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Abstract

Today many car manufactures are developing systems that help the driver to
avoid collisions. Examples of this kind of systems are: adaptive cruise control,
collision warning and collision mitigation / avoidance.

All these systems need to track and predict future positions of surrounding
objects (vehicles ahead of the system host vehicle), to calculate the risk of a
future collision. To validate that a prediction is correct the predictions must be
correlated to observations. This is called the data association problem. If a
prediction can be correlated to an observation, this observation is used for
updating the tracking filter. This process maintains the low uncertainty level for
the track.

From the work behind this thesis, it has been found that a sequential nearest-
neighbour approach for the solution of the problem to correlate an observation to
a prediction can be used to find the solution to the data association problem.

Since the computational power for the collision mitigation system is limited,
only the most dangerous surrounding objects can be tracked and predicted.
Therefore, an algorithm that classifies and selects the most critical
measurements is developed. The classification into order of potential risk can be
done using the measurements that come from an observed object.

Key Words: data association, gating, sequential nearest neighbour, collision
mitigation, tracking, selection, danger level
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Notation

Here are some of the frequently used variables introduced.

hx� Predicted host vehicle x co-ordinate.
hy� Predicted host vehicle y co-ordinate.

hxv ,� Predicted host vehicle longitudinal speed.

hyv ,� Predicted host vehicle lateral speed.

ix� Prediction of the ith surrounding object�s x co-ordinate.
iy� Prediction of the ith surrounding object�s y co-ordinate.

ixv ,� Prediction of the ith surrounding object�s longitudinal speed.

iyv ,� Prediction of the ith surrounding object�s lateral speed.

ir� Prediction of the range from the host vehicle to the ith surrounding
object.

ir�� Prediction of the range rate from the host vehicle to the ith surrounding
object.

i�� Prediction of the azimuth from the host vehicle to the ith surrounding
object.

Bold face letters represent vectors or matrices.
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1 Introduction

1.1 Background

Today many car manufacturers are developing active safety systems designed to
help the driver to avoid accidents. These systems are especially effective if the
driver is not paying attention to what is going on in the immediate surroundings.
Examples of active safety systems are Lane Keeping Aid (LKA), Adaptive
Cruise Control (ACC), and Collision Mitigation by Braking/Steering (CMbB/S).

Presently a research project is going on at Volvo Car Corporation (VCC), in
association with Linköping University (LiU), into the development of a forward
collision mitigation system. This system uses measurements of surrounding
objects and models describing the vehicle dynamics to track and predict future
positions for surrounding objects. Also, the host vehicle�s future positions are
predicted. All these predictions are then used to calculate the risk that a collision
is going to happen between the collision mitigation vehicle and one of the
surrounding vehicles. If the risk for a collision is high, an avoidance manoeuvre
is applied.

During the tracking of vehicles ahead, the well-known data association problem
must be solved. This is the problem of deciding if an observation received at the
last scan from a sensor represents a tracked object or not. If found that it does,
the observation updates the tracking filter, if not the observation is considered as
a candidate to initiate a new track.

1.2 Problem specification

The aim of this master thesis is to evaluate an algorithm that solves the problem
of assigning measurements of physical objects to predicted track positions, if
both the observation and the prediction represent the same object. In this
particular case, the objects are vehicles in front of the collision mitigation
system�s host vehicle.
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Since the computational power is limited, the collision mitigation algorithm can
only handle the most dangerous surrounding objects. This is why an algorithm
selecting the most dangerous measurements of the surrounding objects is
needed.

This master thesis treats how the selection of �dangerous measurements� from a
larger amount shall be done. It also treats how these selected measurements are
used when arriving to the tracking system.

1.3 Reader�s guide

Section 2 of this report contains a description of the collision mitigation
system�s function, the simulation model and of the prototype vehicle. Section 3
describes the data association problem and the theory of finding a solution for
this problem. Section 4 motivates why the solution, used in this work, are
chosen. Section 5 presents results from simulations using the algorithm
developed in this work. Section 6 discusses and develops methods for selecting
the measurements of the most dangerous surrounding objects. Results from real
measurements using the developed selection algorithms are also presented.
Section 7 contains conclusions from the work and proposals of future work in
this area.
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2 The collision mitigation system

Systems for avoiding forward collisions use sensors scanning the area in front of
the vehicle to detect vehicles ahead. The measurements of vehicles ahead are
used to track and predict future positions for these vehicles. A number of
different possible systems exists, one example is adaptive cruise control (ACC),
another is forward collision warning (FCW) and a third is forward collision
mitigation / avoidance (FCM/A). In FCW and FCM/A, the predicted future
positions are used to evaluate the risk for a future collision to occur. If the risk
for a collision is high, the FCW system delivers a warning to the driver and the
FCM/A system applies an avoidance manoeuvre. Examples of different
approaches to collision avoidance are given in [9] and [10].

2.1 System description

The collision mitigation system to be studied in this thesis has the structure
shown in Figure 2.1. This system works by performing tracking and predictions
of future positions for the most dangerous surrounding objects. In addition, the
future position for the host vehicle is also predicted. The predicted future states
for the vehicles are then used for evaluating the risk that a collision will occur
during the predicted time span. If the risk exceeds a given threshold, an
avoidance manoeuvre will be applied by the system.

Figure 2.1: Structure of the Collision Mitigation system.

Kalman
predictor

surrounding
objects

Kalman
predictor

host vehicle

Z-1

Collision
mitigation
algorithm

Associate
observations to

predictions Predictions
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Observations Predictions
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The predictions of the surrounding objects are done with a Kalman predictor that
contains a description of the vehicle dynamics. Inputs to the tracking filter are
observations done with a radar sensor and a laser radar sensor. These sensors
measure the following quantities: range, range rate and azimuth (Figure 2.3)
between the collision mitigation vehicle and the surrounding objects. Also, the
predictions of the host vehicle�s future states are done with a Kalman predictor.
Inputs to this filter are the steering angle, measured yaw-rate and speed for the
vehicle.

