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SUMMARY 

Video Coding based on the Kantorovich Distance 
 

Summary 
In this Master Thesis, a model of a video coding system that uses the transportation plan, 
taken from the calculation of the Kantorovich distance is developed. The performance of 
the coder has also been tested to find the compression method that gives the best results. 
The coder is based on a standard video coder, which sends a differential image through 
blocks of transformation, quantization and coding but it uses the transportation plan 
instead of the differential image. 
 
The Kantorovich distance is a rather unknown distance metric that is used in optimization 
theory but is also applicable on images. It can be defined as the cheapest way to transport 
the mass of one image into another and the cost is determined by the distance function 
chosen to measure distance between pixels. The transportation plan is a set, 

( ) }{ NnmyxjiT nnnnn ≤≤= 1,,,,,  of finitely many five-dimensional vectors that show 
exactly how the mass nm  should be moved from the transmitting pixel ( )nn ji ,  to the 
receiving pixel ( )nn yx ,  in order to achieve the Kantorovich distance between the images. 
A vector in the transportation plan is called an arc. 
 
The original transportation plan was transformed into a new set, the modified difference 
plan ( ) }{ NnmdydxdT nnnn ≤≤= 1,,,, , with four-dimensional vectors, where nd  is the 
distance from the transmitting pixel of the last arc and the move ( )nx dydx ,  is the relative 
distance between the receiving pixel and the transmitting pixel. The arcs where the 
receiving pixels are the same as the transmitting pixels are redundant and were removed. 
 
The best performance of the Kantorovich coder was achieved with a vector quantization 
of the move element. The arcs with mass values below 15 were removed because they did 
not make a visible difference to the reconstructed image. The mass was quantized into 32 
levels before all of the elements were Huffman coded separately. The coder completed an 
eleven frame sequence in over eight hours, the resulting bit rate was 4.618 bits per pixel 
and the mean squared error was 40.86. 
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1 Introduction 
Coding video sequences is a rapidly growing area and new techniques are developed all 
the time. What if a by-product of an almost unknown distance-measure can provide us 
with a new way of sending high quality video sequences at a low bit rate?  
 
The Kantorovich distance is a distance-measure between two-dimensional grey-valued 
images and is applicable in many domains of the image processing area. The Kantorovich 
distance is a measure that shows how much alike the images are. The calculation 
unfortunately demands a lot of processing power and is relatively slow even for small 
images. The Kantorovich distance algorithm creates a by-product called the 
transportation plan. The transportation plan shows how the mass of grey-values should be 
moved from one image to the other to achieve the lowest Kantorovich distance. One 
image can easily be reconstructed given the transportation plan and the other image. 
 
The computers are getting faster and faster and the computational load of calculating the 
Kantorovich distance will not be as big a problem in the future. 

1.1 Problem Definition 
The standard video coders of today are based on the difference between two consecutive 
video frames (the differential image). The differential image can be transformed, 
quantized and coded in numerous ways before it is sent to the receiver. 
 
The purpose of this Master’s Thesis is to implement a video coder that replaces that 
differential image with the transportation plan achieved when calculating the Kantorovich 
distance between frames. Different ways of compression and coding will be used in order 
to test the performance of the coder and find the supreme compression technique. 

1.2 Methodology 
The work has been divided into a number of phases. First a pre-study where books and 
reports on the Kantorovich distance, video and image compression and motion estimation 
were studied. Secondly, files and programs were gathered and the Matlab environment 
was set up. This phase became a lot more time consuming than originally was intended. 
A lot of work was put into modifying and getting the separate programs to function 
together. The third phase was focused on using different parameters to test the 
performance of the video compression system and in the final part of the work the results 
were evaluated and the work documented. 

1.3 Limitations 
There were a lot of problems setting up the Matlab environment and also getting the 
calculation of Kantorovich distance to work under Windows XP. Matlab mex-functions 
under Windows XP had a limitation to the size of vectors that were not present in UNIX 
where the basis of the programs was developed. This limitation forced me to use smaller 
images than originally was intended. The calculation was also very slow with a 1.8 GHz 
Pentium IV processor and I decided to use a shorter image sequence for my tests. These 
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limitations also forced me to concentrate on using the transportation plan as a prediction 
error even though a number of other courses of action were brought forward during the 
pre-study. These possible uses of the transportation plan will be presented in the chapter 
Future Work. 

1.4 Structure of the Thesis 
The thesis follows a structure where the first two chapters (chapter two and three) provide 
the reader with the essential background for this report. Chapter two covers the basics of 
image and video compression and chapter three concentrates on the calculation of the 
Kantorovich distance and the origin of the transportation plan. 
A thorough description of the coder can be found in chapter four and the analysis and 
results of the video coder can be found in chapter five. Chapter six holds a brief 
discussion on future work and the conclusions of the Master Thesis are presented in the 
last chapter. 
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2 Background on Video and Image Compression 
During the last decades the use of computers and cellular phones has expanded very fast. 
This expansion leads to more and more information being transmitted all over the world. 
One of the most important technologies which has made the expansion possible so far is 
data compression. If it were not for data compression algorithms it would not be practical 
to put audio, video or images on websites and cellular phones would not be able to 
provide clear communication. Furthermore the development of digital TV would 
absolutely not be possible without any form of data compression.1 
 
Data compression can be described as the art or science of representing information in 
compact form. These compact representations are created by identifying and using 
structures that already exist in the data. 2  
 
A huge number of bytes are generally required to represent multimedia data. For 
example, we need more than 20 megabytes in order to digitally represent one second of 
video without compression (using the standard published by the ITU-R (International 
Telecomumunication Union relating to Radio communication)  for encoding interlaced 
analogue video signals in digital form3). One minute of uncompressed CD-quality music 
(44100 samples per second, 16 bits per sample) requires more than 42 million bits (over 
5000 megabytes). Considering the number of seconds in a movie or the number of 
minutes in a song, we can easily see why we need compression to be able to send or 
receive data at an acceptable rate.4 The individual characters of an image, video or audio 
file can almost certainly be compressed by an effective encoding technique.5 

2.1 Compression Methods 
The term compression methods or compression techniques refers to two separate 
algorithms. The first algorithm, the compression, generates a compressed representation 
Xc from the input X. The second algorithm, the reconstruction, generates the 
reconstructed Y from the compressed data in Xc.6 

 
Figure 2.1: Compression and reconstruction. [Sayood] 

