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Abstract

Sensor fusion deals with the merging of several signals into one, ex-
tracting a better and more reliable result. Traditionally the Kalman
filter is used for this purpose and the aircraft navigation has benefited
tremendously from its use. This thesis considers the merge of two nav-
igation systems, the GPS positioning system and the Saab developed
Synthetic Attitude and Heading Reference System (SAHRS). The pur-
pose is to find a model for such a fusion and to investigate whether
the fusion will improve the overall navigation performance. The non-
linear nature of the navigation equations will lead to the use of the
extended Kalman filter and the model is evaluated against both simu-
lated and real data. The results show that this strategy indeed works
but problems will arise when the GPS signal falls away.
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Chapter 1

Introduction

This chapter will give an introduction to the problem investigated in
this thesis in specific and to navigation in general. Also an outline for
the thesis is given.

1.1 Background

The navigation problem has existed since humans first began to travel.
In a broad point of view it deals with the problem of directing the
movement of an object from one place to another. Historically three
independent types of navigation exists [24]: celestial - the position
is found from measuring elevation angles and altitudes of the stars
using a sextant; piloting - uses landmarks, beacons or visual patterns;
dead-reckoning - position is maintained and updated by continuous
computations of the heading and speed of the object.

The technical advances in the aircraft industry, generating faster
and more advanced aircrafts, has called for navigation systems with
greater accuracy. Therefore the celestial and piloting navigation have
stood back on behalf of the dead-reckoning systems. An inertial navi-
gation system (INS) using dead-reckoning does not require any external
devices or signals in order to navigate. It provides instantaneous out-
puts of present position, ground speed, true heading, distance to go
and bearing to the destination. Inertial navigation systems have been
developed since the early 1950s [24] and the techniques grow more so-
phisticated with time and other applications, for example the Global
Positioning System (GPS), Doppler radar, Loran and Omega1 have been
used to further enhance the navigational systems. That is, pure iner-
tial systems have been combined with non-inertial systems or sensors

1GPS will be further discussed in Chapter 2. To read more about Doppler radar,
Loran and Omega see e.g., [15] or [24].
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2 Introduction

to further improve the navigational accuracy.
At the Flight data and Navigation group at Saab AB navigation

routines and systems are developed for the 4th generation military air-
craft Jas 39 Gripen. Gripen, as well as most passenger and military
aircraft of today, is equipped with a high-accuracy inertial navigation
system. In case of an INS failure or a failure in the data bus chain
there has to be redundancy in the system i.e., the aircraft has to be
provided with a stand alone back-up navigational system to make sure
that no loss of the aircraft occur. This can be solved in many ways.
The main tasks of the redundant system are to cross monitor INS data
during normal operation, to complete or abort an advanced maneu-
ver in case of failure and to navigate with reasonable accuracy during
calm maneuvering. In earlier versions of Gripen a mechanical horizon
gyro was used [19], but it is now replaced by computer calculations.
These calculations are based on data from sensors already existing in
the aircraft. Furthermore these sensors are independent of the INS cal-
culations. This system is the so called Synthetic Attitude and Heading
Reference System (SAHRS) and is a Saab patent.

While the demand for systems with higher accuracy in aircraft nav-
igation arose, the theory for how to solve these problem have been
developed accordingly. In 1960 R.E Kalman introduced the Kalman
filter [2] which has been the basis upon which many navigation appli-
cations rest and the use of Kalman filtering has probably benefited no
other application area more so than navigation [5]. The strength of
the Kalman filter orginates in its ability to blend the different sensors
and extracting the optimal navigation solution. This area of blending
input signals is the basic idea in sensor fusion. During the last decade
new, more general theory for solving these problems has been intro-
duced. This theory consists mainly of the so called sequential Monte
Carlo methods. Sequential Monte Carlo methods, also referred to as
particle filters, provide a solution to non-linear, non-Gaussian filtering
problems. These theories are also evaluated at Saab today and to see
an example of how it can be used in Gripen consult e.g., [7] and [21].

1.2 Problem Formulation

Sensor fusion is the theory that considers merging several signals from
different systems, extracting a better, more reliable result. This has
shown to be very successful when using systems with different strenghts,
extracting the most from them.

This master’s thesis will consider sensor fusion between SAHRS and
GPS. SAHRS provides information about the navigation variables at high
rate and has shown to provide an output accurate enough during calm
maneuvers. However, problems arise during hard manuevers. The sys-
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tem output tends to drift due to scale-factor errors [19]. These drifts
will in the end make the position estimate differ considerably from the
true position. To deal with this problem the system will be fused with
GPS, which is a satellite-based navigation system and thus an external
system. GPS supplies an accurate position, but suffers from a too low
update rate to provide a sufficient stand alone solution. The GPS posi-
tion is measured with 1 Hz in the aircraft today. Considering a speed
of around 1 Mach2 would render a very jumpy presentation to the pi-
lot. Furthermore one has to remember that GPS is an outer system
and failure or to much trust in its reliability could be devastating. The
advantage of using GPS is that it is provided world-wide with the same
quality and integrating it with an internal system would give a navi-
gational system that works no matter where the pilot needs to fly. A
drawback to be considered is the access of GPS measurements in times
of war. One must remember that these signals might not be available
then and if they are not, SAHRS will be on its own.

In order to investigate the possibilities and limitations of the prob-
lem stated above a number of different tasks has to be investigated and
evaluated. Broadly they can be summarized as follows:

• A model for the fusion between SAHRS and GPS has to be derived.

• A simulation environment has to be built.

• The model has to be evaluated, both in the simulation environ-
ment and against real flight data.

These three main objectives will be adressed in this thesis, starting
with the derivation of the model.

The method and heart of the sensor fusion will be a Kalman filter
working to weigh the information together in an optimal way. The
fusion can be conducted in different ways. Either the filter can be
applied directly to the input navigation variables, or it can work by
estimating the navigation errors. The last approach will make the filter
estimates vary less in time, because the errors changes slower than the
absolute quantities. This can easily be understood considering the fact
that during a roll manuever, the roll angle may change 360◦ in only a
few seconds. In order to keep track of the fast changes, the filter would
have to work at a very high update rate requiring a lot of computational
effort. Figure 1.1 shows how the error estimation may be conducted.

To summarize, this thesis will focus on estimation and correction of
navigation variables e.g., position. This correction will only consider
the horizontal position, thus leaving the third position variable, alti-
tude, uncorrected. The reason for leaving the altitude uncorrected is
that navigation in general uses an altitude measure that stems from

21 Mach = 340 m/s
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Figure 1.1: The principles for position correction
using the position error estimates.

the barometric pressure. By measuring the barometric pressure with
a sensor, the altitude over mean sea level can be calculated. If all
airtraffic uses this way of measuring altitude it can be used to avoid
collisions. When going in for landing, the airport or base station only
has to inform the pilot of the current barometric altitude at the run-
way. This approach may be seen as a limitation when considering the
possibility to fly near the ground. One must then remember that the
SAHRS system is meant to be used as a back-up system and therefore
does not need the possibility for advanced flight missions.

1.3 Objective

The objective of this thesis is to find a realizable solution on fusing the
two independent navigation systems GPS and SAHRS.

1.4 Thesis Outline

This master’s thesis is written in the final course for my Master of Sci-
ence degree in Applied Physics and Electrical Engineering at Linköpings
universitet. Its intended audience, including my fellow students, is as-
sumed to be familiar with mathematics and programming. The thesis
can be read without knowledge of filtering theory, modeling and sim-
ulation environments, though the reader should be aware of that the
theory presented here will serve the thesis goals and is not an attempt
to provide the complete theory available. To read more in certain areas,
consult the references at the end of the report.

Chapter 1 Introduction (this chapter) gives an introduction to and
outlines the problem and it defines the limitations put on the problem.
It also contains this thesis outline, which is put here as an attempt to
make the reading of this thesis easier and to give a brief overview of
the contents of the chapters.
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Chapter 2 Navigation will introduce the frames and coordinate
sytems used in navigation. It will also state the navigation equations
which are the basis upon which the filter will be built. A short intro-
duction to SAHRS and GPS systems will also be given.

Chapter 3 Modelling addresses the problem of deriving a basic model
and will show how the theory of system identification can be used to
find unknown model parameters.

Chapter 4 Estimation Theory will conclude the first objective of
finding the complete model. The Kalman filtering theory will be dis-
cussed and the last pieces of the model will be found.

Chapter 5 Simulation is divided into three main parts, adressing the
last two objectives. The first section, Implementation, deals with the
building of the simulation environment. The section Flight Scenarios
will introduce the different simulation scenarios that will form the basis
for the filter evaluation. The last section Results will show the achieved
results.

Chapter 6 Flight Data tests the model on authentic data. The same
discussion as in Chapter 5 is held and the chapter could be read in two
ways. If Chapter 5 is thoroughly studied, this chapter can be seen as
an overview and verification of the model. The other approach could
be to glance Chapter 5 to get a grasp of the concepts and then quickly
move on to the authentic data since this chapter gives most weight to
the model.

Chapter 7 Concluding remarks addresses conclusions and future
work. It also summarizes the thesis and results.
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Chapter 2

Navigation

This chapter will introduce the basic concepts of navigation. As men-
tioned in the introduction, the navigation approach that is called dead-
reckoning, starts from a known initial position and then uses velocity
measurements to update it. In order to supply good estimates and ac-
curate positioning, the three-dimensional space has to be characterized
and described. This can be done in many different ways. Below one way
that will serve the purpose of this thesis is presented. To find out more
about other approaches, see e.g., [20] or [24]. Furthermore, this chapter
will provide a brief description of the navigation systems considered in
the thesis.

2.1 Navigation Fundamentals

2.1.1 Frames and Coordinates

All air navigation, excluding navigation in space, is performed in re-
lation to the earth. The earth itself is best described as an ellipsoid,
flattened at the poles, see Figure 2.1. This ellipsoid is characterized,
by for example its ellipticity, denoted by e and the mean radius of the
earth at the equator, denoted by r0. Probably the most commonly
used reference ellipsoid is defined by the World Geodetic System 1984
(WGS84). This reference has an earth fixed global reference frame [14]
and the numerical values to what is called the primary parameters are
given in Table 2.1. The position of the aircraft is usually characterized
by two angles, latitude, l, and longitude, L. The altitude is given by
h and represents the height over the reference ellipsoid. To define the
angles, let l be the angle between the normal of the aircraft relative to
the earth surface and the equatorial plane and define L as the angle be-
tween the projection of the aircraft normal on the equatorial plane and

7



8 Chapter 2. Navigation

Table 2.1: The WGS84 parameters.

Parameter Notation Numerical value

Semimajor axis r0 6.378137 · 106 m

Earth’s ellipticity e 1/298.2572
Angular velocity of the earth ωe 7.292115 · 10−5 rad/sec
Gravity constant g0 9.805 m/s2

the projection of the zero meridian on the same plane. The zero merid-
ian is defined as the meridian passing through Greenwich, England.
See Figure 2.1 for a visual explanation. In addition to the reference

L

l

h

n
Greenwich meridian

Figure 2.1: The latitude, l and longitude, L. n is the nor-
mal to the earth and h is the altitude above the reference
ellipsoid.

ellipsoid and the position angles, there are a number of navigational
coordinate frames that have to be defined. The reason is that different
navigational variables are measured in different frames. This will be
further investigated in Section 2.2 and to keep track of the variables
define the following frames:

(I) – Inertial frame. A coordinate frame fixed in inertial space [21].
This frame can be approximated with an earth centered frame when
considering time periods shorter than 24 hours.

(E) – Earth frame. An earth centered frame rotating with the earth.
Coordinates in (E) are often given in the elliptical coordinates accord-
ing to Figure 2.1.
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(N) – Navigation frame. The center of this coordinate frame is at-
tached to the aircraft. Its axes points in the direction north, east and
down. See Figure 2.2.

(B) – Body frame. A coordinate frame fixed in the aircraft. The
x-axis of the frame points through the nose, the y-axis points through
the right wing and the z-axis goes through the belly of the aircraft. See
Figure 2.2.

Horizontal plane

N

ne

d

x

yz

Figure 2.2: The body frame (B) and navigation frame (N).

The coordinate frames (I) and (E) only differs in that the (E) frame
rotates around the earth’s rotation axis and (I) is fix.

The transformation of vectors between the different coordinate frames
is performed by multiplying the vector with an orthogonal transforma-
tion matrix, a Direction Cosine Matrix (DCM). There are an extensive
number of DCMs in navigation. To find out more about them, see [20].
In this thesis especially two DCMs will be considered. They are defined
by

xN = CNB xB (2.1)

xB = CBV xV (2.2)

where xB and xN are vectors in the (B) and (N) frames respectively. xV
is the speed component of the aircraft, which by transforming it with
the DCM CB

V will yield the velocity components in the body frame.
In order to derive a model and to estimate position errors, a good
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understanding for (2.1) and (2.2) is needed. The first DCM, (2.1), tells
how to transform for example a velocity vector from the bodyframe,
where it is measured, to the navigation frame where the position is
calculated. In order to relate the (B) and (N) frames the attitude and
heading of the aircraft has to be defined. The two angles roll and
pitch are said to define the attitude of the aircraft and can be seen in
Figure 2.3. The roll angle describes the deviation of the y-axis going

N

Text

Te

Te

φ

ψ

θ

Figure 2.3: The attitude is defined by the roll angle, φ and
the pitch angle, θ. The heading of the aircraft is given by
the yaw angle, ψ.

through the right wing of the aircraft and the horizontal plane. The
pitch angle tells the difference between the horizontal plane and the
x-axis going through the aircraft nose. The yaw angle or heading tells
how much the aircraft direction differs from true north1, see Figure 2.3.
Together the attitude and heading can be used to define the DCM from
the (B) to the (N) frame as

CNB =




cosψ cos θ cosψ sin θ sinφ−sinψ cosφ cosψ sin θ cosφ+sinψ sinφ

sinψ cos θ sinψ sin θ sinφ+cosψ cosφ sinψ sin θ cosφ−cosψ sinφ

− sin θ cos θ sinφ cos θ cosφ


 (2.3)

where ψ, φ and θ are the yaw, roll and pitch angles respectively. To
see how this matrix may be derived, consult [20].

The speed of the aircraft is measured with a pitot tube placed in the
very front of the aircraft nose. This measurement tells the magnitude
of the velocity, but in order to calculate the new position of the aircraft
also the direction is needed. This is solved by measuring the angle of
attack, α, and the sideslip angle, β. These angles can be seen in Figure
2.4. For clarity, both the angle of attack, α, and the pitch angle, θ, are
drawn in the picture. This is done so the difference between them can
be easily seen. The same differences hold for the sideslip angle, β, and
the yaw angle, ψ.

1True north is the magnetic north always pointing towards the northpole.
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V

V

N

T
e

α
β

θ

ψ

Figure 2.4: The angle of attack, α, is defined as the an-
gle between the velocity vector, V , and the nose of the
aircraft. The sideslip angle, β, is the angle between the
velocity component and the nose of the aircraft in the
horizontal plane.

Using both angles will render the following matrix

CVBVt =




cosα cosβ
cosα sinβ

sinα


 (2.4)

Here Vt is the measured speed, whereas t stands for true, meaning that
only the speed of the aircraft is measured. This is not the truth when
using the mesurements from the pitot tube, since these measurements
also will include the windspeed. This has to be compensated for when
using this quantity. How this can be done is treated in Section 3.3.3.
Now all the fundamentals of aircraft navigation needed in this thesis
has been stated and the next sections will use these results.

