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ABSTRACT 
This master's thesis explores whether time-frequency techniques can be utilized in a 

ground penetrating radar system. The system studied is the HUMUS system which has been 
developed at FOI, and which is used for the detection and classification of buried land 
mines. 

The objective of this master's thesis is twofold. First of all it is supposed to give a 
theoretical introduction to the wavelet transform and wavelet packets, and also to introduce 
general time-frequency transformations. Secondly, the thesis presents and implements an 
adaptive method, which is used to perform the task of a feature extractor. 

The wavelet theory presented in this thesis gives a first introduction to the concept of 
time-frequency transformations. The wavelet transform and wavelet packets are studied in 
detail. The most important goal of this introduction is to define the theoretical background 
needed for the second objective of the thesis. However, some additional concepts will also 
be introduced, since they were deemed necessary to include in an introduction to wavelets. 

To illustrate the possibilities of wavelet techniques in the existing HUMUS system, one 
specific application has been chosen. The application chosen is feature extraction. The 
method for feature extraction described in this thesis uses wavelet packets to transform the 
original radar signal into a form where the features of the signal are better revealed. One of 
the algorithms strengths is its ability to adapt itself to the kind of input radar signals 
expected. The algorithm will pick the "best" wavelet packet from a large number of 
possible wavelet packets.  

The method we use in this thesis emanates from a previously publicized dissertation. The 
method proposed in that dissertation has been modified to the specific environment of the 
HUMUS system. It has also been implemented in MATLAB, and tested using data obtained 
by the HUMUS system. The results are promising; even "weak" objects can be revealed 
using the method. 

 
 





 

SAMMANFATTNING 
Detta examensarbete studerar huruvida tid-frekvensmetoder kan användas i ett 

markpenetrerande radarsystem. Systemet som används är HUMUS-systemet, vilket har 
utvecklats på FOI. Detta system används för detektion och klassificering av nedgrävda 
landminor. 

Syftet med föreliggande examensarbetet är tvådelat. För det första skall det introducera 
tid-frekvensmetoder i allmänhet och wavelet-transformen samt wavelet-paket i synnerhet. 
För det andra skall en adaptiv metod för särdragsurskiljning presenteras och implementeras. 

Den teori som presenteras i detta examensarbete är ämnad att ge en första introduktion till 
tid-frekvenstransformationer. Härvid studeras wavelet-transformen och wavelet-paket mer 
ingående. Det viktigaste syftet med denna introduktion är att ge den teoretiska bakgrund 
som krävs för att läsaren till fullo skall kunna tillgodogöra sig presentationen av den 
adaptiva metoden för särdragsurskiljning. 

För att illustrera hur wavelets kan användas i HUMUS-systemet, har en specifik 
applikation valts, nämligen särdragsurskiljning. Den metod för särdragsurskiljning som 
presenteras i detta examensarbete använder wavelet-paket för att transformera den 
ursprungliga radarsignalen till en form i vilken dess särdrag bättre framträder. Metoden 
väljer det "bästa" wavelet-paketet ur ett bibliotek innehållandes ett stort antal möjliga paket. 
En av metodens fördelar, är att den är adaptiv. 

Den metod som används i examensarbetet, härstammar från en tidigare publicerad 
doktorsavhandling. Den metod som presenteras där, har i detta examensarbete anpassats till 
HUMUS-systemet, samt implementerats i MATLAB. Implementationen har dessutom testats 
på radardata från HUMUS-systemet. Resultatet av dessa tester är lovande, eftersom även 
"svaga" objekt kan fås att framträda med hjälp av metoden. 
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First in this thesis we give the background to, and the objective of, the work presented in 
the thesis. Also given is a roadmap to how the thesis has been disposed and the 
prerequisites demanded for the reader to fully comprehend the theory presented. 

Background 
The work presented in this thesis was 

performed for the HUMUS project at the 
Swedish Defense Research Agency, FOI, 
in Linköping, Sweden1. The objective of 
the HUMUS project is to develop a man-
carried ground penetrating radar system 
for the detection of buried landmines. The 
system is meant to serve as a well needed 
improvement of the metal detector, which 
is presently the main tool used for mine 
detection.  

Since the HUMUS project started in 
1991, major research advancements have 
been made. Over the years a working 
system, the HUMUS system (figure ), 
has been developed. This system has 
proved able to detect anti-tank mines, both 
metallic and non-metallic.  

1

 
Figure 1. The HUMUS system. 

Objective 
The objective of the work presented in this thesis is twofold. The two objectives can 

roughly be given as: 
1. The first objective is to provide a theoretical overview of wavelet theory. 
2. The second objective is to explore whether wavelet theory can be used in the 

existing HUMUS system.  

                                                 
1 Further information on the HUMUS project, and other projects at FOI aimed at investigating the mine detection 
problem, can be found at the URL [1]. 
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We will now develop these objectives further, starting with the first one: 

Objective 1 - Wavelet Theory Introduction 
The wavelet theory presented is first of all meant to provide an introduction to the 

wavelet transform and to wavelet packets, but also to describe time-frequency transforms in 
general. Both continuous-time and discrete-time time-frequency transforms are described. 
The subject of implementation is studied in some detail, including a description of filter 
banks, and of the effects of sampling and truncation of a continuous-time signal. 

The most important goal of the introduction is to define the theoretical background 
needed for the second objective of the thesis. However, some additional concepts will also 
be introduced, since they were deemed necessary to include in an introduction to wavelets. 

Objective 2 - Applying Wavelet Theory 
To illustrate the possibilities of wavelet techniques in the existing HUMUS system, one 

specific application has been chosen. The application chosen is feature extraction. In this 
thesis an algorithm for feature extraction is described and implemented. The algorithm uses 
wavelet packets to transform the original radar signal into a form where the features of the 
signal are better revealed. One of the algorithms strengths is its ability to adapt itself to the 
kind of input radar signals expected. Using a training procedure for the feature extractor, 
the algorithm will pick the "best" wavelet packet from a large number of possible wavelet 
packets. 

Roadmap 
Given the two objectives given in the previous section, it has been deemed natural to 

divide the thesis into two parts. The first part thus covers wavelet theory, while the second 
part investigates how wavelets can be used to improve the existing HUMUS system. Each 
part is divided into a number of chapters, and each chapter is in turn divided into sections. 

At the beginning of each of the two parts an introduction to what that specific part 
contains is given. These introductions also include a further roadmap to what each part 
contains.  

Prerequisites 
The theory presented in this thesis is of an advanced mathematical nature, and knowledge 

of e.g. Fourier and functional analysis certainly can aid the reader in understanding its 
content. To make the audience of this thesis as wide as possible, the more advanced 
mathematical concepts used are defined within the thesis, which should make it accessible 
to readers with more limited mathematical knowledge. However, the reader will need to 
have basic mathematical knowledge, i.e. knowledge of calculus, linear algebra, basic 
Fourier analysis, statistics and signal & system analysis. 
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In this first part of the thesis we will give an introduction to the vast wavelet theory. This 
introduction is by no means meant to be exhaustive, but it will however introduce the 
reader to numerous concepts in the theory, and it will also provide the reader with the 
knowledge necessary to understand the content of the second part of the thesis. 

Roadmap 
In the first chapter of this part we give the mathematical background necessary for the 

reader to understand the wavelet theory presented in this thesis. The content of the chapter 
is mainly focused on the areas of Fourier and functional analysis. 

In the second chapter the concept of time-frequency decompositions is introduced. In this 
chapter some continuous-time time-frequency transforms are described. One major goal of 
the chapter is to familiarize the reader with time-frequency planes, which is a graphical aid 
of illustrating the behavior of time-frequency decompositions. 

The third chapter contains an introduction to multi-resolution analysis. We study 
approximation and detail spaces and we introduce the concepts of scaling functions and 
wavelets. We also show how a signal can be decomposed using the wavelet decomposition. 
The simple Haar system is used for illustration. We also try to interpret the results by using 
time-frequency planes. 

In the forth chapter orthogonal and biorthogonal wavelet bases are discussed. A few 
examples of bases that are used in practice are also given.  

In the following chapter the discrete wavelet transform is discussed. Filter banks, a 
common building block of the transform, are introduced, and the effects which sampling 
and truncating a continuous-time signal has on the transform are discussed. 

In the sixth chapter we discuss general discrete-time time-frequency decompositions. We 
mainly focus on wavelet packets, a generalization of the discrete wavelet transform which 
can be adapted to the signals at hand. Some other time-frequency decompositions are also 
mentioned. 

To conclude this part of the thesis, in its last chapter some suggestions to where the 
reader may look for further information on wavelet theory are given. We will only give a 
few suggestions, but these are meant to span the entire field from simple introductions to 
more comprehensive textbooks. 
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THEORETICAL CONCEPTS 

In this chapter some theoretical background information, needed for the comprehension 
of the wavelet theory presented later in this part of the thesis, is presented. The bulk of the 
theory covered comes from the areas of signal processing and Fourier and functional 
analysis. The reader who is already familiar with these areas is invited to skip the rest of 
this chapter. 

The content of this chapter is not meant to be comprehensive, instead it is concise and the 
results are given without proof. For a more extensive presentation of the theory covered by 
this chapter the reader is directed to e.g. [2], covering functional analysis, and [3] which 
covers the fields of signal processing and Fourier analysis. 

In this thesis, we will work extensively with function spaces. Therefore, we first need to 
introduce some concepts from functional analysis. After that a basic introduction to signals 
and systems is given, and finally we introduce the Fourier transform. 

Vector Spaces 
Loosely speaking, vector spaces are sets of elements, or vectors, for which concepts from 

linear algebra can be used. For instance, addition of vectors and multiplication of a vector 
with a scalar2 is defined, and these operations always produce an element that lies in the 
vector space, i.e. if  and  are vectors in the vector space V  and 1v 2v α  and β  are scalars, 
then 

 Vvv ∈+ 21 βα  (1) 

An example of vector space is the space nR , consisting of all -tuples of real numbers. 
For this example addition and multiplication with a scalar is defined element-wise. 

n

If all vectors in a vector space V  can be expressed as a linear combination of a set of 
vectors , i.e. iv

 ∑=⇒∈
i

iivxVx α  (2) 

then we say that the vectors v  span the vector space V . If the constants i iα  in (2) are 
unique and ∀ 0≠iα , then  constitute a basis of V . iv

A subspace of the vector space V  is a vector space W , i.e. all elements of W  are 
also elements of V . 

V⊂

                                                 
2 A scalar is either a real or a complex number. 
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Inner Product Spaces 
An inner product space is a vector space for which an inner product is defined. The inner 

product is a generalization of the scalar product in linear algebra. It is defined for all 
elements in the vector space, and the product is a scalar number. We will use the notation 

 yx,  (3) 

for the inner product of elements x  and . As an example; in the vector space y nR  
introduced above, the inner product is defined as 

 ∑
=

=
n

i
ii yxyx

1
,  (4) 

The inner product induces a norm, which is the generalization of the length of a vector. 
The norm of x  is denoted x  and is given by 

 xxx ,=  (5) 

The norm can also be used to define an abstract distance, or metric, between two 
elements in the inner product space. If we write the metric ( )yxd ,  then 

 ( ) yxyxyxyxd −−=−= ,,  (6) 

The inner product also allows us to generalize the orthogonality concept. The vectors x  
and  are orthogonal if y

 0, =yx  (7) 

Sometimes the notation  is used to denote orthogonality. An orthonormal basis  
for the inner product space is a basis for which the basis vectors satisfy 

yx ⊥ iv

 lklk vv ,, δ=  (8) 

where we have introduced the Kronecker delta symbol lk ,δ , which is defined as 

  (9) 




≠
=

=
lk
lk

lk ,0
,1

,δ

Projections and Riesz Bases 
In an inner product space a sequence of elements is a Cauchy sequence if 0→− mn ff  

when ∞→nm, . An inner product space is complete if all Cauchy sequences with elements 
in the space converge to an element within that space. We can then write  for the 
limit of the sequence. A subspace W  of an inner product space is closed if 

ffn →

  (10) WfffWf nn ∈⇒→∈ ,
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The orthogonal projection of Vf ∈  onto the closed subspace W  is the unique 
 such that 

V⊂
Ww∈

 Wvvfwf ∈∀−≤− ,  (11) 

A basis is a Riesz basis if, with the notation from (2): 

 BAxBxA
i

i ≤≤<≤≤ ∑ 10,222 α  (12) 

where A  and  are constants which do not depend on . If , then we have an 
orthonormal basis. 

B x 1== BA

Signals and Signal Spaces 
In this thesis we will work extensively with functions describing a real world process. 

These functions are referred to as signals. A signal is described by a function  of the 
independent variable 

( )tf
t . If this variable can only take a countable number of values, we say 

we have a discrete-time signal; otherwise we have a continuous-time signal. 

Continuous-time Signals 
Let us first study continuous-time signals. Since the signals used in this thesis are 

assumed to describe some process in the real world, we assume our continuous-time signals 
to be defined on the entire real line. Most of our signals will also be assumed to belong to 
the function space , which contains all continuous-time signals ( )R2L  that satisfy 

∞

L

( )tf

 ( ) <∫
+∞

∞−

dttf 2  (13) 

This condition also implies that the energy of the signal is finite. In , the scalar 
product is given by 

( )R2

 ( ) ( )∫
+∞

∞−

= dttgtfgf ,  (14) 

The bar in this equation denotes complex conjugation. The scalar product induces a norm 
(and thereby a metric): 

 ( )∫
+∞

∞−

= dttff 22  (15) 

Finally, we note from (13) that with this definition of the norm, the space  consists 
of all signals with a finite norm. 