By the time the measurements of the surrounding environment are received by
the tracking system, there may on occasion already be predictions of some (or
all) of the observed objects. The new observations are alternatively used to
update already existing tracks, or as candidates to initiate new tracks. The
process of establishing whether an observation of an obstacle represents the
same physical object as a prediction does is called the data association problem
and a solution method for this problem will be discussed in this report.

2.2 Simulation model

A simulation model of the collision mitigation system (Figure 2.2) is
implemented in Matlab / Simulink1 and consists of a bicycle model that
describes the vehicle dynamics for the host vehicle. The steering angle and
accelerating force that the driver affects the host vehicle with are inputs to the
model as well as the collision avoidance manoeuvre from the system. Output
data from the model consists of the vehicle states (x- and y- co-ordinate, vx- and
vy- velocities, yaw angle and yaw rate).

Figure 2.2: The simulation model of the collision mitigation system.

The states of the surrounding objects (vehicles) are given in discrete time
samples in an interpolation table. A model of the sensor that makes observations
of the surrounding objects is also used. The sensor model uses the positions of
the host vehicle, from the bicycle model, and the positions of the surrounding
                                         
1 Matlab and Simulink are registered trademarks of The MathWorks, Inc.

Driver inputs
Vehicle
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objects to calculate its outputs, which are range, range rate and angle between
the host vehicle and all the observed objects.

2.3 Prototype vehicle

A prototype vehicle is produced, a standard Volvo V70, is equipped with one
radar and one laser radar that make observations of surrounding objects. Both of
these sensors observes the range, rang rate and azimuth ( �,rr, �  in Figure 2.3)
between the host vehicle and the observed surrounding objects. The radar
performs observations of fifteen objects, but the laser radar only observes four
objects at each scan.

Figure 2.3: Observations of the surrounding objects from one sensor.

To implement the collision mitigation system in the car, a Dspace signal
processor unit is mounted, to which all sensors and actuators for the system are
connected.

This vehicle is used to demonstrate and test how the collision mitigation system
works in reality. During these test sessions, every measurement from the sensors
performing observations of surrounding objects and of the collision mitigation
vehicles states can be saved. This saved test data can be used later on to evaluate
recently introduced changes, in simulations at the desk.

rr �,
�
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3 Data association

Some theories and methods for solving the problem of associating observations
to predicted track positions of physical objects will be presented in this chapter.
An example of the data association problem is given below. For a complete
description of the topic, the reader is referred to [1] or [2].

If it is assumed that there is a set of living tracks when a new observation from
the sensors is received, these new observations can then be used either for
updating these living tracks or as candidates to initiating new tracks. The
association process decides how these new observations are used. The
association process usually starts with a gating procedure that eliminates
unlikely observation to track pairings. This is done to reduce the need for
calculating capacity later in the process. After the gating test, the remaining
conflict situations need to be resolved. A typical conflict situation is that more
than one observation has fallen inside the gate of a predicted track. To solve this
conflict situation a metric that quantifies the similarity between an observation
and a predicted track has to be defined, before an optimisation algorithm is used
to decide which assignments are best.

Example
Imagine that the collision mitigation vehicle is in a traffic situation similar to
that in Figure 3.1. Here the collision mitigation system receives observations
(O1, O2 and O3) of the vehicles in front of it.

Figure 3.1: Snapshot of a traffic situation and observations of vehicles ahead at time kT.
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When these new observations are received, the tracking algorithm already
contains a set of tracks for the same vehicles (P1, P2 and P3). These predicted
positions are shown in Figure 3.2.

Figure 3.2: Predicted positions for the obstacles at time kT.

Introducing an uncertainty area (Gate) around the predicted track positions and
plotting the observations and predicted track positions in the same figure (Figure
3.3) makes it possible to identify two types of conflict situations that occur when
observations are correlated to existing predicted track positions.

Figure 3.3: Predictions and observations at time kT.

The two conflict situations identified are:

� One observation falls into the gates of multiple tracks.

� Multiple observations fall within the gate of one track.

In this example both of the conflict situations mentioned above occur (as seen in
Figure 3.3). Observation one (O1) falls into the gate of both tracks one and two
(P1 and P2). Both the first and the second observations (O1 and O2) fall within
the gate of track two (P2). The third observation (O3) is the only one in the gate
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of the third track (P3) and does not fall within any other gate. Therefore, it is
associated to the third track at once, whereas further examination is required for
the other ones.

3.1 Gating

Gating is a technique that starts to solve the problem of associating observations
to predicted track positions by eliminating unlikely observations to track
pairings. This procedure is done as early as possible in order to reduce the
computational load in the remaining steps of the data association process. A gate
is formed around the predicted track position. Then if one, and only one,
observation falls within one track's gate and this observation doesn�t fall inside
any other track�s gate, the observation will be used to update the tracking filter.
If, however, there is more then one observation in the gate of one track, or one
observation falls within several track gates, further investigation of which track
it should be associated to is required.

The gating test typically produces a matrix in which the ij-element equals one if
the ith prediction might represent the same physically object as the jth
observation, otherwise it equals zero.