2.1.2 Navigation Equations

The goal of this section is to find a way of expressing the position
(l, L, h) in terms of known measured quantities who can stem from
sensors or other systems within the aircraft. To find the navigation
equations for horizontal position, l and L, a short discusson of the
basics behind the equations will be held.

Consider a two-dimensional sphere with radius r and an aircraft that
moves with the speed V on altitude h above that sphere, see Figure 2.5.
The angular velocity, ω of the aircraft relative the sphere centre e.g.,
the earth frame, can then be expressed as

ω =
V

r + h
(2.5)

The same considerations can be used when finding the position equa-
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h

r

V

ω

Figure 2.5: The principle idea behind position calculation.
The angular velocity, ω, is calculated using the transla-
tional velocity V and the total radius r + h, where r in
case of navigation is the earth radius.

tions if regarding the time derivatives of the longitude and latitude as
angular velocities. One also have to take into account that the earth
model is not spherical. With these assumptions the following equations
for the position can be deduced [21]

l̇ =
vn

rl + h
(2.6)

L̇ =
ve

(rL + h) cos l
(2.7)

ḣ = −vd (2.8)

For completeness also the altitude equation is stated. This equation
is intuitive and it will not be further used in this thesis. The velocity
components vn and ve are given in the (N) frame where vn is the velocity
component pointing north and ve points east. The two radii rl and rL
are dependent upon l and given by

rl =
r0(1− ε

2)

(1− ε2 sin2 l)3/2
(2.9)

rL =
r0(1− ε

2)

(1− ε2 sin2 l)1/2
(2.10)

where ε is related to the ellipticity of the earth through ε2 = e(2 −
e). The velocity components in the (N) frame are given by VN =
[vn ve vd]

T . As mentioned above, the speed of the aircraft is measured
using a pitot tube and by transforming the measurements according to
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(2.11-2.12) the velocity in the (N) frame can be found.

VB = CVBVt Vt (2.11)

VN = CNB VB (2.12)

Here Vt is the speed measurement and VB and VN are the velocity
in the (B) and (N) frame respectively. The velocity of the aircraft
relative to the earth expressed in the (B) frame will be denoted as
VB = [vx vy vz]

T . The equations (2.6-2.7) and (2.11-2.12) above will
be the basis upon which the solution to the fusion problem will rest.
Replacing (2.11-2.12) into (2.6) and (2.7) will render expressions of the
position as functions of the attitude and heading angles (ψ, φ, θ), the
sideslip angle (β), the angle of attack (α) and true airspeed (Vt). To
see why the position is wanted as a function of these variables, see
Section 2.2.1 and Chapter 3. In Section 2.2.1 the inputs and outputs
of SAHRS are described. It will be clear that expressing the position
as above will be the only way to navigate with the help of SAHRS. In
Chapter 3 (2.6-2.7) are further developed to give the model for position
error estimation.

The following section will briefly describe the idea behind inertial
navigation and dead-reckoning. It will also explain the basic ideas
behind SAHRS and GPS.

2.2 Navigation Systems

As mentioned in the introduction Gripen is today equipped with an
inertial navigation system, INS2. This system uses acceleration mea-
surements in three dimensions combined with information on how the
aircraft rotates to calculate its position. The calculations are done by
software and the position estimate tends to drift in time mainly because
the measurements, including errors, are integrated twice to obtain po-
sition. In applications with long operation times the INS is often used
in combination with other sensor systems. This section will not dvelve
into the INS but instead introduce the backup system SAHRS which is
run parallell to the INS and in case of failure takes over the navigation.
A short introduction to GPS will also be given.

2.2.1 Synthetic Attitude and Heading Reference

System

This section gives a short introduction to the Synthetic Attitude and
Heading Reference System (SAHRS) used in JAS 39 Gripen. This sys-
tem is developed at Saab AB. However, systems with this technology

2To read more about how the INS is used in JAS 39 Gripen.
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is also available on the market as a ready-to-use box. Developing the
system inhouse gives greater possibilities to customize the systems after
what the aircraft needs. Also, all data needed was already available in
the aircraft and only had to be fused together using software.

SAHRS could, as will be clear later, be seen as a black-box needing
certain inputs and giving wanted outputs. This is how it will be treated
in the model. This implies that the given outputs from the system will
be seen as sensor values and thus treated as such. One goal of this thesis
was to evaluate how good the approach of considering the output as
sensor values will be. To see the results go to Chapter 5.

The reason to why SAHRS was developed in the first place was the
need of a navigation system totally independent from the inertial nav-
igation system (INS) today, see e.g., [21]. This gives the possibility to
cross-monitor the INS and to have back-up in case of INS or data bus
failure. SAHRS is based on computer calculations and uses data from
sensors already existing in the aircraft. The independent sensors are
easily available on the data bus. The aim of the system is to provide
an estimate of the aircraft attitude and heading. The following data
are used in the SAHRS algorithm (see also Figure 2.6):

• A Strap-DownMagnetic Detector Unit (SMDU) measures the earth
magnetic field. The sensor measurements are compared to a geo-
magnetic model in order to calculate attitude and heading. The
sensor is inaccurate and easily disturbed from magnetic interfer-
ence within the aircraft. Therefore it has to be calibrated.

• In order to monitor how the aircraft rotates in the air the angular
rates have to be included in the calculations. These are measured
with the help of gyroscopes, which output is proportional to the
angular movement about their input axes. The sensors used in the
SAHRS algorithm comes from the Electrical Flight Control System
(EFCS) which are also used in the control of the aircraft. These
sensors are tripple redundant and very reliable due to the fact
that the aircraft control relies upon them. The major drawback
is their accuracy which is far from what is usually required for
navigational purposes.

• Barometric altitude from the Air Data Computer (ADC).

• True airspeed, Vt, angles of attack, α and sideslip angle, β.

• Load factor from the EFCS.

By combining these inputs and adding routines for estimation of errors,
the output, attitude and heading may be calculated. A short introduc-
tion to how this is done can be found in [19] and can schematically be
summarized in the following main components:
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Figure 2.6: Schematic description of the SAHRS inputs
and outputs.

• A global model of the geomagnetic field.

• Algorithms for calibrating the magnetic field detector.

• A routine to propagate the angular rates forward in time.

• A Kalman filter weighing all available information together.

With the help of the Strap-Down Magnetic Detector Unit the geomag-
netic field of the earth is detected. Due to magnetic interference from
the aircraft, individual variations in the field components and calibra-
tion errors in the detector itself, this sensor contains errors which has
to be compensated for [19]. This is done by letting a Kalman filter
model the errors and then correct for them. As a reference model
to the geomagnetic measurement the so-called International Geomag-
netic Reference Field (IGRF) is used. In this mathematical model the
geomagnetic potential is defined as a spherical-harmonic expansion se-
ries [13], written as

V (r, θ, ϕ) = r0

N∑

n=1

(
r0
r
)n+1

n∑

m=1

(gnm cos(mϕ) + hnm sin(mϕ))Pmn (θ)

(2.13)
Here (r, θ, ϕ) is position in spherical coordinates, r0 is the earth radius
and Pmn is a Schmidt normalized associated Legendre polynomial of
spherical-harmonical degree n and order m. g and h are coefficient
data, which are slowly varying with time. The model is updated every
fifth year and to read more about the model and geomagnetic fields in
general, see [6].

SAHRS as implemented today contains lots of signal processing and
error models that has not been introduced here. The reason is that the
model that will be derived will not use any of the algorithms used inside
SAHRS. This will render a simple model and hopefully this model will
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perform satisfactory. If this is the case this approach will be without
doubt the easiest solution to implement in Gripen today.

2.2.2 Global Positioning System

In the early 1960s an interest for a global positioning system rose in the
USA. This system should have global coverage, continuous/all weather
operation and high accuracy. The result was the Global Positioning
System (GPS) which is a satellite based positioning system supplying
three dimensional position and velocity information. From the begin-
ning the system was used solely for military purposes but numerous
applications ranging from hiking to spacecraft navigation is available
today.

In this section GPS will be adressed in a way that serve this thesis
and to recieve a very good insight into global positioning consult [15].
For a short and cursory introduction see [11]. The thesis will use GPS as
a discrete-time position sensor with sampling intervals of approximately
1 second, this is in accordance with [15].

GPS consists of a 24 satellite constellation, with 3 orbital planes
each containing 8 satellites. It utilizes the concept of time-of-arrival
ranging to determine user position i.e., measuring the time it takes for
a signal to reach the reciever while knowing when it left the emitter.
The signal propagation time is then multiplied by the speed of the sig-
nal to obtain the distance between the emitter and the reciever. Using
several signals emitted from known locations the reciever can deter-
mine its position. The visualization of the time-of-arrival concept that
now will follow is in big parts taken from [15] with modifications and
are included here to give a brief understanding for the theory behind
GPS. To make things simpler, consider a two-dimensional space con-
taining satellites with known two-dimensional position. Each satellite
transmits a signal containing position information and time for trans-
mission. If one satellite is available for the reciever the scenario can be
depicted as in Figure 2.7. Here the aircraft can be situated anywhere
around the sphere of the satellite.

Adding another satellite to the reciever will reduce the possible
number of positions to two but still there exists an ambiguity. In Figure
2.8 this can be seen.

Finally a third satellite is added to the constellation and the position
becomes unambiguous. This is shown in Figure 2.9. Extending this to
three-dimensional space would require a fourth satellite measurement to
recieve an absolute position. Most often the position in three dimesions
is determined using four to five satellites. If there are less satellites
available the reciever will tell and the information will be less trusted.
To see how the reciever can calculate its position using the three signals
S1, S2 and S3 depicted in Figure 2.9 consult [11] or [15].
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The aircraft can be positioned 
anywhere around the circle of 
the satellite range

S1

Figure 2.7: Range determination from a single satellite.
The signal S1 contains satellite position and the time for
sending the signal. The time code can be used by the re-
ciever to determine the size of the ranging sphere around
the satellite.

Text
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A

B

S2S1

Figure 2.8: The use of two satellites will determine the
position to two possible true positions in two dimensions.

If the hypothetical scenario above was realized, the time-of-arrival mea-
surements would not be perfect. The accuracy with which a reciever
can determine its position depends upon many things and above all it
depends on the quality and performance of the reciever itself. There-
fore the error sources will not be further mentioned here but a general
model for the position error from the GPS will be used in the model,
see Section 3.3.3.

The accuracy of GPS is in the order of 25m [15]. For many appli-
cations a better accuracy is required and therefore DGPS, Differential
Global Positioning System, has been developed. By using a reciever
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Figure 2.9: A three satellite constellation will give one
point of intersection. Ideally the position can now be de-
cided with out ambiguity. In reality errors in the satellite
signal will introduce uncertainty in the position.

with known position, the monitoring unit, the other recievers that are
in line of sight of this unit may update and correct their measured GPS

signals. This renders extremly high accuracies and position errors less
than 10m are typically realized. In this thesis DGPS will be used as
a measure of filter performances i.e., something considered as true to
compare the filter estimates with. DGPS recievers are not available as
ordinary navigation equipment but mounted on aircrafts for evaluation
purposes.

2.2.3 Integration of SAHRS and GPS

This section will give some background to why SAHRS and GPS might
be a good sensor fusion strategy. It will also address some of the ad-
vantages and disadvantages of the different systems.

The need to provide continuous navigation between the update pe-
riods of the GPS (sampling interval of 1 second), during periods of shad-
ing of the GPS reciever antenna and through periods of interference has
resulted in the integration of GPS with various additional sensors. The
most common are the inertial sensors and the INS in Gripen is sup-
ported by GPS today. Most often the Kalman filter is used for this
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integration [15].
The goal and benefits of the integration will hopefully be a synergis-

tic relationship i.e., the integration will not only overcome performance
issues from both systems stand alone but also enhance the performance
compared to each individual system. The reason and one explanation
to why GPS has become such a popular sensor for fusion with other
systems is probably that it provides bounded accuracy. This can be
compared to for example INS which has a tendency to drift in position
estimates with time.

While the GPS sensor has shown to have the ability to calibrate the
inertial sensors it will be investigated if this also may be the case using
SAHRS and GPS. This means that the heading errors could be corrected
during flight. One primary concern using GPS as the only aiding source
for SAHRS is signal interruption. How this is solved depends upon the
reciever, which strategies that are used and how many satellite signals
that are available [15]. In this thesis GPS loss will be considered as the
total loss of signal i.e., no measurement of GPS position is available.

Each of the sensors used in SAHRS have a relatively poor quality
compared to the INS. However, combined they provide an attitude and
heading estimate with sufficient quality [19]. The goal of this thesis is to
support SAHRS with GPS and hopefully be able to estimate errors in the
output angles. If this can be properly done, the systems together will
supply a better solution than SAHRS alone. The approach will be to use
a simple model of the errors in attitude and heading based only on the
output data from SAHRS not considering the actual algorithms inside.
As mentioned in the introduction this will be as regarding SAHRS as a
black-box. Other approaches will be discussed in Section 7.2, Future
Work.
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Chapter 3

Modelling

A model is best described as a mathematical attempt to reproduce a
dynamical system and is often derived from basic physical relationships.
These relationships are more than often discovered by observations and
not so often found by sitting at a desk. The technique to build models
from measurements is called system identification and will be briefly
introduced in this chapter. The chapter will also provide a model for
the given system based on both theory and observations. The theory will
provide a model for error propagation and the observations of flight data
will be used to find estimates of system parameters.

3.1 Error Dynamics

As mentioned in the Chapter 1, the measurements from SAHRS and
GPS can be fused in several ways. One way was to directly apply the
filter to the navigation variables which would render a direct estimate
of the position. This approach has a major drawback when the vari-
ables change fast, thus requiring the filter to be updated often to keep
an accurate position. This would render a heavy computer load. The
other approach that keeps the computer effort low and has proved suc-
cessful [5], is to let the filter estimate the position errors, see Figure 1.1.
The navigation equations, (2.6-2.7) and (2.11-2.12) can compactly be
written as

ẋ = f(x, u) (3.1)

Here the state vector x contains the true position

x = [l L]T (3.2)

and u contains the true attitude, heading and airdata variables

u = [α β Vt ψ θ φ]T (3.3)

21
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Also collect the measurements from the system in x̂ and û and let
˙̂x = f(x̂, û) denote the computed quantities, thus obtaining the system
error as

x̃ = x− x̂ (3.4)

and the error dynamics as

˙̃x = ẋ− ˙̂x = f(x, u)− f(x̂, û) = f(x, u)− f(x− x̃, u− ũ) (3.5)

The errors computed this way generally changes slower compared to (3.1)
and the update rate of the filter can therefore be reduced. To solve the
given problem using a Kalman filter requires a linear model presented
on state-space form, see Chapter 4. Therefore (3.5) has to be linearized.
The errors introduced when linearizing the given system are not signif-
icant as long as the error variables are small enough [21]. By applying
the first order Taylor expansion to (3.5) we obtain

˙̃x = f(x, u)− f(x− x̃, u− ũ)

≈ f(x, u) + f ′x(x, u) x̃+ f ′u(x, u) ũ− f(x, u)

= f ′x(x, u) x̃+ f ′u(x, u) ũ (3.6)

In the following sections the error state variables x̃ = [ l̃ L̃]
T

and the

sensor errors ũ = [ α̃ β̃ Ṽt ψ̃ θ̃ φ̃]
T
will be derived.