( )R2L

Discrete-time Signals 
For discrete-time signals we will make the assumption that the independent variable only 

takes integer values. We can write 
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  (16) ( ) ( ,...,,,..., 2101,2 xxxxxxx nn −−
+∞

−∞= == )

for the discrete-time signal ( )tx , where . Most of the discrete-time signals in 
this thesis have been obtained by sampling a continuous-time signal. The independent 
variable will be either time or space. 

( )kxxk =

A discrete-time signal belongs to the space ( )R2l  if 

 ∞<∑
+∞

−∞=n
nx 2  (17) 

If this condition holds we say that  has finite energy. In  we define the scalar 
product 

( )tx ( )R2l

 ∑
+∞

−∞=

=
n

nn yxyx,  (18) 

This also induces a norm 

 ∑
+∞

−∞=

=
n

nxx 22  (19) 

Systems 
A system  is mathematically described by an operator mapping an input signal G x  into 

an output signal . This is written . We will also use the term filter for a system. 

) =
+
Gx

y xGy =
A system is linear and time-invariant if 

  (20) 
( )
( ( ) ( ) ( ) )invariance-(time

linearity)(





+=+⇒
+=

dtGxdtytty
bGyaGxbyaxG

Mostly in this thesis we will use operators mapping discrete-time signals into discrete-
time signals. For discrete-time linear and time-invariant systems the mapping from input to 
output signal can be written 

  (21) ∑
+∞

−∞=
−=

n
nknk gxy

where the sequence (  is the impulse response of the system G . In this thesis we will 
also use time-reversed systems. For the system , the time-reversed system  is the 
system with impulse response coefficients . 

)kg
G ∗G
kk gg −

∗ =

                                                

To conclude this section, two discrete-time systems we will use later in this thesis are 
introduced. These are the up- and down-sampling systems3. Assuming the input signal to be 
defined by (16), the up-sampling operator is defined by 

 
3 Note that these systems are linear but not time-invariant. 
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 ( ) ( ,...0,,0,,0,,0...,2 101 xxxx −=↑ )  (22) 

and the down-sampling operator is defined by 

  (23) ( ) ( ),...,,,,...,2 42024 xxxxxx −−=↓

( )R2L

( ) ( )

The Fourier Transform 
So far we have only studied signals in the time domain, i.e. signals having time as 

independent variable. However, many signal properties are better revealed in the frequency 
domain. The transformation from the time into the frequency domain is performed by a 
Fourier transformation. In this section we introduce the Fourier transform for continuous-
time and discrete-time signals. 

For signals in the space , the Fourier Transform is defined as 

  (24) 

( ) ∫
+∞

∞−

⋅ == ωωω dftf tii

π2
1ee,

π2
1

⋅
+∞

∞−

− == ∫ ωωω iti fdttff e,eˆ

This analyses the signal into the orthonormal basis ( ) R∈ω
ωtie . The reverse process, 

synthesis, is accomplished by the inverse Fourier transform: 

 ( )∫
+∞

∞−

ωω ω df tieˆ  (25) 

The signal and its Fourier transform satisfy the Parseval formula: 

 ( ) ( )∫∫
+∞

∞−

+∞

∞−

= ωω dfdttf
22 ˆ

π2
1  (26) 

For discrete-time signals in , we define the Fourier transform as ( )R2l

( )

  (27) ( ) ( )∑
+∞

−∞=

−=
t

titff ωω eˆ

Its inverse being 

  (28) ( ) ωω ω
π

π

dftf tieˆ
π2

1
∫
−

=

( )

And the Parseval formula for discrete-time signals is 

  (29) ( )∫∑
−

+∞

−∞=

=
π

π

ωω
π

dftf
t

22 ˆ
2
1
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TIME-FREQUENCY REPRESENTATIONS OF 
SIGNALS 

In traditional signal processing the major tool is the Fourier transform. Applying this 
transform, we get a frequency representation of the signal. However, for some applications 
this transform has some insufficiencies, the major one being that it hides the temporal 
aspects of the signal. This is due to the time shift properties of the Fourier transform. 
Remember from Fourier analysis that a time shift of a signal does not change the amplitude 
of its Fourier transform, but only the phase. So if the signal  has the Fourier transform 

, which we write as 
( )tf

( )ωf̂

( )  (30) ( )ωftf ˆ↔

( ) ( )ωω fstf si ˆe−↔−

then 

  (31) 

This insufficiency, among others, has spurred the development of transforms with a 
simultaneous time and frequency localization property, generally known as time-frequency 
transforms. The description of these transforms is the major task in this first part of the 
thesis. 

The Uncertainty Principle 
The first obstacle we encounter in our quest for simultaneous time and frequency 

information is the difficulty in obtaining perfect time and frequency resolution at the same 
time. This problem proves to be a property inherent in nature, which it is impossible to 
avoid no matter what mathematical tools we use. It is known as the uncertainty principle.  

To give a mathematical description of the uncertainty principle, we first define the 
support σ  of a signal  to equal the standard deviation of the signal , i.e.4 ( )xf ( ) 2xf

  (32) 
( )

( )∫
∫

∞+

∞+

∞−=
dxxf

dxxfx
2

2

σ

∞−

Next we state that if  is the support of the signal in the time domain, and  is its 
support in the frequency domain, then5 

tσ

                                                

ωσ

 
4 Unless otherwise stated, all signals in this thesis are assumed to be elements of the function spaces L2(R) (for 
continuous-time signals), or l2(R) (discrete-time signals). 
5 For proof, see e.g. [6] pp 30-32. 
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  (33) 
2
1

≥ωσσ t

This equation gives a mathematical statement of the uncertainty principle. The principle 
can be illustrated by studying the properties of the Fourier transform. Remember for 
instance the transform pair: 

  (34) aat

a
4/22

ee ωπ −− ↔

We see that the more compact we make the signal in time (by increasing a ), the wider its 
frequency spectrum becomes. At the extreme, if we make the time support infinitely 
concentrated (i.e. approximately a Dirac delta function); the Fourier transform will contain 
all frequencies in equal proportions6. This is in keeping with the uncertainty principle; if 
one factor in (33) approaches zero, the other one must necessarily approach infinity. 

Before continuing we need to make one more observation about the uncertainty principle. 
It is important to note that it is an inequality. Nothing prevents the product from being 
larger than 1 , in fact, it generally is. However, signals for which the principle is met with 
equality do exist. An example is the Gaussian transform pair (34). 

2/

Time-Frequency Atoms 
We begin our study of the variety of time-frequency transforms with a general definition 

of the concept. We state that the time-frequency transform of a signal is given 
by an operator T , defined by the formula 

( ) ( )R2Ltf ∈

  (35) ( ) ( ) ( )∫
+∞

∞−

∗== dtttfffT γγ ϕϕγ ,

( )tγThe properties of this operator are given by the properties of the functions ϕ . We will 
refer to these functions as time-frequency atoms7. We make the assumptions: 

      and      (36) ( )R2L∈γϕ 1=γϕ

It is clear from the definition that we can accomplish time localization by choosing an 
atom well concentrated in the time domain. If we note that according to Parseval's formula, 
we have 

  (37) ( ) ( ) ( )∫
+∞

∗ == ϕγ γ dtttf ( ) ( )∫
+∞

∞−

∗

∞−

ωωϕω γ dffT ˆˆ
π2

1

                                                 
6 This statement is to be interpreted in the distribution theory content, which is beyond the scope of this thesis. 
7 Note that we have different functions for different indices γ, and that this index can be multi-dimensional, as will 
be the case in the transforms we will study below. 
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Then we find that the frequency properties of the transform are given by the Fourier 
transform of the atom.  

In conclusion, the time-frequency properties of the transform T  is given by the function 
pair  and . Obviously, we would prefer to make both these functions have 
infinitely compact support, but, sadly, as we have learned from the uncertainty principle, 
this is not possible. However, there is nothing preventing us from freely choosing the 
proportions between the time and frequency resolution, or from choosing the shape of the 
atoms. In the next few sections, some common choices will be presented. 

( )tγϕ ( )ωϕγˆ

( )[ ]( ) ( ) ( ) dtutgtfutf tiξξ −
+∞

∞−

−= ∫ e,WFT

u

The Windowed Fourier Transform 
The first attempt to accomplish a time localization property of a frequency representation 

came with the advent of the windowed Fourier transform (abbr. WFT). This transform 
simply applies the usual continuous-time Fourier transform on a windowed signal: 

  (38) 

It is easy to see that we from the transformed signal get both time (by the variable ) and 
frequency (by ξ ) information. The function  is a window, giving the transform its 
name. The shape and support of this function determines the time and frequency behavior 
of the transform. 

( )tg

( ) ( )

Comparing with the general approach above, we see that the time-frequency atoms of the 
WTF are given by 

  (39) ( ) ( ) ( ) ti
u utgtt ξ
ξγ ϕϕ e, −==

The Fourier transform of the atoms being 

  (40) ( )ξω
ξ ξωωϕ −−= iu

u g eˆˆ ,

uThe support of this pair is centered at  in time and ξ  in frequency. The variable u  
describes a translation of the atom, while the variable ξ  describes a modulation. Finally 
we note that the shape of the atom is independent of the choice of  and . u ξ

Time-Frequency Planes and Heisenberg Boxes 
It is possible to visualize the properties of a time-frequency transform by the use of time-

frequency planes. To introduce this concept we look at figure 2, illustrating the properties 
of the WFT. In this figure time is set along the horizontal axis, while frequency is set along 
the vertical one. 
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Now study the WFT at two distinct points, 
 and . The behavior of the 

transform can be illustrated by noting that at 
a point in the time-frequency plane, the 
major contribution to the transformed signal 
at this point, comes from a time interval of 
size σ , and a frequency interval of size . 
For this reason we illustrate the behavior at a 
point by a Heisenberg box. This box has 
sides of length  and , and it is centered 
about the point . 

( )11,ξu ( )22 ,ξu

t ωσ

tσ ωσ
( )ξ,u

Noteworthy of the WFT is the translation 
invariance of the atom shape, mentioned in 
the previous section. In the time-frequency 
plane this property is the reason why the 
Heisenberg boxes at  and (  have the same shape. Also note from the 
uncertainty principle that the area of the boxes can get no smaller than 1 . 

 
Figure 2. Time-frequency properties of the WFT. 

( )11,ξu )22 ,ξu
2/

( )

The Continuous Wavelet Transform 
In the previous section the WFT was studied. Even though this transform does give time-

frequency decomposition, in some applications it may still be inadequate.  
The major problem with the WFT is the fact that the shape of the Heisenberg boxes is 

independent of the frequency. This may not be desirable in all applications. For many real 
world processes we find that higher frequency transients generally have a shorter duration 
than those with lower frequency. This observation, among others, led to the development of 
the (continuous) wavelet transform (abbr. WTF). 

The wavelet transform introduces a scaled frequency resolution by exchanging the 
modulated window of the WFT with a wavelet time-frequency atom: 

  (41) ,,1
, >∈






 −

= su
s

ut
s

tsu Rψψ 0

su ,The function  is known as the mother wavelet. The family  of wavelet atoms is 
used to define the wavelet transform: 

( )tψ ψ

  (42) ( )[ ]( ) ( )∫
∞−




==
s

tffsutf su ψψ,,WTF ,

+∞



 − dt

s
ut1

As in the case of the WFT, the value of the transformed signal at a point u  indicates the 
behavior of the original signal in an interval about time u . As before, we refer to this 
variable as the translation.  

The s  variable, however, can not be given the same interpretation as the ξ  variable of 
the WFT. It is referred to as the scale, and may intuitively be interpreted as the positive 
inverse of the frequency. The reason for working with scale instead of frequency will 
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become clear when we discuss multi-resolution analysis. This will be the topic of the next 
chapter. 

Wavelet Heisenberg Boxes 
Considerable insight into the difference between the WFT and WTF can be gained by 

figure 3, illustrating the wavelet transform in the time-frequency plane. In this figure we 
have used an analytic mother wavelet . An analytic function  has a Fourier 
transform with the property  for 

. If we assume that  has its 
energy concentrated in a frequency interval 
of size  centered at η  and that it has a 
time support of size , then the wavelet 
atoms  will be scaled according to the 
examples in the figure. 

( )t ( )tfψ
( )ˆ ωf

0
0=

<ω

ωσ

( )tψ

tσ
su ,ψ

Comparing with the WFT in figure 2, we 
see that for the wavelet transform the shape 
of the Heisenberg boxes differs for different 
frequencies. For high frequencies we get 
high time and low frequency resolution 
while for low frequencies we get low time 
and high frequency resolution. Remember 
that for the WFT the time and frequency 
resolution was the same at all points of the 
time-frequency plane. Also notice that even though the shape of the boxes changes, the area 
will always be the same. 

 
Figure 3. Time-frequency properties of the WTF. 
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MULTI-RESOLUTION ANALYSIS 

In the previous chapter we introduced the continuous wavelet transform. This transform 
has a couple of limitations when trying to apply it to the computerized world of today: 

• First of all, the continuous version is highly redundant. While our original signal is 
in , the transformed signal will be in . It should be possible to give a 
much more compact representation of the signal, without loosing any information. 