Compression techniques can be classified into one of two general categories or methods – 
lossless or lossy compression. Lossless compression techniques are fully reproducible 
which means that the reconstructed data Y is identical to the original data X.7 The 

                                                 
1 Sayood 
2 Sayood 
3 The standard includes methods of encoding 525-line 60 Hz and 625-line 50 Hz signals. 
4 Sayood 
5 Held 
6 Sayood 
7 Sayood 
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lossless techniques are primarily restricted to database operations. For the accounts 
receivable of a bank or payrolls of a company, it is extremely important that the 
decompression of such data results in the exact reconstruction of the original data. Other 
common terms used to reference lossless compression are noiseless, reversible and non-
destructive compression.8 
 
The lossy compression techniques are not fully reproducible and are primarily restricted 
to operations on images, video and audio. Although the result of the decompression does 
not provide an exact duplication of the original data, the differences between the original 
and reconstructed data can often be so minor that the difference is difficult to see or hear. 
As a result, lossy compression techniques provide higher compression than lossless 
compression methods.9 
 
The image compression techniques can be categorized into five general categories: 
character based, statistical and dictionary based compression as well as binary graphics 
and object models.10 

2.1.1 Character Based Compression 
Character based compression techniques are applied to data that is grouped into byte 
entities. For an image, this means a group of pixels is compressed as a unit instead of 
compressing the pixels individually. Solid backgrounds in which pixel patterns repeat for 
several byte groupings would be a suitable object for a character based compression 
technique. Character based compression methods are often used as the first level of a 
multi-level compression scheme.11 

2.1.2 Statistical Compression 
When groups of bytes repeat for a sequence, statistical or entropy based compression 
techniques, such as Huffman coding or arithmetic coding, could be applied to the image. 
Statistical compression of such data will most likely produce better results than character 
based compression. The statistical compression techniques are often called entropy based 
compression methods because they aim for the bit rate to approach the entropy of the 
source.12 The entropy is a measure of the average number of binary symbols needed to 
code the output of the source. The entropy of a source S  with alphabet { }mA ,...,2,1=  
that generates a sequence { },..., 21 XX  is given by ( ) ( ) ( )∑−= 11 log XPXPSH  if the 
elements of the sequence are independent and identically distributed.13 The principal of 
statistical compression is to assign shorter codewords to more probable symbols. 14 

2.1.3 Dictionary Based Compression 
Most images consist of repeating pixel sequences. A dictionary based coding method can 
be applied to such an image file to reduce the size of the resulting image. A fixed or 

                                                 
8 Held 
9 Held 
10 Held 
11 Held 
12 Held 
13 Sayood 
14 Held 



BACKGROUND ON VIDEO AND IMAGE COMPRESSION 

Video Coding based on the Kantorovich Distance 
- 11 - 

variable length sequence is compared to the dictionary and the index of the best match is 
encoded instead of the original sequence. The dictionary-based techniques are similar to 
the character based methods but operate on sequences of pixels instead of bytes entities. 
The Graphics Interchange Format (GIF) compression technique is a well known 
example of a dictionary based technique.15 

2.1.4 Binary Graphics 
A large number of compression techniques are specially developed to operate on images. 
Some of these binary graphics techniques, such as run-length coding16, can be considered 
as lossless compression techniques, while other techniques in this category are lossy, i.e. 
predictive coding.17 

2.1.5 Object Models 
An image’s ability to be modelled can significantly reduce redundancies. Pattern match 
coding and fractal coding are examples of compression techniques which make use of 
object models to reduce data. Pattern match coding divides the image into blocks that 
have similar patterns or shapes. If the block composition matches a prior identified block, 
only a block identifier and the block position require encoding. Fractal coding of images 
is based upon the mathematic work of Benoit Mandelbrot. Mandelbrot coined the word 
‘fractal’ to describe objects that are fractured. These images can be represented by 
mathematical formulas.18 

2.2 Image Compression 
Over the past 30 years, a wide variety of compression techniques have been developed in 
order to reduce the size of bitmapped images. Some techniques use modified lossless 
compression algorithms, while others use lossy algorithms. Images can be compressed 
without significant degradation of the visual quality because they contain a high degree 
of redundancy. If the image contains a lot of redundancy, a high compression ratio is 
achieved when the redundancy is removed. 19 
 
Images contain three types of redundancies: 
- Spatial redundancy, due to correlation between neighbouring pixels 
- Spectral redundancy, due to correlation among the colour components 
- Psycho visual redundancy, due to properties of the human visual system20 
 
Source encoding is referred to the process of data compression by reducing the 
redundancy. Spatial and spectral redundancies are present because certain patterns are 
more likely than others, whereas psycho visual redundancy originates from the fact that 
the human eye is insensitive to certain frequencies. Spatial and spectral redundancies are 
often called statistical redundancies.21 

                                                 
15 Held 
16 For a detailed description of Run-length coding, see Appendix B 
17 Held 
18 Held 
19 Held 
20 Tekalp 
21 Tekalp 
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2.2.1 The Image Compression System 
A typical compression system contains three blocks; the first for transformation, the 
second for quantization and the third for encoding. The transformation block applies a 
one-to-one transformation to the input data. The output of the transformer is a 
representation of the image that is more amenable for compression than the raw image 
data. The quantization block generates a limited number of symbols that are used in the 
representation of the compressed image. Quantization is a many-to-one mapping and 
cannot be reversed. The coder assigns a codeword, a binary bit stream, to each symbol at 
the output of the quantizer. The encoder may employ fixed-length or variable-length 
codes. Variable-length coding is also known as entropy coding or statistical coding. 
Variable-length coding minimizes the average length of the binary representation of the 
symbols. The minimization is achieved by assigning shorter codewords to more probable 
symbols.22 

 
Figure 2.2: Block diagram of an image compression system. [Tekalp] 

The transformer and the encoder use lossless techniques while the quantizer uses lossy 
compression techniques. The compression methods could either aim to obtain the best 
possible fidelity for a given bit rate or to minimize the bit rate to achieve a given fidelity 
measure. Lossy compression methods make use of both the statistical and psycho visual 
redundancies while lossless methods only make use of the statistical redundancies.23  

2.3 Quantization 
Quantization is the process of representing a large set of values with a smaller set of 
values. Quantization is used by the majority of all lossy compression schemes to 
represent each source output with one of a small number of codewords. Although the 
quantization process is very simple it has a significant impact on the amount of 
compression obtained by the compression scheme.24 

