®

Partial Differential Equations and Applications (2023) 4:50 chot
https://doi.org/10.1007/s42985-023-00267-7 updates

ORIGINAL PAPER

Solving stationary inverse heat conduction in a thin plate

Jennifer Chepkorir'2 . Fredrik Berntsson’ - Vladimir Kozlov'

Received: 16 January 2023 / Accepted: 16 October 2023 / Published online: 10 November 2023
© The Author(s) 2023

Abstract

We consider a steady state heat conduction problem in a thin plate. In the application, it is used
to connect two cylindrical containers and fix their relative positions. At the same time it serves
to measure the temperature on the inner cylinder. We derive a two dimensional mathematical
model, and use it to approximate the heat conduction in the thin plate. Since the plate has
sharp edges on the sides the resulting problem is described by a degenerate elliptic equation.
To find the temperature in the interior part from the exterior measurements, we formulate
the problem as a Cauchy problem for stationary heat equation. We also reformulate the
Cauchy problem as an operator equation, with a compact operator, and apply the Landweber
iteration method to solve the equation. The case of the degenerate elliptic equation has not
been previously studied in this context. For numerical computation, we consider the case
where noisy data is present and analyse the convergence.

Keywords Cauchy problem - Stationary heat equation - Degenerate elliptic equation -
Landweber iterative method

Mathematics Subject Classification 65N20 - 65N21 - 35D30

1 Introduction

Determination of the temperature on an inaccessible part of the boundary, by given available
measurements on another part of the boundary, has many industrial applications related to
engineering and science. Some of these applications are metal quenching [23], combustion
[19], steel industry [34, 38], brakes [40], among many others. They are referred to as inverse
heat conduction problems. This area of research have been studied extensively, in 1D setting,
by various authors, such as [3, 4, 11, 14, 15, 21, 39]. The Cauchy problem for the steady-state
anisotropic heat conduction in 2D and 3 D has also been considered in [37].

The manuscript belongs to Applications of PDEs edited by Hyeonbae Kang.

3 Jennifer Chepkorir
jennifer.chepkorir@liu.se

Department of Mathematics, Linkoping University, 581 83 Linkoping, Sweden
2 Department of Applied Mathematics, University of Nairobi, P.O. Box 30197, Nairobi, Kenya

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s42985-023-00267-7&domain=pdf

50 Page2of26 Partial Differential Equations and Applications (2023) 4:50

In our research paper, we consider two cylindrical containers connected by a thin plate.
This situation models a thermos bottle where a liquid is contained in the interior cylinder and
the outer cylinder is a protective shell. The thin plate allows for heat conduction between the
two cylinders, which allows us to monitor the temperature of the interior cylinder. The thin
plate that connects the two cylinders is a 3D volume which is denoted by A, as shown in
Fig.1,

A={x,y,z2:(x,y) €Q, and —c(x)=<z=c)},
where
Q= (0,b) x (0, a).

We assume that c(x) is a differentiable and a continuous function, that behaves like a linear
function near the end points x = 0 or x = b, and that ¢(0) = c¢(b) = 0. The space of function
that contain the solution to the problem is denoted by V (£2). More details are given in Sect. 2.
The domain €2 is illustrated in Fig. 2.

The main goal of this research is to find the temperature in the interior part from the exterior
measurements. We approximate the heat conduction in the thin plate by the following two
dimensional steady-state heat conduction problem, with no heat generation, as follows

_ 2 (c(x)a—T> _ 2 (c(x)a—T) + %\/1 + (' (X)) A(T — Tso) =0, (1.1)
ax ay ay k

0x

where T is subject to the boundary conditions

li or 0 1.2

g 5 =0 12

Here k is the thermal conductivity [W/m-°C], & is the convection heat transfer coefficient

[W/m2-°C], c(x) is the thickness of the plate. We assume that the ambient temperature

Tso = 0, because the equation is linear. The Eq. (1.1) is a degenerate elliptic equation since

the coefficient c(x) vanishes at x = 0 or x = b. We consider the following Cauchy problem
for stationary heat equation

— (e~ 2 (c(x)%) + 2T+ (@@)?2T=0 in Q,

§T= f on [, (1.3)
oy =8 on [,
limy—0, c(x)5L =0 on I3,

where f and g are specified temperature and net heat flux at I'g. Our aim is to compute
both the temperature ¢ and net heat flux n at I'y. This problem is ill-posed [20], i.e. a small
perturbation in the Cauchy data results in a large error in the solution. Thus classical numerical
methods cannot be used to solve such a problem. Therefore, in previous works regularization
methods have been introduced to stabilize the solution. Such methods as the Tikhonov and
the Fourier regularization methods [6, 13], Methods for filtering data such as Wavelet and
Fourier method [16], Boundary element method [29], the Landweber iterative method [31],
and the Conjugate gradient method [35] have been used to analysed such problems.

The alternating algorithm was initially proposed in [26, 27], for solving Cauchy problems
for linear elliptic equations. The method consists of solving a sequence of boundary value
problems. We alternate between Dirichlet and Neumann conditions on a part of the bound-
ary. Previously, it has been developed in various directions, see [2, 9, 12, 24, 30, 32]. In
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Fig. 1 The description of the engineering situation we are studying with two cylinders connected by a thin
plate A. The plate is shown on the right

Fig.2 Description of the two I
dimension domain 2 with a
thickness given by 2¢(x), whose
boundary I' is divided into four
parts I'g, I'y, ' and I'3. Here, Iy Q To
the solution is unknown on I'(,
and ' is where the solution is
known. The boundary data (1.2)
is given on ' and I'3 Iy

particular [32], it was shown that the Dirichlet-Neumann algorithm is equivalent to solving
Landweber iterations for an operator equation. The alternating algorithm has the advantage
that they involve only boundary value problem of the same differential equation with dif-
ferent boundary conditions. The corresponding operator equation is also defined by solving
the same differential equation with different boundary conditions. This means that we can
easily solve problems with variable coefficients in domains with a complicated geometry.
The regularizing properties of the algorithm are achieved by an appropriate choice of the
boundary conditions [26].

