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Abstract

Real-time sound synthesis in computer games using physical modeling is an area with
great potential. To date, most sounds are pre-recorded to match a certain event. Instead
by using a model to describe the sound producing event, a number of problems encoun-
tered when using pre-recorded sounds can be avoided. This thesis will introduce these
problems and present a solution. The thesis will also evaluate one such physical model,
for rain sound, and implement a real-time simulation to demonstrate the advantages of
the method.
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Chapter 1

Introduction

Sound synthesis is a term used to describe the artificial production of sound information
designed for the purpose of mimicking actual sound events. It is predicted that in the
coming years this will be a growth area for a number of applications. Real-time sound
synthesis for computer game environments is an excellent example of one such area of
application. To date, most computer game sounds are pre-recorded/made to be used
for certain events, engines, collisions and interactions, weapons fire, weather effects, etc.
However, as computer games are becoming much more realistic, allowing the user to
interact with the virtual world in many conceivable ways, sounds that match any possible
situation are difficult to anticipate by sampling methods. Furthermore, any given sound
source can behave in a vast variety of different ways depending on the variables specific to
each occurrence. Pre-recorded sounds can at best be filtered or conformed in some way to
match a given situation, but this is often an inefficient and time consuming task. In these
cases, real-time generated sound based on a physical model can represent a more desirable
alternative. An example of a sound event is a collision occurring when objects interact,
such as when a box falls to the ground. These events can be very different depending
on a large number of factors, such as the amount of energy released, the velocities and
masses involved in the collision, angle of collision, etc. Obviously there is too great a
range of possible scenarios to be to be treated with pre sampled sounds. However, to
generate sounds procedurally, the required input would be precisely these parameters
resulting in a different output for each unique collision. This example could also be nicely
fitted into the structure of present physics engines such as Havok or Meqon, where all
these necessary parameters come directly out of internal processes. However, a task found
more appropriate for this project was the modeling of simpler, background and perhaps
stochastic sounds arising from, say, electric fans, wind, breaking waves, rustling leaves,
etc.
In a quite natural way, there are many ways of synthesizing sound. Physical modeling,

which is the approach taken here, is only one of them. This way of synthesizing was
chosen since it introduces real physical factors and features which can subsequently be
manipulated in order to create certain effects. In doing so we can ensure that the character
of the synthetic sound produced emanates from real features and that it is easy and
straightforward to control. Other synthesizing methods can also produce sounds that
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mimic real physical events. However, these are necessarily invented by trial and error and
lack the ability to respond to changes to real properties.
In this thesis we focus on the subject of the stochastic modeling of rain sound. The

main goal is in fact the real-time simulation of the sound of rain. To achieve this goal we
present a physical model of the sound produced as a result of the impact of an isolated
raindrop on a solid ground surface. Based on this model, a real-time simulation of large
clusters of raindrops is implemented. The method relies on a random distribution, in
terms of time and space, of impact points and raindrop sizes. The superposition principle
allows for the independent addition of a set of sound signals coming from this random
distribution. Important physical parameters such as rain intensity, drop volume, impact
speed, as well as surface properties can be varied smoothly during the audio simulation.
The physical function we focus attention on is the so-called acoustic pressure as it is this
quantity which is registered by our own sense of hearing. To demonstrate the performance
of the simulation method, a real-time algorithm has been implemented. The implementa-
tion employs a user-friendly interface allowing the operator to vary system parameters in
real-time and thereby alter the production of desired synthesized sound during program
execution.
The motivation for this work is based partly on the author’s interest in modeling those

physical events and situations we experience with our own senses. Sound modeling is a
natural example of such.
The project uses a number of software tools. They are listed in the table below together

with their use.

Software Used for
MathWorks MATLAB Algorithm drafts, misc. plots
Microsoft Visual C++ Final algorithm implementation
Synthesis ToolKit (STK) Sound playback
Macromedia Director Interface design and demo application
Scientific WorkPlace Report writing and design
Discreet 3dsmax 3D graphics
Adobe Illustrator 2D graphics

• MathWorks MATLAB
Matlab is a very powerful and well suited environment for early test implementations.

It results in a rapid development process and gives some early indications on what could
be expected as a final result. Here it was used in the implementation of the non real-time
algorithm. Matlab is able to play a vector of normalized values as sound information, in
an easy process.

• Microsoft Visual C++
The final model and application was implemented in C++. Microsoft Visual C++ is a

common and easy environment for Win32 application programing. Compared to Matlabs
scripting environment, C++ returns compiled machine code which is faster and more
suited for the sound engine presented in this thesis.
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• Synthesis ToolKit (STK)

STK is an extremely useful toolkit for C++ implementations using sound and sound
synthesis. It features a number of different synthesis techniques such as oscillator based
additive, subtractive, Frequency Modulation (FM), modal, sampling, physical models of
string and wind instruments. However in this project only the real-time playback routines
were used.

”The Synthesis ToolKit in C++ (STK) is a set of open source audio
signal processing and algorithmic synthesis classes written in C++. STK
was designed to facilitate rapid development of music synthesis and audio
processing software, with an emphasis on cross-platform functionality, real-
time control, ease of use, and educational example code. ...” [Cook]
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Chapter 2

Physical Model

Figure 2.1: Physical model

Consider the situation displayed in figure 2.1. An observer or listener stands on per-
fectly level ground. The height of his/her ears is a distance, H, above the ground. Since
the listener is modeled as a single point at a certain height above the centre of the infinite
plane surface, the model as it stands cannot actually be used to simulate stereo effects as
would be the case if the sound were to reach our two ears with either an associated time
or intensity difference. However, when implemented on a multi-speaker system the audio
model described in this thesis can be prepared so that an equivalent stereo effect can be
produced. This will be described in more detail in the implementation chapter.
All around the figure discrete raindrops fall and impact with the surface. In this thesis

two types of ground are considered. Firstly, we consider a perfectly rigid surface which
reflects all sound from above, without loss of energy. This type of surface is assumed to
represent a typical concrete surface. Secondly, we consider, in the sections labelled soft
surface, the ground to have more real world like properties, in which the incident sound
energy is partially lost upon contact with the surface. That is, some of this sound energy
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is absorbed and some is reflected. These notions hold true even in our case when the
sound actually originates on the surface itself.
When the ground is hit by a drop, a circular source area is spawned around the collision

point. All or part of the drop’s total (kinetic) energy is converted into surface motion
within this area resulting in a vertical acoustic impulse which then radiates away from
the source region. Figure 2.2 may help to describe what is meant here.

