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Abstract 
 
The Swedish National Debt Office (SNDO) is the Swedish Government’s financial 
administration. It has several tasks and the main one is to manage the central 
government’s debt in a way that minimizes the cost with due regard to risk. The debt 
management problem is to choose currency composition and maturity profile – a 
problem made difficult because of the many stochastic factors involved.  
 
The SNDO has created a simulation model to quantitatively analyze different aspects 
of this problem by evaluating a set of static strategies in a great number of simulated 
futures. This approach has a number of drawbacks, which might be handled by using a 
financial optimization approach based on Stochastic Programming.  
 
The objective of this master’s thesis is thus to apply financial optimization on the 
Swedish government’s strategic debt management problem, using the SNDO’s 
simulation model to generate scenarios, and to evaluate this approach against a set of 
static strategies in fictitious future macroeconomic developments. 
 
In this report we describe how the SNDO’s simulation model is used along with a 
clustering algorithm to form future scenarios, which are then used by an optimization 
model to find an optimal decision regarding the debt management problem.  
 
Results of the evaluations show that our optimization approach is expected to have a 
lower average annual real cost, but with somewhat higher risk, than a set of static 
comparison strategies in a simulated future. These evaluation results are based on a 
risk preference set by ourselves, since the government has not expressed its risk 
preference quantitatively. We also conclude that financial optimization is applicable 
on the government debt management problem, although some work remains before the 
method can be incorporated into the strategic work of the SNDO.  
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Chapter 1 Introduction 
 
In this chapter we first describe the background to our thesis project at the Swedish 
National Debt Office. After that follows a description of the objective and limitations 
of our work together with the method we have chosen to carry out the project. Finally, 
an overview of the following chapters is presented. 
 

1.1 Background 
The Swedish National Debt Office (the SNDO) is the Swedish Government’s financial 
administration. One of its main tasks involves the management and financing of the 
Swedish central government debt. Since the total debt is around 1,193 billion SEK 
(July 31, 2003) – about 50 % of Sweden’s GDP (2002) – and net expenditure (interests 
etc.) on the debt is roughly 68 billion SEK (2002), the decisions that SNDO make 
concerning debt management has, of course, far reaching consequences for the central 
governments economic situation. Therefore, it is only natural that the SNDO is 
continuously trying to improve the way the debt is managed. 
 
For a few years now, the SNDO has developed a simulation model of the variables that 
affect the costs of debt. By using this model, they have tried to determine how 
different management strategies affect the cost and risk of the debt. 
 
Today the borrowing is made in foreign and Swedish currency, with long and short 
bonds and on nominal and real basis. Taken together, this creates a complex situation 
in which the borrowing decisions have to be made. The SNDO has been using the 
simulation model to generate a number of possible future outcomes of the economic 
development, on which a set of fixed strategies have been evaluated. The results 
consist of different profiles regarding costs and risks for each strategy. Based on this, 
some conclusions can be drawn on how much of the government’s deficit should be 
financed with domestic and foreign currency debt respectively and what the target 
average maturity (duration) of each debt type should be.  
 
However, there are a few problems with this approach. A fixed strategy will always be 
“blind”, in the sense that it always strives for the same goals, no matter how the world 
around it changes. Therefore, it never changes its priorities, no matter what the 
economic development might be. Also, since the number of strategies is infinite, it will 
never be possible to try them all, and a reduced set will always have to be used. 
 
An alternative approach to the problem of finding good (dynamic) strategies would be 
to apply financial optimization to the government debt management problem. By 
formulating the governments borrowing as a mathematical program, you can find an 
optimal, dynamic financing strategy. 
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1.2 Objective 
 

 

The objective of our master’s thesis is to apply financial optimization on the 
Swedish government’s strategic debt management problem, using the SNDO’s 
simulation model to generate scenarios, and to evaluate this approach against a set 
of static strategies in fictitious future macroeconomic developments. 

A secondary objective would be to evaluate the financial optimization approach in a 
historical macroeconomic environment, i.e. to find out how well this new approach 
would have done in the past. 

1.3 Delimitations 
We will not in any way try to analyze and suggest how this financial optimization 
approach could be implemented in the SNDO’s organization. Nor will we try to create 
a ready-to-use operational model, which can be used for decision-making. The focus 
will be on creating the necessary models and tools by which we can formulate and 
solve the financial optimization problem and analyze the results.  
 
No recommendation of which strategy the SNDO should follow will be made.  
 
Also, we will use the SNDO’s simulation model as it is, and will not try to change or 
improve it in any way. Some aspects of the model might be less appealing, but it 
would be a far too great task to undertake to fit into the limits of our master’s thesis.  
 
We will not carry out cluster analysis to explore the properties of the clustered 
scenarios and to evaluate the clustering algorithm chosen in order to find an optimal 
way to generate scenarios in a government debt situation; we only use one carefully 
selected clustering algorithm. In order to save time when solving the problem, the only 
aspect to be examined is the time consumption when executed on a computer system. 
 
We will not try to implement or improve optimization algorithms, but instead use pre-
existing solvers. Only the minimal effort needed will go into setting up and adjusting 
these solvers until we feel they are able to carry out their work in a satisfactory way. 
No specialized Stochastic Programming solver will be used. 
 
Lastly, for the sake of clarity, we will not try to find the optimal way of managing 
government debt; we only seek one possible way to incorporate the notion of financial 
optimization in a government debt context. 

1.4 Method 
The project can roughly be divided into four different parts: studying the problem, 
implementation, program runs and result analysis. This order is quite straightforward, 
where each step is naturally followed by the next. 
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Due to our quantitative approach and the size of the problem, we have to solve the 
financial optimization problem with the aid of computers. Much of the work has thus 
been focused on designing, testing and implementing the program that would enable 
us to solve the problem. Early on, it became quite clear that this program would 
consist of a number of building blocks, each block separate from the other. This fact, 
the complexity of the problem and the benefit of being able to distribute work load 
between the two of us lead to the choice of an iterative software engineering method in 
an object-oriented language. Object-oriented programming will also make a possible 
continuation of our work easier, since the software easily can be re-used, as a whole or 
in part. Parts of the software can be regarded as “black boxes”: a programmer only has 
to worry about sending correct input and receiving output, the functions and other 
information the user does not necessary have to know about are hidden within the 
object classes.  
 
During the course of the implementation, we continuously had to gather information 
on the situation and the problems we encountered. Much of this came from the 
Internet, but naturally, the most important information came out of our discussions 
with our mentor at LiTH, Jörgen Blomvall, as well as with our mentors at the SNDO, 
Anders Holmlund and Sara Bergström. 

1.5 Chapter Overview 
Chapter 2, Frame of Reference 
 In this chapter we introduce to the reader some concepts that will be used later 
in this thesis. Mainly these concepts have to do with processes underlying the 
macroeconomic simulations and a method of aggregating simulation outcome to 
estimate a discrete distribution (clustering). At the end of the chapter we give a short 
introduction to some important concept regarding bonds. 
 
Chapter 3, Problem Introduction  

This chapter gives a brief introduction to the Swedish National Debt Office and 
its activities. The size and currency and maturity compositions of the government’s 
debt are explained, along with historical developments thereof. Finally, we give an 
overview of the current method of quantitatively analyzing long-term government debt 
management and how it could be improved. 
 
Chapter 4, Financial Optimization using Stochastic Programming  

In this chapter we introduce the concept optimization and financial 
optimization. We then briefly explain mathematical programming with a time 
dimension and then stochastic programming, which is the method we use to model the 
government debt management optimization problem. 
 
Chapter 5, Generating Scenarios – Macroeconomic Simulation  
 In this chapter we present the SNDO’s macroeconomic simulation model, 
which we use to generate the economic data needed. At the end of the chapter there are 
some comments about how we put it to use. 
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Chapter 6, Generating Scenarios – Clustering  
 In this chapter we first explain the choice of clustering algorithm – the k-means 
clustering algorithm. We then describe how this algorithm is used when transforming 
the simulated future into a scenario tree. Finally, some of the properties of k-means are 
described. 
 
Chapter 7, Optimization Data Pre-Processing  
 This chapter covers some calculations that have to be done on the tree to 
provide the optimization model with the information needed about the economical 
consequences for its internal decisions under the different scenarios. First, we explain 
the set of available financial instruments and how it is used in the model. After that we 
describe how prices, costs, etc. are calculated for the scenario tree from Chapter 6. 
 
Chapter 8, Optimization  
 This chapter describes the optimization model and the optimal portfolio 
decision. First, we go through some assumptions and definitions needed to understand 
the model. 
 
Chapter 9, Portfolio Management  
 In order to evaluate the performance of the optimization model over a period of 
time, we need a portfolio management framework. This chapter describes different 
aspects of this, and explains how the portfolios are handled. 
 
Chapter 10, Cost and Risk Measures  
 Here we define which cost and risk measures are used in analyzing the 
performance of different portfolios. 
 
Chapter 11, Implementation  
 This chapter describes how the different parts of the program have been 
implemented and some issues regarding the software and hardware used. 
 
Chapter 12, Results  
 In this chapter we first explain some optimization model settings and some 
parameters’ values used when generating the results. Then we show results from a 
single evaluation run as an example of how the optimization model performs, followed 
by consolidated results from a batch of seven runs to get a well founded idea of the 
model’s performance. 
 
Chapter 13, Statistical Analysis  
 In this chapter we study whether we statistically could say that the government 
debt optimization model is cheaper than the comparison portfolios. This is done by 
hypothesis testing. 
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Chapter 14, Discussion 
 In this chapter, aspects of different parts of our work are discussed. Problems 
and their effects on the end result and the methods chosen are discussed, as well as 
some alternative methods that could have been used but was not.  
 
Chapter 15, Conclusion 
 
Chapter 16, Future Work 
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Chapter 2 Frame of Reference 
 
In this chapter we introduce to the reader some concepts that will be used later in this 
thesis. Mainly these concepts have to do with processes underlying the macroeconomic 
simulations and a method of aggregating simulation outcome to estimate a discrete 
distribution (clustering). At the end of the chapter we give a short introduction to some 
important concept regarding bonds. 
 

2.1 Some Stochastic Processes 

2.1.1 Markov Chains 
A Markov chain is a way of modeling a stochastic process that takes on different 
states. We start off by considering the simple scheme below 

S2    S1 

 p11  p12 
 p22 

 p21 

Figure 2.1, Principle of Markov chain 

 
where S1 and S2 represent states, and p11 , p12, p21 and p22 represents the probability of 
moving from one state (first index) to another (second index). A simple example of 
Markov chain is the weather, which we assume can take on the states “good” and 
“bad”. In the example above, S1 would then represent the good weather, while S2 
would mean bad weather. The probability p11 would then be the probability that, given 
good weather today, we would get good weather tomorrow. Furthermore, the 
probability p12 is the probability that given good weather today, the weather tomorrow 
will be bad and so on. As we can see, the main point is that the state we will end up in 
tomorrow is only dependent on the state we are in today, and the different probabilities 
of ending up in other states. 
 
More formally, we assume there is a finite set of states, S = {s1, s2,…, sm}.  Each of 
these states has a transition probability, pij ≥ 0, which describes the probability that we 
move from a given state i to a state j. All these transition probabilities give rise to a 
transition matrix P 
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Given the set of states S, the transition matrix P, and a current state Xn , which was 
reached through the sequence X0, X1, …, Xn-1, we have a Markov chain if  
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(2.1) 

 
which means that that given a certain state, the path we took to reach this state has no 
influence over the probabilities we face when moving on to the next state; only the 
current state and the transition probabilities matter. 

2.1.2 Autoregressive Processes 
An autoregressive process of order k, or AR(k)-process, is defined by 
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where φ1, φ2 ,…, φk are constants and εt is a sequence of independent random variables 
from N(0,σ2).  
 
Thus, an AR(1) process is defined by: 
 

ttt XX εφγ ++= −11  (2.3) 

 

2.1.3 Markov Chain Switching Regime Process 
This special version of an AR(1)-process is based on the assumption that the φ term is 
affected by a discrete random variables, st. Basically, this means that φ will assume 
different values depending on the value of s at time t. This binary value is called the 
regime, and a Markov chain switching regime process will therefore look like: 
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2.2 Clustering 
The problem of finding out how to group data points (and estimate probability of each 
group) is known as a clustering problem. Clustering problems frequently arises in a 
great variety of fields such as image processing, data mining processes, machine 
learning, pattern recognition and statistics. A cluster is usually defined as a 
homogenous group of data points that can be said to be a region with locally higher 
density than in other regions, i.e. groups whose members are similar in some way (see 
e.g. Likas et al., 2003). 
 
Clustering algorithms are so called unsupervised learning algorithms that try to group 
data points using self-derived prototype patterns for each cluster. Many clustering 
algorithms exist and one major class is partitional clustering algorithms. Partitional 
clustering divides a given data set into disjoint subsets so that specific clustering 
criteria are optimized. Normally the criteria involve minimizing some kind of 
clustering error function and/or involve some kind of heuristic.  
 
One of the most popular and practical partitional clustering algorithms is the k-means 
clustering algorithm, which is designed to work on numerical continuous data (see e.g. 
Fasulo, 1999 and references therein). 

2.2.1 K-Means Clustering Algorithm 
The k-means algorithm seeks a predetermined number (K) of clusters within a given 
data set. Let  
 

{ } d
n

N
nn ℜ∈= = vv     V where1  

 
be a set of data points in d dimensions, in which we would like to find natural clusters. 
Define a function  

ℜ→⊆ },...,{: 1 VCCC kKg  
 
that given subsets of V returns the clustering error as the sum of distances from each 
data point to the center of the cluster, to which the data point belongs. The object is 
then to divide V into disjoint subsets C  so that the clustering error is minimized. 
The clustering problem can be expressed mathematically as 
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where f is a function defined as 
dd

nNf ℜ→ℜ∈ },...,{: 1 vvv  
that given a set of data points in d dimensions calculates a cluster center m (centroid) 
as a point in d dimensions. Since V  is a subset of a metric space,  could be any 
distance metric that is used to find out how “far” x is from y (see Appendix A for an 
example of some distance metrics that could be used)

( yx,d )

 1.  
 
The minimization of clustering error is done by a numerical local search algorithm. 
This algorithm begins at a feasible solution to (2.5) and advances along a feasible 
search path with ever-decreasing clustering error until it reaches a local optimum or 
some other termination criterion is satisfied. The outline of a general k-means 
algorithm is described in Algorithm 2.1 below. 
 
Algorithm 2.1, General K-Means Algorithm 
 

Step 1: Choose Initial Centroids for the K Clusters 
Step 2: Assign Data Points to Clusters Using Distance Classification 

Rule 
Step 3: Update Centroids 
Step 4: Termination Criterion 

If termination criterion is satisfied – STOP, else go to Step 2 
 

 
One of the most usual initialization methods in Step 1 is to divide the data points into 
K clusters at random. This random method has been shown to be one of the most 
effective and robust methods for initialization (Peña et al., 1999). Normally a local 
search algorithm would in each iteration involve the construction of an improving 
feasible direction and the choice of step size (e.g. Rardin 1998). Each iteration in k-
means, on the other hand, could be seen as involving searches in two types of 
“directions”: data partitioning with fixed centroids (Step 2) and centroid positioning 
with fixed data partition (Step 3). Possible termination criteria in Step 4 are: 
 

• If no more re-assignments of data points are being made (local optimum found) 
or 

• If a sufficient number of iterations have been carried out (approx. local 
optimum). 

 
When the algorithm has terminated, the last data partition could then be used as a good 
answer to the clustering problem (2.5) and the set of final centroids could represent the 
properties of each cluster. 

                                              
1 Clustering can also be used on data in non-metric space. In that case some kind of similarity measure will be 
used instead of a distance metric. 
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2.3 Fixed Income Securities 

2.3.1 Definition of a Bond 
A fixed income security, such as a bond, is a “commitment … to make cash payments 
each year (the coupon amount) up to some point in time (the maturity date), when a 
single final cash payment (the principal) will also be made” (Sharpe et al., 1999). For 
this commitment you are compensated with a cash payment at the time of issue.  
 
In the following sections some basic properties of bonds are explained. 

2.3.2 Bond Pricing 
The price of a bond is quite intuitive; it is basically just the present value of the cash 
flows its owner will receive. Two different types of bonds exist, those that pay a 
coupon and those that do not. 
 
First we consider a bond that does not pay a coupon – a zero-coupon bond. The bond 
will have only one cash flow, the principal, as outlined in Figure 2.2 below.  
 

  Cash flow 

  T 

N 

Time 

Figure 2.2, Cash flow of a zero-coupon bond 

 
As can be seen, the bond will have only one cash flow, which we discount to get the 
price. As discount factor we use the T-year zero rate. 
 
In order to price this bond that matures in T years, we find the appropriate discount 
factor, which is the T-year zero rate, and simply discount the cash flows of the bond.  
 

T
Tr

NP
)1( +

=  (2.6) 

 
When pricing coupon-paying bonds, we use the same idea that the price is the present 
value of cash flows received by the owner. All cash flows are individually discounted 
with the appropriate discount factor for that point in time. If we have a bond that 
matures in T years and pays an annual coupon with coupon rate c, the bond’s price is 
then given by: 
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2.3.3 Special Bonds 
A bond’s yield-to-maturity (YTM) is the interest rate implied by the cash flow 
structure. 
 
A par bond is a bond with a coupon that makes its present value equal to its principal, 
according to the yield curve when the bond is created. In other words, a par bond is a 
bond with a coupon rate exactly equal to its YTM. The coupon rate of such a bond can 
be calculated as: 
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(2.8) 

 
An inflation-linked bond is a bond where the principal is continuously adjusted to 
compensate for the inflation. For this, some measurement of the inflation in a country, 
such as the CPI (consumer price index) is used.  
 
The coupon of an inflation-linked bond is lower than the coupon of a nominal bond, 
since no inflation risk premium has to be added. Instead, as the principal of the bond 
increases, the coupon payment will be the same each year (in real terms), as opposed 
to nominal bonds. 
 
The inflation-linked bond is an instrument that is hard to replicate using other financial 
instruments, and it has a very appealing property. In a high inflation economy, it will 
protect the bond from the inflation, while a nominal bond’s real value would decrease. 
Of course, in a low inflation economy the nominal bond will be better, since it yields a 
higher coupon. Basically, they are each other’s counterparts. 
 
Therefore, it is the mix of the two types that is interesting, since together they will 
cancel out inflation effects, and reduce the inflation risk of a bond portfolio. 

2.3.4 Duration 
When handling bonds, the duration will always be an important concept as it gives a 
basic understanding about the characteristics of the bond. According to Hull (2000), it 
can be defined in two ways: 
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• A measure of the weighted average of all the cash flows a bond will have 
during its life, that is, how long, on average, a bond holder will have to wait 
until receiving cash payments. 

• An approximation of how much a bonds value will change given a change in 
interest rates – an important property when managing risks. 
 

The duration is calculated by: 
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As can be seen, the duration of a bond is “a weighted average of the times when 
payments are made, with the weight applied to time t being equal to the proportion of 
the bond’s total present value provided by the payment at time t” (Hull, 2000).  
 
When calculating the duration of a whole portfolio of bonds, the procedure is similar. 
The duration and value of each bond is calculated, and the duration of the portfolio 
will be the weighted average of these durations, where the weights are proportional to 
the bond prices. 

