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Abstract 
 
By analyzing ISAR images, the characteristics of military platforms with respect to 
radar visibility can be evaluated. The method, which is based on the Discrete-Time 
Fourier Transform (DTFT), that is currently used to calculate the ISAR images 
requires large computations efforts. This thesis investigates the possibility to replace 
the DTFT with the Fast Fourier Transform (FFT). Such a replacement is not trivial 
since the DTFT is able to compute a contribution anywhere along the spatial axis 
while the FFT delivers output data at fixed sampling, which requires subsequent 
interpolation. The interpolation leads to a difference in the ISAR image compared to 
the ISAR image obtained by DTFT. On the other hand, the FFT is much faster. In 
this quality-and-time trade-off, the objective is to minimize the error while keeping 
high computational efficiency. The FFT-approach is evaluated by studying execution 
time and image error when generating ISAR images for an aircraft model in a 
controlled environment. 
 
The FFT method shows good results. The execution speed is increased significantly 
without any visible differences in the ISAR images. The speed-up-factor depends on 
different parameters: image size, degree of zero-padding when calculating the FFT 
and the number of frequencies in the input data.  
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Chapter 1 

1 INTRODUCTION 
This chapter gives the background and the reason for writing this thesis. It also 
contains the method used, constraints and pre-requisites, the methodological 
considerations and disposition. 

1.1 Background 
In modern warfare it has always been important to avoid that military objects are 
discovered by hostile forces. Since radar systems are frequently used for detection, it 
is important to make the own forces less visible on radar. So called stealth 
[Schleher, 1999] characteristics are therefore highly desirable. The object should 
ideally be virtually impossible to detect. 
 
One of the services that the company AerotechTelub offers is to analyze radar 
reflectivity of military objects, such as fighter aircrafts. This is done with inverse 
synthetic aperture radar (ISAR). In ISAR, the radar response of the object is 
processed to an image that shows the reflectivity of the different parts of the object. 
The results from this process can be used to improve certain parts of the object with 
respect to radar reflectivity. 
 
The procedure of retrieving this image accurately involves a kernel of Discrete-Time 
Fourier Transform (DTFT) calculations. This DTFT calculation is very time-
consuming, which is a major problem. For example, a 3D ISAR image may take a 
couple of weeks to compute. 
 
This problem is the reason for studying methods to increase the performance of the 
calculations, which is done in this master’s thesis. The idea is to replace the DTFT 
kernel with a Fast Fourier Transform (FFT) kernel. The FFT is much faster than the 
DTFT. However, the FFT calculation outputs a discrete set of values. That is, the 
FFT values are only calculated for a discrete set of points. That leads us to the 
problem of finding the output values for input values that resides between those 
input values that outputs correct result. A standard procedure for doing this is to 
apply interpolation, in this case to the FFT function. An FFT together with 
interpolation at a certain input value should approximate the DTFT value at that 
input value. 
 
In this thesis the FFT approach is called the approximative method since its 
objective is to estimate the DTFT method. It should be kept in mind that the DTFT 
method is not an exact reconstruction of the target object. 
 
There are tough requirements for the results of the approximative calculations since 
the results describe the characteristics of military crafts. The quality of the ISAR 
image has to be good in comparison with the ideal image that is obtained using the 
DTFT method. At the same time the approximative method has to show a significant 
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change when it comes to computation speed for the method to be useful. In other 
words there is a quality-and-time trade-off. The FFT approach is called the 
approximative method since its objective is to estimate the result of the DTFT. 
 
The approximative method is not only applicable to ISAR systems. There are other 
applications in imaging systems where the method can be used to increase the 
computation speed, such as imaging based on microwaves. See [Kim et al, 2003] for 
an application example. Comuterized tomography [Smith et al, 1999] is another are 
where the results of this thesis may be used. 
 

1.2 Purpose 
The purpose of this thesis is to investigate whether cubic spline interpolation 
together with FFT calculations can be used to obtain sufficiently good results when 
calculating ISAR images.  
 
The main question is: Can the method increase the computation speed with a factor 
of ten or more and at the same time produce images of sufficiently high quality? 

1.3 Method 
Existing sources of information have been studied to support the decision of 
choosing an interpolation method. ISAR literature is also included in this thesis 
since it is required to fully understand the process of calculating an ISAR image. The 
mathematics behind Fourier transforms will also be presented since that is an 
important part of understanding the main problem. 
 
The interpolation method that is implemented is the cubic spline interpolation 
technique. The reason for this is its good approximation properties as well as its 
implementation simplicity.  Another reason for choosing the cubic spline 
interpolation method is that existing empirical tests have shown promising results. 
Further information about this choice of technique is presented in this thesis. 
 
The algorithms included in this thesis are written in 
MatLab[MathWorks MatLab, 2001]- and C-code[Kernighan et al, 1988]. The ISAR 
images will be constructed using the framework of the Columbus2000 
software[Berlin et al, 2000]. Columbus2000 uses the DTFT to calculate the images, 
which will be replaced by the new approximative method. It is important to 
remember that the result of the calculations depends on several parameters, for 
example the size of the ISAR image. A parameter study is therefore included in this 
thesis since it will make it easier to understand how the parameters affect the 
results. 
 
The result consists of two variables; Execution time and image quality. Execution 
time is the total time that is consumed for the ISAR image to be calculated while 
image quality is measured by comparing the images constructed by the two different 
methods. The quality measurement is described later. 
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1.4 Constraints and pre-requisites 
It is assumed that the DTFT kernel existing today is correctly implemented. 
Otherwise it would not be possible to measure the quality of the approximative 
method. 

1.5 Methodological considerations 
An obvious problem using the method described above is that the results obtained 
are heavily influenced by the implementation. The code has to be correct in order to 
draw any conclusions. A minor bug in the code may strongly affect the result. 
Therefore it is important to validate the code. 
 
The compiler that is used to compile the program containing the algorithms may 
affect their relative execution time, which would make it harder to interpret the 
results. 

1.6 Terminology and abbreviations 
 
Down-range   The direction of the radar’s line of sight 
Cross-range   The direction orthogonal to the radar’s line of sight 
dBsm        decibel square meters 
Å           Ångström 
Scatterer     A point that reflects radar waves 
RCS         Radar Cross Section 
SAR         Synthetic Aperture Radar 
ISAR        Inverse Synthetic Aperture Radar 
DTFT        Discrete-Time Fourier Transform 
FFT         Fast Fourier Transform 
RRMSE      Relative Root-Mean-Square Error 
MARE       Mean-Absolute Relative Error 
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Chapter 2 

2 THEORY 
This chapter presents theory about radar and ISAR, mathematics behind Fourier 
transforms and quality metrics. The sections covering the radar information are 
fundamental. More detailed information can be found in [Skolnik, 1980]. The 
chapter also contains a section about the model and geometry used in this thesis. 
Further on it is described how an ISAR image is calculated based on that model, 
using the DTFT method. 

2.1 Radar – an introduction 
 
General 
Radar is a system that uses the characteristics of electromagnetic waves to detect 
and locate objects. Of course, this can also be performed by the human eye, but the 
radar has several advantages. Since electromagnetic waves can “see through” for 
example clouds, darkness and rain the radar is of high use in many applications. 
Radar stands for RAdio Detection and Ranging. Not surprisingly, the radar can also 
be used to measure the range to an object. The radar is able so detect object far away 
which is also a significant advantage compared to the human eye. [Skolnik, 1980] 
 
The radar was developed in order to be able to detect hostile aircrafts in the 
beginning of the 20th century [Knott et al, 1993]. After years of development, new 
application areas have been found. Today the radar is used in, for example, air 
traffic control, ship safety, environmental observations and spacecrafts. 
[Skolnik, 1980] 
 
A typical radar system consists of two parts; a transmitting antenna and a receiving 
antenna. The transmitter transmits electromagnetic radiation using an oscillator. 
The electromagnetic waves are then reflected when they reach an object that is able 
to reflect them. Not all of the electromagnetic waves sent by the transmitter will be 
returned to the receiver. The target that is hit by the waves will reradiate them in 
many directions and not only straight back to the radar. It is only the waves reflected 
in the back direction that are of interest, see Figure 1. The waves are collected at the 
receiver and they can now be used to calculate the distance to the target as well as its 
velocity in relation to the radar. [ibid]  
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backdirection
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Figure 1: Reflection in backdirection. 