In this work, we consider several methods for solving the Cauchy problem for the stationary
heat equation. All of them involve the following two well-posed problems:

—55 () — & (c(x)?,—’l;) + 2T+ ()T =0 in Q,
T=f on [,
i on (1.4)
lim 0, c(x)3L =0 on Ty3,
and
—a5 (cOGE) = & (c(x)%) + 21+ ()T =0 in Q,
oT
aT _ r
7 omIe )
T=¢ on I'.
lim,—o c(x) 3 =0 on I3,

where f € H'/?(g).n € H~'/>(I'y),g € H~'/>(g)and¢ € H'/?(I"1). The spaces H~'/?
and H'/? are trace spaces for the degenerate Sobolev spaces connected with the quadratic
form associated with the operator in €2 given in (1.3). The definition of these spaces can be
found in Sect.2.2.
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The first method is the Dirichlet-Neumann Alternating algorithm which can be described
as follows:

(1) The first approximate temperature 7y is obtained by solving (1.4), where 7 is an arbitrary
initial approximation of the net heat flux on I'y.

(2) Having constructed 73, we find 7> by solving (1.5) with ¢ = T; on I';.

(3) We then determine 7> by solving (1.4) with n = BT;% onI.

The problems (1.4) and (1.5) are well-posed as itis shown in Sect. 2.2. Itis proven in Sect. 2.4,

that the alternating algorithm is convergent. Since the convergence of this method is slow

we consider alternative methods. The goal is to develop frame work of operator equations

that can enable us to define the scalar products which helps in computation of the adjoint

operator and also appropriate norms. Thus, faster convergence method can be considered.
The second method for solving the Cauchy problem (1.3) is based on rewriting the problem

as an operator equation, see [4, 5, 8, 10, 32] for similar work. We introduce the operator

K: H V() — H 2Ty
by
Kn=09,T(x,0),

where 7 is the solution of problem (1.4) with f = 0. Now the Cauchy problem (1.3) can be
written as an operator equation, with compact operator K

Kn=E§, (1.6)

where § = g — 3,T(x,0) and T solves problem (1.4) with n = 0. It is important to have
a good description of the adjoint operator K* for K. The operator K* can be describe as
follow

K*g =09,T(x,a),

where T is the solution to the problem (1.5) with ¢ = 0. The operators K and K* are
explained in more details in Sect. 3.

To solve problem (1.6), the operator K can be approximated by a matrix, and traditional
methods such as Conjugate gradient method can be applied. Since K can be approximated by
a matrix explicitly we can also use Tikhonov regularization method and truncated singular
value decomposition (TSVD). In our previous work [5], the Landweber iteration method
has been used to solve different operator equation. This method was initially proposed by
Landweber in [28]. We wish to use the same method to solve the operator equation (1.6).

In this paper we analyse convergence of the Landweber iteration method, defined as: Let
no = 0 be the starting guess and compute

NMm+1 = Nm +aK*(S_Knm)=(1_aK*K)nm +aK*E, (L.7)
form =0,1,2,..., where « is the relaxation parameter. It is well known that Landweber

iterations (1.7) are convergent provided that

0<a (1.8)

< —7F.
K2

The proof is quite similar to that for the Richardson iteration in [36, Example 4.1].
The following is an outline of the paper. In Sect. 1.1, we derive the mathematical model
for the problem considered. In Sect.2, we analyse the properties of the direct problem and
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show that it’s well-posed. We give a proof for the convergence of the Dirichlet—-Neumann
alternating algorithm in Sect.2.4. In Sect.3, we reformulate the Cauchy problem (1.3) as
an operator equation, and show that it is well-defined. We also introduce the Landweber
iterations method for solving the operator equation in the same section. We discretize the
differential equation (1.11) using finite difference scheme, and also, present numerical results
in Sect.4. Finally, in Sect.5, we analyse the results, and draw some conclusion.

1.1 Derivation of the mathematical model

In this section, we derive the mathematical model of heat transfer in the thin plate, and also
it’s related boundary conditions.

Let us consider the two dimensional domain € shown in Fig.2. Pick a small volume
element of length Ay and width Ax whose thickness is 2¢(x). To derive the mathematical
model, we consider an energy balance equation on the volume element where heat flow in
both x— and y— direction as follows;

O =qx — qxt+ax + qdy — 4y+Ay — {qc;

where Q is the rate of temperature change with respect to time, g, and gy is obtained using
Fourier’s law of heat conduction and finally, g, is the convection heat transfer given in terms
of Newton’s law of cooling, see [22], we obtain

aT aT aT aT
Cp-p-c(x) Ax-Ay— = —kAx——(x,y) +kAy——(x + Ax,y) —kAy—(x,y)
at ax ax Ty
(1.9)
aT
+kAy5(x, y 4+ Ay) —2hAA(T — Tso), (1.10)

where C), is the specific heat capacity [J/kg-°C], p is the density [kg/km3], Ay is the cross
section area of the thin plate as a function of x, Ay is the cross section area of the thin plate
as a function of y, and A, is the cross section area for convective heat transfer.

Dividing both sides of (1.9) by Ay - Ax and taking the limits Ay — 0 and Ax — 0, we
obtain

Cp-p- c()c)ﬂ = K (kc(x)£> + 9 (kc(x)£> = 2hy/ 1+ ()T — Teo),
at ax ax ay ay

where £ is the thermal conductivity coefficient and 4 is the convection heat transfer coefficient.
For the steady state heat transfer, and assuming that 7o, = 0, we obtain

i(()al)'i‘i(()al)—% L+ (' (x)*T =0 (L.11)
ax \ ) aycxy . ¢’ (x =0. .