( )2
2 RL( )R2L

• Secondly, the transform can only be applied to continuous signals with infinite 
extent, while we would like to apply it to discrete signals of final extent, such as 
can be stored on a computer. 

The solution to the second problem will be deferred to the next chapter. In this chapter 
we will focus on the first problem. We will start by discussing approximations. The 
connection to the wavelet transform will become apparent as we proceed. 

Haar Approximations 
We will first consider the simplest approximations of them all; piecewise constant ones. 

Later we will extend the discussion to more general approximations. 
We notice that we can write any approximation , constant on intervals 

, as 
( )tf1

( )( )2/1,2/ +kk

( )∑ −=
k

Hk ktstf 2)( ,11 ϕ

( )tH

  (43) 

Where the function ϕ  is the Haar scaling function: 

  (44) ( )


 <<

=
otherwise0

10 if1 t
tHϕ

ks ,1

( )tf
The coefficients  in (43) may8 be chosen as the mean values of the approximated 

function  over the intervals : ( )( )2/1,2/ +kk

( ) ( ) ( )∫∫
+∞

∞−

+

−== dtkttfdttfs H

k

k
k 2

2/)1(

2/
,1 ϕ

( )tf ( )

  (45) 

With this choice of the coefficients, the approximation in (43) is in fact the orthogonal 
projection of  onto the space spanned by the orthonormal functions { }ktH −22 2/1 ϕ

1V

                                                

. 
We call this function space an approximation space, and denote it . 

 
8 Other choices are possible as well, e.g. we may use sample values at some point in the interval. However, the 
choice made will prove to be the most suitable one. 
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Having made a piecewise constant approximation on intervals of length 1/2, it is now 
quite easy to generate a coarser approximation on intervals of length 1. To accomplish this 
we write the defining equation for this approximation : ( )tf0

( )  (46) ∑ −=
k

Hk ktstf ϕ,00 )(

ks ,0And we notice from (43) and (45) that the coefficients  must be given by9 

  (47) ( )12,12,1,0 2
1

++= kkk sss

0V

jV

( )

In the same way as we defined the space , we now define  to be the space 
containing all functions of the form (46).  

1V

The generalization of this approximation technique should now be obvious. We define 
the approximation space  as the linear space of all functions of the type 

  (48) ∑ −=
k

j
Hkjj ktstf 2)( , ϕ

j−2And we say that we have a Haar approximation at scale . The scale here corresponds 
to the time range of the Haar scaling function. An approximation at a finer (lower) scale is 
therefore a "better" approximation than one at a coarser (higher) scale. The relationship 
between coefficients at consecutive scales is given by equations similar to (47). 

Multi-Resolution Analysis 
We may also make further generalizations to our technique. For instance it should be 

possible to replace the Haar scaling function with one that gives better approximations than 
piecewise linear ones. Indeed this is possible, under certain constraints on the scaling 
function. This leads us to the definition of multi-resolution analysis (abbr. MRA): 

 
Definition 1. Multi-Resolution Analysis, MRA. 

A multi-resolution analysis is a family of closed subspaces  of  that satisfies 
the following five conditions: 

jV ( )R2L

V⊂j1.  , ∀  1+jV

1V +∈ j ZV ⇔jf ∈j
Z∈j

( ) ( )2∈ tft2.  , ∀  
3.  is dense in  U j jV ( )R2L

{ }0V =I j j4.  
5. There exists a scaling function  such that {  is a Riesz basis for 

. 
( )} Z∈− kktϕ0V∈ϕ

0V
 

                                                 
9 Provided we have chosen the coefficients according to (45). 
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These conditions might be a bit too concise, so we will also explain them on a more 
intuitive level. The first condition tells us that functions in V  contains more information 
than those in V . The second condition gives the connection between the elements in 
consecutive approximation spaces. The third and forth condition states that the 
approximation spaces are complete in . The last condition specifies the conditions on 
the scaling functions. At the end of this chapter, the properties of the scaling function will 
be further discussed. 

1

j

+j

( )R2L

kj ,Provided we have found a suitable scaling function, we introduce the notation ϕ  for 
the family of translated and dilated scaling functions: 

  (49) ( )jj 2/ kttkj −= 22)(, ϕϕ

jFor any fixed , the functions  can be shown (using the definition of MRA), to 
constitute a Riesz basis for the space . This means we can write the approximations 

 as 

( )tkj ,ϕ
jV

( ) jj tf V∈

jf

02 12−
0d

010 ffd −=

1f

0d
1

( )2/1, +kk
/1+k 0d kw ,0

  (50) ( )∑=
k

kjkj tst ,,)( ϕ

Detail Spaces 
We will now turn to the question of whether we can represent the difference between two 

approximations at consecutive scales in some fashion. If we manage this, then we will be 
able to recreate an approximation at a finer scale, when knowing the approximation at the 
coarser scale plus this difference between the approximations. It turns out that such a 
representation of the difference is in fact possible. 

Following the approach that led us to the MRA, we will begin by studying the Haar 
system10. We look back at the two approximations in (46) and (43). These approximations 
are at scale  and  respectively. Now study the difference  between these 
approximations: 

  (51) 

Since the finer scale approximation  is piecewise constant on intervals of size 1/2, so is 
the function , i.e. . However, because of the relation (47), we realize that the 
coefficients in d  are not independent, which makes it plausible that  can be expressed 
in an even more compact form than as a function in V . 

0d d
0

10 V∈

To develop this point, we take a closer look at the two consecutive intervals  
and . Denote the coefficient for  on the first interval by . This 
coefficient can be calculated using (47)11: 

( 1,2 +k )

  (52) )(
2
1)(

2
1

12,12,112,12,12,1,02,1,0 ++ −=+−=−= kkkkkkkk sssssssw

                                                 
10 The Haar system is the one with piecewise constant approximations introduced above. 
11 Again, provided the coefficients have been chosen according to (45). 
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The coefficient for the following interval then is 

  (53) kkkkkkk wsssss ,012,112,12,112,1,02,1 )(
2
1)(

2
1

−=−=+−= +++

( )







<<−
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otherwise.0
,12/1 if1
,2/10 if1
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tHψ
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( ) ( −= i
Hkii ktwtd 2, ψ

ks 2,1− +s1 −

If we introduce the Haar wavelet: 

  (54) 

then we can write the difference between approximations at scales  and  as 

  (55) )∑
k

The space spanned by the functions  is denoted . We call this space the 
detail space. For the Haar system we have just shown that this space is the complement of 

 in , i.e. any  can be uniquely written as  where  and 
. This is formally written 

( )kti
H −2ψ iW

V 11 ++ ∈ iV iii dffi 1V +i if +=+1 ii Vf ∈

ii Wd ∈

iii WVV 1  (56) ⊕=+

For a general MRA we may go through the same steps as above. In this case the Haar 
wavelet will have to be replaced with some other wavelet. These wavelets are demanded to 
satisfy the following conditions: 

 
Definition 2. Restrictions on the wavelets. 

1. The detail spaces spanned by the wavelets  satisfy equation (56). ( ){ } Z∈− kktψ
2. The wavelets constitute a Riesz basis for . 0W

 
These conditions serve as constraints on the possible wavelets, like the definition of the 

MRA served as constraints on the scaling functions. We will return to the implications of 
these conditions in the last section of this chapter. 

We may now introduce the notation  for the family of translated and dilated 
wavelets: 

kj ,ψ

  (57) ( )ktt jj
kj −= 22)( 2/

, ψψ

Using these functions, the detail space  is defined as the set of all functions jW

  (58) ( )∑= kjkjj twtd ,,)( ψ
k
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The Wavelet Decomposition 
We are now ready to show how to decompose a signal into the space spanned by the 

wavelets. To accomplish this we first assume we have found a suitable scaling function and 
wavelet. 

Next we choose an arbitrary finest scale . At this scale, we have an approximation 
 of the signal . We use the decomposition (56) to get us to the next 

coarser scale , i.e. 

L−2
( )L tf V∈ ( ) ( )L R2Ltf ∈

( )12 −− L

11 WV −− ⊕= LL  (59) VL

1−Now, there is nothing preventing us from continuing by decomposing V  into spaces at 
scale , or from continuing this decomposition as long as we desire. If we decide to 
stop the decomposition at a coarsest scale , then we have the decomposition 

L
( )22 −− L

l−2

llLLL VV 21 ⊕−−

(∑∑
= k

klkl
lj k

kj tsw ,,

1

, ϕ

−∞→

  (60) W...WW ⊕⊕⊕=

Using equations (50) and (58), this decomposition can also be expressed as 

  (61) (L ) =
−L

t ( ) ∑+kj t,ψ )f

Looking back at the five conditions in the definition of the MRA, we conclude from 
condition four that if we let l , then the last term in (61) will vanish. We also see 
from condition three, that when , the function  will get closer and closer to 
the function . Making these limits leaves us with the wavelet decomposition: 

+∞→L ( )tfL

( )tf

( ) ( )∑=
kj

kjkj twtf
,

,, ψ  (62) 

It can be shown that any function  can be decomposed in this fashion. Since 
the functions  constitute a basis of , the redundancy we encountered for the 
continuous-time wavelet transform has been removed. The wavelet decomposition can be 
interpreted as a "sampling" of the continuous-time transform in which no information is 
lost. 

( ) ( )R2Ltf ∈

kj ,ψ R2L ( )

( )t

Scaling Functions and Wavelets 
The properties of the decomposition (56) are highly dependent on the scaling function 

ϕ  and the wavelet 12. In this section we will list some properties of these functions, 
and discuss the relation between the two.  

( )tψ

The scaling function 
Let’s begin by discussing the scaling function. First of all, to make sure the coefficients 

 in the approximation (50) should represent local time information, we would like the kjs ,

                                                 
12 In the literature the wavelet is often referred to as a mother wavelet. Less often the scaling function is called the 
father wavelet. 
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scaling function to have compact support13, or at least for it to decay fast as . We 
also demand that it satisfies 

∞→t

( )∫
∞

∞−

=1dttϕ

0V

( )

  (63) 

According to the definition of MRA, condition 5; the scaling function belongs to . But 
according to condition 1, it also belongs to . This means we can write 1V

  (64) ∑ −
k

kt2

kh

= kht 2)( ϕϕ

for some coefficients . This equation is called the scaling equation. Transforming this 
equation into the Fourier domain yields 

  (65) ( ) 













=

2
ˆ

2
ˆ ωϕωωϕ H

It can be shown that the scaling function is uniquely defined by equation (63) and the 
filter  defined in the above equations. It is also possible to show that  is a low-
pass filter. The unique relationship between this low-pass filter and the scaling function 
means either one can be used when defining a MRA. 

( )ωH ( )ωH

We also note that we can re-write the scaling equation (64) for the family of translated 
and dilated scaling functions  as kj ,ϕ

∑ +jmj h ,1, 2 ϕϕ + km 2=k  (66) 
m

It is instructive to consider the time-frequency properties of these functions. It seems 
reasonable to assume that the scaling function  has its energy concentrated in an 
interval of length 1 , and since the scaling function is uniquely identified with a low-pass 
filter, we also assume that its energy is mainly contained in the frequency interval ( 14. 
This m of the functions ϕ  is concentrated in the time interval 

 and the frequency interval ( )( )12,2 +−− kk jj ( )πj2,0

∞−

( ) 10 VW ⊂∈

.  

( )tϕ

)π,0
eans that the energy kj ,

The wavelet 
Turning to the wavelet, we want this function to have compact support as well. It is also 

required to satisfy 

  (67) ( )∫
∞

= 0dttψ

Since we know that  we get the wavelet equation: tψ
                                                 
13 With compact support we mean that the support is finite. 
14 We neglect negative frequencies to simplify the discussion. Since we are only considering real-valued signals, it 
is easily shown from the definition of the Fourier transform that the magnitude is even, so no information is lost by 
this restriction. 
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  (68) ( )∑ −=
k

k ktgt 22)( ϕψ

And a transformation into the Fourier domain yields 

  (69) ( ) 



 22
ˆ ωψ 






= ϕ̂ωω G

This equation defines a second filter , which can be shown to be a high-pass filter. 
Given a scaling function, this filter and the wavelet are equivalent. This means that the filter 
pair  and  is an equivalent representation of the scaling function and the 
wavelet. We will use the term wavelet basis to denote this abstract pair in either 
representation. The next chapter will give some examples of wavelet bases that are often 
used in practice. 

( )ωG

( )ω ( )ωGH

The wavelet equation can also be written for the family of translated and dilated wavelets 
: kj ,ψ

  (70) ∑ ++=
m

kmjmkj g 2,1, 2 ϕψ

kj ,

Since the wavelet is associated 
with a high-pass filter, a 
reasoning similar to that for the 
functions ϕ  leads us to the 
conclusion that the energy of the 
functions  is concentrated in 
the time interval  
and t  interval 

. 

kj ,ψ
( )( )12,2 +−− kk jj

he frequency
( )ππ 12,2 +jj

kj ,

In figure 4 we have illustrated 
the function ψ  in a time-
frequency plane by drawing a 
Heisenberg box containing the 
main energy concentration of the 
function. 