 
Radar systems where the transmitting antenna is located at the receiving antenna 
are called monostatic. Radar systems where the transmitter and receiver are 
separated are called bistatic. [Analytical Graphics] 
 
Imaging radar systems 
To determine the scattering properties of an object that is illuminated by 
electromagnetic energy emitted from a radar, the features of the object that leads to 
the scattering has to be visualized. This visualization is called a radar image. 
Mensa (1991) defines a radar image as the spatial distribution of reflectivity 
corresponding to an object. In other words a radar image is an array with values 
partitioning the object space. [Mensa, 1991] 
 
According to Mensa (1991), the most common areas of use for radar images are: 
 

1. Identification and characterization of radar reflectivity parts of complex 
object. 

2. Simulation of radar signatures in order to determine responses of radar 
sensors. 

3. Recognition systems that uses radar images as an identifier unique to 
certain objects. 

 
Complex objects may require images taken from several angles in order to output 
correct information about the object’s characteristics. The reason for this is that the 
scattered fields from the target object are determined by an integrated effect since 
radars can “see through” objects. [ibid] 
 
It is possible to create a radar image of a three-dimensional object by scanning it 
piece by piece with a range-gated, short-pulse radar as shown in Figure 2 and 
collecting the values of reflectivity for each piece. This method requires no 
additional calculations in order to retrieve the image, but this method, also called 
the direct imaging method, has several disadvantages. For example, a high spatial 
resolution leads to impractical configurations and cross-range resolution gets worse 
at long distances. Synthetic imaging methods deal with this complex of problems. 
Synthetic imaging uses the result of several observations of the object from different 
angles and frequencies. The observations are processed with signal processing 
resulting in an image with higher resolution. [ibid] 
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Figure 2: Direct imaging. 

Frequencies 
A radar may operate at any frequency, since it is basically a system that emits 
electromagnetic energy and retrieves the part of that energy that is reflected from an 
object. In practice however, there are limits for the radar frequencies. The reasons 
for this are for example availability of components and resolution and range 
requirements. In general, radars operate within the frequency bands between 3 Mhz 
and 300 Ghz. See Figure 3 for an overview of the frequency spectra and the intended 
usage of the different bands. [Knott et al, 1993] 
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Figure 3: Frequency table with frequency bands. 
[Philips Elektronikindustrier AB, 1978] 

 
The band in which radar operates can also be divided into several bands, where each 
band is used by certain applications, see Table 1. 
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Frequency 
Range General Usage 

50-1000 MHz Very Long-Range Surveillance 

1-2 GHz Long-Range Surveillance, 
Enroute Traffic Control 

2-4 GHz Moderate Range Surveillance, 
Terminal Traffic Control, 
Long-Range Weather 

4-8 GHz Long-Range Tracking,  
Airborne Weather Detection 

8-12 GHz Short Range Tracking, 
Missile Guidance, 
Mapping, 
Marine Radar, 
Airborne Intercept 

12-18 GHz High-Resolution Mapping, 
Satellite Altimetry 

18-27 GHz Little Used (Water Vapor Absorption) 

27-40 GHz Very High Resolution Mapping, 
Airport Surveillance 

40-100+ GHz Experimental 

Table 1: Frequency bands for radar applications. [Knott et al, 1993] 

 
Radar measurement 
Radars do not only offer a way to detect object, but it also offers other data to be 
extracted. Except measuring range to object a radar can also be used to measure the 
direction and relative velocity of the object. 
 
Since the speed of the electromagnetic waves a radar emits is known the range to the 
object reflecting these waves can be calculated by simply measuring the time it takes 
for a pulse to hit the object and travel back to the radar. It is assumed that the pulse 
travels back to the radar by a straight line. The signal that is transmitted has to be 
modulated in its time-dependency. Otherwise the radar would not be able know 
which returned signal that corresponds to the transmitted signal. [Skolnik, 1980] 
 
The range R to the object is given by the formula: 
 

 
2

R cT ⋅
=  
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where T is the round-trip delay time for a transmitted radar pulse. 
 
The down-range resolution, also called range resolution, is the ability of the radar to 
separate two objects from each other. The range resolution R∆ is the minimum 
distance between those two objects and is given by the formula: 
 

 
B
c

2
R=∆  

 
where B is the bandwidth of the radar signals. 
 
 
Radar Cross Section 
A radar cross section (RCS) is a metric related to the target object. The RCS can be 
seen as the total effective area of the target that reflects radar echo. Hence, the unit 
of RCS is square metres. [Wehner, 1995] 
 
IEEE’s definition of RCS is a measure of reflectivity strength of a target as π⋅4  
times the ratio of the power per unit solid angle scattered in a certain direction to 
the power per unit area in a plane wave incident on the scatterer from a certain 
direction. [IEEE, 1984] 
 

2  W/miP
2  W/miP⋅σ 2

2  W/m
4 r
PP i

s ⋅
⋅

=
π
σ

 

Figure 4: Explanation of RCS. 

 
A more intuitive explanation of the RCS is given by Wehner (1995), illustrated in 
Figure 4. The incident wave is assumed to have a uniformly distributed intensity of 

2 W/miP . The wave hits the target object on its RCS. The RCS is i.e. an area of 
2m σ . The total power intercepted by the target is  WiP⋅σ . If the power is 
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scattered uniformly, that is the same energy spherically in all directions, the 
scattered power density becomes 
 

 ][W/m  
4

2
2rπ
Pσ

P i
s ⋅

⋅
=   

 Formula 1 

  
where r  is assumed large since nearfield effects are not wanted. This relation gives 
us the formula for the RCS: 
 

 ][m  4 22

i

s

P
P

rπ ⋅⋅=σ   

 Formula 2 

 
Figure 5 shows an RCS plot of a complex target, a 90 cm long aircraft model, see 
section 5.1. The RCS is plotted for observation angles between –180° and +180°. The 
value at 0 degrees is the RCS when the radar is right in front of the model. It is easy 
to see that the RCS has its maximum at about ±90°. The reason for this is that the 
model is longer than wider. Hence, the radar will “see” a larger area of the model 
when looking towards the long side of it. Other large RCS values are found at 0° and 
±180° since radar signals are reflected well by the wing fronts and the nose/tail. 
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Figure 5: RCS plot of an aircraft model. 

