/2
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gives no solution when just one single transformation from the TCP0 frame to the IMU
frame is sought. Therefore one more extra coordinate frame is added. Because the chosen
coordinate frames are not unique, any other frame that fits the requirements in the D-H
convention can be used. The transformation from the coordinate axes of the last frame oi

to the preceding frame oi−1 is

oi−1 = Ri
i−1oi + di

i−1. (5.7)

This gives the corresponding homogeneous transformation matrix

Ai =
(
Ri

i−1 di
i−1

0 1

)
, (5.8)

which can be compared to the theoretical expression

Ai =


cos θi − sin θi cosαi sin θi sinαi ai cos θi

sin θi cos θi cosαi − cos θi sinαi ai sin θi

0 sinαi cosαi di

0 0 0 1

 . (5.9)

The parameters θi, di, ai, and αi for the two additional, constant “IMU links” i = 7, 8
can then be determined by comparison, see Table 5.1 for the values. In Figure 5.3 one can
see the coordinate frames for the resulting structure consisting of the robot and IMU.
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Figure 5.3: Coordinate frames for the robot links i = 0, . . . , 6 and fictitious, con-
stant “IMU links” i = 7, 8 according to the standard D-H convention.
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The velocity (3.39) and acceleration (3.57) derived from the kinematic relations, pre-
sented in Chapter 3, are given by(

v̂IMU
0

ω̂IMU
0

)
=
(
v8
0

ω8
0

)
= J8

0 θ̇, (5.10)(
âIMU
0

˙̂ωIMU
0

)
=
(
a8
0

ω̇8
0

)
=

d

dt

(
J8

0 (θ)θ̇
)
, (5.11)

where
θ̇ =

(
θ̇1 θ̇2 θ̇3 θ̇4 θ̇5 θ̇6 0 0

)T
=
(
φ̇1 −φ̇2 + φ̇3 φ̇3 φ̇4 φ̇5 φ̇6 0 0

)T
.

(5.12)

Note that the expression for the acceleration is a function of both the D-H joint variables θ
and as well as the derivatives θ̇ and θ̈·

5.3 Experimental motions

An experimental motion covering as much as possible of the robot characteristics is de-
sirable.

5.3.1 Requirements on the movement

The motion logged on the motor side by the motor angles φ and the measurements from
the IMU, attached to the sixth joint of the robot, shall fulfil the following requirements:

1. Motion fast enough to give high signal to noise ratio (SNR).

2. Avoid exciting flexibilities.

3. Robot in zero pose, to enable offset compensation.

4. Enable synchronisation of IMU and robot joint measurements.

Some of these requirements are discussed in more detail below.

High SNR

The quantisation of the measured motor angles on the motor side of the gearbox is around
212 − 1 ≈ 4100, which gives an angle resolution of 2π

4100 ≈ 0.0015 rad. This is probably
more than needed, but to be sure, very slow motions that may not be described due to the
quantisation of the measurements, are avoided in the experiments.

Avoid exciting flexibilities

Kinematic relations only consider rigid relations. The flexibilities in the robot influence
the orientation and movement of the arm and the robot may be twirled a little. Therefore,
is it desired to do the experimental movements as smooth as possible, for example a
circular path, resulting in an acceleration with more low-frequency characteristics. This
can be done by restricting the demanded acceleration and its derivative during the motion.
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Synchronisation

The IMU measurements and the logged motor angles φ have to be synchronised. The
problem is not the logged motor angles, but the noisy measurements. A simple movement
is sufficient for the synchronisation purpose – it just has to give a measurement where it
is possible to figure out manually when the movement started.

5.3.2 Experimental motions

The controller can in practice only log a limited amount of time due to finite memory,
therefore it is important that both the synchronisation and the experimental movement
can be performed during this time. The robot starts in its zero pose (4.9), to be able to see
the mean levels of the measurements. Then the synchronisation movement is done and
a short pause before the experimental motion begins, separates the synchronisation and
experimental motion. After the experimental motion, the robot returns to its zero pose,
because then it is possible to see if the mean values of the measurements for the robot in
the zero pose are the same before and after the motion and can be compensated for.

When evaluating the experiments, the logged motor angles are expressed in radians
on the arm side, φm

a , as is discussed in Section 5.1.2.

Sequential motion

When evaluating the measured and predicted position of TCP0 compared to the predicted
position using Robotics Toolbox (Corke, 1996a), see Section 5.4.1, a motion that sequen-
tially moves one joint at a time is used. First, an arm-side motor angle of ±0.4 rad for
motor 1 is applied, thereafter the procedure is repeated for motors 2 and 3, see Figure 5.4a.
Next, an arm-side motor angle of ±0.5 rad is applied similarly for motors 4, 5, 6, which
is shown in Figure 5.4b. Due to limited logging time, the experiment is divided into two
separate experiments.

When some motors are supposed to be still, their position measurements yet contain
small peaks of about 5 · 10−4 rad. When moving one motor, coupling effects may give
rise to small peaks in other motors. These peaks will give high derivatives that influence
the computations, even though they “should” be zero.

Simultaneous motion

A motion involving all motors simultaneously is also used in the evaluation of the kine-
matics, and the logged motor angles φm

a on the arm side can be seen in Figure 5.5. The
corresponding motion performed by the IMU, expressed in Cartesian coordinates in the
robot base frame, can be seen in Figure 5.6. It is computed using the translation dIMU

0

dependent on the motor angles φ, recall Section 3.2.5. This gives the position of the origin
of the IMU frame with respect to the base frame 0.

The motion begins with a movement that is linear in the motor angles (corresponding
RAPID command: MoveJ), with velocity v = 5.0 m/s to the starting pose of the exper-
imental motion. The first circular part is performed linearly in the Cartesian coordinates
(corresponding RAPID command: MoveC), the first circle with velocity v = 0.5 m/s and
the second circle with v = 1.0 m/s. The rectangular part is performed in the Cartesian
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(a) Motor angles ±0.4 rad for motors 1, 2, 3.
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Figure 5.4: Logged motor angles φm
a on the arm side in the experiment when the

robot sequentially performs a motion for each joint. Due to limited logging time, the
experiment is divided into two separate experiments.
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Figure 5.5: The experimental motion, where the motors move simultaneously. The
motor angles φm

a are expressed in radians on the arm side of the gearbox.
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Figure 5.6: Corresponding simultaneous motion in the Cartesian coordinates,
expressed in the base frame 0 of the robot.

coordinates (corresponding RAPID command: MoveL) with velocity v = 5.0 m/s. The
last part to the starting point and the move to the zero pose are performed linearly in the
motor angles, and the robot is slowing down to zero velocity when reaching the points
according to Figure 5.6. See RAPID (2007) for a description of the RAPID commands.

5.4 Experimental evaluation

The position and orientation of TCP0 and the IMU, derived by the DH-toolbox, are
evaluated using Robotics Toolbox and position measurements. The angular velocity and
linear acceleration are evaluated by measurements from the IMU. The experimental mo-
tions used are the sequential movement and the motion involving all motors simultane-
ously, presented in Section 5.3. See Appendix 5.5 for the implementation details.

5.4.1 Position and orientation

The position p and orientation ϕ are described by the transformation matrix T , recall
Chapter 3. The matrix computed using Robotics Toolbox, see Section 5.5.2, is compared
to the one derived from the DH-toolbox in Section 5.5.1. The comparison gives a dif-
ference in the magnitude of 10−15, when the motor angles in radians vary in the sequential
order of the motors

φ1, φ2, φ3 =
[
0 ±0.1 ±0.2 ±0.3 ±0.4

]
rad,

φ4, φ5, φ6 =
[
0 ±0.1 ±0.2 ±0.3 ±0.4 ±0.5

]
rad.

(5.13)

The predicted position of TCP0 is d6
0 computed from the matrix T in Robotics Toolbox

and in the DH-toolbox, using the motor angles above. Comparing these predicted
positions with the actual TCP0 position p6

0,meas from the robot system, gives the result
presented in Figure 5.7. It can be seen that the position from the DH-toolbox, Robotics
Toolbox and the robot itself coincides very well. The IMU position p̂IMU

0 = d8
0 is derived
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Figure 5.7: The motion that the robot TCP0 performs, expressed in the robot base
frame. The motion is sequential in the motor angles, and are divided into two sep-
arate experiments. Predicted position from the DH-toolbox (toolbox), Robotics
Toolbox (RB) and measured position from the robot itself (robot) coincide very well.

similarly using the DH-toolbox and compared to the result from Robotics Toolbox,
giving the same result and therefore the corresponding figure is omitted here. The result
implies that both the robot structure, implemented with additional, constant “IMU links”,
as well as the predicted position p̂ derived from the DH-toolbox are correct.

5.4.2 Angular velocity ω and linear acceleration a

The angular velocity ωIMU
IMU,meas measured by the IMU, expressed in the IMU frame, is

transformed to the base frame 0 using (5.3). As discussed in Section 5.1.1 the measure-
ments need to be low-pass filtered. Mean values differing from the expected values for
the zero pose of the robot also have to be removed from the transformed measurement.
The predicted angular velocity ω̂IMU

0 from (5.10), derived by the DH-toolbox, and
measured angular velocity ωIMU

0,meas are compared in Figure 5.8, and it can be seen that
they coincide very well.

In Figure 5.9 the linear acceleration aIMU
IMU,meas measured by the IMU, filtered and

transformed to the base frame 0, can be seen in x-, y-, and z-directions. Means and
gravity are also removed from the measurements. These measurements are compared to
the predicted linear acceleration âIMU

0 from (5.11), derived from the kinematic relations
using the DH-toolbox. In general, the predicted linear accelerations âIMU

0 agree well
with the measured accelerations aIMU

0,meas. Figure 5.9 shows the RMS of the error between
measured and predicted acceleration. It can be seen that the RMS error is high when half
of the movement has been performed, where rapid changes that excite the flexibilities
occur. The RMS error is smaller in the z-direction, which can be explained by a lower
measured acceleration, where for example scaling errors of the IMU measurements are
lower, or the IMU the small, fast changes are hard to see due to noise.
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Figure 5.8: Angular velocity ωIMU
0,meas measured by the IMU agrees well with

the predicted angular velocity ω̂IMU
0 from the kinematic relations derived by the

DH-toolbox.
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0,meas measured by the IMU is very close to

the predicted linear acceleration âIMU
0 from the kinematic relations derived by the

DH-toolbox.
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Figure 5.10: RMS of the error between measured and predicted acceleration
aIMU

IMU,meas and âIMU
0 . It is higher errors during the centre part of the movement,

where rapid changes that excite the flexibilities occur.

It is interesting to note, that even though large parts of the robot motion is performed
with maximum velocity and thereby mechanical flexibilities are excited, the predicted
quantities ω̂IMU

0 and âIMU
0 derived from the kinematics agree well with the measured

ωIMU
0,meas and aIMU

0,meas. The small differences can be explained by calibration and bias,
low-pass filtering and unmodelled effects. The flexibilities and other dynamic effects
especially arise when several motors cooperate when performing the motion and when a
rapid motion is performed. Future work naturally includes to incorporate some of these
flexibilities in the model.

5.5 Appendix: Implementation

The implementation of the robot kinematics in the DH-toolbox and Robotics Toolbox
is shortly described here. See Chapter 4 and Wallén (2007) for the details regarding the
DH-toolbox.

