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Introduction

1.1  Background

Finite-Impulse Response (FIR) filters have been and continue to be important buildin
blocks in many digital signal processing (DSP) systems. Due to the increase of port
battery-powered wireless systems in recent years, such as cellular phones and page
power and small area digital filter designs have become more and more important. I
thesis an FIR filter generator is presented, which uses algorithms that are designed 
either minimize the area of the filter or decrease the filter’s power consumption. The th
work has been done at Electronic Systems, Linköping University.

1.2  Implementation

The filter generator is implemented in C++ and it generates filters in the form of VHD
files. VHDL stands for VHSIC Hardware Description Language (VHSIC stands for V
High Speed Integrated Circuit). VHDL is a language that describes electronics, an e
ple of this can be seen in Appendix A, where a chain of delay elements are created.

After the VHDL-code has been compiled the filters can be simulated in a Mentor Gra
ics[8] tool called Modelsim.

The filters can then be synthesized using a program called LeonardoSpectrum[8], afte
the filters can be programmed into an FPGA (Field Programmable Gate Array) or in
ASIC (Application-Specific Integrated Circuit).
1
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FIR Filter Structures

A N-tap FIR filter can be expressed as

(1)

whereCk’s are the filter coefficients,Xj andYj are thej:th terms of the input and output
sequences, respectively.

2.1  Direct Form (DF)

The most common type of realization of digital FIR filters is the Direct Form (DF) str
ture, shown in figure 1.

FIGURE 1. Direct Form structure

The DF filter structure is a simple and straightforward approach, but not the most effic
one. More efficient filter structures are described below. They all have in common th
they are designed to decrease the power consumption for an FIR filter.

Yj CkX j k–
k 0=

N 1–

∑=

C0 C1 C2 CN-1

Xj

Yj
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2.2  Differential Coefficients Method (DCM)

The Differential Coefficients Method uses the differences between the filter coefficie
together with stored precomputed results to obtain the outputYj. This algorithm is only
useful if the difference between the coefficients is small compared to the size of the c
cients.

Excluding the first one, each product term in the sum forYj+1 can be expressed as

(2)

If Ck is written as

(3)

where D1
k is the first-order difference between consecutive coefficientsCk andCk-1, (2)

can now be rewritten as

(4)

For any two consecutive outputsYj andYj+1, we get from (1):

(5)

We can now rewrite the outputYj+1, by using (4):

(6)

The advantage of DCM is that if the difference between the filter coefficients is smal

every multiplication D1
k*Xj-(k-1) will be simpler than the equivalent multiplication in the

direct form computation. However, additional storage accesses and additions are req
If the savings in multiplication are greater than the cost of extra storage access and a
we have a net saving compared to DF computation.The filter structure for a first orde
DCM-filter is shown in figure 2.

CkX j k– 1+ Ck 1– Xj k– 1+ Ck Ck 1– )Xj k– 1+–(+= k 1 2 … N 1–, , ,=

Ck Ck 1– Dk
1

+= k 1 2 … N 1–, , ,=

CkX j k– 1+ Ck 1– Xj k– 1+ Dk
1
Xj k– 1++= k 1 2 … N 1–, , ,=

Yj C0Xj C1Xj 1– … CN 1– Xj N– 1++ + +=

Yj 1+ C0Xj 1+ C1Xj … CN 1– Xj N– 2++ + +=

Yj 1+ C0Xj 1+ D1
1
Xj( C0Xj ) … DN 1–

1
Xj N– 2+( CN 2– Xj N– 2+ )+ + + + +=
4
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FIGURE 2. First order DCM

The DCM algorithm can be generalized to use up tomth-order differences. Howeverm
intermediate results need to be saved for every product term. ThereforemN extra storage
variables and additions per output are needed when compared to DF computation.

2.3  Polyphase structures

In the interpolation process, the input signal contains a number of zeros. This can be
to reduce the workload since it is unnecessary to perform computational work involv
zeros. In the decimating case, a number of outputs are thrown away to reduce the w
load. Because of this it is possible to obtain interpolation and decimation structures 
are more efficient than the straightforward (DF) approach.