2.3.1 Scalar Quantization 
The easiest form of quantization is the scalar quantization. A scalar quantizer has a finite 
set of decision levels and reconstruction levels. The decision levels cover the spectra of 
the source input and each decision level is associated with a reconstruction level. The 
quantization block of the video coder replaces all the input values of each decision level 
with the value of the reconstruction level. 25  
 
Since quantization is a lossy compression technique the input and the output are not equal 
and a quantization error will occur. The quantization error is the difference between the 
quantized output and the input. The performance of the quantizer is often measured by 
the mean squared error (mse), which will be explained in chapter 2.6. The mean squared 
                                                 
22 Tekalp 
23 Tekalp 
24 Sayood 
25 Tekalp 
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error shows the amount of distortion added to the image. Quantizers that are optimized in 
the mean squared error sense are known as Lloyd-Max quantizers. Scalar quantizers are 
separated into uniform and non-uniform quantizers depending on whether the 
reconstruction values are equally spaced or not. 26 

2.3.2 Vector Quantization 
Vector quantization is the extension of scalar quantization to higher dimensions. Inputs to 
the quantizer are multi-dimensional vectors, which are mapped to a finite set of code 
vectors. The quantizer partitions the multi-dimensional space into a number of cells and 
represents each cell by a binary index or number. The index of the code vector is 
transmitted. 27 

 
Figure 2.3: Block diagram of a VQ encoder (left) and a decoder (right). [Sezan] 

 The receiver uses the binary index to look up the correct code vector in the codebook 
and inserts it into the reconstructed image. There are two necessary conditions to achieve 
optimal quantization: 

• Each code vector must be chosen to be the centroid of its k-dimensional cell. 
• The quantizer must make its decision using the nearest neighbour rule, which 

means choosing the code vector that minimizes the distortion. 28 
 
The distortion depends on the probability distribution of the input. Since the distributions 
are not known in most cases, the codebook has to use the relative frequencies taken from 
a large training set. The most widely known design technique that tries to satisfy these 
two conditions is the generalized Lloyd algorithm or LBG algorithm. 29 

2.4 Symbol Coding 
The process of assigning a bit stream to individual symbols or to a block of symbols is 
called symbol coding and is performed by the encoder block of the video coder. The 
simplest coding scheme, known as fixed-length coding, assigns equal-length codewords 
to individual symbols or a fixed-length block of symbols. A clever symbol coding 
scheme can result in a much improved compression. The compression is generally 
achieved by assigning shorter-length codewords to more probable symbols. This 
technique is known as variable-length coding or statistical coding. The most common 

                                                 
26 Tekalp 
27 Sezan / Lagendijk 
28 Sezan / Lagendijk 
29 Sezan / Lagendijk 
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variable-length coding technique, Huffman coding30, assigns variable-length codes to a 
fixed-length block of symbols, where the block length can be one. The length of the 
codeword is proportional to the information (in bits) of the respective symbols or blocks 
of symbols. 31 
 
Huffman coding will yield the optimal integer prefix codes if the source has a finite 
number of symbols and their probabilities are known. The distinctive feature of a prefix 
code is that no codeword is a prefix of another codeword. Prefix codes are uniquely 
decidable since a given binary string can only be interpreted in one way. Huffman codes 
are optimal in the sense that no other integer length variable-length code can be found to 
yield a smaller average bit rate. In fact, the average length of Huffman codes per 
codeword achieves the lower bound, the entropy of the source, when all symbol 
probabilities are powers of 2.32 In order for the average code length to approach its 
entropy, the frequency distribution of the characters or symbols to be encoded must be 
known in advance. 33 

2.5 Video Compression 
Video compression can be viewed upon as image compression with a temporal 
component. A lot of extra redundancy is introduced due to the fact that consecutive 
frames of video are quite alike. Since the criterion for quality of video signals is the 
human visual system, rather than any analytical metric, a very important attribute of 
video compression is the realization of what is perceptually relevant and what is not. 34 
 
 For example, consider a compression scheme that introduces a modest random amount 
of change in the average intensity of the pixels in the image. Unless a reconstructed still 
image was being compared side by side with the original, this artefact would probably go 
totally unnoticed. However, in a motion video sequence random intensity changes can be 
quite annoying. Poor reproduction of edges on the other hand, is an example of an 
artefact that can be a serious problem in still images but would probably go unnoticed if 
there is some temporal activity in the video sequence. 35 

2.5.1 Temporal processing 
In most video sequences there are only small changes in the contents of the image from 
one frame to the next and the video can be viewed upon as a sequence of correlated 
images. There are significant portions of the image that do not change from one frame to 
the next even in sequences that show a great deal of activity. Most video compression 
schemes take advantage of this redundancy by using the previous frame to generate a 
prediction for the next. 36 More advanced prediction processes often take the motion of 

                                                 
30 For a detailed description of Huffman coding, see Appendix B 
31 Tekalp 
32 Tekalp 
33 Held 
34 Sezan / Lagendijk 
35 Sayood 
36 Sezan / Lagendijk  
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the objects in the frame into account. This process is known as motion estimation or 
motion compensation. 37 

 
Figure 2.4: Block diagram of a standard video compression system 

The difference between the prediction and the current frame is called the prediction error 
or the residual. The previously reconstructed frame is always available at the receiver. 
We can assume that the receiver knows how the prediction is performed and can use this 
information to generate the reconstructed image.38 
 
A simple method of temporal processing is to encode only those regions in the current 
frame that have changed since the previous frame. The difference between two 
consecutive frames is called the differential image. This technique predicts that the values 
of each pixel will stay the same and will not work very well whenever there is a lot of 
motion in the image. 39 
 
When the sequence contains moving objects, the object in one frame that was providing 
its intensity value to the pixel at a certain location might be providing the same intensity 
value to a pixel at another location in the next frame. This can actually increase the 
amount of information that needs to be transmitted as in figure 2.5. A much-improved 
performance of the temporal processing can often be achieved by using motion 
estimation.40 

                                                 
37 Sayood 
38 Sayood 
39 Sezan / Lagendijk 
40 Sezan / Lagendijk 
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Figure 2.5: Bad temporal processing (prediction/last frame, current frame and prediction 
error). [Sayood] 