Similarly, we derive the boundary conditions on I'> and I'3, as shown in Fig. 2, and we obtain

oT
lim ¢(x)— =0. (1.12)
0x

x—0,b

We note that their exist a limit at x = 0 and x = b, since c¢(x) tend to zero at the end
points. This does not necessarily mean that the limit of ‘;—i as x approaches the boundary, is
zero, or even bounded.
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2 Properties of the auxiliary problems

In this section, we compute solutions of (1.11) subject to the boundary condition (1.12) using
the method of separation of variables. We define the bilinear form associated to the two
auxiliary problems (1.4) and (1.5), and show that the weak formulation of these problems are
well-posed. We also introduce two norms for each of the spaces H —1/2(Tg) and H~12(I')),
and show that they are equivalence. Finally, we state the theorem for the convergence of the
Dirichlet-Neumann alternating algorithm.

2.1 Separation of Variables

To find solution of the differential equation (1.11) together with the boundary conditions
(1.12), we will use the method of separation variables. Let

T(x,y)=vx)o(). (2.13)
Substituting (2.13) in the differential equation (1.11) and separating variables, we get
1 2h
——— e (c()Yn) — ———V 1+ (/(0)? = =4, (2.14)
c(x)y c(x)k

and

Byy
¢

where X is a constant. Taking into account the boundary conditions (1.12) we arrive at the
following spectral problem

{—ax@mm) + 2 T @) = re@)y,

limy 0,5 c(x)¥x = 0.

=A, (2.15)

(2.16)

Due to the linear behaviour of the coefficient ¢(x) near the end points the spectrum of
problem (2.16) consist of simple positive eigenvalues which are denotedby A, j = 1,2, ..,
we enumerate them in the increasing order, i.e.

O<Ai<tr<Az<---.

The corresponding eigenfunction we denote by v; and they are chosen to satisfy the bi-
orthogonality conditions

b b
/ c)Y?@)dx =1 forj=1.2,... and / ()i ()Y (x)dx =0 fori # j.
0 0

(2.17)
Multiplying both side of (2.16) by ¥ (x), integrating the first term by parts and then applying
bi-orthogonality conditions and the boundary conditions, we obtain

b b
/ C(x)(lﬁjx)zdx—i—/ %\/1+(0’(x))2¢f(x)dx=kj, ji=1,..., (2.18)
0 0
and

{fo” c) W) (Wix) dx + [ 2T+ ()2 )i () dx =0, if i #j. (2.19)
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Next, we solve Eq. (2.15) ¢y, — A;j¢ = 0 with boundary conditions ¢;(0) = M; and
¢j(a) = N;. As aresult we get

sinh /A (a —
M /( y)

T
¢;(») =k}/ 4( j N Vi ) (2.20)

sinh \/)T] a ! sinh \/E a

It is convenient to have here the factor k;/ # for normalization. The general solution becomes

T(x,y) =Y ¢j(MY;(x). (2.21)

j=1

The constants M; and N; will be found later by using boundary conditions for y = 0 and
y =a.

2.2 Solvability of the two auxiliary problems

In this section, we introduce the bilinear form associated to the operator
ad aT a aT 2h
LT =——c(x)— ) — — [c(x)— ) + =—V1 + (¢ (x))2T,
X X dy ay k

and show that the two auxiliary problems (1.4) and (1.5) are well-posed.
In what follows, we use the Green’s type identity

b T (x, a)

/ LT Trdxdy = y(T1, Tr) —/ —— T (x,a)c(x)dx
Q 0 dy

b oT(x,0
+ / 0 p o 0)ex) d,
0 ay

B AT\ (012 . (9T1\ (T2
y(T), Th) = /Q (c(x) (ﬂ) <¥> +c(x) ( 9y > ( By )
+% [+ ()T T ) dx dy, (2.22)

for T7, T, € V(). Our aim is to express this form in terms of the coefficients N; and M.
Using the representation (2.21) and bi-orthogonality conditions (2.17)-(2.19), we obtain
the following formula

where

y (T, T) = fo ' >80 + 63,0 dy. (2.23)
J
In order to evaluate the right-hand side here we start from
/Oa Z¢>]2(y) dy = C; /Oa M?sinh? /3 (a — y) dy,
J
+2M;N;C; /Oa sinh \/A(a — y) sinh /A;y dy

a
+N;C; /O sinh? /3.y dy,
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where

i

C;, = .
! sinhz,/)»ja

Then we integrate each term as follows: The first term is integrated by
a 1 «/)‘»ja
M?sinh® /xi(a — y)dy = —/ Mzsinhzzdz,
/0 j Vijla—y)dy 75 Jo j

_ MJZ- sinhZWa_ma '
2/%; 2

Similarly, we evaluate the second term
a
2M_,'Nj / sinh Q/)\.j (a - y) sinh \/)‘jy dy,
0
a
= M;N; / (cosh,/kja —cosh/Aj(a — 2y)) dy,
0

|
=M;N; (acosh\/)Tja - \/}Tjsmh\/fja).

Finally, we integrate the last term
a 1 [Vhe
NZsinh®> /A ydy = — / N?sinh® zdz, (2.24)
A J J /)"j 0 J

N? [sinh2./%:a
=1 I ral). 225
2/%; ( 2 J“) (229

Combining these formulas, we obtain

a C
2 J
: dy = ——F(G/Aja, Nj, M;), 2.26
/Oqﬁ,(y) ¥ =5 5 FWhja N M) (2.26)
where
2 2 sinh 2z
FGX.Y) =A@ +Y7) +2BQXY, AQ) === -z,

B(z) = zcoshz — sinh z.

By (2.26) the function F(z, X, Y) is positive for z > 0 and X> + Y2 > 0. One can verify the
inequalities

sinh 2z

0 < zcoshz —sinhz < —z forz > 0.