3.2 Error Propagation

To find the error propagation of latitude and longitude one has to con-
sider (2.6-2.7) and (2.9-2.10). In order to recieve comparably simple
expressions (2.9-2.10) can be linearized without introducing any sig-
nificant errors [21]. This can be seen by observing the magnitude of
the O-terms. The first order Taylor expansion around ε2 and h in the
equations mentioned above gives

1

rl + h
=

1

ro
−
h

r2o
+

2ε2 − 3ε2 sin2 l

2ro
+O

(ε4
ro

)
(3.7)

1

rL + h
=

1

ro
−
h

r2o
−
ε2 sin2 l

2ro
+O

(ε4
ro

)
(3.8)

Recall (3.6) from previous section and combine it with the equations
above. This render the final error propagation for position and can be
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stated as

˙̃
l =

ṽn
ro

+O
(ε2ṽn
ro

)
+O

(vnh̃
r2o

)
+O

(ε2 l̃
ro

)
(3.9)

˙̃L =
ṽe

ro cos l
+
ve sin l l̃

ro cos2 l

+O
(ε2ṽe
ro

)
+O

(veh̃
r2o

)
+O

(ε2 l̃
ro

)
(3.10)

The approximations done can easily be verified to hold for given error
values. A more thourough discussion about this can be found in [21].
Another approach to observe the position errors is to rewrite the above
expressions as distance errors. This is a more intuitive way of thinking
and will be valuable in later chapters. The expressions simply becomes

s̃l = ro l̃

s̃L = ro cos l L̃
(3.11)

Given (3.9-3.10) and recalling the navigation equations from (2.6-2.7)
and (2.11-2.12) it can easily be seen that the expressions for ṽn and
ṽe in (3.9-3.10) have to be further developed. The errors in velocity
is dependent on the sensor errors ũ and by developing the relationship
VN = CN

B VB according to (3.4) and neglecting higher order error terms
ṼN can be expressed as

ṼN = VN − V̂N

= CNB VB − Ĉ
N
B V̂B

= CNB VB − (CNB − C̃
N
B )(VB − ṼB)

≈ CNB ṼB + C̃NB VB (3.12)

The next step will be to develop the expressions ṼB and C̃N
B . With

VB = CVB

Vt
Vt and the above technique one can find ṼB as

ṼB = CVBVt Ṽt + C̃VBVt Vt (3.13)

To find the expression for C̃VB

V t use (3.4) once again to obtain

ĈVBVt = CVBVt − C̃
VB
Vt

=



cos(α− α̃) cos(β − β̃)

cos(α− α̃) sin(β − β̃)
sin(α− α̃)


 (3.14)

Applying the first order Taylor expansions

cos(α− α̃) = cosα+ α̃ sinα+O(α̃2)
sin(α− α̃) = sinα− α̃ cosα+O(α̃2)

(3.15)
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and neglecting error crossterms renders the following results

ĈVBVt =



cosα cosβ
cosα sinβ

sinα




︸ ︷︷ ︸
C
VB
Vt

−



− sinα cosβ − cosα sinβ
− sinα sinβ cosα cosβ

cosα 0



[
α̃

β̃

]

︸ ︷︷ ︸
C̃
VB
Vt

(3.16)

While the sensor errors α̃, β̃ and Ṽt are contained in ũ, the relationship
to ṼN has been established. How to find models for this errors is treated
in Section 3.3.3. To complete the error propagation equation for the
position the term C̃N

B in (3.12) has to be found. Proceeding in the same
manner as before gives ĈN

B = CN
B − C̃N

B where ĈN
B can be expressed as

ĈNB =



Ĉ11 Ĉ12 Ĉ13

Ĉ21 Ĉ22 Ĉ23

Ĉ31 Ĉ32 Ĉ33


=



C11 − C̃11 C12 − C̃11 C13 − C̃11

C21 − C̃21 C22 − C̃22 C23 − C̃23

C31 − C̃31 C32 − C̃32 C33 − C̃33




(3.17)

Here C11 − C33 are the components of (2.3) and C̃11 − C̃33 are found
by applying the Taylor expanions of (3.15) and approximating to the
first order of the errors in the same manner as was done in (3.16). The
recieved expressions for C̃11 − C̃33 are

C̃11 = C̃11ψ ψ̃+ C̃11θ θ̃ = − sinψ cos θ ψ̃− cosψ sin θ θ̃

C̃12 = C̃12ψ δψ+ C̃12θ θ̃+ C̃12φ φ̃ = +(− cosψ cosφ− sinψ sin θ sinφ) ψ̃

+ cosψ cos θ sinφ θ̃+(sinψ sinφ+cosψ sin θ cosφ) φ̃

C̃13 = C̃13ψ ψ̃+ C̃13θ θ̃+ C̃13φ φ̃ = (cosψ sinφ− sinψ sin θ cosφ) ψ̃

+ cosψ cos θ cosφ θ̃+(sinψ cosφ− cosψ sin θ sinφ) φ̃

C̃21 = C̃21ψ ψ̃+ C̃21θ θ̃+ C̃21φ φ̃ = cosψ cos θ ψ̃− sinψ sin θ θ̃

C̃22 = C̃22ψ ψ̃+ C̃22θ θ̃+ C̃22φ φ̃ = (cosψ sin θ sinφ−sinψ cosφ) ψ̃

+(sinψ cos θ sinφ) θ̃+(sinψ sin θ cosφ− cosψ sinφ) φ̃

C̃23 = C̃23ψ ψ̃+ C̃23θ θ̃+ C̃23φ φ̃ = (sinψ sinφ+cosψ sin θ cosφ) ψ̃

+ sinψ cos θ cosφ θ̃+(− sinψ sin θ sinφ− cosψ cosφ) φ̃

C̃31 = C̃31θ θ̃ = − cos θ θ̃

C̃32 = C̃32θ θ̃+ C̃32φ φ̃ = − sin θ sinφ θ̃+cos θ cosφ φ̃

C̃33 = C̃33θ θ̃+ C̃33φ φ̃ = − sin θ cosφ θ̃− cos θ sinφ φ̃

(3.18)

Now all pieces in the error propagation for the position have been
found. Combining (3.9-3.10) with (3.12), (3.13), (3.16) and (3.18) will
render the final expression. These can be found in Appendix C were
they are a part of the Kalman filter. Left to investigate is how the
errors in u = [α β Vt ψ θ φ]T may be described.
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3.2.1 Approximation Errors

Due to the linearization of the system dynamics, errors will be intro-
duced into the system. The errors depend upon the approximation due
to the first order linearization that has been made. It can bee shown
that these errors are more than a hundred times smaller compared to
the dominating terms [21]. To compensate for these small but existing
errors some extra process noise will be added to the model. To see how
an analysis on errors not this small could be performed, see [10].

3.3 Error Models

In the previous section a model for position error propagation was found
by theoretical means. The result contains a number of sensor errors who
have more or less unknown physical behaviours. This section will try
to find approximate error models that can later be used in the Kalman
filter. Some of the sensor error characteristics are already known and
some has to be found out. This is sometimes done with the help of
system identification which will be shortly introduced.

Given the sensor error vector ũ = [ α̃ β̃ Ṽt ψ̃ θ̃ φ̃], the goal is to find
a model to the error signals that describes each of them as good as
possible under the given restrictions.

3.3.1 Sensor Errors and Gauss-Markov Processes

All sensors mounted in an aircraft contains errors that will corrupt the
true data to some extent. In substance the errors can be said to concist
of:

• Bias

• Noise

• Misalignment errors

• Scale factor errors

In general the misalignment and scale factor errors are small and often
neglected [22]. Left are then the bias and noise errors. The easiest way
to model sensor errors is to use white Gaussian noise, but since most
biases can be characterized as slowly varying offsets another approach
has to be considered since the white noise will not reflect the true
error. Instead the use of first order Gauss-Markov processes has shown
to better capture the charactersitics of the sensor biases. The Gauss-
Markov process has turned out to be important in applied work since
it seems to fit a large number of physical processes with reasonable
accuracy and it also has a very simple mathematical description [5].
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The Gauss-Markov process is a stationary Gaussian process with
an exponential autocorrelation. The autocorrelation completely de-
fines the process and it can be described by the following first order
differential equation

ẋ = −
1

τ
x+ ex (3.19)

where ex is a zero-mean Gaussian sequence i.e., noise. τ is the time
constant defining the behaviour of the process. If τ approaches ∞ the
state x becomes integrated white noise and if τ is small the correlation
is big. In this way it is possibly to determine the error characteristics
just by looking at its model provided that it has shown good in tests. A
Gauss-Markov model will be the first attempt on estimating the errors
in attitude and heading. Simulations will later show if this is good
enough.

3.3.2 System Identification

This section will find error models by the means of system identification.
In this way, lack of knowledge about the system can be bridged with
mathematical methods [18]. It might seem as a vague intention to
estimate the unknown errors in this way, but if it shows results that can
capture the error dynamics much engineering time can be saved from
investigating the true physical background. More on signal modeling
and systems identification can be found in [8, 11, 17].

The identification will focus on finding simple models of low orders,
thus keeping the Kalman filter in Chapter 4 as simple as possible. It
will also be clear that estimating models of first order on state-space
form will render the constants in a first order Gauss-Markov process.
It is almost an absolute truth that the higher the order of the model,
the better signal description. One must remember that the search for
models in this section does not aim at finding the best model, but
a model that is good enough. To answer the question - When is a
“good enough” model found? the theory of model validation will be
introduced and applied to the identified models. This will be a measure
of how good the model is.

Linear Black-box Models

A black-box model arises from a system with unknown construction
and renders a model whos parameters does not have any physical in-
terpretation. In the SAHRS case the system, algorithms and built-in
errors, are more or less known. If one wanted, a more complex identifi-
cation than the one undertaken below could be performed. The reason
to build a simple model, preferably of the first degree, is that it will
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give a smaller state vector in the Kalman filter. One also have to re-
gard the benefits from building a more complex model and compare it
to the recieved performance of the estimation. The parameters of the
model are constructed from a collection of data describing inputs and
outputs to and from the system. There exists a number of different
model structures. A few of them will be introduced below.

Model Structure

Let a general linear model be given by

y(t) = G(q, θ)v(t) +H(q, θ)e(t) (3.20)

where v(t) and y(t) are measured inputs and outputs respectively and
e(t) is white Gaussian noise. θ is the parameter vector that is to be
estimated. In this thesis a simplified model on the form

y(t) = H(q, θ)e(t) (3.21)

will be regarded. In this case the system can bee seen as a black-box
driven by white noise e.g., there exist no input signal to consider when
modeling the errors. The transfer function H(q, θ) can be rewritten as

H(q, θ) =
C(q, θ)

A(q, θ)
(3.22)

Here three different models can be identified. They are summarized in
Table 3.1. To read more about them see for example [11].

Table 3.1: Three different model structures can be formed from 3.22.
Here ARMA stands for Auto Regression Moving Average. AR stands
for Auto Regression and MA stands for Moving Average.

Polynomial used in 3.22 Model structure

AC ARMA

A AR

C MA

State-space Models

Since the system will be described as a linear system on state-space
form, it is convenient to also identify the error models using a state-
space model. This approach has become very popular due to the ex-
tensive use of the Kalman filter [17]. Consider the signal y(t) given
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by

xt+1 = At xt + wt
yt = Ct xt + vt

(3.23)

Here wt and vt are assumed to be sequences of independent random
variables and zero mean. The output signal, yt, could for example be
the true heading of the aircraft minus the heading of SAHRS i.e., the
heading error. To predict yt represent the system on innovations form

x̂t+1 = At x̂t +Kt et
yt = Ct x̂t +Dt et

(3.24)

Here et is the innovation i.e., the part of yt that can not be predicted
from past data. The system identification will focus on finding the
variables A, K and C. While et is not observed, choose the variance
for et such that

Dt = 1 (3.25)

The Identification Process

The collected data to be used in the error model are the SAHRS attitude
and heading and the INS attitude and heading. Here the INS data will
be seen as the true values and by subtracting the SAHRS data an output
signal describing the errors are obtained. To estimate the error models,
four different flight paths with different directions and characteristics
have been used. The models have been calculated using one of the
flights and then validated using any of the other. In this way the
data used for estimation is completely disengaged from validation data.
Typical error plots for ψ, φ and θ can be seen in Appendix B.

Model Validation

Validation can be seen as a way to answer the question of whether
the model is theoretically good enough to fullfill its purpose [16]. The
model quality as validated here does not tell anything about the models
actual capacity to reproduce the behaviour of the real system i.e., the
error dynamics during real simulation. This will be investigated during
simulations. What can be decided though, is how good the model has
captured the information from the given data.

Residual Analysis

To evaluate the models, two standard methods will be used, for more
information see [11]. First the residuals given by

ε(t) = y(t)− ŷ(t) (3.26)



3.3. Error Models 29

will be observed. Ideally they should perform as white noise without
any correlation left. Another function that gives information about the
residuals is the auto correlation function. It is defined as

Rεε =
1

N

N∑

t=1

ε(t)ε(t− τ) (3.27)

The function describes how the prediction errors at different times de-
pend upon each other. Ideally the function should be an impulse since
the residuals ideally are white noise i.e., for all τ 6= 0 the function
should be zero and for τ = 0 the function should describe the noise
variance. Significant discrepancies may imply that the model has not
caught the data characteristics. To see how well the estimated models
fullfill these validation criteria see Appendix B.

3.3.3 System Sensor Errors

As stated earlier, the sensor error vector ũ = [α̃ β̃ Ṽt ψ̃ θ̃ φ̃] has to be
modelled. This section will shortly describe the idea behind the models
that will be used. Also a discussion about the velocity measurement
and the problem of interfering wind will be introduced.

Attitude, Heading and Airdata Angles

As can be seen in Appendix B, both the attitude and heading error
models are estimated with first order Gauss-Markov processes. This
will be a first approach to estimate the errors and simulations will
show if these models are good enough. The actual characteristics of the
angle errors are not a hundred procent known, though from the plots
in Appendix B one can tell something about their appearence. The
question to be answered in this thesis is whether these simple models
are really appropriate or if another approach to the whole filtering
problem has to be undertaken.

From Appendix B the Gauss-Markov processes that describe the
angle errors are given. For the heading τ = 100 will be used. For
the attitude angles pitch and roll τ will be given the values 30 and 10
respectively.

The angle of attack, α and the sideslip angle, β are known to contain
both scalefactor and bias errors in the order of 1◦. Simulations will
show if these errors can be modelled with white noise or if a first order
Gauss-Markov process will be needed.

True Airspeed and Wind Compensation

To be able to use dead-reckoning, a velocity estimate has to be provided.
Wind velocity is a significant error source for airborne dead-reckoning
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because airspeed and heading are measured while ground velocity is
required [4]. The difference between the two is the none measured wind
velocity. To overcome the lack of direct measurements wind estimation
is a standard technique. When flying under normal conditions the INS

takes care of the navigation. This system produces a relatively accurate
velocity estimate. By subtracting this velocity from the true airspeed
the wind component in Vt can be approximated. If a sudden failure
in the navigation system occur the mission is aborted and the aircraft
returns in more or less the same path. The strategy has then been to
compensate for the wind using the old wind estimates that have been
stored away for such an occasion.

In this thesis only Vt is given and instead of relying on estimated
wind, a model for the wind will be used. There is no standard statistical
model available for this situation [4]. Instead the state-space model for
the filter will be extended with two more states, namely the wind in the
north and east direction in the navigation frame. Experiments with real
measured wind data using this approach has been performed and good
results have been obtained using a first order Gauss-Markov process
with time constant τ = 400 [4]. The standard deviation is taken to be
5m/s. To see how these additional states are augmented to the model
see Section 4.2.