5.5.1 MAPLE implementation

After determining the D-H link parameters and joint variables for the robot, each link can
be created in MAPLE as follows

phi := Vector[column]([phi[1], phi[2], phi[3],
phi[4], phi[5], phi[6]]);

theta0 := Vector[column]([0, -Pi/2, 0, 0, 0, Pi]);
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thetaTrans := Matrix([[1, 0, 0, 0, 0, 0],[0, 1, 0, 0, 0, 0],
[0, -1, 1, 0, 0, 0],[0, 0, 0, 1, 0, 0],
[0, 0, 0, 0, 1, 0],[0, 0, 0, 0, 0, 1]]);

DHtheta := DHparameter(phi, theta0, thetaTrans);

link1 := DHlink(DHtheta[1], 0.475, 0.15, -Pi/2, r);
link2 := DHlink(DHtheta[2], 0, 0.6, 0, r);
link3 := DHlink(DHtheta[3], 0, 0.12, -Pi/2, r);
link4 := DHlink(DHtheta[4], 0.72, 0, Pi/2, r);
link5 := DHlink(DHtheta[5], 0, 0, -Pi/2, r);
link6 := DHlink(DHtheta[6], 0.085, 0, 0, r);
link7 := DHlink(Pi, 0.032, 0.090, Pi/2, r);
link8 := DHlink(Pi/2, -0.026, 0, Pi/2, r);

All links are combined to a robot,

robot := DHrobot(link1, link2, ..., link8);

which is a list of lists.
The transformation matrix RIMU

0 = R8
0 is used in (5.3) to transform the IMU mea-

surements to the base frame 0. Using p̂IMU
0 = d8

0, the corresponding motion in the Carte-
sian coordinates is computed. They are given in two steps by first creating T 8

0 , followed
by picking out R8

0 and d8
0 as

T := DHmatrixT(robot);
R08 := DHorientation(T[8]);
d08 := DHrotation(T[8]);

When deriving the angular velocity
hatomegaIMU

0 = ω8
0 in (5.10) and the linear acceleration âIMU

0 = a8
0 from (5.11), the

variables in the differentiation have to be specified before the differentiation takes place.
This is performed by

variables := Vector[column]([phi[1], phi[2], phi[3], phi[4],
phi[5], phi[6], 0, 0]);

The angular velocity ω8
0 and linear acceleration a8

0 are then derived by

w08 := DHangularvelocity(robot, variables);
a08 := DHlinearacceleration(robot, variables);

Before converting the code to MATLAB, the variables and their derivatives have to be
substituted to names that can be handled in MATLAB. Below it is shown how to substi-
tute the joint variable φ1 and its time derivatives to more MATLAB-friendly names. It is
performed similarly for the other joint angles.

w08m := subs( diff(phi[1],t,t) = pdd1,
diff(phi[1],t) = pd1,
phi[1] = p1, w08);

The expressions are translated to MATLAB code, for example the angular velocity w8
0 , by

typing

CodeGeneration[’Matlab’](w08m);
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5.5.2 Implementation in Robotics Toolbox
The robot object is created in Robotics Toolbox by defining the links for the zero pose (4.9)
as

L{1} = link([ -pi/2 0.15 0 0.475 ]);
L{2} = link([ 0 0.6 -pi/2 0 ]);
L{3} = link([ -pi/2 0.12 0 0 ]);
L{4} = link([ pi/2 0 0 0.72 ]);
L{5} = link([ -pi/2 0 0 0 ]);
L{6} = link([ 0 0 pi 0.085 ]);
L{7} = link([ pi/2 0.090 pi 0.032 ]);
L{8} = link([ pi/2 0 pi/2 -0.026 ]);

The actual pose of the robot and the robot + IMU are thereafter created for each time
instant i, with the D-H joint variables DHvar. From these robot structures the transfor-
mation matrices T and translation vectors d from the frame of TCP0 and the IMU frame
to the base frame 0 are by

robot_rb = robot({L{1:6}},
T06_rb = fkine(robot_rb, DHvar(1:6,i));
d06_rb(:,i) = T06_rb(1:3,4);

IMUrobot_rb = robot({L},
T08_rb = fkine(IMUrobot_rb, DHvar(:,i));
d08_rb(:,i) = T08_rb(1:3,4);

The Jacobian for the robot and robot + IMU are given by
JTCP_rb = jacob0(robot_rb, DHpos(1:6,i));
JIMU_rb = jacob0(IMUrobot_rb, DHpos(:,i));



6
Conclusions

IN THE FIRST PART OF THE THESIS robot modelling is described, with focus on for-
ward kinematics. The standard Denavit-Hartenberg convention is used, which is a

commonly used method in the robotics field when deriving forward kinematics for rigid
robots.

Conclusions

The first steps are taken towards a toolbox for industrial robot modelling using the com-
puter algebra tool MAPLE and the structure is inspired by Robotics Toolbox (Corke,
1996a). The toolbox is used for deriving forward position and velocity kinematics for
different representations of robot structures, and the expressions can be exported to C-
or MATLAB code. Implementation issues are discussed, and the toolbox is illustrated by
applying the procedures to the robot IRB1400 from ABB.

The toolbox can be used for sensor applications and it is demonstrated by evaluating
the forward kinematic relations derived by means of the toolbox, using an inertial mea-
surement unit (IMU) attached to the sixth joint of the robot IRB1400. The position and
orientation of the robot, derived using the toolbox, are evaluated numerically by compari-
son to Robotics Toolbox and the measured robot position. The predicted angular velocity
and linear acceleration are compared to the low-pass filtered experimental quantities from
the IMU. High agreement between predicted and numerical quantities is achieved, even
though large parts of the robot motion is performed with maximum velocity and thereby
mechanical flexibilities in the robot are excited. The small differences can be explained
by noise, low-pass filtered measurements, the accuracy of IMU measurements and un-
modelled effects like play and friction.
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Future work

The toolbox will be further developed, thereby handling some of the flexibilities of the
robot structure. It is also desired that the toolbox can handle necessary equations when
performing, for example, sensor fusion or state estimation by an extended Kalman filter
(EKF) algorithm. This requires a dynamic model to be incorporated into the toolbox. The
intended use for the toolbox is rapid prototyping of sensor fusion, especially with respect
to iterative learning control (ILC).

Future work also includes a better bias and gravity compensation of measurements
from the sensor attached to the robot. It will then be possible to use the measurements
when estimating, for instance, the robot tool position using an EKF algorithm, based on
the work by Nordström (2006).
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7
Theoretical background

IN THIS CHAPTER THE FUNDAMENTAL ideas regarding iterative learning control (ILC)
are described, thereby making it easier to understand the results from the simulation

study and the experiments performed on a robot, described in Chapters 8 and 9.
After the introduction to the subject of ILC and a general description of the problem,

the ILC algorithm used in this work is presented. Convergence properties of the algorithm
are discussed, followed by examples of design methods for the first-order ILC filter. The
chapter ends with a short summary of related research and applications of ILC.

7.1 Introduction

In many industrial robot applications the same trajectory is repeated over and over again,
and in such cases the ILC method is a way to compensate for repetitive errors. At every
iteration the system starts from the same initial conditions, which means the same initial
position and orientation, initial speed, and so on. Knowledge from previous iterations
can be used to reduce the error next time the task is performed. This can be compared
to the repetitive control (RC) situation, where the command to be executed is a periodic
function of time. There may be deterministic periodic disturbances, as in the ILC case.
The differences are that in RC the system does not return to the same initial conditions
before next period starts, and control changes near the end of one period influence the
error at the beginning of next period. This makes the stability analysis of ILC and RC
very different. (Longman, 2000)

The origin of ILC can be traced back to 1971, where it was accepted as a US patent on
“Learning control of actuators in control systems” (Garden, 1971). The idea is to store a
“command signal” in a computer memory and iteratively update the command signal us-
ing the error between the actual response and the desired response of the actuator. This is
clearly an implementation of ILC (see also Chen and Moore (2000)), although the updat-
ing equation is not explicitly formulated. The first academic contribution to what today is
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called ILC is Uchiyama (1978), published in Japanese only. From an academic perspec-
tive it was not until 1984 that ILC started to become an active research area, when Arimoto
et al. (1984), Casalino and Bartolini (1984) and Craig (1984) independently described a
method that iteratively compensated for model errors and disturbances.

The development of ILC stems originally from the robotics area, where repetitive
motions show up naturally in many applications. Examples of contributions where ILC is
applied in robotics are Arimoto et al. (1984), Bondi et al. (1988), Guglielmo and Sadegh
(1996), Horowitz et al. (1991), Lange and Hirzinger (1999) and Elci et al. (2002). The
ILC research field is covered in surveys, like Chen and Wen (1999), Bien and Xu (1998)
and Bristow et al. (2006). See also Moore (1999) for a detailed overview over the ILC
research area and a categorisation of much of the publications regarding ILC up to 1998
and Ahn et al. (2007) for the ILC literature published between 1998 and 2004.

7.2 System description

A general linear description of the system used for analysis of ILC is shown in Figure 7.1.
It is a system with four inputs; the reference signal r(t), an externally generated control
signal u(t), load and measurement disturbances w(t) and v(t), respectively. The mea-
sured output is denoted y(t), while the controlled output variable is z(t). The system can
have internal feedback, which means that the blocks denoted Tu, Tr, Tw and Tv contain
the system to be controlled as well as the controller in operation. The aim is to iteratively
update the control signal u(t), using the information from the measured output y(t) such

+ +

T

Tu

Tr

Tv

Tw

y(t)r(t)

u(t)

v(t)

w(t)

z(t)

Figure 7.1: Linear representation of the system used for analysis of ILC. Inputs
are the reference signal r(t), an externally generated ILC control signal u(t), and
load and measurement disturbances w(t) and v(t). Controlled output is z(t) and
measured output is y(t). The blocks denoted Tu, Tr, Tw and Tv contain the system
to be controlled as well as the control system in operation, because the system may
have internal feedback.
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that the controlled variable z(t) tracks the reference r(t) as well as possible. This can be
regarded as an optimisation problem that is solved iteratively over a finite time horizon,
using the true system (Norrlöf, 2000).

In a situation where the system is both time and iteration invariant, the system can be
described using transfer operators as

zk(t) = Tr(q)r(t) + Tu(q)uk(t) + Tw(q)wk(t),
yk(t) = zk(t) + Tv(q)vk(t).

(7.1)

The subscript k is called iteration index and indicates how many times the iterative motion
has been repeated. The first time the motion is performed, no repetitions have occurred,
which implies k = 0.

7.3 ILC algorithms

The update equation for a first-order ILC filter with iteration-independent operators is

uk+1(t) = Q(q)
(
uk(t) + L(q)ek(t)

)
, (7.2)

where q is the time shift operator. This relation is called the “classical ILC” by Norrlöf
(2000), or the “standard ILC” in, for instance, Verwoerd (2005). Note that the filters Q
and L can be non-causal, which means that uk+1(t) may depend on uk(t̄) and ek(t̄) for
t̄ > t, which is possible since the ILC algorithm is applied offline. The error

ek(t) = r(t)− yk(t), (7.3)

is the difference between the reference signal and the measured output at iteration k.
The ILC problem is to choose the filters Q and L such that the asymptotic error e∞(t) =
r(t)−y∞(t) is small. The iteration (7.2) shall also converge to a fix point, that is, u∞(t) =
limj→∞ uk(t) exists and is bounded. (Verwoerd, 2005)

It can be noted that the structure in (7.2) is more general than what can be found in
other publications. Two examples are Longman (2000) and Zhang et al. (2004), where a
simpler algorithm structure is studied. The algorithm structure presented in (7.2) covers
all cases that will be considered in this work, but there are possible generalisations:

• The ILC update equation (7.2) may have a direct feedback term of the error, that is,

uk+1(t) = Q(q)
(
uk(t) + L(q)ek(t)

)
+ C(q)ek+1. (7.4)

The update equation (7.4) is however identical to the algorithm (7.2), combined
with a feedback controller in the parallel architecture (Bristow et al., 2006).