 
Figure 4.Time-frequency energy concentration of the function . kj ,ψ
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WAVELET BASES 

In this chapter we will study wavelet bases. We have already studied the Haar wavelet 
basis in minute detail, but there are many other possible choices. Before introducing a few 
common bases, we will discuss orthogonality in some detail. 

Orthogonal Wavelet Bases 
In the previous chapter the scaling function and the wavelet were introduced, and a 

number of conditions which they have to satisfy were listed15. In this chapter we will study 
the relation between these functions. We will first study the case when the functions are 
orthogonal, and then we will look at the more general case when they are only 
biorthogonal. 

Looking at equation (56) we realize that the spaces  are not uniquely defined by the 
spaces . The only requirement of the equation is that the spaces should complement each 
other in . However, if we add the requirement that the spaces are to be orthogonal, i.e. 

iW
iV

1V +i

jjj ∀⊥ ,WV

iW iV

kj ,

  (71) 

then we say we have an orthogonal wavelet basis. It can be proved that there is only one 
possible choice of the wavelet spaces  for any family of approximation spaces . The 
relation between the function spaces can also be expressed as conditions on the family of 
scaling functions ϕ  and the family of wavelets , defined by equations (49) and (57) 
respectively: 

kj ,ψ

  (72) 
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,,,

lkljkj

lkljkj

δψψ

δϕϕ

( ){ } Z∈− kkt
It can be shown that these equalities are satisfied if we require that the Riesz basis 
ϕ  from condition 5 in definition 1 is orthogonal; that the same orthogonality 

condition is satisfied by the wavelets { ; and finally that ( )} Z∈− kktψ

  (73) ( ) tkt −∫
+∞

∞−

ψϕ ( ) lkdtl ,,0 ∀=−

For an orthogonal wavelet basis we can write the function  of equation (50) as ( )tf j

                                                 
15 See definition 1 and 2. 
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  (74) ∑=
k

kjkjj ff ,,, ϕϕ

( )td jIn addition, the functions  of equation (58) may be expressed as 

  (75) ∑=
k

kjkjj fd ,,, ψψ

iV~

iW~

jjjjj ∀⊥⊥ ,WV

Biorthogonal Wavelet Bases 
In some applications, the orthogonality requirement is not necessary. It may then be 

better to abandon orthogonality for some other property. For example it can be shown that 
an orthogonal wavelet basis can't be made symmetric16. In these cases a biorthogonal 
wavelet basis can be used instead. 

For a biorthogonal wavelet basis we have to introduce the dual approximation space  
and the dual wavelet space . These spaces satisfy the biorthogonality conditions: 

  (76) ~andW~V

kj ,

As for the original spaces, we introduce for the dual spaces a family of dual scaling 
functions  and wavelets . For these functions the biorthogonality condition is ~ϕ kj ,

~ψ
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The condition of biorthogonality is satisfied if the scaling function, the wavelet, and their 
duals satisfy certain conditions, just as in the orthogonal case.  

Having specified a biorthogonal basis, the approximation functions  can be written ( )tf j

( )t

  (78) ∑=
k

kjkjj ff ,,
~, ϕϕ

And finally we can write the detail functions d  as j

  (79) ∑=
k

kjkjj fd ,,
~, ψψ

                                                

Examples of Wavelet Bases 
To conclude this chapter we mention a few wavelet bases that are often used in practice.  

We will not give any directions to which basis to choose in a certain situation, or discuss 
how the bases are constructed. For a more detailed description, the reader could e.g. start 
with [4], chapter 8. 

 
16 With the exception of the Haar wavelet basis. 
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The wavelet bases we will use in the second part of this thesis will all be orthogonal. 
There are many such wavelet bases. We only mention three families of bases that are often 
used: The Daubechies wavelet bases, Symmlets and Coiflets. Common to all these families 
are that there are several wavelet bases for each family. The individual bases are often 
denoted by an index, e.g. Daubechies( ) is a basis for each . The members of the 
Symmlet and Coiflet families are also denoted in the same fashion. For all these families 
the index  corresponds to the length of the filters in the filter bank implementation; lower 
indexes yield shorter filter lengths. 

N2 N

N

There are also families of biorthogonal wavelet bases; we mention biorthogonal spline 
wavelets as one example.  
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THE DISCRETE WAVELET TRANSFORM 

Now we return to the second problem posed at the beginning of the chapter describing 
the MRA, i.e. to find a suitable transform for sampled signals of finite duration. The main 
purpose of this chapter is to describe such a transform, and also to find an efficient 
implementation of that transform. 

First in this chapter we will introduce the concept of filter banks, since these are often 
used as building blocks in the implementations. They also offer some additional insights to 
the techniques introduced in the previous chapter. After that we will consider what happens 
when we use a sampled and truncated signal. We conclude the chapter by trying to illustrate 
the effects of the transform in a time-frequency plane. 

Implementation Using Filter Banks 
In the scaling equation in the Fourier domain (65) and the wavelet equation (69), two 

filters,  and ωG  were introduced. These filters can be used to implement the 
transformation between two consecutive approximation scales in a simple and efficient 
manner.  

( )ωH ( )

In the following it is assumed that an orthogonal wavelet basis is used. The 
generalizations needed to use a biorthogonal wavelet basis can be found in e.g. [4] pp. 74-
77. 

Assume that we have an approximation  at scale . In this section we will 
describe how to get from this scale to the next coarser one, i.e. scale . We will use the 
one step wavelet decomposition (59), which for the approximation and detail functions is 

( )tf j 1+
12 +j

j2

dff +=

∑∑∑ +=++
k

kjkjkjkjkjkj wss ,,,,,1,1 ψϕϕ

  (80) jjj+1

Using equations (74) and (75), this equation can be written 

  (81) 
kk

where we have set 

  and  (82) kjkj fs ,, ,ϕ= kjkj fw ,, ,ψ=

kjs , kjw ,

lj ,

The coefficients  and  are referred to as the scaling and wavelet coefficients 
respectively. 

Performing a scalar multiplication of (81) with the function ϕ  and then using the 
orthogonality relations (72) yields 
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Figure 5. Filter bank implementation of the analysis transformation. 
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Using equation (66) we can express the scalar products  in the filter 
coefficients : 

ljkj ,,1 ,ϕϕ +

kh

  (84) lk
m

lmjkjmljkj hh 22,1,1,,1 2,2, −++++ == ∑ ϕϕϕϕ

j2 1+j
Combining this result with equation (83) yields a simple formula for calculating the 

scaling coefficients at scale  from the coefficients at scale 2 : 

  (85) ∑ +−=
l

ljklkj shs ,12, 2

j2
We may go through a similar reasoning for the wavelet coefficients, and we end up with 

the following expression for the wavelet coefficients at scale : 
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ljklkj sgw ,12, 2

j2
12 +j

( )ω∗H

The two most recent equations can be interpreted as follows: The wavelet and scaling 
coefficients at a certain scale  can be obtained from the scaling coefficients at the next 
finer scale , by first filtering the approximation function at the finer scale with the time-
reversed filters  and G  respectively, and then down-sampling the filtered 
signals by two. We can illustrate this process as in figure 5 . In this figure we have also 
introduced the symbol T  for the entire transformation, and the symbols  and  for the 
sequences { }  and  respectively. 

( )ω∗

a js jw
+∞

−∞=kkjs , { }+∞
−∞=kkjw ,

a

The decomposition of the approximation function described above is called the analysis 
of the signal. This name is the origin of the subscript in the symbol T . 

Naturally, we would also like to be able to reverse the analysis transformation, i.e. to 
reconstruct the approximation  from the approximation and detail functions at scale 

, a process which is called synthesis of the signal. Provided the wavelet and scaling 
functions have been chosen according to definitions 1 and 2 respectively, this is always 

( )tf j 1+
j2
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possible17. Without proof we state that the synthesis is accomplished by first up-sampling 
the input signals and then filtering by  and G  respectively, as is illustrated in 
figure . The symbol T  will be used for the synthesis transformation.  

( )ωH ( )ω
6

 
Figure 6. Filter bank implementation of the synthesis transformation.  
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Pre-filtering of the Signal 
We will now show how to use the filtering method described in the last section to 

implement the full wavelet decomposition (61), which is repeated for convenience: 

  (61) 

where we have assumed that the signal is only decomposed between a finest scale 2  and 
a coarsest scale .  

In most practical situations the signal we wish to decompose is given as a discrete-time 
signal obtained by sampling of a continuous-time process. If the signal was obtained in 
accordance to the sampling theorem, it would of course be possible to reconstruct the 
continuous-time signal and then to obtain the scaling coefficients at some scale by (82). 
However, to avoid the calculation cost of this process, one usually uses the samples of the 
discrete-time signal as the coefficients of the approximation function  at the finest 
scale. It is important to note that this replacement is only an "approximation of the 
approximation". The true value of the scaling coefficients is given by (82), while the 
sampling process has a different interpretation. 

( )tfL

a

s

                                                

Whatever method is used to obtain scaling coefficients for the finest scale, we realize we 
can use a series of one-step filter banks T  to implement the decomposition (61). This 
process has been illustrated in figure . We can also use the synthesis units T  to implement 
the synthesis of the decomposed signal. This is illustrated in figure 8.  

7

8
The analysis in figure 7 is what is referred to when speaking about the discrete wavelet 

transform (abbr. DWT). The synthesis in figure  is the inverse of this transformation, and it 
is called the inverse discrete wavelet transform (abbr. IDWT). Note that these names are 

 
17 Proof of this statement can be found in [4]. 
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Figure 7. The discrete wavelet transform. 
 
 
 

 
Figure 8. The inverse discrete wavelet transform. 

 

used for the implementation of the wavelet decomposition rather than the decomposition 
itself18. 

Truncation of the Signal 
Up to this point we have assumed that signals with an infinite time extent are used. In 

reality this is practically never the case. For this reason we must find a way to adapt the 
decomposition process to deal with signals of a finite duration. This is what we will do 
next. In the process we will also find that there is a natural limit to the number of 
decomposition steps that can be used. 

In this section the signal {  is assumed only to be defined at a finite number of points. 
We can assume that these points are . We also assume that the signal has 
been obtained by sampling a continuous-time signal  on the interval 0 .  

}kx
{ }1,...,1,0 −= Lk

( )tx Lt ≤≤

Z

There are two ways of dealing with finite length signals: We either use a method of 
signal extension or we use a boundary-corrected filter. The latter approach will not be 
discussed here19. In the signal extension method, the problem of having a finite length 
signal is solved by extending the signal to all  before applying the DWT. Three ways 
in which this can be accomplished are 

∈k

=kx
k
x

Lkk xx mod=

                                                

1. In the method of zero-padding the signal is defined to be  for all 
. This method is justified if the underlying continuous time signal 

 approaches zero at both endpoints. On the other hand, if this assumption is not 
met then this method will introduce discontinuities at the endpoints. 

0
{ 1,..., −L }1,0≠

( )t

2. We can also use a periodic extension of the signal. In this case we set . 
This is the natural extension if the underlying continuous-time signal satisfies 

 
18 cf. the FFT implementation of the DFT 
19 This approach and the truncation process at large is discussed at length in [5] chapter 10. 
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Figure 9. Time-frequency properties of an approximation function. 
 
 

 
Figure 10. Implementation of the inverse discrete wavelet transform. 
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. As previously, if this condition is not met, then discontinuities are 
introduced. 

3. The third method is the method of symmetric extension. In this method we first set 
 and then we use the periodic extension presented above for this signal20. 

This method does not introduce discontinuities. 
The second and third methods have a clear advantage over the first in that the extended 

signal will become periodic. Assuming that the extended signal has period  for 
some integer , we realize that if we apply T  to this signal, then both of the filtered and 
down-sampled outputs will also be periodic with period . This means that we have the 
same number of coefficients21 after applying T  as we had before. This also explains why 
the signal can't be decomposed indefinitely, since after  steps of decomposition we end 
up with output signals of length 2 , which can not be further decomposed. For this 
reason,  is called the maximum depth of the decomposition. Note that we do not have to 

2

D
1=−DD

D

                                                 
20 Other symmetric extensions are also possible. 
21 We refer here only to the coefficients of one period of the extended signal. 
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use the maximum allowable number of steps in the decomposition. We may also choose to 
use only  steps. The number of steps chosen is called the depth of the decomposition. Dd <

aT

kj ,ϕ j2
hat each of these functio

( )( )12,2 +−− kk jj ( )πj2,0

0=j

Time-Frequency Interpretation 
Let's go back to the one-step decomposition  and study how the effects of this 

transformation can be interpreted in the time-frequency plane. 
To this end we first study an approximation function  at an arbitrary scale . 

Looking back at equation (50), we find that  can be expressed as a linear combination 
of the family of scaling functions  at scale . Remember from the chapter on MRA 
t ns has their energy concentrated in the time interval 

 and the frequency interval . Using this observation the 
approximation can be illustrated as in figure 9. For simplicity and illustrative power, the 
signal in this figure is assumed to be truncated to only eight time samples. As a further 
simplification it is also hereafter assumed that . 