2.3.5 Costs 
Issuing, repurchasing and having bonds outstanding will mean that a number of 
different costs can arise. These costs are: 
 

• Coupon costs – The annual coupon paid to the bond owner. 
• Maturity costs – The difference between the amount received at issue and the 

amount paid at maturity. This can occur either in non-par bonds, inflation-
linked bonds or bonds issued in a foreign currency. 

• Mark-to-market costs – The difference between the amount previously received 
and the price paid when buying back a bond before maturity. 

 
Of course, given a favorable market situation, some of these costs can sometimes be 
negative (a profit). 
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Chapter 3 Problem Introduction 
 
This chapter gives a brief introduction to the Swedish National Debt Office and its 
activities. The size and currency and maturity compositions of the government’s debt 
are explained, along with historical developments thereof. Finally, we give an 
overview of the current method of quantitatively analyzing long-term government debt 
management and how it could be improved. 
 

3.1 Swedish National Debt Office (SNDO) 
Quotes and figures in this chapter are, unless otherwise stated, from the Swedish 
National Debt Office (August 20, 2003). 
 
The Swedish National Debt Office administers the Swedish government’s finances. In 
1998 the Swedish parliament decided to formulate new objectives for the management 
of the central government’s debt. According to these objectives, “the central 
government debt is to be managed in a way that will minimize the cost of the debt in 
the long term while taking into consideration the inherent risk. In addition, the debt is 
to be managed within the constraints imposed by monetary policy.” (Swedish Ministry 
of Finance, 2002) 
 
In plain terms, the SNDO should manage the debt in such a way that the cost is 
minimized. At the same time, it should make sure that the debt is composed in such a 
way that the risk of getting sudden unexpected costs is minimized. It is important for 
the central government that the costs from year to year are predictable, since the 
budget work is an elaborate process that does not respond well to disturbances.  
 
It is important to understand that the objective of the SNDO is not to minimize the 
debt. The decisions on how much to borrow or pay back are made by the central 
government, but the decisions on how to do it are made by the SNDO.  

3.1.1 SNDO’s Definition of Central Government Debt 
The SNDO defines the Central Government Debt as follows: 
 

The Swedish National Debt Office’s definition of Swedish central government debt 
includes instruments used for financing and managing the debt. It is divided in 
nominal loans in kronor, inflation-linked loans in kronor and foreign currency 
borrowing.  
 
Debt in kronor is stated with amounts booked when issued and is thus not given a 
market value depending on current interest rates. Currency debt, on the other 
hand, is stated at current value, converted with prevailing exchange rate.  
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Loans with annual coupon payments are stated at their nominal value. 
Discountable instruments, such as treasury bills and zero-coupon bonds, are stated 
in terms of received proceeds (the nominal amount adjusted for price effects). 
Accrued inflation is not included in inflation-linked loans.  
 
Central government debt, as it is stated at the SNDO, is different from the Swedish 
government’s stated debt. The SNDO includes all government securities, 
disregarding ownership, while the government excludes government securities 
owned by government authorities.  
 
Foreign currency debt management activities, government authorities’ deposits 
and loans, guarantees and other assets are excluded from the SNDO definition.  

3.1.2 The Swedish Central Government Debt 
Today (August 03), the size of the Swedish central government debt is just below 1200 
billion SEK.  After a rapid growth during the early nineties, where the debt-to-GDP 
ratio got as high as 80 %, the increase was stopped in 1999, and a few years of 
substantial reduction followed. Recently, the debt has leveled out, and even started to 
grow slightly. 
 
Figure 3.1 shows how the debt, expressed in nominal SEK, has varied over the years. 
 

SEK billionSEK billion

Figure 3.1, Central government debt, 1975 to present 

 
A more relevant measurement of the size of the debt, the debt as a share of GDP, is 
shown in Figure 3.2. This gives a better understanding on how large the debt is 
compared to the size of the economy of the country. The GDP can be taken as a 
measurement on how much money the central government can raise in taxes each year. 
The ratio between GDP and debt, the real cost ratio, will then give a better view on 
how much strain the debt is putting on the economy of the central government. 
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Figure 3.2, Government debt as a share of GDP, 1895 – 2002 

 
About half of the debt consists of nominal SEK bonds, out of which two thirds 
consists of bonds with a time to maturity exceeding one year. Almost 30 % consists of 
loans made in foreign currencies. There are two main reasons for this fairly large 
proportion of foreign debt. First, the Swedish money market used to be too small to 
provide enough money for the government and, secondly, the SNDO’s borrowing was 
used in the early nineties as a way of defending the fixed exchange rate. The Swedish 
central bank had to abandon this policy, but the debt from the defense of it remains to 
this day.  
 
Although the Swedish money market is a lot stronger today and could handle the 
borrowing requirement of the state, just paying off the foreign debt and replacing it 
with debt in SEK is not an option. Moving such massive amounts of money from one 
currency to another would not only affect the exchange rates, but would also require 
caution (or perfect foresight) to avoid making the transactions at exchange rates which 
would later prove to be unfavorable. The SNDO is reducing the foreign debt, but only 
slowly, at the pace dictated by the central government. This pace is currently at 25 
billion SEK a year, plus/minus 15 billions (see Swedish Ministry of Finance, 2002). 
Most of the maturing foreign debt is therefore refinanced in same currency. The reason 
for the reduction is simple; the foreign debt does not necessarily have to lower the 
costs, but it will raise the risks because of the fluctuations in exchange rates.  
 
Almost two thirds of the debt in foreign currencies is composed of euro debt. The rest 
consists mainly of US dollars, British pounds, Swiss franc and Japanese yen. The 
remaining parts of the debt consist of the SNDO’s borrowing from the public through 
lottery bonds and national savings accounts, as well as the borrowing made in 
inflation-linked bonds. Only quite recently has the SNDO started borrowing with 
inflation-linked bonds, and it is regarded as a new, interesting way to lower the risks of 
the portfolio. For more information on inflation-linked bonds, see Swedish National 
Debt Office (2001). Figure 3.3 shows the debt composition. 
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Figure 3.3, The debt composition on July 31, 2003 

 
Within each part of the debt dwells a multitude of different instruments, each with its 
own characteristics. The long term borrowing that is made in SEK (both nominal and 
inflation-linked) has a maturity profile according to Figure 3.4. 
 

 
SEK billion

Year

 
SEK billion

Year
 
Figure 3.4, Maturity profile, Treasury bonds, July 31, 2003 

 
The treasury bills all have a time to maturity of less than 12 months, and are 
distributed fairly evenly across the year. 
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The foreign part of the debt has a maturity profile according to Figure 3.5. 

 
igure 3.5, Maturity profile, foreign currency debt, July 31, 2003 

aken together, the debt has a maturity profile according to Figure 3.6. 

 
igure 3.6, Swedish central government borrowing maturity profile (July 31, 2003) 
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3.1.3 The Swedish Central Government’s Borrowing Requirement 
The Swedish government net borrowing requirement consists of: 
 

• The primary balance, which is the net flow of payments too and from the state 
• Deposits and lending to government authorities and companies 
• Interest on the central governments debt   

 
If the net borrowing requirement is positive, it means that the there is a budget deficit, 
and the central government has to borrow money to finance its activities.  
 
The gross borrowing requirement is the net borrowing requirement plus the sum of all 
the maturing loans. 

3.1.4 Costs of the Swedish Central Government’s Debt 
Coupon costs are usually the central government’s biggest cost for debt managing, as 
almost every debt type except the Treasury bills pay an annual coupon. The maturity 
costs are smaller, and involve the foreign debt, the inflation-linked debt and the 
Treasury bills. Of course, there might be mark-to-market costs in all different debt 
types. 
 
Some annual costs and their composition can be found in Figure 3.7.  
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Figure 3.7, Interest expenditure (+) and income (-) on the central government debt 1988-2002 

 

3.1.5 The Debt Management Problem 
The central government debt management problem concerns the strategic currency 
composition and the maturity structure of the debt portfolio so that it meets some 
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requirements and constraints. In many ways one could say that management of a debt 
portfolio resembles management of an investment portfolio. The major difference is 
that debt management involves minimization of the portfolio’s cost/growth, whereas 
you in investment management would like to maximize revenue/growth (with regard 
to risk).  
 
The government debt management is made difficult because of the many stochastic 
factors involved. Because of e.g. uncertain and volatile future interest rates, exchange 
rates and government borrowing requirements the cost of the government debt during 
a given period is a complex function of many stochastic variables during earlier 
periods, thus the need for advanced tools to solve the debt management problem. 

3.2 The SNDO’s Simulation Model 
One of the tasks laid on the SNDO by the Swedish central government is to 
continuously seek ways of improving the way the debt is managed. As a part of this, 
the SNDO has developed a macroeconomic model, which is used to evaluate how 
different debt portfolio strategies affect the cost and risk of the debt in the long term. 
The model is used to generate time series of economic data for a number of variables 
important to the management of the central governments debt. A more thorough 
description of the macroeconomic model can be found in Chapter 5. 
 
Parallel to the macroeconomic model, the SNDO has also developed a strategic debt 
portfolio management tool, which manages a set of portfolios of outstanding bonds.  
 
Four different types of instrument are used in their model: 
 

• Nominal SEK bonds with a time to maturity up to 10 years 
• Nominal USD bonds with a time to maturity up to 10 years 
• Nominal EUR with a time to maturity up to 10 years 
• Inflation-linked bonds with a time to maturity up to 30 years 

 
Within each of these instrument types, there are a number of different instruments, all 
with a different time to maturity. 
 
Each of these portfolios follows a fixed strategy. A strategy will contain a duration 
target for each instrument type, as well as a target proportion, that is, how much of the 
total value of the portfolio should be made up of instruments of a specific type. The 
purpose of each portfolio is to adhere to its individual target as closely as possible, by 
performing the necessary transactions, such as, for example, issuing bonds with a long 
time to maturity if the duration of a specific debt type is getting too low. For more 
information about how this works, see Chapter 9. 
 
By letting this set of portfolios exist in a world where the economic development 
comes out of the macroeconomic model, as time passes, certain costs will arise for 
each strategy. By repeating this process over and over, that is, exposing the portfolios 
to a number of different economic outcomes, there will be a number of different costs 
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for each strategy. The SNDO uses this information (the costs) to draw conclusions 
about the relative cost and risk of specific strategies, and the purpose is to gain a 
deeper insight into how and why the different strategies affect the debt.  

3.2.1 Room for Improvement 
The approach chosen by the SNDO to investigate the properties of the debt has yielded 
interesting insights (see Swedish National Debt Office, 2000 and 2001). However, 
there are two major drawbacks with the approach chosen by the SNDO.  
 
First of all, there will always be a limit on the number of strategies tested. A strategy 
will consist of a number of different variables, and trying all combinations of these 
variables will be more or less impossible. Of course, there are limitations to possible 
strategies, since no strategy can ask for a higher duration than the duration of the 
longest instrument included in the portfolio, and the target proportions must always 
sum up to one. Nevertheless, when deciding which strategies to use, one is more or 
less forced to decide what kind of aspects of the debt should be explored, such as 
different durations and shares of the inflation-linked debt, and keep other variables 
fixed. By doing this, one might miss important findings and realizations, such as in the 
interplay between different instruments. If one were to look for some kind of optimum, 
it would most likely be missed. 
 
Furthermore, the strategies are static, and not dynamic. No matter how the world 
around them changes, they will always try to stick to the same goals. This will make 
them “blind” in a sense. 

3.2.2 The Use of Financial Optimization 
Financial optimization would be able to remedy these two shortcomings. There would 
no longer be a need to set a strategy. Instead, you set a goal, such as minimizing the 
cost and risk of the debt, and let the optimization choose which decisions to make. The 
resulting decision would be much more dynamic, since the optimization is able to 
make an estimate of future economic situations, and how these relate to the current 
situation. In short, it would be able to better adapt to new situations. For more about 
financial optimization, see Chapter 4. 
 
Hopefully, by using financial optimization, the analysis of the government debt 
management could be taken yet another step further. 
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Chapter 4 Financial Optimization using 
Stochastic Programming 

 
In this chapter we introduce the concept optimization and financial optimization. We 
then briefly explain mathematical programming with a time dimension and then 
stochastic programming, which is the method we use to model the government debt 
management optimization problem. 
 

4.1 Introduction to Optimization 
Many practical decision problems can be solved by formulating them as mathematical 
programming problems using methods from the Operations Research area. A general 
form of such a model is 
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(4.1) 

 
by which we seek values of the decision variables, u, that minimizes objective function 
of the decision variables subject to constraints on the decisions. 
 
Mathematical programming problems are in practice usually solved using computer-
implemented algorithms, which identifies an optimal solution. This optimal solution, 
together with non-quantitative information that may exist, is then used by the decision-
maker to make an informed decision, which would be the least expensive or most 
profitable decision in some sense. 

4.1.1 Financial Optimization 
The rapid increase in computer power over the past years and the recent development 
of some optimization methods, have made it possible to solve optimization problems 
in many areas where these problems only could be formulated, not solved. One of 
these areas, in which optimization might be an advantageous strategy, is finance. 
 
By using optimization, we can arrive at optimal decisions that are based on the 
investor’s belief about the future. This approach will use the investor’s knowledge of 
the future better than already existing methods do, according to Blomvall (2001).  
 

 23



Financial Optimization using Stochastic Programming 

Other advantages with optimization are: 
 

• Market imperfections such as taxes, transaction costs and liquidity concerns can 
be dealt with 

• Constraints and restrictions can easily be taken into consideration 
• Any discrete probability distribution can be used, regardless of fat tails, 

skewness etc. 
• In optimization, the world does not have to be static since models can deal with 

dynamical changes due to market actors’ actions 
 
Optimization is in other words a very flexible method, which can easily be modified 
for all kinds of financial problems.  
 
Today’s decision, in the debt management problem, is connected with decisions in the 
future. Blomvall points out that a good decision today must take into account that new 
decisions, based on the first decision, will be made in the future. This calls for the 
model to involve some (discrete-time) dynamics. Since the government debt 
management problem has some stochastic elements, a special branch of optimization is 
needed in order to solve the problem – Stochastic Programming. In section 4.3 we 
briefly explain the mechanics behind Stochastic Programming, but first we go through 
a deterministic counterpart. 

4.2 Mathematical Programming Using a Time Dimension 
Mathematical programming can be used on deterministic problems that involve time. 
These models take into account that decisions are made in each (discrete) time stage 
and those decisions affect the state in the next time stage and so on until the time 
horizon is reached. 
 
Important concepts regarding such problems are described in Table 4.1. 
 
Table 4.1, Important concepts in mathematical programming with a time dimension (Kall & 
Wallace, 1994) 

Concept Description 
Time horizon The number of stages (time periods) in the problem 
State variables Describe the state of the system 
Decision variables These variables are under one’s control 
Transition function Shows how the state variables change as a function of 

decisions and present state 
 
One typical example is production planning under varying, but known, demand. In that 
case the state, x, would be the present production capacity, the decision variables, u, 
could represent decisions to increase/decrease capacity by building/closing down 
plants and the state transition function, f, would describe the production capacity in the 
next time stage as a result of present capacity and decision. Figure 4.1 illustrates the 
structure of such a problem in a Control Theory style along with an example of a 
transition function. 
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Figure 4.1, Structure of mathematical programming with a time dimension 

 

4.3 Stochastic Programming 
Under uncertainty, some parameters in the decision problem are subject to stochastic 
variables. In equation (4.1), this would mean that  would now be functions of 
both u and a random vector ζ : 
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To continue our production-planning example from the previous section, we now add 
some uncertainty regarding future production capacity. Let us say that the capacity can 
be either high or low with some probability. Then an illustration of the problem would 
have a tree-like appearance as in Figure 4.2. The set of acceptable decisions in t+1 are 
now restricted to a set which depends on the initial state, xt, the decision made at time t 
and the possible outcome of the environment from t to t+1.  
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Figure 4.2, Structure of stochastic programming in a two-state environment 
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The structure in Figure 4.2 could easily be generalized to a tree with more than two 
possible future states for each state in the previous time stage. 
 
Stochastic Programming problem is in many ways similar to mathematical 
programming with a time dimension; there will be one decision for each state in each 
stage. The difference is that it will no longer be possible to create an infallible plan for 
the whole period until time horizon ahead of time – only the first decision for the first 
time period is made in a stage that is known (today’s stage). Instead we will have to 
develop a discrete scenario tree2, which approximates the uncertainties in the model, 
and base our decisions on expected values. 
 
It is reasonably easy to generate scenarios, but the hard part is to determine how 
probable they are. This discrete probability distribution can be a product of statistical 
and/or econometric methods as well as product of experts’ belief in the future. The 
most important thing is that the scenarios paint an accurate picture of the future; 
Stochastic Programming works regardless of which method is used (Blomvall, 2001). 

4.3.1 Tree Structure Parameters 
The following parameters will be used to describe the scenario tree structure in our 
thesis (see Figure 4.3 for an illustration of some of the node sets). Notations are to 
some extent based upon Blomvall (2001).  
 

N : A set of (non-dummy) nodes. The notion of dummy 
nodes will be explained later in chapter 6.2.3. 

totN : A set of all nodes (incl. dummy nodes) 
S: The number of time stages in the tree (e.g., the tree 

in Figure 4.3 consists of three time stages) 
( )ns : The time stage, , node  belongs to [ 1,0 −∈ Ss ] N∈n

+
nN : A set of successors to node  N∈n

−n : Predecessor to node  N∈n
−−

nN : A set of all predecessors to node n  N∈

}{ ∅=∧∈= +
nLeaf nn NNN : A set of leaf nodes (terminal nodes) 

}{ LeafNonLeaf \nn NNN ∈= : A set of non-leaf nodes 
}1{=RootN : The root node 

}{ RootNonRoot \nn NNN ∈= : A set of non-root nodes 
}{ LeafNonRootLeafNonRootNon \nn NNN ∈= : A set of internal nodes 

}{1 RootFirstLevel nn NNN ∈== −
+  : A set of successors to the root node  

st : Number of years from root node to time stage 
 [ ]1,0 −∈ Ss

np : The cumulative probability of reaching node  N∈n

                                              
2 It is important to understand that the set of possible realizations of the environment consists of possible values 
associated with probabilities. No forecasting is done.  
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Figure 4.3, Tree structure notation 

 

4.3.2 Using Stochastic Programming – a Process Description 
The process of Stochastic Programming begins with the describing of the future in 
terms of a discrete scenario tree. This can be done with financial models and/or 
valuation methods along with statistical or econometrical methods for determining the 
probabilities. Then it is the task of the optimization process to find an optimal solution 
to the optimization model. Figure 4.4 gives an overview of Stochastic Programming 
from a process point of view.  
 

Scenario Generation

Scenario Model 
of the Future 

Financial
Models

Valuation
Methods

Optimization

Optimal Management

Scenario Generation

Scenario Model 
of the Future 

Financial
Models

Valuation
Methods

Financial
Models

Valuation
Methods

Optimization

Optimal Management  
Figure 4.4, Stochastic programming – a process overview 
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In order to use Stochastic Programming in solving the government debt management 
problem, some parts of the process have to be refined and developed further. As 
already mentioned we will use the SNDO’s macroeconomic simulation model for the 
generation of possible future economic developments. Then the simulated future will 
be transformed into a discrete scenario tree by using a clustering process. The resulting 
tree now consists of scenarios with interest rates, exchange rates etc.  
 