GPS Error Model

Both SAHRS position and GPS position will be observed by the Kalman
filter and, as mentioned in Section 5.4.4, GPS provides an absolute
position with bounded accuracy. The main goal with this fusion is to
enhance the performance of SAHRS. GPS is mainly seen as a helping
hand, though theoretically also GPS could be corrected. To investigate
if the integration of the both systems is able to estimate errors in the
GPS position, also error states for this sensor will be augmented to the
filter description. The errors are known to act as first order Gauss-
Markov processes with τ ≈ 150 and standard deviation ≈ 5m.



Chapter 4

Estimation Theory and

the Final Model

Sensor fusion has traditionally been conducted by the use of Kalman fil-
ters which in an optimal way weights the different signals together [11].
It has shown to be an important tool in sensor fusion and many success-
ful applications have stemmed from systems with linear and non-linear
dynamics [5]. In the last decade new methods have arisen to solve
filtering of non-linear dynamics. Preferably the point mass filter and
the particle filter has shown good results. To read more about them
see [3, 21]. This thesis will only consider the Kalman filter and some
extensions of it and will thereby explore its limitations for this specific
application.

This chapter will introduce the Kalman filter and the more gen-
eral linearized Kalman filter and extended Kalman filter. The
last two can be applied to non-linear models. The chapter also contains
the final model on state-space form ready to be used in the filter.

When dealing with the Kalman filter it is important to always re-
member that in this case it is a linear filter applied to a non-linear
system.

4.1 Filtering

4.1.1 Kalman Filter

The Kalman filter, which was first introduced by R.E. Kalman in 1960
provides an optimal solution to applications that can be represented as
linear Gaussian systems. The filter solves a minimun least-square error
problem using state-space methods. To read more about the filter and
to see proofs of what is used in this thesis, consult [2, 5, 10].

31
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The Kalman filter demands that the given system is on state-space
form which limits it to linear systems. To be able to estimate the errors
of interest, we need the system on state-space form. The differential
equations given in Chapter 3 describe the errors in a set of differential
equations.

Linear Signal Model

As mentioned above, a system to which one wants to apply the Kalman
filter has to be given on state-space form i.e., it has to fulfill the model
below

xt+1 = Ft xt + ut (4.1)

yt = Ht xt + et (4.2)

Here xt represent the state vector at time t and yt is the observation
of the system at time t. The state transition equation (4.1) describes
how the states propagate in time and the measurement equation (4.2)
describes how the system is observed. The matrices F and H might
be time-dependent and the whole model could be either discrete or
continuous. In this section the discrete filter is considered. Later, in
Section 4.1.4, it will be shown how to transform between continuous
and discrete systems. The white stochastic processes ut and et will be
refered to as process and measurement noise respectively and represents
the imperfections of the model. Both processes must fullfill

E{ut} = E{et} = 0
E{ut u

T
τ } = Qτ δt−τ

E{et e
T
τ } = Rτ δt−τ

E{et u
T
τ } = 0

(4.3)

The last equation in (4.3) tells that the measurement errors, e, and
the model imperfections, u, are independent. If this does not hold,
the Kalman filter can still be applied but the equations will not be as
simple as those presented below. Given the model (4.1-4.3) the best
linear recursive filtering is given by the following steps

x̂t+1|t = Ft x̂t|t
Pt+1|t = Ft Pt|t F

T
t +Qt

x̂t|t = x̂t|t−1 +Kt (yt −Ht x̂t|t−1)
Pt|t = (I −KtHt)Pt|t−1

Kt = Pt|t−1H
T
t (Ht Pt|t−1H

T
t +Rt)

−1

(4.4)

In order to distinguish between estimated values and true values the
conventions of hats will be used. Here x̂t will represent the estimated
values and xt will represent the true values of the state vector. The
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above equations represents a complete recursive way of estimating the
state variables. To start the recursion some initial values have to be
given at time t = 0. These are

x̂t0|t−1
= x0

Pt0|t−1
= Π0

(4.5)

Here the matrix Π0 represents the covariance matrix of the initial state
x0. In practical use one often lets P (t0 | t−1) represent the trust in
the initial state, thus treating the matrix as a design variable [11]. The
results above can be derived in different ways. To consult the proofs
see e.g., [9], [11] or [21] for different ways of treating this problem.

Optimality and Filter Design

The Kalman filter works by minimizing the error covariance matrix for
the least square error i.e., min E{(xt − x̂t|t−1)(xt − x̂t|t−1)

T }. In this
section the process and measurement noises are assumed to be Gaus-
sian processes. It can be shown that if this holds the Kalman filter will
be the optimal filter among both linear and non-linear estimators [11].
Another interesting result is that the Kalman filter will provide the
best linear estimator if relaxing the demands for Gaussian noise. This
means that there will be no idea trying to search for another way of
estimating if bound to linear equations as in this thesis. A proof of this
useful result can be found in [2].

4.1.2 Linearization

In Section 4.1.1 the Kalman filter was stated as an optimal linear filter.
One has to recall that this required that the system was on state-space
form and linear. This may seem like a serious limitation to the filter
when considering the fact that most models built from observations of
physical environments are represented of a set of continuous differential
equations. These equations are more than often of non-linear character.
The aim of this section and the next is to find a way to apply the
linear algorithms obtained in previous section to a non-linear filtering
problem.

In practice there are two ways of performing a linearization from the
given dynamics. One is to linearize about some nominal trajectory that
does not depend on the measured data. The resulting filter is simply
called a linearized Kalman filter. The other method is to linearize
about a continuously updated trajectory, taking the updates from the
measurements of the state variables. This linearization leads to an
extended Kalman filter. This chapter will consider both methods and
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develop the theory needed to apply the given non-linear dynamics to
the filter.

Non-Linear Signal Model

To follow the expression for the linear Gaussian model(4.1-4.2) one can
state

ẋ(t) = f(x(t), t) + g(x(t), t)u(t)
y(t) = h(x(t), t) + e(t)

(4.6)

Here f , g and h are known non-linear, possibly time dependent func-
tions that depends upon the continuous state vector x(t). Also u(t)
and e(t) are white-noise processes with zero crosscorrelation as in (4.3).
Note that the non-linearities may exist in either the dynamics of the
process, in the measurement relationship or in both. Here only lin-
earization of the state-transition equation will be considered since the
measurement equation, see Appendix C, already is linear. The method
of linearizing the measurement equation is similar to the approach be-
low and it can be found in for example [5] or [2].

The linearization could be done in two ways. Either start with
discretizing the system and then linearizing it or start the other way
around. The first approach requires an analytical solution to the dif-
ferential equation describing the system and this way of linearizing will
not be considered further here, to see how it can be done, consult [12].
Instead the approach will be to first linearize the system followed by
discretizing it. Consider the true state vector x(t) written as

x(t) = x∗(t) + ∆x(t) (4.7)

where x∗(t) is the nominal trajectory and ∆x(t) is the difference be-
tween the true and the estimated trajectory. Assume that ∆x(t) is
small and apply Taylor’s series expansion retaining only the first-order
terms. This results in

ẋ∗(t) + ∆ẋ(t) ≈ f(x∗(t)) + F ∆x(t) +Gu(t) (4.8)

Here F and G are the Jacobians of the functions f(t) and g(t) and
given by

F = ∂f
∂x

∣∣∣∣
x=x∗

G = g(x∗)
(4.9)

The Jacobians are updated with the nominal trajectory, x∗, which
means that the filter gain sequence, K, is not predetermined but will
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depend on the particular run. Furthermore, it is customary to choose
˙x∗(t) to fullfill the following deterministic differential equation [5]

ẋ∗(t) = f(x∗(t)) (4.10)

Substituting this into (C.1) then leads to the linearized model

∆ẋ(t) = F ∆x(t) +Gu(t) (4.11)

The above equation is now fully linearized and it should be remembered
when using it that it only considers the incremental quantities and not
the total quantities in, for example position. This form will suit our
purpose very well as seen in Chapter 5. Though there are methods to
overcome this fact, this thesis will not delve more into these. To see
how it can be done, consult [5] or [2].

4.1.3 Extended Kalman Filter

Above F and G where updated using a nominal trajectory. To recieve
the extended Kalman filter, the linearization has to take place around
the filter’s estimated trajectory i.e., correct the nominal trajectory with
the filter estimates.

There are variuos techniques when deriving the extended Kalman
filter algorithm. For example, one can include higher order terms when
expanding f(x(t)) and h(x(t)), thus recieving a higher order filter.

4.1.4 Discretization

The last step before applying the recursive algorithm stated in (4.1-4.3)
will be to discretize the given model. This will be done considering the
following theorem.

Theorem 4.1. If the system

ẋ(t) = F x(t) +Gu(t)
y(t) = H x(t)

(4.12)

is considered to have u(t) partially constant during the sampling period
Ts and if also F and G can be considered constant, then the sampled
system is given by

xt+1 = Ft xt +Gt ut
yt = Ht xt

(4.13)

where

Ft = eF Ts , Gt =

∫ Ts

0

eF tGdt , Ht = H (4.14)
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Proof, see [9]. The system in (4.13) provides a good realization at
the sample times, but to find the values inbetween one has to find the
exact solution, see [23]. In this thesis the above relations will be used.
To recieve a handy expression to be computed during simulations the
following approximations will be done

S =

∫ Ts

0

eFt t dt ≈ I Ts + F
T 2
s

2
+O(F 2 T 3

s )

⇒

Ft = I + Ts F

Gt = Ts(I +
Ts
2
F )G

Discretization of State Noise

In order to apply (4.4), the covariance matrix, Qt for Gtu(t) has to be
found. Here only the result based on the same approximations as above
is stated. To see a more in depth explanation consult [22] or [21]. The
covariance is given by,

E{Gt ut(Gt ut)
T } = Ts(I +

Ts
2
F )GQGT (I +

Ts
2
FT ) (4.15)

Now all steps in recieving a discrete linear filter has been carried through
and the Kalman filter algorithm in Equations (4.4-4.5) can be applied
to the model.

4.2 Implemented Solution

This section will summarize and collect all the results from this and
the previous chapters.

The state vector, x, until now only containing the states for error
in SAHRS position, will have to be augmented with additional states.
Recall from Section 3.3.3 that error models for GPS will be used in an
attempt to improve the GPS position. This will add two more states
to the state vector. In the same section the wind and how it will be
dealt with was discussed. The result of this discussion adds another
two states, one for wind in the north direction and one for wind in
the east direction. Finally, three states for the errors in attitude and
heading will be added and the state vector will look as follows

x(t) = [l̃A L̃A l̃G L̃G wn we ψ̃ θ̃ φ̃]T (4.16)
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Simulations will show if this state vector contains the relevant and
necessary number of states or if it will have to be augmented with
additional states or that states can be taken away. The adherent sensor
error vector then becomes

u(t) = [α̃ β̃ Ṽt ulG uLG uwn uwe uψ uθ uφ]
T (4.17)

where α̃, β̃ and Ṽt are modelled as white Gaussian noise according to
Section 3.3.3 and the other components are white Gaussian noise to
drive the Gauss-Markov processes describing the error charactersitics
of the given error. In conformity with Theorem 4.1, the linear time-
continuous model for the system can be written as

ẋ(t) = F x(t) +Gu(t)
y(t) = H x(t)

(4.18)

The complete continuous model is given in Appendix C. There the
results of Chapter 3 is used in combination with the filter theory gone
through in this chapter.
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Chapter 5

Simulations

This chapter will give an idea of the used simulation environment and
how simulation data is generated. It will also introduce different flight
paths and motivate why these are of certain interest. In the last section
the filtering results are presented.

5.1 Implementation

Verification of a system can be done in many different ways. One is to
first try the system on simulated data. These data are supposed to re-
produce the reality and it can be easily understood that with a complex
system a lot of time can be put into building an accurate simulation
environment. Most often an environment is built that depicts the most
important parts of the system well and when the wanted results are
achieved the final validation is done on real data.

In this master’s thesis the simulation environment consists of one
part old implementations that have been modified to fit their new pur-
pose and of one part new implementations. Approximately 25% of
the total work done was put into building and verifying the simulation
environment.

The greatest advantage when using simulated data is the possibility
to try any flight case of your choice, change parameters and added errors
and above all it gives good possibilties to track problems in your model.
One should always keep in mind that what comes out depends on what
was put in and a that system cannot be fully accepted before it is tried
against real data. Here it has been a true advantage to work with
navigation in Gripen, since real data are gathered and logged during
test flights. The data can then be easily converted into the simulation
environment and how this is done is treated in Chapter 6.

39
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5.1.1 Simulation Environment

The simulation model was built using mainly Matlab and Simulink.
There were two reasons for this. First of all, the blocks that already
existed was implemented in Simulink and as a second reason, Mat-
lab and Simulink are frequently used in the education performed at
Linköpings universitet. Therefore it provides a known environment so
that less time had to be spent on learning a new programming lan-
guage. SAHRS was implemented in System Build which is similiar to
Simulink and is an often used environment at Saab.

The environment describes the modelled world and due to the fact
that different implementing languages was used no full-scale simulation
was performed. Instead a flight path was generated and data from the
different systems were collected. When all this was done the filtering
and evaluation was performed separately. This also provided the possi-
bility to implement the Kalman filter both in Simulink and Matlab.
If the simulation had been performed in full-scale the simulation envi-
ronment and its parts would have been engaged as in Figure 5.1. Below
the different blocks are shortly introduced.

Nav Sim

GPS

SAHRS 
position 

calculation
SAHRS

Kalman filter

DGPS

accelerometers

gyros

alpha beta

Vt Hb

position

position

position

attitude and 
heading

Magnetic Model 

true navigation variables

+
−

+

+

corrected position

position system 
error estimates

position for evaluation purposes

Mx, My, Mz

Figure 5.1: The simulation block environment.

Nav Sim

To implement and simulate an aircraft, complex aerodynamics and con-
trol laws have to be taken under consideration. Building a comparably
accurate simulator could be a master’s thesis on its own. Nav Sim was
developed as such a project, see [1]. Nav Sim is the heart of the simu-
lation and after small adjustments it generates almost all data needed
for the SAHRS block, see Figure 5.1. Furthermore it generates true
navigation variables. These are not marred with errors and are used
by other blocks in the model as well as for evaluation purposes. The
accelerometer and gyro outputs simulate the accelerometers and gyros
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of the EFCS.

SAHRS and Position Calculation

Since SAHRS is used in Gripen today it already existed as a model
in System Build. A few scripts to transform between the environ-
ments were added. The position calculation is made in Simulink and
it implements

lt = lt−1 + Ts

(vn
ro

)
(5.1)

Lt = Lt−1 + Ts
ve

ro cos lt−1

(
1− e sin2 lt−1

)
(5.2)

This is the first order Taylor expansion of (2.10-2.11) according to Equa-
tion (3.7-3.8).

Magnetic Model

The magnetic model uses the true position from Nav Sim combined with
the IGRF expansion series from Section 2.2.1 to calculate the magnetic
heading. To obtain the magnetic field as measured by the SMDU the
calculation is rotated, scaled and also bias is added.

DGPS and GPS models

The models for the DGPS and the GPS already existed and was a part
of the project when Nav Sim was built. As will be clear later the models
only use true position and then adds noise with variable variances. How
this will influence the simulations is treated below in Section 5.4.

Implemented Kalman Filter

The Kalman filter was implemented both in Matlab and Simulink. It
later became clear that Matlab gave the best oppurtunities for small
adjustments. It also provided by far the fastest implementation of the
two.