• The so-called P-type ILC seen in (7.2) is a special case of (7.4), which only involves
the error ek(t). Another possibility is D-type, which is used in, for example, Ari-
moto et al. (1984). The algorithm is then implemented in continuous time and the
time derivative of ek(t) also is taken into consideration in the update. (Verwoerd,
2005; Bristow et al., 2006)
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• The terminology first-order ILC algorithm refers to the fact that the computation of
the new ILC input, uk+1(t), is based on the error and the input from the previous
iteration k. Using also earlier iterations k − 1, k − 2, . . . leads to a so-called high-
order ILC algorithm.

• The filters L andQ in (7.2) are assumed to be iteration invariant, but when the prop-
erties of the system to be controlled vary over time, they can be iteration dependent.
An example of such an approach is presented in Norrlöf (2002).

• Another generalisation of the algorithm in (7.2) is to let processing of ek(t) and
uk(t) vary with time, that is, along the trajectory. This can be achieved by formu-
lating the algorithm design as an optimisation problem, see Gunnarsson and Norrlöf
(2001). In Hätönen et al. (2004) and Tharayil and Alleyne (2004) examples of ILC
algorithms using time-varying filters can be seen.

7.4 Convergence properties

Convergence, also referred to as stability, is an important research area for ILC algorithms.
Regarding the process as an iterative search procedure, it has to converge, since otherwise
the output of the system cannot follow the desired output as well as possible.

Applying the update equation (7.2) to the system (7.1) gives the standard frequency-
domain convergence criterion

|1− L(eiω)Tu(eiω)| < |Q−1(eiω)|, ∀ω. (7.5)

Practically it means that if and only if the criterion is fulfilled, it is guaranteed that the
error ek(t) in (7.3) decreases monotonically as a function of iteration. Filters L and
Q that do not fulfil the criterion may give a decreasing error, but may also lead to an
unstable behaviour where the error increases. See, for instance, Norrlöf (2000) for a
thorough investigation of stability and convergence properties and Bristow et al. (2006)
for an overview of these properties.

Error suppression

The criterion in (7.5) implies that there are two main routes for the design of L and Q.
One approach is to choose L as an (approximate) inverse of the model Tu. This requires
that L is chosen as a non-causal filter and that the model describes the true system suf-
ficiently well. The second approach is to choose the magnitude of the filter Q small
enough. It is well known that this will prevent the final error to be zero, when the ILC
algorithm has converged (Elci et al., 2002). In practice the design of an ILC algorithm is
a trade-off between these two alternatives, and this will be illustrated in the simulations
and experiments presented in Chapters 8 and 9.

Consider the system (7.1) with the ILC update equation (7.2) and the error (7.3).
Define the disturbance-free error signal obtained without ILC when u(t) = 0 as

ẽ(t) =
(
1− Tr(q)

)
r(t). (7.6)
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Neglect the measurement disturbance, that is, vk(t) = 0, and assume that the system
disturbance is not iteration dependent, which gives wk(t) = w(t). Under the assumption
that the system (7.1) with the ILC update equation (7.2) is stable, the final value of the
error in the frequency domain becomes

lim
k→∞

Ek(ω) =

(
1−Q(eiω)

)
Ẽ(ω) + Tw(eiω)

(
Q(eiω)− 1

)
W (ω)

1−Q(eiω)
(
1− Tu(eiω)L(eiω)

) . (7.7)

In (7.7) two types of driving terms for the error can be seen. The true system does not
correspond exactly to the ideal system (Tr(q) 6= 1), and results in the error (7.6). This
gives the term

(
1 − Q(eiω)

)
Ẽ(ω). When Q 6= 1, also the system disturbance w(t)

acts as a driving term. The expression (7.7) also illustrates that the frequency content of
the system disturbance w(t) and the cutoff frequencies of Tw(eiω) and 1 − Q(eiω) will
determine how well the system disturbance of repetitive character are handled by the ILC
algorithm. (Norrlöf, 2000)

Learning transients

The characteristics of the learning process when the mathematical analysis guarantees
convergence to a bounded error is analysed in Elci et al. (2002) and Longman (2000),
among others. In the papers the conditions for good learning transients are of special in-
terest, which means transients during the learning process before the error has converged.
Simply satisfying the stability condition is of little value in practice, where the important
aspect is reasonable transients. If monotonic convergence can be guaranteed, then one
can guarantee good learning transients.

The frequency domain convergence criterion (7.5) means that the Nyquist curve ofLTu

should be inside the unit circle centred at +1 for every frequency to fulfil the criterion with
the filter Q = 1. For a tuning of the ILC filters and feedback control system that are rea-
sonable in practice, the Nyquist curve will always be outside the desired unit circle for
some frequencies. It thereby gives monotonic growth of the error for those components
(bad learning transients). A solution to this poor transients problem is to cut off the learn-
ing for those frequencies. This means that we do not try to fix those components of the
error for frequencies where the Nyquist curve of LTu is outside the unit circle. A close to
ideal filter Q is applied to give zero phase and good learning transients are produced. The
price to pay is that convergence to zero error is no longer achievable, as can be seen from
the propagation of the error in the frequency domain in (7.7). Cut off is however needed
in practice to give good transients in the ILC learning process, thereby not working the
hardware too hard. (Elci et al., 2002; Longman, 2000)

7.5 Design methods

Following the outline from Norrlöf and Gunnarsson (2002), three main approaches to find
Q and L for the first-order ILC algorithm (7.2) can be formulated. These are given below
as:

• Heuristic design, Algorithm 1.
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• Model based frequency domain design, Algorithm 2.

• Model based time domain design using optimisation, Algorithm 3.

Algorithm 1 Heuristic design

1. Choose the Q filter as a low-pass filter with cutoff frequency such that the bandwidth
of the learning algorithm is sufficient.

2. Let L = γqδ . Choose γ and δ such that the stability criterion, formulated in the
frequency domain |1− L(eiω)Tu(eiω)| < |Q−1(eiω)|, is satisfied. Normally it is suf-
ficient to choose δ as the time delay of the system and 0 < γ ≤ 1 to get a stable ILC
system.

Algorithm 2 Model-based frequency domain procedure

1. Build a model of the relation between the ILC input and the resulting correction on the
output, that is, find a model T̂u of Tu.

2. Choose a filter HB(q) such that it represents the desired convergence rate for each
frequency. Normally this means a high-pass filter.

3. Compute L as L(q) = T̂−1
u (q)

(
1−HB(q)

)
.

4. Choose the filter Q(eiω) as a low-pass filter with cutoff frequency such that the band-
width of the resulting ILC algorithm is high enough and the desired robustness is
achieved.

Algorithm 3 Model based time domain design using optimisation

1. Build a model of the relation between the ILC input and the resulting correction on the
output, that is, find a model T̂u of Tu.

2. Choose weighting matrices so that a quadratic criterion in the error and the control
signal with both frequency and time weighting is minimised.

3. Calculate the matrices Q and L, using the chosen weights.

To see if the stability criterion (7.5) is fulfilled, Algorithm 1 uses a model of the
system. The knowledge of the system can also consist of only the time delay and the
static gain of the system. The learning gain γ is then chosen such that γ times the static
gain is less than 1, which results in a stable ILC algorithm. See Norrlöf (2000) for a more
detailed discussion.

The model-matching approach in Algorithm 2 is based on the work by de Roover
(1996), but with an algebraic approach instead of the H∞ method used in de Roover
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(1996). Algorithm 3, model based time domain design using optimisation, can also be
found in, for example, Lee and Lee (1998).

Norrlöf and Gunnarsson (2002) presents an extensive experimental comparison of the
three approaches when applied to the first three degrees of freedom of a robot of moder-
ate size. One observation from this comparison is that the heuristic approach presented in
Algorithm 1 performs surprisingly well compared to the model-based approaches in Al-
gorithms 2 and 3. This is one reason for choosing this design method in the simulations
and experiments presented in Chapters 8 and 9.

7.6 Repetitiveness in motion and disturbances

When applying ILC, the idea is to make use of the repetitiveness in the process to get a
better performance. It is usually assumed that the system dynamics and desired trajectory,
as well as the disturbances and uncertainties, are independent of the iteration number, see,
for instance, Chen and Moore (2002). It means that they are assumed to be repetitive, and
not changing when comparing two iterations in the same experiment.

However, the reality is not that simple, and the ILC performance is limited mainly by
the nonrepetitive elements1. The nonrepetitiveness cannot be of any use in the conven-
tional ILC to improve the error beyond the line determined by the nonrepetitive factors.
In this context the work by Chen and Moore (2002) is worth mentioning, as an exam-
ple of how to harness the nonrepetitiveness in the system. They propose two methods
in the iteration domain; the internal model principle and a disturbance observer, which
are described below. An example of a nonrepetitive process with a known repeating pat-
tern is when a robot performs a trajectory when moving a mass m in odd cycles and in
even cycles moves a mass 2m, following the same trajectory. This type of disturbance
can be found in for example pick-and-place robot applications. Using the internal model
principle, the controller and ILC updating equation should make use of the model of the
disturbance or the reference signal, which is known in advance. The disturbance can then
be completely rejected, or the system can follow the reference signal with no steady state
error. The latter method assumes that the disturbance is iteration dependent with unknown
repeating pattern, not purely random, and is an output from a linear filter in the iteration
domain. This means that the disturbance is a band-limited noise in the iteration domain.
The disturbance can then be estimated and compensated for in the reformulated ILC algo-
rithm containing an observer. In the two approaches presented in Chen and Moore (2002)
the ILC algorithm makes use of the nonrepetitiveness to reduce the error. The algorithm
must however to be of high order.

7.7 Related research and applications of ILC

Almost three decades of research have passed by since the original ILC idea was presented
by Uchiyama (1978). Since then the original algorithm has been modified and extended
in a variety of directions, see the categorisation made in Moore (1999) and Ahn et al.
(2007). Some examples are:

1In practice limited bandwidth and measurement quantisation also are limited factors.
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• New approaches of ILC, like variations of adaptive ILC algorithms. The approaches
are verified by simulation studies or experiments performed on laboratory-scale
robots that may be representative for industrial cases. The robot model often has
two or three degrees of freedom. An example of such a study is Zhang et al. (2004).

• Convergence and stability properties of various ILC algorithms, exemplified by
simulation studies which naturally involves a large number of iterations. The ILC
research community has earlier been very focused on stability, which explains the
number of work in this area. Some works in this area is for example Elci et al.
(2002).