2.5.2 Motion Estimation 
Motion estimation is the process of estimating the temporal movement between 
consecutive frames. An estimate of the motion is computed for each local region within a 
frame. The most common models only use translational motion but more advanced 
models that can also represent rotations, scale changes and other complex motions.41 
 
A simple approach to performing motion estimation can be based on the block matching 
technique. This technique divides the current frame into smaller blocks of pixels and 
performs a search for the displacement that produces the best match among possible 
blocks in an adjacent frame. The block size is chosen as a trade-off between the benefit of 
a higher resolution and the amount of information required to describe it. Likewise, 
choosing a large search area gives better ability to track fast motions while a greater 
number of possible matches must be examined which makes the calculation slower. 42 
 
The most common use of motion compensation is to calculate the motion between the 
current frame and the last reconstructed frame. This method requires that the motion 
vectors are sent to the receiver in order for the receiver to be able to reconstruct the 
predicted image. This may result in a lot of extra data to be sent and can result in a worse 
performance of the coder. 
 
An alternative approach is to measure the movement between the last two frames. In this 
case the receiver can calculate the motion prediction without the motion vectors being 
sent. The prediction is however a lot harder since the motion has to be “tossed” one frame 
ahead. 

2.6 Performance Measurements 
As the compression scheme is created, a goal for the performance of the system has to be 
set. When the data compression model is finished the performance of the coder is 
measured to see if the goal is reached. Measuring the quality or fidelity of a reconstructed 
sequence is hard since the criterion for quality is the human visual system. In most cases, 
the best way would be to ask a large numbers of observers to rate the sequence. This is 
however not practically possible most of the time. 43 

                                                 
41 Sezan / Lagendijk 
42 Sezan / Lagendijk 
43 Sayood 



BACKGROUND ON VIDEO AND IMAGE COMPRESSION 

Video Coding based on the Kantorovich Distance 
- 17 - 

 
To measure the quality, the natural thing is to look at the distortion introduced in the 
compression process, in other words the differences between the original and 
reconstructed values. A popular measure of distortion is the squared error measure. If 
{ }nx  is the source output and { }ny  is the reconstructed sequence, then the squared error is 

given by ( ) ( )2, yxyxd −= .44 

2.6.1 Mean Squared Error 
It is often difficult to examine the difference on a term-by-term basis. To summarize the 
information from the sequence an average measure can be used. The average of the 
squared error measure is called the mean squared error (mse). The mean squared error is 

given by ( )∑
=

−=
N

n
nnd yx

N 1

22 1σ .45 

2.6.2 Peak-Signal-to-Noise-Ratio 
Another interesting measure is the size of error relative to the peak value of the signal, 

peakx . This ratio is called the peak-signal-to-noise-ratio (PSNR) and is measured in 
decibels (dB) on a logarithmical scale. The peak-signal-to-noise-ratio is given by 

2

2

10log10)(
d

peakx
dBPSNR

σ
= .46 

2.6.3 Bit per Pixel 
Although the quality of the reconstructed images is very important to this work we also 
need a way to measure the quality of the coder. The easiest way of measuring the 
performance is the bit per pixel (bpp) measurement. The bit per pixel measure is the total 
number of bits allocated for the image divided by the number of pixels.  

                                                 
44 Sayood 
45 Sayood 
46 Sayood 
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3 Background on the Kantorovich Distance 
Leonid Vitaliyevich Kantorovich was born In Petersburg (Leningrad) in 1912 and died in 
1986. He did a lot of work in both mathematics and economics and he shared The Nobel 
Prize in Economics in 1975 with Tjalling C. Koopmans “for their contributions to the 
theory of optimum allocation of resources”. 47  
 
In the 1940s he introduced a transportation-metric for probability measures and proved 
that this metric could be defined as a supremum of a set of integrals. The result is a 
special case of what in optimization theory is called the duality theorem. The 
transportation-metric is known as the Kantorovich distance and can roughly be defined as 
the cheapest way to transport one image into the other where the cost is determined by 
the distance function chosen to measure distance between pixels. 48 

3.1 The Transportation Plan  
The transportation plan shows how the mass should be moved in order to achieve the 
Kantorovich distance between two images of size NN × . A transportation plan is a set  

( ) }{ NnmyxjiT nnnnn ≤≤= 1,,,,,  of finitely many five-dimensional vectors. The first 
pair of elements ( )nn ji ,  represents the transmitting pixel, the second pair ( )nn yx ,  
represents the receiving pixel and the fifth element nm represents the mass element. The 
mass element is always positive and there are never two vectors in a transportation plan 
for which the first four elements are equal. A pair of a transmitting pixel and a receiving 
pixel is called an arc. 49 

 
Figure 3.1: The transmitting pixel, the receiving pixel and the mass element.  

Given the transportation plan we can define a transmitting image and a receiving image. 
We denote the union of all transmitting pixels in the transportation plan, K1 and similarly 
let K2 denote the union of all receiving pixels. Furthermore we let ( )jiA , denote the set of 
indices in ( ){ }Nnmyxji nnnnn ≤≤1,,,,,  for which the transmitting pixel is equal to ( )ji, , 

                                                 
47 http://www.nobel.se/economics/laureates/1975/index.html  
48 Kaijser, 1998 
49 Kaijser, 1996 
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where ( )ji,  is in K1. Similarly for ( )yx,  in K2, we define ( )yxB ,  as the set of indices in 
the set of transportation vectors for which the receiving pixel ( )nn yx ,  is equal to ( )yx, .50 
 

The transmitting image can now be defined as ( )
( )

( )








∈== ∑
∈

1
,

11 ,:, KjimjiPP
jiAn

n  and the 

receiving image can correspondingly be defined as ( )
( )

( )








∈== ∑
∈

2
,

22 ,:, KyxmyxPP
yxBn

n . 