Since the optimization model requires information about economical consequences for 
its feasible actions, the scenario tree has to go through a process that calculates prices, 
costs and cash flows associated with each available financial instrument. This data pre-
processing will answer questions like “what is the cost of debt between time stage s 
and s+1 (under the different scenarios) if the SNDO has debt in one unit of instrument 
i at time stage s?”  
 
This specialization of the general stochastic programming process in a government 
debt context is illustrated in Figure 4.5. This will be the main process for finding 
optimal debt portfolio decisions in our thesis.  
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Figure 4.5, Stochastic programming – a process of optimizing government debt management 
decisions 

 
For the purpose of evaluating the whole optimization approach, this optimal decision 
process will later be incorporated into a portfolio management process, which enables 
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us to follow the progress of different portfolios including an optimal portfolio (see 
Chapter 9). 
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Chapter 5 Generating Scenarios – 
Macroeconomic Simulation 

 
 In this chapter we present the SNDO’s 
macroeconomic simulation model, which we use to 
generate the economic data needed. At the end of the chapter there  
are some comments about how we put it to use. 

Start DataStart Data Economic
Simulation
Economic
Simulation

Simulated
Future

Simulated
FutureStart DataStart Data Economic

Simulation
Economic
Simulation

Simulated
Future

Simulated
Future

 

5.1 Introduction 
This section intends to describe the macroeconomic simulation model for government 
debt analysis developed by the SNDO (Bergström et al., 2002 and Bergström & 
Holmlund, 2000).  
 
Development of the model has been going on since 2000, and two different versions of 
the model have so far been released to the public. The first one, released in 2000, 
contains most of the features found in the second one, released in 2001. This release 
contains a few new additions; most noticeably the introduction of inflation-linked 
bonds.  
 
The model consist of two separate parts, one is the macroeconomic simulation model, 
which generates time series of economic data for a number of economic variables 
relevant to the cost of the central governments debt. The other part consists of a 
strategy simulation tool, by which different portfolios are evaluated against a number 
of economic outcomes, generated by the macroeconomic simulation model.  
 
In this section only the first part will be described. For a description of our use of the 
second part, see Chapter 9. For the remainder of this chapter, the macroeconomic 
model will be referred to as “the model”. 
 
An in-depth description of the model and the SNDO’s use of it are beyond the scope of 
this report. Here we will only present the fundamental concepts for the reader to gain a 
basic understanding of what it contains and how it works. For a more thorough 
description, see Bergström et al. (2002). 

5.2 The Outline of the Model 
The model simulates the development of a number of variables in 3 different 
economies: the Euro zone, United States and, of course, Sweden. A few parameters are 
generated for Sweden only, since their foreign equivalence does not affect the cost of 
the debt. As the model was developed, the SNDO faced a choice on how to model the 
interplay between the variables. One approach that was considered was a number of 
stochastic processes where the interplay was described through a co-variance matrix. 
However, the SNDO decided that such an approach would give a less clear picture of 
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how the different variables really interact, and instead, it was decided to use a model 
based on augmented AR-processes. This allows for modeling the interplay in a more 
direct fashion, which gives a clearer picture of the relations between variables, as well 
as a better understanding of the results. 
 
A conscious decision was also made to keep the model as simple as possible and to try 
to minimize the number of variables used. The result is therefore a highly stylized 
model of the economy. 
 

 
Figure 5.1, The simulation model’s variables and their interactions with each other (Bergström 
et al., 2002) 

 

5.3 The Variables 
The macroeconomic model simulates the development of 28 different variables: 
 
For each economy: 

• Current economic regime 
• Inflation 
• Real GDP growth 
• Short term nominal interest rate (3 months) 
• Real return requirement 
• Inflation risk premium 
• Term premium 
• Long term interest rate (10 years) 
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To describe how the economies interact: 
• EUR/SEK real exchange rate 
• USD/SEK real exchange rate 

 
Specific for Sweden: 

• Yield on inflation-linked bonds 
• Central government’s net borrowing requirement 

 
Out of these, 12 are of interest to the rest of our financial optimization model. 
However, all 28 are needed in order to make the macroeconomic model work, because 
of the interplay between variables. 

5.3.1 The Current Economic Regime 
This part of the model is modeled by using a Markov chain regime switching process, 
outlined by Figure 5.2. 
 

Boom Recession

pRR
pBR

pRB

pBB

Boom Recession

pRR
pBR

pRB

pBB

Figure 5.2, The economic regime switching Markov chain 

 
This 2-state Markov chain is set to alternate between the two possible states of the 
economy, boom and recession. The current state of the Markov chain will in turn 
affect the AR-processes that are regime dependent, by alternating their constant 
parameter. 

5.3.2 Inflation 
The inflation is modeled as an AR(1) process 
 

ttt ερπαπ ++= −1  (5.1) 

 
where πt is the quarterly inflation rate and εt is NID(0, σε). From now on, all εt we 
encounter in different processes will be assumed to be NID(0, σε). Of course, the value 
of σε changes between processes. 
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The process is not regime switching, which is explained by the basic assumption that 
the central bank in each economic zone succeeds with its task of stabilizing the 
inflation around a certain inflation target. 

5.3.3 Real GDP Growth 
The real GDP growth is modeled as a regime switching AR(1) process 
 

 
ttst gg εβµ ++= −1  (5.2) 

 
where gt is the quarterly growth rate and εt is N(0, σε).  
 
The constant µs can assume two different values, depending on the current economic 
regime.  

5.3.4 Short Term Nominal Interest Rate 
The short-term nominal interest rate is modeled by the assumption that the central 
bank follows the so-called Taylor rule. This rule returns the short-term rate the central 
bank is assumed to use, taking into account the inflation and the current output gap in 
the economy. The output gap in the economy is modeled by a Hodrick-Prescott (HP) 
filter. 
 

( ) )ln(ln~~~ ***
tt

e
t

e
t

T
t YYri −+−++= λππθπ  (5.3) 

 
where it

T is the Taylor interest rate, r* is the equilibrium real interest rate, π ̃te is the 
expected annual inflation rate, π ̃*  is the targeted annual inflation and the ln terms 
describe the output gap by comparing the real GDP, Yt, with the HP-filtered GDP 
series, Yt

*. The equilibrium real interest rate is the interest rate when the economy is in 
balance. 
 
In order to get the expected annual inflation rate, the inflation rates for the previous 
four quarters are used. Target inflation rate is, naturally, the central banks inflation 
target. Given a Taylor rate, the short-term nominal interest rate is modeled as an AR(1) 
process 
 

( ) t
T
tttt iiii εςϕκ +−−+= −−− 111  (5.4) 

 
where it is the short-term rate.  
 
Note that the central bank is assumed to follow the Taylor rule with a delay of one 
quarter. 

 34



Generating Scenarios – Macroeconomic Simulation 

5.3.5 Long Term Interest Rates 
Two different kinds of long-term interest rates are generated in the model: the yield on 
inflation-linked bonds and the nominal long-term interest rate. Both rates are modeled 
on the basic assumption that investors have a real return requirement on their 
investments. The real return requirement is assumed to follow an AR(1) process, 
extended by the introduction of the output gap, which is there to represent the capacity 
utilization in the economy: 
 

ttttt YYrr εϑφϖ +−++= − )ln(ln~~ *
1  (5.5) 

 
Given a real return requirement, the calculation of the yield on inflation-linked bonds 
is very straightforward. 
 

ttt lprr ε++= ~  (5.6) 

 
where lp is the liquidity premium, representing the compensation investors demands to 
forfeit the right to dispose over their money. This is set to a constant value, and is thus 
not affected by changes in the economic regime. The yield on inflation-linked bonds is 
only calculated for Sweden, since no borrowing is made in foreign inflation-linked 
instruments. 
 
The process for the long-term nominal interest rate is a bit more complex, since 
investors have to take into account the risk arising from exposure to inflation. Thus, 
the long-term rate is made up of the real return requirement, the expected annual 
inflation, the inflation risk premium and a term premium. This process is not AR, 
although some of its components are. This gives 
 

tttt
T
t tpipri επ ++++= *~~  (5.7) 

 
where π ̃*  is the expected annual rate of inflation, ipt is the inflation risk premium and 
tpt is the term premium. The expected annual inflation is set constant to the central 
bank’s inflation target, since it is assumed it will be achieved on average. 
 
The inflation risk premium is based on values of inflation one year back 
 

( ){ } (
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** 0,~~max ∑
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s

stttip ππχππξτ )  (5.8) 

 
where π ̃t is the annual inflation rate and at time t and π* is the targeted quarterly 
inflation rate. The inflation risk premium is thus affected by historical inflation in two 
different ways. First, if the inflation during the four last quarters has exceeded the 
central banks annual inflation target, the inflation will be considered unusually high, 
and the inflation risk premium will rise. Second, the deviations from the quarterly 
inflation target during the last four quarters is taken as a measurement of how much 
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the inflation fluctuates, indicating how risky an investment subject to inflation-risk 
currently is. 
 
Finally, the term premium is modeled as a regime switching AR(1) process: 
 

1−+= tst tptp ςη  (5.9) 

 
The parameter reflecting shifts in regime, ηs, takes on a higher value in boom, based 
on the assumption that the term premium has a higher value in boom than in recession. 

5.3.6 Exchange Rates  
The real exchange rates between Swedish SEK and the other currencies are modeled 
as an AR(1)-process, extended with terms describing the effect of differences in 
interest rates and growth between countries: 
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where i and j represent the different economies. Basic macroeconomic assumptions 
apply: higher growth or higher interest rates in one economy tend to appreciate the 
currency. 
 
The process for nominal interest rates is an AR(1)-process, expanded with terms to 
adjust for differences in inflation between countries: 
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This means that if a country has an inflation that’s higher than another country’s, the 
currency tends to depreciate. 

5.3.7 Net Borrowing Requirement 
The borrow requirement of the Swedish government is based on two basic 
assumptions: 
 

• The public finances should show a surplus of two per cent over an economic 
cycle 

• The pension system will show a surplus that exceeds those two percent. 
 
These assumptions have a number of implications. First, it means that the government 
needs to borrow when the economy is in equilibrium. The equilibrium level for the 
borrowing requirement can then be expressed as 
 

( ) 0
**1 YgB t

t πγ ++=  (5.12) 

 
where Bt is the borrowing requirement for quarter t, and Y0 is the initial GDP.  
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On top of the expression for the equilibrium level, terms measuring economic activity 
and random fluctuations are added, yielding 
 

( ) ( tto
t

t ggYgB εδπγ +−+++= ***1 )  (5.13) 

 
where (gt – g*) is the measurement of economic activity, expressed as the difference 
between real growth and equilibrium real growth. Since both (gt – g*) and εt have an 
expected value of zero, the central government’s borrowing target will still be met on 
average. 
 
Another second major implication of the first assumptions is that the cost of the debt 
does not affect the governments borrow requirement in any way. It is assumed that as 
the gross borrow requirement changes, the government takes such measures as to keep 
its net borrowing target. This thinking is in line with the strict cap on public spending 
the government has been using for the last years.  
 
A third implication is that the debt is not assumed to be shrinking in nominal terms. 
However, γ is chosen so that the borrowing requirement on average will be 0.5 per 
cent of GDP per annum. This means that as the debt grows, the GDP will grow even 
faster, minimizing the debt/GDP ratio as time passes. Since the GDP can be taken as a 
measurement of the government’s income, the cost of the debt is assumed to claim a 
smaller and smaller share of the budget. 
 
The equilibrium level will always be positive and growing, while the measurement of 
economic activity has an expected value of 0. Therefore, the importance of the first 
term will increase as time goes by, since neither the δ parameter nor the σε is updated 
to keep track with the equilibrium level. This effect tends to make the relative changes 
in the net borrowing requirement less volatile as time passes. 

5.3.8 The Parameter Values 
Most of the parameters in the model have been parameterized using historical time 
series, usually 30 years back. However, some of the parameters have been set based on 
pure estimates. See Bergström et al. (2002) for details regarding the parameters’ 
values. 

5.4 Using the Model 
The model is used to generate a great number of different economic outcomes. An 
outcome is created by starting with some initial values (which are needed for all the 
AR processes). Once the process starts, it will run, generating a value for each variable 
for every quarter until it reaches the termination point. This procedure is then repeated 
a number of times to get the desired amount of outcomes.  
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Of interest to us are: 
• The long and short interest rates (for the three economies) 
• The exchange rates 
• The yield 
• The Swedish inflation 
• The Swedish GDP growth 
• The Swedish borrowing requirement 

 
These 12 variables contain the macroeconomic information we need to perform our 
optimizations, and consequently form the output from the macroeconomic simulations.  
 
Once we have a large number of simulation runs, we have a sufficiently dense, discrete 
representation of the outcome space for each of the quarters we simulate. We are then 
ready to move on to the next step – the clustering and generation of a scenario tree. 

5.5 Comments on the Usefulness of the Model 
The model is designed to provide a simple and easily used aid for government debt 
analysis. This means that the model has not been created with the purpose of being 
something resembling the reality to the maximum extent. Instead, the goal has been to 
capture how different variables in the economy interact. One could say that the model 
emulates the relative changes between the variables in the economy in a good way, 
while the variable values themselves are not always realistic. This is no major issue for 
the SNDO, since the purpose has been to gain a better understanding on how different 
combinations of instrument perform relative each other, and not to find exactly how 
well they perform evaluated against some real-world data. 
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Chapter 6 Generating Scenarios – Clustering 
 
In this chapter we first explain the choice of clustering 
algorithm – the k-means clustering algorithm. We then 
describe how this algorithm is used when transforming the 
simulated future into a scenario tree. Finally, some of the 
properties of k-means are described.  
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6.1 The Clustering Algorithm 
Since the optimization model is based on a scenario-tree structure of the future, the 
simulation outcome cannot directly be used as it is; the outcome has to be described as 
discrete probability distributions of the multi-dimensional macroeconomic 
environment at various future points in time (one distribution for each set of successor 
nodes, N , in the tree). We thus have a clustering problem. +

n

6.1.1 Choosing K-Means as Clustering Algorithm 
To find clusters of macroeconomic data we use an unsupervised clustering algorithm, 
because we do not have the prior knowledge about the clusters needed in a supervised 
algorithm in the form of cluster prototypes. This clustering algorithm will have to be 
of a partitional type, since the discrete scenario tree is founded on disjoint scenarios 
and no sub-scenarios within a scenario are of interest. 
 
The next step is to decide which partitional clustering algorithm to choose. In choosing 
algorithm one must consider the nature of the data and the scalability of the algorithm 
(i.e. how well the algorithm will perform on large data sets). The clustering of 
simulation outcome requires an algorithm that can handle large amounts of numerical 
data in up to 12 dimensions (see chapter 5.4). One of the most popular partitional 
clustering algorithms used in practice is the k-means algorithm. Even though the 
algorithm has some disadvantages (see chapter 6.3 below), the good point is that it is 
fast when exposed to large data sets according to Huang (1997), which is an essential 
criterion for the choice of algorithm in our case. 

6.1.2 Choosing Distance Metric 
Distance metric (or similarity measure) in k-means is often chosen based on a priori 
information about the data set – it basically comes down to one’s a priori view of 
cluster shapes.  
 
We have reasonably little knowledge about the simulation outcome beforehand, but we 
have noted that the macroeconomic simulation model is marked by one important 
feature: the lack of extreme output. This insight is of little use here, though, because 
the clustering cannot compensate for the lack of extreme output. Instead we have to 
base the choice of metric on some other criterion and assume that we are dealing with 
somewhat (hyper-) spherical cluster shapes.  
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Given the billions of distances to be computed in our model, we want the distance 
metric function to be relatively fast to compute. We also desire the metric to be 
intuitive. Altogether, this leads to the squared Euclidean distance being our distance 
metric of choice, which is also the most widely used metric according to Likas et al. 
(2003).  
 
After choosing squared Euclidean distance as our metric, the mathematical 
formulation of the clustering problem (see chapter 2.2.1) can now be revised into:  
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(6.1) 

 
In the case where (squared) Euclidean distance is used as distance metric, it can be 
shown that the best centroid position in a cluster is given by the sample mean of all 
points within that cluster (see Appendix B for derivation) 
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(6.2) 

where   ⋅  denotes the number of elements in a set. 
 
To solve (6.1) we use a local search algorithm based on the general k-means algorithm 
described in chapter 2.2.1. A pseudo code description of our version of k-means can be 
found in Algorithm C.2 in Appendix C. 

6.2 K-Means in Use – Building a Tree 
The object of clustering is in our case, as already mentioned, to describe the simulation 
outcome as discrete probability distributions of the multi-dimensional macroeconomic 
environment at various future points in time (one distribution, and hence one 
clustering, for each non-empty set of successor nodes, N , in the tree). This calls for 
specialization and utilization of the general k-means algorithm in a tree-building 
context. In this chapter, the essential features of our application of k-means are 
explained. A more detailed algorithm description is found in Appendix C. 

+
n

 
Since scaling is important when using Euclidean distances and since different 
macroeconomic variables use different scales, the first thing that has to be done is to 
preprocess the data set by calculating ratios of simulated values to start values for 
every dimension. These values are then used as input to the clustering algorithm. 
Clustering is consequently done on relative changes in macroeconomic variables. In 
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this way, absolute levels of the variables do not influence the clustering. Simulation 
outcome will refer to the re-scaled simulation outcome from now on. 

6.2.1 The Root Node 
Finding a macroeconomic scenario for the root node is trivial, because the initial 
(today’s) values are known (probability ).  1=Rootp

6.2.2 Successors to the Root Node 
The first clustering problem is to find scenarios for the first level in the tree, N , 
i.e., successors to the root node N . This is done by retrieving simulation outcome t  
years from now for simulations originating from the root node, that is all N 
simulations, and to run those data points through the clustering algorithm. To speed up 
the algorithm, the initial centroids for the first level are not a result of random 
partitioning; they are placed at resulting centroids of a preparatory clustering on a 
small subset of all simulations (see Appendix C for details). One more way of 
speeding up the algorithm is to break before it has reached a local optimum. This is 
done by counting the number of re-assigned data points in each iteration and breaking 
when that number is less than a fraction, ξ , of total number of points to be clustered. 
In this way we only get an approximate answer to the clustering problem, but time 
consumption is substantially reduced (see chapter 11.4.1). The resulting K centroids of 
the full-scale clustering represent the macroeconomic states in  years from now and 
will be represented by the K nodes in N .  The probability of each scenario is then 
estimated at the relative frequency of data points in each cluster, that is, the number of 
data points in each cluster divided by the total number of simulations. In order to 
provide cost and cash flow calculations (see chapter 7.2) with the macroeconomic 
information required, paths from one node to each of its successors are needed. These 
inter-node paths are assumed to be the simulated paths from the preceding node (root 
node in this case) that end up closest

FirstLevel

1
+

1

1t

FirstLevel

3 to each centroid. 
 
To illustrate the building of a tree we consider an example where a small tree is to be 
built based on nine simulated paths of a one-dimensional variable. The tree in this 
example will consist of three time stages and each non-leaf node will have two 
successor nodes. Figure 6.1 below shows how clustering is used when finding N .  +

1

 

                                              
3 Closeness is based upon 12-dimensional squared Euclidean distance. 
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Figure 6.1, A tree-building example: clustering to find successors to root node 

 

6.2.3 Additional Successor Nodes 
Next, successors of each and every node in N  are to be produced. To do this, the 
procedure described above is repeated for each node , that is, each group of 
immediate successors, N , is produced separately. The simulation outcome that is 
retrieved each time is the simulation outcome  years from now among the 
simulations that were previously assigned to node n (i.e., only simulations 
“originating” from node n are allowed to take part in the creation of its successors). 
Macroeconomic states, probabilities and paths are then calculated in the same way as 
before for each new successor node in the tree. 