• ILC applied to for example

– direct-drive robots, where the motors are connected directly to the joints with
no gears in-between, or

– gantry robots, which means robots whose three principal axes of control are
linear, that is, they move in a straight line rather than rotate and the axes are
at right angles to each other. (Ahn et al., 2007)

• ILC combined with other control methods like neural networks, identification, adap-
tive schemes, and considering learning of mobile robots and humanoids. The
overviews by Moore (1999) and Ahn et al. (2007) show examples of theoretical
issues.

• ILC applied in the process industry, like in chemical industry and biomedical appli-
cations, and for controlling actuators, semiconductors or power electronics. See Ahn
et al. (2007) for a detailed categorisation of recently published contributions.

The ILC research community has earlier been very focused on stability, and only in the
recent years design, performance and other practical aspects are given more attention.
Studies where an ILC algorithm is applied to a real industrial platform is to the best
knowledge of the author less common in the ILC literature. This also motivates the choice
of applying the chosen ILC algorithm to a flexible industrial robot in Chapter 9. Some
examples found of previous work in this area are

• Tayebi (2004) performs experiments on a laboratory-scale robot wuith five degrees
of freedom. The research topic in this publication is adaptive ILC schemes with
just two ILC design variables and the algorithm is iterated around 25 times.

• In Elci et al. (2002) a simple first-order ILC algorithm is applied to all axes of a
seven-degrees-of-freedom commercial robot arm. They have two design variables;
gain and cutoff frequency. The variables are tuned experimentally, or by using a
simple model of the system received by system identification. They reach a good
result within 7 iterations. The motion is however not motivated by any practical
application and is just chosen to illustrate theoretical results, which also is the case
in Longman (2000).
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Simulation study

A SIMULATION STUDY IS MADE using a flexible two-mass model representing a sin-
gle robot link. The simulations are discussed and related to similar problems that

turn up in the experiments in Chapter 9. It is illustrated that convergence of the ILC
algorithm is good and that good performance can be obtained, when considering the dif-
ference between motor-angle reference and measured motor angle. However, this does
not necessarily imply high accuracy of the arm angle performance.

8.1 Introduction to the problem

The aim of the simulation study is to answer some questions regarding a robot that is
subject to mechanical flexibilities, when the ILC algorithm is based on motor-angle mea-
surements only. Assuming that the mechanical flexibilities are concentrated to the joints
of the robot, the simplified linear model of a single joint, shown in Figure 8.1, can be used
to explain the problem. The variable qm(t) denotes the motor angle, which is the only

τ(t), qm(t)

qa(t)

Jm

Ja

k, d
rg

fm

Figure 8.1: A flexible two-mass model of the dynamics in a single robot joint, char-
acterised by spring k, damper d, viscous friction fm, gear ratio rg , moments of
inertia Jm, Ja, torque τ(t), motor angle qm(t) and arm angle qa(t).

81
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variable that usually can be measured in industrial robots, see Chapter 9. This variable
is also used in the ILC algorithm when computing the update signal in Section 8.3. The
robot performance on the arm side is however determined by the arm angle qa(t), which
is not measured in conventional industrial robot systems.

In the simulations a correct model of the SISO (single input, single output) system
that we want to study is available, and it is possible to perform analysis and simulations
of the behaviour that could not be performed with the real industrial robot. Gm describes
the behaviour on the motor side, while Ga shows the connection between the motor side
and the arm side. The reference ra(t) on the arm side is related to the reference rm(t)
on the motor side by the filter Fr. The system is controlled with the controller F and an
update signal uk(t) from the ILC algorithm is added to the reference, which results in the
block diagram in Figure 8.2.

ra(t)
rm(t)

∑

uk(t)

e(t)
FFr

u(t)
Gm

qm(t)
Ga qa(t)

−1

Figure 8.2: The flexible two-mass system is divided into Gm describing the be-
haviour on the motor side and Ga showing the dynamics between the motor angle
qm(t) and the arm angle qa(t). The system is controlled with feedback, represented
by the controller F , and an ILC algorithm applied by the correction signal uk(t)
added to the reference rm(t) on the motor side. The reference ra(t) on the arm side
is related to rm(t) by the filter Fr.

The two-mass model in Figure 8.1 is simple compared to an accurate model of a real
industrial robot, which requires up to 50 spring-mass elements (Brogårdh, 2007). How-
ever, it illustrates the principle behaviours that can be confirmed from the experiments
performed with a robot, presented in Chapter 9. Interesting topics in the study are:

• Exemplify the problems dealing with a system containing mechanical flexibilities.

• Study if the system converges with only L filter, or if a stabilising Q filter is needed
when the heuristic ILC design approach is used.

• Study how the Q filter can be used to decrease the impact of the flexibilities in the
ILC iterations.

8.2 Flexible two-mass joint model

The flexible two-mass model has two masses representing the motor and arm, denoted by
indices m and a, and the arm is affected by the torque τ(t). The torque is described by a
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relation between input voltage u(t) and a torque constant kτ , which results in the relation
τ(t) = kτu(t). The flexible gearbox in the system is modelled as a spring and a damper
coupling the mass of the motor and the mass of the arm, as can be seen in Figure 8.1. See
also Gunnarsson et al. (2007), Östring (2002) and robot modelling literature, like Spong
et al. (2006). The torque balances give

Jmq̈m(t) = −fmq̇m(t)− rgk
(
rgqm(t)− qa(t)

)
−rgd

(
rg q̇m(t)− q̇a(t)

)
+ kτu(t), (8.1)

Jaq̈a(t) = k
(
rgqm(t)− qa(t)

)
+ d
(
rg q̇m(t)− q̇a(t)

)
. (8.2)

Introducing the state-space variables x(t) =
(
qa(t) q̇a(t) qm(t) q̇m(t)

)T
, gives the

linear continuous-time state-space model

ẋ(t) =


0 1 0 0

− k
Ja

− d
Ja

rgk
Ja

rgd
Ja

0 0 0 1
rgk
Jm

rgd
Jm

− r2
gk

Jm
− fm+r2

gd

Jm


︸ ︷︷ ︸

A

x(t) +


0
0
0
kτ

Jm


︸ ︷︷ ︸

B

u(t). (8.3)

A future extension is to model the Coulomb friction τC = c sign(q̇) and thereby
incorporating one of the large problems with accurate control of the robot, see Craig
(1989) for a short overview and Olsson et al. (1998) for a detailed description of friction
models.

Transfer function Gm

The transfer function Gm, relating the input u(t) to the motor to the output qm(t) from
the motor, gives the measurement equation in the state-space description (8.3) as

y(t) =
(
0 0 1 0

)︸ ︷︷ ︸
C

x(t). (8.4)

The state-space model can then be summarised by

ẋ(t) = Ax(t) +Bu(t),
y(t) = Cx(t),

(8.5)

with matrices A, B, C defined in (8.3) – (8.4). Using C(sI − A)−1B the transfer func-
tion Gm can be derived as

Qm(s) = Gm(s)U(s),

Gm(s) =
kτ (Jas

2 + ds+ k)
s
(
JmJas3 + (dJm + fmJa + r2gdJa)s2 + (fmd+ kJm + r2gkJa)s+ fmk

) .
(8.6)
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Transfer function Ga

The transfer function Ga, see Figure 8.2, describes the relationship between the motor
angle qm(t) and the actual arm angle qa(t). Using the Laplace transform on (8.2) gives

Qa(s) = Ga(s)Qm(s),

Ga(s) =
rg(k + ds)

Jas2 + ds+ k
.

(8.7)

Note that the numerator (the zeros) of the transfer function Gm(s) in (8.6), coincides
with the denominator (the poles) of the transfer function Ga(s) in (8.7). This behaviour
is typical for flexible systems.

8.2.1 Numerical discrete-time description

Numerical values of the parameters are taken from Gunnarsson et al. (2007), where a
model of a laboratory-scale robot arm is derived in identification experiments. The pa-
rameters Jm = 0.0021 and rg = 0.2 are given for the process, while the sampling interval
is chosen as Ts = 0.01 s in this thesis. The other physical parameters in the model are
either identified in Gunnarsson et al. (2007), or tuned to give an illustrative oscillatory
behaviour. The resulting values used in the simulations can be seen in Table 8.1.

Table 8.1: Parameter values used in the flexible two-mass model of a single robot
joint of a laboratory-scale robot.

Ts rg Jm Ja k d fm kτ

0.01 0.2 0.0021 0.0991 5 0.25 0.0713 0.122

When deriving the corresponding discrete-time transfer operators Gm(q) and Ga(q)
respectively, it is assumed that the signals are piecewise constant over the sampling inter-
val. The discrete-time system representations are derived by c2d in MATLAB and Bode
diagrams for the transfer operators Gm(q) and Ga(q) are shown in Figure 8.3. As was
noted previously, it can be seen that the notch originating from the zeros ofGm(s) in (8.6)
coincides with the peak originating from the poles of Ga(s) in (8.7).

8.2.2 Stabilising the system

The motor-angle reference rm(t) is derived from the arm-angle reference ra(t) by

rm(q) = Fr(q)ra(q). (8.8)

To get as ideal correspondence between the arm and motor reference as possible, the
filter Fr in Figure 8.2 is chosen as

Fr(q) =
1
q

1
Ga(q)

. (8.9)
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Figure 8.3: The Bode diagrams for the discrete-time transfer operators Gm(q) and
Ga(q). The notch originating from the zeros of Gm(s) coincides with the peak
originating from the poles of Ga(s).

The added factor 1/q makes the transfer operator strictly proper.

The system needs to be stabilised by a controller F , see Figure 8.2. Since the desired
servo performance is planned to be achieved by the ILC algorithm, a simple control struc-
ture can be used, for example a controller of PD type, PID type, or an LQG controller.
Here, a PD controller is used including a lag part using a low-pass filter. A controller
as simple as possible that stabilises the system is enough for the ILC study. It gives the
following transfer function for the controller

F (s) = Kp +
Kds

1 + Tfs
=
Kp + (Kd +KpTf )s

1 + Tfs
. (8.10)

The controller parameters are tuned by means of simulation, and with the resulting values

Kp = 6,
Kd = 0.274,
Tf = 0.075,

(8.11)

the desired tracking of the reference signals on the motor side and arm side is achieved,
as is further described in Section 8.4.1.
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8.3 ILC algorithm

The first-order ILC algorithm with iteration-independent operators

uk+1(t) = Q(q)
(
uk(t) + L(q)ek(t)

)
, (8.12)

is applied to the system, recall Chapter 7 for the details. To analyse the convergence of
the ILC algorithm, the standard frequency-domain convergence criterion

|1− L(eiω)Tu(eiω)| < |Q−1(eiω)|, ∀ω, (8.13)

is used. As can be seen in (8.13), the relation Tu between the externally generated ILC
update signal uk(t) and the controlled output yk(t) = qm,k(t) at iteration k is needed,
see Figure 7.1. Studying the block diagram in Figure 8.2 gives the relationship between
uk(t) and qm,k(t) as

qm,k(t) = Gm(q)F (q)
(
uk(t)− qm,k(t)

)
. (8.14)

Reordering the terms results in

qm,k(t) = Tu,m(q)uk(t) =
Gm(q)F (q)

1 +Gm(q)F (q)
uk(t). (8.15)

If the arm angle is used in the ILC algorithm, but the ordinary control loop still uses the
motor angle, the relation between the ILC update signal uk(t) and the controlled output
yk(t) = qa,k(t) at iteration k is given by

qa,k(t) = Tu,a(q)uk(t) = Ga(q)
Gm(q)F (q)

1 +Gm(q)F (q)
uk(t). (8.16)

8.4 Simulation results

The aim of this simulation study is to exemplify behaviours that are seen in the real robot
experiments presented in Chapter 9. The basic characteristics with respect to the flexibil-
ities for a real robot can be studied using the two-mass model.