A transportation plan T with transmitting image P and receiving image Q is said to be 
from P to Q. These definitions assume that the total grey value of both the transmitting 

image and the receiving image are equal to∑
N

n
nm . If the total masses of the images are 

not equal the masses have to be normalised before the calculation is started.51 

3.2 The Kantorovich Distance 
Let two given images ( ) ( ){ }1,,, KjijipP ∈=  and ( ) ( ){ }2,,, KyxyxqQ ∈=  be defined on 
two sets K1 and K2 respectively. The sets K1 and K2 may be the same, overlap or be 
disjoint. In order to define the Kantorovich distance we need to specify a distance-
function ( )yxjid ,,,  from an arbitrary pixel ( )ji,  in the support of K1 of the image P to an 
arbitrary pixel ( )yx,  in the support of K2 in the image Q. 52 
 
We consider the case where the two images have equal total grey value. Let ( )QP,θ  
stand for the set of all transportation plans from P to Q and define the cost ( )Tc  for any 
transportation plan ( ) }{ NnmyxjiT nnnnn ≤≤= 1,,,,,  from P to Q as 

( ) ( )∑
=

∗=
N

n
nnnnn myxjidTc

1
,,, . We can now define the Kantorovich distance ( )QPdk ,  

between P and Q as the transportation plan with the lowest cost  
( ) ( ){ }QPTTcQPdk ,),(inf, θ∈= . The transportation plan T from P to Q that satisfies 
( ) ( )QPdTc k ,=  is called the optimal transportation plan. 53 

 
A detailed description on how the optimal transportation plan is calculated can be found 
in the Thomas Kaijser’s work: “On the computation of the Kantorovich distance for 
images”. 

                                                 
50 Kaijser, 1996 
51 Kaijser, 1998 
52 Kaijser, 1998 
53 Kaijser, 1998 
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3.3 The Kantorovich Calculation 

In order to be able to calculate the cost function ( ) ( )∑
=

∗=
N

n
nnnnn myxjidTc

1
,,,  and get the 

optimal transportation plan we need a distance function. There is no standard distance 
function defined for the Kantorovich distance. Two different distance functions are 
brought forward by Thomas Kaijser in his reports; The Manhattan distance function is 
defined by  ( ) nnnnnnnn yjxiyxjid −+−=,,,  where ( )nn ji ,  is the transmitting pixel, 
and the second pair ( )nn yx ,  is the receiving pixel. The Manhattan distance function 
algorithm chooses horizontal or vertical moving vectors rather than diagonal moving 
vectors for the optimal difference plan. 54 
 

 -3 -2 -1 0 1 2 3 
3 6 5 4 3 4 5 6 
2 5 4 3 2 3 4 5 
1 4 3 2 1 2 3 4 
0 3 2 1 0 1 2 3 
-1 4 3 2 1 2 3 4 
-2 5 4 3 2 3 4 5 
-3 6 5 4 3 4 5 6 

Table 3.1: The costs of the Manhattan distance function. 

In this Master Thesis the Square Euclid distance function is used. The Squared Euclid 
distance function is defined as ( ) ( ) ( )22,,, nnnnnnnn yjxiyxjid −+−=  and is rotation 
invariant. A rotation invariant distance function considers diagonal moves as well as 
vertical and horizontal. It has been shown that this function gives fewer longer arcs and 
more arcs along the diagonals. 55 
 

 -3 -2 -1 0 1 2 3 
3 18 13 10 9 10 13 18 
2 13 8 5 4 5 8 13 
1 10 5 2 1 2 5 10 
0 9 4 1 0 1 4 9 
-1 10 5 2 1 2 5 10 
-2 13 8 5 4 5 8 13 
-3 18 13 10 9 10 13 18 

Table 3.2: The costs of the Squared Euclid distance function. 

The cost of moving mass in any direction with the Squared Euclid distance function 
increases rapidly with distance. This leads to most of the mass being moved only one or 
two pixels. 

3.3.1 An Example 
The calculation of a transportation plan is central to the Master Thesis and will be 
illustrated by a simple example. The transportation plan between the images in figure 3.2 
will be calculated. Both images are 88∗  pixels and are very similar. The mass values are 
either zero (black) or 255 (white) and only four pixel values differ between the images. 
                                                 
54 Kaijser, 1998 
55 Kaijser, 1998 
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Figure 3.2: The frames and an image of the transportation plan. 

The calculation of the transportation plan is in most cases a very complex and hard task. 
The Kantorovich Distance of this example is however computed very easily. Since the 
mass of the black pixels is zero, they do not give rise to any arcs. The pixels in position 
(5, 4) and (5, 5) are white in the first image and black in the second and the pixels (6, 4) 
and (6, 5) are black in the first image and white in the second. The transportation plan 
shows that the white mass (255) is moved from (5, 4) and (5, 5) to (6, 4) and (6, 5) 
respectively. All the other white pixels of the first image give rise to an arc to the same 
pixel in the second image.   
 

Arc no i j x y m 
1 1 1 1 1 255 
2 7 1 7 1 255 
3 8 1 8 1 255 
4 8 2 8 2 255 
5 3 3 3 3 255 
6 5 3 5 3 255 
7 5 4 6 4 255 
8 5 5 6 5 255 
9 3 6 3 6 255 
10 5 6 5 6 255 
11 8 7 8 7 255 
12 1 8 1 8 255 
13 7 8 7 8 255 
14 8 8 8 8 255 

Figure 3.3: The transportation plan. 

Only arc number seven and eight will contribute to the Kantorovich Distance because the 
arcs where the mass is not moved have no cost. The Kantorovich distance for the Squared 
Euclid distance function between the images in this example is 255+255=510.  
 
The transportation plan of figure 3.3 is the optimal plan for these images since the cost of 
a horizontal or vertical move is the lowest possible cost. The only alternative 
transportation plan would have diagonal or longer moving vectors. 
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4 Implementation 
The majority of all video coders use the differential images of the sequence to reduce the 
amount of redundant information to be sent to the transformer. They use the differential 
image because no data has to be sent from the areas that do not change from one frame to 
another. The coder of this Master Thesis will attempt to replace the differential image 
with the transportation plan between the images. The prospect for the Kantorovich coder 
is to approach the performance of the hybrid coder used for the coding of the first frame 
of the sequence. The hybrid coder uses 0.375 bits per pixel and has a mean squared error 
of 0.95 for the sequence. 

 

Figure 4.1: Two images from the test sequence and their differential image. 

This chapter describes the video coding system that was used in the process of coding the 
transportation plan.  

4.1 The Video Coder 
The coding system is based on the standard video coder described in chapter 2.8. The 
first frame of the sequence is treated differently than the others because the Kantorovich 
distance can not be calculated from a single frame. One solution to this would have been 
to use a grey image as a previous image but this was not implemented since the 
distribution of this transportation plan would differ a lot form the others. The first frame 
is sent through a hybrid coder that uses an 88×  blockwise direct cosine transform 
(DCT), followed by uniform quantization with a step size of 20. The quantized data is 
encoded using run-length coding of zeros and Huffman coding of the (run-length 
coefficient) pairs, similar to the JPEG coding algorithm.  
 