This implies the existence of oy, oy > 0 for each § > 0 such that

sinh 2
e > TZ — 7z —(zcoshz — sinhz) > ae* forz > B.
Using the inequality

(A—|BD(X2+Y?) < AX2+Y> +2BXY < (A+|B)(X?>+Y?) forA > |B|, (2.27)
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we obtain .
cikj (M,z- + N?) = / hj¢7 () dy < c2h (sz- + N}) : (2.28)
T , Y.

where the constant ¢y and c; are positive constants, and are independent of M; and N;.
Let us evaluate the second term in (2.23). We have

/0 S @20 dy = 4,C; fo M2 cosh? /3@ — ) dy
J

a
—2Mij)LjC.,'/O cosh\/A;(a — y)cosh/A;y
a
+Nj2)\.jCj /0 cosh? VAjydy
We integrate each term as follows: We treat the first term by

a
/0 sz- coshz./kj(a —y)dy =

cosh2 zdz,

b
M3 <51nh22\/7a+ \/Tja).

N

Similarly, the second term is evaluated as
a
—2Mijf cosh/Aj(a —y)cosh/Ajydy
0
a
= —Mij/ (cosh \/Aja + cosh /A j(a — 2y)) dy,
0
=-—M;N; (acoshd ia—+ \/>s1nh,/ a)

Finally, the last term has the form

a 1
Nzcosh2,/}»-ydy: —/
/0 J ! \/E 0

N?  [sinh2./% ja
Y
- ( T 4 R a) (2.30)

Combining the above formulas, we obtain

a
N} cosh? z dz, (2.29)

a Cihi
/(as,-y)z(y)dy: -’2 LG(/rja, Nj, M), (2.31)
0
where
s sinh 2z
G(z,X,Y) = A@)(X“+Y") —2B ()XY, Ax(z) = > + 2z,

By(z) = zcoshz + sinh z.

Since the function G(z, X, Y) is positive, for z > 0 and X2 + Y% > 0, we have

1
EG(L 1) = Az(z) — Ba(z) > 0 forz > 0.
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Now using (2.27), and the positivity of B(z) for z > 0, we get
a
Cias(N? + M?) < /0 (B3 dy < Coh;(N? + M?) 2.32)

for some positive constants Cy and C,.
Combining (2.28) and (2.32), we obtain

o0 o0
CtY Mj(NF+M7) <y(T,T)<C2 Yy 1j(N;+ M)). (2.33)
j=1 j=1
Let us introduce the spaces of functions in 2. The space V (£2) consists of functions

defined on 2 having a representation given by (2.21), where ¢; are defined by (2.20). We
supply this space with the norm

1/2
o
Tl = | D 2NF+MH | . (2.34)
j=1
Let also H'/2(0, b) be the space of functions
F=Y v, ¢ =) ¢, (2.35)
J J
with the norms
1/2 1/2

o0 o0
W llarom = [ D VA Welmeon =D vaicd] .
j=1 j=1

and H~1/2(0, b) be the space of functions

n=Yy Y. g=y v, (2.36)
J J
with the norms
~ . 1/2 o X 12
- —1
Wlla-eom = | Do27"203 | Nellwmeon = | D423 - @37
j=1 j=1

If T € V(R2), then

T.0) =Y 2 M),
j=1

and
o0
1/4
T(x,a) =y ANy,
j=1

and hence both T (x, 0) and T (x, a) belong to HY/2(Tg) and HY2(I"y). In order to emphasis
the fact that we are dealing with the trace of function from V(€2) on I'g (I'1), we shall use
the notation H'/2(I'y) and H'/2(I"}) instead of H'/2(0, b).
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Furthermore,

°© cosh /A ja
oyT(x,0) =y 23/* (—M

1
+N; (%),
sinh /A ja ]sinh,/kja)w]()

j=1
and
2
ad cosh \/Aja
||3yT(st)||31—1/2(0,b) :Z)‘j <_ J +Nj— ) ’
o sinh /A ja sinh /A ja
o0
< CY XM} +ND) =Tllv).
j=1
Similarly,
o0
3/4 1 cosh /A ;a
T (x,a)=) A (—Mj, +N;— ¥ji(x),
jgl J sinh (/A ja sinh \/A ja
and

cosh fa

2
o0

3,7 (x,a)||?,_ =) (- . (238

0y T, =120, ; J( slnh\/>a smh\/>a) (2.35)

o
<CY MjM;+N) =Tllv).
j=1

(2.39)

To give aclear notation for the dual spaceson I'g (I'1), we shalluse H ~ 1/2(1y) and H~1/2 T'y)
instead of H~1/2(0, b). More detail information about function spaces can be found in [33].

The following lemma shows that the problem (1.4) is well-posed.

Lemma2.1 Let f € HY2(T'y) and n € H=Y*(T'y). Then the problem (1.4) has a unique

solution T € V(R2) satisfying the estimate
T v = CULflg12ag) + 1Inllg-12@0p))-
Proof Let
e.¢] o
1/2
FO =3[90 Wy, = 202 11
j=1

j=l1

and

o0 o0
—1/2
N =D U@ e, = 2 a ik
j=1

j=1
From (2.21) and the second equation in (1.4), we get

M; A1/4 = fj, or k_,sz» = )L}/zsz.
Similarly using the third relation in (1.4), we obtain

cosh /Aja
3/4 —M Nj N / =1nj.
Y smh,/ ja sinh /A ja :

A

(2.40)

(2.41)

(2.42)
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Multiplying both side in (2.42) with )\;l/ * and rearranging the equation, we obtain

1/2
1/2 —1/4 J
WPNj coth /hja = nin; 4 —L—M;. 2.43
Py / it sinh /A ja / (2.43)
This leads to "
WiNT < COT Pt M), (2.44)

where the constant C depends only on 4/Aja. Now (2.34) together with (2.41) and (2.44)
implies (2.40). ]

The auxiliary problem (1.5) can be analysed similarly. The corresponding solvability
results is the following.

Lemma22 Let g € H=Y2(Ty) and ¢ € H'Y2(T"y). Then the problem (1.5) has a unique
solution T € V() satisfying the estimate

T llv) = CUIEmaer,) + 8la-12q0p))- (2.45)

2.3 Equivalence of norms

In [1, 5], we use different norms for the trace functions on I'g and I'{. These norms are more
suitable for the case when we can not write the solutions explicitly, by using separation of
variables. These norms are defined by using only the bilinear form y (T, 72) given in (2.22).
Their definitions can be easily extended to more general degenerate elliptic operators and
domains.