This leads to the introduction of the definitions of quantities needed to perform
the gating test. The measurement received from one sensor at scan k is given by

� � � � � �kkk eHxy �� . (3.1)

Where H is the measurement matrix and e(k) is assumed zero-mean Gaussian
measurement noise with covariance matrix Rc. At scan k-1, the Kalman tracking
filter forms the prediction � �1� �k|kx  for the state vector x(k) to be used at time
kT. The residual vector (3.2) is defined by the vector difference between
measured and predicted quantities, used at scan k

� � � � � �1�~
��� k|kkk xHyy . (3.2)

The corresponding residual covariance matrix S for the residual vector is
computed from equation (3.3).

c
T RHPHS �� (3.3)

Where P is the one step prediction covariance matrix from the Kalman filter.
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3.1.1 Rectangular gates

One of the most straightforward gating techniques is to define rectangular
regions around every component l of the residual vector ijy~ , for the association
of observation j to track i. The observation is said to satisfy the gate for one
track if, and only if, the inequality (3.4) is satisfied for all l� M, where M is the
measurement dimension.

rlj,li,lij,l σyyy GK�~
��� (3.4)

Here �r is the residual standard deviation defined in terms of the measurement
( 2

oσ ) and prediction ( 2
pσ ) variances and the relationship (3.5). The later of these

two quantities is typically taken from the Kalman prediction covariance matrix

22
por σσσ �� . (3.5)

Assuming the Gaussian error model and independence of the residual errors
makes it possible to compute the theoretical probability that a valid observation
satisfies the gating test from a standard Gaussian probability relationship. The
probability (PG) of a valid observation satisfying the gating test is

� �� � � �� � � �� �GMMG22G11G KtP1KtP1KtP1P ���������� � . (3.6)

In equation (3.6), � �ll GKtP �  is the probability of the magnitude of a standard,
normalised random variable exceeding the threshold KGl. Assuming the same
gate size for all measurement dimensions (KGl  = KG for all l), equation (3.6) can
be simplified to (3.7). The approximation is valid if the probability of a valid
observation to not satisfy the gating relationship is chosen small.

� �� � � �GGG KtP1KtP1P ������� MM (3.7)

It is easy to find the gating constant (KGl or KG) by choosing a probability level
for a valid observation to fall within the gate. What is needed is only a table of a
standard, normalised Gaussian random variable, which can be found in [8] for
instance, and using equation (3.6) or (3.7).
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3.1.2 Ellipsoidal gates

It is also possible to define a gate, such that the correlation between one
observation and one prediction is allowed, if the relationship (3.8) is satisfied

G~~2
��

� ySy 1Td . (3.8)

The gate G can be defined as a maximum likelihood gate or chosen on the basis
of the chi-square (�2

M) distribution with M degrees of freedom. The maximum
likelihood gate can be defined in such a way that a valid observation is more
likely to fall inside the gate than one from an external source. The following
quantities are used to define the maximum likelihood gate (3.9) probability of
detection (PD), new source density (�), measurement dimension (M) and the
determinant of the residual covariance matrix (|S|).

� � � � S2/
D

D

2βP-1

P
G

M
�

� (3.9)

It is seen that the gate defined in (3.9) approaches infinity if PD approaches unity
or � approaches zero. The gate size also decreases if the residual error increases
or PD approaches zero.

The other method that uses the property of the chi-square distribution is simpler
but less adaptive. The quantity (3.8) is shown to have a �2

M distribution for a
correct observation to track pairing in [1]. If a valid observation is allowed to
fall outside the gate with the probability ( GG PP ��1~ ) then the value of G can
be found using a �2

M table and the relationship (3.10).

� � G
2
M P~GχP �� (3.10)

3.2 Association metrics

To quantify the similarities between observations and predicted track positions,
an association metric has to be defined. The purpose of a metric is to provide a
measure of the similarity between an observation and a predicted track position.
According to [2], a similarity measure has to meet four standard criteria to be a
true metric, these are:
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1. Symmetry: Given two objects a and b, the distance d between them satisfies
the expression.

� � � � 0�� b,ada,bd

This means that the distance between the two objects are greater than or equal
to zero, and has the same value whether measured from a or b.

2. Triangle Inequality: Given three objects, a, b and c, the distance between
them satisfies the inequality:

� � � � � �b,cda,cda,bd ��

This states that the length of any side in a triangle is less than or equal to the
sum of the other two sides.

3. Distinguishability of non-identicals: Given two objects a and b

if � � 0�a,bd , then ba �

That is, if the distance between two objects is non-zero, then the objects
have to be non-identical.

4. Indistingushability of identicals: For two identical objects, a and a�

� � 0��aa,d

This means that the distance between two identical objects is zero.

There are several different kinds of association measures (association metrics)
for example:

� Distance measures

� Probabilistic measures

� Correlation coefficients

3.2.1 Distance measures

Distance measures are true metrics and are interesting because of their
geometric interpretation. The Euclidean distance belongs to this class of
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similarity measures between two vectors. It is also possible to use weighting
factors when calculating these measurements.

One major problem with using this kind of association metrics is that one
variable with both large size difference and standard deviation can easily
overwhelm others with small absolute size and standard deviation.

One weighted Euclidean distance measure that can be used is the Mahalanobi
distance function, defined in (3.11), where the weighting factor is equal to the
inverse residual covariance matrix ( 1S�

ij ) for the assignment of observation j to
prediction i.

ijijijijd ySy 1T ~~2 �

� (3.11)

3.2.2 Probabilistic measures

Assuming the Gaussian distribution for the residual (3.2) and a M-dimensional
measurement, gives the likelihood function for the assignment of observation j
to the predicted track position i by equation (3.12).

� � ij
M

ij
ij

d
g

S2

2

2

2-
e

�

� (3.12)

Here 2
ijd  is the norm of the residual vector (3.2) defined by equation (3.11) and

Sij is the residual covariance matrix.