8.4.1 Reference tracking

The system is driven by a discrete-time reference signal, which is created by discretising a
signal from a step in SIMULINK in MATLAB and thereafter applying a FIR-filter in order
to achieve a constant acceleration and deceleration. The reference signal ra(t) on the arm
side and its discrete-time derivative can be seen in Figure 8.4 and it is inspired by a spot
welding application.

Since the goal of the simulations is to show principle behaviours, it is desirable that
the arm angle qa(t) follows its reference ra(t) satisfactorily, see Figure 8.5b. The cor-
responding behaviour on the motor side is determined by the filter Fr, and is shown in
Figure 8.5a.
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Figure 8.4: The system is driven by the reference signal ra(t) on the arm side.
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Figure 8.5: The outputs qm(t) andqa(t) from the closed loop system when following
the reference signals rm(t) and ra(t).
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8.4.2 Convergence when using L = γqδ and Q = 1

In this section it is investigated if convergence according to the frequency-domain crite-
rion (8.13) can be achieved with an L filter chosen from the heuristic approach, that is,
L = γqδ , and with Q = 1. Why this is interesting is motivated below.

In the case of a SISO system, the propagation of the error can be computed using

lim
k→∞

Ek(ω) =

(
1−Q(eiω)

)
Ẽ(ω) + Tw(eiω)

(
Q(eiω)− 1

)
W (ω)

1−Q(eiω)
(
1− Tu(eiω)L(eiω)

) . (8.17)

It can be seen that for Q = 1, the final error E∞ = 0 for all frequencies, and the error
converges to e∞ = 0. With a filter Q 6= 1, the initial error ẽ(t) and the system distur-
bance w(t) act as driving terms, preventing convergence to zero error as was discussed in
Section 7.4. See Norrlöf (2000) for a thorough description of these properties.

Possible choices of γ and δ

The filter L = γqδ has two variables γ and δ for changing the characteristics of the ILC
algorithm. δ > 0 means a non-causal algorithm, which takes future values into account,
while δ ≤ 0 gives a causal implementation of the update equation. A value of δ larger than
0 and near the time delay of the transfer operator Tu(q) is a first choice, see Algorithm 1.
A value of 0 < γ ≤ 1 as near 1 as possible is also desirable, if the static gain of Tu is
equal to 1, as was discussed in Section 7.5. Then a larger part of the error ek(t) forms the
update signal in next iteration uk+1(t) = uk(t) + γqδek(t), giving a faster convergence.

An extensive search is performed for L = γqδ and Q = 1 over the possible values
δ ∈ [−50, 50], combined with a bisection performed for γ ∈ [0, 15], with a tolerance
10−7. However, no values of γ and δ fulfil the frequency-domain convergence crite-
rion (8.13) for the flexible two-mass model. From this it can be concluded that with L
chosen from the heuristic design, a stabilising filter Q 6= 1 is needed. This can also be
seen in Figure 8.6, where the convergence criterion (8.13) is illustrated for the two-mass
model. The result when using various time shifts δ of the L filter and cutoff frequen-
cies ωn for the low-pass Butterworth filter Q are shown here. The filter Q is applied in
the ILC algorithm with the function filtfilt to achieve a zero-phase behaviour, as is
also the case in Chapter 9. When Q = 1 is used, it can be seen that the filter L does not
fulfil the convergence criterion for any δ. More system knowledge must be utilised when
designing the L filter to be able to fulfil the convergence criterion with Q = 1.

An extensive search over the values δ ∈ [−50, 50] for values of ωn between 1 Hz and
the Nyquist frequency 50 Hz, combined with a bisection over γ ∈ [0, 15] with tolerance
10−6, is performed. In Figure 8.7 the possible γ, δ, ωn-values for the flexible two-mass
model with ILC using motor-angle measurements and ILC using arm-angle measurements
are shown. The subfigures show the values of γ weighted with the static gain for the
respective system, to be able to compare the motor-side and arm-side results regarding
convergence speed. On the motor side, see Figure 8.7a, possible values of γ that fulfils
the convergence criterion for low ωn fo the Q filter correspond to the static gain, which
gives that γ < 2 · 1/|Tu,m(0)|2 · 1 = 2 fulfils the convergence criterion (8.13). It can also
be seen that choosing δ = 5 gives the highest (best) value of γ, which can be motivated by
the fact that the degree of the denominator is 5. For the arm side, it is more complicated
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Figure 8.7: An extensive search over time shifts δ and cutoff frequencies ωn, and
a bisection over possible learning gains γ is performed. An ILC algorithm using
motor-angle measurements and ILC using arm-angle measurements is applied to the
flexible two-mass model.
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to fulfil the criterion, because the model Tu,a has a peak around 1 Hz. This gives that
the convergence criterion has to be fulfilled especially for that frequency. A bandwidth
of the Q filter lower than this frequency is then needed to be able to compare the value
of γ with the static gain 2 · 1/|Tu,a(0)| = 2 · 1/5 = 10. The model Tu,a is practically
a constant for those low frequencies, which gives that all tested values of δ can be used,
see Figure 8.7b. Compared to Figure 8.7a, lower values of γ weighted with the static
gain are possible here, which gives a slower convergence. From the figure it can also be
concluded that δ ≈ 15 gives the highest values of γ. Because Tu,a is a more complicated
system, the ideas relating to the time delay of the system cannot be used. The filter L
that comes closest to the inverse model of the system dynamics in the class of L = γqδ

happens to be 15 in this case and the reasons have to be investigated further. However, it
can be concluded that with a more advanced type of ILC algorithm, an L filter closer to
the inverse of the model Tu,a can be achieved. To conclude, Figure 8.7 illustrates some
of the difficulties handling with resonant systems.

Convergence properties

The need for a stabilisingQ filter can also be seen in Figure 8.8. The ILC design variables
are γ = 0.9, δ = 5 and a low-pass Butterworth filter Q with cutoff frequency 1, 6
and 17 Hz. These values are chosen from the possible values that fulfil the convergence
criterion, shown in Figure 8.7. The figure shows the error on the motor side expressed in 2-
norm, since the convergence results in (8.13) are given in this norm. In Figure 8.8a, a filter
Q = 1 is used which does not fulfil the criterion, to illustrate the need of a Q 6= 1. It can
be seen that the error increases when the ILC algorithm is applied for k = 500 iterations.
This gives a poor behaviour of the controlled motor angle qm(t). On the other hand, when
Q filters with ωn = 1, 6 and 17 Hz are applied that fulfils the convergence criterion (8.13),
the errors decrease monotonically, as is shown in Figure 8.8b. The performance on the
motor side is thereby improved. From the figure it can also be seen that if the learning
using Q = 1 is stopped after approximately 25 iterations, it gives a lower error than
using an ILC filter with Q 6= 1. It can be explained by the fact that using a stabilising Q
filter gives monotonic convergence, but the final error cannot reach a zero level due to the
expression (8.17). A low-pass Butterworth filter Q with low cutoff frequency ωn gives a
high weight on the driving term ẽ(t), resulting in a high final error. The closer the filter Q
comes an ideal filter (means high ωn in this case), the lower is the weight that acts on the
initial error ẽ(t) and a lower final value of the error can be achieved.

8.4.3 Results on motor side and arm side

In this section the errors on both motor side and arm side are used

em,k(t) = rm(t)− qm,k(t),
ea,k(t) = ra(t)− qa,k(t).

(8.18)

The ILC design variables γ = 0.9, δ = 5, and ωn = 17 Hz are used in the simulation,
and the ILC algorithm uses the error em,k(t) on the motor side. Figure 8.9 shows the result
for the motor angle qm(t), and the arm angle improvement can be seen in Figure 8.10.
After a couple of iterations, the angles qm(t) and qa(t) follow the reference angles rm(t)



8.4 Simulation results 91

0 100 200 300 400 500

10
−2

10
−1

10
0

10
1

10
2

Iteration

E
rr

o
r,

 2
−

n
o
rm

(a) Q = 1.

0 100 200 300 400 500

10
−2

10
−1

10
0

10
1

10
2

1 Hz

6 Hz

17 Hz

Iteration

E
rr

o
r,

 2
−

n
o
rm

(b) Q filter with ωn = 1, 6, 17 Hz.

Figure 8.8: Q = 1 (left) does not fulfil the convergence criterion (8.13). Therefore
monotonic convergence of the error cannot be guaranteed and gives an increasing er-
ror on the motor side in this case. When the convergence criterion (8.13) is fulfilled
with a filter Q 6= 1, the error decreases monotonically. Lower cutoff frequencies ωn

of the Q filter gives a high final error on the motor side, according to the expres-
sion (8.17).

and ra(t) well, as expected because the task of the ILC algorithm is to correct for the
errors em,k(t) and that the performance on the motor side is improved. The transfer
function Fr relating the motor-side reference and arm-side reference is assumed to be
ideal, given by (8.9). Thereby the also the arm side is improved.

Next a model error in Fr is introduced to illustrate the difficulties with ILC. The con-
stant k for the spring is modelled twice as large as the real value, giving a stiffer system.
The desired arm angle ra(t) will in this case give rise to a desired motor angle rm(t) that
is not capable to exactly give ra(t). The ILC algorithm applied on the motor side corrects
for errors em,k(t) = rm(t) − qm,k(t), this does not guarantee that the error on the arm
side is improved. The ILC algorithm can compensate for the low-frequency behaviour,
but the oscillations are not reduced. In Figure 8.11a the error on the motor side is shown,
which is almost the same as the simulation with an ideal model. The small difference
can be explained by the model error, which gives a slightly slower behaviour of the mo-
tor reference and thereby the ILC algorithm handles these two systems slightly different.
Viewed on the whole, the motor side error is almost unchanged. However, in Figure 8.11b
a smaller improvement of the error for the system with model error compared with the
ideal system can be seen. The performance on the arm side are shown in Figure 8.12. It
can clearly be seen that the performance is worsen compared to Figure 8.10 and the ILC
algorithm cannot reduce the oscillations sufficiently. These results can be compared to
the experiments performed in Chapter 9, where the robot is controlled by the motor an-
gles, and the correction signal from the ILC algorithm is based on the motor angles. Even
though the relation between motor-angle reference and arm-angle reference is good, it is
not ideal in practice. this indicates that when the ILC algorithm is applied to a robot, the
results on the arm side may be improved when an estimate of some quantity on the arm
side, for example, the position of the tool, is used in the ILC algorithm.
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Figure 8.9: After a couple of iterations, the angle qm(t) follows the reference an-
gle rm(t) well.
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Figure 8.10: The performance on the arm side is improved. This is expected, be-
cause the transfer operator describing the relation between arm angle reference ra(t)
and motor angle reference rm(t) is assumed to be ideal.
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Figure 8.11: The 2-norm of the errors on the arm side are improved when a sta-
bilising Q filter with cutoff frequency ωn = 17 Hz is used in the ILC algorithm.
However, the ideal model Fr in (8.9) gives a better reduction of the error than the
model Fr containing double stiffness k.
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Figure 8.12: ILC is applied on motor side with double stiffness in Fr relative the
robot arm. The performance on the arm side is hardly improved, due to the model
error introduced.
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9
Experimental results

AN EXPERIMENTAL STUDY OF ILC applied to a large industrial robot is performed in
this chapter. The purposes of the experiments are described and motivated. Next,

the non-causal ILC algorithm used in the experiments, the experimental conditions and
the performance measures on the motor and arm side are described more extensively.
The experimental results are focused on the behaviour measured on the motor side and
corresponding performance on the arm side, measured by a laser-measurement system.