In practice it is common that the radar will detect echoes from objects that are not 
intended to be measured. For example, when measuring an aircraft, insects may 
interfere with the result and the RCS of a seagull may be as strong as the one of a 
stealth aircraft. This has to be considered when evaluating result from radar 
measurements. Table 2 shows RCS values for different kind of targets. 
[Knott et al, 1993] 
 

Object RCS(m2) RCS(dBsm) 

Car, Jumbojet 100 20 

Fighter aircraft 6 7.78 

Human being 1 0 

Missile 0.5 -3 

Bird 0.001 -20 

Insect 0.00001 -50 

Table 2: RCS of different objects. [Balanis, 1997] 
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An interesting property of the RCS is that it can be used to perform radar imaging. 
There are several techniques for obtaining high-resolution radar images by 
analyzing data from RCS measurements. [Mensa, 1991] 

2.2 ISAR 
Synthetic Aperture Radar (SAR) is a synthetic imaging method, see section 2.1, that 
is used to obtain high-resolution maps of surface target areas and terrain. The radar 
in a SAR system is airborne. Often it is placed in an airplane or a satellite. The basic 
idea behind SAR is that the radar travels while the object observed, for example the 
surface of the earth, is fixed. The SAR can then use the information gathered from 
the measurements from different positions along the travel to calculate an image 
with high resolution. This procedure is directly applicable to computerized 
tomography where an X-ray machine circulates a human body generating a high-
resolution image of the density of the body’s inner parts [Smith et al, 1999]. 
[Wehner, 1995] 
 
The concept of Inverse SAR (ISAR) is not surprisingly based on SAR. The difference 
is that while a SAR radar moves past the target to be observed, the radar in an ISAR 
system is fixed and the target rotates while remaining in the beam of the radar. 
Figure 6 visualizes the difference between SAR and ISAR. The ISAR technique is 
often used to image targets such as aircrafts and ships. 
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Figure 6: Difference between SAR and ISAR. (a) illustrates a SAR system while (b) 
illustrates an ISAR system. 

 
Having a high-resolution image of the radar reflectivity of an object it is possible to 
see how much different parts reflects. This knowledge can be used to improve the 
object with respect to radar reflectivity, in other word reducing the RCS, by for 
example changing the shaping of the object or by using materials that absorbs radar 
better. [Schleher, 1999] 
 
To achieve a high-resolution image both high down-range and cross-range 
resolution are necessary. The down-range resolution is obtained by using a 
frequency-varying wave while the cross-range resolution is obtained by rotating the 
target, for example with a turntable. Currie (1989) gives more detailed information 
on this. 

2.3 Model and geometry 
Figure 7 shows the model that will be used later in this thesis. It visualizes the 
geometry used for performing a two-dimensional scan of the target. That is, the 
radar, residing in the aperture plane will only move in the x-y-plane. The object also 
resides in this plane. Notice that the model assumes the object is stationary while 
the radar is moving. This model is however the same as if the target is rotating while 
the radar is stationary, see Figure 6 in section 2.2. In this thesis the model and 
geometry described in Figure 7 will be used, that is a moving radar. 
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Figure 7: Geometry model for ISAR system. [Currie, 1989] 

The distance from the center of rotation to the radar itself is 0R . This will never 

change since the radar is assumed to move in an ideal circle around the target. θ  is 
the angle with which the radar has moved in relation to the target. θ  is zero when 
the radar’s x-coordinate is zero. [Currie, 1989] 
 
For an arbitrary scattering point in the x-y-plane the distance r  to the radar can be 
calculated: 
 

 2
0

2
0 ))cos(())sin(( θθ RyRxr ++−=   

 Formula 3 

 
This is the geometry that is necessary to know to be able to calculate the 2D ISAR 
image of the target. 
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2.4 Fourier transforms 
The Fourier transform is an operation widely used for processing continuous and 
discrete signals, such as images. There are several versions of the Fourier transform. 
The Discrete-Time Fourier transform (DTFT) is applied to a discrete signal and 
outputs a continuous signal, that is, the DTFT can be calculated for an arbitrary 
input value. Formula 4 defines the DTFT and Formula 5 defines the inverse DTFT. 
[Mensa, 1991] 
 

 ∑
−

=

−=
1

0

2)()(
N

n

fnjenxfX π   

 Formula 4 

 

 dfefXnx fnj∫
+∞

∞−

= π

π
2)(

2
1)(  

 Formula 5 

 
)(nx is a discrete sequence while f is a continuous variable with units 

radians/sample. 
 
The Fast Fourier transform (FFT) is probably the most used algorithm in signal 
processing today and is a variant of the DTFT. The FFT outputs only a discrete set of 
values - samples of the spectrum computed by the DTFT in Nkf /= . Formula 6 
defines the FFT while Formula 7 defines the inverse FFT. [ibid] 
 

 1  to0for  )()(
1

0

/2 −== ∑
−

=

− NkenxkX
N

n

Nknj π   

 Formula 6 

 

 1  to0for  )(1)(
1

0

/2 −== ∑
−

=

NnekX
N

nx
N

k

Nknj π  

 Formula 7 

 
N is the length of the signal to be transformed. The FFT produces N  equally 

spaced samples of the spectrum for [ ]1,0∈f . Both X and x are periodic in N . 

The FFT is most efficient when N is an integer power of 2. When this condition is 

met the FFT of a signal with lengthN can be calculated with )(log2 NN ⋅ complex 
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multiplications. This should be compared to the 2N  multiplications required by the 
DTFT. The difference between DTFT and FFT is shown in Figure 8. [ibid] 

 

  

Figure 8: Difference between DTFT and FFT. 
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It is possible to achieve higher resolution in the FFT output. This can be done by 
zero-padding, which means that trailing zeros are added to the input signal before it 
is transformed. If a signal with lengthN is zero-padded to length M , the FFT will 
consist of M samples. Zero-padding will proportionally increase the execution time 
for calculating the FFT. Figure 9 demonstrates the difference between FFT of a 
signal and an FFT of the same signal zero-padded. [Tseng, 2000] 
 

 

 

Figure 9: Difference between FFT without zero-padding and FFT with zero-padding. 
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2.5 Image reconstruction 
The data obtained by making small step-wise changes of the radar’s viewing angle 
can be used to calculate an image of the target’s radar reflectivity. The data required 
to obtain that image are the amplitude and phase of the scattered electric field from 
the target as a function of frequency and viewing angle. In other words, the RCS for 
several frequencies and viewing angles are required. The raw data is stored in a two-
dimensional matrix. To obtain the ISAR image, the Fourier transform is applied to 
the raw data. The details of this procedure will be discussed in this section. 
[Currie, 1989] 
 
The concept of linear systems can be used to explain radar backscattering. A linear 
system, see Figure 10, has an input and output signal and is characterized by its 
transfer function )( fH and its impulse response )(th , see Formula 8 and Formula 
9, respectively. The transfer function is the steady-state response to a sinusoidal 
input signal as a function of its frequency, while the impulse response is the 
response to an impulse input signal. )( fH and )(th constitute a Fourier transform 
pair: [Mensa, 1991] 

 ∫
+∞

∞−

−= tethfH ftj d)()( 2π   

 Formula 8 

          

 ∫
+∞

∞−

= fefHth ftj d)()( 2π   

 Formula 9 

 



 

 26

t t

x(t) h(t)

X(f) Y(f)H(f) = Y(f)/X(f)

h(t)   x(t) y(t) ∗=

 

Figure 10: Linear system. 

 
Now consider the target in an ISAR system to be a linear system as in Figure 11. The 
input and output signal are the radar waves sent from the transmitter and the 
reflected echo at the receiver, respectively. [Mensa, 1991] 

 

Input

Output

Transmitter

Receiver

 

Figure 11: ISAR as a linear system. 

 
If the transfer function, or frequency response, can be determined over a wide 
frequency band, time, hence range, discrimination of backscatter sources can be 
made by calculating the Fourier transform of )( fH . This range discrimination is 

called a range profile. Figure 12 shows a range profile of an aircraft model. )( fH is 
known from measurements where the radar send waves with different frequencies. 
Notice that not all )( fH  is known since it is virtually impossible to determine 

)( fH  for all frequencies. Therefore the calculations will only be correct for input 

signals with a spectra contained in the frequency range for which )( fH  is 
available. [ibid]  
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Radar
line of sight

 

Figure 12: Range profile of an aircraft model.  

 
Figure 13 illustrates the image reconstruction problem using the DTFT method. 
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ISAR image 
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Range profile
pθ(2r/c)

Radar at 
viewing angle θ

(x,y)

r

Exact range 
profile value

 

Figure 13: Illustration of the image reconstruction problem. 