Figure 2.2: Source spawning

where Ek is the drop’s kinetic energy and v is the velocity of the source, defined by
an impulse function.
The total rainfall is made up of a uniformly random distribution of falling spherical

water drops. Each raindrop falls vertically with a given terminal velocity depending
on drop size. It thus possesses, just before contact with the ground, some amount of
kinetic energy which, upon impact, is partially or totally converted into sound wave
energy generated by an impulse bounded by a small circular source area on the ground.
Raindrops range from 1 mm in radius or smaller to roughly 3-4 mm. The source area is
assumed to have a radius somewhat larger than the raindrop due to impact deformation.
For convenience we restrict the model to linear acoustics theory in which the super-

position principle can be invoked. There is thus no interference between sounds from
different drops. Similarly, we assume the absence of all other boundaries. Thus, there is
no interference with other geometries, HRTF (Head Related Transfer Function). There
is, furthermore, no assumed variation of reflection properties on the surface.
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Chapter 3

Mathematical Model

The mathematical model presented in this chapter is based on the physical model pre-
sented in the previous section. Here, the exact same system and course of events as in the
physical model is described in analytical terms. We then combine this description with
a description of the time evolution of sound in an environment. This time evolution is
known to be described by a partial differential equation, the wave equation, which summa-
rizes the relationship between the changing physical variables of the system as the sound
propagates [Kinsler, Morse]. Solving the mathematical model, including this differential
equation is, of course, necessary if one is to succeed in producing as realistic a sound as
possible. Sadly, there is never any guarantee that one is able to solve a mathematical
problem. In many cases one is forced to make compromises, i.e., approximations, in order
to come up with a solution. Hopefully, any such compromises would be based on physical
reasoning and therefore would not affect the physical realism too much. In the present
model it was not necessary to make so many compromises, at least in the simplest case of
the sound of rain on a rigid surface. The compromises that were made will be indicated
when they appear. To help the reader understand the method we have used to solve the
problem we summarize this chapter in figure 3.1.
The wave equation is the accepted fundamental approach in the description of sound

propagation [Kinsler, Morse]. Unfortunately, it is difficult to solve except in certain simple
cases. Thus, we take an alternate route developed a century ago by a mathematician,
George Green, who invented a function - a Green function - and technique allowing
one to rewrite a differential equation, like the wave equation, as an integral equation.
As the name implies, this is an equation involving integrals of the unknown functions.
Solving this equation turns out to be simpler if one chooses the Green function correctly.
Furthermore, using Gauss’ theorem we can rewrite this equation in terms of integrals over
the boundary only. What makes this step important is that it is on the boundary that we
have information that we can use.
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Figure 3.1: Solution schematic
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3.1 Model Definition

The following section summarizes some of the important variables used in this chapter
and in the next.

3.1.1 Modeling of the Ground and Air

Figure 3.2: Ground and air model

We introduce a xyz−coordinate system with the xy−plane representing the ground
on which the rain strikes (figure 3.2). The origin of the coordinate system is placed at
the “feet” of the observer whose ear level is a distance, H, above the xy−plane denoted
by Γ. The region above the ground is naturally the half-space, z > 0, which we denote
by the symbol, Ω. Denote by Ω (R) the finite region of Ω contained within a half-sphere
of radius, R, which is considered very large. The boundary of the region, ∂Ω (R), is then
partly composed of the ground within the half-sphere, which we shall denote by Γ (R),
and partly the half-sphere surface which we denote by ∂Ω\Γ (R). We shall eventually
take the limit R→∞, in which case Ω (R)→ Ω and Γ (R)→ Γ. Thus, we include all of
the half-space above the ground as well as the entire horizontal surface.
In the equations that follow the listener position will be denoted by x while a sound

source point will be denoted by xs. This latter variable will first be taken as a general
point and later it will describe sound sources on the ground, Γ.
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3.1.2 Raindrop Model

Although not absolutely essential it is a desirable ambition to have a means of associat-
ing the sound from an individual raindrop with the physical properties of the raindrop.
Therefore, in this section we aim to provide a set of physically motivated parameters
which take into account the circumstances associated with a falling drop of a given size.
These parameters which then appear in the expression for the sound produced allow us
to directly associate the raindrop acoustics with a given physical feature.
A raindrop of volume, V , has mass, m = ρwV , where ρw is the density of water.

We assume that a drop of rain has fallen sufficiently long that it has reached a terminal
velocity determined by a force balance: weight force balancing drag force. Taking into
account buoyancy effects, the terminal speed of the drop can be found from the following
force balance equation

vT b = ∆ρ
4

3
πa3g

where b is a frictional constant dependent on the drop size and viscosity of air. Here, we
use the Stokes’ drag model assuming the drop is spherical in shape. The Stokes’ resistance
model gives the expression [Morse]

b = 6πµa

where a is the radius of the spherical drop and µ is the viscosity of air. Thus, we arrive
at the terminal speed of

vT =
2

9

∆ρ

µ
ga2

In the present situation ∆ρ = 0.99871 gm/cm3, and µ = 0.00017 gm/cm.s, g = 981
cm/s2. The essential parameter is the radius, a, in which case we see that the speed
depends quadratically on size. We denote this dependence simply as

vT = Ca2m/s

Just prior to impact with the surface at z = 0, the drop has a kinetic energy of

1

2
mv2T =

1

2
ρ0
4

3
πa3

¡
Ca2

¢2
=
2

3
πρ0C

2a7

This energy we assume is completely converted to kinetic energy of the surface. The
surface motion that results is in the form of an impulse of magnitude A (vT ).

3.1.3 Listener Model

The only essential feature here is the location of the listener’s ears. We assume that the po-
sition we are most interested in detecting the sound pressure is at the point, x =(0, 0,H).
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3.2 Wave Equation

The propagation of sound in fluids is described by the behaviour of three physical fluid
properties:

I. u (x, t) is the fluid velocity at any point, x, and time, t. In the absence of any fluid
friction (i.e., viscosity) the field is irrotational which in mathematical terms means
that ∇× u = 0. In such a case the velocity, u, can be expressed as the gradient of
a scalar function, u = ∇φ. φ (x, t) is called the velocity potential.