The encoded image is sent to the receiver as a stream of bits. The same bit stream is also 
used at the source for reconstruction and prediction. If motion prediction is not being 
used the reconstructed image is fed straight back to the Kantorovich calculator as well as 
fed back to the reconstruction block, where it is later used to reconstruct the following 
frame.  
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Figure 4.2: Block diagram of the Kantorovich coder without motion prediction. 

The reconstructed frame and the second frame are sent simultaneously to the Kantorovich 
calculator and the first transportation plan is calculated. The plan is transformed, 
quantized and coded before it is sent to the receiver. The same bit stream that is sent to 
the coder is reconstructed and sent back to the Kantorovich calculator directly or via the 
motion predictor and then used together with the next input image.  

 
Figure 4.3: Block diagram of the Kantorovich coder with motion prediction. 

If motion prediction is being used, the reconstructed image is sent to the motion predictor 
and a prediction is made based on earlier predictions. The result of the prediction block is 
sent forward to the calculator as well as back the reconstruction block. 

4.2 The Test Sequence 
The extensive testing of the Kantorovich coder was done on parts of the Miss America 
sequence56. The Miss America sequence consists of 25 frames of size 256256×  pixels. 
Because of a problem with large vectors which made Matlab shut down when the 
Kantorovich Distance was calculated, I was not able to use full-size frames. A new 

                                                 
56 See Appendix A 
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sequence with frames of size 128128×  taken from the centre of the Miss America 
sequence was used. Given that the calculation of the Kantorovich distance is a very slow 
process a decision was made to use the Miss America (10Hz) sequence that has 11 
frames instead of the real 25 frame Miss America sequence.  

 
Figure 4.4: The first images of the real Miss America sequence and the test sequence. 

The calculation of one Kantorovich distance with the Squared Euclid distance function 
between two consecutive frames took between 30 minutes and two hours on a 1.8 GHz 
Pentium IV computer. The duration of the calculation depends on the amount of 
movement in the images. Little movement gives shorter calculation time. It took a total of 
about nine hours to run the whole sequence of 11 frames through the entire system. As a 
result, the tests of the different parts of the coder were performed on shorter sequences of 
two or three images. 
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5 Results 
In this chapter the elements of the transportation plan and the blocks of the coder are 
described one by one and tested on a short test sequence. The aim of the tests is to point 
out which configuration results in the optimal performance of the coding system. The 
complete test sequence was also tested to find out if the method was applicable for a 
broader utilization. 

 
Figure 5.1: The blocks of the Kantorovich coder. 

5.1 The Transportation Plan 
All the transportation plans of the Miss America sequence have between 40000 and 
50000 arcs. The transportation plan consists of the transmitting pixel ( )nn ji , , the 
receiving pixel ( )nn yx ,  and the mass nm . The elements ni , nj , nx and ny  of the test 
sequence ranges from 1 to 128 since the size of each frame is 128128× . The mass 
element on the other hand ranges from 0 to 255, where 0 is black and 255 is white.  

 

 
Figure 5.2: The distributions of the five elements of the arcs. 

Having these five elements with these ranges gives a total of 
9107.68256128128128128 ×≈××××  different combinations and sending the data 

uncompressed would take 7 + 7 + 7 + 7 + 8 = 36 bits per arc. The bit rate of the 
uncompressed difference plan is approximately 9.87128/3640000 2 =× bits per pixel. 
Since the mass of the original images have 256 possible values, they can be sent with 8 
bpp without any compression at all. Consequently, the creation of the transportation plan 
has raised the bit rate almost 11 times. 

Transformation Quantization Encoding
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5.2 The Transformations 
The first four elements of the transportation plan is not at all suitable for compression 
with their original distributions. The distributions have to be altered in order to compress 
the data and get an acceptable performance of the coder. 

5.2.1 The Difference Plan 
The ranges of nx and ny  can be greatly reduced by transforming the transportation plan 
into a difference plan. The difference plan is a transportation plan where the receiving 
pixel is replaced by the relative distance between the receiving and the transmitting pixel. 
The difference plan is defined as ( ){ }NnmdydxjiT nnnnnD ≤≤= 1,,,,,  where nnn ixdx −=  
and nnn jydy −= . The combination of the new elements ( )nn dydx ,  is called the move.  
 
The move can be represented using a lot fewer reconstruction values than the receiving 
pixel. This very simple transformation highly reduces the distribution of the elements and 
the bit rate of the video coder is much improved. The quality of the images is unchanged 
since we have not removed any information from the sequence.  

5.2.1.1 The Results of the Test Sequence 
Figure 5.4 shows what happens to the arcs of the first transportation plan when the 
transformation is applied. 
 

i j x y m  i j dx dy m 
1 1 1 1 61.98  1 1 0 0 61.98 
1 1 1 2 0.74  1 1 0 1 0.74 
2 1 2 1 60.73  2 1 0 0 60.73 
3 1 3 1 58.98  3 1 0 0 58.98 
3 1 2 1 0.08  3 1 -1 0 0.08 
--- … … … …  --- … … … … 

126 128 126 128 65.17  126 128 0 0 65.17 
126 128 127 128 1.53  126 128 1 0 1.53 
127 128 127 128 65.44  127 128 0 0 65.44 
127 128 128 128 1.27  127 128 1 0 1.27 
128 128 128 128 65.71  128 128 0 0 65.71 

Figure 5.3: The transformation of the receiving pixel into the move. 

The distribution of the second pair of the transportation plan changes drastically as a 
result of the transformation. The receiving pixel elements ( nx and ny ) range from 1 to 
128 but each of the ndx  and the ndy  elements only range from -2 to 2.   
 
The tests on the sequence showed that sending the values of the receiving pixel would 
contribute more than four times as much to the total cost than sending the move values.  
The entropies of the elements are reduced from nearly seven to just over one bit per 
symbol. 
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 Entropy Contribution to bpp Total bpp 

The receiving pixel 6.996 6.997 39.265 98.164 
The move 1.209 1.128 9.816 68.715 

Table 5.1: The test results of the first difference plan. 