The Kalman filter in Simulink was a square root implementation
see e.g., [11]. There has been no obvious performance differences be-
tween this and the ordinary Kalman filter implemented in Matlab.
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5.2 Performance Measures

To evaluate the filter performance three different suggestions is given
in [11]. Two of them will be further considered here.

Visually a plot of the true signal, the measured signal and the esti-
mated signal could be good to decide whether the filter has the ability
to follow and estimate the true signal, but it falls short in quantative
terms since it can be hard to see an improvment in a noisy environment
where the margins are small.

Another approach is to study the Root Mean Square Error, RMSE.
It provides a measure in actual figures and it then becomes easy to
compare different filter realizations.

While the Kalman filter gives a point estimate of x this is of little
use if the uncertainty or variance of the estimated error is unknown.
This is answered by the covariance matrix P of the Kalman filter and
can be defined as

P (t) = E{(x̂t − xt)(x̂t − xt)
T } (5.3)

Here x̂t denote the point estimate and x denote the true value. This
matrix is provided by the Kalman filter and it reflects the true vari-
ability if the underlying signal model is correct. In order to make the
evaluation more intuitive a scalar measure as the one below can be
applied [10]

√
tr P (t) = (E{(x̂t − xt)(x̂t − xt)

T })1/2 =
√
E{‖x̂t − xt‖22} (5.4)

The subindex 2 stands for the 2-norm and tr stands for trace, which is
the sum of the diagonal elements of the matrix argument. This measure
can be seen as the length of the estimation error i.e., the standard
deviation, and in our case it will for example show the distance to
the real position. This measure could be compared to the Root Mean
Square Error calculated as follows

RMSE (t) =

(
1

M

M∑

j=1

‖xt − x̂
(j)
t ‖

2
2

)1/2

(5.5)

While this will give the standard deviation for M simulations at each
time instant a scalar measure will also be used

RMSE =

(
1

t

t∑

t=1

1

M

M∑

j=1

‖xt − x̂
(j)
t ‖

2
2

)1/2

(5.6)

This gives an estimate of the standard deviation for the whole data
sequence. The measures will be frequently used in Section 5.4. The
last two expressions are taken from [10].
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5.3 Flight Scenarios

In order to evaluate the model and its performance a couple of different
flight paths have been considered. Here only one flight path will be
presented. The reason to this is that since simulated data is used, this
single path will provide the possibility to change simulation parameters
and out of this recieve scenarios that have the same route but different
output data. The route, as can be seen in Figure 5.2, has been choosen
to correspond to a possible mission for the SAHRS system. No advanced
missions will be undertaken during INS declination, therefore the flight
does not contain rollmaneuvers or advanced turns. As can be seen in
the figure a mixture of straight flight and long turns make up the route.
Evaluation of a system should put it through conditions a bit harder
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Figure 5.2: The generated flight path route. The route is
generated so it will contain straight flight and turns.

than later expected. It might seem as a limitation not to consider
advanced turns and rollmaneuvers. To see how the system performs
during a real flight containing these elements go to Chapter 6. The
flight paths are mainly choosen to illustrate some important objectives,
these are explained below toghether with the different paths.

Ordinary Flight Path is generated according to the route in Fig-
ure 5.2. The altitude alternates between 2000 and 3500m and the total
lenght of the flight is approximately 3000 s or 50min. The purpose of
the path is to validate the filter and the model and to point out some
typical charactersitics with the model.

Wind Variation Flight Paths will address the problem of wind
estimation. Four flight paths have been generated to test the models
ability to adapt and take care of different wind conditions. The first
path is the Ordinary Flight Path from above and it contains a con-
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stant wind addition of 6m in the north direction and 7m in the east
direction. The wind is added according to (5.7). The second Wind
Flight Path also have constant additions in both directions, 9 and 10m
respectively for north and east. The third Wind Flight Path will in-
vestigate how the model adapts to windgusts and suddden change in
wind. This is done buy generating a square wave that changes from
0 to 6m every 300 s during simulation.The last Wind Flight Path also
simulates windgusts of 12m and it also has a constant wind addition
of 3m in both directions.

GPS loss Flight Paths are generated so the performance of the
filter during GPS loss can be evaluated. The first flight path contains
a GPS loss of 2 and 5min and they occur at the simulation times 1120
and 2000 s. The second flight implements a repeating GPS loss that
lasts for 10 s and occurs every 200 s. GPS loss is defined as total loss of
the measurement i.e., the filter will only perform time-updates.

5.4 Results

5.4.1 SAHRS Position Corrections

During a declination of the INS the only available calculation of attitude
and heading is given by SAHRS. Since the position calculation is made
from these data the position will contain error due to the error in both
attitude and heading and also in velocity. These errors will grow big and
in Figure 5.3 the position of the aircraft is calculated using uncorrected
data. Also the absolute position error is given and as we can see it
grows with time.

15.5 16 16.5 17 17.5 18
56.8

57

57.2

57.4

57.6

57.8

58

58.2

58.4

58.6

58.8
Flightpath calculated from uncorrected SAHRS data

longitude [deg]

la
tit

ud
e 

[d
eg

]

Start 

End 

0 500 1000 1500 2000 2500 3000 3500
0  

5000

10000

15000

20000

25000
Absolute Position Error

Time [s]

E
rr

or
 [m

]

Figure 5.3: The continuous line is the calculation of posi-
tion using uncorrected data from SAHRS. The dotted line
is the same plot as in Figure 5.2. The absolute posi-
tion error shows the distance from the true position to
the calculated position. Here true position is the DGPS

measurements.
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The expectation on the filter is that it will correct these errors. Running
the filter on the Ordinary Flight Path gives the results of Figure 5.4.
The residual error will from now on be defined as the error that is left
after the estimation of the error i.e., the estimated error’s error. It
can also be thought of as the RMSE defined as in (5.5) but without the
summation over M realisations.
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Figure 5.4: After the correction of the position the fol-
lowing residuals errors are left in latitude and longi-
tude. Their appearance depend on the implementation of
the GPS model. In Chapter 6 the residual errors will look
more realistic due to the use of measured GPS and DGPS

signals. The residual errors are calculated as the differ-
ence between the DGPS signal and the corrected SAHRS

calculated position.

It is easy to see that the filter does correct the position error from the
SAHRS calculation. One reason to this is that from the measurement
of GPS position minus the SAHRS calculated position most of the error
that is left and serves as the measurement to the filter is taken to be
the position error of SAHRS. One of the problems with the simulation
environment is that the GPS and the DGPS were not implemented as
they appear in reality. Observing the output from them both tells that
they are just the true position plus added noise of different variances.
This is why the correction of the position error also looks like noise.
Since a lot of time already had been put into building the simulation
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environment it was decided not to implement new models for the GPS

and DGPS signals. The filter shows the ability to correct the position
error and the possibility to correct or improve the GPS position error
has to be left to Chapter 6 where real flight data is used. Recalling the
model for the GPS error in Section 3.3.3 which was a Gauss-Markov
process one realizes that there will be no chance that the filter could
use this model to estimate and correct the error that is now given.

5.4.2 Heading and Attitude

One main reason to develop this model was to investigate the possibility
to correct the errors in heading and attitude from SAHRS. The overall
performance during GPS availability is investigated using the Ordinary
Flight Path. The ability of the model to correct and calibrate the errors
of especially heading during GPS loss will be considered in Section 5.4.4.

As can be seen in Figure 5.5 the filter estimate of the heading error
follows the true error very well. Recalling that that the filter is not fine-
tuned, even better results might be possible. As a scalar measure of the
improvment the RMSE value can be considered. Before correction it is
3.4597 and after correction it is 0.7224. This result can also be found
in Table 5.1 together with the RMSE scalar values for the wind. The
Ordinary Flight Path is the first section of the table with the constant
wind of 6 and 7m in the north and east direction respectively.
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Figure 5.5: The heading error is calculated as the SAHRS

heading subtracted from the true heading generated by
Nav Sim and it is given as the dashed line in the figure.
The estimated heading error is the dotted line.

In Figure 5.6 the residual error togehter with the filter standard devi-
ation according to (5.4) is given. Also the error before the correction
is contained in the figure. The difference between the two lines is the
estimated error.
Between the time-spans 50-300 s and 1800-2300 s the heading is approx-
imately constant, see Figure 5.7. During these time-spans the heading
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Figure 5.6: The residual error is the continuous line and
the square root of the P -matrix is given by the dashed
line. The heading error before correction is given by the
dotted line. The difference between the dotted line and
the continuous line is the estimated heading error.

error is relatively large and the filter can easily estimate the error.
Without doing any deep analysis, the SAHRS algorithm seems to have
problems during flight with constant heading. This might imply that
although there exists states in the algorithm to take care of biases it
does not work very well in these cases. This is probably due to low ob-
servability and the problem disappears when aircraft goes into a turn
again, then recieving additional information from the rategyros. As
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Figure 5.7: The heading during the flight is defined be-
tween 180 and -180 degrees.

soon as the aircraft goes into more turns again, especially between the
time spans 450-900 s and 2500-3000 s, the error to estimate becomes
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small. Hence, going into a turn will give more information to the cal-
culations of both heading and attitude while the rategyros will now
add information to the system. The filter will still try to follow, but
due to the fact that the state for heading error is driven by noise the
error estimate might sometimes be worse than the actual error. To
recieve an even better RMSE scalar value one could consider to change
the noise of the error model depending on the actual flight condition
and change rate of the heading angle. Exactly how this can be done
has to be further investigated.

The model also contains error states for the attitude angles, pitch
and roll. In Appendix B their error charactersistics where given and
a fast glimpse will verify that the calculations of the SAHRS algorithm
will keep the errors small. In Figure 5.8 the simulated error and their
estimations are given. The filter does not manage to estimate the small
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Figure 5.8: The roll and pitch angle errors. The continu-
ous lines are by the filter estimated errors and the dotted
lines give the real errors.

errors and the model could never capture the rapid changes that can
be seen in both the roll and pitch angle error. The residual errors
are then almost identical to the real errors and this is also pointed
out by the RMSE scalar values. Uncorrected, the errors for this flight
have RMSE values at 1.9908 and 0.5792 for roll and pitch respectively.
The corrected values are the same for roll and for pitch the RMSE has
increased to 0.5826.
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Observing that the standard deviation of the roll angle is almost
2 degrees, one could argue that there would be good to put effort into
minimizing it further, but as written above the error characteristics has
abrupt and big errors that only lasts for a second or two, this is what
causes the big standard deviation. The errors have a big magnitude
and when looking back in Appendix B none of the plots there showed
errors this big. Although the tendency is there, the magnitude is kept
below 5 degrees. Two things could then be considered. First of all the
quality and truth of the simulation environment and second the syn-
chronization problems between the SAHRS algorithm and true values.
The cause of these errors is interesting since this is the key to prevent
them. One possible cause could be that going from straight flight into
a turn will cause the roll angle to change rapidly. This is sensed by
the INS system right away and it will deliver a comparably accurate
absolute angle. The problem could then be synchronization within the
system. Here one second delay could cause the error bursts in Fig-
ure 5.8. It has also been observed that the aircraft model will deliver
abrupt and unrealistic changes in roll when it goes into a turn. This
will also effect the calculations. In Appendix D a discussion and some
figures are shown to verify that these errors indeed come from rapid
changes in the roll angle. This will also motivate that the error in roll
angle is under normal conditions small and does not benefit from a
correction in this model. If the error still should be minimized it would
probably be better to consider new strategies within the SAHRS algo-
rithm. One could also ask about the meaning of correcting the error
since it is small and sometimes has short bursts that disappear quickly.
As will be clear below in the Wind section the attitude and heading
will effect the calculations of the time dependent constants in the EKF.
Error bursts of this character will cause some erroneous constants when
they occur.

In the continued simulations no effort will be put into estimating
the roll and pitch error.

5.4.3 Wind

As mentioned in Section 3.3.3 there is no unambiguous and generally
accepted way of modelling wind. The approach here will be to use
results that are based upon an article that has collected real wind data
from numeruous flights and then identified the model that fitted the
data best, see [4].
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The calculation of the wind during simulations and evaluation is based
on the simple equation below

Windnorth = vn true − vn calc
Windeast = ve true − ve calc

Here vn true, ve true and vd true is the by Nav Sim generated true velocity
components and vn calc, ve calc and vd calc are the calculated velocity
components according to (2.11-2.12). This means that the calculated
velocity components can be seen as functions of the following variables
according to below

VN calc = [vn calc ve calc vd calc]
T

⇒
VN calc = f(Vt, α, β, ψ, θ, φ)

Ideally these variables are error free, but here they will all be marred
with errors. This will result in

VN calc = f(Vt − Ṽt, α− α̃, β − β̃, ψ − ψ̃ + ψ̃est, θ − θ̃, φ− φ̃)

which means that the calculation of VN calc will not only contain the
wind added to Vt according to

Vt =
√

(vn true + wn)2 + (ve true + we)2 + (vd true + noise)2

(5.7)

but also the error in Vt due to measurement errors, which here is sim-
ulated as white noise with standard deviation of 0.5m. The α and β
angles will also contain errors that will influence the calculation. The
heading angle, ψ is used in the model corrected. This means that the
only error here to influence the calculation is the residual error from
Figure 5.6. Hence, good estimation of the heading error will come
through in the calculation. The same thing holds for the attitude an-
gles whos errors are mostly small. Since the model do not have the
ability to catch the error bursts these will come through uncorrected.
wn and we are the added wind.

To summarize, this means that what is really calculated is not only
the wind but a wind calculation corrupted by errors that are not cor-
rected and estimated in the model. In Figure 5.9 a calculation of wind
using both true angles and simulated angles with errors are shown. The
true angles are generated from Nav Sim. The wind model has to adapt
to the wind calculated from simulated angles, thus the wind estimate
will not only estimate wind, but also errors in the other variables.

The filter has been used on four different wind scenarios as described
in Section 5.3. Their purpose is to test how the model performs during
different wind conditions and the added wind magnitudes are choosen
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Figure 5.9: The continuous line is the wind calculated
with true angles and the dotted line is the wind calcu-
lated with simulated angles. The wind addition is here
the 12m pulse and 3m constant addition in both direc-
tions.

so they will correspond to real wind conditions. The same filter pa-
rameters have been used during all filtering with one exception. When
filtering the last two flight paths, containing the largest magnitudes,
the initialization of the heading error where put close to the region of
the real error and instead the uncertainty in the estimation were low-
ered. The state vector is normally initiated to zero for all states and
instead a bigger uncertainty i.e., a bigger P-matrix is used. When it
comes to setting the state vector values in case of INS loss this could
easily be done. The INS will have provided a last heading angle before
it declines. This together with the fact that SAHRS is run in parallell
to cross-monitor the INS will instantly give an error estimate for the
heading which can then be used to initiate the filter. This motivates
the setting of the initial heading error estimate and in Figure 5.10 it
is shown how the same filter with and without state initialisation will
behave. Without initialisation of the error state it will take the filter
approximately 400 s to converge towards the true error. The scalar
RMSE is 3.91◦ before correction and after correction it is 1.82◦ without
state initialization and 1.29◦ with.
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Figure 5.10: The left figure shows how the heading er-
ror is estimated by the filter without state initialization
and in the right figure the heading error state is initiated
with x0 = 18◦. In the beginning the filter will use ap-
proximately 400 s to find the true error estimate if not
initiated.

It has not been investigated further if it is important to initialize the
state vector. It will not present a problem to initialize the state vector
since the last data from the INS will always be available on the data bus.
The problem if initializing the state vector comes from the uncertainty
in which INS values to use. In case of an INS declanation the system
might announce it itself, or it can still be up running, presenting faulty
information. The difficulty here lies in how to choose the initialization
vector.