To create interpolation and decimation structures, we first rewrite the impulse respon
and/or the transfer function of the filter in its so-called polyphase representation. In t
polyphase representation the signalh(n) is expressed as a sum ofM partial signals. First,
M signals are created as

(7)

Second, M new signals are obtained by upsampling hi(n):

(8)

Finally, h(n) is expressed as a sum of shifted versions ofhi
M:

Xj

Yj

C0 C1-C0 C2-C1 CN-1-CN-2

hi n( ) h nM i+( )= i 0 1 … M 1–, , ,=

hi
M hi

n
M
-----



 n 0 M 2M …,±,±,=

0 otherwise




=
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nal
(9)

(9) is the polyphase representation of the signalh(n) in the time domain.

To obtain the corresponding z-transform, we first recall that he z-transform of the sig
h(n) is:

(10)

By using (10) in (9) we get

(11)

Sincehi
M(n) is an upsampled version ofhi(n), we have

(12)

Finally by using (12) in (11) we get:

(13)

(13) is the polyphase representation of the z-transform of the signalh(n).

2.3.1  Interpolating and decimating

The structure for a polyphase interpolating filter with a sampling rate conversion ofM is
shown in figure 3.

FIGURE 3. Polyphase interpolating filter

h n( ) hi
M

n i–( )
i 0=

M 1–

∑=

H z( ) h n( )z n–

n 0=

∞

∑=

H z( ) hi
M

n i–( )z n–

i 0=

M 1–

∑
n 0=

∞

∑ hi
M

n i–( )z n–

n 0=

∞

∑
i 0=

M 1–

∑ …= = =

… z
i–

hi
M

n( )z n–
z

i–
Hi

M
z( )

i 0=

M 1–

∑=
n 0=

∞

∑
i 0=

M 1–

∑=

Hi
M

z( ) Hi z
M( )=

H z( ) z
i–
Hi z

M( )
i 0=

M 1–

∑=

M H(z)x(n) y(m)

fsample Mfsample
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The polyphase representation ofH(z) is (from (13)):

(14)

By using the identity in figure 4, we get the filter structure shown in figure 5. This iden
is valid because a delay ofM sampling periods at the higher sampling rate correspond
a delay of one sampling period at the lower rate.

FIGURE 4. Identity

FIGURE 5. Polyphase interpolator

The filter structure in figure 5 can be simplified even more by using a so called comm
tor, this final filter structure is shown in figure 6. The use of a commutator works bec
after the upsamplers in figure 5 only one in M sample value has a nonzero value an
lower branches have a delay of 1 toM-1 sampling periods. This means, that at each tim
instance at the output, only one of theM branches produces a nonzero value.

H z( ) H0 z
M( ) z

1–
H1 z

M( ) … z
M 1–( )–

HM 1– z
M( )+ + +=

MH0(z
M) H0(z)Mx(n) y(m) x(n) y(m)

MH0(z)

H1(z)

HM-1(z) M

M

z-1

z-1

x(n) y(m)
7
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We can now get the structure for a polyphase decimating filter by using the transpos
theorem. The filter structure is shown in figure 7 and 8.

FIGURE 7. Polyphase decimating filter

FIGURE 8. Polyphase decimator

Every subfilter H0(z) to HM-1(z) in the polyphase structure operates at the lower samp
rate,fsample, and the commutator operates at the higher sampling rate,Mfsample. This
means that the number of operations is the same for a polyphase structure and a D

H0(z)

H1(z)

HM-1(z)

x(n)

y(m)

y(Mn)

y(Mn+M-1)

M H(z)x(n) y(m)

fsampleMfsample

H0(z)

H1(z)

HM-1(z)

x(n) y(m)

fsampleMfsample
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case.

2.4  Parallel Processing for Low-Power

The application of parallel processing to an FIR filter can increase the throughput of
FIR filter. AnL-parallel filter produces L output samples every clock cycle compared to
the original filter, which produces one output every clock cycle. However, the cost for
increase in efficiency is that if the area of the original circuit isA, then theL-parallel cir-
cuit requires an area ofL*A.