FirstLevel

( )+nst

FirstLeveln N∈
+

n

 
In Figure 6.2 below we continue our tree-building example with a demonstration of 
how successors to node 2 and 3 are found. 
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Figure 6.2, A tree-building example: clustering to find successors to node 2 and 3 

 
This procedure of retrieving simulation outcome, placing initial centroids, clustering, 
estimating probabilities and paths is then repeated as long as there are more successors 
to be produced in the tree. If, at any time, the number of simulations at any node n is 
not enough to form K successors, the clustering algorithm inserts virtual (dummy) 
nodes in the tree. The purpose of that is to maintain a predictable node structure in the 
tree. These dummy nodes would have a probability of zero. 

6.3 Properties of K-Means 
The k-means algorithm is a fast iterative algorithm that performs well on large data 
sets, but it has some rather unflattering properties. One characteristic drawback is that 
the algorithm can guarantee no more than a local optimum because the local search k-
means is unable to continue whenever one is encountered. The algorithm is therefore 
sensitive to the initial positions of the centroids. Other disadvantages of the k-means 
clustering algorithm are: 
 

• The difficulty in knowing which, if any, of the dimensions in the data set should 
be excluded from clustering and hence considered irrelevant to the forming of 
clusters (so that possible low correlation does not corrupt the clustering 
process) and  
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• The difficulty in knowing how many “true” clusters exists within the data set 
(i.e., knowing which value to give K).  

 
The difficulty in choosing which dimensions (or attributes) to exclude is more of a 
general problem in clustering, not so much a k-means problem. We have chosen to 
include all 12 dimensions in the clustering process, since all dimensions play an 
important role in determining costs and cash flows of government debt management. 

6.3.1 The “True” Number of Clusters 
To illustrate the last difficulty, we use a small example with 50 simulations of the short 
interest rates in one year in the three currency areas: Sweden, the United States and the 
Euro zone. This small example will enable us to visualize clusters in a 3D scatter plot; 
the un-clustered data set is plotted in Figure 6.3 below. The spikes in the figure show 
the Euclidean distance from each data point to the imaginable total centroid. Even with 
the benefit of being able to view the data points visually beforehand, it is somewhat 
difficult to determine how many true clusters there are in the data set in this example.  
 
 

 
 
Figure 6.3, A clustering example: 50 un-clustered data points in 3D 

 
 
 
 

 44



Generating Scenarios – Clustering 

Suppose we believe that the data could be described using two clusters. Running the k-
means clustering algorithm with K = 2 then yields clusters presented in Figure 6.4. 
Spikes visualize the Euclidean distance from each data point to the centroid of its 
cluster. 
 

 
 
Figure 6.4, A clustering example: 50 data points in 3D clustered into two clusters 

 
The two clusters could be interpreted as one scenario with lower interest rates and one 
with higher throughout the currency areas. By visually inspecting the two scenarios 
one could see that the simulations convey a much more varied picture of the future 
than that given by the two scenarios, hence the relatively large intra-cluster variances. 
These large intra-cluster variances give us reason to believe that the true number of 
clusters is greater than two (small inter-cluster variances, on the other hand, would 
indicate that a reduction of the number of clusters is needed). Figure 6.5 below shows 
a second clustering attempt, this time with K = 4. It is now visible that four clusters do 
a better job of representing the original data set than two clusters.  
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Figure 6.5, A clustering example: 50 data points in 3D clustered into four clusters 

 
This example, though simple by nature, demonstrates the importance of choosing the 
“right” number of clusters beforehand4. By choosing sufficiently large K-value (and 
number of simulations to keep the number of dummy nodes down) the importance of 
choosing the “right” number of clusters can be toned down, since the marginal effect 
of adding/removing a cluster decreases as the number of clusters and the number of 
simulations increase. It is also in general better to choose a larger K-value, because 
that would decrease the risk of the debt optimization model missing out on possibly 
important scenarios. One must on the other hand remember that the tree does not 
recombine and the number of nodes grows exponentially according to:  
 

∑
−

=

=
1

0

S

s

s
tot KN  (6.3) 

 
Hence, choosing large K-values inevitably leads to more time being spent on 
clustering and other tree-based calculations (including optimization of the government 
debt model). 

                                              
4 One way of handling this problem would be to incorporate cluster analysis and processing, i.e. automatic 
merging and splitting of clusters, in each clustering iteration, as in the ISODATA clustering algorithm (e.g. 
Dhodhi et al., 1999). 
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6.3.2 Convergence 
Although K-means is guaranteed to converge in a finite number of iterations (see 
Appendix D), we have chosen to break when the ratio of number of re-assigned data 
points to total number of points to be clustered (move ratio) is less than ξ , i.e. 
when at least 95% of the data points seem to be assigned to their “true” clusters. This 
is done in order to save time when clustering large amounts of data. In Figure 6.6 the 
move ratio termination criteria is illustrated along with another progress measure: sum 
of centroid movements in each iteration. In this example 5000 data points were 
clustered into 10 clusters. Data were drawn from a standardized normal distribution in 
9 independent dimensions (variables).  

%5=

 
 

igure 6.6, K-means convergence and termination criterion: clustering of 5000 data points into 
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A
fact, after only four iterations, the k-means algorithm has roughly localized the clusters
in our example. By stopping the algorithm at the 5% move ratio level, a number of 
rather uneventful iterations are avoided. In our example, that cut off happened after 
9th iteration – an iteration saving of about 60% compared with clustering until 
convergence is reached (i.e., move ratio = 0%). 
 
E
savings could be assumed to occur when clustering the macroeconomic variables in 
our government debt optimization model; although a greater number of data points is
to be clustered, they are somewhat correlated with each other, which will make the 
clustering easier. 

 47





 

Chapter 7 Optimization Data Pre-Processing 
 
This chapter covers some calculations that have to be 
done on the tree to provide the optimization model w
the information needed about the economical 
consequences for its internal decisions under the 
different scenarios. First, we explain the set of 
available financial instruments and how it is used in 
the model. After that we describe how prices, costs, 
etc. are calculated for the scenario tree from Chapter 6. 

Scenario
Tree

Scenario
Tree

Financial
Instruments
Financial

Instruments
Price, Cost and Cash

Flow Calculations
Price, Cost and Cash

Flow Calculations

Scenario Tree with Costs etc.Scenario Tree with Costs etc.
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Scenario Tree with Costs etc.Scenario Tree with Costs etc.

ith 

 

7.1 Financial Instruments 
In order to solve the stochastic programming problem to find an optimal decision on 
how to manage the debt portfolio, the model has to understand which financial 
instruments are available in the model’s “world” and their properties such as how they 
change as time goes by.  
 
We distinguish between long-term and short-term instruments. Most of the instruments 
we use are long-term instruments, Treasury bonds, traded in the capital market, but 
some short-term Treasury bills (money-market instruments) are also used. NB, the 
instruments we use only exist within the model; they do not exist in the real world. 

7.1.1 Treasury bonds 
The Treasury bonds we have used are all par bonds with annual coupon payments. The 
advantage of par bonds over other coupon and zero-coupon bonds is that par bonds 
periodize cost of debt more evenly over the time period in question, which leads to a 
more accurate picture of the costs involved from a time series point of view. 
 
These par bonds are of four different types in our model: SEK, IL (inflation-linked 
denominated in real SEK), EUR and USD. Cash flows from EUR and USD bonds are 
converted to SEK using the appropriate foreign exchange rate. IL bonds can easily be 
seen as foreign currency bonds, using Consumer Price Index (CPI) as exchange rate.  
 
There are a fixed number of instruments in each debt type. The maturities are 
distributed over time using a certain maturity time interval. As time steps are taken 
(more about this later) and time elapse, instruments age. If an instrument matures after 
one of these time steps, it is removed from the instrument set and a new instrument is 
created so that the total number of instruments is constant. The new instrument will 
appear at the far end of our instrument set, having the longest maturity of all 
instruments and having a coupon rate making it trade at par, given the present yield 
curve.  
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Example: 
Let us say we have two bonds with a maturity interval of one year. This means 
that the instrument set initially consists of a 1y and a 2y bond. After three 
quarterly time steps we have a 0.25y and a 1.25y bond. If we take another time 
step the shortest bond matures and a new 2y bond is created – we now have a 
1y and a 2y bond, again.  

 
Issues can only be made in the existing instruments, i.e. no new instruments are 
created only because the optimization model might want certain maturities. This 
concept is different from that in the SNDO strategy simulation model, where you, for 
instance, always have a 1-year and a 10-year SEK instrument at hand. 

7.1.2 Treasury Bills 
In addition to the long-term bonds we also have short-term Treasury bills in our 
model: three 3-month bills, one in each of the currencies SEK, EUR and USD. These 
instruments will of course mature after every time step (using quarterly steps), 
whereupon new 3-month bills are created. 
 
Even though Treasury bills normally are zero-coupon bonds, the handling of the bills 
can be made easier if they are regarded as being par bonds having the only coupon 
payment at maturity when the principal is paid. In this way both Treasury bonds and 
bills can be dealt with in the same way. 

7.2 Price, Cost and Cash Flow Calculations 
With the definition of available financial instruments and the macroeconomic scenario 
tree, finding out how much different portfolios and decisions cost in the future is just a 
matter of strenuous computational work based on simple price and cost functions. The 
computations are based on several (read: millions of) “cost traces” of single-
instrument portfolios (portfolios with debt in only one unit of one instrument at a time) 
through the time structure of the tree, using the 12-dimensional macroeconomic inter-
node paths.  
 
Depending on the current “departure” and “destination” nodes of the trace and the time 
period in between, various costs are to be calculated. In following sections we give an 
overview of the calculations that are carried out during these traces. 

7.2.1 Calculations at “Departure” Nodes 
The first thing that is calculated in a departure node, , is the price of each 
instrument. The price is calculated in the standard way, using equation (2.7), with the 
yields for different coupon and principal dates linearly interpolated from the simulated 
two-point yield curve. 

NonLeafn N∈

 
Since decisions in each node can be made in “old” instruments, where there 
is a discrepancy between the principal amount and the current present value, issues or 
buybacks can lead to premium or discount for not trading at par. There is also an FX 
rate effect to take into consideration. In Figure 7.1 we illustrate this mark-to-market 

NonLeafn N∈
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effect5 when a bond created at t0 is issued at time t1. (N is the bond’s principal, P its 
price and E is the FX rate.) Reversing the sign on the mark-to-market issue cost yields, 
of course, the mark-to-market cost of buying back a bond. 
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Figure 7.1, Mark-to-market premium of issuing an existing instrument 

 

7.2.2 Calculations In Between Nodes 
As we follow each instrument on its way from the departure node to (including) the 
destination node taking quarterly time steps, costs associated with debt in each 
instrument are incurred. These costs are: 
 

• Coupon costs during this time period due to coupon payments to bond owners. 
• FX profit/loss on principal if the instrument matures during this time period, 

since FX rate movements have to be financed (only government budget 
deficit/surplus, including the interest costs of the debt, are considered by the 
SNDO’s simulated net borrowing requirement). 

• If debt matures before the destination node, we use an automatic refinancing 
algorithm, which finances maturing debt by issuing bonds that has the greatest 
resemblance6 to the instrument we started the cost trace with (at the departure 
node). Mark-to-market costs are incurred in the case of refinancing. 

 

7.2.3 Calculations at “Destination” Nodes 
If the destination node n is a non-leaf node, i.e. n , possible refinancing needs 
are not an issue for the automatic refinancing algorithm, but they are up to the 
optimization model to handle (the refinancing needs have “surfaced” at a decision 
node), the maturing amount is thus a part of the output to the optimization model. The 

NonLeafN∈

                                              
5 Due to difficulties in tracing costs in the optimisation model, this cost effect is based on mark-to-market cost in 
a wider sense than explained in section 2.3.5. 
6 Being similar in terms of time to maturity 
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possible transition of debt from one instrument to another due to automatic refinancing 
in between nodes is also recognized upon reaching such a non-leaf node. 
 
If the destination node n is a leaf node on the other hand, i.e. , all outstanding 
debt is bought back at market price in order to realize mark-to-market costs. This is 
done to prevent the optimization model from “hiding” costs beyond its time horizon. 

Leafn N∈

7.2.4 The Covering of Net Borrowing Requirements In Between Nodes 
The optimization model can only recognize and deal with events that occur at the tree 
nodes. It is only there the model can make issue/buyback decisions to meet the gross 
borrowing requirements (the need to finance maturing debt plus government’s budget 
deficit/surplus). Since the tree is made up of discrete time stages, there are time 
periods in between the time stages where the optimization model cannot make these 
kind of decisions – changes in the macroeconomic environment and the aging of 
instruments during these time periods will have to be reflected in parameters in the 
model. The refinancing of maturing debt in the portfolio has been covered in previous 
section, but one important aspect of the environment is not – the government’s budget 
deficit/surplus (net borrowing requirements).  
 
To make sure that the government could finance its activities also in between time 
stages, we apply an algorithm that uses a financing strategy (currency composition and 
maturity structure) that is implicitly derived from the last realized optimal decision7 to 
meet that financing need. Coupon and mark-to-market costs and maturing debt 
stemming from the covering of net borrowing requirements in between nodes are 
calculated in a way similar to what is described in previous section. There is however 
one distinct difference: Instead of tracing each inter-node path several times, each time 
with a new single-instrument portfolio to be studied, we now trace each inter-node 
path once, but with a multi-instrument portfolio to allow arbitrary financing strategies. 
Another difference between the multi- and single-instrument traces is that we now do 
not automatically refinance maturing debt (in between nodes) with issues in a bond 
being the most “similar” to the bond at departure. This refinancing need, which 
originates from the simulated budget deficit/surplus, is instead added to the net 
borrowing requirement at that time, making it a gross borrowing requirement to be 
financed with the implicit strategy.  
 
 

                                              
7 Note that this realized optimal decision (i.e. a decision implemented in the optimal portfolio) is the root node 
decision in previous real time step’s optimization. More about the real time steps and realized optimal decisions 
is found in Chapter 9.  
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Chapter 8 Optimization 
 
This chapter describes the optimization model and the 
optimal portfolio decision. First, we go through some 
assumptions and definitions needed to understand the model. 

Optimal Portfolio DecisionOptimal Portfolio Decision

OptimizationOptimization

Scenario Tree with Costs etc.Scenario Tree with Costs etc.

Optimal Portfolio DecisionOptimal Portfolio Decision

OptimizationOptimization

Scenario Tree with Costs etc.Scenario Tree with Costs etc.

 
 

8.1 Introduction 
The final step in the process of finding one optimal decision is to apply an 
optimization algorithm to an optimization model using the scenario tree described in 
previous chapters. Specifically, the optimization algorithm will seek values of the 
decision variables that minimize the objective function of the decision variables 
subject to constraints on possible decision choices.  

8.1.1 Assumptions 
Here we list some of the most important assumptions: 
 

• No transaction costs are modeled. (Overhead costs for debt management and 
issues exist indeed for the SNDO, but these costs are difficult to relate to 
trading volume and could therefore be considered as fixed costs. Such costs are, 
however, not included in our model.) The illiquidity of some markets has not 
been modeled in the form of price spreads. Instead, limits on issues/buybacks in 
each instrument have been used to keep supply/demand at reasonable levels. 

• Instruments are fully divisible, meaning that the optimization model has a free 
choice of principal (alternatively a choice of trading in fractions of 
instruments). 

• Mark-to-market costs that have not been realized will be realized at the time 
horizon (leaf nodes) when outstanding debt is bought back. 

• No amortization plan has to be followed. 
• Decisions are made directly after possible coupon payments. 
• Neither premium/discounts of not trading at par nor FX profits/losses are 

included in net government borrowing requirement. These costs have to be 
financed explicitly in our model. 

• No debt management instruments such as derivatives are included in our model. 
• Buying back (issuing) debt is allowed even if the gross borrowing requirement 

would be positive (negative).  
 

8.2 Definitions 
The values of the parameters are data given in advance of the optimization. They stem 
either from the scenario tree or from other optimization-external calculations. 
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8.2.1 Instrument Parameters 
I : A set of financial instruments 
D  = {SEK, EUR, USD, IL}:  A set of debt types 

II ⊆d : Set of financial instruments of type  D∈d

ijntrans : Instrument transformation: one unit of instrument i  
transforms to trans  units of instrument  over the time 
period between nodes  and  

I∈

Leaf

ijn I∈j
N∈NonLeafn N∈− NonRootNonn

nip : Price of instrument  at node  [SEK] I∈i N∈n
 

8.2.2 Price and Cost Parameters 
Parameters are expressed in billion nominal SEK unless otherwise stated.  
 

gov
nbr : Government net borrowing requirement at node  NonLeafn N∈

maturitygov
nbr , : Amount maturing at node  (debt stemming from 

covering government net borrowing requirement between nodes 
 and n) 

NonLeafn N∈

−n
maturity

nibr : Amount maturing at node , if one unit of 
instrument  was held at node  

LeafNonRootNonn N∈

n N∈−I∈i NonLeaf

maturity
initialbr : Initial maturity, i.e. debt maturing at root node. 

holding
nic : Cost of debt8: cost accrued from previous tree level to node 

, if one unit of instrument i  was held at previous 
tree level 

NonRootn N∈ I∈

holdinggov
nc , : Cost of covering government net borrowing requirement 

between nodes  and n  NonLeafn N∈− N∈
decision
nic : Cost of decision: cost of issuing (+) or buying back (-) one unit 

of instrument  at node  I∈i NonLeafn N∈
decision
initialc : Not yet realized mark-to-market costs at root node (originating 

from realized optimal decisions carried out in the optimal 
portfolio, see Chapter 9 for an explanation) 

nom
nGDP : Average nominal GDP from root node to node  N∈n

 

8.2.3 Other parameters 
kdecision

iLimit , : Decision limit, k ∈ , for instrument i  },{ buybackissue I∈
ldebt

dLimit , : Lower and upper bounds, l , for post-decision debt 
of type  (billions of local currency) 

},{ ubdlbd∈
D∈d

initial
idebt : Initial debt in instrument i  (billions of local currency) I∈

                                              
8 The superscript “holding” means “being in debt” (i.e., the opposite of holding in an investment sense). 

 54



Optimization 

κ : Risk weight (risk at FirstLevel nodes)  
λ : Risk weight (risk at Leaf nodes)  
γ : Cost weight (cost at Leaf nodes)  

 

8.3 Optimization Model 
The government debt management problem, and many other financial problems for 
that matter, can be formulated using the basic principle of buying and selling assets 
that could be stored from one time period to another. These assets can, in the general 
case, be of both investment and consumption type. Here, of course, the assets are of 
investment type – Treasury bonds and bills. The core of the optimization model is the 
state variables, decision variables and state transition function (recall the concepts in 
Table 4.1).  