The filter has not been fine-tuned in any way. Of all the four dif-
ferent flight paths it will give the best estimate for the first flight path
which is identical to the Ordinary Flight Path. It could be investigated
if this depends upon the fact that this flight path contains less wind
or if the filter is best matched against these conditions. If it depends
upon the wind, real flight data could be used to further investigate
the lower limitations of the filter performance, i.e., the result achieved
below might be unrealistic. If the case is so that the filter, while not
fine-tuned, still is somewhat tuned this means that changing filter pa-
rameters will give better results for the later flight paths. The resulting
filter should than be tuned towards what can be seen as a flightpath
containing ordinary wind. What this ordinary wind could look like has
to be investigated through observation of real flight data and since wind
is not, as mentioned earlier, easy to estimate it will not be easy to find
this ordinary wind.
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In Table 5.1 the scalar RMSE values are given for the four wind real-
isations. Observe that the standard deviation for the heading angle
will differ for the four cases before corrections. This is a consequence
of that the air data and SMDU values are regenerated and then fed to
the SAHRS algorithm. Observing the results indicate that the filter will

Table 5.1: Scalar RMSE values for heading and wind. The
flight paths used are described in detail in Section 5.3.

Wind addition RMSE Before correction After correction

6 m north dir. Heading 3.4597 0.7224
7 m east dir. Wind North 2.4159 1.7155

Wind East 2.0568 1.3334
Wind pulse of 6 m Heading 3.8057 0.8300
in both dir. Wind North 3.6169 1.7964

Wind East 3.2573 1.4531
9 m north dir. Heading 3.9084 1.1258
10 m east dir. Wind North 5.8920 1.7061

Wind East 4.9897 1.4981
Wind pulse of 12 m Heading 3.9142 1.2791
and 3 m const. Wind North 7.6847 1.9541
in both dir. Wind East 6.6577 1.5768

both improve the heading and velocity output. Thus during GPS avail-
ability the filter will not only correct the SAHRS calculated position
but also better the heading and velocity estimates. This means that
correcting VN calc with the estimated wind will give a comparably good
estimation of the true velocity and with the help of GPS to calibrate
the filter the wind can be estimated instead of calculated as is done
during INS availability.
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In Figure 5.11 the wind and the estimated wind are shown for the last
flight path with the wind pulse addition of 12m and constant addition
of 3m in both directions. As can be seen, the model follows the wind
very good and it also capture the abrupt wind changes. In Appendix
D the other wind estimations can be observed. It can be easily verified
that the model capture all the wind scenarios very well.
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Figure 5.11: Here the ability of the model to follow the
calculated wind is easily verified. The dashed line is the
calculated wind and the continuous line is the estimated
wind.

The residual errors are shown in Figure 5.12 together with the square
root of the P-matrix and the uncorrected wind error. Observe that
the estimates will grow big for a short period of time when the wind
changes rapidly. In a couple of samples the estimate is back below the
uncertainty of the filter.

To summarize, it can be said that modelling the wind and estimat-
ing it in the filter has worked beyond expectation. To further settle
that this is a good and working strategy more time could be put on
real wind observation preferably combined with test-runs on real flight
data.
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Figure 5.12: The residual error is given by the continuous
line and the square root of P is given by the dashed line.
The dotted line is the absolute value of the wind before
correction. It can be seen that the wind estimate will be
large for an instant when the wind changes rapidly and
then the filter will again give a good estimate, thus the
model is able to capture and follow abrupt wind. The
data is taken from the flight path with 3m constant and
12m pulse wind addition in both directions.

5.4.4 Loss of GPS

The loss of GPS and thereby the loss of measurements to the filter will
mean that the position correction will be performed by time updates
only. Hence, the linearized system will try to predict and correct the
non-linear system. The objectives during GPS loss will be to regard
exactly how the filter will perform and if it has the ability to regain
accurate estimates if/when the GPS signal has recovered.

The main objective of the flight path containing loss of GPS during
2 and 5min is to investigate how the filter will perform when it as a
linearized filter will describe a non-linear reality. The second flight path
with short repeated GPS losses of 10 s was implemented to investigate
how much a short loss, which is fairly common, would effect the calcu-
lations. These short losses may occur when enough satellites are not
available or when the aircraft rolls very fast.
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Starting out with the results from the repeated GPS losses, it can be
seen in Figure 5.13 that the position error estimates will not have a
problem to recover after the short losses. The points of GPS loss is
easily seen, while the filter insecurity will grow rapidly during these
10 s of GPS signal failure.
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Figure 5.13: The position residual errors after correction.
The dotted lines are the residual errors and the continu-
ous lines are the square root of the P-matrix. The square
root of the P-matrix grows big whenever there is a loss of
the GPS signal.

Recalling that the time update of the Kalman filter is performed as

x̂t+1|t = Ft x̂t|t−1

Pt+1|t = Ft Pt|t−1 F
T
t +Qt

(5.8)

where the notation tells that there are no measurement updates, but
instead the estimate from last time update is used. This means that
the filter estimates of position error that is of non-linear nature will be
estimated with a linear filter initialized with the coefficients obtained
from the last measurement update before loss. When the measurement
update disappear the estimation will be done linearly and since the
filter is an EKF it will update its coefficients with the last estimates.
To understand what will happen during the GPS loss start by observing
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the latitude position error

l̃A t+1 = l̃A t +
Ts
ro

(
wn + (vxC̃11ψ + vyC̃12ψ + vzC̃13ψ) ψ̃

+(vxC̃11θ + vyC̃12θ + vzC̃13θ) θ̃

+(vxC̃11φ + vyC̃12φ + vzC̃13φ) φ̃
) (5.9)

This is the first order discrete calculation done in the filter according
to (4.14) applied to (C.4-C.5). The error update will now be performed
as the old error estimate added to the last wind estimate and attitude
and heading error estimates. Keeping this in mind it will be easier to
understand the filter performance. In Figure 5.14 the loss of GPS at
1000 s is shown. It can be seen that the filter estimate will indeed drift,
but regain a good estimate as soon as the GPS signal is regained. The
reason to why the filter will still give a fairly good estimate can not be
found by observing the position estimate alone, but rather by looking
at the other involved estimates.
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Figure 5.14: The latitude residual error at simulation
time t=1000 s. The square root of the P-matrix is the
continuous line and it can be seen that the insecurity of
the position error estimates grows during the simulation
time 1000 to 1010 s. The residual error is given by the
dotted line and it grows somewhat during the measure-
ment loss.

The heading error could during small periods of time be considered
fairly constant i.e., the changes will seldom exceed 0.2◦/s. Since the
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used model for the heading error is a Gauss-Markov process with a
large time constant this implies that the error estimate will be kept
at a fairly constant level slowly tending to zero during a measurement
loss. To understand why this is so, observe the first order time discrete
update of a state modelled as a Gauss-Markov process

xt+1 = (1− Ts
τx
)xt (5.10)

Slowly the state will tend to zero. This can be seen in Figure 5.15 for
the heading error estimate and even more clearly in Figure 5.21. At the
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Figure 5.15: The estimated heading error is given by the
dotted line while the dashed line is the true heading er-
ror. At the simulation time t=1000 s the measuremnt
is lost and the heading error is estimated according to a
Gauss-Markov process model. At 1010 s the GPS signal
is retrieved.

simulation time 1000 s the GPS signal is lost. The filter will then only
perform time updates which results in the almost constant estimate of
the heading error. Since the error changes slowly, the estimate will not
be to bad. At the time 1010 s the GPS signal returns.

In Figure 5.16 the heading residual error is shown. Here it can be
seen that the filter insecurity grows, but the residual error will be kept
small during the measurement loss. This will effect the time update
in Figure (5.9) positively, since no big errors in the estimate will be
introduced due to the heading error estimate. Notice that this strategy



5.4. Results 59

950 1000 1050 1100 1150 1200 1250 1300

0.5

1

1.5

2

2.5

3

3.5

4

Heading Residual Error during short GPS losses

Time [s]

R
es

id
ua

l E
rr

or
 [d

eg
]

Figure 5.16: The heading residual error is given by the
continuous line and as can be seen it is hardly effected by
the loss of GPS. The square root of the P-matrix that is
given by the dashed line and the dotted line is the uncor-
rected error.

will work good while the error does not change rapidly and that it
could occur a rapid change during this time period. At the time 600 s
in Figure 5.13 it can be seen that the position residual error in longitude
grows towards 90m although the filter does not feel so uncertain. The
reason to this can be seen in Figure 5.11 where the wind will abruptly
change due to the pulse addition of 12m at the simulation time 600 s.
This change will not be captured by the linear filter while only making
time updates and no information of this wind change will be available
until the measurement is back. In Figure 5.17 this is depicted.

Considering the wind further will give the other reason to why the
position error will grow moderatly in Figure 5.14. The wind could,
as was the case for the heading, stay almost unchanged during the
short time periods that is delt with here. This will cause the model to
produce fairly accurate estimates. In Figure 5.18 it can be verified that
the wind residual errors will not grow considerably during the loss at
the simulation time 1000 s.
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Figure 5.17: The wind in the north and east direction is
given by the dotted line. The continuous line is the esti-
mated wind and it can be seen that when the GPS signal
is lossed at 600 s the model will not be able to pick this
up. As soon as the measurement is available again the
wind estimate will quickly become more accurate.
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Figure 5.18: The loss of the GPS signal at t=1000 s will
cause the filter to only make time updates. The wind
estimates will then be held approximately constant due to
the big time constant used in the Gauss-Markov process
for the wind. The continuous line is the estimated wind
and the dotted line is the calculated wind.
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To summarize some of the scalar RMSE values from the filter with and
without GPS loss are given in Table 5.2. These values verify that short
losses of GPS will not corrupt the filter estimates considerably.

Table 5.2: Scalar RMSE values for heading and wind with
and without GPS loss.

RMSE Before correction After correction

Without GPS loss Heading 3.9142 1.2837
Wind North 7.6999 1.9573
Wind East 6.6643 1.5815

With short GPS loss Heading 3.9142 1.2902
Wind North 7.7299 2.1445
Wind East 6.6127 1.6535

Keeping in mind the results from the short GPS losses the results of the
long GPS losses will come as no surprise. The simulated losses are 2 and
5min long and the SAHRS residual errors can be seen in Figure 5.19.
The uncertainty during measurement loss quickly grows big and as can
be seen, so does the residual errors. The behaviour of the residual
errors growth can, as was the case also with the short GPS losses, be
deduced as coming from the other error states.
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Figure 5.19: SAHRS residual errors during long GPS loss.
The continuous line is the uncertainty of the filter and
the dotted line is the residual error.
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When observing the residual error in latitude it can be seen that after
the GPS loss at 2000 s the residual error will first stay small approx-
imately 100 s, then it will start to grow. Why this is so can be un-
derstood when observing the wind estimate in the north direction at
the same time in Figure 5.20. The wind in the north direction will be
accurately estimated up until 100 s after the GPS loss. Here the wind
makes a sudden jump which the model, due to measurement loss, gets
no information about. This will cause the sudden growth in the latitude
residual error.
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Figure 5.20: During the GPS losses the filter will use only
time updates to calculate the new wind estimates. As can
be seen in the figure the model will then loose its capability
to follow rapid wind changes. The continuous line is the
estimated wind and the dotted line is the calculated wind.

Observing the other residual errors points in the same direction. The
residual error will grow according to how well the wind in both direc-
tions is estimated. Looking at the east wind estimate at the GPS loss
at 2000 seconds it is first big and then the wind reduces and coinciden-
tally moves towards the filter estimate. This will cause the longitude
residual error to decline.

Also the model for the heading error has its shortcomings when long
losses of the GPS occurs. In Figure 5.21 the first loss of the GPS signal
will cause the error estimate to slowly tend towards zero while the true
error starts decreasing and thus obtaining a larger absolute value. The
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Figure 5.21: The heading error estimate will slowly tend
towards zero during a GPS loss. The first time the GPS

loss occurs the model will not be able to pick up the change
in heading error. The second time the heading error will
not change dramatically during the loss. The dotted line
is the error estimate and the true heading error is given
by the dashed line.

second time the GPS is lost the true error is fairly constant which makes
the difference between the filter estimate and the true error small. It
is easy to realize that how good the heading estimates will be during
the long GPS losses depends on where the signal is lost.

In Figure 5.22 the heading residual error is shown. The first time the
GPS is lost the residual error will follow the uncorrected error except for
the 2 degrees offset that is estimated by the filter during the time update
as seen in Figure 5.21. The second time the GPS is lost the residual
error will be kept low. The aircraft flies with constant heading, which
has been mentioned earlier, will give a constant heading error due to
calculations in the SAHRS algorithm. In figures the scalar RMSE values
for the long GPS loss are given in Table 5.3.



64 Chapter 5. Simulations

1200 1400 1600 1800 2000 2200 2400
0

1

2

3

4

5

6

7

8
Heading Residual Error during long GPS losses

Time [s]

R
es

id
ua

l E
rr

or
 [d

eg
]

Figure 5.22: The heading residual error is given by the
continuous line and the square root of the P-matrix is the
dashed line. The heading error uncorrected is the dotted
line.

Conclusions to be drawn is that although the measurement falls away
for a longer time sequence the model will still improve the estimation
of wind and heading error considerably.

To summarize the achieved results it can be clearly stated that the
model works and that it corrects the position error as was the main pur-
pose. The problems with the GPS and DGPS modelling have restrained
the evaluation of the models possibility to improve GPS position. This
will be left to Chapter 6 where real flight data is treated.

Furthermore the model has shown the ability to correct and estimate
the heading error. It has improved the scalar RMSE value with 63% for

Table 5.3: Scalar RMSE values for heading and wind with
long GPS loss.

RMSE Before correction After correction

With long GPS loss Heading 3.9142 1.3613
Wind North 7.6610 2.6269
Wind East 6.9244 1.9034
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the flight path with the toughest wind conditions. For the Ordinary
Flight Path the improvment of scalar RMSE was 79%. During the long
GPS losses the model improved the heading error scalar RMSE with
65%. This implies that although the model will not work perfectly well
without measurement updates it still provides a mean to correct the
main part of the errors. It has been shown that the model will have
problems during the long GPS losses. Mainly this depends upon the
models used for heading and wind. Finding new models could improve
the performance further and this is briefly discussed in Section 7.2.

The wind estimation has worked very well and using a model for
wind estimation instead of measurements has shown successful. The
scalar RMSE value has shown to be best improved where the wind has
been large e.g., the wind pulse of 12m had a scalar RMSE improvment
of 76% in the east direction whereas the same direction only had an
improvment of 29% for the Ordinary Flight Path. To verify that the
models for the wind work well it will be further investigated in Chap-
ter 6 where real flight data will be treated.

The shortcomings in estimation of the errors in the attitude angles
has to be further investigated. First of all it has to become clear if
the errors that exists today presents a problem and if this is the case
a discussion whether to correct inside or outside the SAHRS algorithm
has to be undertaken. It will not be treated further in this thesis.

Finally it should be mentioned that the model has shown the ability
to regain good estimates after GPS loss.
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Chapter 6

Flight Data

In this chapter the model will be tested against authentic data. These
data where recorded during flight and interwined into the simulation
environment. The main purpose of this single flight is to prove that the
model will indeed work for real. The results obtained in this chapter are
the same as they would have been during a real flight.