It is often overlooked that the technique also can be used to reduce the power consum
of an FIR filter. The application of parallel processing facilitates the lowering of the s
ply voltage, which leads to a decrease in the power consumption. The power consum
the original FIR filter is:

(15)

whereV0 is the supply voltage,C0 is the capacitance of the original filter andf0 is the
clock frequency of the original filter. The clock frequency can be expressed as

(16)

whereT0 is the clock period of the original filter. To obtain the same sample rate, the cl
period of aL-parallel filter must be increased toLT0. This means that there is more time to
charge the capacitance, sinceC0 is charged in timeLT0, rather than in timeT0. This
implies that the supply voltage can be decreased toβV0, whereβ<1. The factorβ can be
determined by examining the propagation delay of the original filter. The propagation
delay is given by

(17)

wherek is a process dependent constant andVt is the device threshold voltage. The prop
gation delay of the L-parallel filter is

(18)

From (EQ 17) and (EQ 18) the following equation is obtained

(19)

P0 C0V0
2

f 0=

f 0
1
T0
------=

Tpd

C0V0

k V0 Vt–( )α-----------------------------=

LTpd

C0βV0

k βV0 Vt–( )α---------------------------------=

L βV0 Vt–( )α β V0 Vt–( )α
=
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This equation can be used to solveβ. Onceβ is obtained, the power consumption for the
L-parallel filter can be calculated with

(20)

(20) shows that the power consumption is reduced by a factor ofβ2 when using parallel
processing. It should be noted that the supply voltage cannot be decreased indefinit
increasing the level of parallelism in the filter. There is a lower limit on the supply volta
which is dictated by the process parameters.

2.4.1  Fast FIR Algorithms

The polyphase representation of a traditional parallel FIR filter is

(21)

where

(22)

This implies that

(23)

These equations show that the parallel filter requiresL2 filtering operations of lengthN/L.
However, it is possible to reduce the number of product terms on the RHS of (21). S
the work of Winograd it is known that two polynomials of degreeL–1 can be multiplied
using (2L–1) product terms. By reducing the number of multipliers, the number of ad
increase. Replacing multipliers with add operations is advantageous because adders
smaller implementation cost than multipliers. However, for large a number ofL the num-
ber of adders becomes unmanageable.

P β2
LC0( )V0

2
f 0 L⁄( ) β2

C0V0
2

f 0= =

Yi z
L( )z i–

i 0=

L 1–

∑ H j z
L( )z j–

Xk z
L( )z k–

k 0=

L 1–

∑
j 0=

L 1–

∑=

Yi z( ) z
m–

ymL i+
m 0=

∞

∑= i 0 1 … L 1–, , ,=

H j z( ) z
m–

hmL j+
m 0=

N L⁄ 1–

∑= j 0 1 … L 1–, , ,=

Xk z( ) z
m–

xmL k+
m 0=

∞

∑= k 0 1 … L 1–, , ,=

Yk z
L–

Hi XL k i–+ Hi Xk i–
i 0=

k

∑+
i k 1+=

L 1–

∑= 0 k L 2–≤ ≤

YL 1– XL 1– i–
i 0=

L 1–

∑=
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Fast FIR algorithms (FFAs) use this approach to reduce the complexity of parallel fil
structures. By using FFAs, theL-parallel filter can be implemented with approximately
(2L–1) filtering operations of lengthN/L. The resulting parallel filter requires (2N–N/L)
multipliers. For large values ofN, the advantage is clear.

2.4.2  (2-by-2) Fast FIR Algorithm

The standard 2-parallel filtering structure is

(24)

which implies that (from (23))

(25)

Figure 9 shows the resulting 2-parallel FIR filtering structure, which uses 2N multipliers
and 2(N–1) additions.

FIGURE 9. Traditional 2-parallel FIR filter implementation

If we rewrite (24) we get the (2-by-2) FFA:

(26)

which implies that

Y Y0 z
1–
Y1+ X0 z

1–
X1+( ) H0 z

1–
H1+( ) …= = =

… X0H0 z
1–

X0H1 X1H0+( ) z
2–
X1H1+ +=

Y0 H0X0 z
2–
H1X1+=

Y1 H0X1 H1X0+=

H0(z)

H1(z)

H0(z)

H1(z) D

x(2n)

x(2n+1)

y(2n)

y(2n+1)

Y Y0 z
1–
Y1+ …= =

… X0H0 z
1–

X0 X1+( ) H0 H1+( ) X0H0– X1H1–[ ] z
2–
X1H1+ +=
11
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The (2-by-2) FFA results in a filtering structure are shown in figure 10. At first it may
seem that (2-by-2) uses 5 filtering operations since Y0 requires 2 multipliers (filtering
operations) andY1 requires 3 multipliers. However,X0H0 andX1H1 are found in bothY0

andY1. These two terms need only to be computed once which means that the total 
ber of filtering operations is 3. This means that the (2-by-2) FFA structure uses 3(N/2)
multipliers and 3(N/2–1)+4 adders.