( )tf j
j2

( )tf j

We will now study the effects of applying the analysis transformation T  on the 
approximation function . We know that this transformation decomposes the 
approximation function into a high-pass and a low-pass part. Writing equation (61) for this 
one-step decomposition yields 

a

( )tf0

( ) ( )  (87) ( )∑∑ −−−− +=
k

kk
k

kk tstwtf ,1,1,1,10 ϕψ

kj ,Using our knowledge of the energy concentration of the functions ϕ  and ,  this 
equation can be interpreted as in figure .  

kj ,ψ
10

We can continue the decomposition 
until we reach the maximum depth. For 
our example signal of only eight samples 
the maximum depth is . This 
decomposition is illustrated in figure . 
In this figure the Heisenberg boxes have 
been marked with the coefficients instead 
of with the functions. This can be 
interpreted as a way of illustrating how the 
energy of a certain signal is distributed 
about the time-frequency plane. A 
relatively high value of the coefficient in a 
certain box means that the signal has much 
of its energy concentrated in that time-
frequency area. 

11

 
Figure 11. Time-frequency plane for the DWT. 
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ADAPTIVE BASES 

If the signals we wish to study have short-lived high-frequency and long-lived low-
frequency components, the DWT is the ideal analysis tool. We see this from figure , in 
that for low frequencies the frequency resolution is high, while for high frequency the time 
resolution is high. However, in many applications the signals have other time-frequency 
properties than such suited for the discrete wavelet transform. For such signals we need to 
introduce transforms with other time-frequency properties than those of the DWT.  

11

In this chapter some such transforms, or time-frequency decompositions, will be 
discussed. We will find that there are many different ways in which we can divide the time-
frequency plane. We will speak of different tilings of the plane. Loosely speaking, the only 
restrictions we need to obey when tiling the time-frequency plane is the uncertainty 
principle and to fully cover the plane with Heisenberg boxes. These conditions imply that if 
the signals we wish to decompose have  samples we will need at least  tiles. N N

The first and main part of this chapter will discuss wavelet packets. This is a 
generalization of the wavelet transform with the added property of having an adaptable 
frequency resolution. Wavelet packets are a form of adaptive bases. At the end of the 
chapter some other time-frequency decompositions will be mentioned, among those another 
adaptive basis: Local trigonometric bases. 

Wavelet Packets 
Looking back at figure 7, illustrating the discrete wavelet transform, one might wonder 

what would happen if we were to apply  not only on the scaling coefficients, but also on 
the wavelet coefficients. Or what if we were to stop the decomposition for some 
coefficients, but maybe not for all, before reaching the maximum depth of the 
decomposition? If we allow these generalizations to the wavelet transform, we end up with 
a whole bunch of new transforms. The purpose of this section is to describe these 
generalized wavelet transforms, called wavelet packets. 

aT

N

To introduce wavelet packets we first look at figure . The framework of this figure is 
the discrete wavelet transform in figure , but we have added the possibility of 
decomposing the wavelet coefficients as well as the scaling coefficients. The structure 
depicted in this figure is called a wavelet packet tree. Each coefficient box in this figure is a 
node of the wavelet packet tree. The term wavelet packet coefficient table will be used for a 
table containing all coefficients of the wavelet packet tree. If we decompose signals with 

 samples and use a wavelet packet tree of depth , this table will contain  
coefficients. 

12
7

D DN ×
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In figure a, a simplified drawing of the wavelet packet tree has been used. To get 
wavelet packets we start at the top node of the tree. At each node of the tree we may chose 
either to further decompose or to stop. If we chose to stop, then the coefficients at this node 
will be used in the wavelet packet. The nodes at which we stop are called leaves. The 
ordinary wavelet transform corresponds to the leaves marked in figure  or the tree in 
figure 13b.  

13

13

12

 
Figure 12. The wavelet transform extended to a wavelet packet tree 
 

 
Figure 13. The wavelet packet tree (a) Sub-tree for the DWT (b) and sub-tree for another wavelet packet  
 

An admissible tree is one where each node has either two children or none. Three 
admissible trees are illustrated in figure . An admissible tree will also be called a sub-
tree. Each sub-tree represents a wavelet packet. 

To be able to further describe wavelet packets we need to introduce new notation. In the 
process we will further study three of the different concepts we have used to describe the 
wavelet decomposition: function spaces, functions, and coefficients. 

Function spaces 
We first study wavelet packets using function spaces. For the wavelet transform the 

spaces  and W  were introduced. Starting the decomposition at scale , as usual, we iV i
02
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know that for each i  in the decomposition process, the spaces V  and 0< i { } 1−
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 together 
span the space V . We will now generalize this decomposition. 

We assume that an orthogonal wavelet basis is used22. When studying the wavelet 
transform, we saw how we could decompose the orthogonal space V  into the two 
orthogonal spaces V  and W . It can be shown23 that the spaces W  can be further 
decomposed into orthogonal subspaces in the same fashion as the spaces V . Since we 
obviously need a symbol for these subspaces, the spaces Ω  are now introduced as follows: 
First set , and decompose this space as 

  (88) 

where  and  can be identified. More generally the spaces  are 
decomposed as 

  (89) 

We identify the spaces Ω  and . All other spaces are new spaces introduced 
for wavelet packets. The decomposition can be 
illustrated in a wavelet packet tree for the 
spaces, as is done in figure 14. For any 
admissible tree it is easily shown that the 
spaces at the leaves span the space Ω .  

Basis functions and coefficients 
We know that the space V  is spanned by 

the basis functions {  and the spaces W  
are spanned by 

i

{ . Without proof we 
claim that the spaces  are also spanned by 
orthogonal basis functions. We will use the 
notation  for these basis functions. As 
above we can identify  and 

. The connection between basis 
functions at two consecutive levels of the decomposition is given by a generalization of the 
scaling equation (66): 

 
Figure 14. The wavelet packet tree for the spaces 
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and by a generalization of the wavelet equation (70): 
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22 The biorthogonal case is covered in [6] page 327. 
23 See [6] pp. 322-325. 



Part I - Wavelet Theory  37 

 
Figure 15. Time-frequency planes for (a) signal (b) Fourier transform (c) windowed Fourier transform 
 
 

 
Figure 16. Two possible local trigonometric bases 
 

Every wavelet packet can be expanded in the basis functions that span the spaces at the 
leaves. As was the case for the wavelet transform, the coefficients can be used in such an 
expansion, rather than the basis functions, to identify the expansion. We will use the 
notation  for the coefficient belonging to the basis function . n

kic ,
n
ki,θ

lkjc ,,

k
ljlkj c ,,, −=

We now return to the wavelet packet coefficient tables introduced above. Such tables will 
be frequently used in the second part of this thesis. To simplify the notation in that part the 
notation  will be used for the entries in the coefficient tables. Naturally, the elements 
of the coefficient table are identical to the coefficients introduced in the previous paragraph, 
the relation between the two notations being c . 

Other Time-Frequency Decompositions 
We have studied the discrete wavelet transform and wavelet packets in great detail. The 

reason for this is that wavelet packets will be our main tool in the next part of this thesis. 
Before concluding this first part of the thesis, we will also mention a few other 
transformations that can be considered to be discrete-time time-frequency transforms. 

First of all, looking back at figure , in which we depicted the time-frequency behavior of 
an approximation function, and remembering how we "approximated the approximation" 
by using sample values, we realize that the sampled signal itself can be interpreted as an 
extreme type of time-frequency decomposition. This decomposition has perfect time 

9
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resolution, while it has no frequency resolution at all24. The other extreme time-frequency 
decomposition is given by the Fourier transform of the signal. This decomposition has 
perfect frequency resolution and no time resolution. Figure a and b show these 
decompositions in the time-frequency plane. 

15 15

16

A method similar to that of the continuous-time WFT can also be used to obtain a 
discrete-time time-frequency transform. The method is to first divide the truncated signal 
into a number of segments, all of the same length, and then to perform a Fourier transform 
on each segment. To get better time-frequency properties, one may use some smooth 
window function to obtain the segmentation of the signal. The main difficulty with the 
WFT is to choose the length of the segments. The time-frequency properties of this 
transform are illustrated in figure 15c. 

With wavelet packets we found a way to decompose the frequency band of the signal in 
the manner we want. The opposite, decomposition of the time axis, can be obtained by 
using local trigonometric bases instead. We will not discuss this decomposition in detail 
but merely mention that as with wavelet packets, it is not a single decomposition but rather 
a family of decompositions. To show the reader how they may be used, we illustrate, in 
figure , two decompositions obtainable by the use of local trigonometric bases. 

                                                 
24 Except for the effects the sampling and truncation process has on the time and frequency properties. 
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FURTHER READINGS 

In this chapter some suggestions for the reader who wishes to learn more about the theory 
on wavelets are given. 

The mathematical background covered in the first chapter of this thesis is well covered by 
[2] and [3]. The book [2] covers the subject of function spaces in detail, while [3] covers 
Fourier analysis. In the last two chapters of [3] there is also a short introduction to the 
windowed Fourier transform and to the wavelet transform. 

If the reader wants to continue reading about wavelets then, according to the author of 
this thesis, the book [4] is the best choice to start with. It is written by mathematicians, 
which gives a thorough mathematical description. However, it is not an advanced text, and 
all non-trivial mathematical concepts are defined within the text. The first part of the book 
presents the theory of wavelets, while the second part gives a few interesting examples of 
how wavelets are used in practice. The main part of the book is concerned with the discrete 
wavelet transform, and with implementation using filter banks. The sections on the 
continuous wavelet transform and on wavelet packets are less extensive. 

A much more advanced and comprehensive text is presented in [6]. The reader of this 
book is assumed to possess mathematical skills above the undergraduate level. The author 
would not recommend this book as a first book on wavelets. However, for a reader with 
basic knowledge of wavelet theory who wishes to learn more, this is an excellent book. The 
book is primarily aimed at an audience oriented towards signal processing, and it covers 
both continuous-time and discrete-time transforms. Wavelet packets and local 
trigonometric bases are covered in detail. 

The last textbook we mention is [5]. This book claims to be written as a first book on 
wavelets for readers with limited mathematical skill who are mostly interested in being able 
to use the DWT, and not with the theory behind it. According to the author of this thesis, 
this objective prevents the reader from fully being able to use the full power of the wavelet 
techniques and the reader might be left with the impression that wavelets are magic rather 
than mathematics. On the other hand, as a complement to the mathematical description of 
e.g. [4], this book clearly serves the purpose of giving a better understanding of the 
practical aspects of using wavelet techniques.  

Besides numerous textbooks on wavelets, there is also plenty material on the Web. The 
main resource is the wavelet organization [7]. At this site it is e.g. possible to subscribe to a 
newsletter. There are also some short introductions to wavelets, the author can recommend 
e.g. [8]. 
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In this part of the thesis we will use the wavelet techniques presented in the first part for a 
specific task: The detection of buried landmines using a ground penetrating radar system 
(abbr. GPR). The system we will use is the HUMUS system introduced in the introduction 
to this thesis. As was mentioned in that introduction, we will limit ourselves to the problem 
of feature extraction. A visual presentation of the output of the feature extractor will be 
used to evaluate the results. Our goal is to transform the original signal obtained from the 
GPR to a form in which the interesting features of the signal, i.e. the presence or non-
presence of a buried object, is better revealed. Two-dimensional images will be used to 
visualize the results. 

Roadmap 
In the first chapter of this part we describe the HUMUS system, and also the 

measurement environment used for evaluation of the system. We also introduce a 
measurement example that will help illustrate the theory introduced later. 

The topic of the second chapter is to describe the model that will be used for the signal 
processing in the HUMUS system. A definition of the concepts of feature extraction and 
classification is presented, and the notation that will be used for the signals and systems in 
the signal processing chain is introduced. 

The third chapter is the main chapter of this thesis. It contains a detailed description of 
the feature extraction method used. We call this method the "best best basis" method25. The 
objective of the method was given in the introduction to the thesis. 

In the forth chapter the "best best basis" method is used on real measurement data. Two 
different measurements are used, and it is also show how the result of the method changes 
when the input parameters to the algorithm are altered. 

In the concluding chapter we discuss what conclusions can be made concerning the 
method and what remains to be done in the future. 

                                                 
25 A name that will be justified later in this thesis. 
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MINE DETECTION 

First in this chapter we will describe the HUMUS system. We will not discuss the system 
in detail, but only give the information needed to understand the content of this thesis. We 
will also discuss one of the measurement facilities used for evaluation of the performance 
of the system: The sand container. Last in this chapter an example of a measurement made 
with the HUMUS system in the sand container environment is presented. 

The HUMUS System 
The HUMUS system was depicted in figure  in the introduction to the thesis. The major 

physical parts of this system is an antenna head held a few centimeters over the ground, 
and a backpack containing the radar and signal processing units among other things.  

1

The method used to detect mines is by using a radar signal. A radar signal is transmitted 
into the ground via a transmitter in the antenna head. This signal is reflected by the soil and 
by objects in the soil, and a receiver measures the received signal. Two examples of how 
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Figure 17. Two examples of radar signals. 
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this signal may look26 are given in figure . The received signal is what we have at our 
disposal to determine what the soil contains. The nature of the signal is highly dependent on 
what antenna head we use. 

17

17

17

The two signals in figure  were obtained at two very different locations. The signal 
with high amplitude was obtained at a position where a large object with a high metal 
content was buried nearby, while the other signal was obtained at a position with no objects 
nearby. We see that even without objects in the ground there still is a signal. We will call 
this signal27 the background signal. It is caused by reflections of the radar signal by the soil 
itself, and by reflections in the antenna head. With an object present, the radar signal will 
also be reflected and otherwise transformed by this object. The signal will then depend on 
the shape and composition of the object. This dependence is what we use to determine the 
soil content. 

