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Abstract

The ability to analyze system properties for large scale systems is an important part of
modern engineering. Although computer power increases constantly, there is still need
to develop tailored methods that are able to handle large scale systems, since sometimes
standard methods cannot handle the large scale problems that occur.

In this thesis the focus is on system analysis, in particular analysis methods that result
in optimization problems with a specific problem structure. In order to solve these opti-
mization problems, primal-dual interior-point methods have been tailored to the specific
structure. A convergence proof for the suggested algorithm is also presented.

It is the structure utilization and the use of an iterative solver for the search directions
that enables the algorithm to be applied to optimization problems with a large number
of variables. However, the use of an iterative solver to find the search directions will
give infeasible iterates in the optimization algorithm. This make the use of an infeasible
method desirable and hence is such a method proposed.

Using an iterative solver requires a good preconditioner. In this work two different
preconditioners are used for different stages of the algorithm. The first preconditioner is
used in the initial stage, while the second preconditioner is applied when the iterates of
the algorithm are close to the boundary of the feasible set.

The proposed algorithm is evaluated in a simulation study. It is shown that problems
which are unsolvable for a standard solver are solved by the proposed algorithm.
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Notational Conventions

Abbreviations and Acronyms

Abbreviation Meaning
BiCG Bi-Conjugate Gradient
BiCGstab Bi-Conjugate Gradient Stabilized
CG Conjugate Gradient
DI Differential Inclusion
GMRES Generalized Minimal Residual
KYP Kalman-Yakubovic-Popov
KKT Karush-Kuhn-Tucker
LDI Linear Differential Inclusion
LMI Linear Matrix Inequality
LTI Linear Time-Invariant
MINRES Minimal Residual
PLDI Polytopic Linear Differential Inclusion
SDP Semidefinite Program
SOR Successive Overrelaxation
SQMR Symmetric Quasi Minimal Residual
SVD Singular Value Decomposition
QMR Quasi Minimal Residual
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2 Notational Conventions

Symbols, Operators and Functions

Notation Meaning
A ≻ (�) 0 The matrixA is positive (semi)definite
A ≺ (�) 0 The matrixA is negative (semi)definite
A �K (≻K) 0 Generalized (strict) inequality in the coneK
A �K∗ (≻K∗) 0 Generalized (strict) inequality in the dual coneK∗

x ≥ (>) 0 Element-wise (strict) inequality
AT Transpose of matrixA
A−1 Inverse of matrixA
Ai,j Component(i, j) of matrixA
xi Thei:th element of vectorx
x(i) Thei:th vector of the sequence of vectors{x(1), . . . , x(k)}
det(A) Determinant of a matrixA ∈ Rn×n

In Identity matrix of sizen× n
〈A,B〉Y Inner product ofA andB in the spaceY
‖x‖p p-norm of vectorx
‖A‖p p-norm of matrixA
Tr(A) Trace of matrixA
A⊙B Hadamard product
⊕n

i=1Ai Direct sum of matrices
A⊗B Kronecker product of matrixA andB
A⊗s B Symmetric Kronecker product of matrixA andB
vec(A) Vectorization of matrixA
svec(A) Symmetric vectorization of matrixA ∈ S

∇xf(x) The gradient of functionf(x) with respect tox
sup f(x) Supremum of functionf(x)
inf f(x) Infimum of functionf(x)
min

x
f(x) Minimize f(x) with respect tox

max
x

f(x) Maximizef(x) with respect tox

argmin
x

f(x) The minimizing argument off(x)

s.t. Subject to
domf Domain of functionf
conv{C} Convex hull of the setC
relint{C} Relative interior of the setC
span{x(1), . . . , x(n)} The space spanned by the vectors{x(1), . . . , x(n)}
X ⊆ Y The setX is a subset of the setY
ni
⋂

i=1

Ci Intersection of the setsCi
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Sets
Notation Meaning
R Set of real numbers
R+ Set of positive real numbers
R++ Set of nonnegative real numbers
Rn Set of real-valued vectors withn rows
Rn×m Set of real-valued matrices withn rows andm columns
Rn

+ The cone of element-wise positive vectors
Rn

++ The cone of element-wise nonnegative vectors
Sn Set of symmetric matrices of sizen× n
Sn

+ The positive semidefinite cone of symmetric matrices
Sn

++ The positive definite cone of symmetric matrices
∅ The empty set





1
Introduction

As long as man has invented new technological solutions, the question of functionality
has been raised. Is the new system stable, e.g., will the airplane stay in the air when flied?
Such questions have inspired the research community to investigate different methods
that enable analysis of the real world using mathematical results. For this case modeling
may be used to describe the behavior of the system, while different theories developed
through the years are applied to show stability. Although, the numerical possibilities have
improved tremendously due to the evolution of computers, development toward more
complex systems still makes the implementation of the theory intricate.

1.1 Background

Over the last three decades, the research in optimization algorithms has been constantly
evolving. Today, the software packages available to solve semidefinite programming
problems are numerous. For example, if YALMIP, Löfberg (2004), is used as an interface,
nine available solvers can be applied. Some examples of solvers are SDPT3, Toh et al.
(2006), DSDP, Benson and Yinyu (2005) and SeDuMi, Sturm (2001) and Pólik (2005) all
of which are implementations of interior-point methods.

Within the area of system analysis there are several problem formulations that can
be rewritten as semidefinite programs. Increasing demand on computational efficiency
and ability to solve large scale problems sometimes make the available generic solvers
inadequate.

The solvers presented above, solve the optimization problem on a general form. The
problem size will increase with the number of constraints and the number of matrix vari-
ables. Hence, for large scale problems, generic solvers will not always have an acceptable
solution time or terminate within an acceptable number of function calls. Hence it might
be necessary to utilize problem structure to speed up the performance in certain applica-
tions.
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6 1 Introduction

In this thesis a structured Semidefinite Programming (SDP) problem is defined and a
tailored algorithm to solve it is proposed and evaluated. The problem formulation, can for
example be applied to analysis of polytopic Linear Differential Inclusions (LDIs).

The proposed algorithm uses inexact search directions in an infeasible interior-point
method and is hence denoted as an inexact interior-point method. A memory efficient
iterative solver is used to compute the search directions in each step of the interior-point
method. The structure knowledge is utilized to derive tailored calculations and to incor-
porate adaptation to the different phases in an inexact interior-point method.

1.2 Contributions

Parts of the results in Chapter 6 have been published in

J. Harju Johansson and A. Hansson. Structure exploitation in semidefinite programs
for systems analysis. InIFAC World Congress, Seoul, Korea, July 2008b. Accepted
for publication.

and

J. Harju Johansson and A. Hansson. A tailored inexact interior-point method for sys-
tems analysis. Technical Report LiTH-ISY-R-2851, Department of Electrical Engi-
neering, Linköping University, SE-581 83 Linköping, Sweden, Mar 2008a. Submitted
to IEEE Conference on Decision and Control 2008, Cancun, Mexico.

The convergence proof of the suggested inexact interior-point method, presented in Chap-
ter 7 has previously been published in

J. Harju and A. Hansson. An inexact interior-point method, a description and con-
vergence proof. Technical Report LiTH-ISY-R-2819, Department of Electrical Engi-
neering, Linköping University, SE-581 83 Linköping, Sweden, September 2007.

For a problem related to the one studied in this thesis, minor contributions, mainly imple-
mentations, has been made by the author in

J. Harju, R. Wallin, and A. Hansson. Utilizing low rank properties when solving KYP-
SDPs. InIEEE Conference on Decision and Control, San Diego, USA, December
2006.

and

R. Wallin, A. Hansson, and J. Harju Johansson. A structure exploiting preprocessor
for semidefinite programs derived from the Kalman-Yakubovich-Popov lemma.IEEE
Transactions on Automatic Control, 2008. Provisionally accepted.
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1.3 Thesis Outline

In Chapter 2 optimization concepts are presented. To continue on the same topic, Chap-
ter 3 derive interior-point methods for semidefinite programming problems. All optimiza-
tion algorithms presented rely on subsequent solutions of linear systems of equations,
which is the topic in Chapter 4. The optimization problem studied in the thesis is used
for system analysis. Analysis methods that result in optimization problems solvable by
the suggested algorithm are presented in Chapter 5. Chapter 6 contains a complete de-
scription of the algorithm and a simulation study on randomly generated problems. In
Chapter 7, theoretical convergence is established. Finally, in Chapter 8 conclusions and a
brief discussion of future work and extensions are given.





2
Convex Optimization

Optimization is the theory of finding a minimal or maximal value of a mathematical func-
tion, subject to constraints. Convex optimization is optimization over sets and functions
with specific properties. In this chapter, basic concepts in convex optimization are defined
and discussed. These concepts are crucial in order to derive the optimization methods
in the following chapters. At first, to obtain a general description, the area of convex
optimization is presented in the context of generalized inequality constraints. Then the
description is specialized to inequalities with respect to the cone of symmetric matrices.
This is because this thesis is within the area of semidefinite programming where the con-
straints are linear matrix inequalities.

For further details about convex optimization, see Boyd and Vandenberghe (2004).
In Todd (2001) and Wolkowicz et al. (2000) thorough presentations of semidefinite pro-
gramming are given.

2.1 Introduction and Definitions

In this section the basic definitions necessary to discuss convex optimization problems are
given. A finite-dimensional real vector spaceX is considered. The corresponding inner
product is denoted〈·, ·〉X : X × X → R.

First, definitions of important properties of convexity will be presented. Then the
discussion is turned towards generalized inequalities. This enables the discussion of op-
timization problems to be held on a more general level. The definitions and presentation
follows the description in Boyd and Vandenberghe (2004).

2.1.1 Convex Sets and Functions

We start by defining a convex set and a convex function. In Figure 2.1 the two concepts
are illustrated.

9



10 2 Convex Optimization
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replacements

(y, f(y))

θf(x) + (1− θ)f(y)

f(θx + (1− θ)y)

(x, f(x))

(a) Convex function

θx + (1− θ)y

(b) Convex set

Figure 2.1: Illustration of a convex function and a convex set as defined in Definition
2.2 and 2.1, respectively.

Definition 2.1. A setC ⊆ X is aconvex set, if the line segment between two arbitrary
pointsx ∈ C andy ∈ C are in the set, i.e.,

θx + (1− θ)y ∈ C, θ ∈ [0, 1]. (2.1)

Definition 2.2. A functionf : X → R is aconvex functionif domf is a convex set and
for all x ∈ domf andy ∈ domf

f
(

θx + (1− θ)y
)

≤ θf(x) + (1− θ)f(y), θ ∈ [0, 1]. (2.2)

Now some important special cases of convex sets are presented. These definitions are
essential in the following discussion of generalized inequalities.

Definition 2.3. A setK ⊆ X is acone, if forx ∈ K

θx ∈ K, θ ≥ 0. (2.3)

Definition 2.4. A coneK ⊆ X is aconvex cone, if for two arbitrary pointsx ∈ K and
y ∈ K a linear combination of the points is in the coneK, i.e,

θ1x + θ2y ∈ K, θ1 ≥ 0, θ2 ≥ 0. (2.4)

Finally the concept of a convex hull is defined.

Definition 2.5. The convex hullof a setC ⊆ X , denotedconv{C}, is the set of all
convex combinations of points inC,

conv{C} =

{

θ1x1 + . . . + θkxk | xi ∈ C, θi ≥ 0, i = 1, . . . , k,

k
∑

i=1

θi = 1

}

. (2.5)

In this thesis only convex optimization is studied. The definition and discussion of a
convex optimization problem is postponed to Section 2.1.3. Often it is not easy to directly
see if a function or set is convex. A powerful method is to derive convexity by studying
functions and sets that are obtained by elementary operations. In Boyd and Vandenberghe
(2004) and Rudin (1976) more details can be found.

Two important operations that preserve convexity when applied to convex sets, are:
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• Intersection of sets:If the setsCi ⊆ X are convex, then the intersection of these
sets

C =
⋂

i

Ci

is a convex set.

• Affine functions:If the setC ⊆ X is a convex set and the functionf : X → Y is an
affine function, then the image ofC underf ,

f(C) = {f(x) | x ∈ C}

is a convex set. Note that scaling and translation are special cases of affine func-
tions. The property of preserving convexity is also true for the inverse image. For a
convex setC ⊆ Y and an affine functionf : X → Y the inverse image,

f−1(C) = {x | f(x) ∈ C}, (2.6)

is a convex set.

2.1.2 Generalized Inequalities

This section introduces generalized inequalities. In order to describe generalized inequal-
ities, the concept of a proper cone must first be defined.

Definition 2.6. A convex coneK is aproper cone, if it satisfies the following properties:

• K is closed.

• K is solid, that is, it has nonempty interior.

• K is pointed, that is,x ∈ K,−x ∈ K,⇒ x = 0.

Using the definition of proper cones the concept ofgeneralized inequalitiescan be
defined. A generalized inequality�K with respect to a proper coneK is defined as

x �K y ⇔ x− y ∈ K.

Some properties that a generalized inequality fulfills are:

• �K is preserved under addition: ifx �K y andu �K v, thenx + u �K y + v.

• �K is transitive: ifx �K y andy �K z, thenx �K z.

• �K is preserved under nonnegative scaling: ifx �K y andα ≥ 0, thenαx �K αy.

• �K is reflexive:x �K x.

• �K is antisymmetric: ifx �K y andy �K x, thenx = y.

• �K is preserved under limits: ifxi �K yi for i ≤ 1, xi → x andyi → y as
i→∞, thenx �K y.
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Naturally the first three properties generalize to the strictcase,≺K . Furthermore, the
strict case have the following properties:

• if x ≺K y thenx �K y

• x ⊀K x

• if x ≺K y then foru andv small enough,x + u ≺K y + v.

When using generalized inequalities it is natural to define thedual cone. This will
be needed when deriving the optimality conditions for an optimization problem involving
generalized inequalities.

Definition 2.7. A dual coneto a coneK ⊆ X is the set

K∗ = {y | 〈x, y〉X ≥ 0, ∀x ∈ K}. (2.7)

An interesting property isself-duality. A cone is self-dual if the dual cone is the
originally studied cone, e.g., the dual cone ofRn

+ is Rn
+.

Using generalized inequalities allow us to generalize Definition 2.2 as

Definition 2.8. A function f : X → Y is aK-convex functionif domf is a convex set
and for allx ∈ domf andy ∈ domf

f
(

θx + (1− θ)y
)

�K θf(x) + (1− θ)f(y), θ ∈ [0, 1]. (2.8)

2.1.3 Optimization Problem

Now we define an optimization problem with generalized inequality constraints.

min
x∈X

f0(x) (2.9)

s.t. fi(x) �Ki
0, i = 1, . . . , ni

hj(x) = 0, j = 1, . . . , nj

wheref0 : X → R, fi : X → Yi, ∀i, hj : X → Zj , ∀j and whereKi ⊆ Yi. The spaces
X , Yi andZi are all finite dimensional real vector spaces. The functionf0(x) is called
the objective function or cost function,fi(x), i = 1, . . . , ni are the inequality constraint
functions,hj(x), j = 1, . . . , nj are the equality constraint functions. The domain of (2.9)
is

D =

ni
⋂

i=0

domfi ∩
nj
⋂

j=1

domhj . (2.10)

This is the intersection of the domains of the objective function and the constraint func-
tions. A pointx ∈ D is called afeasible pointif it satisfies the inequality constraints
fi(x) �Ki

0,∀i and the equality constraintshj(x) = 0,∀j. The set of all feasible points
are denoted thefeasible set. If the feasible set is the empty set∅, the optimization problem
is calledinfeasibleand it is calledfeasibleif the feasible set is a non-empty set.
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Definition 2.9. A problem as written in (2.9), is aconvex optimization problemif D is
a convex set, the objective functionf0(x) is a convex function, the inequality constraint
functionsfi(x),∀i areKi-convex and if the equality constraint functionshj(x),∀j are
affine.