 
The length of the path that the radar signal has to travel is r⋅2 , where r  is the 
distance between the radar and the backscattering point, see Formula 3. The 
distance can be expressed in number of wavelengths cfrr /2/2 ⋅⋅=⋅ λ . The 

transfer function at viewing angle θ  relates to the reflection density as 
 

 ∑
−

=

−=
1

1

)/2(2)()(
N

n

crfjerpfH π
θθ  

 Formula 10 

 

)( fHθ  is the raw data that is known from the measurements. The reflection 

density )2(
c
rpθ , which is the range profile for viewing angle θ , can now be found 

by applying an inverse Fourier transform to the transfer function: 



 

 29

fefH
c
rp

f

crfj∑= )/2(2)()2( π
θθ  

 Formula 11 

 
The integrating factor f  is multiplied to the terms since we are 

integrating(summing) the data using polar coordinates. For a fixed θ , the range 
profile value for a fixed r  is given by the reflection intensity integrated over a curve, 
where all its points are located at distance r from the radar, as in Figure 13. 
[Mensa, 1991] 
 
In the two-dimensional case the estimated ISAR image value at pixel (x,y) is 
obtained by accumulating the values retrieved from every range profile: 
 

 fefHr
c
rpryxa

f

cyxrfj∑∑∑ ==
θ

π
θ

θ
θ

)/),(2(222 )()2(),(~  

 Formula 12 

 
The square of r is multiplied to the current range profile value in order to 
compensate the attenuation of the radar signal due to the propagation distance. 
[ibid] 
 
Summary of image reconstruction using the DTFT method 

 
Performing these calculations will end up in an image that visualizes the reflectivity 
distribution of the target. The image consists of uniformly distributed pixels usually 
mapped onto a down-range and cross-range plane. The coordinates that the pixels 
represent have a known distance r to the radar and the reflectivity can therefore be 
calculated according to Formula 12. Figure 14 shows an example of an ISAR image.  
The white lines shows the contours of the model and was added to the image after 
the calculations. For more information on how to relate parts of the image to the 
target object, see Rihaczek et al (1996). 
 

 
For each viewing angle: 
 
     For each image pixel: 
 

Calculate an exact range profile value by applying a DTFT on the RCS data. 
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Figure 14: ISAR image of an aircraft model.  

 
Echo that is not a result of radar reflection from the target itself is called clutter. 
There are several objects in the surroundings when performing a radar 
measurement that may interfere with the echo from the target, such as the ground 
or larger support structures. The echo from these objects is visible in an ISAR image. 
[Skolnik, 1980] 
 
Another phenomena that make the ISAR image harder to interpret is the so called 
side-lobe effect of FFT processing. This is due to the fact that the FFT considers a 
band limited signal. To reduce this effect, a weighting function, also called window, 
is applied to the input data, which is done by multiplying it with the values of the 
window. [Mensa, 1991] 

2.6 Image quality 
To be able to determine the quality of an image y , the image has to be compared to 

a reference image idealy  that may be considered as ideal. This can be done by 

mathematically comparing the obtained image with the reference image. This 
computation can be done in several ways, using different formulas, for example 
Relative Root-Mean-Square Error (RRMSE) and Mean-Absolute-Relative Error 
(MARE).  [Boucher et al, 1999] 
 
RRMSE and MARE are defined as follow: 
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 Formula 14 

 
where N is the number of samples in the signal. 
 
There are also methods that take one image as input and not two. These methods 
calculate a value for each image and it is up to the person evaluating the results to 
interpret these values. An example of this type of method is signal entropy. The 
entropy of an image can be seen as the degree of image focus. [Son et al, 2001] 
 
Signal entropy for an image with width N and height M  is defined as follow: 
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where kz  is the frequency of the gray-level k  in the image and 
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Chapter 3 

3 INTERPOLATION 
This chapter presents the concept of interpolation and its use in signal processing. 
It contains a comparison between several interpolation techniques with respect to 
quality and computation effort. One section is dedicated to cubic spline 
interpolation. 

 
Interpolation is a technique used to calculate approximative function values for 
input values where the function is not defined. Eldén et al (2001) says:  

Let f be a function and let the function value if be known in 1+n  points: 

121 ,,, +nxxx Κ . The interpolating function P  can be used to estimate the value of 

f  in ixx ≠  where x  resides in the interval [ ]11 , +nxx . P  should fulfill 

 

 1,,2,1,)( +== nifxP ii Κ   

 Formula 15 

 
Interpolation methods can be classified into two categories; deterministic and 
statistical methods. The former one assumes a certain variability between the 
sample data while the latter tries to minimize the estimation error. [Bentum, 1995] 
 
Choosing different functions for P  will result in different interpolation methods. 
The interpolation methods that were studied before choosing the method to use in 
this thesis were nearest neighbor, linear, cubic spline [Bentum, 1995] and min-max 
interpolation [Fessler et al, 2001]. Except from min-max interpolation they are all 
deterministic methods based on polynomial functions or in the case of spline, a 
sequence of polynomial functions. A benefit of using a polynomial function is that it 
is easy to evaluate function values. [Eldén et al, 2001]. The min-max interpolation 
technique is a statistical method. 
 
In the case of imaging, the image quality highly depends on the interpolation 
technique used [Bentum, 1995]. Table 3 gives a brief overview of the advantages and 
disadvantages of different interpolation techniques. 
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Interpolation 
technique 

Convergence 
rate 

Frequency 
behaviour 

Visual 
inspection 

Computational 
complexity 

Errors in 
test 
image 

Nearest 
neighbor 

-- - -- ++ -- 

Linear + + - + + 

4p Truncated 
sinc 

-- -- -- -- - 

Cubic spline ++ ++ ++ -- ++ 

Table 3: Overview of properties of different interpolation techniques. ‘++’ denotes a 
good behaviour while ‘--’ denotes a worse behaviour. [Bentum, 1995] 

 
Looking at this table it is clear that the cubic spline gives best result with respect to 
image quality. However, it requires more computation. Which technique should be 
used depends on the application. If image quality is a major concern the cubic spline 
interpolation technique should be used [Bentum, 1995]. That is the case for ISAR 
imaging.  
 
The min-max method ought to give good results since it minimizes the estimation 
error. However, to obtain desirable increase in computation speed it requires pre-
computation of certain data [Fessler et al, 2001], which would be virtually 
impossible in the case of ISAR imaging since it deals with a huge amount of data and 
different measurement geometries. 
 
Therefore, this thesis will evaluate the cubic spline interpolation technique. 
 

3.1 Cubic spline interpolation 
Splines, invented by Shoenberg more than 50 years ago are often used in 
interpolation and discretization problems [Unser, 1999]. The theory in this section is 
based on Eldén et al (2001). 
 

Consider a signal f  which values are defined at the points nxxx ,,, 21 Κ where 

nxxx <<< Κ21 . A function s , made up of piecewise polynomials of degree 

12 +m  in such a way that the resulting function is m2  times continuously 
derivable is called a spline function of degree 12 +m . 1=m  gives a cubic spline 

function. We obtain an interpolating spline function if nixfxs ii ,,2,1 ),()( Κ== . 

Figure 15 shows a cubic spline function. [Eldén et al, 2001] 
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Figure 15: Cubic spline function consisting of piece-wise polynomials. 

 

Each piecewise polynomial )(xsi  can be described as a third order polynomial 

function: 
 

 

32

)( 






 −
+







 −
+







 −
+=

i

i
i

i

i
i

i

i
iii h

xx
d

h
xx

c
h
xx

baxs  

 Formula 16 

 

where ia , ib , ic  and id  are cubic spline coefficients. Knowing the cubic spline 

coefficients for each polynomial is sufficient to be able to compute an interpolated 

value at an arbitrary point. ih  is the distance between ix  and 1+ix . From now on ih  

is set to 1, since the input samples are equally spaced. Formula 16 can therefore be 
written as 
 

 ( ) ( ) ( )32)( iiiiiiii xxdxxcxxbaxs −+−+−+=  

 Formula 17 

 
Assuming the constraints mentioned above for an interpolating cubic spline are 
fulfilled it holds that 
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hMMa iii 6/)( 1 −= +  

 Formula 18 

 

 2/ii Mb =  

 Formula 19 

 

 6/)2(/)( 11 hMMhyyc iiiii +−−= ++  

 Formula 20 

 

 ii yd =  

 Formula 21 

 

iM  is the second derivate at ix  and iy  is the function value at ix . 