II. p (x, t) = P (x, t)−P0, the difference between the absolute pressure in the presence of
a sound wave and the pressure at equilibrium. This is called the acoustic pressure.
P0 is atmospheric pressure.

III. ρ0s (x, t) = ρ (x, t) − ρ0, the time variation of the local mass density in the fluid,
s (x, t) is called the condensation.

We assume that all these quantities are small. (e.g., sound pressures are of the order of
10-4atm.), in which case the above three fluid quantities are related through the following
three equations: 

∂s

∂t
+∇ · u = 0,

∂u

∂t
+
1

ρ0
∇p = 0,

p = ρ0c
2s,

(3.1)

where c2 = ∂P0/∂ρ0 is the (square of the) phase speed of acoustic waves. The first of
these equations is the conservation of mass equation, the second is the conservation of
momentum equation (Newton’s second law) and the third equation is the thermodynamic
equation of state relating changes in pressure to changes in density. By simple manip-
ulation of these three equations it can be shown that each of the above three acoustic
variables, as well as the velocity potential, satisfy the same three-dimensional, wave equa-
tion. Since we shall be mostly interested in the acoustic pressure we then have that, in a
given medium, p = p (x, t) satisfies the wave equation,

∇2p− 1

c2
∂2p

∂t2
= g (x, t) , (3.2)

where g (x, t) is a source function and

c =

s
∂P0
∂ρ0

, (3.3)

is the speed of sound in that medium, in this case air.
To the wave equation (3.2) we must add boundary conditions. These vary depending

on the type of boundary. For a fixed, rigid boundary the normal velocity is zero:

n · u = 0, on the rigid boundary. (3.4)
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For a fixed, soft boundary with a well-defined surface impedance, the condition is more
complicated. It is expressed as [Kinsler]

p− n · uZs = 0, on the soft boundary. (3.5)

For surfaces that are moving, the right hand sides of these last two conditions are replaced
by given functions. We will employ examples of such so-called nonhomogeneous conditions
later.
There is one final condition which we need to use since the region we will be considering

is infinite in extent. It is well known that the sound produced from a point source in
free space decays algebraically with distance from the source point [Kinsler]. The same
reasoning holds if one is sufficiently far enough away from an extended source of sound.
This fact can be expressed in the following way

lim
R→∞

µ
r
∂p

∂r
+
1

c

∂p

∂t

¶
= 0. (3.6)

This basically says that the acoustic pressure variation is a diverging spherical wave which
decays with distance, p ∼ f (r − ct) /r. This condition is called the Sommerfeld radiation
condition. We shall be applying it on the spherical part of our boundary, Ω (R).
The ultimate goal is to solve equation (3.2), at the same time satisfying the boundary

conditions, and hence find the acoustic pressure at the listener position, x, resulting from
the sound produced by the impact of a single drop.

3.3 Boundary Integral Equation

In the case of finite volume regions with nice geometries the wave equation can be solved
using direct methods such as the separation of variables technique. However, in our
case where we have a physical three dimensional model with a semi-infinite space region,
solving (3.2) is extremely difficult even with a zero source function, g = 0. Fortunately, as
mentioned at the beginning of this chapter, there exists an alternative approach to obtain
the pressure. This is by reformulating the problem as an integral equation [Kinsler, Morse].
To this purpose we first introduce a special function, called a Green function, which is
the solution of a special case of (3.2).

∇2G (x, t|xs, ts)− 1

c2
∂2

∂t2
G (x, t|xs, ts) = −4πδ (t− ts) δ (x− xs) . (3.7)

This equation has the property of describing the propagation of a pressure signal to a
point x and time t due to a point impulse at xs originating at an earlier time ts < t. It
is a special case of (3.2) where G is called a Green function. A Green function is thus
essentially the pressure due to a simple point source.
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It is useful at this point to introduce the Fourier transform and make use of some of
its properties. The Fourier transform pair are defined as

hω (x) =
1
2π

∞R
−∞

h (x, t) eiωtdt = F [h] ,

h (x, t) =
∞R
−∞

hω (x) e
−iωtdω = F-1 [hω] .

(3.8)

Two properties of the Fourier transform that we shall use are F
·
∂h

∂t

¸
= −iωhω,

F [h (t− τ)] = hωe
iωτ .

(3.9)

It is now possible to simplify the problem somewhat by applying the Fourier theorem to
(3.2) and (3.7) converting these from temporal form to spectral form. Using (3.8) and
(3.9) these equations are transformed to

∇2pω (x) + k2pω (x) = 0 (3.10)

and
∇2Gω (x;xs) + k2Gω (x;xs) = −4πδ (x− xs) (3.11)

where pω = F [p], and Gω = F [G] and k = ω/c is the wavenumber parameter.
The reformulation of our problem as an integral equation involves the following ma-

nipulations. Multiply equation (3.10) by Gω and equation (3.11) by pω, take the difference
between these two results and integrate with respect to the x−variable over the entire
allowed volume, Ω (R) for large finite R. Doing this we getZZZ

Ω(R)

¡
Gω∇2pω − pω∇2Gω

¢
dx+ k2

ZZZ
Ω(R)

(pωGω −Gωpω) dx

= 4π

ZZZ
Ω(R)

δ (x− xs) pωdx (3.12)

The second term on the left hand side vanishes identically while the right hand side
integral can be evaluated directly using properties of the delta function [Morse]. Thus,
we get

pω (xs) =
1

4π

ZZZ
Ω(R)

¡
Gω∇2pω − pω∇2Gω

¢
dx

=
1

4π

ZZZ
Ω(R)

∇ · (Gω∇pω − pω∇Gω) dx.