Using the properties of convex sets presented in Section 2.1.1, it can be shown that
the feasible set of a convex optimization problem is a convex set. In the thesis the focus
will be on convex optimization problems.

The optimal value to (2.9) is denotedp⋆ and defined as

p⋆ = inf
x∈D
{f0(x) | fi(x) �Ki

0,∀i, hj(x) = 0,∀j} (2.11)

wherep⋆ attains values between−∞ and∞. If p⋆ = −∞ the problem is referred to
asunboundedand if p⋆ = ∞ the problem isinfeasible. Furthermore,x⋆ is anoptimal
solution iff0(x

⋆) = p⋆.

2.2 Duality

In this section the idea of Lagrange duality will be introduced. This is a very important
concept in optimization. Using Lagrange duality theory, optimality conditions can be
derived. Convexity need not to be assumed, however it will give positive properties that
will be discussed in this section.

2.2.1 Lagrange Duality

First some preliminary definitions are given. Define theLagrange multipliersλi ∈ Yi and
νj ∈ Zj . These variables are also denoteddual variables. Additionally, for notational
convenience defineY = Y1× . . .×Yni

,Z = Z1× . . .×Znj
andK = K1× . . .×Kni

.
Similarly, the variables are collected asλ = (λ1, . . . , λni

) andν = (ν1, . . . , νnj
).

Definition 2.10. TheLagrangianL : X × Y × Z → R associated with (2.9) is

L(x, λ, ν) = f0(x) +

ni
∑

i=1

〈λi, fi(x)〉Yi
+

nj
∑

j=1

〈νj , hj(x)〉Zj
, (2.12)

with domL = D × Y × Z.

The Lagrangian itself is not the main result.

Definition 2.11. TheLagrange dual functiong : Y × Z → R is the minimum value of
(2.12) with respect tox ∈ D. In other words

g(λ, ν) = inf
x∈D

L(x, λ, ν) (2.13)

An important property is that the Lagrange dual function gives a lower bound of the
optimal value,

g(λ, ν) ≤ p⋆, (2.14)
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if λ �K∗ 0. This is true for both convex and non-convex optimization problems. This
leads to the natural definition of a Lagrange dual problem. It is to find the best lower
boundd⋆ of the primal problem, hence optimizing the Lagrange dual function over the
set of dual variables.

Definition 2.12. TheLagrange dual problemis

max
λ∈Y,ν∈Z

g(λ, ν)

s.t. λ �K∗ 0.
(2.15)

The pair(λ, ν) is referred to as adual feasible pairif λ �K∗ 0 and the optimal value is
denotedd⋆.

The use of Lagrange duality is a very important and reoccurring property in the thesis.
In order to avoid unnecessary repetition the wordLagrangewill be dropped throughout
the remaining discussions.

2.2.2 Strong and Weak Duality

It was previously noted that the dual problem gives a lower bound to the primal problem
regardless if a convex problem is studied or not. This is referred to asweak duality,

d⋆ ≤ p⋆. (2.16)

The difference between the primal and dual optimump⋆−d⋆ is called theoptimal duality
gap. If this inequality is tight,p⋆ = d⋆, it is said thatstrong dualityholds. However, in
general, strong duality does not always hold. It is important to note that the property of
convexity of an optimization problem does not imply strong duality. There are multiple
conditions that imply strong duality. Here one of the most commonly used conditions is
presented.

Theorem 2.1 (Slater’s condition)
Consider a convex optimization problem described as in (2.9). This implies that the
equality functionshj(x) are affine. If there exist a strictly feasible pointx, that is,
x ∈ relint{D} such that

fi(x) ≺Ki
0, i = 1, . . . , ni (2.17)

and
hj(x) = 0, j = 1, . . . , nj (2.18)

then strong duality holds.

2.3 Optimality Conditions

So far the optimal value have been defined for both the primal and dual problem. Suf-
ficient conditions such that the optimal values coincide for the primal and dual problem
have been presented. In this section, conditions defining an optimal point are discussed.

The conditions used in this thesis are the Karush-Kuhn-Tucker (KKT) conditions.
Later on, the KKT conditions will be used to derive algorithms for convex optimization
problems.
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Theorem 2.2 (Karush-Kuhn-Tucker conditions)
Assume that the primal problem (2.9), that is to be solved, is a convex optimization prob-
lem. Letfi,∀i andhj ,∀j be differentiable. Additionally assume that strong duality holds.
Then the KKT conditions

fi(x
⋆) �Ki

0, ∀i (2.19a)

hi(x
⋆) = 0, ∀j (2.19b)

λ⋆
i �K∗

i
0, ∀i (2.19c)

〈λ⋆
i , fi(x

⋆)〉Yi
= 0, ∀i (2.19d)

∇xf0(x
⋆) +

ni
∑

i=1

〈λ⋆
i ,∇xfi(x

⋆)〉Yi
+

nj
∑

j=1

〈ν⋆
j ,∇xhj(x

⋆)〉Zj
= 0 (2.19e)

are necessary and sufficient to find a primal optimalx⋆ and a dual optimal(λ⋆, ν⋆).

Proof: See page 267 in Boyd and Vandenberghe (2004).

In the KKT conditions, (2.19a)–(2.19b) and (2.19c) are referred to asprimal feasibility
anddual feasibility, respectively. The expressioncomplementary slacknessis used for
(2.19d). The final KKT condition, (2.19e), is the requirement that the gradient of the
Lagrangian vanishes at an optimum.

2.4 Semidefinite Programming

In this work, semidefinite programs are the main focus. Hence some properties for such
problems are given. First, we define the appropriate finite-dimensional vector space and
the corresponding inner product.

The space ofsymmetric matricesof sizen× n is defined as

Sn = {A ∈ Rn×n |A = AT }, (2.20)

which is a finite-dimensional real vector space with dimensionn(n + 1)/2. The corre-
sponding inner product is

〈A,B〉Sn = Tr(AB) =

n
∑

i=1

n
∑

j=1

AijBij . (2.21)

Furthermore, thepositive semidefinite coneis the set of positive semidefinite symmet-
ric n× n matrices,

Sn
+ = {A ∈ Sn | xT Ax ≥ 0, ∀x ∈ Rn}. (2.22)

This cone is self-dual and proper. For a proof of self-duality for the positive semidefinite
cone, see Example 2.24 in Boyd and Vandenberghe (2004).

The set ofpositive definitesymmetricn× n matrices is defined by

Sn
++ = {A ∈ Sn | xT Ax > 0, ∀x, x 6= 0}. (2.23)
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Consider a linear mappingA : X → Sn. A linear matrix inequality(LMI) can then
be written as

A(x) + A0 �Sn
+

0, (2.24)

whereA0 ∈ Sn. The solution set of an LMI is a convex set since the set is an inverse
image of an affine function, see Section 2.1.1. Note that an LMI is aK-convex function
according to Definition 2.8. It is easily seen that the inequality in (2.8) with respect to the
cone of positive semidefinite matrices is fulfilled with equality for an LMI.

Finally, the semidefinite programming (SDP) problem in standard form for a decision
variablex can be written as

min 〈c, x〉
s.t. A(x) + A0 �Sn

+
0

(2.25)

wherec, x ∈ X andA : X → Sn is a linear mapping.



3
Primal-Dual Interior-Point Methods

In this chapter, so-called primal-dual interior point methods are derived from the optimal-
ity conditions. The area of interior-point methods was introduced for linear programming
problems by the famous work published in Karmarkar (1984). Since then, the area of
interior-point methods has been an evolving area. Primal-dual methods have proven to be
well-performing.

For a thorough description of algorithms and theory within the area of interior-point
methods see Wright (1997) for linear programming while Wolkowicz et al. (2000) and
Nesterov and Nemirovskii (1994) give extensive overviews of semidefinite programming.

3.1 Optimization Problem

Now the optimization problem is defined. First, letX be a finite-dimensional real vector
space with an inner product〈·, ·〉X : X × X → R and define the linear mappings

A : X → Sn (3.1a)

A∗ : Sn → X , (3.1b)

whereA∗ is the adjoint ofA. We will with abuse of notation use the same notation
〈·, ·〉 for inner products defined on different spaces when the inner product used is clear
from context. Using the derivation in Section 2.2 and turning the inequality constraint to
an equality constraint by the use of a slack variableS, the primal optimization problem
(2.25) and the dual optimization problem withx, S andZ as decision variables are

min 〈c, x〉
s.t.A(x) + A0 = S

S � 0

(3.2)

17
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and

max − 〈A0, Z〉
s.t.A∗(Z) = c

Z � 0,

(3.3)

respectively, wherec, x ∈ X andS,Z ∈ Sn. Additionally definez = (x, S, Z) and the
corresponding finite-dimensional vector spaceZ = X × Sn × Sn with its inner product
〈·, ·〉Z . Furthermore, define the corresponding 2-norm‖ · ‖2 : Z → R by ‖z‖22 = 〈z, z〉.
We notice that the 2-norm of a matrix with this definition will be the Frobenius norm and
not the induced 2-norm.

3.1.1 Optimality Conditions

If strong duality holds, then the Karush-Kuhn-Tucker conditions define the solution to
the primal and dual optimization problems, see Theorem 2.2. The Karush-Kuhn-Tucker
conditions for the optimization problems defined in the previous section are

A(x) + A0 = S (3.4a)

A∗(Z) = c (3.4b)

ZS = 0 (3.4c)

S � 0, Z � 0. (3.4d)

It is assumed that the mappingA has full rank, i.e.,A(x) = 0 implies thatx = 0.
An algorithm for SDP should try to compute az that satisfies the KKT conditions

(3.4a)–(3.4d). A first naive approach could be to apply Newton’s method ignoring (3.4d),
when computing the search direction but taking it into consideration when computing the
step length. However, unfortunately only very short steps can be taken because of (3.4d),
and hence converge will be too slow. In what follows we will discuss how this can be
circumvented.

3.1.2 Central Path

In order to make it possible to take longer steps (3.4c) is relaxed.

Definition 3.1. Define thecentral-pathas the solution points for

A(x) + A0 = S (3.5a)

A∗(Z) = c (3.5b)

ZS = τIn (3.5c)

S � 0, Z � 0, (3.5d)

whereτ ≥ 0. Note that the central-path converges to a solution of the Karush-Kuhn-
Tucker conditions whenτ tends to zero.
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All methods derived in this chapter have the intention to follow the central-path to find
an optimal solution. Hence, the methods described, will be within the class of so-called
path-following methods.

Before we proceed to describe such methods in more detail, we introduce the duality
measure.

Definition 3.2. Theduality measureν for an SDP is defined as

ν =
〈Z, S〉

n
. (3.6)

An important property is that the duality measureν is the dual gap (defined in Sec-
tion 2.2.2) for a feasible point.

3.2 Issues in Interior-Point Methods

In this section the optimality conditions and their relaxations for the SDP presented in Sec-
tion 3.1.1 are used to derive a generic primal-dual interior-point method. The presented
method is not a practical algorithm, but it highlights the various issues in the different
steps in a primal-dual interior-point method. Each issue will be investigated separately.

3.2.1 Generic Primal-Dual Interior Point Method

First a naive primal-dual interior-point method will be derived. An algorithm that pro-
duces iterates that tend towards a solution of the KKT conditions is described. Assume
that a pointz is available which satisfies (3.5d) with corresponding duality measureν.
Define the next iterate asz+ = z + α∆z, where∆z is the search direction andα is the
step-length. Naturally the new iterate should decreaseν, satisfy (3.5d) and eventually also
(3.4a)–(3.4c). Such an algorithm is outlined in Algorithm 1.

Algorithm 1 A generic feasible interior-point method

1: Choose a feasible initial pointz0 = (x0, S0, Z0) and error toleranceǫ
2: Compute the duality measure:

ν ← 〈Z0, S0〉/n
3: j ← 1
4: while ν > ǫ do
5: Choose a search direction∆z = (∆x,∆S,∆Z)
6: Find a new feasible iterate

zj+1 ← zj + α∆z
whereα > 0.

7: Compute the duality measure:
ν ← 〈Z, S〉/n

8: j ← j + 1
9: end while

From the described algorithm, several questions arise. How to find the search-direction?
How do we make sure thatν decreases? How isα computed?
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3.2.2 Infeasible Primal-Dual Interior Point Method

The use of infeasible initial points is a very important issue in this work. Not only the
initial point might be infeasible. Later the search-directions are found as inexact solutions
of a linear system of equations possibly resulting in an infeasible iteratez+. Then the
algorithm need to be able to handle such iterates.

To derive an infeasible method, assume that a possibly infeasible iteratez is given.
Note that the term infeasibility is only used for the constraint functions (3.4a)–(3.4c). The
constraint of symmetric positive semidefinite matrices (3.5d) is required to be satisfied in
an infeasible method. Define the next iterate asz+ = z +∆z and insert it into the relaxed
KKT conditions (3.5a)–(3.5d) defining the central-path. This results in

A(∆x)−∆S = −(A(x) + A0 − S) (3.7a)

A∗(∆Z) = c−A∗(Z) (3.7b)

∆ZS + Z∆S + ∆Z∆S = τIn − ZS (3.7c)

S + ∆S � 0, Z + ∆Z � 0. (3.7d)

It is important to notice that an infeasible method normally tries to get feasible. When
feasibility is obtained, this property will be preserved for every following iterate, if (3.7a)–
(3.7d) is solved exactly.

Although the use of an infeasible method simplifies the choice of an initial point, the
choice is not without importance. This issue is a well-investigated problem, and there are
trade-offs that have to be made. In Toh et al. (1999) a suggestion is made how to choose
an initial point, based on norms of the constraint matrices.

Several approaches to handle the nonlinear term in the complementary slackness equa-
tion (3.7c) have been presented in the literature. A direct solution is to ignore the higher
order term which gives a linear system of equations. Another approach is presented in
Mehrotra (1992).