Let us introduce this norms and their corresponding inner products.

Definition 2.3 Let 7y, 7, € H~'/2(I'), and Ty, T» € V() be the solution of problem (1.4)
where n1 = nandny = nonl'y,and f = 0on ['g. An inner product on the space HY2(T)
is define as

i, mh =y (T, T2). (2.46)

The corresponding norm is given by [7l,,r, = (7, n)}/z.

Similarly, we can introduce the inner product for g on I'y in terms of the solution of the
well-posed problem (1.5).

Definition 2.4 Let gy, go € H~'/>(Tg), and Ty, T> € V() be the solution of problem (1.5).
Here, g1 = g and go = g on I'g, and ¢ = 0 on I'{. One can define an inner product on the
space H~Y2(Ty) as follows;
(81, 82)0 = y(T1, T), (2.47)
and the corresponding norm is given by |lgll,.r, = (g, g)(])/z.
Let us prove the following formulas for the inner products (-, -)1 and (-, -)o.

Lemma 2.5 The following relations hold

ad sinh \/)\7] a

~12
, = A in2j , 2.48
(1, mh ; j mmzjcosh\/TjQ (2.48)
and -
_12 sinh \/Aja
(g1, 8200 = 3 _2; gijgj— (2.49)

= cosh /Aja’
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Proof Applying Green’s type identity, we have

b b
V(Tl,Tz)zfo mTa(x,a)c(x)dx :fo mTi(x,a)c(x)dx. (2.50)

Let 71 € V(R2) be a solution to problem (1.4) with f = 0 on I'g. Using the representation
(2.21) the solution of T7(x, y) is given by

o0 .
14 sinh /A;y
TG, y) =Y AN — L

e sinh /A ;a

where M; = O aty = 0 on I'g. Computing the derivative of (2.51) with respectto y aty = a,

we obtain
> cosh /A ;a
AN, VT

vj(x), .51

8y Ti(x,a) = = Vi), (2.52)
s J sinh /4 ja
The solution obtain in (2.52) is equals to
o
i) =Y ). (2.53)
j=1

Equating (2.52) into (2.53), and identifying the coefficient gives,

N, = 2.54
PTG Cosh Lja @259
Substituting (2.54) in (2.51), we get
o0 .
—1)2 sinh \/A;y
Ti(x,y) = A7 o —— 4 (x). (2.55)
= J cosh \/Aja
The solution of 7T71(x, y) at y = a is given by
o0 .
—1/2 Slnh )\.]a
Ti(x,a) =y a1 ——2 4 (x). (2.56)
P J cosh /A ja
Substituting (2.56) in (2.50), and using the fact that
o0
mx) =y m,v;),
j=1
we have
b ( OO o) .
_ij2_ sinhy/Aa }
T, T») = ivi(x A _ x) ¢ c(x)dx. 2.57
y(T1, T2) /0 {;nz,w)”; ¢ e Y[ €0 (2.57)
By applying bi-orthogonality conditions (2.17) in (2.57), we obtain
> sinh /X ;a
(T, Ty =Y 27 Py j— 2 (2.58)

P cosh1/)\ja'

This proves the first formula in Lemma 2.5. The second formula can be proven similarly. O
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Let us now state and proof the equivalence of the norms.

Proposition 2.6 The norm |0l g-12(r,yis equivalent to the norm |[n|ly.r, in the space
H~Y2('}) and the norm lgllg-12(r,) is equivalent to the norms ||glly.ryin the space
H~'/2(Ty).

Proof Comparing (2.58) and (2.37), we see that the norms [Inl =12,y and |nllyr, are
equivalent. Similarly, comparing the second formula in Lemma 2.5 and (2.37) we also see
that the norms ||g||g-12(r,) and |[glly.r, are equivalent. m}

2.4 The convergence of the Dirichlet-Neumann alternating algorithm

We now state the theorem of convergence of the Dirichlet—-Neumann algorithm for solving
the Cauchy problem (1.3) with the exact data, described in Sect. 1. Let {T; }‘/?":0 be the itera-
tion describe in the Dirichlet-Neumann algorithm shown in the introduction. This iterations
depends on f, g and 7.

Theorem 2.7 Let f € HY2(Ty) and g € H~Y2(Ty). Let also, T € V() be the solution to
problem (1.3). Then forn € H~Y/2(I'y), the sequences {T; };?‘;O obtained using the algorithm
described in Sect. 1, converges to T in V (L2).

Proof The proof of this theorem is similar to that in [1, 9] and therefore we do not present it
here. O

3 The operator equation

In this section, we define the operator equations that are used in the numerical computations.

Definition 3.1 Let n € H~/2(I";). We define the operator
K: H-'2Ty) — H ()
by
Kn =03,T,n(x,0),

where Ty ;) is the solution of problem (1.4). We introduce the notation 7{ s ;) so that we can
refer to solutions of the problem (1.4) with different boundary conditions f, n, e.g. T(o,y)
solves (1.4) with f = 0.

Let us express the operator K in terms of the basis function v/ (x). From (2.55), we have

T (x y) _ 0 )\_1/2 Slnh,/ y
©m7 7 Veosh /xja

j=1

= (x). (3.59)

Computing the derivative of (3.59) with respect to y at y = 0, we obtain
Kn= i(x). 3.60
nzmmfwm (3.60)
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The Cauchy problem (1.3) can be written in terms of an operator equation with respect to n
as follows
Kn=g—0yT(s,0(x.,0). (3.61)

Lemma 3.2 Let K be given as in Definition 3.1. The expression (3.61) can be written as
Sfollows

o0
12 —cosh /A ja 1
Kn=g— A i + i(x).
=8 ; J f]( sinh /2 ja cosh/Ajasinh/Aja Vi)