The last expression can be shown by straight partial differentiation to be equivalent to
the expression above it. The integrand in the last integral is in the form of a divergence of

13



a vector. We can therefore use the Gauss theorem to relate the integral over the control
volume to a flux integral of the vector over the surface of the bounding volume. We find

1

4π

ZZZ
Ω(R)

∇ · (Gω∇pω − pω∇Gω) dx =
1

4π

ZZ
Γ(R)

(Gω∇pω − pω∇Gω) · (−ns)dS

+
1

4π

ZZ
dΩ/Γ(R)

µ
Gω

∂pω
∂r
− pω

∂Gω

∂r

¶
dS∞

In this expression the outward pointing normal vectors are −ns = (0, 0,−1) and n∞ = er.
In the limit of infinite volume (R → ∞) the last term in this last expression vanishes
using the Fourier transform version of the Sommerfeld radiation condition, (3.6). Taking
this limit we therefore only get an integral over the rigid surface:

pω (xs) =
1

4π

ZZ
Γ

(Gω∇pω − pω∇Gω) · (−ns)dS

≡ 1

4π

ZZ
Γ

µ
Gω

∂pω
∂ns
− pω

∂Gω

∂ns

¶
dS

To be consistent with our original choice of notation we swap the variables about, xs ←→
x, so that the final expression we wanted to obtain is

pω (x) =
1

4π

ZZ
Γ

µ
Gω (x;xs)

∂pω (xs)

∂ns
− pω (xs)

∂Gω (x;xs)

∂ns

¶
dSs. (3.13)

We have not yet solved anything since the unknown quantity, the Fourier transformed
acoustic pressure, pω, is found both outside and under the integral sign. In addition, it
must be transformed back into a function of the t variable. All the same, from (3.13)
many different approaches may be tried depending on the choice of Green function, which
so far is unspecified. This we do in the next section.

3.4 Boundary Conditions & Green Functions

A fundamental solution to (3.11) valid in infinite free space is known [Morse]. It is given
simply by

gω (x− xs) = eik|x−xs|

|x− xs| =
eikR

R
, (3.14)

where again k = ω/c and for convenience we have definedR = |x− xs| (not to be confused
with the previous use of the variable R which we no longer require). In temporal space
this function essentially describes a spherical diverging wave originating from the point,
xs. The entire point of the Green function approach can be summarized in the following
statement: the assumption of linear acoustics implies that complicated signals can be
constructed by superposition of simpler ones, in fact one can add sufficient combinations
of (3.14) with sufficient weights to represent the sound from any combination of sources
located anywhere in space. This too is essentially what (3.13) says. In fact, we can even
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add specific combinations of (3.14) to take care of the existence of boundaries. In the
following two sections we therefore construct Green functions of the form

Gω (x;xs) = gω (x− xs) + F (x;xs)

to be used in (3.13), choosing appropriate forms of the function F (x;xs) so as to satisfy
boundary conditions.

3.4.1 Rigid Surface and Reflecting Green Function

Since the surface is perfectly rigid allowing no fluid to penetrate below z = 0 the fluid
velocity satisfies (3.4) over all parts of the surface except that part which responds to
an impact with a raindrop. It is then appropriate to choose a Green (pressure) function
whose velocity satisfies the exact same condition. First, we rewrite the condition in terms
of the acoustic pressure. Taking the Fourier transform of Eq. (3.1b) using (3.9) we find

(iωρ0)uω = ∇pω.

Inserting this into condition (3.4) gives

(iωρ0)
−1∇pω · ns = 0, xs ∈ Γ (fixed) . (3.15)

Now we insist that the Green function also satisfies this boundary condition on all parts
of the surface, including the impact regions. With this in mind, the Green function must
satisfy

∂Gω

∂z
= 0, xs ∈ Γ. (3.16)

The Green function that satisfies the spectral wave equation, the Sommerfeld condition
and condition (3.16) is

Gω (x|xs) = gω (x|xs) + ḡω (x|xs) (3.17)

where

F (x;xs) ≡ ḡω (x|xs) = eik|x−x
∗
s |

|x− x∗s|
with

x∗s = (xs, ys,−zs)
Equation (3.17) can be thought of as a sum of two sound waves: a pressure wave coming
directly from the source point xs and a reflected wave which appears to come from the
point x∗s. Since we are interested in sources that are actually on the ground we set zs = 0,
in which case the Green function becomes

Gω (x|xs) = 2gω (x|xs)
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in which the source points are of the form, xs = (xs, ys, 0). Using this result in (3.13) we
then have the integral equation

pω (x) = − 1
2π

ZZ
Γ

gω (x|xs) ∂pω
∂z

dS

= − 1
2π

ZZ
Γ

eikR

R

∂pω
∂z

dS. (3.18)

Since ∇pω = iρ0ωuω and
uω(xs, ys, 0) · ns = vω(xs, ys)

within the impact region on z = 0, we find that ∂pω/∂z in these regions can be expressed
in terms of the surface velocity

∂pω
∂z

= iρ0ωvω (xs, ys) on z = 0.

Inserting this into (3.18) gives an integral expression for the Fourier transformed acoustic
pressure

pω (x) = −iρ0ω
2π

ZZ
Γ

eikR

R
vω (xs, ys) dS.

Inverting this back into temporal space (using (3.9)) we find the acoustic pressure at any
point x at time t to be given by the double integral

p (x, t) =
ρ0
2π

ZZ
Γ

v̇
¡
xs, ys, t− R

c

¢
R

dxsdys, (3.19)

where

R =

q
(x− xs)

2 + (y − ys)
2 + z2

is the distance from the source point xs = (xs, ys, 0) on the surface to the observer point
x = (x, y, z) above the surface.
Once the nature of the surface velocity is specified all that is required is the evaluation

of the double integral over the impact regions on the surface.

3.4.2 Soft Surface and Impedance Green Function

In this section we consider the Green function appropriate for a locally reacting impedance
surface. That is, the Green function for a surface which partially absorbs and partially
reflects sound waves. We distinguish between active and passive regions. The active
regions give the contributions to the detected sound wave. The passive regions describe
the reaction to incoming sound waves. Both help define the Green function. Suppose
the surface is divided into nonmoving, Γ0, and moving regions, Γ1. In the passive regions
there is a homogeneous relation between pressure and normal velocity in terms of a known
surface impedance, Zimp = ρ0c/β,
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Zimp =
p

u · n =
p

uz
, x ∈ Γ0,

⇐⇒ uzZimp = p, x ∈ Γ0,

⇐⇒ βp = uzρ0c, x ∈ Γ0.

Taking the Fourier transform of the last result gives the relation

β

ρ0c
pω = uz,ω = − 1

iωρ0

∂pω
∂z

.