Linearizing, or ignoring the nonlinear term∆Z∆S, result in a linear system of equa-
tions and inequalities

A(∆x)−∆S = −(A(x) + A0 − S) (3.8a)

A∗(∆Z) = c−A∗(Z) (3.8b)

∆ZS + Z∆S = τIn − ZS (3.8c)

S + ∆S � 0, Z + ∆Z � 0. (3.8d)

3.2.3 Centering Parameter

Solving (3.8a)–(3.8d) in each step in an infeasible interior-point method will result in an
algorithm that in each iterate tries to move to a point on the central path whereν = τ .
In order to converge to a solution to the KKT conditions it is also required to decreaseτ .
To this end the centering parameterσ has been introduced in the literature. To introduce
the centering parameter the parameterτ is replaced withσν. Then for values ofσ close
to zero, a step to decrease the duality measure is taken, and for values ofσ close to 1 a
step to find an iterate closer to the central path is taken. These type of methods are called
predictor-correctormethods.
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3.2.4 Symmetry Transformation

Even after linearizing (3.8a)–(3.8d), the variables∆S and∆Z of the solution∆z are not
guaranteed to be symmetric. This is due to that the requirement is only implicit. There
might not even be a symmetric solution, Kojima et al. (1997). A solution to this is to
introduce the symmetry transformationH : Rn×n → Sn that is defined by

H(X) =
1

2

(

R−1XR + (R−1XR)T
)

, (3.9)

whereR ∈ Rn×n is the so-called scaling matrix. In Zhang (1998) it is shown that the
relaxed complementary slackness conditionZS = σνIn is equivalent to

H(ZS) = σνIn, (3.10)

for any nonsingular matrixR. Hence we may replace (3.5c) with (3.10). Then (3.8c) is
replaced with

H(∆ZS + Z∆S) = σνIn −H(ZS). (3.11)

The use of a symmetry transformation has evolved over some years. A symmetry
transformation as presented in (3.9) is within the so-called Monteiro-Zhang family. The
general form was introduced in Monteiro (1997), where a generalization of previously
presented transformations were made, e.g., the AHO direction (R= I) published in
Alizadeh et al. (1998). In Zhang (1998) the presentation was extended to an arbitrary
non-singular transformation matrixR. For a presentation of a numerous amount of search
directions implied by different choices of the transformation matrixR, see Todd (1999).
For a thorough discussion of the different families and a historical overview, Wolkowicz
et al. (2000) and Florian and Wright (2000) are recommended.

Summarizing, the system of equations that is to be solved after the rearrangement
discussed in the two previous sections is

A(∆x)−∆S = −(A(x) + A0 − S) (3.12a)

A∗(∆Z) = c−A∗(Z) (3.12b)

H(∆ZS + Z∆S) = σνI −H(ZS). (3.12c)

The Nesterov-Todd scaling matrix

A special choice of scaling matrix results in the so-called Nesterov-Todd (NT) direction
which was introduced in Nesterov and Todd (1997). To obtain the NT direction, we first
define

Wnt = S−1/2(S1/2ZS1/2)1/2S−1/2. (3.13)

Then the NT scaling matrix is given as the solution toRT
ntRnt = Wnt. This direction

has been widely tested and analyzed in detail. It has shown good results in practical
evaluations. In Algorithm 2 an efficient implementation is presented, the description is
due to Todd et al. (1998) and follows the presentation in Vandenberghe et al. (2005).

From Algorithm 2, it can be derived that

RT
ntS

−1Rnt = λ−1 (3.14)

and
RT

ntZRnt = λ. (3.15)
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Algorithm 2 Computing the NT scaling matrix

1: Compute the Cholesky factorizations:
S = L1L

T
1

Z = L2L
T
2

2: Compute the singular value decomposition (SVD):
LT

2 L1 = UλV T

whereλ is a positive definite and diagonal matrix andU andV are unitary matrices.
3: Compute the scaling matrix:

Rnt ← L1V λ−1/2

3.2.5 Computing the Search Direction

To summarize the discussion so far, the resulting linear system of equations that is to be
solved to obtain the search direction in an infeasible interior-point method is in the form

A(∆x)−∆S = D1 (3.16a)

A∗(∆Z) = D2 (3.16b)

H(∆ZS + Z∆S) = D3, (3.16c)

for some residualsD1, D2 andD3. The residuals depend on algorithmic choices made
by the user, e.g., infeasible or feasible method. Now an important lemma that makes the
solution of the search directions well-defined is presented.

Lemma 3.1
If the operatorA has full rank, i.e.A(x) = 0 implies thatx = 0, and if Z ≻ 0 and
S ≻ 0, then the linear system of equations in (3.16a)–(3.16c) has a unique solution.

Proof: See Theorem 10.2.2 in Wolkowicz et al. (2000) or (Todd et al., 1998, p. 777).

Solving (3.16a)–(3.16c) is a well-studied problem. The factthat it is a linear system of
equations enable a vectorization of the equations to obtain a more insightful description.
If the symmetric vectorization is applied to (3.16a)–(3.16c) the following linear system is
obtained:





A −In(n+1)/2 0
0 0 AT

0 H∆S H∆Z









vec(∆x)
svec(∆S)
svec(∆Z)



 =





svec(D1)
svec(D2)
svec(D3)



 , (3.17)

whereA ∈ Rn(n+1)/2×nx is the vectorization of the operatorA, i.e.,

A · vec(∆x) = svec
(

A(∆x)
)

. (3.18)

Since only real valued functions and variables are studied the vectorization of the adjoint
functionA corresponds to the transposed matrixAT . Furthermore,H∆S = R−1Z ⊗s R
andH∆Z = R−1 ⊗s SR are the vectorizations of the symmetrization operatorH.

It is important to notice thatH∆S andH∆Z are invertible and positive definite. It
is easily seen that a non-singular scaling matrixR make the functionH invertible. The
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system to be solved, (3.17), is a system of equations withnx + n(n + 1) variables. The
invertibility of the symmetrization operator implies the elimination of either the slack
variable∆S or the dual variable∆Z. Eliminating the slack variable∆S and reordering
the vectorized variables results in

(

H−1
∆SH∆Z A
AT 0

)(

svec(∆Z)
vec(∆x)

)

=

(

D1 −H−1
∆SD3

D2

)

. (3.19)

The system of equations in (3.19) is referred to as theaugmentedequations. The matrix
H−1

∆SH∆Z is positive definite. This is an indefinite linear system of equations, i.e., it has
a coefficient matrix with possibly both positive and negative eigenvalues.

The question of how to solve the augmented equations in optimization algorithms
has received an increased research interest. A linear system of equations in the form
(3.19) is also known asa saddle pointproblem in the literature and is a well-analyzed
problem. Presenting a complete reference list in this subject is impossible, though Benzi
et al. (2005) give a very thorough discussion of saddle-point problems. Furthermore, an
extensive overview of solution strategies is presented.

Although, (3.19) seems to have many tractable properties, the description has some
disadvantages. Solving an indefinite system of equations might not be preferred. The
number of variables is quite large, and the symmetric coefficient matrix enable a reduction
of variables. Eliminating the dual variable∆Z in (3.19) result in

−AT (H−1
∆SH∆Z)−1A · vec(∆x) = D2 −AT (H−1

∆SH∆Z)−1(D1 −H−1
∆SD3). (3.20)

This system of equations is referred to as thenormalequations. The coefficient matrix in
the normal equations is a definite matrix. This can be seen in (3.20), sinceH−1

∆SH∆Z is
positive definite andA has full rank.

Elimination of S when using the NT direction

In the previous section a discussion of how to solve a linear system of equations to ob-
tain the search direction was made. There the symmetry transformation was treated as
a general transformation. Naturally, specifying the scaling matrixR in (3.9) makes a
more detailed discussion possible. Here the solution of (3.16c) is presented for the NT
direction. The presentation follows the description in (Vandenberghe et al., 2005, page
31).

Inserting (3.14) and (3.15) into (3.9) result in

(RT
nt∆SRnt + R−1

nt ∆ZR−T
nt )λ + λ(R−1

nt ∆SR−T
nt + RT

nt∆ZRnt) = D3. (3.21)

Recall thatλ is a diagonal matrix. The solution to the homogeneous equation (D3 = 0) is

∆S = −RntR
T
nt∆ZRntR

T
nt. (3.22)

A particular solution for∆Z = 0 is

∆S = 2Rnt(D3 ⊙ Λ)RT
nt, (3.23)

whereΛij = 1/(λi + λj). Thus, all solutions to (3.16c) can therefore be written as

∆S = −RntR
T
nt∆ZRntR

T
nt + 2R(D3 ⊙ Λ)RT

nt. (3.24)
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When using the NT direction for SDP algorithms, (3.24) is used to eliminate∆S to obtain
a symmetric indefinite linear system of equations. If the symmetric vectorization is used,
the operatorsvec is applied to (3.24). Using the solution for the operator form (3.24) and
thus eliminating∆S in (3.16a)–(3.16c) results in

Wnt∆ZWnt +A(∆x) = D1 + 2Rnt(D3 ⊙ Λ)RT
nt (3.25)

A∗(∆Z) = D2, (3.26)

recalling thatWnt = RT
ntRnt.

Equivalently the normal equations can be written using operator formalism as

A∗
(

W−1
nt A(∆x)W−1

nt

)

= −D2 +A∗
(

W−1
nt (D1 + 2Rnt(D3 ⊙ Λ)RT

nt)W
−1
nt

)

. (3.27)

3.2.6 Line Search

A good line-search algorithm is the tool to obtain acceptable performance in an optimiza-
tion algorithm. For a line search algorithm, the search direction is assumed to be known
and the goal is to find a new iterate in the suggested direction that is acceptable to the
overall optimization algorithm. Furthermore, this should be done at a low computational
cost.

There are many available strategies to implement an efficient line search, especially
for optimization in general. In Nocedal and Wright (2006), line search methods for non-
linear problems are thoroughly discussed. For convex problems, there are mainly two
efficient and well-performing strategies. They are the exact line search method and the
back-tracking strategy, Boyd and Vandenberghe (2004).

Exact Line Search

The exact line search strategy is the natural answer to the updating problem that a line
search method is to solve. Let the objective function bef0(z) wheref0 : Z → R and
the search direction is denoted∆z. Then the step-lengthαels is found as

αels = argmin
α>0

f0(z + α∆z). (3.28)

Theoretically, the exact line search will produce the optimal iterate. However, the cost
of finding the optimal solution might be too large. An approximative method that finds a
step-length close to the optimal one at a low cost might be more effective in total for the
optimization algorithm.

Back-tracking

The back-tracking method is a well-proven method. The idea is to start with the current
iteratez and a pointz + α∆z in the direction imposed by the search direction. It is
important thatα is chosen large enough, usually it is chosen to one. The intention is to
enable the possibility that an acceptable iterate is located on the line connecting the current
iterate and the suggested iterate. If this is the case it is natural to decrease (back-track)
the step-lengthα until an acceptable iterate is found.
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α
α0α = 0

f0(z) + α〈∇f0(z),∆z〉

f0(z) + γα〈∇f0(z),∆z〉

f0(z + α∆z)

Figure 3.1: Illustration of back-tracking.

In Algorithm 3, a generic description is presented. The reason for presenting back-
tracking in such a general way, is to enlighten the possibility to use arbitrary conditions.
These conditions can reflect properties that are imposed by the optimization algorithm.
Later on in the thesis this will be utilized to monitor decrease in the objective function
combined with other conditions.

Algorithm 3 A generic back-tracking algorithm

1: Find a search direction∆z, denote the current iteratez ∈ D and a boolean evaluation
functiong(·).

2: Choose back-tracking parameterβ ∈ (0, 1).
3: α← 1
4: while g(z + α∆z) do
5: α← βα
6: end while

Now an algorithm comparable to the exact line search in (3.28)is sought, that is
that the objective functionf0(z) is to be minimized. This is often used in constrained
optimization. To interpret it as a special case of Algorithm 3, the boolean test function
g(z + α∆z) is to be chosen to be true when

f0(z + α∆z) > f0(z) + γα〈∇zf0(z),∆z〉 (3.29)

and false otherwise. In (3.29),γ is a tuning parameter.

3.3 Inexact Infeasible Predictor-Corrector Method

All discussions of solving the equations defining the search directions have been discussed
in the context of exact solutions. It is a possibility to solve for the search direction inex-
actly and to obtain an inexact solution if the algorithm is altered to handle inexact search
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directions. If a feasible method is used, the use of inexact solutions to the search direction
equations implies that a projection is needed. The inexact search direction obtained will
most likely not produce a feasible iterate with a non-zero step length and hence must a
proposed iterate be projected onto the feasible space, possibly at a high computational
cost. Furthermore, the projection might decrease the rate of convergence. However, if an
infeasible method is used, no projection is needed. An important issue is that the direction
must be exact or close to exact in the final steps in the algorithm. Unless this is imposed,
one might never become feasible and the convergence is lost. This make the convergence
proofs for inexact method slightly more intricate. In Chapter 6 such an algorithm is pro-
posed and discussed.



4
Solving Linear Equations

Different aspects of solving linear systems of equations are discussed in this chapter.
The question of finding the solution of a system of equations is an intricate issue for
large scale systems and the problem knowledge should be taken into account. If the size
of the problem is large, iterative strategies could be worth investigating. Here several
different alternatives are presented as a background to the choices made in the interior-
point method to be presented in the next chapter.

4.1 Problem Statement

As discussed in Section 3.2.5, the main computational cost in an interior-point method is
the solution of a linear system of equations

Ax = b, (4.1)

whereA ∈ Rn×n is the coefficient matrix,b ∈ Rn is the right-hand side vector and
x ∈ Rn is the vector valued variable.

Choosing solution strategy for (4.1) is highly problem dependent. There are many
solution strategies to a linear system of equations. It is the properties of the problem that
give guidance. If the coefficient matrixA is hermitian or symmetric, the equation solver
should exploit this structure to obtain better numerical stability and to obtain an efficient
algorithm.

Another important property is if the coefficient matrix in definite of indefinite. A
positive definitematrix is a matrix with positive and real eigenvalues. Conversely, anin-
definitematrix has both positive and negative eigenvalues. For the application of interior-
point methods, the distribution of the eigenvalues follows from the choices discussed in
Section 3.2.5. For the indefinite case, the linear system of equations can be written as

(

A B
BT 0

)(

x
y

)

=

(

b
c

)

, (4.2)
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whereA ∈ Sn−m is positive definite,B ∈ Rn×m, x ∈ Rn, y ∈ Rm andb ∈ Rn.
In this thesis solvers of two different classes are considered. The classes aredirect

methodsand iterative methods. Direct methods calculate the solution and can return an
answer only when finished. As a contrast, an iterative solver start with an initial guess as
a proposed solution. Then for each iteration in the solution scheme, the solver refines the
suggested solution and can be terminated prior to convergence.

4.2 Direct Methods

For direct methods, the solution procedure of linear systems of equations is well-studied
in the literature. The strategy is to manipulate the equations step by step such that the
variables are finally obtained. The well knownGaussian eliminationtechnique is the
basic algorithm to solve (4.1). In practice, Gaussian elimination is not used to find the
solution directly. Instead it is the basic tool forfactorization. An example is the LU-
factorization. For details of direct methods, see Golub and Van Loan (1983).

It is known that any matrixA ∈ Rn×n can be factorized as

A = PLU, (4.3)

whereP ∈ Rn×n is a permutation matrix,L ∈ Rn×n is a lower triangular matrix and
U ∈ Rn×n is upper triangular and nonsingular. To solve (4.1), one need to solve three
consecutive systems of equations. For each sub-step, the solution of the system of equa-
tions is a simple procedure since a system of equations with a triangular coefficient matrix
is easy to solve. Solving for a permutation matrix is in principle immediate. In Algo-
rithm 4 the solution of a linear system of equations using LU factorization is presented.