Since gij is a measure of the probability that observation j is correlated to track i,
the assignments should be chosen in such a way that it maximises the terms gij.
Taking the logarithm of (3.12) and dropping the constant terms defines the terms
(3.13). The maximisation of gij is the same thing as minimising the terms 2

ijGd  in
equation (3.13). Since the measurement dimension M is the same for all
observations (3.13) is a convenient measure of the similarity between an
observation and a prediction.

ijijG dd
ij

Sln22
�� (3.13)
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3.2.3 Correlation co-efficients

Correlation co-efficients are often termed angular measures due to their
geometric interpretation. In comparison with distance measures, correlation co-
efficients are fairly insensitive to the size of the variables, which define them.

This similarity measure has some drawbacks. The aforementioned quality of
insensitivity to the size of variables that define them result in that two vectors
that are widely separated geometrically may be correlated to each other. Another
disadvantage of the correlation coefficients is that they are not a true metric.

3.3 Solution to the assignment problem

The problem of assigning observations to predicted tracks with a sequential
nearest-neighbour approach is an example of the classic assignment problem.
The optimal assignment minimises a total distance function, which is the sum of
the distances for all individual assignments. This means that a similarity
measure is required that can be used as the distance function in this problem.

Generally, this is the classical mathematical problem of assigning n men to n
jobs [7] (in this case observations to predicted tracks), assuming that each man
has a numerical rating for his performance on each job. The solution to the
problem is the one that minimises the total rating. It is possible to find the
solution to the problem by enumeration but since there is n! possible solutions to
the problem (in the case there are n men and n jobs) of which many might be
optimal, this is a slow and inefficient way. Therefore, a better way to find the
solution to this problem is to use an algorithm developed for this purpose.

Once the gating test has been performed, the question �Which observations can
eventually represent the same physical object as a predicted track?� is answered.
The answer is not always unique, so it is necessary to measure the similarity
(�rating for an observation to do the assignment job�) between an observation
and a predicted track with a metric (as outlined above), and then compute the
best possible associations.
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Figure 3.4: Structure of how to solve the assignment problem.

The gating test together with a similarity measure, define an association matrix.
The first two blocks of the association structure shown in Figure 3.4 represents
these first two steps of the solution. In the association matrix now formed, the ij-
element is non-zero if the ith track and the jth observations possibly represent
the same physical entity, and zero otherwise. The values of the non-zero
elements are the value calculated by the similarity measure between the ith track
and the jth observation.

Tracks \ Observations O1 O2 O3

P1 d11 � �

P2 d21 d22 �

P3 � � d33

� = Observation outside track gate.

Figure 3.5: Assignment matrix for the example in Figure 3.3. The rows represent predicted
tracks and the columns represent the observations.

The desired (or optimal) solution to an assignment matrix, such as the one given
in Figure 3.5, is the one that minimises the total distance function for the
association of observations to predicted track positions. If some of the
observations are not used, these observations are considered as candidates to
initiate a new track.

Gating
test

Optimisation
algorithm

Use observation
to update trace

� �1|� �kkx

� �kox
� �of xx,�
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4 System design

The decision to use a sequential nearest neighbour approach to solve the data
association problem is based mostly on [6]. The subject of this paper is an
autonomous vehicle that finds the travelling path by its own. When deciding
which path the vehicle will follow, the surrounding objects must also be
considered to avoid collisions with them. The conclusion from this work is that
the sequential nearest neighbour method works. Since the computational cost for
a sequential nearest neighbour approach is much lower then for a multiple
hypotheses approach, according to [2], the sequential approach is chosen.

There are obviously disadvantages with this method. As this is quite a simple
method of treating the data association problem, miscorrelation is possible, due
to many observations to track pairings within one track gate having almost the
same value of the distance measure. As a consequence of this bad tracking
performance can be achieved.

4.1 Similarity measure

In this application, the similarity measure needs to provide a good indication of
how geometrically close to each other a predicted position and an observation
are. Since the correlation co-efficients have the disadvantage of sometimes
correlating even widely geometrically separated vectors and causing an incorrect
observations to update a given track, which in turn leads to bad tracking
performance, this similarity measure is not used. It is therefore better to make
use of a similarity measure with a geometric interpretation, or one that measures
the probability of that an observation and a predicted track represent the same
object.

In this thesis two measures of the similarity between an observed and a
predicted position are utilised and compared:

� The Euclidean distance weighted with the inverted residual covariance
matrix; this measure is called Mahalanobis distance function.
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� The likelihood function for association of an observation to a predicted
position.

4.2 Gate

There are of course various advantages and disadvantages associated with the
different gates described in Section 3.1. For example, the maximum likelihood
gate defined by (3.9) decreases if the uncertainty of the predicted track position
increases. This is a good property as it is harder to correlate an invalid
observation to this track. This gate is, however, also defined by the unknown
parameters PD (Probability of detection) and � (new source density) and these
are hard to find. Another disadvantage with this gating method is that the
quantity ySy 1T ~~2 �

�d  has to be calculated for all observations to track pairings,
which consumes calculation capacity.

The rectangular gate size is not decreasing when the uncertainty of the track
increases, and this is a drawback with this gate. One advantage of this gating
technique is the opportunity to choose various sizes of the gates in the different
measurement dimension. Another advantage is that no heavy calculations are
performed during the gating test.

Since the rectangular gating technique demands less computational resources
and is not defined by any unknown parameters, it was decided to use this
technique.

4.3 Co-ordinate transformation

The predicted future positions, for both the host vehicle and the surrounding
objects, are given in Cartesian co-ordinates and the observations are in a relative
polar system of co-ordinates. For this reason, either the predicted positions or
the measurements must be transformed to the others system of co-ordinates. If
this is not done, it will become impossible to perform the gating test and
compute the similarity measures. This leads to that no solution can be found for
the association problem. In the solution used in this thesis, the predicted states of
the obstacles will be transformed into a polar system of co-ordinates relative to
the host vehicle.