FIGURE 10. Reduced complexity, (2-by-2) FFA, 2 -parallel fast FIR implementation

If (27) is rewritten as

(28)

we get a slightly different filter structure shown in figure 11. This filter structure might
implemented at a lower cost than the standard (2-by-2) filter structure, depending on
filter coefficients.

Y0 H0X0 z
2–
H1X1+=

Y1 H0 H1+( ) X0 X1+( ) H0X0– H1X1–=

H0(z)+H1(z)

H1(z)

H0(z)

D

x(2n)

x(2n+1)

y(2n)

y(2n+1)
-

-

Y0 H0X0 z
2–
H1X1+=

Y1 H0X0 H1X1 H0 H1–( ) X0 X1–( )–+=
12
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FIGURE 11. Alternate (2-by-2) FFA

Since the implementation cost of an adder is lower than the cost of a multiplier, the t
cost to implement a parallel filtering structure is approximately proportional to the num
of multipliers. Based on this approximation, the cost to implement the (2-by-2) is abo
25% lower, than the cost to implement a traditional 2-parallel filter structure.

H0(z)-H1(z)

H1(z)

H0(z)

D

x(2n)

x(2n+1)

y(2n)

y(2n+1)-
13
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Implementation

The FIR-filter generator is implemented in C++. The generator uses one data file wi
ter-coefficients and different flags (-t for 2-by-2, -d for DCM etc.) to determine the type
filter that is to be implemented. The output from the FIR-filter generator are several 
written in VHDL-code. These files can then be compiled and syntesized to create th
wanted FIR-filter. A list of all C++ files and all possible VHDL files is shown in append
B.

3.1  Input

The datafile with the filter coefficients is a normal text-file. Every line of the file has o
filter coefficient except for the first one, which has the total number of coefficients. A
example of filter coefficients is shown in appendix C. The different options when crea
the filter are shown below in table 1.

TABLE 1. Options when creating a FIR -filter.

The correct syntax for using the program is: firgen <option1> ... <optionN> filename

If an incorrect option or a non-existing filename/corrupt file is chosen, the program is
stopped and an error message is shown.

Options Explanation

-c Do not include the compensation vector in the tree.

-d Use differential coefficients method (DCM).

-h Help.

-lNN Length of CSDC-vector is NN.

-pdN Use polyphase structure, decimate with M=N.

-piN Use polyphase structure, interpolate with M=N.

-s Use the symmetry of the coefficients.

-t Use 2-by-2 algorithm.

-tn Use 2-by-2 algorithm, with [H0-H1].

-wNN Input data is NN bits.
15
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First the correct number of filter coefficients is created. The number of coefficients
depends on what type of filter that is to be implemented. For example if a DF filter use
filter coefficients then an equivalent 2-by-2 filter uses 3*N/2 coefficients. Second, the filter
coefficients are converted from string to double. Third, the coefficients are normalize
that they all are between -1 and 1. And finally, the filter coefficients are converted int
string again, but this time the string is expressed in Canonic Signed Digit Code, CSD

3.1.1  Canonic Signed Digit Code (CSDC)

An N-bit integer number,x, can be expressed as

(29)

wherexi={0,1}. The average number of nonzero bits is about half of the coefficient
wordlength, i.e.N/2. It is advantageous to decrease the number of nonzero bits, beca
the number of adders needed in a multiplication is proportional to the number of non
bits. One way to do so is to express the numbers in CSDC. A number,x, in the range

(30)

whereQ=2-N, N=Nd–1 forNd=odd andN=Nd–2 forNd=even is expressed in canonic
signed digit code as

(31)

wherexi={-1,0,+1} andxi*xi+1=0, i.e. no two consecutive digits are nonzero. For exam
ple, the number (11/32)10 = 0.34375 = 0.5 - 0.125 - 0.03125 = (0.10-10-1)CSDC. For
CSDC the average number of nonzero bits is

(32)

This means that for largeNd the average number of nonzero bits is about one third of t
coefficient wordlength, compared to half for binary numbers.