8.3.1 Variables 
The values of the variables are to be determined through optimization.  
 

nix : State variables: debt in instrument i  at node  
(billions in local currency) 

I∈ NonLeafn N∈

 
niu : Decision variables: debt change in instrument  at node 

, i.e. decisions are not made in Leaf nodes (issue (+), 
buyback (-); billions in local currency) 
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[ ] ∑
∈
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Y cpCE :   

Expected value of average annual real cost from root node to 
FirstLevel nodes or Leaf nodes 

LeafFirstLevel NNA ,=
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Single-sided (positive) variance of average annual real costs 
from root node to FirstLevel nodes or Leaf nodes. With this 
variance measure decreasing costs are disregarded. 

LeafFirstLevel NNA ,=
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niinin

Root
maturity
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Borrowing requirement stemming from maturing debt at node 
 

 
maturitygov

n
maturitytot

n
gov

n
tot

n brbrbrbr ,,: ++=  
Total borrowing requirement at node  NonLeafn N∈

 

8.3.2 Objective 
Economic optimization normally involves the maximization of some utility function. 
Such a function has the ability to capture the desired trade-off between risk and return 
of a rational investor.  
 
Since the governments risk preference is unknown (no risk policy has been formulated 
in a way that it can be expressed quantitatively) we have calibrated some ad hoc 
weight parameters, which try to make the optimization model aware of the levels of 
risk in different situations. 
 
The objective function makes use of our ad hoc parameters in an effort to “minimize 
the long-term costs of debt with due regard to risk”, as the SNDO’s objective is 
worded by Bergström et al. (2002). 
 

[ ] [ ] [ ]YYY

u LeafFirstLevelLeaf
ni

CVCVCEz NNN
++ ⋅+⋅+⋅= λκγmin  objective 1, Cost and Risk  

Minimize expected value of average annual real costs (ratio) to leaf nodes plus 
first level and leaf single-sided variances of average annual real cost 
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8.3.3 Constraints 
The constraints can be categorized into structural constraints, market constraints and 
other constraints (e.g., non-negativity constraints). These constraints are listed below. 
 

( ) INN
N

I

∈∀∈∀






∈⋅+
∈

= ∑
∈

−−

jnntransux
ndebt

x
NonRoot

i
ijninin

Root
initial
j

nj ,,
,

,,
 

constraint 1 

Debt balance (state transition function; structural constraint): units of each 
instrument in debt portfolio at the beginning of any period t+1 must equal units 
at the beginning of period t, less units bought back in period t plus units issued, 
transformed by time. 

 
 

( ) },{,,, USDEURdnLimitux ubddebt
d

i
nini

d

∈∀∈∀≤+∑
∈

N
I

 
constraint 2a 

( ) },{,,, USDEURdnLimitux lbddebt
d

i
nini

d

∈∀∈∀≥+∑
∈

N
I

 
constraint 2b 

Market constraint (foreign currency debt; exchange rate influence): foreign 
currency debt must be within certain intervals in order not to influence FX 
rates. 

 
 

IN ∈∀∈∀≤⋅ inLimitpu NonLeaf
issuedecision

inini ,,,  constraint 3a 

IN ∈∀∈∀−≥⋅ inLimitpu NonLeaf
buybackdecision

inini ,,,  constraint 3b 

Market constraint (interest rate influence): demand and supply of instruments 
must be kept within certain intervals in order not to affect interest rates. 

 
 

IN ∈∀∈∀≥+ inux NonLeafnini ,,0  constraint 4 

Default buyback limit: cannot buyback more than outstanding debt in each 
instrument 

 
 

NonLeaf
tot

n
i

nini nbrpu N
I

∈∀=⋅∑
∈

,  constraint 5 

Borrowing requirement: the gross government borrowing requirement must be 
met in each decision node. This constraint ensures that the SNDO is true to its 
task. 

 
 

IN ∈∀∈∀≥ inx LeafNonRootNonni ,,0  constraint 6 

Non-negativity constraints: preventing negative debt, i.e. investing is not 
allowed. 
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8.4 Optimal Portfolio Decision 
The output of the optimization process, i.e. the optimal portfolio decision, describes 
how the currency composition and the maturity structure of the current debt portfolio 
should be changed today (in terms of issue/buyback per instrument) so that long term 
costs and/or risks are minimized under certain requirements and constraints. This 
optimal decision is the decision at the root node at optimum, i.e. u1i

*. 
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Chapter 9 Portfolio Management 
 
In order to evaluate the performance of the optimization model over a period of time, 
we need a portfolio management framework. This chapter describes different aspects 
of this, and explains how the portfolios are handled.  
 

9.1 The Basic Outline and Fundamentals 
In this step, external decisions taken by our optimization model are received and 
implemented in a portfolio. The purpose is to evaluate how well the optimization can 
manage the debt, using a set of other portfolios to compare with. The basic idea is to 
handle all portfolios at once, thus letting them exist under the same economic 
development. As different decisions are made for each portfolio, they generate 
different cost patterns, which are used to compare their performance. For more 
information about the results, see Chapter 12. The major steps here are outlined in the 
figure below, and will be described in the pages that follow. 
 

igure 9.1, Portfolio management process 
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Two different kinds of portfolios are of interest to us. First of all, we have the portfolio 
where the decisions about issues and buybacks are made by the optimization routine – 
the “optimal portfolio”. Second, there are portfolios where decisions are made by the 
decisions rules laid out by the SNDO – the “comparison portfolios”. 
 
Apart from the differences in how the decisions are made, there are no major 
differences between a comparison and an optimal portfolio when it comes to 
calculating costs, handling the bonds and so on. 

9.1.1 The Economic Development 
The decisions made by the optimization and the decision rules have to be evaluated 
against some kind of “real” (pseudo-real) economic development. This can be real 
historical data, test cases made by hand or data generated by some macroeconomic 
model, such as the one created by the SNDO. We have been using the SNDO’s model 
with most of the variables initiated with the expected values of each process. 

9.1.2 The Comparison Strategies  
A comparison portfolio tries to fulfill the goals set out by a specific strategy. These 
strategies can have any combination of goals, as long as they are possible to carry out. 
For the purpose of our thesis, we have been using 15 different strategies to compare 
against the optimal portfolio. The first 9 are the same ones used by the SNDO in their 
strategic simulation, and the last 6 are creations of our own. These 6 represent more 
extreme (and somewhat unrealistic) cases; basically most of them are a bet on a certain 
economic development, usually resulting in either a very favorable or a very bad 
result. The reason for including them is to get a wider spread of results among the 
comparison portfolios, to make the comparison with the results achieved by the 
optimal portfolio more interesting.  
 
Table 9.1, The comparison strategies 

Strategy name 
 

Debt allocation 
SEK/IL/EUR/USD [%] 

Duration 
SEK/IL/EUR/USD  [years] 

SNDO strategies   
SNDO1 75 / - / 17.5 / 7.5 2 / 10 / 2 / 2 
SNDO2 75 / - / 17.5 / 7.5 3 / 10 / 2 / 2 
SNDO3 75 / - / 17.5 / 7.5 4 / 10 / 2 / 2 
SNDO4 65 / 10 / 17.5 / 7.5 2 / 10 / 2 / 2 
SNDO5* 65 / 10 / 17.5 / 7.5 3 / 10 / 2 / 2 
SNDO6 65 / 10 / 17.5 / 7.5 4 / 10 / 2 / 2 
SNDO7 55 / 20 / 17.5 / 7.5 2 / 10 / 2 / 2 
SNDO8 55 / 20 / 17.5 / 7.5 3 / 10 / 2 / 2 
SNDO9 55 / 20 / 17.5 / 7.5 4 / 10 / 2 / 2 

Own strategies   
AllSEK (SNDO10) 100 / - / - / - 3 / - / - / - 
AllIL (SNDO11) - / 100 / - / - - / 10 / - / - 
AllEUR (SNDO12) - / - / 100 / - - / - / 2.7 / - 
AllUSD (SNDO13) - / - / - / 100 - / - / - / 2.7 
SEKandIL (SNDO14) 50 / 50 / - / -  3 / 10 / - / - 
AllSEKshort (SNDO15) 100 / - / -/ - 1 / - / - / - 

*) SNDO5 is the strategy that best matches today’s actual debt composition and duration. 
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The SNDO portfolios are quite straightforward, and their main purpose is to evaluate 
different combinations of nominal and inflation-linked debt. We therefore decided to 
create the four extra portfolios containing only one debt type each to represent some 
kind of wild strategy – a bet that handling the central governments financing needs 
with only one debt type would pay off. The durations chosen for these portfolios are 
the target duration given by the government to the SNDO, see Swedish Ministry of 
Finance, (2002). 
 
We also felt that it could be interesting to see how an even mix between real and 
nominal debts would pay off, and thus introduced such a portfolio. It also became 
quite clear at an early stage that a purely cost-minimizing optimization with few debt 
restrictions usually preferred 3-month SEK bonds. Preliminary studies showed that 
this kind of financing performed relatively well cost-wise, and we therefore added a 
strategy that only issues in the shortest SEK bond available. 

9.1.3 The Comparison Portfolio Decision Rules 
The SNDO has created decision rules that dictate which decisions to take given a 
portfolio and a strategy (Bergström et al., 2002). The goal is to find decisions that 
make sure the two targets in a strategy, duration and debt distribution, are met. At the 
same time, it should make sure the gross borrowing requirement of the central 
government is fulfilled. 
 
Consider a portfolio at time t with a total value mvt

Tot. This portfolio will usually 
consist of four debt types, each representing a fraction, fx, of the debt, where x is debt 
type. We have a gross borrowing requirement at time t, brt

Tot, and a set of financing 
decisions that makes sure we borrow exactly enough to cover it. The market value of a 
certain part of a debt after these financing decisions has been carried out is then given 
by: 
 

( )Tot
t

Tot
tx

x
t brmvfmv +=  (9.1) 

 
From this stems the expression for the gross borrowing requirement in each individual 
debt type at time t:  
 

Tot
tx

x
t

x
t mvfmvbr −=  (9.2) 

 
Since we now know how much to borrow in each debt type, the first goal is fulfilled. 
The second object is to find a distribution of borrowing within each type that makes 
sure the target duration is met. In order to simplify this, when borrowing to adjust the 
duration, the SNDO only uses two different bonds, the shortest and longest credit-
market instrument available to the model.  
 
For clarity, we now consider one individual debt type only. First, the total duration, dT, 
of this part is calculated. We also calculate the duration of each of the two instruments, 
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yielding one short and one long duration, dS and dL. Finally, we also need an average 
duration, dA, which is the duration to which the issues in these instruments should be 
made. The idea is then quite simple; by issuing debt worth br at an average duration dA 
we try to shift the duration dT of the total debt to the desired value, dG.  
 
The duration of the old part of the debt with market value mv is weighed together with 
the new issues, yielding (assuming that duration target is met before new issues are 
made): 
 

( )
br

mvdbrmvdd
brmv

brdmvdd GT
A

AG
T

−+
=⇒

+
+

=  (9.3) 

 
This gives us the average duration, and the next step is to find the mix between issues 
of short and long bonds that yields this duration. The basic idea is the same as above, 
since we just weigh the two different durations together under the condition that the 
value of the issues in short and long bonds, IS and IL, should equal br. This gives us: 
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(9.4) 

 
This expression gives us a solid rule that we use to generate borrowing decisions for 
all four debt types.  

9.1.4 The Initial Portfolio 
When a portfolio is created, it is assumed to have an initial debt value. However, the 
distribution of bonds is unknown and we have to initiate the portfolio according to 
some rule, in order to get a starting portfolio. Starting with the government’s actual 
portfolio is a bad idea, since it would probably mean that immediate rebalancing of the 
portfolios is required as soon as the first decision is made. This would in turn give rise 
to a number of different costs that would make the comparison between the portfolios 
less clear. Instead, each portfolio has to be initiated in a way that fulfills its specific 
requirement right from the start. Two different cases arise, depending of whether the 
portfolio is of comparison type or not.  
 
In the case of the optimal portfolio the initiation is simple since we only need to make 
sure the value of the debt is the same as the initial value. The initial portfolio is empty, 
and it is assumed that the whole debt has just matured, and thus has to be refinanced. 
The task of creating the initial portfolio (by borrowing to refinance the maturing debt) 
will be given to the optimization routine. The resulting initial portfolio will then be 
composed as the optimization sees fit. 
 
The case where the portfolio is of comparison type is a bit more complicated. Not only 
do we need to make sure the value of the debt is equal to the initial value, but we also 
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need to make sure that the debt is distributed among the different debt types in a way 
that meets the strategy targets. Furthermore, we also have to make sure the duration in 
each debt type is correct. The first problem, to distribute the debt correctly, is handled 
by simply dividing the initial value into different debt types according to the strategy. 
This tells us how much we need to borrow in each debt type, and we have to make a 
decision about which instruments to use. A number of different combinations are 
possible; some of the main ones are outlined below.  
 
 

A 

D C 

B 

Target 
duration 

Value 

TTM 

 
Figure 9.2, Initial portfolios, a few examples  

 
The easiest solution to the problem would be to settle for something like B or D, where 
you simply calculate how to distribute the debt to reach the target duration, and then 
borrow according to this rule. Combination B is especially easy, since it uses the same 
bonds as the comparison portfolio to achieve its goal. The decision could then be left 
up to the decision rule, with an initial empty portfolio and a maturing amount equal to 
the value of the initial debt, similar to the fashion in which the optimal portfolio is 
initiated. 
 
However, these shapes do not really reflect a realistic debt distribution. In reality, the 
debt looks more like combination A, which is a fairly complex solution. To make 
things a bit easier, we decided to settle for C, which is quite easily implemented, and 
still gives a shape that is somewhat similar to the real maturity profile (see Figure 3.6). 
 
It is also worth mentioning that the instruments in the initial portfolio are all created 
using the initial yield curve. This means that all bonds are valued at par as the initial 
portfolio is put together. 
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9.1.5 The Costs 
A number of different costs can arise from different events while managing the debt. It 
is by the size and patterns of these costs that the different portfolios will be evaluated 
against each other. We only record costs when money is paid out, so unrealized mark-
to-market costs are not considered. In doing this, we follow the reasoning laid out by 
the SNDO; they are only concerned with costs that actually affect the government’s 
budget, not how the value of the debt changes between cash flows.  

9.2 Handling the Portfolios 
We now have an optimal portfolio and a set of comparison portfolios (each with a 
strategy), each initialized in a proper way. For each portfolio, we have a strategy, and 
decision rules that tell us how to follow these strategies. We also have the economic 
time series against which the decisions will be evaluated. 

9.2.1 New Macroeconomic Data 
Each portfolio will find itself confronted with the economic situation, created by the 
macroeconomic model. It will receive information about the net borrowing 
requirement, which together with the maturing debt in each portfolio will make up the 
gross borrowing requirement for the upcoming time period. There will also be the 
necessary information about inflation-, interest- and exchange rates to calculate bond 
prices, coupons and costs. 

9.2.2 Making a Decision  
Information about the optimal portfolio will be made available to the optimization 
routine, so that it can make decisions.  
 
If the portfolio is a comparison portfolio, the decision will be made with the help of 
the decision rules. In a few special cases, special decisions will have to be made.  
First, the average duration we need to issue the new debt at can be outside the range of 
comparison instruments. In this case, the rule is to do the best you can and issue 
everything in the instrument that is closest to the average duration. 
 
The second case is a bit more complicated. If we have a negative gross borrowing 
requirement, we have to buy back debt in such a way that the strategy goals are 
fulfilled. This can be done in a number of ways, but we have chosen to follow the 
algorithm used by the SNDO. According to this algorithm, the bonds that are closest to 
the required duration are bought back until enough the surplus has been spent. If the 
closest bonds are all bought back, the second closest will be used, and so on.  
 
It is assumed that the whole debt will never be bought back. One could imagine some 
kind of algorithm that manages a negative debt (buying bonds instead of issuing them), 
but it is a situation of little interest. Therefore, the initial debt will always be set high 
enough to make the probability of complete debt buyback more or less zero.  
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9.2.3 Implementing the Decision  
Once a set of decisions is available, the portfolio will be updated accordingly. In this 
stage, certain costs can arise from mark-to-market effects. 

9.2.4 Performing a Time Step 
As soon as the decisions have been carried out, a time step is performed. This means 
that one unit of time elapses, usually one quarter, and all bonds age accordingly. Most 
of the time, this does not have any great effect on the debt portfolio, except for the 
Treasury bills, which usually matures. However, once every year, bonds will pay a 
coupon, and the credit-market bond with the shortest time to maturity might mature. 
Maturing instruments are removed from the portfolio and a new instrument will 
appear. Naturally, this new instrument will have the longest time to maturity of all 
bonds, since the whole set of instruments in each debt type are basically shifted one 
step. As this is done, the instrument which previously had the second shortest time-to-
maturity will now be the shortest. 
 
After the time step is performed, we have an updated portfolio, and are ready for a new 
decision to be made. The macroeconomic model will give a new economic situation 
(the same economic situation for all portfolios), and we are ready to make a new 
decision.  
 
In this stage, costs can arise from maturing bonds and coupons payments made to bond 
owners. Maturing bonds will have to be refinanced, and for each portfolio the sum of 
the maturing debt together with the net borrowing requirement will tell how much 
money needs to be raised or repaid.  
 
An example of how portfolio management is done is found in section 9.4. 

9.3 Portfolio Management Output 
Every time a decision is made or a cost occurs, it will be recorded. As we reach the 
end of the runs, the portfolio manager holds a full collection of costs and decisions (in 
the form of time series), which can be used to compare different portfolios. 
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9.4 A Portfolio Management Example 9.4 A Portfolio Management Example 
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Treasury bills. 
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Chapter 10 Cost and Risk Measures 
 
Here we define which cost and risk measures are used in analyzing the performance of 
different portfolios. 
 

10.1 Real Costs 
Costs are based upon the nominal cost time series that are output from the portfolio 
management process. These quarterly nominal costs are converted into annual real cost 
ratios (of nominal costs to nominal GDP) in order to reflect how the costs co-vary with 
the government’s revenues.  
 
First, we define some variables on the subject of cost: 
  

T:  Evaluation horizon (years) 
Qt:  A set of quarters in year t = 1,…, T 
P:  A set of comparison portfolios and optimal portfolio 
Cqp:  The nominal quarterly cost in quarter q for portfolio  P∈p
Yq:   The annual nominal GDP in quarter q  
 

The annual real cost in year t for portfolio p, Ctp
Y, can then be defined as 
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(10.1) 

 
giving us time series of annual real cost ratios.  
 
 Costs will henceforth refer to annual real cost ratios. 

10.2 Risk 
Because the SNDO shall “minimize the cost of the debt in the long term while taking 
into consideration the inherent risk” according to its directives, there is a need to 
quantify risk. Two types of risks are defined by the SNDO: scenario risk and time 
series risk. In the sections below, we will briefly explain how to calculate these 
measures and then we develop some alternative measures for time series risk.  

10.2.1 Scenario Risk 
Scenario risk is a way of capturing the variation in average cost of a certain strategy, 
given that the future is unknown. It is based on a sample of cost time series, i.e. several 
evaluation runs have to be performed on the set of portfolios. Each run will be based 
on a new simulated future economic development, of course.  
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Let Y

pC  be the average of portfolio p’s annual costs according to: 
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Then the scenario risk of portfolio p is calculated as the relative distance between the 
95th and the 50th percentiles of the sample of average costs for that portfolio: 
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10.2.2 Time Series Risk – SNDO Measure 
The other type of risk, time series risk, shows how much costs can vary from one year 
to another under the condition that the future economic development is known. One 
might say that this measure is a way of telling if the SNDO is “in for a bumpy ride”.  
 