 
This leads to equations for each polynomial that can be put together into Equation 
system 1. Details about obtaining this equations system can be found in 
[Eldén et al, 2001]. 

 

 Equation system 1 
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As seen in the equation system, there are 2−N  equations but N  unknown second 
derivates M . For a unique solution two further conditions have to be specified, 

typically taken as boundary conditions at ix  and Nx . The algorithm implemented in 

this thesis uses a natural cubic spline, where 1M and NM  is set to zero 

[Press, 2002]. A natural cubic spline gives worse result close to the boundaries 
compared to other commonly used boundary conditions [Eldén et al, 2001]. 
 
An interesting property of the equation system is that it is tridiagonal. The matrix 
has zeros in all elements except in three diagonals. In other words, each M  is only 
coupled to its nearest neighbors. Therefore the equation system can be solved in 

)(nO  operations. [Press, 2002] 
 
In summary: Solving Equation system 1 gives together with Formula 18 to Formula 

21 the piecewise polynomials between ix  and Nx .  The approximative function 

value for an arbitrary x between ix  and Nx  can now be calculated. 



 

 37

Chapter 4 

4 THE METHOD 
This chapter contains a more detailed description of the FFT approach for 
obtaining ISAR images. The time-complexity is derived to understand the 
possibilities of the new method. The consequences of the transition from a DTFT 
based calculation to a FFT based calculations are also described. 

 

4.1 Image reconstruction 
 
Figure 16 illustrates the two-dimensional reconstruction problem for a certain value 
of the radar’s viewing angle for the approximative method. The distance between the 
radar and the measured object is relatively short, which means that the radar pulse 
fronts must be seen as curves and cannot be approximated by straight lines. The 
radar sends radar pulses with different frequencies and thereby obtains a complex 
RCS value for each frequency. 
 
Range profile values can be obtained by applying an inverse Fourier transform to the 
frequency depending RCS values for this angle, as mentioned in section 2.5. A 
certain value of the range profile consists of an integral of reflection values along a 
curve in the object space, as seen in Figure 16. This procedure is performed for each 
viewing angle. 
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Range profile
pθ(n)
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Figure 16: Illustration of the image reconstruction problem using the approximative 
method. 

In the method using DTFT calculations a single range profile value is computed for 
each pixel, see section 2.5. The computation of a range profile value iterates over the 
input sample values. It is clear that obtaining an ISAR image using this method 
requires many DTFT calculations, since the iteration has to be performed for each 
pixel. 
  

It would be a good idea to calculate a discrete range profile )(npθ once, outside the 

loop iterating over the pixels, and at pixel-level interpolate this range profile to 
obtain an approximative DTFT value. This is the idea behind the approximative 
method. The DTFT method never pre-computes range profiles, but single range 
profile values for the current pixel. In the approximative method, a range profile 

)(npθ  with N  points is calculated using an inverse FFT, before iterating over the 

pixels.  
 

 ( ) fefHnp Nfnj
f

ff
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)( π
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=

=  for 0=n  to 1−N  

 Formula 22 
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where ( )fHθ  is the RCS value for frequency f at viewing angle θ  and r is the 

distance between the scattering point in pixel (x,y) and the radar, see Formula 3. 1f  

and 2f are the lower and upper bound of the frequency band in which the 
measurement is performed. 
 
Performing this for each angle, a set of range profiles is obtained. This can be 
compared to the set of angular dependent projections obtained in computerized 
tomography. Finally, to obtain the range profile value for an arbitrary pixel, the 
current range profile has to be interpolated, since the range profile is a discrete set 
of points. 
 
To obtain the ISAR image value for a certain pixel, every range profile has to be 

used. The estimate of the ISAR image value in pixel ),( yx , ( )yxa ,~ , is as follow: 
 

 ( ) ( )∑=
θ

θ frpryxa 2,~  

where fr  is the location among the range profile sample points where the 

interpolation is to be performed. This location depends on r , the distance to the 

radar. Hence, fr  also depends on the values of  x and y. The exact relation between 

fr and r is established later in this chapter. As in the DTFT method, the square of  

r is multiplied to the current range profile value in order to compensate the 
attenuation of the radar signal. The estimate ),(~ yxa  is simply an accumulation of 
the range profile values calculated for each angle. Compare this to the formula for 
obtaining the image value using the DTFT method, shown in Formula 12: 
 

 fefHyxa
f

cfyxrj∑∑=
θ

π
θ

/),(4)(),(~  

which is also an accumulation of different range profile values. However, there are 
two loops in this method, compared to only one in the approximative method. 
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Summary of image reconstruction using the approximative method:  
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position among the range profile samples.

Calculate the reflection intensity at the pixel 
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the cubic spline function, obtained in step 
2, at the position calculated in step 3.

Add the reflection intensity to the pixel’s
total reflection intensity.

When all pixels have been iterated, perform 
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Figure 17: Block scheme of the approximative method. 

4.2 Time-complexity 
The possibilities of the new approximative method of calculating ISAR images can 
be shown by establishing time-complexity expressions for the DTFT method and the 
approximative method. 
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DTFT method 
For each image pixel the reflectivity intensity has to be calculated by using Formula 
12. This formula iterates every frequency and every viewing angle. Hence, the time-
complexity becomes 
 

 )( 2VFNO  
 

 N  : Image width and height. 
 V  : Number of viewing angles 

 F : Number of frequencies 
 
FFT approach 
The FFT of each viewing angle’s RCS has to be calculated in order to retrieve the 
range profile. For each image pixel every range profile has to be used in order to 
calculate the reflection intensity. The time-complexity of one FFT operation is 

))log(( pp FFO ⋅ where pF is the length of the zero-padded signal the FFT is 

applied on. The interpolation has two steps; calculating the piecewise polynomials, 

with complexity )( pVFO , and evaluating the function value for a given point. 

Hence, the total time-complexity becomes 
 

 )))log((( 2
ppp FFFVVCNO +⋅+  

 Expression 1 

 
where N  and V  denote the same parameters as above and C  is the time-
complexity for evaluating interpolated function value 
 
The time for evaluating a function value, C , is constant and does not have to be a 
part of the expression, but one has to remember that C  will affect the computation 
speed in practice. The second term in Expression 1, time for calculating the spline 
function of the RCS spectra, is small in relation to the first term for large values of 

2N . Expression 1 can therefore be simplified into 
 

 )( 2VNΟ  
 
for images with many pixels. Notice that the number of angles does not affect the 
relative computation speed between the DTFT method and the approximative 
method. 
 
Typical values of the different parameters mentioned above for a two-dimensional 
image are: 
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 N : 500 pixels 
 V  : 500 angles 
 F  : 200 frequency samples 

 pF : 1024 samples 

 
These figures justify the discussion about complexity simplification. 
 

4.3 Computational considerations 
To be able to compute the ISAR image according to Formula 12 the distance 
between the current image pixel and the radar antenna has to be calculated. When 
using the new method this distance has to be converted to a location among the 
samples in the range profile obtained by the FFT. This is done by explicitly 
comparing the expressions for calculating the DTFT and the FFT. The expression for 
the inverse DTFT used is 
 

 ∑
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 Formula 23 

 
The inverse FFT used is the MatLab version of Formula 7 and is defined in 
[MathWorks vol2, 2003] as 
 

 ∑
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 Formula 24 

 
The difference between the FFT definitions is simply that the MatLab version uses a 
unit offset.  
 