Algorithm 4 Solving a linear system of equations using LU factorization

1: Factorize the coefficient matrix:
A = PLU

2: Solve for the permutation:
Py = b

3: Forward substitution:
Lz = y

4: Backward substitution:
Ux = z

Utilizing sparseness or structure will improve the performance of a direct method. The
discussion of utilizing sparseness lies outside the scope of this thesis and is therefore not
further investigated. However, if the coefficient matrix is positive definite and symmetric,
as in the previous chapter, theCholesky factorizationis an important factorization. This is
a special case of the LU factorization, Quarteroni et al. (2006). A Cholesky factorization
for a symmetric and positive definite matrixA ∈ Sn

++ is defined as

A = LLT , (4.4)

whereL is a lower triangular and nonsingular matrix with positive diagonal elements.
Using (4.4) reduces the solution procedure of (4.1) to two triangular systems to be solved.



4.3 Iterative Methods 29

Using direct methods is often utilized in optimization algorithms and result in numeri-
cally stable and efficient implementations. However, there is one aspect when using direct
solvers for linear systems of equations which can deteriorate performance. The factoriza-
tion is a memory consuming process. If the number of variablesn is large, the use of
factorization might be impossible. Storage of factorization matrices and the intermediate
steps require memory that is not always available on an ordinary work station. For this
reason iterative solvers have gained an increasing interest in optimization of large scale
problems.

4.3 Iterative Methods

In iterative methods, the basic issue is whether one can solve a system of equations using
matrix-vector products. If this is the case and the number of calculated products is low,
such a method might outperform a direct method. Perhaps the solution is not exact, but if
a good approximation of the solution is obtained at a low computational cost, this could be
used to speed up an optimization algorithm. Hence, the use of iterative methods to solve
linear systems of equations is interesting for optimization, even if only an inexact solution
is obtained. In Quarteroni et al. (2006), Greenbaum (1997), Saad (1996) and Barrett et al.
(1994) iterative solvers are discussed. Additionally, in Gutknecht (1997) iterative solvers
based on the Lanczos methods are discussed.

Methods based on orthogonalization appear in the 1950’s. Two examples are the
Arnoldi method, Arnoldi (1951), and the Lanczos method, Lanczos (1952). They are the
first two methods that work with orthogonal sequences of vectors. Another well known
procedure is the work for definite system of equations known as theconjugate gradi-
entmethod, independently discovered by Hestenes and Stiefel. Their work was summa-
rized and presented in a joint paper, Hestenes and Stiefel (1952). The conjugate gradient
method is sometimes referred to as a direct method. This is due to the original presenta-
tion, where global convergence inn iterations was shown. For the convergence to hold,
exact arithmetic is needed. The method did not show as good performance as other di-
rect methods, hence the interpretation as an iterative method in finite precision arithmetic
raised the method as an important method.

Iterative methods can be divided into two separate classes. There are thestationary
methods andnon-stationary methods. The stationary methods were first developed. Any
iterate in such methods can be written as

x(k+1) = Bx(k) + c, (4.5)

where neither the matrixB nor the vectorc depend on the iteration indexk. Examples of
stationary methods are theJacobimethod, theGauss-Seidelmethod, thesuccessive over-
relaxation (SOR) and thesymmetric successive overrelaxation(SSOR) method. These
methods have moderate performance and are hence not the main focus in this work. For
details and algorithm descriptions, see Barrett et al. (1994).

The class of non-stationary methods contain methods recently developed. These
methods have good convergence properties and is still an evolving area with active re-
search. A non-stationary method has an update scheme that is varying for every iterate of
the algorithm.
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4.3.1 Krylov Subspace Methods

All described iterative methods, except for the conjugate gradient method, are of the class
of Krylov subspace methods, i.e., the methods operate in the space called the Krylov
subspace.

Definition 4.1. TheKrylov subspacefor a matrixA ∈ Rn×n and a vectorv ∈ Rn is

Km(A, v) = span{v,Av, . . . , Am−1v}. (4.6)

For a fixedm, it is possible to find an orthonormal basis for the Krylov subspace, this
algorithm is known as theArnoldi algorithm, (Quarteroni et al., 2006, p. 160) and Arnoldi
(1951). An interesting point is that the Gram-Schmidt procedure is a special case of the
Arnoldi algorithm when choosingv(1) = v/‖v‖2.

If the coefficient matrix is symmetric, the calculations to find a set of basis vectors are
simplified. The Lanczos method, Lanczos (1952), can be interpreted as a special case of
the Arnoldi algorithm for a symmetric matrix.

4.3.2 Preconditioning

The performance of an iterative solver is highly dependent of the spectral properties of
the coefficient matrixA. The ideal case is whenA = In. Naturally, this is not the case in
applications. In order to improve the convergence properties, the idea of preconditioning
has been developed. To illustrate preconditioning, rewrite (4.1) as

M−1A = M−1b, (4.7)

whereM ∈ Rn×n is the so-calledpreconditioner. The preconditioned system of equa-
tions (4.7) has the same solution as the original problem, but if the preconditioner is
wisely chosen, the spectral properties are more favorable. For a detailed discussion of
preconditioners, see Greenbaum (1997) and Barrett et al. (1994).

Studying (4.7) reveal the main issues when designing a preconditioner. The precondi-
tioner should approximate the coefficient matrix, i.e,M ≈ A. Here the main trade-off is
noted. To obtain fast convergence in an iterative solver, the preconditioner is to approxi-
mateA with high accuracy. If an approximation with high accuracy is chosen, applying
the preconditioner could be computationally demanding. However, if the preconditioner
is a poor approximation ofA, applying the preconditioner can often be computationally
cheap. Naturally a poor approximation leads to more iterations in the solver, but if the
iterations have a low computational cost, the overall cost might be reduced.

It is important to note that the productM−1A never is formed explicitly in an iterative
solver. Instead the preconditioner is applied toAx(i). Hence, the matrix-vector multipli-
cation is followed by the solution of a linear system of equations withM as coefficient
matrix.

The procedure described in (4.7) can naturally be extended to also incorporate matrix
multiplication from the right hand side. Then the problem can be written as

M−1
1 AM−1

2 (M2x) = M−1
1 b, (4.8)
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whereM1 ∈ Rn×n and M2 ∈ Rn×n are the left and right preconditioners, respectively.
Using a right hand preconditioner can be interpreted as a temporary change of variables,
x̃ = M2x.

There are in general two classes of preconditioners. The first is based on an direct ap-
proximation of the coefficient matrix, while the second is found by premature termination
of factorization schemes.

Approximation

In the class of approximation based preconditioners, all schemes that try to simplify the
structure in the coefficient matrix are included. Approximating the matrixA is based
on knowledge of the structure of the matrix. A simple preconditioner that illustrate the
approximation idea is theJacobi preconditioning. There the matrix is approximated by
its diagonal elements

Mij =

{

Aii i = j

0 i 6= j
. (4.9)

This strategy is applicable to all matrices, but symmetric and positive definite matrices are
the natural candidates for Jacobi preconditioning. A natural extension is to take block-
diagonal elements instead. This is referred to asblock Jacobi methods.

When approximating the coefficient matrix, the preconditioner might be symmetric
or not. It need not to mimic the structure of the original coefficient matrix if another
structure is preferred to obtain low computational complexity. This is a choice made by
the user.

Incomplete Factorization

Solving a linear system with an incomplete factorization preconditioner is rather intuitive.
The preconditioner is obtained by an alteration of a factorization scheme. The alternation
is to abort the factorization prior to a complete factorization or to factorize parts of the
coefficient matrix. For example, the incomplete LU (Cholesky) factorization make the
following factorization

A ≈ PL̃Ũ , (4.10)

where L̃ is a lower triangular matrix and̃U is an upper triangular matrix. Using the
incomplete factorization result in two simple forward or backward substitutions, i.e., as
an ordinary factorization.

A practical issue is that in many cases the incomplete factorizations give a factoriza-
tion

A ≈ (D + L̃)D−1(D + Ũ) (4.11)

whereD is a diagonal matrix and̃L, Ũ are triangular matrices. This alteration does not
impose any problems. The consecutive solution ofx is still based on the two backward
substitutions

(D + L̃)z = y (4.12)

and
(In + D−1Ũ)x = z (4.13)
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or the equivalent procedure
(In + L̃D−1)z = y (4.14)

and
(D + Ũ)x = z. (4.15)

As for other classes of preconditioners, structure exploitation is preferred when possible.
For example, utilizing block-structure, result in a so-called block-factorization.

4.3.3 Examples of Iterative Methods

There are, as previously mentioned, several methods in the class of iterative methods. In
this section some of the most commonly used methods are presented. The key features of
the methods are presented, while the choice of iterative method for the proposed inexact
optimization algorithm is postponed to a following chapter.

Conjugate Gradient

For the conjugate gradient (CG) method a thorough discussion is presented in Björck
(1996). It is the oldest and most investigated iterative solver of the class of non-stationary
methods. The CG method can be viewed as a special case of the Lanczos method applied
to a symmetric definite coefficient matrix.

This method requires a symmetric positive definite coefficient matrix and in addition
the preconditioner is required to be symmetric and positive definite. However, if a prob-
lem fulfills the requirements for the CG method, it is recommendable to use this method
since its performance is well-proven.

In exact arithmetic the method is proven to converge in a finite number of steps. The
number of steps is the problem parametern. Naturally, this does not hold for finite pre-
cision arithmetic, but the convergence properties with a good preconditioner are still at-
tractable.

MINRES

In the minimal residual (MINRES) method a symmetric indefinite coefficient matrix is
allowed. The method is derived from the minimization of the euclidean norm of the
residual, i.e.,

‖r(k)‖2 = ‖b−Ax(k)‖2 = min
v∈Wk

‖b−Av‖2, (4.16)

where the spaceWk is defined as

Wk = {v = x0 + y | y ∈ Kk(A, r(0))}. (4.17)

The MINRES method requires a symmetric positive definite preconditioner which is a
negative property. Since the preconditioner is preferably an approximation of the coeffi-
cient matrix, the restriction of a definite preconditioner forces the user to make a definite
approximation of an indefinite matrix.
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GMRES

The generalized minimal residual (GMRES) method is an extension of the previously
described MINRES method to accept a non-symmetric indefinite coefficient matrix. This
method also minimizes the euclidean norm for each iteration.

In exact arithmetic, it has been shown that GMRES has the tractable property of con-
vergence to an exact solution inn iterations. The number of matrix-vector products that
is to be calculated increases linearly with the number of iterations in the iterative solver.
GMRES has the fewest matrix-vector calculations needed to obtain a specific error toler-
ance when studying the iterative methods described in this chapter, (Greenbaum, 1997, p.
92). Hence is the method recommendable when the matrix-vector products are computa-
tionally expensive.

The full GMRES method is however an impractical method for large scale problems.
This is due to the storage of every iterate. Hence, if the number of iterations grow, the
storage requirements grow to an unacceptable limit. This issue is avoided by a restarting
strategy. Restarting is made as follows. Whenj steps of the algorithm have been made,
the method is aborted and the algorithm is restarted with the final iterate as an initial
guess.

BiCG and BiCGstab

The biconjugate gradient (BiCG) method is derived from the non-symmetrical Lanczos
method and is applicable to non-symmetric coefficient matrices. The non-symmetrical
Lanczos method is an extension of the Arnoldi method. The key idea is that abi-
orthogonalizationis made. In a bi-orthogonalization, two bases{v(1), . . . , v(m)} and
{z(1), . . . , z(m)} are generated for the Krylov subspacesKm(A, v(1)) andKm(AT , z(1))
such that

zT
(i)v(j) =

{

1 i = j

0 i 6= j
. (4.18)

A major issue with BiCG is that it requires matrix-vector products with the transposed
coefficient matrix. This implies that the method is not recommendable when the equation
is implicitly given as an operator equation (Barrett et al., 1994, p. 33).

The stabilized version of BiCG denoted bi-conjugate gradient stabilized (BiCGstab) is
an extension of the BiCG method. Here the transposed coefficient matrix is not required.

QMR and SQMR

Finally, the quasi minimal residual (QMR) method is presented. For the QMR method
a non-symmetric preconditioner is allowed while for the symmetry utilizing extension,
symmetric QMR (SQMR), a symmetric preconditioner is required. QMR has shown bet-
ter convergence properties than BiCG since it avoids one of the possible breakdowns in
BiCG (Greenbaum, 1997, p. 92). The computational cost is slightly higher than for BiCG.
QMR requires a matrix-vector multiplication with the transposed coefficient matrix. This
is avoided in SQMR.





5
System Analysis

In this thesis optimization algorithms for system analysis is presented and discussed. An-
alyzing a system is a broad term. In this chapter semidefinite programming will be used
to prove certain properties of a dynamical system. Additionally, some of the analysis
problems for which the proposed optimization algorithm is applicable are surveyed. First
some mathematical preliminaries are presented. This simplifies the description of the
analysis methods. Then the classical Lyapunov stability theory is discussed. Finally some
examples that result in optimization problems with LMIs as constraints are studied.

5.1 Preliminaries

In this section basic concepts used to derive stability conditions and to reformulate such
conditions to SDP problems are presented.

5.1.1 Schur-Complement

First the well known result, derived by Schur is presented. The description follows the
discussion made in (Boyd and Vandenberghe, 2004, page 650-651). First a definition is
made.

Definition 5.1. Let a matrixX ∈ Sn be partitioned as

X =

(

A B
BT C

)

If A is invertible, theSchur-complementS is defined as

S = C −BT A−1B
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Lemma 5.1 (Schur-complement formula)
ConsiderX ∈ Sn such that

X =

(

A B
BT C

)

and denote its Schur-complement withS. Then

• X ≻ 0 if and only ifA ≻ 0 andS ≻ 0.

• If A ≻ 0, thenX � 0 if and only ifS � 0.

5.1.2 Lyapunov Stability

Around year 1890 Lyapunov presented the famous theory regarding stability of dynamical
systems, which we now denote Lyapunov theory. In that work it was shown that a linear
time invariant system described by

ẋ(t) = Ax(t), A ∈ Rn×n (5.1)

is stable if and only if there exist a positive definite matrixP ∈ Sn, such that

AT P + PA ≺ 0. (5.2)

This stability analysis has been extended to a class of more general system descrip-
tions. If a linear time-varying system described as

ẋ = A(t)x(t), A(t) ∈ Ω, (5.3)

whereΩ ⊆ Rn×n, one can search for a quadratic Lyapunov function, to prove stability.
That is, if for a positive definiteP ∈ Sn the quadratic functionV (P, x) = xT Px fulfills

V̇ (P, x) < 0, (5.4)

then the system is stable. This condition must be satisfied for every trajectory given by
the solutions to (5.3). If satisfied, then all trajectories converge to zero. If stability holds
for a quadraticV (P, x) whenP ∈ Sn

++, the system is said to be quadratically stable.