9.1 Problem description

The purposes of the experiments can be motivated from the industrial as well as the aca-
demic point of view.

Industrial perspective

The experiments presented in this chapter concern a relevant problem in laser cutting,
which can be illustrated by Figure 9.1. A small circle performed by the robot is mea-
sured on the arm side by a laser-measurement system from Leica Geosystems (2007) and
is compared to the ideal circle. As can be seen, the performed circle can be improved.
The differences between the reference circle and the actual performance are mainly due to
friction and other nonlinearities in motor and gearbox, like backlash, hysteresis and motor
torque ripple, and flexibilities in links and joints. A robot may have different behaviours
when the properties of its surroundings are changed, for example changing temperature
affects the robot. Working in different parts of the workspace also influences the per-
formance. Robots are individuals where their mechanical parts (for example motors and
gearboxes) have slightly different characteristics.

In the experiments a non-causal ILC algorithm is applied to a large-size commercial
industrial robot, performing a circular motion that is relevant for the laser-cutting applica-

95
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Figure 9.1: A small circle performed by a large-size commercial robot. The refer-
ence circle (broken line) and the circle performed by the tool (solid line), measured
by a laser-measurement system from Leica Geosystems (2007), are compared.

tion. The ILC algorithm applied to the robot is simple, see Section 9.2.2, where the choice
of ILC algorithm and its design variables ωn, δ and γ are motivated. The same ILC design
variables are used for all six motors and the learning is stopped after five iterations. In
practice there is little time for algorithm tuning and a small effort that gives a substantial
error reduction after only a few iterations is often sufficient. The aim in this work is to
investigate how a classical ILC algorithm performs on a large-size commercial robot.

Academic perspective

There are a large number of publications dealing with various aspects of ILC, see the
surveys by Moore (1999) and Ahn et al. (2007). However, only very few publications
present results of the kind where ILC is applied to all six motors of large-size commercial
industrial robot and is experimentally evaluated.

From an academic point of view, another purpose of this work is to illustrate difficul-
ties that arise when the ILC algorithm applied to the flexible robot is based on motor-angle
measurements only. This line of reasoning is motivated by a simplified two-mass model
of the dynamics of a single robot joint, as was studied in Chapter 8. In the model, as is
the fact in reality, the motor angle qm(t) is the variable measured and controlled, while
it is the arm angle qa(t) that is interesting for the performance of the tool. This results
in that the convergence of the ILC algorithm on the motor side, presented in Section 7.3,
does not necessarily mean good performance of the tool.

The problem can be explained as follows. Assuming that correct kinematic and dy-
namic models are available, the pose of the tool could theoretically be derived from the
motor angles. In Chapters 3, 4, and 5 this was done for the kinematic relations, but these
relations do not fully describe the behaviour of the robot. Deriving the pose from the
kinematic and dynamic model is furthermore not realistic, since this would require ex-
act descriptions of complex phenomena like friction, motor torque ripple, backlash and
nonlinear stiffness in the gearboxes, together with a complete model of the mechanical
flexibilities. In the experiments presented in this chapter, the performance of the tool is
measured using the laser tracker LTD500 from Leica Geosystems (2007). Since this is
an expensive equipment it is however only used in special applications, like Gunnarsson
et al. (2006), where Leica measurements are used in the ILC algorithm. For conventional
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operation it is preferable to use additional sensors, like accelerometers, in combination
with signal processing algorithms to obtain accurate estimates of the relevant signals (Nor-
rlöf and Karlsson, 2005). These estimates can then be used in the ILC algorithm.

9.2 Experimental conditions

In this section the ILC algorithm used in the experiments and the robot conditions are
described. The robot is a multivariable system, but for simplicity the joints will be treated
individually with a separate ILC algorithm for each joint.

9.2.1 Assumptions

As could be seen in Chapter 7, conditions regarding the system and its motion must be
fulfilled to be able to improve the performance using an ILC algorithm. The necessary
conditions are satisfied in this work and are motivated below.

• The motion performed by the robot is determined in advance, which means that the
motion is repetitive.

• The initial conditions are the same because the robot starts in the same position
with zero velocity for each repetition, which implies that the high repeatability of
the robot is used.

9.2.2 ILC algorithm

The update equation for the first-order ILC filter with iteration-independent operators,

uk+1(t) = Q(q)
(
uk(t) + L(q)ek(t)

)
, (9.1)

is used in the experiments, recall Section 7.3. In Norrlöf and Gunnarsson (2002) an ex-
tensive experimental comparison of three design approaches is made, when applied to the
first three degrees of freedom of a moderate-size robot. The approaches are presented in
some detail in Section 7.5. One observation is that the heuristic approach performs sur-
prisingly well compared to the model-based approaches. This is one reason for choosing
this design method in the experiments here. The heuristic approach suggests a linear low-
pass discrete-time Q filter and a linear discrete-time filter L(q) = γqδ . Note that both
filters Q and L can be non-causal, which is possible since the ILC algorithm is applied
offline. The general ILC algorithm (9.1) now implies the ILC update equation

uk+1(t) = Q(q)
(
uk(t) + γek(t+ δ)

)
,

ek(t) = r(t)− yk(t).
(9.2)

The control error ek(t) is the difference between motor-angle reference signal r(t) and
measured motor angle yk(t) at iteration k. The design variables in the algorithm (9.2) are:

• Type and order of the filter Q.

• Q filter cutoff frequency ωn.
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• Learning gain γ, with 0 < γ ≤ 1.

• Time shift δ of the filter L.

High order of the filterQ gives better performance, but also longer impulse responses and
thereby also longer transients, which is not desired in general. Therefore Q is chosen as a
second-order Butterworth filter, which is applied using the MATLAB function filtfilt
in order to get a zero-phase behaviour. The L filter gain is chosen as γ = 0.9 in all the
experiments, motivated by the trade-off between convergence rate and robustness. In the
experiments presented in Section 9.4, the design variables ωn and δ and their influence of
the ILC algorithm performance are investigated, while the other design variables remain
constant during the experiments.

The experimental setup can schematically be depicted as in Figure 9.2, which is an
example of a realisation of the system presented in Figure 7.1. A description of the setup
can also be found in Norrlöf (2000) and Wallén et al. (2007a). As can be seen, the ILC up-
date signal uk(t), based on the difference between the reference signal r(t) and the output
yk−1(t) from the last iteration, is added to the reference signal at iteration k. Note that the
conventional robot controller works in parallel with the ILC algorithm, which means that
ILC works as a complement to the conventional system and can be implemented without
modifying the robot controller. In the experiments an interface between the experimen-
tal controller and MATLAB is used and the ILC algorithm is completely implemented in
MATLAB.

T

r(t)
F

Ff

G
yk(t)

uk(t)

++

−

Figure 9.2: Experimental setup, where the conventional robot controller works in
parallel with the ILC algorithm. The algorithm complements the conventional sys-
tem and is implemented without modifying the robot controller. The ILC update
signal uk(t) is added to the reference signal r(t) at iteration k.

However, an ILC algorithm cannot compensate for everything. Model errors originat-
ing from a flexible structure or wrong payload may be difficult to compensate for by the
ILC algorithm, as was shown in Figure 8.12. As is shown the ILC algorithm utilises a
low-pass filter, which results in that for example the high-frequency parts of the friction1

cannot be compensated for. The viscous friction, which has a low-frequency characteris-
tics, is however handled.

1Stribeck and Coulomb friction, see Olsson et al. (1998).
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9.2.3 Robot conditions

The experiments are performed using one of the larger robots from ABB with an exper-
imental controller, accomplishing a small circular movement in three different operating
points. A commercial robot with similar load capacity (175 kg) is shown in Figure 9.3.

Figure 9.3: Example of a large-size commercial industrial robot from ABB Robotics
(2007) with a load capacity of 175 kg. The robot has similar size as the robot used
in the experiments.

The experiments have been performed in three different robot positions

p1 =
(
1.3166 0.0014 1.5992

)
,

p2 =
(
1.8000 0.1000 1.5992

)
,

p3 =
(
2.2000 0.2000 1.5992

)
,

(9.3)

which correspond to the tool centre point (TCP) positions expressed in meters, with re-
spect to the robot base frame x0, y0, z0. The quaternion describing the orientation of the
tool is identical in all three positions and all experiments. It is given by

q =
(
0.6322 0.0353 0.7732 0.0353

)
. (9.4)

The robot configurations for the different positions (9.3) are shown in Figure 9.4. The
positions are relevant for the laser-cutting application, described in Section 9.1, because
they are chosen to avoid singularities in the workspace of the robot and chosen not too far
away from the zero pose in order to achieve good accuracy.

In each position the robot makes circles of radius 5 mm with different velocities and
filters Q and L to examine the performance and robustness of the ILC algorithm. Veloc-
ities 10 ≤ v ≤ 100 mm/s are used, where v = 40 and 50 mm/s occur more frequently
because velocities in that range are used in the industrial applications. In each set of ex-
periments one of the design variables δ and ωn in the ILC algorithm, see Section 9.2.2,
varies while the other remains constant. In all experiments the ILC algorithm using the
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Figure 9.4: The robot TCP positions (9.3) used in the experiments; p1 (left), p2

(centre) and p3 (right).

same design variables are applied to all six motors and the learning is stopped after five
iterations, because an approach as simple as possible is desirable.

All signals in the experiments correspond to the motor side (before the gearbox),
since no measurements on the arm side are used in the ILC algorithm. The performance
is evaluated on both the motor side and the arm side, where a Leica laser tracker LTD500
from Leica Geosystems (2007) measures the actual tool position of the robot.

9.3 Performance measures

The performance measures on motor side and arm side used in the experiments are ex-
plained in this section.

Motor side

The results on the motor side are evaluated by the norm of the control errors for each
iteration, normalised with respect to the largest control error without ILC for all motors
and the experiments compared, as in

Jk,i,j =
‖ek,i,j‖

maxl,m ‖e0,l,m‖
. (9.5)

The motor angle error is denoted e, the subscripts i = 1, . . . , 6 is motor number, j is
experiment number and k denotes the iteration. The largest error for motor l in experi-
ment number m when no ILC algorithm is applied (k = 0) are used as a normalisation
constant. One experiment means that one combination of operating conditions (position
and velocity) of the robot and ILC design variables (time shift δ and cutoff frequency ωn)
is studied. The relation (9.5) is in the sequel referred to as the error measure Jk,i,j on the
motor side.

The relation (9.5) is studied using 2-norm and ∞-norm. From a practical point of
view the ∞-norm is the most relevant, since the applications in general require a per-
formance measure in terms of the maximum error. The frequency-domain convergence
criterion (7.5) is however given in 2-norm and therefore some results below are presented
using this norm.