The cost time series of a portfolio p, Ctp

Y, is fitted with a linear trend using Ordinary 
Least Squares. Time series risk for one portfolio under one specific economic 
development, Rp

TS, is then measured as the relative distance between the 95th and the 
50th percentiles for the absolute deviations of costs from its linear trend 
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and where Ltp

Y is the cost prediction for portfolio p in year t according to the trend 
equation.  
 
To estimate a portfolio’s expected time series risk for all future economic 
developments, we use the sample mean of all its Rp

TSs from the different evaluation 
runs, TS

pR . 
 
The time series risk, as defined by the SNDO, is focused on relative increases (or 
decreases) in costs’ deviations from a linear trend. No attention is being paid to the 
sizes of those deviations. In this way a strategy, whose annual costs indeed fluctuates a 
lot (large deviations), but has trend deviations that are quite stable (small spread in 
deviations), might look less riskier than a strategy producing less fluctuating costs 
(small deviations) with a greater spread in deviations. This feature is illustrated in 
Figure 10.1 below for two hypothetical portfolios – Pf1 and Pf2. It is there obvious 
that Pf2 seems more risky than Pf1, when looking at the cost time series, but the time 
series risk measure indicates the opposite. 
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igure 10.1, Example of drawback of the SNDO’s time series risk measure 
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Time series risk is still an interesting risk measure
in the previous section. To avoid getting the wrong impression about the time series 
risks in certain situations we use our own time series risk measure in parallel with the
SNDO’s. 
 
T
measured as the estimation of the standard deviation of the costs, adjusted for linear 
trend: 
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his measure will henceforth be referred to as the stdev time series risk measure. 

he sample mean of a portfolio’s time series risks from all evaluation runs, 

T
 
T STDTS

pR , , is 
 

hen using our time series risk measure, the example portfolios Pf1 and Pf2 from 

used as an estimate of a portfolio’s expected time series risk for an unknown economic
development.  
 
W
above can be ordered correctly regarding risk (see Figure 10.2). 
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Figure 10.2, Example portfolios ordered correctly according to time series risk (stdev measure) 
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Chapter 11 Implementation 
 
This chapter describes how the different parts of the program have been implemented 
and some comments regarding the software and hardware used. 
 

11.1 Implementation 
In terms of implementation, three separate groups of programs can be distinguished: 
 

• The main program (consisting of a number of different classes) 
• The optimization models 
• The result analysis tools 

11.1.1 The Main Program, the Building Blocks 
The building blocks of the main program have all been implemented in C++, and as 
compiler we chose to use the GCC C++ compiler, version 2.95.3. This choice was 
done primarily because this is the main compiler used where we ran program. 
Furthermore, it is also fast, free and reliable and has very good documentation.  
 
The choice of programming language itself has been crucial, since the speed of the 
program is directly relative to how advanced program runs you can execute within a 
reasonable time. The choice of compiler also has a certain effect on the speed, and we 
tried a few other compilers, but in the end, version 2.95.3 turned out to be among the 
best. More about issues about execution time under “Timing issues”, below. 

11.1.2 The Optimization Model 
The choice of modeling language was easy; we did not really have one! Since our 
optimization model is quite large, no non-commercial modeling language and solver 
that can handle it is freely available. Therefore, we had to use what was available on 
the computers we performed the optimizations on, which meant AMPL. 
 
AMPL is a well-known modeling language for linear and non-linear optimization 
problems. It provides support for a number of different solvers. We have been using 
two of them, CPLEX version 6.51, which is used for linear and quadratic problems, 
and MINOS version 5.5, which has been used on other, non-linear problems. 

11.1.3 The Result Analysis Tools 
As the number of data generated by the program quickly gets hard to handle and 
analyze by hand, we had to create some kind of tool that could take everything in and 
present it in a more manageable fashion. For this, we used tools built in Microsoft 
Excel with some extensive Visual Basic modifications.  
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The first tool enables us to take the final output from the portfolio manager, which is a 
raw text file, and read it into Excel, where a number of important graphs and numbers 
are presented.  
 
The second tool, which is a complement to the first, enables us to take in several runs 
and calculate some statistic measurements of how good they are, as well as some risk 
measurements. 

11.2 Hardware 
All the program runs have been performed on a number of computers at the 
Department of Mathematics at Linköping University. The computers are SPARC 
stations with 300 MHz UltraSparc CPUs and memory between 320 – 640 MB. 
Naturally, the speed of the CPU greatly affects the performance of the program. 

11.3 Memory Issues 
When generating such a large number of data as we are, the size of the memory 
available on the computer will become a limitation. If the memory is exceeded, the 
swap file will come into use, and the performance of the program will be badly 
affected. 

11.4 Timing Issues 
The timing issues are very important, since the quality of the solution increases as the 
size of the problem grows. In order to make the optimization model more accurate, 
you need a larger tree, which in turn requires more simulations to preserve the 
accuracy and prevent dummy nodes. It is thus obvious that all aspects of the program 
will increase their calculation times as the problems is scaled up, since the time 
consumption for different parts is dependent on either tree size (scenario generation 
and optimization) or the number of simulations used (simulation and clustering).  
 
As we ran the program, we tried to limit the execution time to slightly below 24 hours, 
since it’s a bit easier to live with a program that you can check up on once a day. A 
one-day execution time also provides a reasonable accuracy, as well as a problem size 
that the memory of the different machines can handle without having to resort to the 
swap file. 
 
We take a normal run, with the following parameters: 
 
Table 11.1, Standard parameters for a normal run 

Simulation 
runs 

Number of 
successors 

Time 
stages 

Optimization 
model 

25,000 30 3 Non-linear 
 
A single loop, i.e. a run to find one optimal decision as described in Figure 4.5, with 
these settings will on average consume time according to the following: 
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Table 11.2, Average time consumption for a normal run 

Task Time 
Consumption [s] 

Scenario Gen.— Simulations 30 
Scenario Gen.— Clustering 200 
Price/cost Generation 350 
Optimization 1,000 
Portfolio Management 0 
Total: ≈ 30 minutes 

 
These numbers are of course approximations, but give a good picture of how much 
time a normal run spends on each part of the program. The least predictable part is the 
optimization, since the complexity of the problem can vary greatly between loops. 
However, the number in the table is an average, and it is thus clear that a set of 40 
loops will take a little less than 24 hours to complete. 
 
If the problem is linear, the optimization part will consume less time. Instead, we 
increase the size of the tree to increase the complexity of the problem to get a better 
solution, and the final time consumption will still be about the same. 

11.4.1 Timing Issues Regarding Clustering 
Some preliminary studies show that the introduction of preparatory clustering on a 
simulation outcome subset along with the “move ratio” termination criterion save up to 
50 % of the computer time needed. A standard run based on the standard parameter 
values in Table 11.2 spent slightly more than 400 seconds on clustering before the 
introduction of preparatory clustering and the termination criterion. 
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Chapter 12 Results 
 
In this chapter we first explain some optimization model settings and some 
parameters’ values used when generating the results. Then we show results from a 
single evaluation run as an example of how the optimization model performs, followed 
by consolidated results from a batch of seven runs to get a more well-founded idea of 
the model’s performance. 
 

12.1 Introduction 
The model setting used to generate the results presented here are by no means optimal, 
since the emphasis of this thesis is on a general evaluation of the whole approach, 
rather than finding the optimum. Several different settings have been tried, though, to 
examine the robustness of the whole model.  

12.1.1 Optimization Model Settings and Parameter Values 
The following settings have been used for the optimization model: 

• Decision limit, : kdecision
iLimit ,

o 100 billion SEK for each instrument of SEK, EUR and USD debt types 
(for both issue and buyback) 

o 25 billion SEK for each inflation-linked bond (for both issue and 
buyback). Inflation-linked instruments are considered to be more 
illiquide than other debt types. 

• Debt limit,  (this limit is set so that currency composition cannot vary 
dramatically from today’s actual composition): 

ldebt
dLimit ,

o [20 , 30] billion EUR for EUR debt type 
o [10 , 20] billion USD for USD debt type 
o Debt in other debt types is not limited 

• objective 1, Cost and Risk  is used with the following parameterization: 
o Risk weight (risk at FirstLevel nodes), κ = 8,000 
o Risk weight (risk at Leaf nodes), λ = 8,000 
o Cost weight (cost at Leaf nodes), γ = 1 

 
Parameters for the scenario tree: 

• Number of time stages, S = 3 
• One year from root node to time stage 1 
• Ten years from root node to time stage 2 (i.e. to leaf nodes). This is the horizon 

for the optimization model. 
• 30 successor nodes to each (non-leaf) node 
• 25,000 simulations have been used to fill the tree 
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Parameters for the set of financial instruments: 
• 1-year maturity interval for credit-market instruments (3 years for inflation-

linked instruments) 
• 10 credit-market instruments in each debt type 
• A 0.25-year Treasury bill exists in SEK, EUR and USD debt types 
• Principal 1 billion in local currency 

 
Other parameters: 

• Evaluation horizon is 10 years 
• Total debt in initial portfolio is 1,200 billion SEK (market value) 

12.2 Results from Separate Runs 
We have made seven evaluation runs with the parameter setting described in the 
previous section. Each run has a pseudo-real economic development different from the 
other. These runs are labeled A through G. (Summaries of the most important 
measures, i.e. average annual cost and time series risks as defined in Chapter 10, for 
all runs can be found in Appendix E.) 
 
We will now take a closer look at run A for an example of how the financial 
optimization model performs under one possible economic development. (Detailed 
data regarding the first two runs, A and B, is found in Appendix F and Appendix G.) 

12.2.1 Results from Run A 
The annual costs of the different portfolios over the next 10 years in run A is plotted in 
Figure 12.1. There we se that the optimal portfolio after two initial years of relatively 
high costs performs better than the comparison strategies (apart from a few of our own 
unrealistic strategies). 
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Figure 12.1, Portfolio costs over 10 years for different portfolios, run A 
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If we calculate average annual costs we see that the optimal portfolio is, on average, 
0-

he time series risks (stdev measure) for run A show that the optimal-decision strategy 

igure 12.3, Average cost and stdev time series risk, run A 

he optimization model has implicitly chosen a currency composition according to 
art 

only beaten by portfolio SNDO12 (i.e., the 100 % euro strategy) and SNDO14 (the 5
50 strategy between SEK and IL). The average annual costs are plotted in Figure 12.2.  
 

Figure 12.2, Costs and average costs per portfolio, run A 
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T
is clearly riskier than the basic SNDO comparison strategies (Figure 12.3). 
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Figure 12.4. Nominal domestic debt has been the predominant choice for a greater p
of the evaluation period, in this run. The model gained interest in inflation-linked 
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bonds from year 3 to year 8, but after that almost no inflation-linked debt was 
outstanding. Compared to portfolio SNDO5 (the comparison strategy that resem
the current actual composition and duration the most), the optimization model 
managed to reduce the total market value of the government debt with about 10
billion SEK over the 10-year time period. 
 

bles 

0 

igure 12.4, Optimal portfolio currency composition of debt carried forward (market value), 

hen studying the duration for the optimal portfolio in Figure 12.5 we see that the 
ed 

igure 12.5, Duration for the debt types in the optimal portfolio, run A 
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W
model implicitly has chosen durations between 12 and 19 years for the inflation-link
part of the debt and mostly below 2 years for the nominal domestic debt etc., leading 
to a total duration of between 1 and 6 years, roughly, for the specific macroeconomic 
development in run A. 

 

0

2

4

6

8

10

12

14

16

18

20

0 1 2 3 4 5 6 7 8 9 10

Time [Year]

D
ur

at
io

n 
[Y

ea
rs

]

SEK
EUR
USD
IL
Total

22

F

 78



Results 

12.3 Consolidated Result 
To obtain a more coherent picture
consolidate results from the singl

 of cost and risk for different portfolios we 
e runs A-G. In this way we can calculate expected 

average annual cost (the sample mean of all Y
pC ), scenario risk and average time seri

risk of each portfolio. In Table 12.1 those measures are listed for the comparison 

their medians graphically. 
 

es 

portfolios and the optimal portfolio and Figure 12.6 shows average annual costs and 

able 12.1, Cost and risk for consolidated result, run A-G 

Annual Cost Annual Cost 

Average Time Series Risk 

T

 Expected 
Average 

Expected 
Average 

Scenario 
Risk, 
Rp

SC 
(Median) 

 TS
pR  

Stdev Measure, 
STDTSR ,  p

SNDO1 0.0239 0.0236 0.1490 0.0014 1.71 
1.97 

SNDO3 0.0252 0.0246 0.1345 1.68 0.0012 
SNDO4 0.0238 0.0236 0.1424 1.46 0.0015 
SNDO5 0.0243 0.0240 0.1370 2.08 0.0014 
SNDO6 0.0249 0.0244 0.1313 1.52 0.0013 
SNDO7 0.0236 0.0235 0.1357 1.47 0.0017 
SNDO8 0.0241 0.0239 0.1313 1.38 0.0017 
SNDO9 0.0246 0.0242 0.1266 1.09 0.0017 
SNDO10 0.0228 0.0221 0.1977 1.82 0.0014 
SNDO11 0.0250 0.0238 0.2200 1.26 0.0010 
SNDO12 0.0219 0.0231 0.0683 2.25 0.0039 
SNDO13 0.0263 0.0249 0.2172 1.24 0.0042 
SNDO14 0.0199 0.0196 0.1688 1.43 0.0025 
SNDO15 0.0235 0.0228 0.2357 1.21 0.0015 
Optimal 0.0222 0.0215 0.1789 2.01 0.0036 

Portfolio (Mean)   SNDO 
Measure,

SNDO2 0.0246 0.0241 0.1425 0.0013 

 

 

 
Figure 12.6, Average annual costs (and their medians) for consolidated result, run A-G 
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The difference in expected average annual cost between the optimal portfolio and 
SNDO7, which is the cheapest comparison portfolio among the realistic SNDO1-9, is 
roughly 0.0014. With a GDP of 2,000 billion SEK this means that the optimal 
portfolio is expected to cost 2.8 billion SEK less per annum than the cheapest SNDO 
strategy in this study. 
 
This comes at the price of higher risk. Both average time series (stdev measure) and 
scenario risk is higher than that of the basic comparison portfolios (see Figure 12.7 
through Figure 12.9). 
 

Figure 12.8, Average cost and average time series risk (stdev measure) for consolidated result, 
run A-G 

igure 12.7, Average cost and average time series risk (SNDO measure) for consolidated result, 
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Figure 12.9, Average annual cost and scenario risk for consolidated result, run A-G 

 
The optimal portfolio has a scenario risk of 17.9 %. This means that the optimal 
portfolio’s average annual cost only has a 5 % risk of exceeding its median cost by 
more than 17.9 %. Corresponding figure for the cheapest of the basic comparison 
strategies, SNDO7, is 13.6 %. 

12.4 Result from Historical Run 
Apart from evaluating our model in a simulated future we have also made a run based 
on historical macroeconomic time series in order to evaluate the financial optimization 
model in a historical environment.  
 
The evaluation horizon was 30 years: 1970-2000. Since the exchange rate was fixed 
during a greater part of this time period and the simulation model was not built to 
handle that, the historical evaluation was based on financial instruments in only two 
“currencies” – nominal and real SEK.  
 
Charts and tables for the result of the historical run are found in Appendix H.  
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Chapter 13 Statistical Analysis 
 
In this chapter we study whether we statistically could say that the optimal portfolio is 
cheaper than the comparison portfolios. This is done by hypothesis testing. 
 

13.1 The Hypothesis 
In order to get some assurance of how the government debt optimization model 
performs we make a statistical study of the consolidated results. The idea of this study 
is to see if we statistically can argue that a portfolio based on our government debt 
optimization model costs less on average than the comparison portfolios. In this 
analysis we disregard the different time series risk measures, but the scenario risk is 
incorporated in some sense, since this analysis is based on outcome from different 
future economic developments. 
 
First, we have to recognize that we have 15 two-sample cases; one case for each 
combination of comparison portfolio and optimal portfolio. If we have done n 
evaluation runs, then every case consists of one sample of n optimal portfolio average 
costs and one sample of n comparison portfolio average costs. Since the two average-
cost samples in each case are based on a particular (pseudo-) real economic 
development and that the underlying development constitutes a correlation between 
optimal and comparison costs, the samples are considered to be dependent of each 
other. When samples are dependent, that is pairs of data are related to each other, one 
way to test a hypothesis is to undertake a “twin study” (Hjort, 1998).  
 
If Y

pC  is the average annual real cost of portfolio p as defined in equation (10.2), the 
average cost of portfolio p in evaluation run i can be denoted Y

piC . Let C be the 
stochastic variable for average annual optimal portfolio cost and the stochastic 
variable for average annual cost of a comparison portfolio p. Then a new set of 
samples for stochastic variables Z

Y
opt

~

Y
pC~

p is created as the differences between pairs of 
optimal portfolio costs and comparison portfolio costs: 
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(13.1) 

 
where n is the number of paired observations (results) in the study. If annual costs are 
assumed to be independent and identically distributed random variables, the variables 
Zp can be assumed to have an approximate normal distribution according to The 
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Central Limit Theorem9. This convenient approximation can be made since each 
paired observation consists of a difference between two average costs where each 
average is a sample mean of 10 annual cost figures10.  
 
We want to test the null hypothesis that the mean difference in average cost between 
the optimal portfolio and a comparison portfolio is zero (or greater than zero to be 
precise). This hypothesis is tested against the directional alternative hypothesis that the 
mean difference in average cost is less than zero, that is, that the optimal portfolio 
outperforms a comparison portfolio regarding average annual real cost. The 
hypotheses are: 
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0:
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(13.2) 

 

13.2 Testing the Hypothesis 
We use confidence intervals based on average costs from Table E.1 to test the 
hypothesis in (13.2). The sample means, standard deviation estimates and confidence 
intervals can be found in Table 13.1. 
 
Table 13.1, Statistical analysis of consolidated result, run A-G 

p z  s 99% Confidence Interval 
for µp 

Reject H0 in 
favor of H1? 

1 -0.0017 0.0004 -0.0023 -0.0011 YES 
2 -0.0023 0.0002 -0.0027 -0.0020 YES 
3 -0.0030 0.0004 -0.0035 -0.0025 YES 
4 -0.0015 0.0005 -0.0022 -0.0009 YES 
5 -0.0021 0.0003 -0.0025 -0.0017 YES 
6 -0.0027 0.0003 -0.0031 -0.0022 YES 
7 -0.0014 0.0005 -0.0021 -0.0007 YES 
8 -0.0018 0.0004 -0.0023 -0.0013 YES 
9 -0.0023 0.0003 -0.0028 -0.0019 YES 
10 -0.0006 0.0006 -0.0014 0.0003 NO 
11 -0.0027 0.0008 -0.0039 -0.0016 YES 
12 0.0003 0.0032 -0.0042 0.0049 NO 
13 -0.0041 0.0010 -0.0054 -0.0028 YES 
14 0.0024 0.0006 0.0015 0.0033 NO* 
15 -0.0013 0.0014 -0.0033 0.0007 NO 

*) In fact SNDO14 is significantly cheaper than the optimal portfolio at the 99 % 
level 

 

                                              
9 The Central Limit Theorem states that the distribution of the sample mean of a sequence of independent and 

identically distributed variables is asymptotically normal: ( )xx
m

WP Wm

m
Φ=








≤

−
∞→ σ

µlim .  