The reason why polar co-ordinates are chosen in preference to Cartesian co-
ordinates for the gating test and distance function is that whilst it is easy to
transform Cartesian co-ordinates into polar co-ordinates, even the range rate are
possible to calculate from the given Cartesian co-ordinates.
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4.3.1 Cartesian to polar co-ordinates

By using the predictions of the host vehicles and surrounding objects´ states, it is
possible to transform the predictions of the surrounding objects into a polar
system of co-ordinates relative to the collision mitigation vehicle. After the
transformation, the predicted positions for the surrounding objects are given in
co-ordinates relative to the host vehicle. These new co-ordinates are range,
range rate and azimuth. The equations that define the co-ordinate transformation
are given in (4.1).
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4.3.2 Computation of the residual covariance matrix

When using the transformed predictions (4.1) and the observations to form the
gating conditions and the association metrics, the Kalman filter one-step
prediction covariance matrix also needs to be transformed into the polar system
of co-ordinates relative to the host vehicle. This can be done following [4] and
using the transformation equations (4.1). The next step is then to introduce
errors in the predicted Cartesian co-ordinates, ( ,��,�,�,�,� ,, iihyhxhh yxvvyx ������

iyix vv ,, �,� �� ), and differentiating the transformation equations (4.1). Equation

(4.3) then gives the errors ( iii rr ��,�,� ��� � ) in the polar system of co-ordinates as a
function of the errors in the Cartesian system of co-ordinates.
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(4.3)

In the equation (4.3) the errors x,hhh v,∆y,∆x∆ ���  and y,hv∆ �  equal zero because it is
assumed that the host vehicle position and velocities are known. The
transformation of the Kalman filter one-step prediction covariance matrix into
the polar system of co-ordinates is defined by (4.4).
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(4.4)

If the partial derivative matrix H is defined according to equation (4.5), the
expectation values (4.4) are calculated using �=HPiHT where Pi is the one-step
prediction covariance matrix in Cartesian co-ordinates. Moreover, the residual
covariance matrix Sij for the correlation of observation j to track i is calculated
with the formula (4.6) where Rc is the measurement covariance matrix.
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C
T RHHPS �� iij (4.6)

4.4 Optimisation algorithm

An optimisation algorithm is required to solve the assignment matrix formed
after performing the gating test and the calculation of similarity measures. It is
possible to use either a sub-optimal algorithm or one that finds the global optima
for the assignments. Since the computational load of an optimal algorithm is
greater than for a sub-optimal one, this indicates that it might be better to use a
sub-optimal algorithm if the computation resources are limited. Yet, as an
optimal algorithm always finds the best association, it is better to use an
algorithm of this kind where possible, bearing in mind the computational
resources. In this implementation, the computation resources can handle an
optimal assignment algorithm, so it was decided to use Munkres optimal
assignment algorithm for obtaining the solution of the assignment problem. For
a proof and discussion of the correctness of the algorithm, the reader is referred
to [5].

After the optimisation there is an answer to the question, �Which observation
shall update the prediction filter for a given track?� Naturally, all observations
are not always used to update a tracking filter, in this case the unused
observations are considered as candidates to initiate new tracks.
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5 Test results

To evaluate the performance of the association process for assigning
observations to predicted tracks, a number of difficult scenarios must be defined
and simulated. In the results from the simulations, miscorrelations can easily be
detected. By carrying out simulations, it also is possible to try out how large the
gate sizes have to be in all measurement dimensions.

When the gating thresholds are identified using simulations, the data association
algorithm will also be tested with real measurements collected in various traffic
situations with the prototype vehicle.

5.1 Gate size

To evaluate how different gate sizes (in the various gate dimensions) affect the
tracking performance, a number of scenarios have been simulated using various
gate sizes. The following scenarios have been used to test how large the gating
size should be:

� The collision mitigation vehicle is driving behind other vehicles with
constant range, with all the vehicles driving straight ahead. ( vh = vi � 0 in
figure 5.1)

� The collision mitigation vehicle is driving at constant speed towards
several parked (stationary) vehicles.

� The collision mitigation vehicle is driving behind other vehicles with a
constant range when one of the vehicles ahead suddenly hits the brake

vh

vi

Figure 5.1: Sketch of the first simulation cases.
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hard. All vehicles are driving straight ahead. (vh = vi � 0 until the brake
time, see figure 5.1)

� The collision mitigation vehicle is driving behind other vehicles that are
changing lanes. The range to all vehicles ahead of the collision mitigation
vehicle is constant (figure 5.2).

� The collision mitigation vehicle is driving behind other vehicles with
constant range and all the vehicles are driving straight ahead. Suddenly a
ghost target appears that can be interpreted as if one of the tracked
vehicles is braking hard (Figure 5.5). A ghost target is an observation
received from the sensor although no real object exists.

From the simulations conducted, it has been found that if the gate size is chosen
too small, a valid observation falls outside its predicted track gate if rapid
manoeuvres occur (Figure 5.3). For instance, if one of the vehicles brakes hard
or changes driving lanes, for this reason the gate needs to be rather large. In
cases with only slow manoeuvres, or even no manoeuvres, the gate size can,
however, be much smaller. Since the track has to be updated in cases where an
object ahead is performing a manoeuvre, the gate size must be chosen large, for
this observation to fall inside the gate.

Gate size In gate
97 % 2
99 % 24

99.9 % 35

Figure 5.3: When the gate size is increasing more valid observations from the tracked vehicle
fall within the gate.