Transmitting the whole sequence with the hybrid coder used for the first frame gives an 
average rate of 0.375 bits per pixel. Each arc of the difference plan must be coded using 
at most 0.154 bits to achieve the same rate since the images only have 16,384 pixels. 
Sending the difference plan uncompressed would take 7 + 7 + 2 + 2 + 8 = 26 bits per arc 
and a bit rate of approximately 5.63128/2640000 2 =× bits per pixel. 

5.2.2 Removal of Redundant Arcs 
The introduction of the difference plan resulted in a large reduction of the number of bits 
needed to code the images because the distribution of some of the elements was changed. 
The number of required bits can also be reduced by removing arcs from the plan.  
 
The majority of all sequences do have a static background that does not change. All of 
the arcs representing the background are sent to the same pixel in the next frame since the 
Kantorovich calculator is constructed to move all of the mass from the transmitting image 
to the receiving image. This implies that a lot of redundancy is sent because the 
transmitting image is already available at the receiver. 
 
The reduction of the number of arcs is achieved by removing the arcs where the 
move ( )nn dydx ,  is zero. The reconstruction process of the image must be altered in order 
to maintain the perfect reconstruction. The reconstructed image was supposed to be built 
from an empty frame but will instead be built from a copy of the last frame. The 
difference plan is received and the moves of the arcs are added to the transmitting pixels 
in order to rebuild the transportation plan. The arcs are now processed one at a time. The 
mass of an arc is added to the receiving pixel but since the transportation plan now only 
holds the arcs where mass is moved, the same amount is subtracted from the transmitting 
pixel to achieve the correct image. This method yields a perfectly reconstructed image 
without sending the zero-mass arcs. 

5.2.2.1 The Results of the Test Sequence 
Figure 5.4 shows how the difference plan is changed by the removal of the redundant 
arcs. Removal of the arcs with mass equal to zero actually reduces the number of arcs 
with approximately 35 % from 40,000 to nearly 25,000. 
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i J dx dy m  i j dx dy m 
1 1 0 0 61.98  1 1 0 1 0.74 
1 1 0 1 0.74  3 1 -1 0 0.08 
2 1 0 0 60.73  3 1 1 0 1.67 
3 1 0 0 58.98  4 1 1 0 4.42 
3 1 -1 0 0.08  5 1 1 0 5.20 
 … … … …   … … … … 

126 128 0 0 65.17  125 128 1 0 4.83 
126 128 1 0 1.54  126 128 1 0 1.81 
127 128 0 0 65.44  126 128 1 -1 0.75 
127 128 1 0 1.27  127 128 1 0 1.54 
128 128 0 0 65.71  128 128 1 0 1.27 

Figure 5.4: The removal of the arcs with move equal to zero 

The removal of these arcs also alters the distribution of the mass element. The entropy of 
the mass was 6.554 bits per symbol before and 5.869 bits per symbol after the 
transformation while the entropies of the other elements are almost unaffected. As shown 
in figure 5.5, most of the arcs that are removed have mass in the same interval 
(approximately 2050 ± ). The reason for this is that the arcs where the move elements are 
zero contain the background and the background of the Miss America sequence is dark 
grey throughout the sequence. 

 
Figure 5.5: The distribution of the mass element before and after the removal of the zero-

mass arcs. 

The removal of the zero-mass arcs does not reduce the number of possible combinations 
of the plan because the interval of the mass element remains the same. The bit rate of the 
uncompressed data on the other hand is down to approximately =× 2128/2625000  

7.39 bits per pixel since the number of arcs is heavily reduced. This reduction is a great 
improvement but still, to achieve the same rate as the first coder, we can only use 0.23 
bits per arc. 
 

 Entropies bpp 
All moves 6.997 6.998 1.209 1.281 6.554 68.715 

No zero-moves  6.993 6.990 1.338 1.396 5.869 43.381 

Table 5.2: The test results of the removal of redundant arcs. 



RESULTS 

Video Coding based on the Kantorovich Distance 
- 29 - 

5.2.3 The Modified Difference Plan 
The first two transformations have concerned the receiving pixel and the mass and the bit 
rate have gone from about 90 bits per pixel to 40 bits per pixel. The last transformation is 
applied to the transmitting pixel. 
 
The coding and transmission of the transmitting pixel can be improved by replacing the 
pair by one element representing the distance from the transmitting pixel of the last arc. 
This can only be done if we assume that the order of the plan is known to both sender and 
receiver.  
 
The sender sorts the transmitting pixels of the transportation plan row-by-row starting in 
the upper left corner. The reconstruction at the receiver starts with an empty 
transportation plan where the pixel value at the top left corner of an image (1, 1) is 
entered into the first arc. The distance element of the first arc from the received plan is 
added to the first element, ni of the pixel. The value of this transmitting pixel is copied to 
the next arc and the next distance value is added to it. When the first element, ni  has 
reached 128 we are at the far right side of the image. Adding one to the value (128, 1) 
will get the result (1, 2) and the process continues on the next row. 
 
The transportation plan is now transformed into a new set =mdT  
( ) }{ Nnmdydxd nnnn ≤≤1,,,,  of four-dimensional vectors, where nd  is called the distance 

from the last transmitting pixel or simply the distance. 

5.2.3.1 The Results of the Test Sequence 
Figure 5.6 shows how parts of the first difference plan are turned into the modified 
difference plan. The transmitting pixel of the first arc is (1, 1) and consequently the first 
distance is zero. The distance from the transmitting pixel of the first arc to the second is 2 
steps and so on.  
 

i j dx dy m  d dx dy m 
1 1 0 1 0.74  0 0 1 0.74 
3 1 -1 0 0.08  2 -1 0 0.08 
3 1 1 0 1.67  0 1 0 1.67 
4 1 1 0 4.42  1 1 0 4.42 
5 1 1 0 5.20  1 1 0 5.20 
 … … … …  … … … … 

125 128 1 0 4.83  1 1 0 4.83 
126 128 1 0 1.81  1 1 0 1.81 
126 128 1 -1 0.75  0 1 -1 0.75 
127 128 1 0 1.54  1 1 0 1.54 
128 128 1 0 1.27  1 1 0 1.27 

Figure 5.6: The transformation of the difference plan into the modified difference plan. 

There are 128 unique values in each of the transmitting pixel elements ( )nn ji ,  and the 
values of the transportation plan are almost uniformly distributed over the entire interval. 
The distribution of the distance on the other hand is heavily concentrated (over 98 percent 
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of the arcs) to the values one and zero. Consequently the distance is a lot more 
appropriate for coding than the transmitting pixel. 
 