10 Normally the sample size has to be greater than 30 to approximate normal distribution (Web Interface for 
Statistics Education, August 22, 2003). 
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13.3 Result of Statistical Analysis 
The optimization model does withstand a statistical test against SNDO1-9. In fact, the 
simultaneous confidence level for costing less than all SNDO1-9 is 91 %, when 
individual intervals have a confidence level of 99 %.  
 
The model does not do so well when compared against our own comparison strategies; 
only SNDO11 and SNDO13 are significantly more expensive than the optimal 
portfolio. The result for SNDO10, 12 and 15 are not significant and SNDO14 is 
significantly cheaper than the optimal portfolio at the 99 % level. 
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Chapter 14 Discussion 
 
In this chapter, aspects of different parts of our work are discussed. Problems and 
their effects on the end result and the methods chosen are discussed, as well as some 
alternative methods that could have been used but was not.  
 

14.1 About The Results 
As seen in previous chapters, the optimization approach to government debt 
management is expected to have a lower average annual real cost than the fixed 
comparison strategies SNDO1-9, though at the cost of somewhat higher time series 
risk and scenario risk. Some of our own comparison strategies (SNDO10, 12 and 15) 
were, however, not significantly more expensive and one portfolio (SNDO14) even 
outperformed the optimal portfolio cost-wise.  
 
In the case of SNDO10, 12 and 15, the results can perhaps be explained by the fact 
that seven evaluation runs are not enough to make a clear distinction between them, 
but this is certainly not the explanation in the case of SNDO14. The most likely 
explanation is instead that all our own comparison strategies have unrealistic 
advantages over the optimization model, since the optimization model is under market 
constraints preventing it from acting as freely as it perhaps would like to. The 
strategies behind SNDO10-15 lead to more extreme decisions than the optimization 
model is ever allowed to make. 

14.2 The Constraints 
Most of the constraints are quite straightforward and describe the mechanism (such as 
the state transition) and natural limitations (such as non-negative constraints) behind 
the whole optimization. However, there are a few that stand out. These are the ones we 
have put into the model to try to emulate some of the limitations of the markets. 
 
If a model lacks these constraints, the result will be highly unrealistic. In the simplest 
case, an optimization that only tries to minimize the expected cost, these effects will be 
drastic. Such an optimization will put all its money into a single instrument, and as 
soon as it senses that another instrument type would be better it will buy back the 
whole debt and issue new instruments of this other type. Of course, the market would 
not be able to handle this kind of trading. For example, shifting 100 billions from USD 
to SEK from one quarter to another would have a major impact on the exchange rate, 
to say the least. This is exactly the kind of effects the SNDO’s actions should not have 
(as explicitly stated in its directives, see chapter 3.1). 
 
Other objective functions would yield less drastic results, if they consider the risk 
aspects as well. In order to do this, there will usually be a need to diversify by issuing 
different kinds of bonds. However, the number of different instruments is still very 
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low, and there is still nothing that prevents the model from shifting between different 
instruments in an unrealistic fashion. 
 
Other constraints have been left out of the model on purpose to stop the optimization 
from finding loopholes. One such example is a constraint to make sure that only issues 
are allowed when the gross borrowing requirement is positive and only buybacks are 
allowed when it is negative, which would give the model an even more realistic 
appearance. If we were to formulate such a constraint, the discrete time stages in the 
Stochastic Programming tree and the fact that the first time period in the tree usually is 
the shortest11 would lead the optimization model to feel that it is more important to 
have a favorable position before the second time period and hence acts today to ensure 
that it has full freedom of action in that future time stage. This means that it would 
wrongly favor short maturities in the root node to make sure that it has a positive gross 
borrowing requirement in the second time stage due to maturing bonds so that issues 
can be made in the desired instruments at that time. 

14.3 The Objective Function 
It is the objective function in the optimization model that to a great extent shapes the 
cost-risk profile of the optimal portfolio. Consolidated results from run A-G show that 
the optimal portfolio is cheaper but riskier than the basic SNDO1-9 both in terms of 
time series risk (stdev measure) and scenario risk, see chapter 12.3. It is apparent that 
the current parameterization of our objective function allows a relatively high level of 
risk. 

14.3.1 Parameterization of Our Objective Function 
Recall Chapter 3 and its definition of the objective set out for the SNDO by the 
government: “…the central government debt is to be managed in a way that will 
minimize the cost of the debt in the long term while taking into consideration the 
inherent risk.” 
 
As can be seen, the objective is twofold, and the SNDO has to decide how much 
priority should be given to each individual objective. Unfortunately, the central 
government has not given any quantitative directions in this matter, and it has been up 
to the SNDO to decide how to handle the priorities. 
 
The objective function in our optimization faces the same situation, trying to combine 
the tasks of minimizing the costs and the risks at the same time. Just like the SNDO, 
we need to decide how to handle the priorities. This is done with the help of the 
weights (γ, λ and κ) placed on each part of the objective function. Since the cost is a 
first order objective and the risk is of the second order, weighting them together is 
somewhat complicated 
 
Since we had no guidelines, we created our own solution where the parameterization 
was done by hand with the help of an ad hoc rule: the basic idea was to make sure that 

                                              
11 To reflect that you can take a new decision in the near future 
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each part of the objective function would be equally important. Therefore, we ran a 
number of optimizations and watched how each of the individual parts of the objective 
function contributed to the total objective value. The parameters were then adjusted so 
that each part roughly contributed with an equal part. This method is crude and can 
most likely be improved, but it gives a parameterization that is not completely off 
target. Naturally, the distribution of objective values between the individual parts can 
vary significantly between different optimizations depending on the characteristics of 
the problem, but the parameterization ensures that due consideration is always taken to 
cost and risk.  

14.3.2 Other Objective Functions 
As can be seen in Chapter 8, the objective function we use is a combination of 
expected value and variance of the cost in different node levels, a steady state function.  
 
There are many other kinds of objective functions that might work. Among those we 
have the classic power utility functions, where the lognormal function is the most 
common (e.g., Luenberger, 1997), and Value at Risk based functions, such as the 
conditional Value at Risk, cVaR (Bogentoft et al., 2001). 

14.4 About Scenario Generation 

14.4.1 How Well Does the Optimization Perform in an Extreme 
Economic Environment?  

If the objective function is calibrated to make a trade-off between cost and risk suitable 
for the government, then it is just a matter of whether the optimization model is getting 
scenarios that give an accurate picture of possible future developments. So, if we want 
the model to take into its calculations the possibility of some extreme event, then such 
an event have to be represented in the scenarios. There are two major processes 
involved in creating the scenarios in our financial optimization model: clustering and 
macroeconomic simulation. 
 
Questions that arise regarding the clustering process are: How well does the algorithm 
preserve the inherent probability distribution of the simulation outcome? Are there 
natural clusters within the economic simulation outcome? And if so, how many? Only 
a thorough cluster analysis can answer those questions and that is beyond the scope of 
this thesis. One rather unappealing property of our tree-building algorithm, though, is 
that it could create jumps in the macroeconomic path between nodes – jumps not 
justified by the simulation model. These jumps would occur in the quarter that follows 
a node because we do not start new simulations when a node has been formed; instead, 
we use the originally simulated paths in the creation of all inter-nodes paths in a 
scenario tree. These paths do not necessarily go through the clustered values in the 
predecessor nodes – hence the jump.   
 
One thing we can say, however, is that the chosen clustering algorithm cannot create 
scenarios that are more extreme than the input, i.e. the macroeconomic simulation 
outcome. In fact, clustering almost always leads to less extreme values, due to average 
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value calculations. This leads us to a discussion on some features regarding the 
simulation model. The macroeconomic model has a few drawbacks that make it less 
than ideal to use along with financial optimization. Mainly those drawbacks manifest 
themselves by the lack of extreme simulation outcome. In the chapter to follow we 
mention the most important drawbacks and their impact on our work. 

14.4.2 The Lack of Extreme Output 
First of all, we note that the model is parameterized with relatively low standard 
deviations. This will mean that the variables are less likely to reach values that deviate 
much from their starting points. For a graphical illustration, see Figure 14.1. 
 

 

           t 

               x 

High standard deviation processes 

               x 

           t 

Low standard deviation processes 

Figure 14.1, The importance of standard deviation 

 
Furthermore, there is a certain degree of mean reversion incorporated into many 
processes, so that variables that are approaching high values are less and less likely to 
reach even higher values. Taken together, this means that the model is prone to 
generate only nicely behaved economic developments. This is perhaps not a problem 
when the simulation model is used within the SNDO’s normal strategic work, but for a 
financial optimization model this is a predicament, since you miss one of the main 
points of financial optimization – the ability to see and incorporate tail events into the 
decision. 

14.4.3 Historical Evaluation of the Optimization Model 
It would be very appealing to use real historical time series, because it would allow us 
to test the optimization model on a real case. Unfortunately, the tails of the historical 
real world economic distribution are much fatter than the tails of the model’s 
distribution12, and will thus not be included in the scenario tree. For example, the 
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probability of the model generating economic climates like the high inflation era of the 
70ies is more or less zero.  
 
Moreover, if one of the variables in the model is initiated with an extreme value 
(extreme in the world of the model), because of the mean reversion and the 
parameterization, almost every simulation outcome you get when generating the 
distribution of outcomes will have this variable quickly heading towards more normal 
levels for the simulation model. Even if you get a few extreme values, there will most 
likely not be enough of them to be clustered into a scenario of their own. The possible 
extreme values will then only marginally affect the scenarios. 
 
This would mean that the scenario tree will “slope” in a certain direction, i.e. that you 
get a tree where the most extreme value is found in the root node, and the rest of the 
values in the tree are all either above or below this. The effect is, of course, that in the 
eyes of the optimization, there is a 100% chance of a movement in a certain direction. 
The optimization will sense a wonderful opportunity and act forcefully to exploit it, 
but as the time step is performed, it might be that the new value (that comes from the 
historical time series) is even more extreme. The effect can be devastating, and very 
unfair to the optimization model.  
 
As we tried to use historical data series, it became obvious that the optimization model 
was living in a completely different world mainly because of the simulation model’s 
parameterization. The result was bad in terms of both risk and costs; great swings from 
year to year on a relatively high cost level. We therefore felt it was futile to explore 
this further, and consequently gave up. In doing this, we also gave up on our secondary 
objective. However, we felt that the reason for doing this was motivated by our 
delimitations, since a historical test would require the simulation model to be 
dynamically re-parameterized over the test period.  
 
Consequently, we only use outcomes drawn from the macroeconomic model for our 
“real” outcomes in the evaluation process. By doing this, you are actually making sure 
that the unfavorable properties of the macroeconomic model will not be an issue. Since 
it is a perfect model of the pseudo-real world (after all, it creates the real world 
economic development itself), the distribution of outcomes will always be the best you 
can possibly get. This might be regarded as unrealistic and problematic, but in fact, 
since it removes what is otherwise a disturbance that is outside of our control, it makes 
the results clearer for the purpose of this project.  

14.4.4 Limitations on Time Series Length 
The model is not parameterized to generate data for several decades. A horizon of 10 
years is within limits, but if you let the model generate very long data series, some 
results will start to become less and less realistic. One good example is the net 
borrowing requirement, where the importance of the stochastic parts decreases steadily 
as time passes. It would take some time before you could say that the stochastic parts 
are without importance, but it does not take very long before the probability of getting 
a positive net borrowing starts to get very high. 
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This effect is not a major issue, since you could use a tree with a 10-year horizon, even 
if you plan on using the model on a 30-year long economic data series. The decisions 
will most likely take enough long-term considerations anyway. 

14.4.5 Feedback Issues 
There is a lack of feedback in the simulation model. This affects portfolio costs and 
risks and the model’s stability.  
 
Since the simulated net borrowing requirement does not reflect the interest costs 
generated for a certain portfolio, the net borrowing requirement is unaffected by a 
strategy’s success or failure in managing the government’s debt. This probably means 
that the portfolios’ costs and risks are less diverse than those of portfolios in an 
interest-feedback simulation model.  
 
Although we have not encountered problems with instabilities in the simulation model 
during our work, there is, for instance, a slight risk for a large gap between the 
expected annual inflation rate, π ̃t , and the targeted annual inflation rate, π ̃*, in 
equation (5.3). In that case, the short rate could reach extreme values without affecting 
the inflation – something that should be considered unlikely.  

e

14.5 The Optimization Algorithms and Their Parameterization 
The algorithms used when optimizing affect the results to a certain extent. When 
solving a simple problem using CPLEX, this is not really an issue, except that the time 
consumed while solving the problem might vary with different solvers or 
parameterizations. 
 
When using MINOS, the situation is a bit different. The problem formulated can be 
very complex, and finding the optimum is sometimes more or less impossible. It might 
be that the solution you get is very close to the optimum, but not the exact optimum. 
The quality of the result might then be dependent on the algorithms and their 
parameterization. 
 
It might be worth mentioning that the lack of an available Stochastic Programming 
(SP) solver had a certain impact on our project. An SP solver is a solver much more 
suited to solving problems of our type. If we would have had one at our disposal, 
execution times could have been reduced and hence allowing the problem size to be 
increased, yielding a better solution.  
 
However, a thorough discussion about different solvers, algorithms and 
parameterization is beyond the scope of this thesis, and it is sufficient to say that 
enough work was put into the issue to make the optimizations perform without 
problems. 
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Chapter 15 Conclusion 
 
Looking back at what we set out to do, we feel that we have accomplished our goal. 
We have identified the problems and come up with the necessary solutions to apply 
financial optimization on the Swedish central government debt management. 
Furthermore, we have implemented these solutions into a program by which we have 
performed the optimizations, and we have compared the results with a set of static 
strategies.  
 
Unfortunately, the secondary objective, to evaluate financial optimization in a 
historical macroeconomic environment, had to be given up because the simulation 
model’s parameterization misled the optimization model about the economic 
development.  
 
In some parts, like the macroeconomic model, the path (in the form of the SNDO’s 
report) was already laid out before us, while in others, like the pre-processing of 
optimization data, the solution had to be crafted entirely by us. The end result is a 
result of endless hours of discussions and the experiences made during the course of 
this thesis project.  
 
What is obvious to us (and hopefully to everyone who has read this report) is that it is 
possible to apply financial optimization to a problem of this type, and get a result that 
is not only acceptable, but also good. This is yet another proof of the applicability of 
optimization in various areas, such as finance. 
 
What is also obvious is that there are a lot of opportunities for future work (maybe 
other master’s theses), and it is our hope that someone else might eventually continue 
where we have left off.   
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Chapter 16 Future Work 
 

16.1 Development Issues 
Since the complete financial optimization model is implemented in separate modules 
and classes (see Chapter 11) further development of individual parts is made easy. 
Most easily changed is the optimization model’s objective function and constraints 
(these could even be altered while running the program). 

16.2 Improved Clustering 
The k-means algorithm used in this thesis has its shortcomings as described in chapter 
6.3. The first thing to do before dismissing k-means, though, is to apply cluster 
analysis to find out if there are natural clusters within the economic simulation 
outcome. Then some analysis has to be done in order see if and how well k-means 
manage to preserve the inherent probability distribution of the 12-dimensional 
simulation outcome.  
 
There might, as a result of those analyses, be a reason to try another more 
sophisticated clustering algorithm such as the ISODATA clustering algorithm (e.g. 
Dhodhi et al., 1999), which has built in cluster analysis.  

16.3 Better Macroeconomic Model 
In order to use a financial optimization model as an aid to manage the central 
government’s debt, the macroeconomic model could be revised in a couple of ways. 
First, the new model should attempt to emulate the real world as well as possible with 
relevant feedback where applicable. Second, since the financial optimization should be 
able to handle extreme cases, one could also imagine a macroeconomic model that 
incorporates some kind of shock generator to simulate the effects of a war, oil crisis 
and etc. 
 
An alternative simulation model based on a co-variance approach would also be 
interesting to try. 

16.4 Objective Function and Optimization Model Upgrades 
In order to get a better working model, more work would have to be put into 
examining how different objective functions affect the results, preferably some of the 
classical utility functions adjusted for the government’s risk preferences. This could 
also involve finding better methods of parameterizing the functions we have chosen 
for the purpose of our work. 
 
Further development can also be made regarding the market constraints – perhaps 
allowing illiquidity to have a price rather than a volume limit. 
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Appendix A Distance Metrics 
 
When measuring distances in a metric space, different metrics produce different 
results. In Table A.1 below, some possible metrics are listed, which are then explained 
in terms of their characteristics (StatSoft, August 25, 2003).  
 
Table A.1, Various distance metrics 

Distance metric Function 
Euclidean distance ( ) ( ) ( )yxyxyxyx −−=−= T,d  
Squared Euclidean distance ( ) ( ) ( )yxyxyxyx −−=−= T2,d  
City-block (Manhattan) distance  
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−=
n

i
ii yxd

1

, yx  

Chebychev distance ( ) iii
yxd −= max, yx  

Minkowski metric (p-norm) 
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n

i

p
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−=
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, yx  

 
The Euclidean distance method has certain advantages. For example, if outliers (single 
large differences) are added to the analysis, the distance between any two other, 
already existing, points will not be affected. However, the Euclidean distance suffers 
from one important drawback: it is sensitive to differences in scale among the 
dimensions from which distances are computed.  
 
The squared Euclidean distance has the same properties as Euclidean distance, but 
places a progressively greater weight on data points that are further apart. 
 
City-block distance sums the absolute values of differences in individual dimensions. 
The metric is in many ways similar to the Euclidean distance, but tends to dampen the 
effect of outliers, since the differences are not squared. 
 
Chebychev distance computes the distance as the greatest absolute difference between 
the data points along any one of the dimensions involved. It may be appropriate if we 
want to see two data points as “far” apart if they differ in any one of the dimensions. 
 
Minkowski metric (p-norm) is often used when the user would like to be able to set the 
progressive weight more freely. Here, both the individual dimension weight, ( , and 
the weight that is placed on larger differences between data points, 

)p  ⋅
p   ⋅ , are based 

upon the same parameter, p.  
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In fact, all the metrics above can be seen as special cases of the general Minkowski 
metric: 
 

•  Euclidean distance ⇒= 2p
•  City-block distance ⇒=1p
•  Chebychev distance ⇒∞→p

 
Figure A.1 shows the ”iso-distance” curves for the distance metrics mentioned (i.e., 
points on the curves are treated as equally far away from the center, m).  
 

Chebychev Distance

Euclidean Distance

Sq. Euclidean Dist.

City-block Distance

Minkowski Dist. (p-norm)
p=0,5

m

 
Figure A.1, Equivalent distances for various distance metrics 
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Appendix B  
Derivation of Centroid Function for K-Means 

 
When cluster membership is fixed, total clustering error is minimized when clustering 
errors for each and every cluster are minimized. Let  be the clustering error for 
cluster k: 

kg
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Then total clustering error is minimized when 
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(B.1) 

 
which is the within-cluster sample mean. 
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Appendix C  
Detailed Tree-Building and K-Means Algorithms 
 
This appendix describes the algorithms behind the building of a scenario tree: the tree 
building algorithm (Algorithm C.1) and the adapted k-means algorithm (Algorithm 
C.2). Notations from Chapters 2.2.1 and 4.3.1 are used. 
 