9.4 Experimental results 101

Arm side

The root mean square (RMS) error on the arm side for experiment number j at iteration
k is calculated as

RMSk,j =

√
1
N

∑
n

(
rref − rmeas,k(n)

)2
, (9.6)

where rmeas,k(n) denotes the radius of the measured circle for each sample n and N is
the total number of samples along the circle. The maximum deviation (maxdev) from the
reference circle rref for experiment j at iteration k is defined as

maxdevk,j = max
n

(
|rref − rmeas,k(n)|

)
. (9.7)

The error measures (9.6) – (9.7) when several experiments j are compared, are nor-
malised with the experiment m with the largest error without ILC, according to

RMSk =
RMSk,j

maxm

(
RMS0,m

) , (9.8)

maxdevk =
maxdevk,j

maxm

(
maxdev0,m

) . (9.9)

The relations (9.8) – (9.9) are referred to as the error measures on the arm side in the
remainder of this chapter.

9.4 Experimental results

First, the basic conditions that we have to cope with are investigated; nominal perfor-
mance, stability of the ILC algorithm and repeatability. Thereafter experiments concern-
ing how operating point and filters L and Q affect the performance both on motor and
arm side are presented and analysed. See also Wallén et al. (2007a) for the motor side
evaluation and Wallén et al. (2008) for the arm side evaluation of the experiments.

9.4.1 Nominal performance

The nominal performance in different positions and with different velocities is analysed
without any ILC algorithm applied. The repeatability when the ILC algorithm is applied
is examined by performing two identical experiments, which is described in this section.

Position and velocity

In Figure 9.5 the error measure Jk,i,j (9.5) on the motor side, expressed in ∞-norm, is
shown for the robot in the three positions (9.3), with velocity v = 50 mm/s when no ILC
algorithm is applied. The size of the error changes significantly depending on position
and motor. Motor 3 has the largest control error for position p3, while motor 4 shows a
large control error for position p1 and p3.

The velocity-dependent error measures (9.5) on the motor side, expressed in ∞-norm
are shown in Figure 9.6 when no ILC algorithm is applied. The experiment is performed



102 9 Experimental results

p1 p2 p3
0

0.2

0.4

0.6

0.8

1

E
rr

o
r,

 ∞
−

n
o

rm

 

 

p1 p2 p3
0

0.2

0.4

0.6

0.8

1

Position

E
rr

o
r,

 ∞
−

n
o

rm

 

 

motor 1

motor 2

motor 3

motor 4

motor 5

motor 6

Figure 9.5: The error measure Jk,i,j , see (9.5), on the motor side, expressed in
∞-norm for all motors i = 1, . . . , 6 and the positions j = p1, p2, p3. The experiment
is performed without any ILC algorithm applied and with velocity v = 50 mm/s.
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Figure 9.6: The error measure Jk,i,j on the motor side expressed in ∞-norm,
see (9.5). The experiments are performed without any ILC algorithm applied, with
different velocities from 10 mm/s to 100 mm/s and two different positions p1 (·) and
p2 (◦). At high velocities the actual speed is limited by the model-based control and
the error saturates.
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with 10 ≤ v ≤ 100 mm/s and in the two positions p1 and p2, see (9.3). As can be seen the
error measure Jk,i,j increases with increasing velocities, as expected. At high velocities
the actual speed is limited by the model-based control, since the maximum performance
of the robot is obtained. This is the reason for the saturation of the error at v = 100 mm/s.

Repeatability

The differences that arise between two identical experiments can be explained by either
measurement disturbances or system disturbances. The actual causes of the disturbances
are not investigated further in this thesis. The repeatability result is evaluated as the
∞-norm of the difference between the output for each iteration, normalised with respect
to the best value of the control error using ILC, according to

‖yk,i,1 − yk,i,2‖∞
mink,l,m ‖ek,l,m‖∞

, (9.10)

where k denotes the iteration, i = 1, . . . , 6 is motor number and m is the experiment
number. For the two experiments, the normalised repeatability error is about 0.2. The
best that can be achieved is 0, which indicates that a more tailor-made ILC algorithm may
reduce the control errors even more. The repeatability test also hints how the nonrepet-
itive elements restrict the best value that one can achieve with ILC. To be able to draw
further conclusions, a larger set of identical experiments combined with a more thorough
statistical analysis is needed.

9.4.2 Stability

In this section the stability of the algorithm on the motor side is examined. Thereafter
the frequency-domain convergence criterion (7.5) for the ILC algorithm is studied, using
an identified model Tu that relates the ILC update signal uk(t) and the measured motor
angles yk(t) at iteration k.

Stability test

To examine the stability of the algorithm, three different experiments are performed, one
in each position p1, p2 and p3 from (9.3). Figure 9.7 shows how the error measure (9.5)
on the motor side expressed in 2-norm is decreasing as a function of iteration for po-
sition p1. Similar results are achieved in position p2 and p3 and they are therefore not
shown here. The 2-norm of the error is used because if the algorithm is stable according
to the convergence criterion (7.5), the error will decrease in this norm.

It can be seen that there are no significant changes of the errors after the fifth itera-
tion. This motivates the decision to stop the learning after five iterations in the remaining
experiments. The few number of iterations is also motivated in practice, where little time
for algorithm tuning is available and the chosen number of iterations often are sufficient.
Future work should involve a more thorough investigation of the stability, for example
including a better coverage of the full workspace of the robot.
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Figure 9.7: The error measure Jk,i,j (9.5) in 2-norm on the motor side for position
p1. The experiment is performed with velocity v = 50 mm/s and ILC design vari-
ables ωn = 10 Hz and δ = 3. The errors decrease with an increasing number of
iterations and there are no significant changes of the errors after the fifth iteration.

Convergence criterion for different L and Q

The model Tu describes the relation between the ILC update signal uk(t) and the mea-
sured motor angles yk(t) at iteration k, see (7.1) and Figure 7.1. In this work the model
is identified from experimental data using the System Identification Toolbox in MAT-
LAB (Ljung, 2007). The ILC experiments with varying velocities are taken as inputs and
outputs for the identification according to

u(t) =
∑
vi

u5,vi
, y(t) =

∑
vi

y5,vi
− y0,vi

. (9.11)

The notation uk,vi
and yk,vi

is used for the ILC update signal and the output signal at
iteration k and experiment with velocity vi, respectively. The validation data is created
similarly from another position. Best overall agreement is achieved with an ARX model,

Tu(q) = q−5 0.5083
1− 0.4884q−1

. (9.12)

This model describes the system well for low frequencies. The characteristics for higher
frequencies are uncertain, because the complex robot model is approximated by a first-
order low-pass filter with time delay.

In Figure 9.8 the left hand side of the convergence criterion

|1− L(eiω)Tu(eiω)| < |Q−1(eiω)|, ∀ω, (9.13)

for the ILC algorithm applied to the system approximated by the model (9.12), is shown
for L filter time shifts δ = 1, . . . , 8. The right hand side |Q−1| of (9.13) is included
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Figure 9.8: The frequency-domain convergence criterion (9.13) is illustrated by
|1−L(eiω)Tu(eiω)| for the identified model Tu(q) compared to |Q−1(eiω)|. It gives
an indication of how different δ in L(q) = 0.9qδ and Q filter cutoff frequencies
of 5 Hz (dashed), 10 Hz (dash-dotted), and 22.5 Hz (solid) affect the convergence
properties of the error. The model Tu(q) has uncertain characteristics for higher
frequencies.

in the figure for cutoff frequencies ωn = 5, 10, 22.5 Hz. This figure can be compared
to Longman (2000). A gain |1−L(eiω)Tu(eiω)| as low as possible is desirable and when
having a low-pass filterQ, the ILC algorithm is robustified as described in Section 7.4. As
can be seen from the figure, ωn = 10 Hz will give a stable ILC algorithm for all choices
of δ = 1, . . . , 8, but for higher cutoff frequencies ωn the time shifts δ = 1, 2 will not
satisfy the frequency-domain criterion for stability in (9.13).

The model (9.12) is however uncertain for higher frequencies, therefore should the
results shown in Figure 9.8 based on the model be considered more as an indication of
reasonable choices ωn and δ. Figure 9.8 indicates that δ = 6 gives the highest suppres-
sion of the error for frequencies lower than 10 Hz, which is the most relevant part of the
frequency domain in this application. A time shift δ 6= 6 will give a slower convergence,
according to the lower suppression of the error.

9.4.3 Performance with respect to operating points

Experiments are performed in the three positions (9.3) with velocity v = 40 mm/s and the
ILC design variables δ = 3 and ωn = 10 Hz. Here, as well as in Sections 9.4.4 and 9.4.5,
the signals used in the ILC algorithm are from the motor side, while the performance on
the arm side is evaluated using the Leica laser tracker LTD500 from Leica Geosystems
(2007), as was described in Section 9.2.3.
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Performance on motor side

First, the behaviour on the motor side is evaluated in Figure 9.9, using the error mea-
sure (9.5) expressed in ∞-norm. The error measure (9.5) expressed in 2-norm shows a
similar appearance2. It is interesting to note that the errors seen from the motor side, in
other words the difference between reference and measured motor angles, are reduced in
all three positions compared to when no ILC algorithm is applied. The only exception is
motor 2 in position p2, where a slightly increasing behaviour can be noticed after a few
iterations. The low reduction of the error for motors 1 and 5 in position p3 is due to a
high-frequency error component which is above the cutoff frequency ωn of the Q filter,
resulting from a poorer behaviour in this working point. Adjusting ωn in this position
can give a possibly reduced effect of this disturbance on the error. The conclusion from
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Figure 9.9: The error measure Jk,i,j , see (9.5), on the motor side expressed in
∞-norm for all motors i = 1, . . . , 6, three positions j = p1, p2, p3 and iterations
k = 0, . . . , 5. The experiments are performed with v = 40 mm/s and the ILC design
variables ωn = 10 Hz and δ = 3 and shows a decreasing error for all positions.

2See for example Figure 9.7. The experiment is however performed in position p1 with velocity
v = 50 mm/s, but this makes no difference in the result of principle.
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Figure 9.9 is, viewed on the whole, a decreasing error for all positions at all iterations.
From Figure 9.9 it can be seen that the error measure is 0.0701 after five iterations

for the worst combination of motor and position (motor 1, position p3) and 0.0102 for
the best combination (motor 5, position p2). In these experiments the same ILC design
variables are used for all six motors, because an approach as simple as possible is desir-
able. Clearly this indicates that the results may be improved if an approach with different
design variables for different motors is used, as is also shown in Wallén et al. (2007a).

Performance on arm side

After presenting the results on the motor side, it is interesting to evaluate the performance
on the arm side – the actual tool position – which is the most relevant performance mea-
sure for the applications. First, the result from experiments in position p1 is shown in
Figure 9.10, where the circle measured on the arm side at each iteration is compared to
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Figure 9.10: Measured circles on the arm side at every iteration, compared to an
ideal circle. The circles are transformed to the origin in order to facilitate the eval-
uation. The experiment is performed in position p1, with velocity v = 40 mm/s
and ILC design variables ωn = 10 Hz and δ = 3. The experiment shows a good
behaviour and the measured circle is close to the reference circle after five iterations.
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an ideal circle with radius 5 mm. In the figure the circles are transformed to the origin in
order to facilitate the evaluation. The errors are compensated for by the ILC algorithm
and the measured circle on the arm side is close to the reference circle after five iterations.