By replacing the frequency if  by a sum of a frequency offset 0f  and an incremental 

part fk ∆⋅− )1(  Formula 23 can be written as 
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Hence, it can be written as 
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Formula 24, defining the inverse FFT, can be written as 
 

 ∑
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 Formula 27 

 
By studying Formula 26 and Formula 27 it is easy to see that the sums are the same 
if 
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 Formula 28 

 

Remember that 0)( =kX  for pFkF ≤< , which means that the upper boundary 

of the two sums are the same in practice. Formula 28 is the conversion from the 
distance to the radar to a location among the range profile samples that was looked 
for. That is, each sample in the discrete range profile corresponds to a certain 
distance to the radar. Notice that the conversion in the other direction, according to 
Formula 28, results in a floating-point number n . It is therefore more logical to call 

this fr . The increment with 1 in Formula 28 is a unit-offset when indexing the 

vector containing the range profile samples and can therefore be discarded: 
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 Formula 29 

 
Notice that a factor 
 

 0)/4( rfcje π  

 Expression 2 

 
has to be multiplied to the sum in Formula 27 for an exact match of Formula 26 and 
Formula 27. 
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In summary, the FFT and DTFT relations match if  
 

 r
c
fF

r p
f

∆
=

2
 

and 
 

 0)/4( rfcje π  
 

is multiplied to the FFT value. 
 

In practice only a specific range of the value of fr is used, since only a small part of 

the area that the radar observes is of interest. Therefore, the disadvantage of using 
the natural cubic spline, with respect to boundary dissimilarity mentioned in 
section 3.1, is not a problem in practice. 
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Chapter 5 

5 TEST CASES 
This chapter provides information about the background of the test cases that have 
been used to evaluate the new method, including the parameters used and a 
description of the target. The quantities that are considered when evaluating the 
method are also described in this chapter. 

5.1 Aircraft model 
The test cases used when comparing the DTFT method with the new method 
originate from real tests of an aircraft model called RAK. RAK is approximately 90 
cm long. RAK consists of a cylindrical body with a cone-shaped nose. The wings, fin 
and stabilizer are made up of thin rectangular plates. Figure 18 shows an image of 
RAK. The model is entirely made of metal and has no moving parts or cavities. 
 

 

Figure 18: Picture of RAK. 

 
The model was placed on a styrofoam tripod that was placed on a large turntable as 
seen in Figure 19. Styrofoam has a very low RCS [Plonus, 1965]. Data was collected 
for angles between 0° and 360°, i.e. 2881 different angles. The radar operated at 201 
frequencies from 6 GHz to 16 GHz. The measurements were performed by The 
Swedish Defence Research Agency (FOI) and Saab Bofors Dynamics, see 
[AMTA, 1999]. 
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Figure 19: RAK on tripod. 

 
The data collected by this procedure is then used to calculate ISAR images as 
described above. 

5.2 Evaluated quantities 
The quantities evaluated are execution time and image quality. Execution time is 
the time it takes for the respective method to calculate the ISAR image, not 
including the time spent on loading parameters and RCS data. The execution time is 
measured using MatLab’s tic [MathWorks vol3, 2003] command, which returns the 
wall-clock time in seconds. 
 
Concerning image quality, it is important to choose a quality metric that reflects the 
image quality well. The application that is evaluated in this thesis has one image that 
may be considered as ideal and another image which quality should be measured. It 
is logical that the quality metric type to use is the one with two input images. 
RRMSE and MARE are both used in signal processing. MARE is commonly used 
when evaluating the result of interpolation. Hence, the quality metric that is to be 
used to evaluate the method in this thesis is MARE. 
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Chapter 6 

6 IMPLEMENTATION 
This chapter discusses details of the implementation of the algorithm. It describes 
the software and programming languages that have been used. There is also a 
section that discusses the parts of the code and relates those parts to ISAR and 
interpolation theory. 

6.1 Tools and languages 
The tests that were conducted to evaluate the new method were performed using the 
Columbus2000 software [Berlin et al, 2000]. Columbus2000 is a program that is 
used to evaluate data from measurements and calculations with ISAR. The method 
used by Columbus2000 addresses the need to process large amounts of data. Other 
ISAR processing software is not as effective for this kind of data. Columbus2000 is a 
program with a MatLab front-end and a back-end written in C/MEX, see Figure 20. 
MatLab [MathWorks MatLab, 2001] stands for Matrix Laboratory and is a software 
package for technical computing and visualization. MatLab version 6.5 is used in 
this thesis. MatLab is able to call routines written in the C language 
[Kernighan et al, 1988] as if they were built-in MatLab functions. MatLab callable C 
files are called MEX-files [MathWorks Ext, 2003]. 
 

M
atLab code

C
/M

ex code

Raw data from 
measurements

Graphical User Interface

Main program
columbus_main.m

Computational routine
calculate_isar.c

 

Figure 20: Scheme of Columbus2000. 
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The part written in C/MEX performs the ISAR image calculation since code written 
in C/MEX is executed much faster than MatLab code [MathWorks Ext, 2003]. The 
new method is also implemented in C/MEX except from the FFT operation that uses 
the MatLab built-in FFT function. However, the MatLab FFT uses FFTW (Fastest 
Fourier Transform in the West), which is very fast [Frigo et al, 1997]. 

6.2 Program discussion and notes 
This section discusses the most relevant parts of the code files implementing the 
algorithm for the new method. The code for the algorithm is found in two files: 
columbus_main.m and calculate_isar.c. The former is a MatLab file that 
contains the code for columbus2000 together with code calculating the range 
profiles and code for calling the rest of the algorithm, which implemented in C/MEX 
in the latter file. 
  
The different blocks in Figure 17 in section 2.5 are listed below together with the 
code that implements the blocks. 
 
1. Calculate a range profile for each angle 
This block takes the frequency-varying RCS for every angle and calculates the FFT 
for these RCS, respectively. The result is a range profile for every angle. This block 
resides in columbus_main.m and is implemented by the following lines of code. 
 
[T,F] = 
meshgrid(linspace(thetaStart,thetaStop,numberOfAngles), 
linspace(freqStart,freqStop,numberOfFrequencies)); 
 
rcs_all = rcs_all.*F; 
 
rangeProfileLength = 1024; 
 
range_profiles = rangeProfileLength*fftshift(ifft(rcs_all, 
rangeProfileLength,1),1); 
 
This code is MatLab code for obtaining the different range profiles. The variable 
rcs_all is a matrix in which each column vector is an RCS for a certain angle. The 
second line of code multiplies the values of the RCS vectors with the corresponding 
frequencies, see Formula 22. In this case the signal is zero-padded to 1024 samples 
before it is transformed by the ifft function. The fftshift function is applied 
due to MatLab’s way of storing the result of a Fourier transformation. More 
information on these MatLab function can be found in [MathWorks vol2, 2003]. 
 
2. Get a range profile and calculate its cubic spline coefficients 
This block calculates the cubic spline coefficients for the range profile by solving a 
tridiagonal linear equation system, see section 3.1. The result is four coefficients for 
each piecewise polynomial. The code for solving this equation system is based on 
code from [Press, 2002]. Complex numbers had to be handled in the algorithm, 
which was not explicitly made in [Press, 2002]. 
 