Proof Using the general solution (2.21), we obtain

s cosh \/A;asinh /A (a — sinh /A ;
Ty =y A/*N; i 1@z VRN, 63
sinh /A ja sinh /A ja

where M; = Nj cosh \/Aja at y = a. From (3.63), we compute

(3.62)

j=1

fG) = fivi )

j=1

at y = 0, and we obtain
oo
1/4
T(f’())(x, 0) = Z)»j/ Nj cosh‘/)\ja 1//j(x).
j=1

As a result we get,

o
fi =" 3/*Njcosh/xja. (3.64)
j=1
From (3.64) we obtain the coefficient N; as follows
—1/4
fj)‘j

(3.65)

Nj=—"72
! cosh /A ;a

Substituting (3.65) in (3.63), we obtain

ad sinh \/Aj(a —y) sinh \/A;y
T Ly) = i : i(x). 3.66
(0. ) 12;1 fi < sinh /A ja + cosh \/Ajasinh /A a Vi) ( )

Evaluating the derivative of (3.66) with respect to y at y = 0, we obtain

—cosh \/ja N 1
sinh /A ja cosh /A jasinh /2 ja

Substituting (3.67) on the second term of the right-hand side in (3.61), we get the results. O

o0
1/2
0 T(r0)(x.0) =Y 2% f
j=1

> Yi(x). (3.67)

For more detail information on how to write a Cauchy problem as an operator equation,
one can see for instance [5, 17].
Let us now state and proof the lemma for the adjoint operator K *.
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Lemma 3.3 Let K be defined as in Definition 3.1, the adjoint operator
K*: H™'2(Tg) — H'2(1),
where we use the inner products (-, -)1 and (-, -)o is given by
K*g =9,To(x, a), (3.68)
where Ty is the solution to problem (1.5) with { =0 on I'y.

Proof Using the general solution (2.21), we obtain

Z Al/4 smh \ﬁ(a
sinh \/>a

where N; = 0 at y = a. Differentiating (3.69) with respect to y at y = 0, we obtain solution
for g(x) as follows

To(x,y) = Iﬁj (x), (3.69)

8, To(x, 0) = ZAS/“ cosh y2, VT (x). (3.70)

Let .
g) =) gjv;(x), 3.71)

Equating (3.70) in (3.71) we have

cosh ia
3/4 M, \/

—A; 3.72
! 'sinh /& a ( )
We evaluate the coefficient M; to get
_ sinh /A ja
Mj=—-27""g (3.73)
i 8 cosh Jra Jhja
Substituting (3.73) in (3.69), we get
_ smh VAjla—
To(x, y) = ZA g VAN, ) (3.74)
cosh /4 a
Differentiating (3.74) with respect to y at y = a we obtain
Vj(x). (3.75)

g_gg/cosh\/»a

By applying Lemma 2.5 and (3.60), we evaluate the inner product

o0 .
12 sinh \/A ja
(Kn.g)o=y(T1.T) =Y i, 2(Kn)g; .

J y -
= cosh /A a

00
—1/2 sinh \/761

3.76
2:: 1183 CoshZ Jria N/ 3.76)
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where T1 € V(2) solves problem (1.5). Similarly, applying Lemma 2.5 and (3.75) we
compute the inner product

sinh \/)T] a

o0
7K* = T,T = )»fl/z K* j ’
(0. K*gh = y(To. Ty = 3 ;"¢ 8 cosh \J2a

ad sinh /A ja

Z g 3.77)
o cosh” \/Aja

where Ty € V (£2) solves problem (1.4). Clearly from (3.76) and (3.77) we can see that

(Kn,8)o=(n, K*g)1.

m}

Let us now state and proof a lemma for compactness of the operator K and also, compute
its norm.

Lemma 3.4 The operator K defined in Definition 3.1 is compact and its norm in the spaces
H=Y2()), HY2(Ty) with the inner products (-, -)1 and (-, -)o is equal to (cosh Vqa)

Proof From (3.60) and (3.75), we have

K* Kn—Z( n),ﬁw.,(x) Zn, f Y. (BI8)
J

j=1
Hence

2

1
S = —n.
4 cosh? | /ja

Therefore,
S§;i—0 as j— oo.

This implies that the operator K is compact. Also, applying Lemma 2.5 and (3.60) we calculate
the norm

oo .

—1 sinh /A ja
IKnllG, = (Kn, Kn)o =Y A "2(Kn),(Kn)j———,

ot J cosh,/Aja
i 1/2 2smh,/ ia < 1 ) )\71/2 2smh,/ ia
s cosh3,/ a - cosh? /A ja I cosh /A a

! 2 1 )
<max | —5—— < .
= m (cosh2 \/)Tja>||77||1,y (Coshz \/)Tla)”’?”m,
This assertions proves the lemma. a

3.1 Landweber iterative method

We now define the iterative method for solving the problem

Kn=E¢, (3.79)
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where & = g —9,T(y,0)(x, 0) as defined in (3.61). We introduce Landweber iterative method
for solving the ill-posed problem (3.79). Let no = 0 be the initial approximation, compute

N+l = m +aK*(€ — Kny) = (I —aK*K)ny, + aK*E, (3.80)
form =0,1,2,..., where « is the relaxation parameter. It is well known that the iteration
(3.80) is convergent provided that

0<a (3.81)

< —F.
K2

The proof is similar to that for the Richardson iteration in [36, Example 4.1]. By Lemma 3.4
this inequality can be written as

0 < & < 2 cosh? VAla.

Similarly, the iterations (3.80) converges if we have exact right hand-side in (3.79), see [18,
Theorem 6.1]. As was shown in [5], the Landweber iterative method with & = 2/||K||? is
equivalent to the Alternating iterative method. This explains the slow convergence.

As the stopping rule for the Landweber iterations we use the Discrepancy principle [18].
The Discrepancy principle is applied as follows: Let £ € H~'/>(T'y) be the exact data and
g% € H=/2(I'y) be an approximation of & satisfying

15 =& m-12ry) < 6. (3.82)
Consider the Landweber iterations
o =1, +aK* (& — Knb) = (I —aK* K)nl, + aK*, m=0,1,... (3.83)
where 0 < o < 2cosh? «/Aja. Let T > 1. The iterations are terminated when
1> = Knd, |l =112r) < T8 (3.84)
The stopping index is denoted by
m=m(s, &%).