To increase the ability to determine the soil content, the measurement process is usually 
repeated at a number of positions rather than at just one position. The method currently 
used for the HUMUS system in the field, is to move the antenna head over the ground 
while performing a sequence of radar measurements along a path. Usually in this method, 
one radar measurement is made every two centimeters. We may consider the signal 
obtained by such a measurement not as a number of one-dimensional signals, but rather as 
one two-dimensional signal. In this signal one dimension will represent the movement over 
the ground, while the other dimension will represent the time variable of the signals in 
figure . We also note that since both the time and space variables are discrete and 
truncated, we can also see the signal as a two-dimensional array of real numbers. 

In the near future a three-dimensional measurement technique will be used for the 
HUMUS system. This means it will be possible to make radar measurements over a two-
dimensional area rather than just along a path. In this case we will get a tree-dimensional 
signal, which also can be seen as a three-dimensional array of numbers. 

The three-dimensional technique can already be evaluated in the measurement facilities 
at FOI. One of these measurement facilities will be presented next. 

                                                 
26 In reality, the radar used is a stepped-frequency radar. The received signal will thus consist of the response using 
55 different frequencies. This signal is then synthesized to yield a signal in the time domain. However, for 
simplicity, we will assume we are given the signal in the time domain. 
27 Note that this signal is of a statistical nature, so we are really talking about the mean of an ensemble of signals. 



46 Part II - Introducing Wavelet Techniques in Mine Detection 
 

The Measurement Environment 
For testing of the mine detection system a measurement environment has been built, see 

figure 18. This measurement facility consists of a large sand container in which objects can 
be buried. A frame is situated 
over the container and the 
antenna head is fastened at a 
computer-controlled 
positioning system. This 
system allows radar 
measurements to be made at 
well-defined points over the 
entire surface of the sand 
container. The positioning 
system can also be used to 
place objects at precisely 
defined positions. 

The sand container 
measurement environment can 
be used to get a three-
dimensional measurement. The approach then is to make radar measurement at every point 
in a grid covering an area of the sand container. The grid usually has a two centimeter 
resolution.  

 
Figure 18. Testing facility for the HUMUS system.  

The sand container has been divided into two parts by a thin plastic wall. This makes it 
possible to moisten one half of the sand container, and to examine the effects of moist soil 
on the signal processing techniques used. 

A Measurement Example 
To illustrate how the data obtained from a measurement in the sand container may look, 

we will use one specific measurement. In this measurement 13 objects were buried at well-
defined positions, see figure . The scale on the axis is in centimeters and the resolution of 
the measurement grid was two centimeters. The dashed rectangle in the figure is the 
boundary of the measurement. We will use the name "May00A3" for this measurement 
example. 

19

19
Six different objects were used in this measurement. The sizes of the objects are 

illustrated in figure . We concisely describe the objects: 
• "PC2" is a plastic cylinder, without metal content. Its diameter is 20 centimeters. 
• "Mn113" is a tank mine with a high metal content. 
• "Sphr5" is a metallic sphere with a diameter of 5 centimeters. 
• "Trp10" is an anti-personal mine. Its radius is 10 centimeters and it has a very low 

metal content. 
• The objects "Dpl15" and "Dpl20" are metal rods of length 15 and 20 centimeters 

respectively. 
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Figure 19. The objects in the May00A3 measurement. 
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Figure 20. Energy plot of the May00A3 measurement. 
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Figure  shows an energy-plot of this measurement. This plot has been obtained by 
illustrating the energy of the received radar signal at every point in the measurement area. 
We notice that the objects with a high metal content are easily spotted with this simple 
illustration. The "PC2" and "Trp10" objects are however not revealed by the energy plot. 

20

Before concluding this chapter we will also shortly discuss the fact that the two-
dimensional image that some of the buried objects induce in the energy-plot, has the shape 
of a four-leaf clover. This is caused by the way in which the antenna head used in this 
measurement is constructed. We will not describe the antenna head in detail, but in short, 
the pattern in the energy-plot is caused by the relation between the directional sensitivity of 
the transmitter and receiver in this antenna head. We also point out that the reason the 
dipoles do not induce a four-leaf clover, is that these objects are not circular symmetric. 
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THE SIGNAL PROCESSING CHAIN 

In this chapter we will present the model we will use for the signal processing28. 
Throughout the chapter, we first give a general definition of the concepts introduced, and 
then use the case of mine detection as an illustrative example of the definitions given. 

Before proceeding we will give a 
general description of the type of system 
we are studying in this thesis. To this end 
it is first assumed that a signal of some 
kind exists. In our case this signal will be 
an array of time synthesized radar data, as 
described in the previous chapter. From this data one would like to extract the 
"information" the data contains. In the case of mine detection, we first of all want to 
determine whether there is some object buried at the position where the signal was obtained 
or not29. In a second phase, we also want to know what kind of object it is, the most 
important distinction being whether the object is dangerous or not. Figure 21 attempts to 
illustrate the system we are concerned with; an information extractor. A signal is fed into 
the information extractor and output is the information we are looking for. 

The goal of the rest of the thesis is to construct an information extractor, or at least parts 
of it. In the next few sections a precise definition of the three parts in figure  is given. We 
first describe the signal serving as input. After that the output and finally the information 
extractor itself, is described. At the end of the chapter the phases we will have to go through 
when constructing the information extractor are discussed. 

21

 
Figure 21. The information extractor. 

The Input Signal and the Response 
We are now ready to make some definitions. An input signal is the signal at our disposal. 

The term physical space will be used for the domain at which the input signal is defined. 
The physical space will be denoted P , and the space of all input signals, the input signal 
space will be denoted . In this thesis it is assumed that both the input signal space and 
the physical space are finite-dimensional discrete-time spaces. It is also assumed that the 
input signal is real valued. A consequence of these assumptions is that the samples of the 
input signal can be arranged as a sequence of some finite length . We therefore may 
assume that the input signal space is a subspace of , i.e. . 

X

n
nR nR⊂X

                                                 
28 Observe that the signal processing chain described in this chapter is the one we have chosen for the application 
described in this thesis, and not a general model for signal processing in the HUMUS system. 
29 Note that, since we are dealing with dangerous objects, there is a natural asymmetry in this classification 
process. To clarify, if we are not certain we have a background signal then we have to assume we are dealing with 
a dangerous object. The same kind of reasoning also applies to the other examples we mention.  
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Let's clarify the above by studying the input signal used in this thesis. Our physical space 
will be a two-dimensional area of some size; an example is the area in figure 20 consisting 
of  points. The most natural input signal might be the one-dimensional time 
synthesized radar signal obtained at each point of the physical space, but we will use the 
fact that we have access to radar signals not only at one point, but rather in a two-
dimensional surrounding of that point. The input signal at a point  in the physical space 
will thus consist of a number of radar signals, each obtained at the point  in the 
physical space, where 

142142×

cp
rpc +

r  is the relative position, i.e. the distance of the radar signal to the 
point . The full input signal will be denoted by cp x , while its radar signal components will 
be denoted ( )rx . 

The output of the information extractor will be referred to as the response, and we define 
the response space as the signal space of all responses. The symbol Y  will be used for this 
space. We assume this space to consist of a finite number of possible responses. If all 
possible responses are associated with an integer value, we may write Y , 
where  is the number of possible responses. The symbol  will be used to denote a 
response. If a signal yields a response  we will also say that the signal belongs to the 
class . 

{ }C,...,2,1=
C y

y
y

As was indicated above, there are several possible response spaces for the mine detection 
case. For example one could introduce a response for each of the objects we expect to find 
in a certain physical space. Another possibility is to use only two responses, representing 
"dangerous object" and "no dangerous object" respectively. There are also a number of 
possibilities in between these extremes. Which response space to chose will be left to 
implementation, but most often it will be taken to include a few mine types and 
background, i.e. the non-presence of any object at all. 

Feature Extraction and Classification 
Having defined the input and output of our information extractor, we are ready to tackle 

the extractor itself. To simplify the construction of this system, we chose to split it into two 
parts, a feature extractor and a classifier.  

The purpose of the feature extractor is to reduce the dimensionality of the input signal. 
This is because the dimensionality of the input signal space is usually very high. In most 
cases the input signal is highly redundant, and can be compressed considerably with 
minimum loss of information. This is what the feature extractor is introduced to 
accomplish.  

The classifier then performs the last step of information extraction, i.e. it produces a 
response. Mathematically the classifier could just as easily be fed with the input signal, but 
the introduction of the feature extractor can increase the speed of the classification process. 
Other advantages of using a feature extractor is that it isolates the classification problem, 
which can provide a simpler classifier, and that it makes it possible to build more robust 
classifiers, since the reduced dimensionality of the input to the classifier gives it fewer 
degrees of freedom. 
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We also need to give a definition of the signal in-between the feature extractor and the 
classifier. This signal will be called the features, and we introduce the feature space F  
containing all features. It is also assumed that F , where m . mR⊂ n<<

{ }M
iii yx 1, ==T

Figure 21 can now be redrawn as to include the splitting of the information extractor and 
the concepts introduced above. This redrawing is provided in figure . 22

 
Figure 22. The information extractor in detail.  

Constructing a Classification System 
In almost all real situations the input signal will be of a statistical nature. This is, e.g., 

because of signal noise and difficulty in modeling the often very complex systems used to 
obtainin the input signal. Also, the system may change over time. The radar system we 
study in this thesis will e.g. be affected by the humidity of the soil. If a measurement is 
made over the same object before and after a heavy rain, the input signals obtained in the 
two cases might look very different. 

For this reason one usually uses a procedure where the information extractor is 
constructed adaptively in a phase called training. In this phase, a number of input signals 
for which the desired response is known, are collected. These input signals are called 
examples. The examples should be collected in an environment that closely resembles the 
environment where the system will be used. 

The concepts of training and examples can be illustrated by using the mine detection 
case. In this case training of the system can be accomplished by first burying a certain kind 
of mine at a known position and then to sweep the area a number of times to get data. This 
data will serve as an example of the class corresponding to this mine type.  

To conclude the chapter, we introduce the name training set for the set of all examples. 
Using the notation for input signals and responses introduced above, we can write this set 

 where M  is the number of examples. 
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FEATURE EXTRACTION USING WAVELET 
TECHNIQUES 

In this chapter we look back at what we learned in the first part of the thesis, and we try 
to apply this knowledge to the problem of mine detection. As was mentioned in the 
introduction to this thesis, we will focus exclusively on building a feature extractor. The 
method of feature extraction we will use is to transform the input signal to the feature 
extractor, using the time-frequency decompositions that were introduced in the previous 
part. For simplicity, only wavelet packets will be used in our method, but it can easily be 
modified to use other decompositions as well.  

For the time-frequency decomposition to serve as a feature extractor, there are two 
properties one would like the decomposition to possess: 

• First of all; input signals belonging to different classes should have as different 
time-frequency energy distribution as possible. We should choose the 
decomposition in which the "distance" between different classes is maximized. 

• Secondly; the purpose of the feature extractor is to reduce the dimensionality of the 
input signal, so we would like to find a decomposition in which signals from 
different classes can be separated using only a few of the decomposition 
coefficients. 

The question one asks oneself is: Is it possible to find a "universal" transform which 
solves our problem of finding good features in all situations? This does not seem very 
likely. One might expect that a number of factors like the nature of the objects we want to 
be included in our response space and the environment of the measurement30, will affect the 
time-frequency distributions considered. 

On the other hand; do we really need to find such a "universal" transform? Why not 
instead let the computer choose the most suitable transform from a long "list" of possible 
transforms, and let the choice be based on the situation at hand. This was the question that 
led to the dissertation [9]. In this chapter we will apply a method based on the ideas 
presented in that dissertation, modified to suite our specific situation. 

The "Best Best Basis" Method 
We are now ready to describe the method for feature extraction which is the main 

objective of this thesis. This method will be called the "best best basis" method. The goal of 
the method is to find the time-frequency transform in which the features of the input signal 
is best revealed. This means we focus on the first of the properties introduced above. Even 
though the method presented does not perform the dimensional reduction demanded of the 

                                                 
30 e.g. humidity, soil type etc. 
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feature extractor, it will give a measure of how "good" each coefficient of the transformed 
signal is, so that the dimensional reduction problem will be reduced to that of selecting how 
many coefficients to use and to discard the rest. 

Before describing the method in detail, a short description of its three major steps is 
given: 

 
Method. The "best best basis" method. 

1. First we collect data from examples collected during the training phase into a 
library. In this library all the data we need to find the best time-frequency 
decomposition is saved. The library will thus contain wavelet packet coefficient 
tables for all radar signals in all examples and for all wavelet bases. 

2. Next we will find the best wavelet packet for all coefficient tables. This will yield a 
large number of best wavelet packets, one for each wavelet basis and relative 
position of the radar signal. 

3. The last step is to find the best of all the best wavelet packets31 and to find a 
measure of how "good" the coefficients of this wavelet packet are. 

 
The "best best basis" method has been designed to provide an adaptive choice of the best 

time-frequency decomposition given three degrees of freedom: 
 

Definition 3. Degrees of freedom for the "best best basis" method. 
1. The method is free to choose between a pre-defined set of wavelet bases. The only 

limit on the number of bases is of a practical nature32. 
2. Given a wavelet basis, the method will chose the best of all wavelet packet sub-

trees. 
3. We also let the method choose the relative position of the radar signal in the input 

signal where the features are best revealed. 
 