5.2 Polytopic Linear Differential Inclusions

The presentation in this section follows the description given in Boyd et al. (1994). Now
the systems that are to be analyzed are defined. Adifferential inclusion(DI) is defined as

ẋ ∈ F (x(t), t)

x(0) = x0,
(5.5)

whereF is a set-valued function onRn × R+. If an x that is a solution to (5.5) is
found, it is denoted atrajectory. Note that nothing is said about uniqueness of a solution.
If a system is initiated with different starting conditionsx(0) the trajectories will not
be identical. The description in (5.5) is somewhat general to use in system analysis,
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especially if one wants to rewrite the problems as LMIs. Hence, the investigated class of
systems will be a special case of DIs.

A linear differential inclusion(LDI) is given by

ẋ ∈ Ωx(t)

x(0) = x0,
(5.6)

whereΩ ⊆ Rn×n. The presented description can be interpreted as a family of linear
time-varying systems. Hence, every trajectory can be described as the solution of

ẋ = A(t)x

x(0) = x0,
(5.7)

for someA : R+ → Ω. Conversely, for anyA : R+ → Ω, the solution to (5.7) is a
trajectory to (5.6).

The description of dynamical systems previously presented is sufficient when study-
ing system properties. For analysis and control of systems within the area of automatic
control, external inputs are of interest. To add input and output signals we define

ẋ = A(t)x + Bu(t)u + Bw(t)w, x(0) = x0

z = Cz(t)x + Dzu(t)u + Dzw(t)w,
(5.8)

whereu : R+ → Rnu is the control input,w : R+ → Rnw is an exogenous input
(disturbance) andz : R+ → Rnz is the output signal. Furthermore,

(

A(t) Bu(t) Bw(t)
Cz(t) Dzu(t) Dzw(t)

)

∈ Ω, (5.9)

for all t ≥ 0, whereΩ ⊆ R(n+nz)×(n+nu+nw).
Note that the description in (5.9) is quite general. Adding additional properties to the

system matrices yield special cases. The most common is to study linear time-invariant
systems, i.e.,

Ω =

{(

A Bu Bw

Cz Dzu Dzw

)}

(5.10)

In this thesis we will assume that the system matrices vary within a convex set. Using a
polytopic description, result in a description that can be formulated in terms of the vertices
of the set. In other words apolytopic linear differential inclusion(PLDI) is described by
(5.9) and

Ω = conv

{(

A1 Bu,1 Bw,1

Cz,1 Dzu,1 Dzw,1

)

, . . . ,

(

Ap Bu,p Bw,p

Cz,p Dzu,p Dzw,p

)}

. (5.11)

Describing the system properties as PLDIs is quite general. Solutions of nonlinear sys-
tems can be elements of the set of solutions to PLDIs.

Quadratic stability for a PLDI holds, if and only if there exist a matrixP ∈ Sn
++ such

that
AT

i P + PAi ≺ 0, i = 1, . . . , p. (5.12)

Now some examples of system analysis problems are presented. In every example the
polytopic description is used. Detailed descriptions of the examples can be found in Boyd
et al. (1994).
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5.2.1 Input-to-State Properties

We now study input-to-state properties for

ẋ = A(t)x + Bw(t)w, x(0) = 0
(

A(t) Bw(t)
)

∈ conv
{ (

A1 Bw,1

)

, . . . ,
(

Ap Bw,p

) }

.
(5.13)

Reachable Sets with Unit-Energy Inputs

Here a system with unit-energy inputs is studied. Let the system description be (5.13).
Then the set of reachable states within timeT ≥ 0 is

Rue =
{

x(T ) |
T
∫

0

wT w dt ≤ 1
}

. (5.14)

We want to boundRue by the ellipsoid

E = {ξ | ξT Pξ ≤ 1} (5.15)

Suppose that there is a quadratic functionV (ξ) = ξT Pξ, whereP ∈ Sn
++ that satisfies

V̇ (x) ≤ wT w. (5.16)

The question is if the ellipsoids in (5.15) contains the reachable setRue. This is shown
by integrating (5.16) from0 to T ,

V (x(T ))− V (x(0)) ≤
T
∫

0

wT w dt. (5.17)

Using the initial conditionx(0) = 0 results in

V (x(T )) ≤
T
∫

0

wT w dt ≤ 1, (5.18)

for everyT ≥ 0 and every inputw that satisfies
∫ T

0
wT w dt ≤ 1. This implies that the

ellipsoidE contains the reachable setRue.
Condition (5.16) holds for a PLDI if and only if, (Boyd et al., 1994, page 78),

(

A(t)T P + PA(t) PBw,i(t)
BT

w,i(t)P −Inu

)

� 0, t ≥ 0. (5.19)

This is equivalent to
(

AT
i P + PAi PBw,i

BT
w,iP −Inu

)

� 0, i = 1, . . . , p, (5.20)

whereP ∈ Sn
++. Now an LMI that is applicable to an algorithm described in a following

section is obtained. The requirement of finding aP ∈ Sn
++ can be omitted if stabilizable

systems are studied. ThenP ∈ Sn
++ will be implied by the requirement (5.20). As

objective function〈In, P 〉 can be chosen. Maximizing this will result in an ellipsoid
where the sum of square of the lengths of the semi-axis of the ellipsoid is as small as
possible.
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5.2.2 State-to-Output Properties

For this example the system description is

ẋ = A(t)x

z = Cz(t)x
(

A(t)
Cz(t)

)

∈ conv

{(

A1(t)
Cz,1(t)

)

, . . . ,

(

Ap(t)
Cz,p(t)

)}

.

(5.21)

Bounds on Output Energy

The maximum output energy for a system is given by

max
{

∞
∫

0

zT z dt | ẋ = A(t)x, z = Cz(t)x
}

, (5.22)

wherex(0) is assumed to be known. Then suppose that there exist a quadratic function
V (ξ) = ξT Pξ, whereP ∈ Sn

++ such that

V̇ (x) ≤ −zT z (5.23)

for all x andz satisfying (5.22). Integrating (5.23) result in

V (x(T ))− V (x(0)) ≤ −
T
∫

0

zT z dt (5.24)

for everyT ≥ 0. SinceV (x(T )) ≥ 0, it is concluded thatV (x(0)) = x(0)T Px(0) is an
upper bound for the energy for the outputz when the initial statex(0) is known. For a
PLDI, condition (5.23) is equivalent to

A(t)T P + PA(t) + CT
z,i(t)Cz,i(t) � 0, t ≥ 0. (5.25)

This holds if and only if

AT
i P + PAi + CT

z,iCz,i � 0, i = 1, . . . , p, (5.26)

whereP ∈ Sn
++. If one of the pairs(Ai, Ci) is detectable, that is, there exist anP ∈ Sn

++

such that

AT
i P + PAi − CT

z,iCz,i ≺ 0, (5.27)

thenP ∈ Sn
++ will be implied by (5.26) and can hence be omitted. To find the smallest

upper bound on (5.26) we may minimize〈x(0)x(0)T , P 〉 with respect to (5.26).
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5.2.3 Input/Output Properties of PLDIs

Finally input/output properties are studied. For that purpose the following system descrip-
tion is used,

ẋ = A(t)x + Bw(t)w, x(0) = x0

z = Cz(t)x + Dzww
(

A(t) Bw(t)
Cz(t) Dzw(t)

)

∈ conv

{(

A1 Bw,1

Cz,1 Dzw,1

)

, . . . ,

(

Ap Bw,p

Cz,p Dzw,p

)}

.

(5.28)

Here two examples of input and output properties will be presented.

L2- and RMS-gains

In this example it is assumed thatDzw(t) = 0. Define theL2-gain of (5.28) as

sup
‖w‖2 6=0

‖z‖2
‖w‖2

, (5.29)

where theL2-norm of a signalu is ‖u‖22 =
∫∞

0
uT u dt. Now assume that there exist a

functionV (ξ) = ξT Pξ, P ∈ Sn
++ andγ ≥ 0 such that

V̇ (x) + zT z − γ2wT w ≤ 0, (5.30)

for all x andw satisfying (5.28). Then theL2-gain of the LDI is less thanγ if (5.30) is
satisfied.

To show that (5.30) implies that theL2-gain is less thanγ, integrate it from0 to T
with x(0) = 0 resulting in

V (x(T )) +

T
∫

0

(zT z − γ2wT w) dt ≤ 0. (5.31)

SinceV (x(T )) ≥ 0 theL2-gain is less thanγ.
Inserting the system description (5.21) into the previous condition, result in that an

equivalent condition to (5.30) is

(

AT
i P + PAi + CT

z,iCz,i PBw,i

BT
w,iP −γ2Inu

)

� 0, i = 1, . . . , p, (5.32)

whereP ∈ Sn
++.

Assuming that the pairs(Ai, Cz,i) are detectable, result in that the conditionP ∈ Sn
++

can be omitted since it is implied by (5.32). The smallest gainγ is obtained by minimizing
γ2 subject to (5.32).
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Dissipativity

A system (5.28) withnz = nw is said to havedissipationη if

T
∫

0

(wT z − ηwT w) dt ≤ 0

holds for all trajectories, whenx(0) = 0 andT ≥ 0.
Suppose again that there exist a quadratic functionV (ξ) = ξT Pξ, P ∈ Sn

++ such that

V̇ (x)− 2wT z + 2ηwT w ≤ 0, (5.33)

for x andw that satisfy (5.28).
Showing that condition (5.33) implies dissipationη is done as follows. Integrating

(5.33) from0 to T with x(0) = 0 yields

V (x(T ))−
T
∫

0

(2wT z − 2ηwT w) dt ≤ 0. (5.34)

SinceV (x(t)) ≥ 0, condition (5.33) is satisfied.
For a polytopic system description an equivalent condition to (5.33) is

(

AT
i P + PAi PBw,i − CT

z,i

BT
w,iP − Cz,i 2ηInu

− (DT
zw,i + Dzw,i)

)

� 0, i = 1, . . . , p. (5.35)

The largest dissipation is found by a maximization overη.





6
A Tailored Inexact Primal-Dual

Interior-Point Method

In this chapter an inexact primal-dual interior-point method for an SDP problem applica-
ble to the analysis problems of the previous chapter is presented. The optimization prob-
lem is defined and studied. The use of an inexact method enable the use of an iterative
solver that is terminated prior to convergence in order to speed up the convergence. The
performance of an iterative solver relies heavily on the choice of a preconditioner. Here
two different suggestions are made. In the suggested preconditioners different approxima-
tions are made. These approximations are valid in different stages in the algorithm. Hence
will a switch between the preconditioners speed up the convergence of the optimization
algorithm. The proposed algorithm is evaluated in a simulation study.

The idea of using inexact search directions has been applied to model predictive con-
trol applications in Hansson (2000) and to monotone variational inequality problems in
Ralph and Wright (1997). Inexact search directions have also been applied for a poten-
tial reduction method in Vandenberghe and Boyd (1995), Gillberg and Hansson (2003)
and Cafieri et al. (2007). We remark that the problem formulation in (6.1) covers all the
analysis problems in Chapter 5.

6.1 Problem Definition

Define the optimization problem to be solved as

min cT x + 〈C,P 〉 (6.1)

s.t.Fi(P ) + Gi(x) + Mi,0 = Si, i = 1, . . . , ni

Si � 0

where the decision variables areP ∈ Sn, x ∈ Rnx andSi ∈ Sn+m. The variablesSi are
slack-variables and only used to obtain equality constraints. Each constraint is composed

43
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of the operators

Fi(P ) =

[

Li(P ) PBi

BT
i P 0

]

=

[

AT
i P + PAi PBi

BT
i P 0

]

(6.2)

and

Gi(x) =

nx
∑

k=1

xkMi,k, (6.3)

with Ai ∈ Rn×n, Bi ∈ Rn×m andMi,k ∈ Sn+m. The inner product〈C,P 〉 is Tr(CP ),
andLi : Sn → Sn is the Lyapunov operatorLi(P ) = AT

i P + PAi with adjoint
L∗

i (X) = AiX + XAT
i . Furthermore, the adjoint operators ofFi andGi are

F∗
i (Zi) =

[

Ai Bi

]

Zi

[

In

0

]

+
[

In 0
]

Zi

[

AT
i

BT
i

]

(6.4)

and
G∗i (Zi)k = 〈Mi,k, Zi〉, k = 1, . . . , nx (6.5)

respectively, where the dual variableZi ∈ Sn+m.
When we study (6.1) on a higher level of abstraction the operator

A(P, x) = ⊕ni

i=1(Fi(P ) + Gi(x)) (6.6)

is used. Its adjoint is

A∗(Z) =

ni
∑

i=1

(F∗
i (Zi),G∗i (Zi)), (6.7)

whereZ = ⊕ni

i=1Zi. Also defineS = ⊕ni

i=1Si andM0 = ⊕ni

i=1Mi,0.
Now recall some definitions and assumptions made previously in the thesis. First

definez = (x, P, S, Z) and the corresponding finite-dimensional vector spaceZ = Rnx×
Sn × Sni(n+m) × Sni(n+m) with its inner product〈·, ·〉Z . Throughout the chapter it is
assumed that the mappingA has full rank.

Recall that the duality measureν is defined as

ν =
〈Z, S〉

ni(n + m)
. (6.8)

We remark that the problem formulation in (6.1) covers all the analysis problems in Chap-
ter 5.

6.2 Algorithm

Now the optimization algorithm can be presented. The algorithm is an inexact infeasible
primal-dual predictor-corrector interior-point method. Using an infeasible method allow
the use of inexact search directions. In order to make the algorithm converge, it is based
on a neighborhood with a decreasing bound. The solver for the search directions solve
a linear system of equations in each iterate with a decreasing error bound. Hence, the
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algorithm increases the accuracy in the solution of the search direction when tending
toward the optimum.

For later use and to obtain an easier notation defineK : Z → Sni(n+m)×Sn×Rnx×
Sni(n+m) as

K(z) =





Kp(z)
Kd(z)
Kc(z)



 =





A(P, x) + M0 − S
A∗(Z)− (C, c)
H(ZS)



 . (6.9)

Now we define the setΩ that will be used in the algorithm to define a neighborhood for
an iterate. Define the setΩ as

Ω = {z = (x, S, Z) | S � 0, Z � 0,

‖Kp(z)‖2 ≤ βν, ‖Kd(z)‖2 ≤ βν,

γνIni(n+m) � Kc(z) � ηνIni(n+m)},
(6.10)

where the scalarsβ, γ andη will be defined later on. Finally define the setS for which
the Karush-Kuhn-Tucker conditions are fulfilled.

S = {z | Kp(z) = 0, Kd(z) = 0, Kc(z) = 0, S � 0, Z � 0}. (6.11)

This is the set the algorithm is to converge toward. For a convex problem, the discussion
in Section 2.3 reveals thatS is a single point.

In Algorithm 5 the overall algorithm is summarized, which is taken from Ralph and
Wright (1997), and adapted to semidefinite programming.

Algorithm 5 Inexact primal-dual method

1: Choose0 < η < ηmax < 1, γ ≥ ni(n+m), β > 0, κ ∈ (0, 1), 0 < σmin < σmax ≤
1/2, ǫ > 0, 0 < χ < 1 andz(0) ∈ Ω.