For the active regions we require an inhomogeneous form of this result written as

− 1

iρ0ω

∂pω
∂z
− β

ρ0c
pω = −vω, x ∈ Γ1 (3.20)

The Green function for this impedance surface, valid for all x ∈ Γ, satisfies the homoge-
nous form of this relation. That is, it satisfies

− 1

iρ0ω

∂Gω

∂z
=

β

ρ0c
Gω. (3.21)

The function F (x;xs) is now chosen to allow (3.21) to be satisfied. Having done this the
resulting Green function is inserted into (3.13) to give the formula for the pressure at any
point in space:

pω (x) = −iρ0ω
4π

ZZ
Γ1

Gω (x|xs) vω (xs) dS.

It turns out [Morse] that a closed form expression for the true Green function is not
possible to obtain in real space. It is, however, possible to write down its form as an
integral in Fourier space. It can be shown that the free space Green function for a point
source at xs can be represented by the integral.

gω (x|xs) =
4π

(2π)3

ZZZ
eiκ·(xs−x)

|κ|2 − k2
d3κ,

where k = ω/c and κ is the Fourier integral variable. This representation essentially
means that a spherical pressure wave originating from a point source can be written as an
infinite sum (integral) of plane waves. A similar idea holds for the reflected spherical wave
given by the function F (x;xs). Assuming that a reflected plane wave is linearly related
to an incident plane wave modified in phase and amplitude depending on the angle of
incidence [Kinsler, Morse], the reflected wave can be written

F (x;xs) = 4π
1

(2π)3

ZZZ
eiκ·(x

∗
s−x)

|κ|2 − k2
ζ cos θ − 1
ζ cos θ + 1

d3κ, (3.22)

where ζ = 1/β, cos θ = κz/ |κ| is the cosine of the angle between the κ vector of an
incident plane wave and the z−axis and x∗s = (xs, ys,−zs) is the image source position.
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Equation (3.22) is valid for a plane surface of local reaction and if ζ = 1/β is independent
of frequency ω = kc. Note that the only factor which differentiates this integral from the
rigid surface result, (3.17), is the presence of the cos θ function term.
Integral (3.22) is not trivial to evaluate because of this extra factor. However, if we

assume that the distance from surface to the observer is sufficiently large, then we can
make the substitution

cos θ =
κz

|κ| ≈
z

R∗

in which case the cosine factor becomes independent of κ and can be taken out of the
integral. The integral can then be evaluated to give the approximation

Gω (x|xs) ≈
eikR

R
+

z/R∗ − β

z/R∗ + β

eikR
∗

R∗

where again β = 1/ζ, and R∗ = |x− x∗s| .
If we now send the source point to the surface zs → 0, then xs = (xs, ys, 0) = x∗s,

R∗ = R and

Gω (x|xs) ≈
eikR

R

µ
1 +

z − βR

z + βR

¶
=

2z

z + βR

eikR

R
. (3.23)

Rewriting this result using partial fractions we get

Gω (x|xs) =
2eikR

R
− 2βeikR

z + βR

in which we recognize the first term as the Green function for a rigid surface and the
second term as an absorption term (it vanishes if β = 0).
Inserting this result into the integral expression for the pressure and inverting back to

temporal domain we obtain the acoustic pressure at any point, x, at time, t, to be the
double integral

p (x, t) =
ρ0
2π

ZZ
Γ1

v̇

µ
xs, ys, t− R

c

¶µ
1

R
− β

z + βR

¶
dxsdys, (3.24)

where again

R =

q
(x− xs)

2 + (y − ys)
2 + z2.
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3.5 Raindrop Function

3.5.1 Sound from a Rigid Surface

From the schematic figure the observer/listener position can be specified to be located on
the positive z−axis, a distance H above the origin on the xy−plane. That is,

x =(0, 0, H) .

The center of the source region, the point of impact of the raindrop, is on the xy−plane,
a distance, x0, from the origin. The x−axis is conveniently oriented so that the source
center is at (x0, 0, 0). The variable, xs = (xs, ys, 0) in (3.19) takes values over all the
points within the circular impact area of radius a centered at this source point (x0, 0, 0).
Rewriting the integral (3.19) in polar coordinates, defined with respect to the origin of
the coordinate system (below the listener position), we obtain the expression

p (0, 0, H, t) =
ρ0
2π

Z rmax

rmin

Z θmax(rs)

θmin(rs)

v̇
¡
rs, θs, t− R

c

¢
R

rsdθsdrs, (3.25)

where R =
p
r2s + z2. This is an iterated integral assuming a first integration with respect

to the angle variable, θs. The extreme limits on rs are straightforward to determine in
terms of impact region parameters:½

rmin = x0 − a,
rmax = x0 + a.

The limits on θs = θs (rs) are naturally rs−dependent and found by a simple geometric
argument to be 

θmin (rs) = − cos−1
µ
r2s + x20 − a2

2x0rs

¶
,

θmax (rs) = −θmin (rs) = cos−1
µ
r2s + x20 − a2

2x0rs

¶
.

To simplify the iterated integration we assume that v and hence also v̇ is uniform over the
entire source area. That is, v is independent of rs and θs within this region. This is one of
the compromises we spoke of at the beginning of this chapter. With this approximation
we can immediately integrate with respect to θs to obtain the ordinary integral

p (0, 0, H, t) =
ρ0
π

Z x0+a

x0−a

rs
R
v̇

µ
t− R

c

¶
θmax (rs) drs, (3.26)

where R =
p
r2s +H2. This integral further simplifies with the following substitution

τ = t− R

c
= t−

p
r2s +H2

c
.
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Expressing rs in terms of τ

rs =

q
c2 (t− τ)2 −H2 =⇒ rsdrs = −cRdτ,

the integral (3.26) becomes

p (0, 0, H, t) =
ρ0c

π

Z t−Rs
c

t−Rl
c

v̇ (τ) θ̄max (τ) dτ (3.27)

where  θ̄max (τ) = θmax

µq
c2 (t− τ)2 −H2

¶
,

Rs,l =
q
(x0 ∓ a)2 +H2,

where it should be noted that Rs < Rl.
The disc introduces an impulse velocity contribution of the form

v (t) = A (vT )H (t)

where

H (t) =

½
0, t < 0,
1, t > 0.

is the Heaviside step function. The derivative of v is then straightforward to obtain

v̇ (τ) = A (vT ) δ (t) .