3.2  Filter Structure

Each filter is made of three blocks: the delay chain, the shift registers and the adder
The structure of the filter is shown in figure 12. The variables and their data types from
ure 12 are listed in table 2.

x xi2
i

i 0=

N 1–

∑=

4– 3⁄ Q x 4 3⁄ Q–≤ ≤+

x xi2
i–

i 0=

Nd 1–

∑=

Nd

3
------- 1 2

Nd–
+

9
--------------------+
16



Variable Data type

clk std_logic

indata std_logic_vector

from_delay_array std_logic_array_delay

to_shift_n std_logic_vector

shift_array_n std_logic_array_shift

outdata std_logic_vector
TABLE 2. Variables and their data types
17



FIGURE 12. Filter structure

indata

clk
DELAY CHAIN

SHIFT GEN_0 SHIFT GEN_1 SHIFT GEN_N

from_delay_array

to_shift_0 to_shift_Nto_shift_1

ADDER TREE

shift_array_Nshift_array_0 shift_array_1

clk

outdata
18
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Each filter is created in four steps:

Step 1:The delay chain is created and saved under the name delay_chain.vhdl. If the
is made up of several part-filters (2-by-2 and polyphase filters) then several delay ch
are created. The structure of the delay chain is shown in figure 13.

FIGURE 13. Delay chain structure

Two new data types are also created in the file types.vhdl. The two data types are:
std_logic_array_delay and std_logic_array_shift, both are an array of std_logic_vect
The width of the array depends on the input data and the filter coefficients respectiv

Step 2:The shift-registers are created, one register for each filter coefficient, and are s
under the file names shift_gen_0_0.vhdl, shift_gen_0_1.vhdl etc. One compensation
tor per shift-register is also created. The compensation vector reduces the load on th
bit of every insignal. This is accomplished by shifting the vectors differently. When mu
plying a two-complement vector with numbers between -1 and 1, the first bit is norm
copied and added to the vector. For example, multiplying the vector x1.x2x3x4 with 
generates the vector x1.x1x1x2x3x4. Instead of doing this the vector is shifted to
0.0x1x2x3x4 and a compensation vector of 1.11000 is added. This reduces the load o
first bit of the vector (x1) which leads to a lower power consumption. However one ext
addition per filter is needed, but the gain is in most cases larger than the cost of the
addition.

The output from each shift generator is of the data type std_logic_array_shift. The w
of the array depends on the number of ones in the filter coefficient vector (the CSDC
tor). The width of the array is equal to the number of ones in the filter coefficient vec
That is why it is advantageous to have as few ones in the filter coefficient vector as p
ble.

Step 3: The adder tree is created and saved under the name tree.vhdl. If the filter is 
up of several part-filters (2-by-2 and polyphase filters) then several adder trees are cr
The adder tree is constructed of several Carry Save Adders (CSA), created in the fil
CSA.vhdl. The size of the adder tree (the number of CSA:s) depends on the numbe
input vectors to the tree. Each CSA takes three inputs and creates two outputs. A si
adder tree with 6 inputs is shown in figure 14.

clk

indata
19
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FIGURE 14. Carry Save Adder tree

The adder tree for the DCM filter looks a little different because delay elements are 
included in the tree. The structure of the DCM filter is shown in figure 2.

Step 4: The final step is to connect the delay chain with the shift registers and the ad
tree. This is done in the file connect.vhdl. Additional adders, subtracters and delay e
ments are connected for 2-by-2 filters, this is done in the file tbtconnect.vhdl. When 
ing polyphase filters the different part-filters are connected in the file polyconnect.vh

Finally the program writes out the name of the VHDL-file with the highest hierachy a
the name of the input- and output variables. This is done to simplify things for the us
when he simulates the filter in ModelSim and later when synthesizing in LeonardoSp
trum.

In appendix B there is a list of all possible VHDL-files that can be created.

CSA CSA

CSA

CSA
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Simulation

The different filter-types described in the theory section were simulated in Modelsim
synthesized in LeonardoSpectrum to determine if there was any decrease in area com
to DF filters. The results from these simulations are shown in table 3-5 below. The fi
coefficients for these filters are shown in appendix C. There was never any time to te
the power consumption was reduced for the filters.