The three steps of the method will be described in the sections that follow. To make the 
theory clearer; in the next chapter we will apply the method to real measurement data. We 
also point out that an implementation of the method is included as an appendix to the thesis. 

Building a Library of Bases 
In this section the first step in the "best best basis" method is described. In this step data 

is collected into a library. 
Since we focus on wavelet packets it seems reasonable that the smallest building block of 

the library should be wavelet packet coefficient tables. These were introduced in the section 

                                                 
31 This selection of the "best" of the "best" wavelet packets is why the method presented is called the "best best 
basis" method. 
32 More bases require more data storage capability and processing time. 
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on wavelet packets in the first part of the thesis. We assume the radar signals to be of length 
. For our coefficient tables we will use the maximum depth of the wavelet packet tree, 

i.e. depth . This means all coefficient tables will contain 
N

ND log2= DN ×  entries. Later,  
the coefficient tables will be used to adaptively select the best wavelet packet. 

We have already indicated that the library should contain data from the examples 
collected during training. It is assumed that there are M  examples, and that each example 
consists of an input signal and the class to which it belongs. Since the input signals of the 
examples consist of more than one radar signal, we will need a separate coefficient table for 
each radar signal. Each coefficient table will be identified by the relative position of the 
radar signal. We will assume that each input signal consists of  radar signals. The fact 
that data for several radar signals is saved will give us the ability to adaptively choose the 
best relative position. 

R

B

To be able to obtain an adaptive choice of the best wavelet basis, we also want the library 
to contain data for several wavelet bases. One realizes that different coefficient tables will 
be obtained for each of the wavelet bases. For this reason the library is divided into  
smaller units, called dictionaries; one for each wavelet basis. Each dictionary will contain 
data for all examples. 

Finally, note that all examples belong to a certain class. For this reason we divide each 
dictionary into several classes, one for each response. Since the number of examples may 
vary between classes, the classes are allowed to contain varying number of examples33. We 
will assume we have C  classes. Although the number of examples in each class may vary, 
the total number of examples in each dictionary will, naturally, be M . 

Figure  summarizes the content of the library. The interpretation of the figure is as 
follows: The library contains  dictionaries; each of these dictionaries in turn contains 

23
B M  

examples distributed over  classes. Finally, each example consists of  coefficient 
tables, one for each radar signal. 

C R

DNRMBNote that the library will consist of ××××  entries. This puts a limit on the 
number of wavelet bases, examples, etc. that may reasonably be used. These considerations 
are left to implementation. 

                                                 
33 However, the classifier used may require a fairly even distribution of the number of examples in each class. 

 
Figure 23. The library.  
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Finding the "Best Best Basis" 
We will now describe the process of finding the best of all possible bases from the data 

we have collected in our library. It is assumed that the training phase is completed, even 
though it is possible (or even recommendable) to save the library for the future. Then, if we 
find the basis that was chosen by the method to be unsatisfactory, we can add further 
examples to the library and try the basis search again. 

Before proceeding, we need to define what is meant by "best". Concisely, the method we 
will use to find what basis is "best" is to pick the basis in which the "distance" between the 
"time-frequency energy distributions" of different classes is the largest. In the next two sub-
sections it will be described how to define the time-frequency energy distribution and how 
to measure the distance between distributions. After that we describe how to pick the "best 
best basis". 

Time-frequency Energy Maps 
The time-frequency energy distribution should give an estimate of how the average 

energy of signals belonging to a certain class is distributed. This estimate is called a time-
frequency energy map.  

To calculate the estimate the data collected in the library is used. In the library there will 
be a number of examples for each class. There will be one energy map for each class in the 
library. Since the coefficients in the coefficient tables give a measure of how much energy 
the input signal corresponding to that coefficient table has in a certain time-frequency 
region, the time-frequency energy map for a certain class will itself be a coefficient table.  

We now give a precise definition of the time-frequency energy maps. Denoting the input 
signals belonging to a certain class  where  is the number of examples in the class, 
and the coefficient table coefficient of  at position  with , then the time-
frequency energy map for that class is defined by 
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We see that a coefficient in the time-frequency energy map is given by the sum of the 
squares of the corresponding coefficient in the example coefficient tables, and that it is 
normalized with the sum of the energy of all input signals belonging to that class.  

In the following time-frequency energy maps for several classes will be used. We will 
then use the notation  for the energy map belonging to the class c . 

Discriminant Measures 
The first step in our search for the "best best basis" will be to find the best wavelet packet 

for each dictionary and relative position in the library. To this end we need to introduce a 
discriminant measure. This measure will be used to measure the "distance" between 
different classes.  

Remembering the function space interpretation of the wavelet packet decomposition, the 
discriminant measure introduced will measure the distance between the spaces at the nodes 
of the wavelet packet tree. We first study the case in which it is only needed to separate 
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signals from two different classes. Later this will be generalized to the case with several 
classes. 

There are many ways in which a discriminant measure can be defined. We will use a 
measure based on the relative entropy. Given two signals  and  where 

, both normalized by demanding that 
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the relative entropy  is given by 
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Since this measure is asymmetric, i.e. , this measure will not be used 
directly. Instead we use the symmetric J-divergence: 
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A very important property of this discriminant measure is that it is additive, i.e. 

  (96) 

The importance of this property will become apparent in the next sub-section when we 
describe how to find the best wavelet packet. 

In the following we will use signals describing the energy distribution of different classes 
at the nodes of the wavelet packet tree. Then the J-divergence (95) will be used to describe 
the distance between two classes. To be able to maximize the distance between several 
classes, we also need to define the J-divergence for signals describing  classes: 

  (97) 
1 1

1
0
−

where  is the signal describing the distribution of class . 

Finding the Best Wavelet Packet 
The method used to find the best wavelet packet starts with the maximum tree of the 

wavelet packet decomposition. In this tree all nodes at depths smaller than the maximum 
depth  has two children, while the nodes at the maximum depth has no children.  

To describe the method we first look at one node at depth  and its two children. We 
want to know whether the parent node better discriminates different classes than the 
children nodes combined. If this is true, then it is better to use a sub-tree where the parent 
node is a leaf than to use one where the two children nodes are leaves. To measure the 
discrimination power of the nodes, the J-divergence introduced above is used. The space at 
the node of depth  and position  is denoted with Ω , as previously. 

−D

j k kj ,
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The next question is what signals to use to calculate the J-divergence for the different 
classes at a node in the wavelet packet tree. We will use the time-frequency energy maps 

 to get the signals required. To be specific, we use the signal  for the 
node . Having made this choice, one realizes that the parent node should be used 
instead of the children nodes if and only if 
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Using the additivity of the J-divergence we can show, provided that an orthogonal 
wavelet basis is used, that the divergence of the union in the equation above equals the sum 
of the divergence of the constituents, i.e. if we set  then equation (98) 
can be re-written as 
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To find the best wavelet packet we now use the following algorithm: 
 

Algorithm. Finding the best wavelet packet. 
1. Create a maximum tree with the discriminant measures  at the 

nodes. We will refer to this tree as "tree 1". 
( )kjkj JM ,, ∆=

2. Also create another tree in which we mark the leaves of the best wavelet packet 
sub-tree. We call this tree "tree 2". At the beginning of the algorithm we mark the 
nodes at the maximum depth. 

3. Start at the maximum depth . Jj =

M
4. Compare all nodes in "tree 1" at this depth  with their children nodes at depth 

. If  then                                                                     h 
   Since the node at depth  is the better one, mark this node as a leaf in "tree 

2" and unmark the leaves at its children nodes at depth .                                h 
Otherwise                                                                                                               h 

   Since the nodes at depth  gives a higher discriminant measure, keep the 
leaves at this depth in "tree 2", but replace the value of the parent node in "tree 1" 
with . 

j
1−j 12,2,,1 +− +≥ kjkjkj MM

1−j
j

j

12,2,,1 +− += kjkjkj MMM
0=j5. Repeat step 4 until . 

 
After completing this algorithm the best wavelet packet sub-tree will have been found. 

The leaves of this tree will be marked in "tree 2". In addition; the value at the top node of 
"tree 1" will give a measure of how well this wavelet packet discriminates the classes we 
are considering. 

Finding the "Best Best Basis" 
The final step of the method is to find the best of all the best wavelet packets found in the 

previous step, and to calculate a measure of the discriminative power of each coefficient in 
that wavelet packet. To solve the first of these problems, we will use a very simple 
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approach; we simply use the one wavelet packet among all the best wavelet packets which 
has the highest discriminant measure. This means the packet with the highest value at the 
top node of "tree 1" is picked. In conclusion, to identify the best wavelet packet we will 
have one dictionary, one relative position, and one wavelet packet sub-tree. 

To get a measure of the discriminative power of each coefficient, there are a number of 
choices34. In this thesis we have chosen to use the J-divergence between classes for all 
individual coefficients in the best wavelet packet. To be specific; if  are the 
energy maps for the chosen dictionary and relative position, and Λ  is the set of all indexes 
for coefficients in the best wavelet packet, then 
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will be used as a measure of the discriminative power of the basis function corresponding 
to the coefficient at index . 

 
34 See [9] pp. 69-70 
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TEST RESULTS 

In this chapter we will present results from a few tests that have been performed on real 
measurement data. These tests are meant to illustrate the method presented in the previous 
chapter. All data used in this test was obtained using the HUMUS system in the sand 
container measurement environment. Two different measurements are used: 'May00A3' and 
'Feb001'. The 'May00A3' measurement was described in the first chapter of this part, while 
'Feb001' will be described below. 

The Input Parameters 
First in this chapter we have compiled a list of all the options available to influence the 

behavior of the method. Most of these options have been mentioned before, but are 
repeated for convenience. 

 
Definition 4. The input parameters for testing of the "best best basis" method. 

1. First of all, we are free to choose what measurement to use. In this chapter we will 
only use measurements performed in the sand container measurement environment. 

2. For each measurement we are free to decide which buried objects to use as 
examples. The objects which are not chosen as examples will instead be used to 
evaluate the power of the method. 

3. We are free to choose how many dictionaries to use. We are also free to choose 
which dictionaries to use. 

4. In addition, we can decide which classes to use. 
5. Finally, we can choose which radar signals should be included in the input signal. 

 

Test Number One 
In our first test the following input parameters are used (the numbering below, and in all 

test specifications in this chapter, refer to definition 4): 
 

1. In this test, the 'May00A3' measurement is used. Remember that this measurement 
was illustrated in figures  and . 19 20

2. We choose to take our examples from the six objects to the left in figure 19. The 
seven objects to the right will consequently be used for evaluation purposes. Note 
that since we have a limited number of objects of the same type, we will get only 
one example for each class. The exception is the background class introduced 
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below; for this class twelve examples are used, all taken in the object free area at 
the bottom of figure . 19

3. Only a limited number of dictionaries are used in this test. To be specific; the 
following are used: The Haar basis, Daubechies(6), Daubechies(10), Coiflet(2), 
and Coiflet(4). 

4. We also aim at using only a limited number of classes. We therefore choose to use 
the objects 'PC2' and 'Sphr5' as classes. Looking back at figure , the first of these 
objects is not visible at all in an energy plot, while the other object is visible. 
However, note that it is the weakest of the visible objects. In addition to these two 
classes, background is also used as a class35.  

20

5. Input signals with only one radar signal is used, i.e. we deprive the method of this 
choice. We use the radar signal at relative position . ( )0,0

 
Using these input parameters, we run the method using a MATLAB implementation of the 

"best best basis" method. The implementation gives the following output: 
 
>> Properties of the best best basis: 
>>   Wavelet basis selected: Daub10 
>>   Relative position selected: Y=0, X=0 
>>   Discriminant measure for this basis: 19.2205 
 

This means that the method picked a wavelet packet from the Daubechies(10) 
dictionary36. We also see that the relative position  was chosen (which is no surprise, 
since this was the only position it was free to choose). Finally the output also has provided 
us with a measure of how good this best best basis is. Below, we will compare this measure 
with the measures obtained in the other tests described in this chapter. 

( )0,0

                                                

Next the discriminative power of each coefficient is calculated. Since we want to have 
the discriminative power concentrated to only a few coefficients (this provides for an 
efficient dimensional reduction), the coefficients are sorted after their discriminative power. 
In figure a, a plot of the discriminative power of the sorted coefficients is shown. We see 
that the power is fairly well concentrated to the first 50 coefficients. Figure b shows a 
plot of only those 50 coefficients. 

24
24

25
We can also look at what basis functions belong to the coefficients with the highest 

discriminative power. The first two of these functions have been plotted in figure . 
Comparing these functions with the typical radar signals in figure , we see that the basis 
functions have their energy concentrated in approximately the same time interval as the 
time synthesized radar signals. We also note that the functions have very different center 
frequency. 

17

 
35 This is made for simplicity. How to better handle background is further discussed in the last chapter. 
36 We will not make any attempt to illustrate what wavelet packet was chosen, since no good visualization tool was 
available to the author of this thesis. 
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                             (a)                                                        (b) 
 
Figure 24. Discriminant power of the coefficients (a) sorted (b) first 20 coefficients. 
 