Note that m (5, & 8 ) — oo as § — 0. Thus the following theorem [25, Theorem 2.15 and
Theorem 2.19] guarantees convergence.

Theorem3.5 Let &, &° € H™'2(Iy), and ||§ — &°|| y-1/2ry) < 8. Then the Landweber
iterations, together with the Discrepancy principle, satisfies

”:Sn(s,gé) —1n as § —> 0.

Note that for the discrepancy principle in (3.84) the residual norm, i.e. the left side can be
computed in each iteration. For the numerical experiments we know the exact data &. Thus,
we can compute § by evaluating the norm in (3.82). For practical application the exact data is
unknown. Since we assume normally distributed random noise it is more natural to assume a
bound of (3.82) in the L? norm. However, the point of the experiment section is to illustrate
the theoretical part of the paper. Thus, we use the norms in H /2. Note however that the
L? norm is stronger than H~'/2 norms. Thus we could implement the discrepancy principle
(3.84) using L2 norm instead.
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4 Numerical results

In this section, we present numerical experiments for the Landweber iterative method anal-
ysed in the previous section. To conduct the experiments, we implement a finite difference
method for solving the two auxiliary problems (1.4) and (1.5). Let a and b be positive numbers
and recall that the domain is given as

Q=1(0,b) x (0,a), withT'o=(0,b) x {0}and TI'; = (0,b) x {a}.

To carry out the tests, we consider the following Cauchy problem for stationary heat equation
in 2, i.e.

— (@) - (c(x)%) + 2 T+ ()T =0, O0<x<bO<y=<a,
Ty(x,0) = g(x), 0<x<b,
T(x,0)= f(x), 0<x<b,
limy 0,5 c(X)Tx(x,y) =0 0<y=<a

(4.85)
To compute the numerical solutions, we discretize the differential equation in (4.85) on a
uniform grid of size N x M. Since the grid is uniform the number of grid points M in the
y— directions is uniquely determined by N. We consider a standard accuracy of O(dx?) in
the finite difference approximation. Let T; ; be the discrete approximation to T'(x;, y;). The
finite difference approximation for the equation on each interior grid points (x;, y;) is given
by

—cit12Tiv1,j = cim1pTim1j +dT j —¢i (Th j1 + T j-1) =0,

2h
d = (Ci+1/2 +ci12 +2¢ + ?(dx)z,/ 1+ (Cl/)z) .

We cannot implement the degenerate boundary condition,

where

lim c(x)Ty(x,y) =0, (4.86)
x—0,b

directly, since c(x) tends to zero near the boundary. This means that we can get unbounded
solutions. An alternative boundary condition that allows for similar solutions is considered.
We choose the second order derivative

(T1; = 2T + T35 )(dx) 2 =0, j=2,....M—1,

with a standard accuracy of O(dx?). The boundary i = N is treated similarly. This allows
for functions that behave like a straight line near the boundary. This type of solution also
satisfies the original boundary conditions (4.86).

Similarly, for the boundaries corresponding to y = 0, and y = a one can obtain different
equations by taking into the consideration the boundary condition given. For the case of
Dirichlet boundary conditions, we obtain the discretization as follows:

T},]:dlj, i=11~--N7 .]=1 Orj:M’

where dij is the Dirichlet data given at y = 0 or y = a. Furthermore, the discretization of
the Neumann boundary conditions is given by
(=3Ty1 +4Ti0 — Ti3)Qdx) " =n/,  i=1...N,

i’
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0 0.02 0.04 0.06 0.08 0.1
X

Fig.3 Numerical solution T (x, y) (left), and the Dirichlet data 7' (x, a) = ¢(x) (right)

nlj is the given Neumann data at y = 0 with a standard accuracy of O(dx?). The case y = a
is similar. For further detail about the boundary conditions one can refer to [9].

To create a test problem which is suitable for our problem, we choose @ = 0.02 and
b = 0.1 with a grid size N = 501 which gives M = 101. The same grid is used in all our
experiments. Similarly, we chose also

c(x) = 1% sin(wx/b),

k = 3, and h = 0.25 respectively. The same values also are used in all the computations.
We used cubic spline interpolation to create the Dirichlet data ¢(x), 0 < x < b. We
then solved the differential equation in (4.85), with boundary conditions 7 (x, a) = ¢(x),
and 7' (x,0) = 0. From Definition 3.1 of the operator, we see that f(x) = 0. By solving
this problem, we create a numerical test problem. The numerical solution 7 (x, y), and the
Dirichlet data ¢ (x) are illustrated in Fig. 3. Using the numerical solution 7' (x, y), we compute
the Neumann data at I'g, and I'y respectively, i.e. we obtain the exact data  on I'j and £ on
Ig that satisfy Kn = &.
Recall that both 1 and & are vectors, i.e.

§:=(&) J

|
E

and

n=mj) Jj=1...,m,
In the case where noise is present, we add normally distributed random noise of variance S
to the exact data & to obtain

£5 = £ + B xrandn(size(§)), (4.87)

E=g+p, j=1..m

Example 4.1 In our first test example, we compute the solution of Kn® = £% using the
Landweber iteration and also the Dirichlet-Neumann alternating algorithm. We use the
parameter value « = 1.0, and noise free data, i.e. noise level B = 0. We choose the initial
guess 1o = ¢o = 0, and we compute the approximate solutions 17,, and ¢, . The numerical
solutions obtained are of very good quality. We can see that both the errors ||7,, — nll,.r;,
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Fig. 4 We display the approximate solution TOElSOO) (x, a) using the Landweber iteration and the Dirichlet—
Neumann alternating algorithm with « = 1.0 (top, left black curve), and the exact solution (top, left black

dashed curve) using noise level B = 0. Similarly, we display the approximate Neumann data TV(1500> (x,a)
(top, right black curve), and exact Neumann data 7 (top, right black dashed curve). We also display the errors
(bottom, left curve) ||77£1 —nlly,1,, and the residuals (bottom, right curve) [|§ s_k ”31”1/-1"0' The graphs for
both methods are identical

and residuals [|§ — Kn,,|],,1, are monotonically decreasing. We also observe that the rate
of convergence is quite slow. The graphs for both methods are identical. The results are
displayed in Fig. 4.