With this result (3.27) becomes

p (0, 0, H, t) =
ρ0c

π
A (vT )

Z t−Rs
c

t−Rl
c

δ (τ) θ̄max (τ) dτ. (3.28)

This integral actually takes on three possible values depending on the value of the time
variable t. If t < Rs/c then both integrand limits are negative and the integral vanishes
(by definition of the delta function). Similarly, if t > Rl/c then both integral limits are
positive and the integral is again zero. On the other hand if Rs/c < t < Rl/c, then the
upper limit is positive while the lower limit is negative; τ = 0 is then included in the
integral range and the integral gives a finite value. In fact, the properties of the delta
function allow explicit evaluation in this case:

p (0, 0, H, t) =
ρ0c

π
A (vT ) θ̄max (τ = 0) (3.29)

where

θ̄max (0) = θmax
³√

c2t2 −H2
´

= cos−1
µ
c2t2 −H2 + x20 − a2

2x0
√
c2t2 −H2

¶
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Thus, we have the acoustic pressure

p (0, 0, H, t) =


0 t < Rs/c,
ρ0c

π
A (vT ) cos

−1
µ
c2t2 −H2 + x20 − a2

2x0
√
c2t2 −H2

¶
Rs/c < t < Rl/c,

0 t > Rl/c.

3.5.2 Sound off a Soft Surface

As in the rigid surface case, the observation point is x =(0, 0,H), while the source is a
disc of radius, a, and center at (x0, 0, 0). The disc introduces a velocity contribution of

v (t) = A (vT )H (t) =⇒ v̇ (τ) = A (vT ) δ (t) .

With these expressions the first integral, p(1), in (3.24) is identical to that found in the
rigid case. The second integral is quite similar and can in fact be evaluated in a similar
manner. Using the above velocity impulse contribution and the assumption that within
the region of the disc the velocity is uniform, the second integral, p(2), can be written as

p(2) (0, 0, H, t) = −ρ0
π

Z x0+a

x0−a

βrs
z + βR

A (vT ) δ

µ
t− R

c

¶
θmax (rs) drs.

Invoking the same substitution variable as before

τ = t− R

c
=⇒ R = c (t− τ) ,

and after some manipulations we have (using ζ = 1/β)

p(2) (0, 0,H, t) = −ρ0
π

Z t−Rs
c

t−Rl
c

A (vT ) δ (τ) θmax (τ)
(t− τ) c2dτ

(c (t− τ) + ζz)
.

This integral can easily be integrated as before using the properties of the delta function
to give

p(2) (0, 0, H, t) =
0 t < Rs/c

−ρ0c
π
A (vT ) cos

−1
µ
c2t2 −H2 + x20 − a2

2x0
√
c2t2 −H2

¶
c2t
¡
ξz + |β|2 ct+ iσz

¢
(z + ξct)2 + σ2c2t2

Rs/c < t < Rl/c

0 t > Rl/c

where we have introduced the real and imaginary parts of β: β = ξ + iσ. The real part
of this result represents the physically registered pressure wave and it is this which is
implemented in the next chapter. The total pressure contribution is

p = p(1) + p(2)
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Chapter 4

Computational Implementation

This chapter includes the implementation of both a real-time simulation algorithm and
a non real-time algorithm and playback system. Both methods use the model of drop
clusters described in detail in the following section.

4.1 Source cluster model

Figure 4.1: Source cluster model

Using the model of a drop impact sound given in the previous section, an algorithm to
handle a large set of impact sources, a cluster of drops, has been implemented. To begin
with we define the model of the source cluster system shown in figure 4.1.
Let the area in which the rain falls be bounded by two circles centered at z = 0. The

first circle defines the closest distance from the observer to the raindrops, this is needed
partly since the observer himself occupies some space and hence absorb some of the rain.
It is partly also needed since the the distance to a source is not allowed to be smaller
than radius of the source itself, for obvious reasons. The listener is as usual at a height H
from the center of this region and modeled as a single point. The drop source positions
will be distributed uniformly in this area, through a random process, so that each source
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receives a direction φ and a distance x0 relative to the listener. The algorithm will also
specify the radius, a, of each drop source based upon a user-specified drop radius.

Figure 4.2: Source model

When looking closer on a certain drop source (figure 4.2) we find that since it has a
finite radius a, the sound emanating from it will arrive at the listener position first from
the point defined by the distance Rs in the figure, and lastly from the point at distance
Rl from the listener. Considering this we can assume that the pressure from a single drop
will look something like in figure 4.3

Figure 4.3: Pressure contribution from one drop

where ts and tl are the times needed for sound to travel the distances Rs and Rl,
respectively.
Now, each drop source has to be distributed in the simulated time interval, since we

do not want all drops to hit the ground at t = 0 globally. This can, however, be done in
some different ways. The most straightforward approach is to randomize, for each drop,
a global impact time t(0)0 = r×L where r is a random value between 0 and 1 and L is the
simulation length (figure 4.4).
Doing this we will find that the sound registered initially will come from the drops

lying closest to the listener. Assuming continual rate of drop impact, the intensity will
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Figure 4.4: Distributing drops by randomizing t(0)0 with respect to drop local time t = 0.

keep growing until the sound from drops lying furthest away has been able to reach the
listener. From this point on the intensity will stay at a constant level.
Instead, randomizing the global impact time t(s)0 (figure 4.4) with respect to the drop

local time ts (figure 4.3) would result in a constant sound intensity right from the start.
This also allows us to restrict the time interval in which the drop sounds arrive at the
listener. Randomizing t

(0)
0 would only restrict the impact time of each drop, not the

arrival time. Since each drop also receives a random impact distance, the arriving sound
impulse would be distributed along the entire simulation period. In the case of non real-
time simulation, this is not a problem. However, in a real-time algorithm this is not a
suitable solution since we would want to restrict the time interval in which the sound
impulse arrives. We simply do not want drops active during the period from impact to
sound arrival since this would drastically increase the number of drops to process at each
sample. However, this will be more clear later.