The simulations have also established drawbacks associated with the usage of a
large gate. One is that if two or more cars are driving side by side with almost
the same speed, the observations fall inside several track gates, having almost
the same value of the similarity measures and thus making the association
problem more difficult to solve. Another drawback is that the larger the gate is,
the larger number of ghost targets from the sensor fall inside the gate for a given

v
vi

vj

Figure 5.2: Sketch of fourth simulation scenario.
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track. Results from simulations with a ghost target that could be interpreted as if
one of the tracked vehicles was braking hard are shown in Figure 5.4.

Gate size Ghost targets inside gate
97 % 0
99 % 3

99.9 % 5

Figure 5.4: With a large gate size also more invalid observations fall within the gate of a
tracked vehicle.

Since it is important that observations of vehicles that are braking hard fall
inside the gate (these vehicles are dangerous), it is recommended that the gate
size to be set so at least 99% of the valid observations fall within the gate. This
corresponds to setting KGl to at least 2.93 for all l � M.

5.2 Association process

To compare how the two different similarity measures together with the
optimisation algorithm solves the assignment problem in some difficult
situations different simulation scenarios are used. An example is several cars
side by side (parked or driving at almost the same speed) or ghost targets from
the sensor that can be interpreted as if one of the tracked vehicles is braking hard
(Figure 5.5). Both of the similarity measures have been used when scenarios
such as these have been simulated.

Figure 5.5: Observation of a vehicle and a ghost target, both inside the track gate.

In cases where several cars are grouped together, both of the similarity
measures, together with the optimisation algorithm, solve the conflict situations
in a convenient way, as long as the range to the vehicles in front of the collision
mitigation vehicle is not too large (over 40 m - 50 m). When the range is less
then this critical distance, only a few faulty associations of observations to
predicted tracks were made. These faulty associations occurred for no more than
2 � 3 samples. It has been found that the critical distance that is mentioned
above is dependent of the gate size and becomes greater if the gate size
decreases.

Ghost target

Real target
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It has also been found from the cases where ghost targets were simulated (Figure
5.5), that independent of which similarity measure that was used incorrect
associations occurred only for shorter periods and for no more than about four
samples. Figure 5.6 shows the result from one such simulation, it is seen that in
this case the Mahalobi distance function has a little better performance. The
miscorrelation that occurs is eventually causing faulty collision mitigation
manoeuvres, if the collision mitigation algorithm finds that the risk for collision
with the ghost obstacle is high enough.

Figure 5.6: The short pulse shows when the ghost target satisfies the gating test. The other
line shows which observation that updates the track. Observation 1 represents the real object

and observation 2 represents the ghost target.

Another interesting case is what happens if more than one measurement for the
same obstacle is received. If all tracking filters are used at the time when a
multiple measurement of one obstacle is received, the track representing this
obstacle will be updated with one of these measurements (the one that fits best).
If, however, at least one tracking filter is not used, a new track will be initiated
with the measurement that is not used to update the existing track for the
obstacle in question. Therefore, from here onwards there are two tracks in the
system representing one obstacle. As long as multiple measurements are
received, all of these tracks are updated (Figure 5.7). Later on, when only one
observation of this obstacle is received, both of the tracks will eventually be
updated in every other sample, depending upon which track the observation fits
best. This means it is possible for both the tracks representing this obstacle to
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remain activated, even if only one measurement is received (Figure 5.8).
Independent of which distance measure that are used there is no difference in the
functionality of the association process.

Figure 5.7: Double observations of one obstacle. Observation 1 and 4 represents the same
object.

Figure 5.8: When the multiple observations of one object have come to an end, all the tracks
representing this object still may be updated.
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A proposed improvement of the tracking system is based on the result of two or
more tracks being initiated from the same obstacle: adding a restriction to how
close to each other two or more tracks can be (this is limited by the physical size
of a vehicle) or simply removing measurements, so that only one representing a
single detected obstacle is left.

5.3 Real measurements

Using the sequential data association process with the gate size as recommended
above and using the likelihood function as the measure of the similarity between
an observation and a predicted track position. It is found that this technique
works also with real measurements.

Figure 5.9: Observations of one obstacle received from the radar sensor. � = Observation at
the second position in the measurement vector. � = Observation at the third position in the

measurement vector.* = Observation at the fourth position in the measurement vector. At time
8.3s no observation is received.

Figure 5.9 shows the observations from one of the obstacles in a driving case,
where two cars were parked in front of the collision mitigation vehicle. The
observations of a vehicle are received in different places of the measurement
vector in the various sample points. When the observations are received by the
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collision mitigation system, already a track representing the obstacle exists.
Therefore, the received observations shall be associated to this track. As seen
when comparing Figure 5.9 and Figure 5.10 the track is updated in a proper way
without any miscorrelation.

Figure 5.10: Measurements used to update the track. At time 8.3s the track is not updated.

5.4 Conclusions

The simulations have shown that the gate size has to be set to a large value
typically so that at least 99% of the valid observations fall inside the track gate.
If this is not done, the observations of manoeuvring vehicles very often fall
outside the gate of its predicted track. If this happens the track is not updated
with an observation, and the uncertainty of the predicted track position
increases, which leads to no decision being taken for a collision mitigation
manoeuvre.

It has also been discovered from the simulations that it is irrelevant which of the
Mahalobis distance function or the likelihood function for the association of an
observation to a predicted track that is used. Both measures produce almost the
same number of miscorrelation in the various simulated scenarios.
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It has been found that multiple tracks of one obstacle are initiated, if multiple
observations of one entity are received and there exist free tracking filters. To
avoid that multiple tracks for one obstacle are initiated, is it recommended to
either introduce a limit of how close to each other two tracks can be initiated or
simply remove measurements so that only one representing a single detected
object remains.
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6 Selection of measured obstacles

To reduce the computational costs for the tracking algorithm only a limited
number of the surrounding objects can be tracked. Therefore, it is desirable to
select the measurements that represent the most dangerous observed objects.
These selected measurements are then used as the only measurements by the
tracking algorithm. The classification of the measurements into danger level can
be done with the observed variables, range, range rate and azimuth.