2: j ← 0
3: while Termination criteria > limitdo
4: if j eventhen
5: σ ← σmax

6: else
7: σ ← σmin

8: end if
9: Compute the scaling matrixR

10: Solve (3.12a)–(3.12c) for search direction∆z(j) with a residual toleranceǫσβν/2
11: Choose a step lengthα(j) as the first element in the sequence{1, χ, χ2, . . .} such

thatz(j+1) = z(j) + α(j)∆z(j) ∈ Ω and such thatν(j+1) ≤
(

1− ακ(1− σ)
)

ν(j).
12: Update the variable,z(j+1) = z(j) + α(j)∆z(j)

13: end while
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6.3 Iterative Solver

It is the solution of (3.12a)–(3.12c), which is performed in Step10 of the algorithm, that
requires the most effort in an interior-point method. In order to study (3.12a)–(3.12c) in
more detail rewrite them as

Wi∆ZiWi + Fi(∆P ) + Gi(∆x) = Di
1, i = 1, . . . , ni (6.12a)

ni
∑

i=1

F∗
i (∆Zi) = D2 (6.12b)

ni
∑

i=1

G∗i (∆Zi) = D3, (6.12c)

whereWi = RiR
T
i ∈ Sn. In this workWi are the Nesterov-Todd (NT) directions. For

details on the NT scaling matrix see Nesterov and Todd (1997). Note that the linear
system of equations (6.12a)–(6.12c) is indefinite.

Here the symmetric quasi-minimal residual method (SQMR) is chosen as the solver
to find the search directions. The SQMR method does not require inner products with
the transposed coefficient matrix. In the SQMR method an indefinite preconditioner is
allowed. Another positive property is that this method does not require as much storage
as the theoretically optimal GMRES solver. Finally, the solver has better convergence
properties than the BiCG method, (Greenbaum, 1997, page 92). An undesired property is
that the residual is not included in the algorithm. Hence, it must be calculated if the norm
of the residual is required by the interior-point solver.

In Freund and Nachtigal (1991) and Freund and Nachtigal (1994) the original SQMR
algorithm description is presented. To simplify the description, we rewrite (6.12a)–
(6.12c) asB(∆z) = b and denote the invertible preconditioner asP(·). The algorithm
described is SQMR without look-ahead for the linear system of equations using operator
formalism. In Algorithm 6 the detailed description is presented.

6.4 Preconditioning

The construction of a good preconditioner is highly problem dependent. A preconditioner
should reflect the main properties of the original system of equations and still be inexpen-
sive to evaluate. There is a wide variety of preconditioners in the literature. In Benzi et al.
(2005) the general class of saddle point problems are studied and some preconditioners
are discussed. In this section only the preconditioners applicable to an indefinite system
of equations are discussed.

There are many strategies to approximate the linear system of equations to obtain a
preconditioner. A popular choice is to approximate the symmetric and positive definite
(1, 1)-block of the coefficient matrix with some less complicated structure. Common
approximations are to use a diagonal matrix or a block-diagonal matrix. A collection
of such methods can be found in Bonettini and Ruggiero (2007), Forsgren et al. (2007),
Dollar et al. (2006), Bergamaschi et al. (2004) and Keller et al. (2000). The preconditioner
used in the initial stage of the defined algorithm and defined in Algorithm 7 uses this
approximation.
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Algorithm 6 SQMR on operator formalism

1: Choose∆z(0) ∈ Z and preconditionerP(·)
2: r0 ← b− B(z(0))
3: t← r0

4: τ0 ← ‖t‖2 =
√

〈r0, r0〉
5: q0 ← P−1(r0)
6: ϑ0 ← 0
7: ρ0 ← 〈r0, q0〉
8: d0 ← 0
9: for j = 1, 2, . . . do

10: t← B(qj−1)
11: vj−1 ← 〈qj−1, t〉
12: if vj−1 = 0 then
13: stop
14: else
15: αj−1 ← ρj−1

vj−1

16: rj ← rj−1 − αj−1t
17: end if
18: t← rj

19: ϑj ← ‖t‖2/τj−1

20: cj ← 1/
√

1 + ϑ2
j

21: τj ← τj−1ϑjcj

22: dj ← c2
jϑ

2
j−1dj−1 + c2

jαj−1qj−1

23: ∆zj ← ∆zj−1 + dj

24: if ∆zj has convergedthen
25: stop
26: end if
27: if ρj−1 = 0 then
28: stop
29: else
30: uj ← P−1(t)
31: ρj ← 〈rj , uj〉
32: βj ← ρj

ρj−1

33: qj ← uj + βjqj−1

34: end if
35: end for
Hereb, p, r, t, q, d ∈ Z andτ , ϑ, ρ, v, α, c ∈ R.
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Another strategy of preconditioning is to replace the coefficient matrix with a non-
symmetric approximation that is easier to solve, as described in Benzi and Golub (2004)
and Botchev and Golub (2006).

Finally, incomplete factorizations can be used. This is recommendable especially for
sparse matrices, see Saad (1996) for further details.

In this work a two phase algorithm is described. The two separate phases are related
to the change of properties when the iterates in the interior-point algorithm tend toward
the optimum. The use of two separate preconditioners have previously been applied to
linear programming problems in Chai and Toh (2007) and Bocanegra et al. (2007).

6.4.1 Preconditioner I

To derive the preconditioner, assume that the constraints are closely related and therefore
an approximation assumingAi = Ā, Bi = B̄ andMi,k = M̄k is applicable. Inserting
the average system matrices̄A , B̄ andM̄k into (6.12a)–(6.12c) results in the following
equations

Wi∆ZiWi + F̄(∆P ) + Ḡ(∆x) = Di
1, i = 1, . . . , ni (6.13a)

F̄∗
(

ni
∑

i=1

∆Zi

)

= D2 (6.13b)

Ḡ∗
(

ni
∑

i=1

∆Zi

)

= D3. (6.13c)

ApproximateWi with wi·In+m and denotewΣ =
∑ni

i=1 1/w2
i . Now rescale the equations

and define the new variables∆Ztot =
∑

i ∆Zi, ∆PΣ = ∆P · wΣ and∆xΣ = ∆x · wΣ.
The simplified linear system of equations that is to be solved by the preconditioner is

∆Ztot + F̄(∆PΣ) + Ḡ(∆xΣ) =

ni
∑

i=1

Di
1

w2
i

(6.14a)

F̄∗(∆Ztot) = D2 (6.14b)

Ḡ∗(∆Ztot) = D3. (6.14c)

Now define the block structure

∆Ztot =

(

∆Z11 ∆Z12

∆ZT
12 ∆Z22

)

. (6.15)

To derive a method for solving (6.14a)–(6.14c) we use the following change of variables

∆Z̃11 = ∆Z11 + L−∗
(

B̄∆ZT
12 + ∆Z12B̄

T
)

(6.16a)

∆Z̃12 = ∆Z12 (6.16b)

∆Z̃22 = ∆Z22 (6.16c)

∆P̃ = ∆P + L−1

( nx
∑

k=1

∆xkM̄k,11

)

(6.16d)

∆x̃ = ∆x, (6.16e)
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whereM̄k,11 denotes the(1, 1)-block of theM̄k matrices andL is the Lyapunov operator
usingĀ.

Now applyL−1(·)B̄ to the (1, 1)-block of (6.14a) and subtract it from the(1, 2)-
block in (6.14a). Additionally apply〈L−∗(·),Mk,11〉 to (6.14b) and subtract it from the
k:th element in (6.14c). Using the variable change defined in (6.16a)–(6.16e) results in
the following linear system of equations

∆Z̃11 − L−∗(B̄∆Z̃T
12 + ∆Z̃12B̄

T ) + L
(

∆P̃
)

=

ni
∑

i=1

Di
1,11

w2
i

(6.17a)

∆Z̃12 + L−1
(

L−∗(B̄∆Z̃T
12 + ∆Z̃12B̄

T )
)

B̄−

−L−1(∆Z̃11)B̄ +

nx
∑

k=1

xk

(

M̄k,12 − L−1(M̄k,11)B̄
)

=

=

ni
∑

i=1

Di
1,12

w2
i

− L−1

( ni
∑

i=1

Di
1,11

w2
i

)

B̄ (6.17b)

∆Z̃22 +

nx
∑

k=1

∆xjM̄k,22 =

ni
∑

i=1

D1,22

w2
i

(6.17c)

L∗
(

∆Z̃11

)

= D2 (6.17d)
〈[

−L−∗
(

B̄∆Z̃T
12 + ∆Z̃12B̄

T
)

∆Z̃12

∆Z̃T
12 ∆Z̃22

]

,

[

M̄11
k M̄12

k

M̄12T

k M̄22
k

]〉

=

= D3,k − 〈L−∗
(

D2

)

, M̄k,11〉. (6.17e)

The resulting linear system of equations can be solved in a five step procedure.

Algorithm 7 Preconditioner I

1: Solve (6.17d) for∆Z̃11 using a Lyapunov solver.
2: Vectorize and solve (6.17b), (6.17c) and (6.17e) to retrieve∆Z̃12, ∆Z̃22 and∆x. The

vectorized linear system of equations has(nm+m2)+(m(m+1)/2)+nx variables
and can thus be solved inO(n3) flops (assumingn≫ m andn≫ nx).

3: Solve (6.17a) using a Lyapunov solver to obtain∆P̃ .
4: Compute the untransformed variables∆Ztot, ∆P and∆x using (6.16a)–(6.16e).
5: Distribute the solution such that

∆Zi = (Di
1 −Fi(∆P )− Gi(∆x))/w2

i .

Note that the coefficient matrix for the vectorized system of equations in Step 2 in the
algorithm needs only to be constructed once. The main cost is the solution of Lyapunov
equations. This can be done at a cost ofO(n3).

It is noted that the assumptions made to derive the preconditioner is not guaranteed to
be fulfilled for a general problem. It is obvious that if these assumptions are violated the
convergence speed will deteriorate for the iterative solver.
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6.4.2 Preconditioner II

The inspiration to Preconditioner II is found in Gill et al. (1992). In that work the analysis
does not consider block structure in the coefficient matrix. Furthermore, the problem
is reformulated to obtain a definite coefficient matrix since the chosen solver requires a
definite preconditioner. Here we will construct an indefinite preconditioner by identifying
the constraints that indicate large eigenvalues for the scaling matrices and look at the
linear system of equations and the block structure introduced by the constraints.

First recall the definition of the symmetric vectorization operator

svec(X) = (X11,
√

2X12, . . . , X22,
√

2X23, . . . , Xnn)T . (6.18)

Thesvec operator yield a symmetric coefficient matrix when applied to (6.12a)–(6.12c).
For notational convenience define

Dvec =















svec(D1
1)

...
svec(Dni

1 )
svec(D2)

D3















and∆ =















svec(∆Z1)
...

svec(∆Zni
)

svec(∆P )
∆x















.

To illustrate how Preconditioner II works, the vectorized version of (6.12a)–(6.12c) is
studied. The linear system of equations for the search directions in a vectorized form can
be written as















H1 F1 G1

.. .
...

...
Hni

Fni
Gni

FT
1 . . . FT

ni

GT
1 . . . GT

ni















∆ = Dvec, (6.19)

whereHi, Fi andGi denote appropriate sub-matrices. To simplify the expressions in this
section, define

Ni =
(

Fi Gi

)

. (6.20)

Simple matrix manipulations give the solution of (6.19) as

(

svec(∆P )
∆x

)

=

(

∑

i

NT
i H−1

i Ni

)−1

× (6.21)

(

∑

i

NT
i H−1

i svec(Di
1)−

(

svec(D2)
D3

))

and

Zi = H−1
i

(

svec(Di
1)−Ni

(

svec(∆P )
∆x

))

. (6.22)

It has been observed in simulations that the eigenvalues ofWi grow large when the iterates
tend towards the optimum for some of the constraints. This implies that the eigenvalues
of Hi grow large and hence willH−1

i Ni ≈ 0. The matricesFi andGi do not change
during the iterations and have element-wise moderate values which give the result.
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To derive Preconditioner II, assume thatH−1
i Ni ≈ 0 is valid for all i 6= s. As an

intermediate result, note that
∑

i

NT
i H−1

i Ni ≈ NT
s H−1

s Ns. (6.23)

Then the approximate solution is

(

svec(∆P )
∆x

)

≈
(

NT
s H−1

s Ns

)−1

× (6.24)
(

NT
s H−1

s svec(Ds
1)−

(

svec(D2)
D3

))

and

Zi ≈











H−1
i svec(Di

1), i 6= s

H−1
i

(

svec(Di
1)−Ni

(

svec(∆P )

∆x

)

)

, i = s
. (6.25)

This can be interpreted as the solution to an approximation of (6.19). Written on vector-
ized form, the approximative solution (6.24)–(6.25) is the solution to

























H1

. ..
Hs Fs Gs

. ..
Hni

FT
s

GT
s

























∆ = Dvec. (6.26)

This linear system of equations have a nice structure.∆P , ∆x and∆Zs can be found
by solving a system of equations, as if we had a single constraint. The remaining dual
variables∆Zi, i 6= s are easily found by matrix inversions.

The constraints is found by studying the eigenvalues of theWi matrices. For each
constraint the mean of the eigenvalues is calculated. A large mean indicate that the as-
sumption made in Preconditioner II is applicable. Hence, the constraint with the smallest
mean of the eigenvalues is indicated bys. This results in that the preconditioner solves

Wi∆ZiWi = Di
1, i 6= s (6.27a)

Ws∆ZsWs + Fs(∆P ) + Gs(∆x) = Ds
1 (6.27b)

F∗
s (∆Zs) = D2 (6.27c)

G∗s (∆Zs) = D3. (6.27d)

The procedure is described in Algorithm 8. The solution of (6.27b)–(6.27d) is a well-
studied problem. By using the results in Harju et al. (2006), (6.27b)–(6.27d) can be solved
at a total cost ofO(n3). Finally, the dual variables∆Zi in (6.27a) are easily obtained by
matrix inversions.
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Algorithm 8 Preconditioner II

1: Calculate the mean of the eigenvalues:

λ̄i ←
1

n + m

n+m
∑

j=1

λj(Wi), i = 1, . . . , ni

2: Identify the constraint:

s← min
i

λ̄i

3: Solve (6.27b)–(6.27d) to obtain∆P , ∆x and∆Zs

4: Compute∆Zi = W−1
i Di

1W
−1
i , i 6= s

6.5 Numerical Evaluation

All experiments are performed on a Dell Optiplex GX620 with 2GB RAM, Intel P4 640
(3,2GHz) CPU running under CentOS 4.1. Matlab version 7.4 (R2007a) is used with
YALMIP version 3 (R20070810), Löfberg (2004), as interface to the solver. As compar-
ison SDPT3 Version 4.0 (beta), Toh et al. (2006), is used as underlying solver. Since the
intention is to solve large scale optimization problems, the tolerance for termination is
set to10−3 for the relative and absolute residual. It is noted that both SDPT3 and the
proposed solver terminate due to the relative residual being below the desired tolerance
in all the problems in this simulation study.