4.2 Non Real-Time

As a first step in non real-time playback, we need to decide the length and all the properties
of the simulation. Next, the pressure during the entire simulated interval is rendered as
one proceeds and the sound is first played when this entire process is completed. This
restricts the simulation not only in length but also by the characteristics of the produced
sound. During playback time, it is not possible to interfere in any way with the sampled
sound to produce a different sound. Note also that choosing a longer simulation period
will result in a longer time preparing the sound. Simulating five seconds of rain sound
will take, depending on the algorithm and computer speed, approximately five seconds to
prepare.
However, there is a benefit with a non real-time algorithm. Since the sound rendering

is done completely and separate from the playback process, it is not necessary for the
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Figure 4.5: Non real-time flowchart

rendering to be very fast as is required with a real-time algorithm, as explained in the
next section. For this reason, non real-time playback is a good starting point when
implementing first tests of sound producing algorithms.
The rendering process follows the model described above. Assuming that some ini-

tiating parameters have been specified for the rain cluster, such as rain intensity, drop
size etc, the number of drops during the simulation period can be calculated. After this
initiation, the sound producing algorithm will enter a repeating loop where drop source
variable values are randomly chosen or chosen based on user specifications, according to
the source cluster model, which includes source distance, direction, radius, impulse am-
plitude and time of impact. Using these source variables a pressure contribution can be
calculated using the mathematical description found in the mathematical modeling chap-
ter. Since pressure is additive we can add each source contribution together in a pressure
value list for the entire simulation period1. This loop will run through all drops specified
by the rain intensity, simulation area and drop radius, without any sound being heard.
Sound is first produced when the sampling process is completely finished and all source
pressure contributions has been added to the pressure list.
To summarize, a non real-time algorithm and playback system can be organized into

three steps: preparing and initiating variables defining the rain system, rendering a pres-
sure list for the entire simulation and finally sending the pressure list to a playback device.
It is a sequential and time global approach which works fine when user interaction and
continuous sound is not needed. It is also well suited for rapid prototyping of an algorithm.
Example of suitable environment for non real-time algorithms is Matlab scripting.

1The simulation period has been sampled using a sample rate of 44100 samples/sec. This is also the
sample rate used in the entire implementation chapter.
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4.3 Real-Time

In the real-time algorithm we will reduce the length of the simulation rendering stage
described in the previous section and instead of stopping after the complete non real-time
simulation period we loop the entire simulation. That is, the algorithm can be thought
of as a non real-time playback, within a repeating loop. However this iteration loop has
a period of only a few hundredths of a second2. One such iteration of pressure values is
called a buffer. Hence, the algorithm prepares sound buffers, which are handed over to
the playback device upon request. In contrast to the non real-time playback algorithm,
this technique allows for continuously playing sound. As fast as a buffer has been played,
a new buffer will be taken on. Note also that this process is not sequential as in the earlier
case. The buffer producing stage does not need to wait for the playback of a previous
buffer to finish. It can safely continue preparing the upcoming buffer while the current
buffer is playing.

Figure 4.6: Real-time flowchart

This non sequential semi-parallel process has many benefits. It is naturally faster but
it also allows for the possibility of interacting with the produced sound. Since a new set
of drops is prepared many times a second, we can change the properties defining the rain
system smoothly during the simulation. This is exactly what was wanted for the final
algorithm. However, it is more complex and cumbersome to implement. Firstly, it is
important to have an algorithm which produces sound pressure buffers at a fast enough
rate. If the algorithm is too slow, it will not be able to produce buffers at the same rate
as it is being played. There will thus be a phase delay in the process, with the playback
routine finding itself waiting for follow up buffers. When this happens repeated buffers will
be played and this is certainly undesirable. A non real-time algorithm is not concerned
with this constraint. Also, we need to design a system that handles the simultaneous
production and playing of a buffer3. Since the algorithm is implemented in C++, instead
of Matlab, routines for playback will also have to be implemented. Luckily there is
assistance available. The Sound Toolkit (STK) [Cook] is a free set of pre-implemented

2The algorithm uses a simulation period, or buffer, of 512 samples. With a sample rate of 44100
smp/sec we have a buffer size ≈ 0.0116 seconds. Longer or shorter buffer sizes can be experimented with.
However, 512 was found suitable in this case.

3A system such as this is called a multi-threaded system. In it, simultaneous tasks can be calculated
or processed.
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C++ routines to handle a bunch of useful sound synthesizing and playback tasks. It
handles, among other things, real-time playback of synthesized sound information on a
wide variety of platforms. In this project, STK was used for these tasks with very good
results. The code is very easy to use and well documented.
In the specifications of the previous cluster model, it was said that randomizing a time

of impact, t(0)0 , in the simulation period was well-suited for a non real-time algorithm but
not for real-time. Randomizing t

(0)
0 in the small period — the buffer — we have in this

case, would result in most of the drops to produce sound lying outside this buffer and
would thus never be heard at all. This happens because of the time difference between
the time of impact with the surface and the first sound arrival time. This difference varies
depending on the distance between the impact point and listener. In our case we are
not permitted any time difference at all since we have such a small simulated period (see
figure 4.74). We simply have to randomize the actual time when the sound arrives, t(s)0 .

Figure 4.7: Example buffer (under-exaggerated).

By doing this we still get the exact same type of distribution and now also only get
impacts with arriving sound in this small buffer period. Note that the simulated drops
are discarded after each buffer has been played and completely new drops simulated for
subsequent buffers. This is done to minimize to amount of active drops during each time
and a necessity for the playback model chosen. However, there is a small error introduced
here worth noticing. Since we are distributing pressure contributions with respect to Ts
in the buffer period, on some occasions contributions are cut off at the end of a buffer.
However, this happens rarely and only affects a very small number of drops and thus does
not affect the sound output in practice.

4A real 512-sample buffer contains approx. 1000 drops depending on rain intensity, simulation area
and drop radius.
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4.4 Multi-Speaker Sound Reproduction

As mentioned earlier, since the listener is modeled as a single point, we cannot simulate
stereo effects normally perceived when sound reaches our two ears with either an associated
time or intensity difference. In this section an alternative method is described which will
produce an equivalent stereo effect.
Consider a stereo speaker setup as in figure 4.8

Figure 4.8: Stereo speaker setup

When a drop impacts with the ground, the associated sound pressure calculated using
either of the two methods described in previous sections, is distributed among the pair
of speakers which encapsulates this drop’s impact point, or direction. The pressure is
then weighted according to a value emanating from a simple linear function of the drop
and the speakers angle directions relative to a origin-angle in the listeners direction. A
drop falling in the same direction as one of the speakers thus results in a weight of 1,
or 100% of the produced pressure distributed to this speaker and 0% to the other. This
method allows not only for a stereo speaker setup, but for any arrangement and number