Notice that the outer-most loop iterates the angles and not the image pixels, which 
also could have been done. The reason is that the algorithm only has to save the 
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cubic spline coefficients for the current range profile and not for all range profile, 
which would have been the case if the outer-most loop iterated the image pixels. 
This block and the following blocks reside in calculate_isar.c.  
 
beta=4; 
         
M[0].r = 0.0; 
M[0].i = 0.0; 
 
M[rangeProfileLength-1].r = 0.0; 
M[rangeProfileLength-1].i = 0.0;   
 
for (m=0;m<numberOfAngles;m++) { 
 
   rp = range_profiles[m]; 
 
   r.r = rp[0].r - 2 * rp[1].r + rp[2].r;  
   r.i = rp[0].i - 2 * rp[1].i + rp[2].i;    
         
   M[1].r = 6 * r_r/beta; 
   M[1].i = 6 * r_i/beta;       
    
   for(s=2;s<rangeProfileLength-1;s++) { 
    
      gamma[s] = 1/beta; 
      beta = 4 - gamma[s]; 
 
      r.r = rp[s-1].r - 2 * rp[s].r + rp[s+1].r;  
      r.i = rp[s-1].i - 2 * rp[s].i + rp[s+1].i;         
      M[s].r = (6 * r_r - M[s-1].r)/bet; 
      M[s].i = (6 * r_i - M[s-1].i)/bet; 
         
   } 
     
   for(s=rangeProfileLength-2;s>=1;s--) { 
      M[s].r -= gamma[s+1]*M[s+1].r; 
      M[s].i -= gamma[s+1]*M[s+1].i;         
   } 
 
   for (j=0;j<fft_padding-1;j++) { 
      coeffs[j][0].r = (M[jj+1].r-M[jj].r)/6; 
      coeffs[j][0].i = (M[jj+1].i-M[jj].i)/6;         
      coeffs[j][1].r = M[jj].r/2; 
      coeffs[j][1].i = M[jj].i/2; 
      coeffs[j][2].r = (rp[j+1].r – rp[j].r) - (M[j+1].r + 2 * 
M[j].r)/6; 
      coeffs[j][2].i = (rp[j+1].i - rp[j].i) - (M[j+1].i + 2 * 
M[j].i)/6;         
      coeffs[j][3].r = rp[j].r; 
      coeffs[j][3].i = rp[j].i;         
   } 
 
   . 
   . 
   . 
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} 
 
As mentioned, the code uses the algorithm in [Press, 2002] to solve Equation system 
1. The elements of the right-hand side vector in this equation system is stored in the 
variable r. The result vector is M[0..rangeProfileLength-1]. The last for-loop 
calculates the cubic spline coefficients for the piecewise polynomials by using 
Formula 18 - Formula 21 and stores them in the matrix coeffs where each contains 
the four coefficients for a certain polynomial. 
 
3. Get a pixel and calculate its distance to the radar 
This block calculates the range from a given pixel to the radar antenna. This is done 
using simple geometrical relations, see Formula 3. The range is then converted to a 
position among the range profile samples using Formula 29. 
 
for (j=0;j<nx;j++) { 
            
   xsx=x[j]-sx[m]; 
 
   xsx_2=xsx*xsx; 
 
   for (i=0;i<ny;i++) { 
                     
      range_square = xsx_2+(y[i]-sy[m])*(y[i]-sy[m])+zsz_2; 
 
      range=sqrt(range_square); 
 
      delta_r=range-rangeFromCenter; 
 
      sample_location = 2*rangeProfileLength*delta_f*delta_r/c 
+ rangeProfileLength/2; 
 
   . 
   . 
   . 
 
   } 
 
. 
. 
. 
 
} 
 
The distance between the current pixel position and the radar is stored in the 
variable range. This calculation is based on the position of the pixel, stored in x[] 
and y[], and the position of the radar for the given angle, stored in sx[] and 
sy[]. Analogously, the value of variable zsz_2  depends on the elevation angle the 
radar is located in relation to the target object. When calculating a 2D image, the 
elevation angle is fixed to a certain value.  
 
The variable delta_r is the distance in the local coordinates of the object space and 
resides somewhere within the radar’s area of sight. If delta_r equals zero, the pixel 
is located in origo of the object space. delta_r is obtained by subtracting the 
distance between origo and the radar from range. This distance is then converted to 
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sample_location, a location among the samples of the range profile. This is 
performed by the last line of code, using Formula 29. Notice that an offset 
rangeProfileLength/2 has to be added to the location since the indices of the 
vector containing the range profile are only non-negative integers from 0 to 
rangeProfileLength. 
 
4. Calculate reflection intensity at the pixel, for the current angle 
This block calculates the intensity of the radar reflection at a pixel’s position for the 
current angle. The cubic spline coefficients are used to perform an interpolation of 
the current range profile at the sample location, see Formula 17. The sample location 
is calculated in the previous block. 
 
lower_bound = (int)sample_location; 
 
local_position = sample_location – lower_bound; 
                        
reflection.r = ((( 
 coeffs[lower_bound][0].r * local_position +      
 coeffs[lower_bound][1].r) * local_position +   
 coeffs[lower_bound][2].r) * local_position +  
 coeffs[lower_bound][3].r); 
 
reflection.i = ((( 
 coeffs[lower_bound][0].i * local_position +  
 coeffs[lower_bound][1].i) * local_position +  
 coeffs[lower_bound][2].i) * local_position +  
 coeffs[lower_bound][3].i); 
 
To be able to obtain the cubic spline coefficients of interest, a floor operation is 
applied to the sample_location value, by type-casting to an integer, and stored in 
lower_bound. lower_bound is not only used to obtain the coefficients but also 
the local position, that is the position at the piecewise polynomial of interest. Hence, 
local_position is found in the interval )1,0[ . When lower_bound and 
local_position are known, the function value is evaluated using a re-written 
version of Formula 17. Re-writing 
 

 ( ) ( ) ( )32)( iiiiiiii xxdxxcxxbaxs −+−+−+=  

 
to 
 

 ( )( ) )()()()( xlxlxldcbaxs iiiiiiii ⋅⋅⋅+++=  

 
where 
 

 ii xxxl −=)(  

 
minimizes the number of operations required to perform the calculation. 
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5. Add the intensity to the pixel’s total intensity 
This block adds the reflection intensity at the pixel’s position by adding the result of 
the previous block to the accumulated intensity calculated for previous angles. 
 
Notice that the position-varying variable range_square is multiplied to the 
reflection intensity before adding it to the accumulated value. This variable 
describes the attenuation of the radar signal due to the propagation distance. This 
reduction of energy is compensated by a multiplication with the variable. 
[Mensa, 1991] 
 
factor.r = cos(2*pi*(sample_location - rangeProfileLength/2)/  
 rangeProfileLength+delta_r*(phasec*f_start-phasec*delta_f)); 
 
factor.i = sin(2*pi*(sample_location - rangeProfileLength/2)/   
 rangeProfileLength+delta_r*(phasec*f_start-phasec*delta_f)); 
 
image[j][i].r += range_square*(factor.r * reflection.r –  
 factor.i *  reflection.i); 
image[j][i].i += range_square*(factor.r * reflection.i +  
 factor.i *  reflection.r); 
 
The variable factor contains the value of the constant factor in Formula 27 
multiplied with the factor in Expression 2. This value is then multiplied to the 
reflection intensity calculated in previous step, also according to Formula 27. After a 
multiplication with the position-varying variable, the result is added to the image 
pixel value. 
 
When all pixels have been processed for the current angle, steps 2-5 are performed 
for a new angle. The ISAR image is obtained when the calculation has been 
performed for all angles.  
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Chapter 7 

7 RESULTS 
This chapter presents the results of the tests that were conducted. Resulting ISAR 
images are shown. Additionally, execution time and image quality figures are 
presented. The chapter contains a parameter study, which presents relations 
between the different input parameters, such as number of pixels in the ISAR 
image and degree of zero-padding, and the execution time and image quality. 

 
The tests have been carried out using a benchmark script written in MatLab. 
Studying the time-complexity expression of the new approximative method it is easy 
to see that the results of the tests compared to the DTFT method with respect to 
execution time and image quality depend on several parameters; 
 

• N : number of pixels of the image side. The number of pixels in the cross-
range direction equals the number of pixels in the down-range direction. 