4.1  Results

The data in the tables below are taken from LeonardoSpectrum. Filter 1 and 2 have
ter coefficients and filter 3 has 40 coefficients. The largest filter coefficient in filter 1 
1326, which gives a wordlength of 12 bits, and the largest coefficient in filter 2 and 3
2416, which gives a wordlength of 13 bits.

Type of filter Area Number of instances

Direct form 751 4829

2-by-2 1319 8758

2-by-2 alt. 1326 8801

DCM 2574 14981
TABLE 3. Filter 1

Type of filter Area Number of instances

Direct form 741 4780

2-by-2 1336 8881

2-by-2 alt. 1333 8860

DCM 2692 15747
TABLE 4. Filter 2
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4.2  Conclusions

The DCM filters are not even close to be any better than the DF filters. However the fi
tested in this case are not specifically designed to be implemented with the different
ficients method. No real conclusions can be drawn before a filter specifically designe
DCM is tested.

The area for a 2-parallel filter is approximately two times larger than the area for a D
ter. 2-by-2 filters use less than two times the area for the DF filters. Therefore the 2-
algorithm seems to be an improvement compared to the traditional 2-parallel filter st
ture.

The polyphase filter structure was simulated and synthesized, too, but since there is
ing to compare these filters to, the simulations were only made to confirm the function
of the program.

One interesting result with the DF filters is that even if the filter coefficient wordlengt
was increased from 12 in filter 1 to 13 in filter 2 the area decreased. The same thing
pened when the number of filter coefficients was increased from 38 in filter 2 to 40 in fi
3. This shows how difficult it can be to design efficient FIR filters.

Type of filter Area Number of instances

Direct form 735 4679

2-by-2 1330 8754

2-by-2 alt. 1309 8577

DCM 2772 16082
TABLE 5. Filter 3
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  Appendix A
library ieee;

use ieee.std_logic_1164.all;

use WORK.types.all;

entity DELAY_CHAIN_0 is

  port (a  : in  std_logic_vector((12-1) downto 0);

        y  : out std_logic_array_delay;

        clk: in  std_logic);

end DELAY_CHAIN_0;

architecture STRUCTURAL of DELAY_CHAIN_0 is

  signal store : std_logic_array_delay;

begin

  store(0) <= a;

  storage: process (clk)

  begin

    if clk’event and clk = ’1’ then

      store(11-1 downto 1) <= store((11-2) downto 0);

    end if;

  end process storage;

  y <= store;

end STRUCTURAL;
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  Appendix B

List of C++ files

• adder.cpp

• connect.cpp

• conversions.cpp

• csagen.cpp

• dcmtreegen.cpp

• delay.cpp

• delaychain.cpp

• firgen.cpp

• polyconnect.cpp

• shiftgen.cpp

• symmetryadders.cpp

• tbtadder.cpp

• tbtconnect.cpp

• tbtsubtracter.cpp

• treegen.cpp

• types.cpp

List of VHDL-files that can be generated

• connect.vhdl

• CSA_N.vhdl

• CSS_N.vhdl

• dcmtree_n.vhdl

• delay.vhdl

• delay_chain_n.vhdl

• polyconnect.vhdl

• shift_gen_n_m.vhdl

• tbtadder.vhdl

• tbtconnect.vhdl

• tree_n.vhdl

• types.vhdl
27



28



  Appendix C
Filter 1 Filter 2 Filter 3

-2 -2 -1

0 0 -2

5 10 0

5 9 10

-7 -14 8

-17 -32 -14

0 0 -32

32 60 0

27 48 60

-34 -64 48

-72 -133 -64

0 0 -132

120 220 0

96 176 220

-127 -232 176

-280 -512 -232

0 0 -512

704 1284 0

1326 2416 1284

1326 2416 2416

704 1284 2416

0 0 1284

-280 -512 0

-127 -232 -512

96 176 -232

120 220 176

0 0 220

-72 -133 0

-34 -64 -132

27 48 -64

32 60 48

0 0 60

-17 -32 0

-7 -14 -32

5 9 -14

5 10 8

0 0 10

-2 -2 0

-2

-1
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