 

 
                             (a)                                                        (b) 
 
Figure 25. Basis functions for coefficients with (a) highest discriminative power (b) second highest power. 
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Finally, we will also make an attempt to illustrate the performance of the chosen 
transform. As a first attempt, we simply use the best best basis to transform each radar 
signal in the measurement. We then look at only the coefficient corresponding to the 
highest discriminant measure, and we make a plot of the value of this coefficient for every 
signal in the measurement area. This plot is provided in figure 26. Plots such as this one 
will be referred to as coefficient value plots. 

Note that the best best basis method was designed to maximize the distance between the 
energy distributions of different classes. However, the coefficient value plot only shows the 
value of a certain coefficient. One easily realizes that since the time-frequency 
transformation conserves energy, signals having high energy will generally have high 
coefficient values. Thus it should be better to plot a normalized energy distribution of the 
transformed signal. To obtain this we calculate the normalized energy distribution for each 
transformed radar signal, and then make the same kind of plot as above for the coefficient 
corresponding to the highest discriminant measure. This plot is provided in figure . We 
refer to such plots as coefficient energy plots. 
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Figure 26. Plot of coefficient value over measurement area for coefficient with highest discriminative power. 
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Figure 27. Plot of coefficient energy over measurement area for coefficient with highest discriminative power. 
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                             (a)                                                        (b) 
 
Figure 28. Discriminant power of the coefficients (a) sorted (b) first 20 coefficients. 
 
 

 
                             (a)                                                        (b) 
 
Figure 29. Basis functions for coefficients with (a) highest discriminative power (b) second highest power. 
 
 

Test Number Two 
For this test we use the following input parameters: 

 
1. The same measurement as in test number 1 is used. 
2. We use the same examples as in test 1, with the exception that we use only three 

examples of background. 
3. The same dictionaries as in test number 1 are used. 
4. We also use the same classes as in test number 1. 
5. This input parameter shows the difference between this test and the previous one. 

Instead of using only one radar signal, all signals in a square of size 15  will be 
used in this test. The center of the square will be placed at relative position ( ) .  

15×
0,0

 
This time the implementation of the method provides the following result: 
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Illustration showing relative energy for coefficient 1
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Figure 30. Plot of coefficient energy over measurement area for coefficient with highest discriminative power. 

Illustration showing relative energy for coefficient 2
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Figure 31. Plot of coefficient energy for coefficient with second highest discriminative power. 
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>> Properties of the best best basis: 
>>   Wavelet basis selected: Coif2 
>>   Relative position selected: Y=7, X=5 
>>   Discriminant measure for this basis: 29.3582 
 

We immediately note that this test seems to give a far better result than the last one. The 
discriminant measure of this best best basis is more than 10 units higher than the one picked 
in that test. We also see that the relative position the method chooses, is far from the center 
position which we enforced in test 1. 

The discriminant power of the coefficients has been plotted in figure . We can compare 
this plot with the one for test 1 in figure 24. We see that the coefficient with the highest 
measure has a much higher measure than that in test 1. We also see that the measure 
decreases more rapidly than in the previous test. 

28

29

To conclude this test we provide in figures  and  coefficient energy plots for the first 
and second sorted coefficient. Also provided are the basis functions corresponding to these 
coefficients, in figures 29a and b. We see that for coefficient 2 one can easily spot the 
'PC2' at the top right half. This object was not used as an example. Even though we can not 
spot the 'PC2' at the bottom right, we can conclude that the objects that were used as classes 
show much better in this image than in the original energy plot. 

30 31

Test Number Three 
In the third test we use the full capability of the best best basis method. The input 

parameters used are the following: 
 

1. We use the same measurement as in test number 1 and 2. 
2. The same examples as in test 2 are used. 
3. In this test as many as 24 dictionaries are used. Most of these wavelet bases come 

from the Daubechies, Coiflet, and Symmlet families. 
4. We use the same classes as in test number 1 and 2. 
5. In this test we use all signals in a square of size 31 . The center of the square 

will be placed at relative position ( .  
31×

)0,0
 

The reader should note that these input parameters will produce a very large library. For 
example, running this test using the implementation used in this thesis will require 
approximately four mega bytes of memory, and it will take several hours to run. 

For this test the implementation provides the following result: 
 
>> Properties of the best best basis: 
>>   Wavelet basis selected: Coif3 
>>   Relative position selected: Y=7, X=8 
>>   Discriminant measure for this basis: 33.171 
 

Comparing with test number 2, we notice we have managed to increase the discriminant 
measure of the best best basis even further. However, this has come at the cost of the 
increased time and data storage requirements mentioned above.  
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Illustration showing relative energy for coefficient 15
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Figure 32. Plot of coefficient energy over measurement area for coefficient number 15 in test 3. 
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Figure 33. Basis function for coefficient 15 of the best best basis picked in test 3. 



Part II - Introducing Wavelet Techniques in Mine Detection 67 

Looking at a plot of the discriminant power of the coefficients, we find that it is slightly 
more rapidly decreasing for this basis than for the basis picked in test 2. Because of the 
limited difference, this plot will not be shown.  

The coefficient energy plots also looks much like the ones for test 2, two of which were 
shown in figures  and . We choose to show only one coefficient energy plot for this 
basis. The coefficient for which this is the energy plot, was sorted as number 15. The reason 
this plot is included is that all three 'PC2' objects show. Figure 32 shows the coefficient 
energy plot and figure  shows the basis function for this coefficient. 

30 31

33

Test Number Four 
In this test we will use a new measurement. This measurement, 'Feb001', was also 

performed in the sand container environment. The objects of this measurement are shown 
in figure  and an energy plot is provided by figure . We concisely describe the objects 
we are not already familiar with: 

34 35

• "TMA4" is a large tank mine. 
• "Sphr2" is a metallic sphere with a diameter of 2 centimeters. 
• The "Dummy" objects are non-mine objects, e.g. rocks or soda cans. 

The input parameters used in this test are the following: 
 

1. The measurement used is 'Feb001'. 
2. As previously we take our examples from the left half. However, since both of the 

two 'Sphr5' objects reside on this half, only the upper one will be used as an 
example. 

3. We know that using many dictionaries increases the adaptivity of the method, but 
that this comes at the cost of increased time and storage cost. As a compromise, we 
will use 10 dictionaries in this test. The ones chosen are: The Haar basis, three 
Daubechies bases (6, 10 & 14), three Coiflets (1, 3 & 5), and three Symmlets (4, 6 
& 9). 

4. The classes we use are: Background, 'Sphr5', and 'Trp10'. 
5. The same considerations as above suggest we should use as few radar signals as 

possible, while we at the same time should cover a large area. To accomplish this 
we use every other radar signals in a square of size 15  centered at relative 
position ( ) .  

15×
0,0

 
This time the output from the implementation is: 

 
>> Properties of the best best basis: 
>>   Wavelet basis selected: Coif5 
>>   Relative position selected: Y=-4, X=2 
>>   Discriminant measure for this basis: 45.9245 
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Figure 34. The objects in the 'Feb001' measurement. 

50 100 150 200 250 300

300

250

200

150

100

50 

 
Figure 35. Energy plot for the 'Feb001' measurement. 
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Figure 36. Discriminant power of the coefficients (a) sorted (b) first 20 coefficients. 
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Figure 37. Basis functions and coefficient energy for some coefficients using best best basis picked in test 4. 
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A plot of the discriminative power of the coefficients is shown in figure . Since in this 
test we are using a different measurement and different classes than in the previous tests, 
we will not attempt to compare the discriminant measure of this test to those of the previous 
ones. 

36

In figure  we have plotted basis functions and coefficient energy for three different 
coefficients. The coefficients shown were sorted as number 1, 10 and 29. The reason we 
chose to show the latter two, is that for coefficient number 10 all objects chosen as classes 
can be spotted, while for coefficient 29 we can actually spot every single object in this 
measurement. 

37

Test Number Five 
We include one final test in this thesis, mostly because it provides us with an interesting 

coefficient energy plot, but also to address a factor that was missing in the previous tests. 
Remember that we have only been able to use one single example of each class in our 
library. However, since the input signals are of a statistical nature, using several examples 
of each class should provide better results. Sadly, no measurements enabling such tests 
were available to the author of this thesis, so to explore this possibility, an artificial 
technique had to be used. This technique is described below. 

The input parameters used in this final test are the following: 
 

1. We use the 'May00A3' measurement previously used in tests one to three. 
2. To get several examples of a class, input signals containing only one radar signal 

are used. In addition, the signals obtained at the nine measurement points closest to 
the center of the object which the class represents will be used as examples of this 
class. The objects chosen are the ones on the left, as before. 

3. We use the same dictionaries as in test number one. 
4. The same classes as in test one will be used. 
5. As was mentioned above, the input signals consists of only the radar signal at 

relative position .  ( )0,0
 

The fifth test results in the following basis being chosen: 
 
>> Properties of the best best basis: 
>>   Wavelet basis selected: Haar 
>>   Relative position selected: Y=0, X=0 
>>   Discriminant measure for this basis: 10.3867 
 

We will not try to interpret the results of this test, but merely note that the basis chosen is 
the simple Haar basis, and that the discriminant measure is considerably lower than in test 
number one. The coefficient energy plot and the basis function for the coefficient with the 
highest discriminant power, is shown in figures  and . We see that the two 'Trp10' 
objects are very easily spotted in this plot. Even though this is merely a coincidence (this 
object was not used as an example) the results are interesting. The 'Trp10' object is not 

38 39
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considered an easy object to detect; but using this plot we are able to "see" the object using 
only one coefficient of the transformed signal, and also using a very simple basis function. 
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Illustration showing relative energy for coefficient 1
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Figure 38. Plot of coefficient energy over measurement area for coefficient number 15 in test 5. 
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Figure 39. Basis function for coefficient 15 of the best best basis picked in test 5. 
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CONCLUSIONS AND FUTURE WORK 

In this final chapter we discuss the results obtained in the tests accounted for in the 
previous chapter. Also discussed is what further improvements and research should and 
could be performed in the future. 

Conclusions 
We will now look back at the coefficient energy plots shown in the last chapter. These 

plots provide a very simple attempt to illustrate the output of the feature extractor. 
However, even by using this very simple illustrative method, we can actually "see" every 
single object that was used in the two measurements. By using a more sophisticated tool, 
like a classifier, to interpret the output of the feature extractor, we should get even better 
results. 

Without the help of such a classifier, it is however very hard to evaluate the power of this 
method, or to compare it to other methods. Thus, the most important result of this thesis is 
that it shows the possibilities of using time-frequency methods in the HUMUS system. It 
also provides a first implementation of a feature extractor that can be used, further tested, 
and improved. 

Future Work 
The conclusion we made in the previous section was that the results presented in this 

thesis are very promising, but that much work remains to be done. In this final section of 
the thesis, we present a list of some suggestions to what work should and could be 
performed in the future: 

• The first thing that should be done is to implement the full signal processing chain 
proposed in this thesis, i.e. to determine how many coefficients to use as features 
and to include a classifier in the chain. As was mentioned in the previous section, 
this is the only way of being able to compare this method to the methods that are 
currently in use. It will also provide a means of evaluating if future changes to the 
method improve its performance. 

• The method presented in this thesis selects the areas in the time-frequency plane 
where the features are best revealed. For the radar signals used in this thesis, "time" 
corresponds to the depth at which the objects are buried. This leads us to suspect 
that if the same object is buried at different depths, the time-frequency features 
may change considerably. This seems to be the biggest problem with the time-
frequency method. Before refining the method further, this problem should be 
studied and resolved. One idea could be to introduce several classes for the same 
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object but at different depths. Another idea is to preprocess the radar signal in 
some fashion, so as to make it independent of the depth of the object. 

• Before describing test number five, we noted that no measurements with several 
objects of the same type were available. To be able to further test the power of the 
best best basis method, such measurements should be performed. Preferably these 
measurements should include "weak" objects, e.g. 'Trp10'. 

• In this thesis the best best basis method was applied to the time synthesized radar 
signal. However, the actual output from the radar is frequency data. It should be 
explored whether this data can be used as input to the method, rather than using the 
time synthesized signals. 

• In the test result chapter; the method we used to include background was chosen ad 
hoc. Remember that we simply used a separate class for background. This problem 
should be further studied, e.g. by using the method proposed in section 4.7 of [9]. 

• In this thesis, we have only used the fact that our input signals are of a three-
dimensional nature in a very trivial way, i.e. the relative position where the 
discriminant measure between the one-dimensional radar signals is the highest was 
chosen. There should be better ways to exploit the multi-dimensionality of the 
input signals. Further research should be made in this area.  

• We have only used wavelet packets in this thesis. The method can easily be 
modified to include other time-frequency decompositions, e.g. local cosine bases. 
The only restraint to how many dictionaries we can use is the fact that more 
dictionaries yield higher computational cost. 

• In this thesis the J-divergence was chosen as a discriminant measure. There are 
other possible choices as well, both for measuring the divergence between 
subspaces (see [9] p. 66) and for measuring the discriminant power of the 
coefficients ([9] pp. 69-70). It could be further investigated whether using these 
alternative measures would improve the performance of the method. 

• The problem of increased computational cost leads us to the last suggestion we will 
make in this thesis. It should be further explored which wavelet bases are actually 
picked by the best best basis method. If some bases are almost never used, these 
could be excluded from the library, thereby decreasing the time and storage 
capability needed to build the library.  
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