6.1 Selection algorithms

Since the radar sensor observes range, range rate and azimuth to fifteen different
objects, it is natural to use these measurements of these quantities to classify the
danger level of the observations. A number of different methods for solving this
classification and selection problem are set out below:

6.1.1 Range selection

The first thing to be considered is that an obstacle relatively close to the
collision mitigation vehicle is more dangerous than one further away. Thus, the
selection algorithm has to compare all of the observations and rearrange them in
order with the shortest range first. When this sorting is complete, the most
dangerous observation is placed first in the new measurement vector. The final
step is to select as many observations as the tracking algorithm requires.

6.1.2 Azimuth selection

Another simple way to classify the surrounding objects into order of danger is to
use the observed azimuth between the collision mitigation vehicle and
surrounding objects. In this selection algorithm proposal, an obstacle with a
small absolute value of the observed azimuth is considered more dangerous than
one with a large value. Each measurement is then rearranged in order of danger
and the desired number of observations is picked out.
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6.1.3 Time to collision selection

Since the range rate to objects surrounding the collision mitigation vehicle is
also observed, this measurement should be used to classify the danger level of
an observation.

If the range rate between an obstacle and the host vehicle is constant, and the
observed range o

ir  and range rate o
ir�  are used, the time to collision with obstacle

i, ti, can be calculated according to (6.1):

o
i

o
i

i
r
r

t
�

� (6.1)

Since the range rate is negative if the two vehicles is approaching each other, a
negative ti indicates that a collision is possible within the time |ti|. On the other
hand, a collision will not take place if the observed range rate is positive. In the
later case the danger level has to be classified in some other way, for example,
using one of the methods proposed in Section 6.1.1 or 6.1.2. As a result, the new
measurement vector will be divided into two different parts: one where every
scanned objects that could be collided with (ti < 0) is in order of danger, and one
where a collision is impossible (ti > 0) according to the observations done at this
scan.

if( ti < 0 )
Shortest time to collision first.

if( ti � 0)
Shortest range or smallest azimuth first.

The desired number of observations can be picked out and transferred to the
tracking algorithm after this rearrangement of the measurement vector.

6.1.4 Combined selection

In this section, a more complex algorithm for selecting the most dangerous
observed objects will be discussed. This new algorithm will use a combination
of the methods discussed in the previous three sections.
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The development of the selection algorithm starts by dividing the sensor field of
view2 into a number of smaller sections (Figure 6.1). These new sections are
defined by:

� A range limit, rs, which splits the range measurement dimension into two
sections: short and long range measurements.

� An angle limit, �, defined by (6.2) where h can be chosen to the width of
one traffic lane.

��
�

�
��
�

�
�

sr
hα arctan (6.2)
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2 
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2 

Figure 6.1: Areas for complex selection algorithm.

Various methods for classifying the observations in order of danger level should
be applied in the different sectors that the sensor field of view now consists of.
The process of classifying the observations in order of danger is performed in
two steps that are described below:

Step one
The observations are ordered according to which section of the sensor field of
view they belong to. First will be the observations in section one, also first in the

                                         
2 Sensor field of view for the radar sensor is: Upper limit on observed range: rmax = 150m and
the sector angle is: �SF = 14�

rs

�
�

SF
/2

h
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new measurement vector, and then the observations in section two and so on
until the process is complete. This is because those observations in section one
are considered the most dangerous.

Step two
It is now necessary to sort the observations in every section into order of danger.
This procedure will use the methods discussed above, with different method in
the various sections as described below.

Section 1
In this section the classification of the objects will be done using the time to
collision method, and if no collision is calculated to occur, then the range select
method will be used.

Section 2
Here an obstacle with the shortest range is considered the most dangerous, not
the ones with short time to collision. This is because a large number of the
observations in this section concern stationary objects such as pillars and road
fences that always have a short time to collision.

Section 3 and 4
The azimuth selection algorithm is used in the two remaining sections. The
reason is that objects in these sections are far away from the collision mitigation
vehicle, and therefore an object straight ahead is more dangerous then one with
large offset.

6.2 Evaluation of selection algorithms

To evaluate how the suggested selection algorithms (from Section 6.1) function,
either the simulation model, or real measurements collected with the prototype
vehicle, or both methods, can be used. The drawback of using the simulation
model rather than real measurements is that the model of the radar sensor can
only measure defined obstacles and not to other things that appear in real traffic,
such as pillars, road fences, etc. Objects such as these are, however, observed by
the real sensor and this makes it much more difficult to complete the selection.
Consequently, a better result is obtained using real measurements.

The first test of the selection algorithms is performed with two cars parked side
by side about half a meter apart. The collision mitigation vehicle starts about
150 meters away from these cars and drives straight towards them at constant
speed, and turning to the right about 15 to 20 meters before a collision would
have happened.



6.2 Evaluation of selection algorithms

35

Figure 6.2: Observations done by the radar sensor. Solid lines represent the two parked cars.

Figure 6.2 shows the observations made by the radar sensor for this case. It is
evident that from about 7.5 s the sensor detects both the cars parked ahead.
Before that point, only one of the cars is observed, although not for the whole
time frame. The application of each different selection algorithm produced
different results.

As shown in Figure 6.3, the range selection algorithm does not classify more
than one of the two cars as one of the most dangerous observations apart from
short periods before 8.0 s. Neither of the two cars are selected among the most
dangerous objects at the same time before about 10 s. This was obviously going
to happen because, as Figure 6.2 shows, there are many other observed objects
much closer than the two parked cars until then. This algorithm selects these two
cars as the most dangerous objects if the range is less then 60 meters. It appears
that this algorithm selects the most dangerous observed objects in a proper way
if the range is not too long.
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Figure 6.3: Range selection used for the observations shown in Figure 6.2.