Example 4.2 In our second test example, we solve K ° = &° using the Landweber iteration.
The parameter value chosen are « = 1.0, the noise levels are g = 4 - 10" and 12 - 10, and
7 = 1.1. The exact data and noisy data are displayed in Fig.5. We see that the noise level is
quite significant in both cases.

For the noise level 8 = 4 - 10!, we have seen that the solution obtained is of good
quality. This shows that acceptable solutions can be found with realistic noise levels. We also
displayed the errors ||nfn —nlly,r,, and residuals 1€ — K nfn [l.,ro- We have observed that
minimum norm solution and the smallest total error is reached after 8§71 iterations. Similarly,
the residual is monotonically decreasing, and the discrepancy principle is achieved after 41
iterations. The results are displayed in Fig.6. In the case of the noise level 8 = 12 - 10!,
we can see that the solution obtained is also of good quality. We also presented the errors
| |n;3n —1lly,r,» and residuals ||& S_K nfn [l,ro- We have found out that the smallest total error
is achieved after 474 iterations. The residual curve is also monotonically decreasing, and
the discrepancy principle is satisfied after 21 iterations. The numerical results are displayed
in Fig.7. In both cases, we see that the errors decrease up-to a certain number of iterations
and then it starts to increase. This is known as semi-convergences effect. From the residuals
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Fig.5 We display both the exact data & (black dashed curve) and the noisy data & 8 (black curve). On the left,
we used noise levels g =4 - 10! and B=12. 10! on the right
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Fig. 6 We display the approximate solution T05871)(x, a) using the noise level B = 4 - 10! (top, left black
curve) and Neumann boundary data Ty(gﬂ)(x, a) (top, black right curves). We also displayed the exact data
(black, dashed curves) in both graphs. We present also the convergence for errors | |n§n —nlly,ry (bottom, left

curve), and residuals |\§5 — K”?n”y,ro (bottom, right curve). Here, the value of 7 = 1.1 is used

curves, we noted that the discrepancy principle is underestimating the optimal iterations
numbers.

Example 4.3 1In our last test example, we investigate the effect of relaxation parameter « in
the Landweber iterations by solving Kn® = &°. The parameter values used are o = 1.9, 2.0,
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Fig. 7 We display the approximate solution T05474) (x, a) using the noise level B = 12 - 10! (top, left black
curve). Also, we show the exact solution (black dashed curve). Similarly, we display the approximate Neumann

data Ty(474) (x, a)(top, right black curve). The exact Neumann data n (black dashed curve) is also displayed.

Finally, the convergence for errors | \nfn —nlly,r, (bottom, left curve), and residuals IIS‘s —-K ’731 ly.r, (bottom,
right curve) is display. We have used also 7 = 1.1

and 2.1, and the noise level 8 = 4-10'. In Fig. 8, we displayed the errors ||77,‘31 —nlly,r,,and
residuals [1£° — Kn2, |1y,

The results indicates that the Landweber iteration converges for @ < 2. We also observed
that the rate of converges is faster for smaller values of « as compare to larger one. If we
compare with the theoretical result (3.81) we have an indication that the norm of the operator
K is equal to 1. By looking at Lemma 3.4 this allows us to compute 1.

5 Conclusions

In this paper, we consider steady state heat conduction in a thin plate. The thin plate connects
two cylindrical containers. Its purpose is to fix their relative positions and at the same time
to measure the temperature on the inner cylinder. We derive a two dimensional mathematical
model, and use it to approximate the heat conduction in the thin plate. Since the plate has sharp
edges on the sides, the resulting equation we obtained is a degenerate elliptic equation. The
application of the Alternating iterative algorithm for solving a degenerate elliptic equation is
new for this study.

To find the temperature on the interior part from the exterior measurements, we formulate
the problem as a Cauchy problem for stationary heat equation. Furthermore, we describe two
boundary value problems (1.4) and (1.5), and showed that they are well-posed. Similarly, we
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Fig. 8 We display the errors ||77,§1 —nlly,r; (left curves), and the residual ||E‘S - K’?én”y,l“o (right curves)

using noise level g = 4- 10!. We have used here @ = 1.9 (black curve), o = 2.0 (dashdot curve) and o« = 2.1
(dashed curve)

analysed the convergence of the Dirichlet-Neumann alternating algorithm for solving the
Cauchy problem (1.3). Moreover, we have reformulated the Cauchy problem as an operator
equation, with a compact operator, and applied the Landweber iteration method to solve the
problem. We have shown that the Discrepancy principle works for this case and we have a
regularization method.

From our numerical experiments, we see that it is possible to obtained good quality
solutions, even in the presence of large noise. We also see that in all cases the residual norms
are monotonically decreasing. This means that the Discrepancy principle can be applied
in practice. We also compute errors during the Landweber iterations. The results seem to
indicate that the Discrepancy principle underestimate the optimal number of iterations. We
also see the semi-convergence effect in the error curves. From the numerical computation,
we have seen that ill-posedness depends strongly on the geometry of the domain [7]. Hence
for this application to work the inner and outer cylinder has to be relatively close.

In future work, instead of Dirichlet-Neumann Alternating algorithm and the correspond-
ing operator equation, we will consider using Dirichlet—Robin boundary conditions in the
alternating algorithm. We will also consider methods with faster convergences rates such as
the Conjugate gradient method. In order to implement the Conjugate gradient method we
need to reformulate the alternating algorithm as a Landweber iteration for a specific operator
equation. In this context, for this to work, we need to develop the scalar product that allows for
the computation of the adjoint operator and also appropriate norms. With the adjoint operator
in place we can implement the Conjugate gradient method. To improve on the stability of the
solutions we will consider using Tikhonov regularization method.
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