A comparison of absolute solution times is not always fair since the choice of imple-
mentation language is crucial. In SDPT3 the expensive calculations are implemented in
C while the overview algorithm is written in Matlab. For the algorithm described and
evaluated in this work the main algorithm, the iterative solver and Preconditioner I are
written in Matlab. However the construction of the coefficient matrix in Preconditioner
II is implemented in C and that is the operation that requires the most computational ef-
fort. Obviously an implementation in C of all sub-steps would improve the described
solver. The similarity in the level of implementation in C makes a comparison in absolute
computational time applicable. At least is the proposed solver not in favour in such a
comparison.

The parameters in the algorithm are set toκ = 0.01, σmax = 0.9, σmin = 0.01,
η = 10−6, χ = 0.9, ǫ = 10−8 andβ = 107 · βlim, whereβlim = max(‖A(P, x) +
M0−S‖2, ‖A∗(Z)− (C, c)‖2). The choice of parameter values are based on knowledge
obtained during the development of the algorithm and through continuous evaluation.
Note that the choice ofσmax is not within the range of values in the convergence proof
given in the following chapter. However, the choice is motivated by as good convergence
as if σmax ∈ (σmin, 0.5]. This can be motivated by the fact that values close to zero and
one correspond to predictor and corrector steps respectively.

Switching between the preconditioners is made after ten iterations. This is equivalent
to five predictor-corrector steps. A more elaborate switching technique could improve the
convergence but for practical use, the result is satisfactory.

The only information that Preconditioner II is given, is if the active constraint has
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changed. This information is obtained from the main algorithm.
To obtain the solution times, the Matlab commandcputime is used. Input to the

solvers are the system matrices, so any existing preprocessing of the problem is included
in the total solution time.

In order to monitor the progress of the algorithm the residual for the search directions
is calculated in each iteration in the iterative solver. If further improvement is desired, one
could use the in SQMR for free available bi-conjugate gradient (BCG) residual. However
this results in that the exact residual is not known and hence the convergence might be
affected.

Initialization

For comparable results, the initialization scheme given in Toh et al. (2006) is used for the
dual variables,

Zi = max
(

10,
√

n + m, max
k=1,...,nx

(n + m)(1 + |ck|)
1 + ‖Mi,k‖2

)

In+m,

where‖ · ‖2 denotes the Frobenius norm of a matrix. The slack variables are chosen as
Si = Zi while the primal variables are initialized asP = In andx = 0.

Examples

To evaluate the suggested inexact algorithm with an iterative equations solver, randomly
generated optimization problems are solved. The procedure to generate the examples is
described below. For the examples in this section all matrices generated bygallery.m
have a condition number of ten and are random. The procedure to generate an example is
presented in Algorithm 9.

Algorithm 9 Generate Example

1: Define the scalar valueδ.
2: Generate the mean system matricesĀ,B̄ andM̄k usinggallery.m.
3: Generate the system matricesAi, Bi andMi,k asAi = Ā± δ ·∆A, Bi = B̄± δ ·∆B

andMi,k = M̄i,k±δ ·∆Mi,k
. The matrix∆A is a diagonal matrix where the diagonal

is generated byrand.m while ∆B and∆Mi,k
are generated bygallery.m.

4: Definec andC such that a feasible optimization problem is obtained.

Results

To make an exhaustive investigation, different problem parameters have been investigated:

n ∈ {10, 16, 25, 35, 50, 75, 100, 130, 165}
m ∈ {1, 3, 7}
ni ∈ {2, 5}
δ ∈ {0.01, 0.02, 0.05}
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For each case there are15 generated examples in order to find the average solution time.
The simulation results are presented in Figure 6.1, Figure 6.2 and Figure 6.3. There

the solution times for randomly generated problems, as described in Algorithm 9 are
presented. The compared solvers are the suggested algorithm and the SDP solver SDPT3.

First the properties of the SDPT3 solver is discussed. This solver is well-tested and
numerically stable. It solves all the problems generated up ton = 75. However, the solver
does not solve the larger problems since the solution times tend to be unacceptable and for
even larger problem the solver cannot proceed. Whenn and/or the number of constraints
ni is large, the solver will terminate due to memory restrictions. This motivate the use of
inexact methods using an iterative solver since an iterative solver will require a substantial
less amount of memory.

The suggested algorithm can solve large problems with lower computational time
required than for the SDPT3 solver. A negative property that has been noted is that it
will not converge on all the generated problems. Here it is the iterative solver for the
search direction that fails to converge. Although, when convergence occurs the solver is
always faster than SDPT3 for large problems,n ≥ 50. In the figures, only solution times
for problems where a solution is obtained are presented. For details on how many of the
problems for which the solver does not converge, see the Appendix.

For the2430 generated problems,11% does not converge due to numerical problems
in the calculations to find the search direction. The inability to converge is not uniformly
distributed. Forδ = 0.01 every problem is solved and the worst case is whenn = 165,
ni = 5, m = 7 andδ = 0.05 with a failure rate of47%. This is natural since this example
is the one where the assumptions made in Preconditioner II might not be valid.
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Figure 6.1: Solution times for randomly generated problems. The suggested inexact
primal-dual interior-point method is compared to the SDPT3 solver. In the examples
δ = 0.01. For each plot the solution time is plotted as a function of system ordern.
Only problems where the solver converged are presented.
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Figure 6.2: Solution times for randomly generated problems. The suggested inexact
primal-dual interior-point method is compared to the SDPT3 solver. In the examples
δ = 0.02. For each plot the solution time is plotted as a function of system ordern.
Only problems where the solver converged are presented.
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Figure 6.3: Solution times for randomly generated problems. The suggested inexact
primal-dual interior-point method is compared to the SDPT3 solver. In the examples
δ = 0.05. For each plot the solution time is plotted as a function of system ordern.
Only problems where the solver converged are presented.





7
Convergence Proof

In this chapter a convergence proof for the proposed inexact primal-dual interior-point
algorithm is presented. The proof is not constructive. It shows that all limit points, if they
exist are a solution of the Karush-Kuhn-Tucker constraints. Hence, if a limit point exist,
it is an optimal point.

7.1 Introduction

A global proof of convergence for Algorithm 5 will be presented. This proof of conver-
gence is due to Polak (1971). It has been applied to variational inequalities in Ralph and
Wright (1997). Inexact solutions of the equations for the search direction were considered
in Hansson (2000) for the application to model predictive control and in Gasparo et al.
(2002) for variational inequalities. The convergence result is that either the sequence
generated by the algorithm terminates at a solution to the Karush-Kuhn-Tucker condi-
tions in a finite number of iterations, or all limit points, if any exist, are solutions to the
Karush-Kuhn-Tucker conditions. Here the proof is extended to the case of semidefinite
programming.

7.2 Convergence of Inexact Interior-Point Method

In order to prove convergence some preliminary results are presented in the following
lemmas. First we define the setΩ+ as

Ω+ = {z ∈ Ω | S ≻ 0, Z ≻ 0}. (7.1)

Lemma 7.1
Any iterate generated by the algorithm in Chapter 6 is inΩ, which is a closed set. Ifz /∈ S
andz ∈ Ω thenz ∈ Ω+.

59
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Proof: Any iterate generated by the algorithm is inΩ from the definition of the algorithm.
The setΩ is closed, since it is defined as an intersection of closed sets. For a detailed
proof, see Section 7.2.2.

The rest of the proof follows by contradiction. Assume thatz /∈ S, z ∈ Ω andz /∈ Ω+.
Now study the two casesν = 0 andν > 0 separately. Note thatν ≥ 0 by definition.

First assume thatν = 0. Sinceν = 0 and z ∈ Ω it follows that Kc(z) = 0,
‖Kp(z)‖2 = 0 and‖Kd(z)‖2 = 0. This implies thatKp(s) = Kd(s) = 0. Note that
z ∈ Ω also implies thatZ � 0 andS � 0. Combing these conclusions gives thatz ∈ S,
which is a contradiction.

Now assume thatν > 0. Sinceν > 0 andz ∈ Ω it follows thatKc(z) = H(ZS) ≻ 0.
To complete the proof two inequalities are needed. First note thatdet(H(ZS)) > 0. To
find the second inequality the Ostrowski-Taussky inequality, see page 56 in Lütkepohl
(1996),

det
(X + XT

2

)

≤ |det(X)|, (7.2)

is applied to the symmetry transformation. This gives

det(H(ZS)) ≤ |det(R−1ZSR)| = |det(Z)| · |det(S)| = det(Z) · det(S),

where the last equality follows fromz ∈ Ω. Combining the two inequalities gives

0 < det(H(ZS)) ≤ det(Z) · det(S). (7.3)

Since the determinant is the product of all eigenvalues andz ∈ Ω, (7.3) shows that the
eigenvalues are nonzero and thereforeZ ≻ 0 andS ≻ 0. This implies thatz ∈ Ω+,
which is a contradiction.

The linear system of equations in (3.12a)-(3.12c) for the step direction is now rewrit-
ten as

∂vec(K(z))

∂vec(z)
vec(∆z) = vec(r). (7.4)

Note that the vectorization is used for the theoretical proof of convergence. In practice
solving the equations is preferably made with a solver based on the operator formalism.

Lemma 7.2
Assume thatA has full rank. Let̂z ∈ Ω+, and letǫ ∈ (0, 1). Then there exist scalars
δ̂ > 0 andα̂ ∈ (0, 1] such that if

∥

∥

∥

∥

∂vec(K(z))

∂vec(z)
vec(∆z)− vec(r)

∥

∥

∥

∥

2

≤ ǫ

2
σβν, (7.5)

∂vec(Kc(z))

∂vec(z)
vec(∆z)− vec(rc) = 0, (7.6)

and if the algorithm takes a step from any point in

B = {z | ‖z − ẑ‖2 ≤ δ̂}, (7.7)

then the calculated step lengthα will satisfyα ≥ α̂.
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Proof: See Section 7.2.1.

Now the global convergence proof is presented.

Theorem 7.1
Assume thatA has full rank. Then for the iterates generated by the interior-point algo-
rithm either

- z(j) ∈ S for some finite j.

- all limit points of{z(j)} belongs toS.

Remark 7.1. Note that nothing is said about the existence of a limit point. It is only stated
that if a convergent subsequence exists, then its limit point is inS. A sufficient condition
for the existence of a limit point is that{z(j)} is uniformly bounded, Polak (1971).

Proof: Suppose that the sequence{z(j)} is infinite and it has a subsequence which con-
verges tôz /∈ S. Denote the corresponding subsequence{ji} withK. Then for allδ′ > 0,
there exist ak such that forj ≥ k andj ∈ K it holds that

‖z(j) − ẑ‖2 ≤ δ′. (7.8)

Sinceẑ /∈ S it holds by Lemma 7.1 that̂z ∈ Ω+ and hence from Lemma 7.2 and (3.6) that
there exist âδ > 0 andα̂ ∈ (0, 1] such that for allz(j), j ≥ k such that‖z(j) − ẑ‖2 ≤ δ̂
it holds that

ν(j+1) − ν(j) ≤ −α̂κ(1− σmax)ν(j) < −α̂κ(1− σmax)δ̂2 < 0. (7.9)

Now takeδ′ = δ̂. Then for two consecutive pointsz(j), z(j+i) of the subsequence with
j ≤ k andj ∈ K it holds that

ν(j+i) − ν(j) = (ν(j+i) − ν(j+i−1)) + (ν(j+i−1) − ν(j+i−2) + · · · ) + (ν(j+1) − ν(j)) <

< ν(j+1) − ν(j) ≤ −α̂κ(1− σmax)δ̂2 < 0. (7.10)

SinceK is infinite it holds that{ν(j)}j∈K diverges to−∞. The assumption̂z ∈ Ω+ gives
that ν̂ > 0, which is a contradiction.

Lemma 7.3
Assumez ∈ B as defined in (7.7). ThenZ � Ẑ − δ̂Ini(n+m) andS � Ŝ − δ̂Ini(n+m).

Proof: We have‖z − ẑ‖2 ≤ δ̂. Hence‖z − ẑ‖22 ≤ δ̂2 and

‖S − Ŝ‖22 + ‖Z − Ẑ‖22 + ‖x− x̂‖22 ≤ δ̂2. (7.11)

Therefore‖S−Ŝ‖22 ≤ δ̂2 and‖Z−Ẑ‖22 ≤ δ̂2. Hence by Lemma 7.4 below−δ̂Ini(n+m) ≤
S − Ŝ ≤ δ̂Ini(n+m) and−δ̂Ini(n+m) ≤ Z − Ẑ ≤ δ̂Ini(n+m).

Lemma 7.4
AssumeA ∈ Sk is symmetric. If‖A‖2 ≤ a, then

−aIk � A � aIk. (7.12)
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Proof: Denote thei:th largest eigenvalue of a matrixA with λi(A). Then the norm
defined in Section 3.1 fulfills

‖A‖22 =
k
∑

i=1

λ2
i (A), (7.13)

see (Boyd and Vandenberghe, 2004, p. 647). Then

‖A‖2 ≤ a⇔
k
∑

i=1

λ2
i (A) ≤ a2 ⇒ λ2

i (A) ≤ a2 ⇒ |λi(A)| ≤ a⇔

−a ≤ λmin(A) ≤ λi(A) ≤ λmax(A) ≤ a

(7.14)

and hence
−aIk � A � aIk. (7.15)

7.2.1 Proof of Lemma 7.2

Here a proof of Lemma 7.2 is presented. What is needed to show is that there exist anα
such thatα ≥ α̂ > 0 so thatz(α) = z + α∆z ∈ Ω and that

ν(α) ≤ (1− ακ(1− σ))ν. (7.16)

First a property for symmetric matrices is stated for later use in the proof.

A � B, C � D ⇒ 〈A,C〉 ≥ 〈B,D〉, (7.17)

whereA,B,C,D ∈ Sn
+, page 44, Property (18) in Lütkepohl (1996).

Define

δ̂ =
1

2
min

(

min
i

λi(Ŝ), min
i

λi(Ẑ)

)

. (7.18)

Notice thatz ∈ B by Lemma 7.3 implies thatS � Ŝ−δ̂Ini(n+m) andZ � Ẑ−δ̂Ini(n+m).
Then it holds that

ν =
〈Z, S〉

ni(n + m)
≥ 〈Ẑ − δ̂Ini(n+m), Ŝ − δ̂Ini(n+m)〉

ni(n + m)
≥

≥ 〈δ̂Ini(n+m), δ̂Ini(n+m)〉
ni(n + m)

= δ̂2 > 0,

(7.19)

where the first inequality follows from (7.17) and what was mentioned above. The second
inequality is due to (7.18) and (7.17). Similarly as in the proof of Lemma 7.1 it also holds
thatZ, S ≻ 0.