Furthermore, this chapter will verify some of the concepts and prob-
lems of the model that where dealt with in Chapter 5. This will be done
in a more repetative way and establishing arguments will be given and
no new arguments will be introduced. In this way, this chapter can be
seen as a repetition only supplying a new kind of evaluation data.

6.1 Flight Scenario

The authentic data collected from a flight with Gripen provides ex-
cellent oppurtunities for evaluation. One shortcoming though, is that
these flights are unique and not reproducible. Moreover, the recorded
data has to be complete with both air data, SAHRS data, GPS and DGPS

signals and also INS navigation values. The DGPS and INS signals have
to be collected for evaluation purposes.

In Figure 6.1 the flight route of the evaluation flight is given. Also
the altitude is depicted. The total flight length is 6000 seconds or 1 h
40min. As can be seen it contains straight flight with little turns the
first 1500 s, then the aircraft will go into turns and at approximately
5000 s the aircraft turns towards Linköping again. The flight is per-
formed counterclockwise.

The flight does not contain any natural GPS losses. Instead GPS loss
will be simulated in the same manner as in Chapter 5.
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Figure 6.1: The left figure shows the SAHRS calculated
position, which is the continuous line. The dotted line
is the position given to the aircraft by the DGPS signal.
The flight starts from Linköping and the aircraft then cir-
cles the Swedish lake Vänern. The right figure shows the
altitude during the flight. The flight is performed coun-
terclockwise.

6.2 Results

The results presented in the sections below where obtained using the
same filter parameters as in Chapter 5. The filter has not been fine-
tuned.

6.2.1 SAHRS and GPS Position Corrections

The filter will still correct the SAHRS position error which is seen in
Figure 6.2.

Notice that the residual error characteristics does not look like noise
as it did in Section 5.4. This is due to the access of the true GPS signal
whos residual error is not noise. The question to answer when it came
to position error correction was not only about the filters ability to
correct SAHRS calculated position, but also if the GPS position could
benefit from the fusion. In Figure 6.3 the GPS residual error is given.
Note that the residual error does not behave as noise. Thus should the
model given in Section 3.3.3 work better.

The dotted line is the residual error before correction i.e., the GPS

signal subtracted from the DGPS signal. The dashed line gives the
residual error after correction. It can be seen that the residual error
will be lowered e.g., the longitude residual error between 5000 and
6000 s will be lowered with approximately 2m. At other times it can
be seen that the position is indeed improved, though the improvments
are small. This would then tell that improvment of GPS position exists,
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Figure 6.2: The SAHRS residual error is given by the dot-
ted line. The continuous line is the square root of the
filter’s P-matrix.
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Figure 6.3: The dashed line is the corrected GPS position.
The dotted line is the GPS position error compared to
the DGPS signal. The difference between the two is the
estimated position error.
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but is small. The scalar RMSE values before and after the correction
where in latitude 10.51m before and 10.07m after correction. That
is an improvement with only 4%. In longitude the improvment was
approximately 6%. To further investigate the ability of GPS position
correction it would be interesting to look at a flight containing a lot of
sections with straight flight.

6.2.2 Heading Error and Wind Estimation

Repeating what was said in Section 5.4, improving the heading angle
and making good wind estimates is one of the main focuses of the
filter. As will be seen when walking through the figures in this section
the model will coupe very well during real conditions. The filter has
been run on authentic data with the same parameters settings as for
simulated data. Moreover, the logged data show similiar RMSE values
and magnitudes as the simulated data. This hints that the simulation
environment indeed provides good output when considering magnitude.

In Figure 6.4 the heading error is depicted. The dashed line gives
“the true heading error” calculated as INS heading minus SAHRS cal-
culated heading. Considering INS heading as the true heading is not
totally correct, but the angle from INS is considered accurate enough.
The same holds for the velocity estimate from the INS which is used for
“true wind” calculations.
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Figure 6.4: The dotted line is the estimated heading error
and the dashed line is the true heading error calculated as
the difference between INS heading and SAHRS calculated
heading.
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The dotted line is the error estimated by the filter. In Figure 6.5
the heading residual error and uncorrected heading error are depicted.
The choosen intervals is of particular interest since they contain a lot
of straight flight.
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Figure 6.5: There are two longer straight flight sections
during the flight. Their heading residual errors are de-
picted in the figure as the continuous line. The uncor-
rected heading is given by the dotted line and the filter
uncertainty is given by the dashed line.

Between the time 1000 and 1400 s the filter succeeds in lowering the
error to almost no error at all. This is good enough, but when consid-
ering the time between 1500 and 5000 s it can be easily verified from
Figure 6.4 that the model sometimes have big problems following the
true error. The cause cold be many different things. One obvious rea-
son could be that during turns the error will change more rapidly than
during straight flight. Why was discussed in Section 5.4. Mainly it
can be said that the SAHRS algorithm will not provide good angle esti-
mates. This might not suite the model and the used process noise. If
this is the problem, a variable process noise covariance matrix could be
preferable. Hence, changing the covariance of the process noise accord-
ing to change rate of the heading angle. This has to be investigated
further.

Another cause could be that during turns the wind will change
fast and dramatically, see e.g., Figure 6.6. In Figure 6.6 it is seen
that the wind is sometimes changing rapidly and has great similiarities
with the simulated pulse addition in Chapter 5. The model will pick
up the changing wind very well. The cause of the bad heading error
estimate might be explained when observing Figure 6.7. Every time a
sudden wind change occurs in Figure 6.6 the wind estimate will make
a jump, loosing its precision. It then takes a few samples to once
again reach a good estimate. The next time the wind changes rapidly
the same thing happens again. It is not investigated further in this
thesis how much this will effect the heading error estimate. It would
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Figure 6.6: The dashed line is the calculated wind whereas
the continuous line is the filter estimate.

be very interesting to observe more flight data to establish or discard
this theory. It is also of great importance that the filter provides very
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Figure 6.7: The wind residual error is given by the con-
tinuous line. The filter uncertainty is given by the dashed
line and the wind is given by the dotted line.
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good estimates during the straight flight parts that occur e.g., between
5200 and approximately 5900 s as seen in Figure 6.1.

The scalar RMSE values are given in Table 6.1. The heading error
estimate improves or lowers the RMSE value with 60%. That is, the
improvment is not so good as in the simulated case. The wind RMSE

is lowered with around 80% for both directions.

Table 6.1: Scalar RMSE values for heading and wind.

RMSE Before correction After correction

Heading 3.0172 1.2224
Wind North 7.1218 1.2624
Wind East 5.8958 1.1893

Left to investigate is also the possibility to achieve faster wind estimate
convergence by changing the wind covariance process noise. This would
give a faster convergence since the filter algorithm will then amplify
the new information obtained from the measurements [11]. A criteria
for how this may be done could be based on the change rate in the
navigation frame velocity components i.e., when the change rate in the
components are high but the pythogorean sum is the same the aircraft
is turning fast, this will cause rapid wind changes.

6.2.3 Loss of GPS

In the same manner as before, the loss of GPS measurements will cause
the filter algorithm to only perform time-updates. The GPS loss is
simulated in the same way as in Chapter 5 since no natural losses
occur during the flight. Between 500 and 1500 s it occurs a 20 s GPS

loss every 200 s. At 5200 s a longer loss of 5min is simulated. This can
easily be seen in Figure 6.8 where the filter uncertainty will start to
grow when the measurement is lost.

It can also be verified that the position estimates will converge as
soon as the measurement signal returns. In Figure 6.9 the heading error
and wind are depicted. They show the same tendencies as was simu-
lated data did. Especially the problems during long GPS loss can be
seen for the wind estimate. It will leave the “true wind” and continue
towards zero. This is due to the nature of the used Gauss-Markov pro-
cess as explained in Section 5.4.4. The same problem can be detected
in the figure for the heading residual error. Here the residual error will
converge towards the true error i.e., the estimation goes towards zero.
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Figure 6.8: The SAHRS residual errors during GPS loss.
The filter insecurity grows every time the measurement
is lost.

In Figure 6.10 the error in wind estimation is dramatically rising during
the long GPS loss. The filter will catch the loss of measurements and the
effect will be the rising uncertainty in filter estimates i.e., the square
root of the P-matrix grows.
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Figure 6.9: The left figure shows the heading residual er-
ror which is the continuous line. Also depicted in the
same figure are the filter uncertainty and the absolute
value of the uncorrected heading error. They are given
by the dashed and the dotted line respectively. To the
right is the wind estimates and particularly it can be seen
that during the long GPS loss, the estimate will not follow
the calculated wind. The continuous line is the estimated
wind and the dotted line is the true wind.
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Figure 6.10: The wind residual errors during GPS loss
show that the wind estimate will dramatically get worse.
The residual error is given by the continuous line and
the filter uncertainty is given by the dashed line. The
calculated wind is given by the dotted line.

To summarize, it can be said that the filter performance, when using
real data, reminds very much of the results from the results in Chapter
5. The same problems during GPS loss remains. Overall the Gauss-
Markov models suit there purpose well during measurement availability,
but falls short without them. It would also be necessary to use more
flight data to investigate if the problem to estimate the heading error
depends upon flight, the rapid wind changes or something else.

In Chapter 7 a summarizing discussion will be held and conclusions
from the work done will be drawn. Furthermore some future work
will be suggested with the purpose to deal with the shortcomings and
problems of the model as pointed out in the last two chapters.
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Chapter 7

Concluding Remarks

In this chapter the thesis is concluded with a short summary of the
obtained results and observations made. The chapter also includes a
section in which interesting future work is shortly introduced.

7.1 Discussion and Conclusions

The thesis goals was to develop and implement a model for integration
between the two navigation systems SAHRS and GPS. Furthermore, the
model was tested on both simulated and authentic data to establish
how well it worked. The evaluation was performed on different flight
paths and the results and observations obtained are summarized below.
Also keep in mind that the reason to build this model came from the
need to correct the SAHRS calculated position.

The model was developed from the linearized expression for the po-
sition. Since the navigation variables available was limited to airdata
and the SAHRS output angles this lead to the model in Chapter 3. The
uncertainty of the models performance mainly laid in the possibility to
estimate wind and correct SAHRS heading. The estimation and correc-
tion was an performed by an EKF.

To verify the model, a simulation environment was built partly in
Matlab and partly in Simulink. The environment was shown to
provide GPS and DGPS signals that was not realistic. Instead of building
new models the possibility of correcting also GPS position with the filter
was left on behalf on real data simulations. Since this was not the
main objective for the thesis it was only established that a correction,
although small was possible with the used GPS position error model.

The model has shown ability to both correct heading and estimate
wind. The use of GPS also gave good position corrections and it was
shown in Chapter 6 that correction of GPS position was possible, al-
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though small. The drawback of the model during GPS availability was
the problem to correct pitch and roll. The reason to this was discussed
in Chapter 5. To draw conclusions about the overall performance also
the results during GPS loss has to be considered.

It was shown that during GPS loss the filter will obtain difficulties.
This was mainly due to the inability of the filter to follow rapid changes.
A solution to this would be to try new models for heading and wind.
This will be discussed further in Section 7.2.

To summarize, the results show that the model has good potential
to correct position and heading. It also have the ability to correct for
the wind. To further enhance the performance, it would be of utter
importance to find models that are able to cope better with GPS loss.
While the GPS is an outer signal, which is likely to disappear now and
then, the model has to show better performance during these losses.
This can be considered to be the main objective if the constellation
SAHRS and GPS will be further developed.

In the end something about the choosen model strategy has to be
mentioned. Considering the conclusions above it might be rightful to
ask if the GPS signal could have been fused with SAHRS in another,
better way. Here better refers to better performance. The answer to
this is probably yes. Extending the SAHRS algorithm, introducing the
GPS signal during the calculations, could perhaps correct the outputs
comming from SAHRS so that there would be no need for outer cor-
rection. The model strategy, where outer corrections were made, was
choosen mainly for two reasons. Both originates in the fact that SAHRS

is an already implemented and working part of Gripen. The first rea-
son to why an outer correction was considered, was that it would be
easier and less expensive to add this correction model. Naturally it is
also good to know and empty this model strategy’s possibilities. From
the results above this evaluation is on its way. The second reason is
that approaching the SAHRS algorithm from inside would give a totally
different set of problems. Therefore it is natural to distinguish between
the both approaches. To integrate the GPS signal inside the SAHRS

algorithm would make up an interesting master’s thesis on its own.

Finally it should be said that the model in its present state needs
to be developed further. This is mainly due to the characteristics and
availability of the GPS. One could argue that since the GPS cannot be
considered a sensor input to count on, it might happen that the model
will be calculate position through time-updates only. This might render
a position, due to linearization, that is worse than the uncorrected
SAHRS position. To develop the model further a couple of suggestions
are given in Section 7.2.
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7.2 Future Work

During the work with the model many ideas on how to improve it was
discussed. Some of the most interesting are written down in this section.
The suggestions to further work will mainly be divided into two parts.
The first part makes suggestions to what could be done if the GPS is
kept as the aiding sensor. The second part contains a suggestion on
how to replace the GPS signal. Not written down or further developed
are the obvious things such as more testing on data, both real and
simulated and tuning of the already existing filter.

The prime objective if keeping the GPS signal is to improve the filter
performance during GPS loss. Also some suggestions on how to get an
overall improved performance are given.

Variable covariance process noise. Starting out with how the
model might be improved, it can be established that it will be hard
to find a wind model that can forsee rapid wind changes. A suggestion
is to increase the process noise if the aircraft turns fast. The meaning of
this action would be to increase the possibility for the filter to converge
faster towards the true wind. This action will not take care of wind-
gusts since they are independent of the turns. In addition, a variable
covariance for the heading error estimate would give the possibility to
adjust to rapid direction changes and to the changing quality of the
SAHRS calculated heading.

New model for the heading error. Without going inside the SAHRS

algorithm to correct the remaining output errors one could consider
a model for the heading error that uses more knowledge about the
heading calculation in SAHRS than the Gauss-Markov process does. The
straightforward approach is to try if the heading output from SAHRS has
an error component that remains from the calculation of the heading
inside the algorithm.

The heading in SAHRS could simplified be said to be calculated
from the SMDU values. The SMDU values are measurements of the
earth magnetic field in the body frame. To find the heading the SMDU

components are rotated with the estimated pitch and roll angle into
what is called the local frame. The difference between going to the
local frame instead of to the navigation frame is that the rotation of
the heading angle is left out. This will give two vector components in
the same plane as the N and E components of the navigation frame.
These components will for now be called X and Y . The heading is then
in principle calculated as

ψ = − arctan 2 (Y,X) (7.1)

This is the four quadrant inverse tangent. The idea is now to apply the
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first order Taylor’s expansion series in the same manner as was done in
Chapter 3. This would render the following expression for the heading
error

ψ̃ = − Y
X2+Y 2 X̃ + X

X2+Y 2 Ỹ + ˜IGRF (7.2)

The SAHRS algorithm also contains a compensation according to the
IGRF model. Therefore the error made from doing this compensation
has been included above. What the postulated IGRF error and also
the X̃ and Ỹ error could look like has to be further investigated. A
first approach could be to use slowly varying biases as models. Before
leaving this idea it should also be mentioned that this solution would
require the access to SMDU data during flight. These data are easily
available on the data bus. They are then rotated into local frame using
SAHRS estimated pitch and roll angle.