Figure 6.4: Azimuth selection used for the observations shown in Figure 6.2.



6.2 Evaluation of selection algorithms

37

When the azimuth selection algorithm (Figure 6.4) is used, the two cars parked
are picked out among the four most dangerous observations from the time when
they first appear. As the range becomes shorter the angle to the car parked to the
left, increases rapidly, and this means that when the distance to this car is around
50 m it is no longer one of the most dangerous objects. This algorithm functions
better than the range selection algorithm when the observed objects are detected
beyond a critical distance.

Figure 6.5 shows the result of the time to collision selection algorithm used with
the two cars parked in front of the collision mitigation vehicle these cars belong
to the most dangerous once as long as they are observed. This is the reason why
this is the best algorithm tested so far.

Figure 6.5: Time to collision selection used for the observations shown in Figure 6.2.

The last algorithm to be tested is the one that uses different criteria for the
danger level classification in different sections of the sensor field of view.
Figure 6.6 shows the result of this algorithm. Here both of the cars are picked
out from about 60 m.

The conclusion reached from the test of the selection algorithms when
observations are made with two stationary vehicles in front of the collision
mitigation vehicle are as follows:
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� Range selection functions if the ranges to the interesting objects are
shorter than a critical distance.

� Azimuth selection functions if the range is longer than a critical distance.
This is explained by the angle to an object increases faster the shorter the
range is.

� Time to collision selection functions throughout the interval. This may be
due to every observation having almost the same range rate.

� The combined selection algorithm does not work as well as the time to
collision selection does, but it works better then azimuth selection at short
distances and better then range selection at long distances.

The results of this test indicate that it would be preferred to use the time to
collision selection algorithm to perform the selection of the most dangerous
measurements.

Figure 6.6: Combined selection used for the observations shown in Figure 6.2.

The selection algorithms were also tested using data collected at a public road in
Gothenburg. The traffic situation was one car driving in front of the collision
mitigation vehicle, in the same lane with the range rate fluctuating from negative
to positive. There were also cars in the other lanes on the road.
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Figure 6.7 shows observations made with the radar sensor from the
aforementioned test case. The figure makes clear that two cars are in front of the
collision mitigation vehicle (they have a range of about 100 m all the time and a
range rate of around �3 m/s). Figure 6.8, continues with observations from the
same sequence. At this moment, both of the cars ahead are closer (they have
range of about 50 m and 80 m) and after some seconds, the closest one hides the
car farthest away from the host vehicle.

Figure 6.7: Observations from radar sensor, long range. Solid lines represents the cars
observed ahead of the collision mitigation vehicle.
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Figure 6.8: Observations from the radar sensor, short range. Solid lines represents the cars
observed ahead of the collision mitigation vehicle.

From the first part of the sequence (Figure 6.7) only one of the cars could be
picked out if either the range or time to collision selection algorithms were used.
This is because many observations were made of stationary targets at the side of
the road. If one of the angle or combined selection algorithms were used,
however, both the visible vehicles were considered to be some of the most
dangerous observations almost all the time.

In the last part of the sequence (Figure 6.8), only the closest of the two cars was
selected if range select was used, and if time to collision was used, both of the
vehicles were selected, but only for a short while. This was because of the large
number of stationary objects observed. On the other hand, the other two
algorithms select both of the cars among the most dangerous objects as long as
they are visible.

The following conclusions can be reached from the test on the public road with
observations of many irrelevant objects:

� The range selection algorithm does not function because there are too
many observations of stationary objects (on the side of the road).
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� The time to collision selection algorithm does not work for the same
reason as the previous point.

� The azimuth selection algorithm works because only interesting objects
are observed straight ahead.

� The combined selection algorithm works regardless of the position of the
interesting objects.

The simulations performed using real measurements to evaluate the selection
algorithms indicate that it is best to use the combined selection algorithm
described in Section 6.1.
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7  Conclusions and future work

7.1 Conclusions

This work has found that the sequential nearest neighbour approach works for
solving the problem of associating observations to predicted track positions. To
achieve this functionality it is essential that the size of the track gate is such that
valid observations fall within the gate but invalid observations fall outside it. It
has been found that the size of the gate has to be large enough for at least 99%
of the valid observation to fall inside otherwise observations from manoeuvring
objects will fall outside. Either one of the two similarity measures that have been
tested can be used without affecting the performance of the solution.

Some problems with this method of solving the assignment problem have also
been identified. The main one is that when the gate size is large, more invalid
observations fall within it than when it is small. This leads to ghost targets from
the radar sensor may be associated to one track if the ghost target, for example,
can be interpreted as if one of the real targets was braking hard.

The combined selection algorithm is the selection function that makes the best
decisions regarding which objects can be considered the most dangerous in all
the scenarios tested. The algorithm based on time to collision is most sensitive to
the number of stationary targets observed in addition to the road. If the number
of such targets had always been low, the use of this algorithm would have been
preferable, but since a great many stationary targets besides the road are
observed, the recommendation is to use the combined selection algorithm.
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7.2 Future work

One problem with the gating test is that the gate size has to be large for
observations from objects performing fast manoeuvres to fall within the gate,
but when the gate is large, many invalid observations also fall inside the gate.
For this reason, it would be interesting to define an asymmetric gate.

To achieve even better tracking results a more advanced approach to the data
association problem should be tested. There exist several such algorithms
described in the literature, see for instance [3].

Using a camera and an image-processing program that classifies the
observations as vehicles or non-vehicles then utilise the information from a
radar sensor or laser radar sensor for the objects classified as vehicles and finally
rearranges the observations into order of danger.
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