Now sinceA has full rank it follows by Lemma 3.1 that(∂vec(K(z))/∂vec(z)) is in-
vertible in an open set containingB. Furthermore, it is clear that(∂vec(K(z)) /∂vec(z))
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is a continuous function ofz, and thatr is a continuous function ofz andσ. Therefore,
for all z ∈ B, σ ∈ (σmin, 1/2], it holds that the solution∆z0 of

∂vec(K(z))

∂vec(z)
vec(∆z0) = vec(r), (7.20)

satisfies‖∆z0‖2 ≤ C0 for a constantC0 > 0. Introduceδ∆z = ∆z −∆z0. Then from
the bound on the residual in the assumptions of this lemma it follows that

∥

∥

∥

∥

∂vec(K(z))

∂vec(z)
vec(δ∆z)

∥

∥

∥

∥

2

(7.21)

is bounded. Hence there must be a constantδC > 0 such that‖δ∆z‖2 ≤ δC. Let
C = C0 + δC > 0. It now holds that‖∆z‖2 ≤ C for all z ∈ B, σ ∈ (σmin, 1/2]. Notice
that it also holds that‖∆Z‖2 ≤ C and‖∆S‖2 ≤ C. Defineα̂(1) = δ̂/2C. Then for all
α ∈ (0, α̂(1)] it holds that

Z(α) = Z+α∆Z � Ẑ−δ̂Ini(n+m)+α∆Z � 2δ̂Ini(n+m)−δ̂Ini(n+m)−
δ̂

2
Ini(n+m) ≻ 0,

(7.22)
where the first inequality follows by Lemma 7.3 andz ∈ B, and where the second in-
equality follows from (7.18). The proof forS(α) ≻ 0 is analogous. Hence is is possible
to take a positive step without violating the constraintS(α) ≻ 0, Z(α) ≻ 0.

Now we prove that

Kc(z) = H(Z(α)S(α)) � ην(α)Ini(n+m) (7.23)

for some positiveα. This follows from two inequalities that utilizes the fact that

∂vec(Kc(z))

∂vec(z)
∆z − vec(rc) = 0⇔ (7.24)

H(∆ZS + Z∆S) +H(ZS)− σνIni(n+m) = 0

and the fact that the previous iteratez is in the setΩ. Note thatH(·) is a linear operator.
Hence

H(Z(α)S(α)) = H(ZS + α(∆ZS + Z∆S) + α2∆Z∆S)

= (1− α)H(ZS) + α(H(ZS) +H(∆ZS + Z∆S)) + α2H(∆Z∆S)

� (1− α)ηνIni(n+m) + ασνIni(n+m) + α2H(∆Z∆S)

�
(

[(1− α)η + ασ]ν − α2|λ∆
min|

)

Ini(n+m),

(7.25)

whereλ∆
min = mini λi(H(∆Z∆S)). Note thatλ∆

min is bounded. To show this we note
that in each iterate in the algorithmZ andS are bounded and hence isR bounded since
it its calculated fromZ andS. HenceH(∆Z∆S) is bounded since‖∆Z‖2 < C and
‖∆S‖2 < C.
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Moreover

ni(n + m)ν(α) = 〈Z(α), S(α)〉 = 〈H(Z(α)S(α)), Ini(n+m)〉
= 〈(1− α)H(ZS) + ασνIni(n+m) + α2H(∆Z∆S), Ini(n+m)〉
= (1− α)〈Z, S〉+ ni(n + m)ασν + α2〈∆Z,∆S〉
≤ (1− α)ni(n + m)ν + ni(n + m)ασν + α2C2.

(7.26)

The last inequality follows from〈∆Z,∆S〉 ≤ ‖∆Z‖2‖∆S‖2 ≤ C2. Rewriting (7.26)
gives that

ην(α) ≤
(

(1− α + ασ)ν +
α2C2

ni(n + m)

)

η. (7.27)

Clearly

(

[(1−α)η+ασ]ν−α2|λ∆
min|

)

Ini(n+m) �
(

[(1−α)η+αση]ν+
α2C2η

ni(n + m)

)

Ini(n+m)

(7.28)
implies (7.23), which (assuming thatα > 0) is fulfilled if

α ≤ σν(1− η)

C2η/ni(n + m) + |λ∆
min|

. (7.29)

Recall thatσ ≥ σmin > 0, η < ηmax < 1 by assumption and that0 < δ̂2 ≤ ν by (7.19).
Hence with

α̂(2) = min

(

α̂(1),
σminδ̂2(1− ηmax)

C2ηmax/ni(n + m) + |λ∆
min|

)

, (7.30)

(7.23) is satisfied for allα ∈ (0, α̂(2)].
We now show that

γν(α)Ini(n+m) � H(Z(α)S(α)). (7.31)

First note thatγ ≥ ni(n + m). Then

γ

ni(n + m)

∑

i

λi

(

H(Z(α)S(α))
)

≥ λmax

(

H(Z(α)S(α))
)

⇔ (7.32)

γ

ni(n + m)

∑

i

λi

(

H(Z(α)S(α))
)

Ini(n+m) � λmax

(

H(Z(α)S(α))
)

Ini(n+m) ⇔

(7.33)
γ

ni(n + m)
Tr
(

H(Z(α)S(α))
)

Ini(n+m) � λmax

(

H(Z(α)S(α))
)

Ini(n+m),

(7.34)

where the first expression is fulfilled by definition. The second equivalence follows from
a property of the trace of a matrix, see page 41 in Lütkepohl (1996). From the definition
of dualilty measure in (6.8) it now follows that (7.31) holds.
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Now we prove that (7.16) is satisfied. Let

α̂(3) = min

(

α̂(2),
ni(n + m)δ̂2(1− κ)

2C2

)

. (7.35)

Then for allα ∈ [0, α̂(3)] it holds that

α2C2 ≤ αni(n+m)(1−κ)δ̂2/2 ≤ αni(n+m)(1−κ)ν/2 ≤ αni(n+m)(1−κ)(1−σ)ν,
(7.36)

where the second inequality follows from (7.19) and the third inequality follows from the
assumptionσ ≤ 1/2. This inequality together with (7.26) implies that

ν(α) ≤
(

(1− α) + ασ
)

ν +
α2C2

2
≤

≤
(

(1− α) + ασ
)

ν + α(1− κ)(1− σ) =
(

1− ακ(1− σ)
)

,

(7.37)

where the second inequality is due toσ < 1/2 and hence (7.16) is satisfied.
It now remains to prove that

‖Kp(z(α))‖2 ≤ βν(α) (7.38a)

‖Kd(z(α))‖2 ≤ βν(α). (7.38b)

Since the profs are similar, it will only be proven that (7.38a) holds true. Use Taylor’s
theorem to write

vec(Kp(z(α))) = vec(Kp(z)) + α
∂vec(Kp(z))

∂vec(z)
vec(∆z) + αR (7.39)

R =

1
∫

0

(∂vec(Kp(z(θα)))

∂vec(z)
− ∂vec(Kp(z))

∂vec(z)

)

vec(∆z)dθ. (7.40)

Using∆z = ∆z0 + δ∆z and the fact that

∂vec(Kp(z))

∂vec(z)
vec(∆z0) = −vec(Kp(z)), (7.41)

it follows that

vec(Kp(z(α))) = (1− α)vec(Kp(z)) + α
∂vec(Kp(z))

∂vec(z)
vec(δ∆z) + αR. (7.42)

Furthermore

‖R‖2 ≤ max
θ∈(0,1)

∥

∥

∥

∂vec(Kp(z(θα)))

∂vec(z)
− ∂vec(Kp(z))

∂vec(z)

∥

∥

∥

2
· ‖vec(∆z)‖2. (7.43)

Since‖∆z‖2 ≤ C and since∂vec(Kp(z))/∂vec(z) is continuous, there exists an̂α(4) >
0 such that forα ∈ (0, α̂(4)], ǫ ∈ (0, 1) andz ∈ B it holds that

‖R‖2 <
1− ǫ

2
σβν. (7.44)
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Using the fact that‖Kp(z)‖2 ≤ βν, it now follows that

‖Kp(z(α))‖2 ≤ (1− α)βν + α
σ

2
βν, (7.45)

for all α ∈ [0, α̂(4)]. By reducingα̂(4), if necessary, it follows that

αC2 <
σ

2
ni(n + m)ν, (7.46)

for all α ∈ [0, α̂(4)] . Similar (7.26), but bounding below instead, it holds that

ni(n + m)ν(α) ≥
(

1− α(1− σ)
)

ni(n + m)ν − α2C2 ⇔

(1− α)ν ≤ ν(α)− ασν − α2C2

ni(n + m)
.

(7.47)

Hence

‖Kp(z(α))‖2 ≤ β
(

ν(α)− ασν +
α2C2

ni(n + m)

)

+ α
σ

2
βν (7.48)

= βν(α)− αβ
(

σν − αC2

ni(n + m)
− σν

2

)

≤ βν(α), (7.49)

where the last inequality follows from (7.46). The proof forKd(z(α)) ≤ βν(α) is done
analogously, which gives an̂α(5) > 0.

7.2.2 Proof of Closed Set

Here the proof of that the setΩ defined in (6.10) defines a closed set is presented.

Definition 7.1. Let X andY denote two metric spaces and define the mappingf : X →
Y . Let C ⊆ Y . Then the inverse imagef−1(C) of C is the set{x | f(x) ∈ C, x ∈ X}.

Lemma 7.5
A mapping of a metric spaceX into a metric spaceY is continuous if and only iff−1(C)
is closed inX for every closed setC ⊆ Y .

Proof: See page 81 in Rudin (1976).

Lemma 7.6
The set{z | ‖Kp(z)‖2 ≤ βν, z ∈ Z} is a closed set.

Proof: Consider the mappingKp(z) : Z → Sn and the setC = {C | ‖C‖2 ≤ βν, C ∈
Sn} that is closed since the norm defines a closed set, see page 634 in Boyd and Vanden-
berghe (2004). Now note that the mappingKp(z) is continuous. Then the inverse image
{z | Kp(z) ∈ C, z ∈ Z} = {z | ‖Kp(z)‖2 ≤ βν, z ∈ Z} is a closed set.

Lemma 7.7
The set{z | ‖Kd(z)‖2 ≤ βν, z ∈ Z} is a closed set.

Proof: Analogous with the proof of Lemma 7.6.
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Lemma 7.8
The set{z | γνIni(n+m) � H(ZS) � ηνIni(n+m), z ∈ Z} is a closed set.

Proof: Define the mappingh(z) = H(ZS) : Z → Sn and the setC1 = {C1 | C1 �
ηνIni(n+m), C1 ∈ Sn} that is closed, page 43 in Boyd and Vandenberghe (2004). Since
the mapping is continuous the inverse image{z | H(ZS) � ηνIni(n+m), z ∈ Z} is a
closed set. Now define the setC2 = {C2 |C2 � ηνIni(n+m), C2 ∈ Sn}. Using continuity
again gives that{z |H(ZS) � γνIni(n+m), z ∈ Z} is a closed set. Since the intersection
of closed sets is a closed set, Theorem 2.24 in Rudin (1976),{z |γνIni(n+m) � H(ZS) �
ηνIni(n+m), z ∈ Z} is a closed set.

Lemma 7.9
The setΩ is a closed set.

Proof: Note that(Z, ρ) is a metric space with distanceρ(u, v) = ‖u− v‖2. Hence isZ
a closed set. Lemmas 7.6, 7.7 and 7.8 gives that each constraint inΩ defines a closed set.
Since the intersection of closed sets is a closed set, Theorem 2.24 in Rudin (1976), shows
thatΩ is a closed set.





8
Conclusions and Further Work

For the investigated optimization problem a tailored inexact primal-dual interior-point
methods has been proposed and investigated. Convergence has been established for the
algorithm. The use of an infeasible inexact method raised the possibility to use an iterative
solver in each iterate in the algorithm to find the search direction. In order to obtain good
performance in the iterative solver, two separate preconditioners were developed.

The proposed algorithm has been investigated in a simulation study. In the study the
solution time was reduced when compared to a state of the art SDP solver. Numerical
problems was noted for the iterative solver. However, the proposed solver solved large-
scale problems with a size unmanageable for the generic solver.

The simulation study reveals some properties that might be interesting to investigate
further. The numerical issues in the iterative solver is one main issue to solve. Although,
the intention has been to make a general preconditioner, for a derivation of a precondi-
tioner, assumptions are always made. Hence is a problem where the preconditioner fails,
easy to present.

Implementing a final suggestion of a primal-dual method for SDP in the language C
would be an interesting task.
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A
Computational Results

Here the failure rates for the suggested inexact interior-point method for the semidefinite
programming problems are presented. For a detailed description of how the problems
were genereted, see Algorithm 9. An empty space indicate0%. For the caseδ = 0.01
every generated problem were solved. In Table A.1, Table A.2 and Table A.3, the case
δ = 0.02 is presented form = {1, 3, 7}. Furthermore, the caseδ = 0.05 is presented in
Table A.4, Table A.5 and Table A.6 form equal to1, 3 and7 respectively.

Table A.1: Failure rates for the proposed inexact interior-point method. In the ex-
amples presented in the tableδ = 0.02 andm = 1.

n 10 16 25 35 50 75 100 130 165 Mean
ni = 2 7% 7% 13% 13% 4%
ni = 5 13% 7% 20% 7% 5%

Mean 3.5% 6.5% 7% 10% 10%

Table A.2: Failure rates for the proposed inexact interior-point method. In the ex-
amples presented in the tableδ = 0.02 andm = 3.

n 10 16 25 35 50 75 100 130 165 Mean
ni = 2 13% 7% 7% 13% 4%
ni = 5 7% 13% 40% 13% 20% 13% 12%

Mean 6.5% 3.5% 7% 6.5% 20% 6.5% 10% 13%
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Table A.3: Failure rates for the proposed inexact interior-point method. In the ex-
amples presented in the tableδ = 0.02 andm = 7.

n 10 16 25 35 50 75 100 130 165 Mean
ni = 2 7% 13% 13% 7% 7% 13% 7%
ni = 5 13% 13% 7% 40% 40% 40% 17%

Mean 6.5% 3.5% 6.5% 6.5% 10% 23.5% 23.5% 26.5%

Table A.4: Failure rates for the proposed inexact interior-point method. In the ex-
amples presented in the tableδ = 0.05 andm = 1.

n 10 16 25 35 50 75 100 130 165 Mean
ni = 2 13% 7% 7% 27% 20% 7% 9%
ni = 5 7% 20% 27% 27% 27% 40% 16%

Mean 6.5% 3.5% 13.5% 17% 27% 23.5% 23.5%

Table A.5: Failure rates for the proposed inexact interior-point method. In the ex-
amples presented in the tableδ = 0.05 andm = 3.

n 10 16 25 35 50 75 100 130 165 Mean
ni = 2 33% 7% 7% 27% 7% 7% 27% 7% 14%
ni = 5 7% 13% 13% 33% 33% 20% 13%

Mean 16.5% 7% 3.5% 20% 10% 20% 30% 13.5%

Table A.6: Failure rates for the proposed inexact interior-point method. In the ex-
amples presented in the tableδ = 0.05 andm = 7.

n 10 16 25 35 50 75 100 130 165 Mean
ni = 2 7% 7% 13% 7% 13% 5%
ni = 5 7% 13% 27% 20% 20% 27% 40% 40% 47% 27%

Mean 3.5% 6.5% 17% 13.5% 16.5% 17% 20% 20% 26.5%
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