As a comparison to the results above, the RMS error (9.8) and maximum devia-
tion (9.9) of the error on the arm side for the three positions (9.3) are shown in Figure 9.11.
The error measure (9.5) in 2-norm on the motor side corresponds to the RMS error on the
arm side. The error measure (9.5) in ∞-norm on the motor side, seen in Figure 9.9, cor-
responds to the maximum deviation of the error on the arm side. Position p1 gives the
best behaviour in Figure 9.11, with a decreasing trend in both RMS error and maximum
deviation of the error. This corresponds well to the result on the motor side, seen in Fig-
ure 9.9. Position p2 shows an increasing trend of the errors, and for position p3 the errors
are even as large as or even larger as the errors in 0th iteration, when no ILC algorithm is
applied. Changing the filter parameters can give a worse error reduction also in the other
positions. These results show that even though the result on the motor side is good, it is no
guarantee that the performance on the arm side is improved, which also could be seen in
Chapter 8. There are a number of possible explanations of the observed behaviour. First,
the operating point plays an important role. A more extended robot makes the problem
harder, because then mechanical flexibilities become more pronounced. The fact that the
arm-side error in point p3 grows during the initial iteration can be a result of the externally
injected ILC signal, which can excite the flexibilities.

Now we only use information from the motor angles in the ILC algorithm, which gives
rise to the observed mismatch between the result on the motor side and the arm side. This
was also seen in Chapter 8 when a model error was introduced in the system. As was
pointed out earlier, additional sensors are needed in order to receive more information of
the actual tool position and be able to reduce the error on the arm side.
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Figure 9.11: The error measures on the arm side, see (9.8) – (9.9); RMS error and
maximum deviation of the error for positions p1, p2 and p3. In the experiment the
velocity v = 40 mm/s and the ILC design variables ωn = 10 Hz and δ = 3 are used.
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9.4.4 Performance with respect to δ

The robot performance on the motor side with respect to the time shift δ of the fil-
ter L(q) = γqδ is investigated in experiments performed in position p1, with velocity
v = 50 mm/s, and ωn = 10 Hz. Figure 9.12 shows how different values of δ affect the
error measure Jk,i,j (9.5) on the motor side expressed in ∞-norm. In the figure it can be
seen that there are only rather small differences in the error measure when using different
values of δ. The case δ = 0 has not been included in the experiments since this corre-
sponds to a causal L filter, see Goldsmith (2002) and Norrlöf and Gunnarsson (2005).

How the operating point and varying δ affect the performance on the arm side are
shown in Figure 9.13. The experiments are performed in positions p1 and p2 with veloc-
ity v = 40 mm/s. The ILC design variables δ = 3 and 6 and cutoff frequency of the Q
filter still ωn = 10 Hz are used. In the figure it is seen that δ = 6 gives lower RMS er-
ror (9.8) and maximum deviation (9.9) of the error on the arm side. It can be explained by
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Figure 9.12: The error measure (9.5) on the motor side, expressed in ∞-norm.
The experiment is performed in position p1 with v = 50 mm/s and the ILC design
variables ωn = 10 Hz and varying δ. Different choices of δ only have a small affect
the performance of the ILC algorithm.
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decreasing energy content in the ILC update signal uk, and thereby decreasing excitation
of the flexibilities. The corresponding behaviour can also be seen on the motor side, see
Figure 9.12, explained by the fact that δ = 6 theoretically gives a higher suppression of
the error and thereby a faster convergence as is seen in Figure 9.8.
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Figure 9.13: The error measures on the arm side, see (9.8)–(9.9); RMS error and
maximum deviation of the error for positions p1 and p2. The experiments are per-
formed with v = 40 mm/s and the ILC design variables δ = 3 and 6 and ωn = 10 Hz.
δ = 6 gives lower errors, which is explained by decreasing energy content in the ILC
update signal.

9.4.5 Performance with respect to ωn

The cutoff frequency ωn of the Q filter directly affects the bandwidth of the ILC algo-
rithm. The resulting performance is investigated in this section.

Performance on motor side

In Figure 9.14 the error measure Jk,i,j (9.5) on the motor side in ∞-norm, using Q filters
with cutoff frequencies ωn = 10 and 15 Hz is shown. The experiment is performed in
the positions p1 and p2 with velocity v = 40 mm/s and δ = 3. A similar can be noticed
for both position p1 and p2, and therefore only the results for p1 are shown. The spread
of the error measure (9.5) for varying ωn is exemplified in Figure 9.15 by showing the
results for motor 4, when the experiment is performed with v = 50 mm/s. As expected,
a higher cutoff frequency gives a better reduction of the control error on the motor side.
It can be explained by the fact that with a higher cutoff frequency, a larger part of the
error signal is taken into account in the ILC update equation (9.2). However, as the cutoff
frequency increases, the error is no longer monotonically decreasing as a function of
iteration. In Figure 9.8 it is indicated that all the different choices of cutoff frequencies
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should result in monotonically decreasing 2-norm of the error for δ = 3 (the value used
in these experiments), but the model is uncertain for high frequencies and therefore the
error can increase. There are also disturbances, like friction and backlash, that affect the
control errors in the ILC iterations.

The results in Figure 9.14 show that an increased bandwidth of the learning algorithm
significantly improves the result on the motor side for some motors in certain positions,
while for others the improvement is not that significant. This indicates that larger error
reduction can be achieved if the approach “as simple as possible” is abandoned for the
benefit of tuning the ILC design variables for the motors individually, as also could be
seen in Section 9.4.3.
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Figure 9.14: The error measure Jk,i,j , see (9.5), on motor side expressed in∞-norm
for all motors i = 1, . . . , 6, cutoff frequencies ωn = 10 and 15 Hz and iterations
k = 0, . . . , 5. The experiments are performed in position p1 with v = 40 mm/s and
δ = 3. A higher cutoff frequency gives a better reduction of the control error, but the
error is no longer monotonically decreasing as a function of iteration.
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Figure 9.15: The spread of the error measure Jk,i,j , see (9.5), on motor side ex-
pressed in ∞-norm for position p1 and motor 4. The experiments are performed
with v = 50 mm/s, δ = 3 and filters Q with cutoff frequencies ωn = 5 − 22.5 Hz.
Compare to the result for all motors, shown in Figure 9.14.

Performance on arm side

The corresponding error measures (9.8) – (9.9) on the arm side are shown in Figure 9.16.
From the figure it can be concluded that the actual tool path error is increased for the cutoff
frequency ωn = 15 Hz compared to ωn = 10 Hz. This is an opposite result compared
to Figure 9.14, and will be discussed next. An oscillatory behaviour on the arm side is
noticed, as can be seen in Figure 9.17, where the results when no ILC algorithm is applied
and the fifth iteration are compared. The only difference between the cases, is the ILC
control signal added. When oscillations occur on the arm side after a few iterations, they
originate from the ILC update signal uk applied at iteration k, see (9.1).

The result of the experiments with varying cutoff frequencies ωn of the Q filter, is
that one has to be very careful when dealing with resonant systems. The ILC algorithm
can increase the oscillations in the system, in particular when the controlled variable, here
the tool position, is not directly measured and included in the algorithm. It motivates the
need of additional sensors, like accelerometers, to obtain accurate estimates of the arm
side movements (acceleration, speed, position) and use this information of the tool in the
algorithm, which also was discussed in Chapter 8.
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Figure 9.16: The error measures on the arm side, see (9.8) – (9.9); RMS error and
maximum deviation of the error for position p1. The experiments are performed with
v = 40mm/s and the ILC design variables ωn = 10 and 15 Hz and δ = 3. Higher
ωn gives larger errors on the arm side.
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Figure 9.17: Measured circle on the arm side when the experiment is performed in
position p1, with velocity v = 40 mm/s and the ILC design variables δ = 3 and
ωn = 15 Hz. Iteration 0 and 5 are compared and an increased oscillatory behaviour
is noticed.
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10
Conclusions

THE SECOND PART OF THE THESIS is spent on iterative learning control (ILC). The
fundamental ideas are described and the update equation for a first-order ILC filter

with iteration-independent operators is presented, which is used in the work. A simulation
study is made, using a flexible two-mass model that represents a single robot link. Finally,
experiments are performed on a flexible six-degrees-of-freedom commercial industrial
robot.

Conclusions

The aim of the simulation study is to answer questions regarding a robot that is subject to
mechanical flexibilities, when the ILC algorithm is based on motor-angle measurements
only. The flexible two-mass system is stabilised by a PD-controller and acceptable refer-
ence tracking on motor and arm side are achieved. When applying the ILC algorithm, it is
concluded that a stabilising Q 6= 1 is needed, or more system knowledge must be utilised
when designing the L filter to be able to fulfil the convergence criterion with Q = 1.
With an ideal correspondence between the arm and motor reference, the performance is
improved both on motor side and arm side when an ILC algorithm is applied, where the
filters L and Q are chosen using the heuristic design method. A model error is then intro-
duced, and it is not necessary that the error on the arm side is improved as much as the
error on the motor side, or improved at all. This indicates that when the ILC algorithm is
applied to a robot, the results on the arm side may be improved when an estimate of the
tool position is used in the ILC algorithm.

In the experiments, a first order ILC algorithm is applied on a large-size commercial
industrial robot with six degrees of freedom. The operating points represent typical robot
configurations in a laser-cutting application. A heuristic ILC algorithm is used, the same
design variables are used for all six motors for simplicity reasons and the motor angles are
used in the algorithm. The learning is switched off after five iterations, which is motivated
in practice by experimental results. If an approach with different design variables for
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different motors is used, there is a possibility to improve the results. The performance
on the arm side is evaluated by a laser tracker, and compared to the motor-side errors.
It can be concluded that the tool-path error is reduced in most cases. However, the ILC
algorithm can increase the oscillations in the resonant system because the motor angles are
used in the algorithm, and not actual tool position. To achieve even better performance,
especially in difficult operating points, it is concluded that arm-side measurements from
for example an accelerometer need to be included in the learning.

Future work

The simulation study has brought interesting problems, which are suggestions for future
work. One thing is to explain why the frequency-domain convergence criterion cannot be
fulfilled by the two-mass system with an ILC algorithm where Q = 1 and L is chosen
using the heuristic design method. Thereafter also examine if the same principle structure
can be observed in a robot and investigate how much system knowledge is necessary in
order to fulfil the convergence criterion, using Q = 1. An investigation of the robustness
of the ILC algorithm, applied to the two-mass system, is also on the future agenda. It is
desirable to increase the understanding of the experiments performed on the robot by per-
form simulation studies using a complete robot model incorporating model uncertainties.

Future ILC experiments performed on a robot include a larger set of identical exper-
iments and a more thorough analysis of the repeatability. The question is how to reduce
the errors due to friction, which often has high-frequency characteristics, because the ILC
algorithm is able to reduce only low-frequency errors. A combination of ILC and other
techniques would be interesting to investigate.

Combining the kinematic modelling in Part I and ILC in Part II is left for future
work. A possible application is to use arm-side measurements from an accelerometer
in an ILC algorithm. The acceleration measurements combined with signal processing
algorithms then give accurate estimates of the actual path of the tool, where the necessary
relations are derived using the toolbox. Including the tool estimate in the ILC algorithm
can thereby improve the learning. Some works in this direction are presented in, for
example, Gunnarsson et al. (2007) and Norrlöf and Karlsson (2005).
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