• F : number of frequencies in the frequency response. 

• pF : length of the zero-padded signal before applying the FFT. 
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7.1 ISAR images 
This section presents the results of test cases for a selection of parameter 
combinations. For each test case, the execution time and image quality is presented. 
The upper image is the ISAR image obtained using the DTFT method while the 
lower image is obtained using the approximative method. 

 

 

Figure 21: ISAR images for test case where N=200 and Fp=1024. 
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• Execution time for DTFT algorithm: 105.0 s 
• Execution time for FFT algorithm: 4.6 s 
• Decrease in execution time: 22.6 
• Image error: 1.90 % 

 
 

 

Figure 22: ISAR images for test case where N=200 and Fp=2048. 
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• Execution time for DTFT algorithm: 105.0 s 
• Execution time for FFT algorithm: 5.3 s 
• Decrease in execution time: 19.8 
• Image error: 0.0766 % 

 
 

 

Figure 23: ISAR images for test case where N=500 and Fp=2048. 
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• Execution time for DTFT algorithm: 657.8 s 
• Execution time for FFT algorithm: 30.3 s 
• Decrease in execution time: 21.8 
• Image error: 0.0762 % 

7.2 Parameter study 
 
Notice that the results presented in the previous section differ significantly for 
different choices of parameters, for example the execution time, depends on the 
number of pixels in the output image. This variation justifies the performance of a 
parameter study. Figure 24 to Figure 27 show diagrams of the results with respect to 
different parameter settings. The interesting relations to study are: 
 

• Image error versus degree of zero-padding 
• Execution time versus size of image side 
• Execution time versus degree of zero-padding 
• Execution time versus number of frequencies in frequency response 

 
Image error versus degree of zero-padding 
Figure 24 compares the image error when using the approximative method with the 
degree of zero-padding.  

 

Figure 24: Relation between image error and length of zero-padded signal. 
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Execution time versus size of image side 
 
Figure 25 compares the decrease in execution time when using the approximative 
method with the number of pixels in the output image. Each line relates to a certain 
degree of zero-padding.  

 

Figure 25: Relation between decrease in execution time and size of image side. 

 
Execution time versus degree of zero-padding 
 
Figure 26 presents the results of comparing the decrease in execution time with the 
degree of zero-padding when using the approximative method. The diagram gives 
the same information as the diagram in Figure 25. In this case, each line relates to a 
certain number of pixels. 
 



 

 59

 

Figure 26: Relation between decrease in execution time and length of zero-padded 
signal. 

 
Execution time versus number of frequencies in frequency response 
 
The number of frequencies in the frequency response is set when performing the 
measurements and cannot be set afterwards. However, it is still interesting to study 
its influence on the performance of the approximative algorithm. Figure 27 shows 
the relative execution time for different number of frequencies; 200 and 800. 
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Figure 27: Relation between decrease in execution time and number of frequencies for 
N=500. 
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Chapter 8 

8 DISCUSSION AND CONCLUSIONS 
This chapter discusses the results presented in chapter 7 and draws conclusions 
from these results with respect to the purpose of the thesis. There is also a section 
that deals with possible improvements that can be made and what work that can 
be performed in the future. 

8.1 Discussion 
At a first glimpse the ISAR images obtained using the DTFT- and the approximative 
method are equal. Yet, this is not a guarantee of success since there are tough 
requirements in the correctness of the underlying data.  
 
The parameter study performed in chapter 7 made it easier to understand the 
possibilities of the approximative method. Figure 24 shows that a higher degree of 
zero-padding leads to an ISAR image that is more similar to the ideal ISAR image, as 
expected. When studying Figure 25 it is easy to establish that the impact a high 
degree of zero-padding has on execution time, decreases as the image size increases. 

For N=1000 the decrease in execution time is almost the same for all values of pF . 

This can also be seen in Figure 26 since the line relating to N=1000 is almost 
horizontal. On the other hand, it is clear that the degree of zero-padding heavily 
affects the relative execution time for images with few pixels.  
 
It is very likely that there is an upper limit of the decrease in execution time at about 
20 times, see Figure 25. Even if the image size is set to values much higher than 
N=1000 the decrease in execution time will most probably not become higher. The 
reason for this is that the DTFT calculation in the DTFT method only constitutes a 
specific share of the total time for that method. Hence, there is a limitation of the 
decrease in execution time since it is the DTFT calculation part that is removed in 
the approximative method. However, the more frequency samples included in the 
DTFT calculation, the bigger the DTFT calculation share is. That should mean that 
the upper limit of the decrease in execution time should be higher. This can actually 
be seen in Figure 27. The more frequencies in the frequency response, the faster the 
approximative algorithm is in comparison with the DTFT method. For a frequency 
response with 800 samples it is clear that the decrease in execution time is almost 

independent of the degree of zero-padding. For pF = 2048, 4096 and 8192 the 

decrease in execution time is about 50 times. This fact gives the opportunity to zero-
padd even more, which would give higher image quality with approximatively the 
same relative execution time. This discussion is appropriate for the case presented 
in Figure 27, where N=500. For lower values of N, the influence of a high degree of 
zero-padding will become stronger, as seen in Figure 25. It is also important to 
remember that a frequency response with more frequencies requires a longer zero-
padded signal in order to achieve the same image quality. 
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Using the results presented above, the parameter study could be used to foresee the 
result when running a certain test in the future. 
 
It is important to choose the quality metric carefully. One must remember in what 
context the results should be interpreted. For example, in this case it is more or less 
unnecessary to compare the visual similarity of the ISAR images. It is the underlying 
data that is of highest interest. 
 
Another factor that is important to consider is the environment in which the 
algorithm is tested. The choice of compiler may noticeably affect the relative 
execution time. 
 

8.2 Conclusions 
A method to obtain ISAR images has been implemented and evaluated. The method 
is approximative with respect to the DTFT method and it is based on FFT and cubic 
spline interpolation. To decide whether the results using this method are sufficiently 
good, execution time and image quality has been studied. 
 
The main question of this thesis was to find out whether the method could increase 
the computation speed with a factor of ten or more and at the same time produce 
images of sufficiently high quality. The requirement with respect to execution time 
can be fulfilled, according to the test results presented in chapter 7. It is harder to 
establish if the quality of the images produced with the approximative method is 
sufficiently good. The visible error is hardly noticeable, which means that the 
algorithm can be used in order to generate ISAR images. Whether the method can 
be used to analyze the data and draw conclusions with respect to the characteristics 
of the target object is more uncertain since that is closely related to the requirements 
on the data, which may differ from time to time. 

8.3 Future work and improvements 
It is not proved that the cubic spline interpolation is the optimal interpolation 
technique to use in the approximative method. Therefore other interpolation 
techniques should be evaluated as well. The interpolation method implemented in 
this thesis should however give an idea about the approximative size of the 
execution time increase and image quality. 
 
Another improvement that can be made is to use the fact that a big part of the 
piecewise polynomials calculated when obtaining the cubic spline function is not 
used when computing the ISAR image. The reason for this is, as mentioned in 
section 4.3, that one is most often only interested in computing the ISAR image for 
the target object and its near surroundings. Not computing the polynomials that are 
not used to generate the ISAR image should decrease the execution time even more. 
For example, if the spline calculation constitutes 20% of the total execution time, 

which is approximatively the case for N = 500, pF = 1024, and ¾ of the total area 

covered by the radar is not desired to be visualized in the ISAR image, the total 
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execution time for the approximative method would decrease with an additional ¾ * 
20% = 15%. 
 
To decrease the execution time even more, it would be a good idea to implement the 
algorithm in hardware. However, this would most probably not improve the relative 
execution time. 
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