Figure 4.9: Multi-speaker setup
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of speakers , such as in figure 4.9.
Using this method we have an easy and fast method of reproducing a sense of direction

for every drop in the simulation. It has been found to greatly enhance the surround sound
effect as well as the depth of produced sound. This method also fits for further extensions
of the simulation, using localized source types and sound events in a 3D environment.
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Chapter 5

Results

The mathematical model describing one drop impacting with a hard or soft surface was
successfully evaluated and implemented in real-time for use with large clusters of drops.
A simple user interface application was implemented in Macromedia Director to wrap the
functionality of the real-time algorithm. This was made possible by producing a so-called
scripting Xtra1 of the real-time algorithm and playback system. However, this is not
described in this thesis since it is not part of the actual algorithm implementation. Using
the interface one can easily focus on the sound produced by this model when varying the
parameters in real-time.
When comparing to sound produced by other models, for example a granular synthesis

model2, one can conclude that the physical model presented here is much more accurate
and flexible. Our model describes rain sound with a much wider variety of rain types.
In a way, our model comes out automatically parameterized with real physical properties
that can be varied in our real-time simulation. Other methods, such as granular synthesis,
would have to be parameterized according to extensive psycho-acoustic surveys to find
parameters that affect the sound in a way desired. That process is often very time
consuming and results mostly in parameters which do not have the flexibility needed for
simulations of real rain.
Compared to real rain sound, the physical model was found to produce sound that

in many ways was very similar. Note, however, that it is very unusual to hear only
rain sound when it is raining. Most often there are a number of other events producing
sounds. Thundering, water flowing and splashing, rain impacting with thin vibrating
surfaces, rustling leaves and howling winds, etc. Only first when combining the simulated
rain sound with some of these events and/or in conjunction with a visual appearance of
rain, would it be possible to appreciate the end result and effect of the synthesized rain
sound in this project.
A important consideration in an evaluation of the effort is how computationally in-

1Xtras are based on the Macromedia Open Architecture (MOA) and are used to extend the function-
ality of for example a Macromedia Director application. Refer to the macromedia homepage for more
information. [Macromedia]

2A granular synthesis model uses similar sound producing methods, however it is not parameterisized
with real physical properties such as a physical model. It is commonly used for synthesizing rain sound.
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tensive the simulation is. After optimizing the algorithm, it was found to be much faster
then expected. Depending, of course, on the rain intensity (number of drops) and also the
rain source radius (larger sources results in more samples to evaluate), it has proven to
run smoothly on an ordinary PC setup (>1Ghz) with all ranges of simulated rain sound.
In the interface application, a number of the simulation variables were parameterized

to simplify real-time controlling of the output sound. This could have been done in many
ways suitable for certain occasions. This is described only briefly as follows.
The rainrate parameter (figure C.1), together with the simulation area parameter, con-

trols the volume of water falling per time unit. Depending on the drop radius parameter
there will be a certain number of drops falling per time unit. The drop radius parameter
also controls the source area value. Furthermore, varying the simulation area parameter
and simulation min radius parameter, directly affects the simulation max radius variable
in the simulation. The amplitude is a constant depending on the terminal velocity of a
drop, which in turn depends directly on the radius of a drop. Hence, the drop radius con-
trols the amplitude response of the surface. The last parameter, output scaling, merely
scale the output sound signal. Note that normalizing the sound would produce virtually
the same sound intensity at all parameter values, hence a scaling of the sound was needed.
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Chapter 6

Conclusions and Possible
Continuations

It is evident that a physical model is in many ways a good option for use in virtual
environments such as game worlds. We will surely be seeing/hearing models for simple
collision events and impulse area sources such as the one in this thesis, in next generation
games. Note that once a model for a sound event has been evaluated, it can and will be
reused for many game projects. As time goes by, the model will be tweaked and extended,
as the initial hard work is a one-time process. Most likely companies in the near future
will offer complete solutions of real-time sound engines based on physical models, for use
in real-time game environments. Perhaps initially together with a present physics engine,
and for sound events based on simple collisions, but further on there will be packages
dedicated to a wide variety of sound events and complex sound producing systems such
as petrol/diesel engines, flowing water, explosions etc.
The model presented in this thesis could be extended to incorporate rain falling on

fluid surfaces and on arbitrary 3D geometry. It would be interesting to consider sound
reflectance on other geometries in a simple 3D scene. Furthermore, having a more varied
rain space-distribution density, affected by a wind vector-field, could enhance the sound-
picture even more. There is no doubt that the model presented here has great potential
for use in any kind of real-time environment.
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Appendix A

Non Real-Time Code

The code presented in this chapter is standard Matlab script. It is not complete, only the
most essential parts has been included here.
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Appendix B

Real-Time Code

The following code (next page) was originally implemented in C++. It is here formatted
to simplify reading. It contains references to other functions which are also found in this
chapter. The code is not complete, only the most essential parts has been included here.
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Appendix C

Graphical User Interface Manual

A test-application was implemented to wrap the functionality of the C++ implemented
algorithm. It was designed with a user interface in Macromedia Director. The work
regarding the production of this application has not been introduced in this report. How-
ever, a short description on how to use this application was found to be useful since the
application is enclosed together with this thesis.
A screendump of the interface application, as seen in figure C.1, shows that there

are several buttons and controls or sliders available. Depending on the values in the
settings.ini file found together with this program, the simulation can be automatically
set on or off at application startup, as with the parameter of animation. Either way, the
button found at top left has the label "Start" or "Stop". Pushing this button will start or
stop the simulation calculations and playback system. The "Animation On/Off" button
controls whether the parameters are animated or static when moving the blue sliders.
The red sliders defines the actual value of a certain property. These sliders can be moved
to directly affect the produced sound. The blue slider denotes the desired or destination
value for this property. When animation is turned on, the red slider will animate to the
blue sliders position. The acceleration, snap distance and top speed of the animation is
defined by a set of constants in the settings.ini file.
Pushing the "Reset" button, results in immediate change of values, in two steps. At

first the blue parameters will be moved to their default positions defined in a preset file
(default.prt for instance). Secondly, after another button click, also the red sliders will
move to the default positions. The max and min values for the properties is defined in
a preset file, default.prt at start-up. You can change these parameters, though it is not
recommended. However, you can save the property value settings you like, by pressing
the "Save Preset" button. There are already some preset files generated to present some
of the rain-styles made possible with the model this thesis introduces.
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Figure C.1: Rainsim interface wrapper
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