Algorithm C.1, Building a Scenario Tree out of Macroeconomic Simulations 
 

For each predecessor (parent) node, : NonLeafn N∈
Phase 0, Problem Set-up 

Step 1: Retrieve the (rescaled) simulation outcome set, V . This set 

consists of a snapshot of simulation outcome in year  for 

simulations belonging to the cluster represented by node n. If 
 then all simulations are used. 

( +nst )

Rootn N∈
 
Phase 1, Finding Initial Centroids 

Step 1: Choosing Initial Centroid Positioning Approach 

If  then continue with Step 2, else go to Step 3. 

 
Rootn N∈

Step 2: Clustering to Find Initial Centroids 

Step 2.1: Let V  be a small subset of V  such that init Kinit >V . 

Step 2.2: Partition V  randomly into K clusters and calculate 

centroids for the V  partition according to equation (6.2) to 

obtain 

init

init

( ) [ ]Kf pp ,1, ∈= C p∀m   

Step 2.3: Use Algorithm C.2 to optimize the partitioning of V . 

Let the result be C  and the final centroids M . 

init

}Kminit ,...,{ 1init m=
Step 2.4: Go to Phase 2: Full-scale clustering of V  using M  as 

initial centroid positions for the K clusters. 
 

init

Step 3: Random Partitioning to Find Initial Centroids 

Step 3.1: Partition V  randomly into K clusters and calculate 
centroids according to equations (6.1) and (6.2) to obtain 

. },...,{ 1 Kinit mm=M
Step 3.2: Go to Phase 2: Clustering of V  using M  as initial 

centroid positions for the K clusters. 

init

 
Phase 2, Clustering 

Step 1: Clustering 

Given the initial centroids from Phase 1, M , use Algorithm C.2 to 

partition V in an optimal way. Let C  be the resulting optimal 

init

opt
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partition and M  be the optimal centroids. Each node (scenario) in 

 then represents a cluster in C  with macroeconomic values given 

by M . 

 

opt
+

nN opt

opt

Step 2: Probability Estimation 

Step 2.1: If  then . (Probability in root node.) Rootn N∈ 1=np
Step 2.2: The probability of reaching each successor to n is then 

estimated at the relative frequency of data points in each 
cluster 

 +
++ ∈∀⋅= n

k
nn npp N

V
C

,

k

 

where C  is the cluster that node n  represents. 

 
+

Step 3: Path Estimation 

The macroeconomic paths from node n to each successor are 
represented by the simulated paths to the points that turn out to 

lie closest to M  (using same distance metric as in clustering). 

 
opt

Next n 
 

0

C

 
Algorithm C.2, Specific K-means Algorithm: Creating Scenarios out of Macroeconomic 
Simulations 
 

Step 1: Choose Initial Centroids 

Set iteration index  and choose initial centroids  

for the K clusters. 
 

0←j )0,0()0,0(
1 ,..., Kmm

Step 2: Assign Data Points to Clusters Using the Minimum Distance 
Classification Rule (and Update Centroids) 
Step 2.1: Reset move counter . ←i
Step 2.2: Measure distance from each point to each and every 

centroid. Assign data point to the cluster having the closest 
centroid (and remove point from the previously assigned cluster), 
i.e.,  

[ ] [ NmKlklklm
ij

km
ij

lm ,1,,1,:,
Assign

2),(2),( ∈∀∈≠∀∈⇒−<−     Cvmvmv ] 
 
For each data point that is assigned to a new cluster, 
recalculate centroid positions in accordance with equations (6.1) 

and (6.2) to obtain ( ) [ ]Kpf p
ij

p ,1,)1,( ∈∀=+ C 1+← im  and update i . 

 
Step 3: Termination Criterion 

If , i.e., if less than 5% of the data points are 
assigned to a new clusters during one iteration – STOP. The partition 
 then approximates a local optimum to the clustering problem. 

 

%5/ =< ξNi

Step 4: Update iteration index  and return to Step 2. 1+← jj
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Appendix D  
Convergence of K-Means Clustering Algorithm 

 
This appendix is based on Bottou’s and Bengio’s (1995) line of reasoning. 
 
Suppose that data point  is moved from cluster k to cluster l in the jnv th iteration. The 
reason for that transfer would be that the distance from the data point to cluster l’s 
centroid would be shorter than that between the data point and cluster k’s centroid:  
 

2)(2)( j
kn

j
ln mvmv −<−  (D.1) 

 
If  is the clustering error for cluster k, (D.1) will lead to an increase in clustering 
error term  that is less than the decrease in , which could be expressed as 

kg

lg kg
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(D.2) 

 
i.e., the clustering error sequence, { , is strictly decreasing. Since every value of g 
comes from one possible partition of V , each iteration finds a new partition that is 
better in terms of clustering error than that in the previous iteration. Given that a finite 
number of data points, N, can be partitioned into K clusters in a finite number of ways, 
the k-means clustering algorithm is guaranteed to converge in finite time.  

})( jg
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Appendix E  
Detailed Tables and Charts for Run A-G 

 
 
Table E.1, Average annual costs from run A-G 

 Average Annual Cost, Y
pC  

Portf. A B C D E F G 
SNDO1 0.0212 0.0203 0.0272 0.0269 0.0257 0.0225 0.0236 
SNDO2 0.0218 0.0214 0.0276 0.0273 0.0262 0.0235 0.0241 
SNDO3 0.0225 0.0226 0.0280 0.0277 0.0266 0.0246 0.0245 
SNDO4 0.0210 0.0201 0.0270 0.0268 0.0256 0.0223 0.0236 
SNDO5 0.0216 0.0211 0.0273 0.0272 0.0259 0.0232 0.0240 
SNDO6 0.0221 0.0221 0.0276 0.0275 0.0263 0.0241 0.0244 
SNDO7 0.0208 0.0200 0.0267 0.0267 0.0254 0.0221 0.0235 
SNDO8 0.0213 0.0208 0.0270 0.0270 0.0257 0.0229 0.0239 
SNDO9 0.0218 0.0216 0.0273 0.0273 0.0260 0.0237 0.0242 
SNDO10 0.0205 0.0195 0.0268 0.0255 0.0243 0.0209 0.0221 
SNDO11 0.0224 0.0213 0.0296 0.0279 0.0267 0.0229 0.0238 
SNDO12 0.0183 0.0197 0.0192 0.0238 0.0231 0.0244 0.0249 
SNDO13 0.0233 0.0236 0.0306 0.0297 0.0282 0.0249 0.0239 
SNDO14 0.0181 0.0170 0.0232 0.0221 0.0211 0.0181 0.0196 
SNDO15 0.0211 0.0187 0.0287 0.0270 0.0258 0.0206 0.0228 
Optimal 0.0196 0.0190 0.0255 0.0250 0.0235 0.0215 0.0215 

 
 
 
Table E.2, Time series risk, SNDO measure, run A-G 

 Time Series Risk, SNDO Measure, Rp
TS 

Portf. A B C D E F G 
SNDO1 1.73 0.81 1.10 0.98 2.12 2.36 2.85 
SNDO2 1.97 0.88 1.25 1.55 2.09 3.79 2.23 
SNDO3 2.36 0.85 0.67 1.30 2.21 2.63 1.72 
SNDO4 2.61 0.70 0.66 1.88 1.00 2.10 1.30 
SNDO5 2.67 0.67 0.80 2.76 0.91 5.89 0.87 
SNDO6 2.30 0.63 0.87 2.54 0.81 2.90 0.57 
SNDO7 2.52 0.64 1.28 0.82 0.52 2.85 1.67 
SNDO8 1.78 0.67 1.37 1.01 0.46 2.83 1.55 
SNDO9 1.36 0.63 1.40 1.22 0.41 1.13 1.45 
SNDO10 1.97 1.13 2.73 0.99 0.94 2.51 2.47 
SNDO11 2.34 0.31 0.44 1.54 1.05 2.00 1.12 
SNDO12 5.00 0.80 0.62 0.74 0.65 7.39 0.53 
SNDO13 1.79 0.62 0.57 1.39 1.68 1.89 0.73 
SNDO14 1.62 1.37 1.60 1.26 1.32 1.52 1.34 
SNDO15 2.07 0.41 0.72 1.04 1.36 1.59 1.30 
Optimal 1.98 2.27 1.59 2.52 1.83 1.96 1.93 

 
 
 

 107 



 

 
Table E.3, Time series risk, stdev measure, run A-G 

 Time Series Risk, Stdev Measure, Rp
TS,STD 

Portf. A B C D E F G 
SNDO1 0.0012 0.0019 0.0010 0.0013 0.0015 0.0012 0.0018 
SNDO2 0.0011 0.0018 0.0009 0.0011 0.0014 0.0010 0.0016 
SNDO3 0.0011 0.0016 0.0009 0.0010 0.0013 0.0008 0.0014 
SNDO4 0.0012 0.0018 0.0012 0.0014 0.0017 0.0011 0.0017 
SNDO5 0.0012 0.0017 0.0012 0.0013 0.0017 0.0010 0.0015 
SNDO6 0.0012 0.0015 0.0013 0.0013 0.0016 0.0009 0.0013 
SNDO7 0.0014 0.0017 0.0018 0.0019 0.0021 0.0013 0.0019 
SNDO8 0.0014 0.0017 0.0018 0.0019 0.0021 0.0013 0.0018 
SNDO9 0.0014 0.0015 0.0018 0.0019 0.0021 0.0012 0.0016 
SNDO10 0.0014 0.0009 0.0018 0.0019 0.0013 0.0008 0.0017 
SNDO11 0.0009 0.0009 0.0012 0.0013 0.0005 0.0007 0.0014 
SNDO12 0.0025 0.0053 0.0041 0.0028 0.0055 0.0026 0.0045 
SNDO13 0.0044 0.0031 0.0036 0.0044 0.0051 0.0039 0.0049 
SNDO14 0.0021 0.0014 0.0033 0.0035 0.0027 0.0018 0.0029 
SNDO15 0.0015 0.0012 0.0014 0.0019 0.0009 0.0015 0.0020 
Optimal 0.0034 0.0036 0.0041 0.0034 0.0032 0.0026 0.0050 
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Figure E.1, Time series risk (SNDO measure), run A-G 
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igure E.2, Time series risk (stdev measure), run A-G 
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Appendix F  
Detailed Tables and Charts for Run A 

 
Table F.1, Annual cost time series, run A 

 Year          
Portf. 1 2 3 4 5 6 7 8 9 10 
SNDO1 0.028 0.029 0.028 0.025 0.022 0.020 0.018 0.015 0.013 0.013 
SNDO2 0.029 0.029 0.029 0.026 0.023 0.021 0.019 0.016 0.014 0.014 
SNDO3 0.029 0.029 0.029 0.027 0.024 0.022 0.020 0.017 0.015 0.014 
SNDO4 0.027 0.028 0.028 0.024 0.022 0.021 0.018 0.015 0.014 0.013 
SNDO5 0.028 0.028 0.028 0.025 0.022 0.021 0.018 0.016 0.015 0.013 
SNDO6 0.028 0.028 0.029 0.026 0.023 0.022 0.019 0.017 0.015 0.014 
SNDO7 0.026 0.027 0.027 0.024 0.021 0.021 0.018 0.015 0.015 0.013 
SNDO8 0.027 0.027 0.028 0.025 0.022 0.022 0.018 0.016 0.015 0.013 
SNDO9 0.027 0.027 0.028 0.026 0.023 0.023 0.019 0.016 0.016 0.014 
SNDO10 0.026 0.026 0.027 0.024 0.022 0.021 0.018 0.016 0.014 0.012 
SNDO11 0.030 0.031 0.029 0.026 0.024 0.021 0.019 0.017 0.014 0.013 
SNDO12 0.023 0.023 0.028 0.020 0.015 0.017 0.017 0.014 0.014 0.013 
SNDO13 0.027 0.031 0.024 0.037 0.027 0.023 0.020 0.015 0.013 0.016 
SNDO14 0.021 0.020 0.024 0.020 0.019 0.021 0.016 0.014 0.014 0.011 
SNDO15 0.029 0.032 0.028 0.023 0.023 0.019 0.017 0.015 0.012 0.011 
Optimal 0.022 0.031 0.029 0.024 0.021 0.018 0.017 0.012 0.010 0.012 

 
 
Table F.2, Summary of cost and risk, run A 

 Annual Cost Time Series Risk 
Portf. (Average) Y

pC  SNDO Measure, Rp
TS Stdev Measure, Rp

TS,STD 

SNDO1 0.0212 1.73 0.0012 
SNDO2 0.0218 1.97 0.0011 
SNDO3 0.0225 2.36 0.0011 
SNDO4 0.0210 2.61 0.0012 
SNDO5 0.0216 2.67 0.0012 
SNDO6 0.0221 2.30 0.0012 
SNDO7 0.0208 2.52 0.0014 
SNDO8 0.0213 1.78 0.0014 
SNDO9 0.0218 1.36 0.0014 
SNDO10 0.0205 1.97 0.0014 
SNDO11 0.0224 2.34 0.0009 
SNDO12 0.0183 5.00 0.0025 
SNDO13 0.0233 1.79 0.0044 
SNDO14 0.0181 1.62 0.0021 
SNDO15 0.0211 2.07 0.0015 
Optimal 0.0196 1.98 0.0034 
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Figure F.1, Average cost and time series risk (SNDO measure), run A 
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Appendix G  
Detailed Tables and Charts for Run B 

 
Table G.1, Annual cost time series, run B 

 Year          
Portf. 1 2 3 4 5 6 7 8 9 10 
SNDO1 0.031 0.028 0.024 0.020 0.021 0.017 0.016 0.017 0.015 0.014 
SNDO2 0.031 0.029 0.025 0.021 0.022 0.018 0.018 0.018 0.016 0.016 
SNDO3 0.032 0.029 0.025 0.023 0.023 0.019 0.019 0.019 0.018 0.017 
SNDO4 0.030 0.028 0.024 0.020 0.021 0.017 0.016 0.016 0.016 0.014 
SNDO5 0.030 0.028 0.024 0.021 0.022 0.018 0.017 0.018 0.017 0.016 
SNDO6 0.031 0.029 0.025 0.022 0.023 0.019 0.019 0.019 0.018 0.017 
SNDO7 0.029 0.027 0.023 0.019 0.020 0.017 0.016 0.016 0.017 0.014 
SNDO8 0.029 0.027 0.024 0.020 0.021 0.018 0.017 0.017 0.018 0.015 
SNDO9 0.030 0.028 0.024 0.022 0.022 0.019 0.018 0.018 0.019 0.016 
SNDO10 0.025 0.024 0.024 0.020 0.019 0.019 0.017 0.016 0.016 0.014 
SNDO11 0.030 0.028 0.026 0.022 0.021 0.020 0.018 0.017 0.016 0.015 
SNDO12 0.036 0.031 0.020 0.015 0.021 0.011 0.016 0.018 0.013 0.016 
SNDO13 0.032 0.032 0.024 0.027 0.029 0.019 0.018 0.017 0.021 0.019 
SNDO14 0.020 0.020 0.022 0.017 0.016 0.017 0.015 0.014 0.016 0.013 
SNDO15 0.029 0.026 0.024 0.020 0.018 0.017 0.014 0.014 0.013 0.011 
Optimal 0.036 0.024 0.022 0.019 0.018 0.013 0.017 0.014 0.015 0.010 

 
Table G.2, Summary of cost and risk, run B 

 Annual Cost Time Series Risk 
Portf. (Average) Y

pC  SNDO Measure, Rp
TS Stdev Measure, Rp

TS,STD 

SNDO1 0.0203 0.81 0.0019 
SNDO2 0.0214 0.88 0.0018 
SNDO3 0.0226 0.85 0.0016 
SNDO4 0.0201 0.70 0.0018 
SNDO5 0.0211 0.67 0.0017 
SNDO6 0.0221 0.63 0.0015 
SNDO7 0.0200 0.64 0.0017 
SNDO8 0.0208 0.67 0.0017 
SNDO9 0.0216 0.63 0.0015 
SNDO10 0.0195 1.13 0.0009 
SNDO11 0.0213 0.31 0.0009 
SNDO12 0.0197 0.80 0.0053 
SNDO13 0.0236 0.62 0.0031 
SNDO14 0.0170 1.37 0.0014 
SNDO15 0.0187 0.41 0.0012 
Optimal 0.0190 2.27 0.0036 
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Figure G.1, Portfolio costs over 10 years for different portfolios, run B 
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Figure G.2, Costs and average costs per portfolio, run B 
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Figure G.3, Average cost and time series risk (SNDO measure), run B 
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Figure G.4, Average cost and stdev time series risk, run B 
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Figure G.5, Optimal portfolio currency composition of debt carried forward (market value), run 
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Appendix H  
Detailed Tables and Charts for Historical Run 

 
The comparison strategies in the historical evaluation cannot involve currencies EUR 
or USD, since such instruments were excluded from the set of available instruments. 
Table H.1 below shows the new set of comparison portfolios for the historical run.  
 
Table H.1, The comparison strategies for the historical run 

Strategy name Debt allocation 
SEK/IL/EUR/USD [%] 

Duration 
SEK/IL/EUR/USD  [years]  

SNDO 100 / 0 / - / - 2 / 10 / - / - 1 
SNDO  100 / 0 / - / - 3 / 10 / - / - 2
SNDO  100 / 0 / - / - 4 / 10 / - / - 3
SNDO  75 / 25 / - / - 2 / 10 / - / - 4
SNDO  75 / 25 / - / - 3 / 10 / - / - 5
SNDO  6 75 / 25 / - / - 4 / 10 / - / - 
SNDO  50 / 50 / - / - 2 / 10 / - / - 7
SNDO  8 50 / 50 / - / - 3 / 10 / - / - 
SNDO  50 / 50 / - / - 4 / 10 / - / - 9
SNDO  25 / 75 / - / - 2 / 10 / - / - 10
SNDO  25 / 75 / - / - 3 / 10 / - / - 11
SNDO  25 / 75 / - / - 4 / 10 / - / - 12
SNDO  0 / 100 / - / - 2 / 10 / - / - 13

 
 
Table H.2, Summary of cost and risk, run H 

Annual Cost Time Series Risk  
Portf. (Average) C  SNDO Measure, R  TS Stdev Measure, R  TS,STDY

p p p

SNDO1 0.0683 1.52 0.0189 
SNDO2 0.0716 1.67 0.0148 
SNDO3 0.0749 0.76 0.0123 
SNDO4 0.0759 1.38 0.0167 
SNDO5 0.0792 1.74 0.0145 
SNDO6 0.0826 2.13 0.0149 
SNDO7 0.0845 1.42 0.0235 
SNDO8 0.0875 1.41 0.0242 
SNDO9 0.0903 1.11 0.0266 
SNDO10 0.0939 1.74 0.0461 
SNDO11 0.0956 1.68 0.0478 
SNDO12 0.0975 1.59 0.0490 
SNDO13 0.0789 2.43 0.0366 
Optimal 0.0848 1.51 0.0447 
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Portfolio Costs Over the Time Period
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igure H.2, Costs and average costs per portfolio, run H 
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Average Portfolio Cost and Risk

Figure H.3, Average cost and time series risk (SNDO measure), run H 
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Average Portfolio Cost and Risk

Figure H.4, Average cost and stdev time series risk, run H 
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Optimal Portfolio: Currency Composition of Debt Carried Forward (Market Value)������������

Figure H.5, Optimal portfolio currency composition of debt carried forward (market value), run 
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Optimal Portfolio: Duration in the Different Currencies Carried Forward

Figure H.6, Duration for the debt types in the optimal portfolio, run H 
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