Changing model for the velocity error ṼN . Here a short introduc-
tion to another approach on building the model is given. The theory
is held short and to further investigate the possibility of this idea, visit
the references, especially [21]. In Chapter 3 the error for VN was de-
duced. It was shown that the error could be described as a function
of the air data variables, the attitude and heading. The attitude and
heading relationship came from the expansion of CN

B . Recalling C̃N
B as

C̃NB = CNB − Ĉ
N
B (7.3)

Here ĈN
B is the calculated DCM using SAHRS outputs and CN

B is the
true DCM. Now a small-angle transformation γN = [γn γe γd]

T can
be defined [21]. In skew-symmetric form it is denoted by ΓN . The
small-angle rotation describes how the SAHRS calculated DCM is rotated
relative the true DCM. The error in CN

B can now be expressed as [21]

C̃NB = CNB − Ĉ
N
B = CNB − Ĉ

N
NC

N
B

= (I − ĈNN )CNB = ΓNC
N
B +O((ΓN )2)

(7.4)

Rearranging in (7.4) will yield

C̃NB = ΓN (I − ΓN )−1ĈNB (7.5)

Here only ΓN is unknown which means that if γN would be estimated
the error in C̃N

B could be found. This estimation is possible to do, to
find out how see [21]. When the error in CN

B has been estimated the
calculated DCM could be corrected. The interest in this DCM stemmed
from the connection to the heading and attitude angles. After the
correction they can be calculated as

ψ̂ = arctan 2 (Ccorr21 , Ccorr11 )

φ̂ = arctan 2 (Ccorr32 , Ccorr33 )

θ̂ = − arcsin (Ccorr31 )

(7.6)
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Observe that this is the absolute angles. To recieve the estimated er-
rors the SAHRS calculated attitude and heading has to be subtracted
from the expressions above. This approach will lead to a new model,
introducing a couple of extra concepts that are not introduced in this
thesis. Estimating the angle errors in this way will have a couple of
advantages, foremost will it give an orthogonal estimation of the ro-
tation of CN

B . This has shown to provide good numerical results and
observability. How well the approach would work in this case and with
the only velocity estimate comming from Vt is still to be investigated.

Changing aiding sensor. One of the most interesting and excit-
ing developments of the model could be to remove the GPS signal and
instead use other aiding sources. To choose an aiding source inertial
to the aircraft have great advantages. First and foremost the aircraft
would become autonomous, not requiring outer sensors. Second the un-
predictable GPS signal could be side stepped. The idea that is shortly
presented below is built upon [7] and [21]. The work in the two refer-
ences deals with the fusion of the INS, measurements of ground elevation
and a database containing pre-measured ground elevation. The idea is
to replace the INS with SAHRS and from there build on the same the-
ory. With the help of the ground measurement a comparison to the
database could be performed. The comparison will yield a number of
possible positions. To solve this new highly non-linear estimation prob-
lem, a particle filter and the theory around it will have to be introduced.

To summarize, there are a number of interesting possibilities to an
extension of the model presented in this thesis, many of which might
have not been thought of yet.
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den, 2002.

[22] A Pernest̊al. Optimal Sensorfusion in Inertial and Radio Naviga-
tion. Master’s thesis UPTEC F 02 045, Department of Electrical
Engineering, Uppsala Institute of Technology, May 2002.

[23] W.J Rugh. Linear System Theory. Prentice Hall, Upper Saddle
River, N.J USA, 2 edition, 1996.



References 85

[24] G.M Siouris. Aerospace Avionics Systems - a Modern Synthesis.
Academic Press, 1993.



86



87

Appendix A

Notation

Model Variables

C11 − C33 Coefficients of the DCM CNB
C̃11 − C̃33 Error coefficients of the DCM CNB
ε(t) Residual error
Rεε Auto correlation function
Ts Sampling period
Ft Discrete linear function, state transition matrix
F Continuous linear function, state transition matrix
ft Continuous non-linear function, state transition matrix
Gt Linear function, process noise propagation matrix
G Continuous linear function, process noise propagation matrix
gt Non-linear function, process noise propagation matrix
Ht Linear function, state to measurement function
H Continuous linear function, state to measurement function
ht Non-linear function, state to measurement function
Qt Process noise covariance matrix
Rt Measurement noise covariance matrix
Pt, Pt|t, Pt|t−1 State covariance matrices
Kt Kalman gain
xt State at time t, discrete
x̂t Estimated state at time t, discrete
x̃t State error vector, discrete
x̂t|t, x̂t+1|t State estimation from the Kalman filter
ut Discrete process noise in the state space equations
u(t) Continuous process noise in the state space equations
et Discrete measurement noise in the state space equations
e(t) Continuous measurement noise in the state space equations
yt Measurement at time t
I Identity matrix
ΓN Skew-symmetric matrix for small-angle transformation
γN Small-angle transformation
γn, γe, γd Components of the small-angle transformation, navigation frame
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Navigation Variables

l latitude
L longitude
CNB DCM from (B) to (N) frame
CBV DCM from speed component to (B) frame
ψ Yaw angle, Heading
θ Pitch angle
φ Roll angle
α Angle of attack
β Sideslip angle
Vt True airspeed
VB Velocity in the (B) frame
VN Velocity in the (N) frame
lA Latitude, SAHRS position
LA Longitude, SAHRS position
lG Latitude, GPS position
LG Longitude, GPS position
wn Wind, north direction
we Wind, east direction

Acronyms

ADC Air Data Computer
DCM Direction Cosine Matrix
DGPS Differential Global Positioning System
EFCS Electrical Flight Control System
EKF Extended Kalman Filter
GPS Global Positioning System
IGRF International Geomagnetic Reference Field
INS Inertial Navigation System
Nav Sim Navigation Simulator
RMSE Root Mean Square Error
SAHRS Synthetic Attitude and Heading Reference System
SMDU Strap-Down Magnetic Detector Unit

Constants

r0 Semimajor axis, mean equator
e Earths ellipticity
g0 Gravity constant
J Empirical constant
ε2 Earths eccentricity
ωe Angular velocity of the earth



Appendix B

Error Model Validation

This appendix contains error plots and model validation plots of the
attitude (φ and θ) and heading (ψ) errors.

As mentioned in Section 3.3.2, data from four different flights have
been used and the errors have been created as the difference between
the INS and SAHRS values for the three angles. Here only the results
from two model estimations for each angle will be presented, though
four estimations have been carried through and all of them are weighed
together in the final model. The models have been estimated using
one data set and then validated using completely different data from
another flight. As can be seen in Figures (B.1-B.3) the error character-
sistics can differ between flights.
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Figure B.1: Heading errors calculated as INS-SAHRS.

One of the problems using a static model to estimate the same
error in different flights is that they may not have the exact same error
characteristics. The reason for this is not investigated further in this
thesis. The idea of validating using disengaged data will give a hint
of the models possibility to work under new conditions. Normally,
validation is performed using half to one third of the data set used for
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Figure B.2: Roll angle errors calculated as INS-SAHRS.
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Figure B.3: Pitch angle errors calculated as INS-SAHRS.

modelling.
In Section 3.3.2 the model to be estimated was given on state-space

form,

x̂t+1 = At x̂t +Kt et
yt = Ct x̂t +Dt et

(B.1)

Here Dt will be set to 1 which can be made by adjusting the variance
of et. Furthermore Ct will also be set to 1 thus representing the system
on observer companion form. Left to estimate are At and Kt. These
are given in table form for the four models for each angle.

The time constant, τ for the continuous Gauss-Markov process is
also given in the tables and it is calculated as the negative inverse of
the natural logarithm of A.
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Table B.1: The estimated constants for ψ.

flight no. A K

1 0.98899 1.3556

2 0.98848 1.4058

3 0.99492 1.1268

4 0.99802 1.3287

average 0.9926 1.3042

⇒ τψ ≈ 100

Table B.2: The estimated constants for φ.

flight no. A K

1 0.98646 1.2161

2 0.92658 1.1185

3 0.91872 0.80677

4 0.69043 0.79264

average 0.8805 0.9835

⇒ τφ ≈ 10

Table B.3: The estimated constants for θ.

flight no. A K

1 0.9891 1.1082

2 0.90699 0.78861

3 0.9815 1.0296

4 0.99684 1.0601

average 0.9686 0.9966

⇒ τθ ≈ 30
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Figure B.4: The residuals and correlation function of the
residuals for the heading angle, ψ. As mentioned in Sec-
tion 3.3.2 the residuals should be white noise if the model
has captured the characteristics of the signal and the cor-
relation function should be 1 for the zero lag and 0 for the
rest. The models have been validated using a completely
different flight. Here two of the plots from Table B.1 are
depicted.



93

500 1000 1500 2000 2500 3000 3500 4000 4500

−0.02

−0.01

0

0.01

0.02

0.03

0.04

sample

Residuals

0 5 10 15 20 25
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1
Correlation function of residuals

lag

0 200 400 600 800 1000
−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

sample

Residuals

0 5 10 15 20 25
−0.2

0

0.2

0.4

0.6

0.8

1

1.2
Correlation function of residuals

lag

Figure B.5: The residuals and correlation function of the
residuals for the roll angle, φ. The models have been
validated using a completely different flight. Here two of
the plots from Table B.2 are depicted.
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Figure B.6: The residuals and correlation function of the
residuals for the pitch angle, θ. The models have been
validated using a completely different flight. Here two of
the plots from Table B.3 are depicted.



Appendix C

The Linearized Kalman

Filter

Here the model is provided in detail in time-continuous form. All no-
tation used here are explained in Appendix A.

In accordance to Section 4.2 the system can be modelled as

ẋ(t) = F x(t) +Gu(t)
y(t) = H x(t)

(C.1)

where

x(t) = [l̃A L̃A l̃G L̃G wn we ψ̃ θ̃ φ̃]T (C.2)

and

u(t) = [α̃ β̃ Ṽt ulG uLG uwn uwe uψ uθ uφ]
T (C.3)

The matrix F is given by

F =




0 0 0 0 f1 0 f2 f3 f4
f5 0 0 0 0 f6 f7 f8 f9
0 0 f10 0 0 0 0 0 0
0 0 0 f11 0 0 0 0 0
0 0 0 0 f12 0 0 0 0
0 0 0 0 0 f13 0 0 0
0 0 0 0 0 0 f14 0 0
0 0 0 0 0 0 0 f15 0
0 0 0 0 0 0 0 0 f16




(C.4)
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where the components are

f1 =
1

ro

f2 =
1

ro
(vxC̃11ψ + vyC̃12ψ + vzC̃13ψ)

f3 =
1

ro
(vxC̃11θ + vyC̃12θ + vzC̃13θ)

f4 =
1

ro
(vxC̃11φ + vyC̃12φ + vzC̃13φ)

f5 =
ve sin l

rocos2l

f6 =
1

ro cos l
(C.5)

f7 =
1

ro cos l
(vxC̃21ψ + vyC̃22ψ + vzC̃23ψ)

f8 =
1

ro cos l
(vxC̃21θ + vyC̃22θ + vzC̃23θ)

f9 =
1

ro cos l
(vxC̃21φ + vyC̃22φ + vzC̃23φ)

f10 = −
1

τlG

f11 = −
1

τLG

f12 = −
1

τwn

f13 = −
1

τwe

f14 = −
1

τψ

f15 = −
1

τθ

f16 = −
1

τφ

C̃11 − C̃33 are given in Section 3.2.
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The matrix G is given by

G =




g1 g2 g3 0 0 0 0 0 0 0
g4 g5 g6 0 0 0 0 0 0 0
0 0 0 g7 0 0 0 0 0 0
0 0 0 0 g8 0 0 0 0 0
0 0 0 0 0 g9 0 0 0 0
0 0 0 0 0 0 g10 0 0 0
0 0 0 0 0 0 0 g11 0 0
0 0 0 0 0 0 0 0 g12 0
0 0 0 0 0 0 0 0 0 g13




(C.6)

with the components

g1 =
1

ro
(−C11 sinα cosβ Vt − C12 sinα sinβ Vt

+C13 cosαVt)

g2 =
1

ro
(−C11 cosα sinβ Vt + C12 cosα cosβ Vt)

g3 =
1

ro
(C11 cosα cosβ + C12 cosα sinβ + C13 sinα)

g4 =
1

ro cos l
(−C21 sinα cosβ Vt − C22 sinα sinβ Vt

+C23 cosαVt)

g5 =
1

ro cos l
(−C21 cosα sinβ Vt + C22 cosα cosβ Vt) (C.7)

g6 =
1

ro cos l
(C21 cosα cosβ + C22 cosα sinβ

+C23 sinα)

g7 = 1

g8 = 1

g9 = 1

g10 = 1

g11 = 1

g12 = 1

g13 = 1

The measurement matrix H tells which states that are observed and is
given by

H =

[
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0

]
(C.8)
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Appendix D

Simulations

D.1 Roll Angle Errors

As mentioned in Section 5.4, the model could not pick up the error
characteristics of the pitch and roll angle. In Figure D.1 the roll angle
and the roll angle error is depicted. The roll angle error is calculated
as the difference between the Nav Sim generated angle and the SAHRS

calculated angle. The error is close to zero for the main part of the
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Figure D.1: The left figure depicts the roll angle gener-
ated by Nav Sim. The right figure is the roll angle error
calculated as true roll angle minus the SAHRS calculated
angle.

time and still the RMSE value is calculated to approximately 2 degrees.
The reason and contributory cause to this are the big and short error
bursts. In Section 5.4 it was also mentioned why these errors occured.
It can be verified by looking at the two graphs that when the pitch
undergoes a sudden and abrupt change the error becomes big for a
short moment. Especially this can bee seen around the simulation
time 800 s where three abrupt changes in the roll angle takes place.
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This results in the three big negative errors in the error graph. The
same thing happens around the simualtion time 1600 s. Between the
simulation times 1900 to 2500 s there is no error burst. The reason can
be found by in Figure 5.2 in Section 5.3. During this time the aircraft
flies straight and no roll has to be induced to turn. At approximately
2200 s there is a small error. This is probably caused by the little change
in roll needed to make the slight turn as can be seen between the 2000
and 2500 marks in Figure 5.2.

When comparing Figure D.1 with Figure B.2 in Appendix B it can
be seen that the real data does not contain the big error bursts as do
the simulated data. No deeper investigation of the cause of these errors
will be undertaken, though it would not be suprising if they stem from
the aircraft model.

D.2 Wind

It was shown in Section 5.4 how well the model adapted to different
wind conditions. Here some visual plots are given to verify Table 5.1.
Observe that the same filter parameters are used on all the different
wind scenarios with the exception of state initialisation of the heading
error.
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Figure D.2: The calculated wind is given by the dotted line
and the estimated wind is given by the continuous line.
The left figure has added wind of 6 and 7m in north
and east direction respectively and the right figure has
added wind of 9 and 10m in north and east direction
respectively. It can be verified by the eye that the model
has the ability to capture both scenarios.
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Figure D.3: The calculated wind is given by the dotted
line and the estimated wind is given by the continuous
line. The left figure has a pulse shaped wind addition of
6m in both directions. The pulse is depicted to the right.
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Electronic Press se förlagets hemsida http://www.ep.liu.se/

English

The publishers will keep this document online on the Internet - or its
possible replacement - for a considerable time from the date of publi-
cation barring exceptional circumstances.

The online availability of the document implies a permanent per-
mission for anyone to read, to download, to print out single copies for
your own use and to use it unchanged for any non-commercial research
and educational purpose. Subsequent transfers of copyright cannot re-
voke this permission. All other uses of the document are conditional
on the consent of the copyright owner. The publisher has taken tech-
nical and administrative measures to assure authenticity, security and
accessibility.

According to intellectual property law the author has the right to be
mentioned when his/her work is accessed as described above and to be
protected against infringement. For additional information about the
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