 
Figure 5.7: Histograms of the transmitting pixel and the distance. 

The number of possible combinations of the modified difference plan is only 
52400025644128 ≈××× and the plan can be coded with 7 + 2 + 2 + 8 = 19 bits per arc. 

Nineteen bits per arc gives an uncompressed bit rate of approximately ×25000  
=2128/19 0,29 bits per pixel. The total entropy of the transmitting pixel was nearly 14 

bits per symbol while the entropy of the distance is just over one bit per symbol for the 
first modified difference plan. 
 

 Entropy Contribution to bpp Total bpp 
The transmitting pixel 6.997 6.998 24.789 43.381 

The distance  1.122 6.197 24.789 

Table 5.3: The test results of the first modified difference plan. 

Transforming the transmitting pixel improved the bit rate by almost 20 bits per pixel 
without affecting the quality and the total bit rate of the first transportation plan is now 
approximately 25 bits per pixel. 
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5.3 Quantization 
The output of the transformation block, the modified difference plan 

( ) }{ NnmdydxdT nnnnmd ≤≤= 1,,,,  is sent to the quantization block. This is where the 
elements of each arc are represented with one of a small number of code words. The 
quality of the sequence has not been affected by the transformations. But the quantization 
process is an irreversible (lossy) process and the output of the quantization block will be 
distorted. The elements of the modified difference plan are quantized individually. 
 

 
Figure 5.8: The blocks of the Kantorovich coder. 

5.3.1 The Distance to the Last Transmitting Pixel 
The first element of the modified difference plan is the distance and the distance can not 
be quantized because one altered value would create errors in the reconstruction of the 
rest of the plan. 
 
If the transmitting pixel is not reconstructed correctly, the receiving pixel will be 
misplaced and the consequence is that the wrong mass would be moved to an incorrect 
position. All of the mass that should be moved from an area surrounding a quantized 
pixel-value would be taken from that actual quantized pixel and no mass would be moved 
from the surrounding pixels. The following transmitting pixels will also be misplaced 
since the distance of the next arc is calculated from the last transmitting pixel. 
Quantization was not used for the first element of the modified difference plan because of 
the high amount of distortion a quantized transmitting pixel would invoke. 

5.3.2 The Move 
The second element of the modified difference plan is the move. The move element of 
the difference plan has very few possible values since we used the Square Euclid distance 
function to determine the Kantorovich distance. The Square Euclid distance function 
results in short moves either horizontally, vertically or diagonally. 
 
Scalar quantization is not a good approach when there are only a few possible values for 
the ndx  and the ndy  components. Vector quantization on the other hand might be applied 
since many of the longer moves of the ( )nn dydx ,  element are very rare. 

5.3.2.1 The Results of the Test Sequence 
The high cost to move mass more than one step and the rather modest movement in the 
images of the test sequence result in a range of values from -2 to 2 for both the ndx  and 
the ndy  element. The distribution of the combined ( )nn dydx ,  element shows that many 
of the moves are only made by very few arcs. In fact, less than one percent of the arcs 
from the whole sequence move the mass more than one step in any direction. 

Transformation Quantization Encoding
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Figure 5.9: An example of the distributions of the ndx  and the ndy  elements. 

  -3 -2 -1 0 1 2 3 
3 0 0 0 0 0 0 0 
2 0 0.004 0.425 0.836 0.077 0.002 0 
1 0 0.056 7.419 18.859 10.094 0.005 0 
0 0 0.034 11.499 0 22.376 0.071 0 
-1 0 0.002 3.715 15.107 9.333 0.039 0 
-2 0 0 0.003 0.021 0.025 0.001 0 
-3 0 0 0 0 0 0 0 

Table 5.4: The distribution of the move element ( )nn dydx , in percentage of all arcs. 

Three different vector quantizations were applied to the test sequence and the first 
reconstructed image of each quantization is shown below. All of the vector quantizations 
use the nearest neighbour rule to decide which quantized value to use. The positions of 
the four-position vector quantizer are one step moves horizontally and vertically while 
the eight-position vector quantizer also uses diagonal moves of size one. The unlimited 
vector quantizer uses all the possible moves of the arcs which in this case are 24. 

 
Figure 5.10: The second frame with four-position, eight-position and unlimited vector 

quantization of the move element. 

The images from the test sequence show that the difference between the eight-position 
and the unlimited vector quantization for the first plan is not noticeable while the four-
position quantizer drastically increases the distortion.  
 
The entropy of the unlimited vector quantizer is lower than the unlimited scalar 
quantization but only marginally higher than the entropy of the eight-position quantizer. 
Both the eight-position vector quantization and the unlimited vector quantization were 
used in the following tests.  
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 Levels Entropy Contribution to mse Contribution to bpp 

No quantization Inf. 1.338 1.396 0 6.197 
Vector quantization 4 1.471 40.560 4.648 
Vector quantization 8 2.383 0.191 6.197 
Vector quantization Inf. 2.429 0 7.747 

Table 5.5: The test results of the quantization of the move. 

5.3.3 The Mass 
The last element of the arc is the mass element. The mass element contains values of a 
wide interval [ ]255,0 . A small mass difference is hardly visible to the eye and the number 
of arcs can be highly reduced by removing the arcs where a small mass unit is moved. 

 
Figure 5.11: The mass values from 255 (left) to zero (right). 

The distortion caused by this quantization will duplicate since the error will appear not 
only at the receiving pixel but also at the transmitting pixel of the receiving frame. This 
phenomenon would not have occurred if we had not already removed the zero-move arcs. 
 
After the low mass arcs are removed a scalar quantization is applied to the resulting mass 
values to reduce the number of code words. The quantization values are achieved with a 
non-uniform Lloyd algorithm. 
  

5.3.3.1 The Results of the Test Sequence 
The distribution of the mass element differs a lot from the other elements. The majority 
of the mass values are small, which makes the removal of the small mass arcs very 
efficient. 

 
Figure 5.12: The distribution of the mass element before the quantization 
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The quantization of the mass element was tested one step at a time. The first group of 
tests was made to show how much mass that could be removed without a substantial loss 
of video quality. The images below show that mass values up to nine or even fifteen can 
be removed without losing a lot of quality in the images. When looking at the still images 
we must take into account that the artefacts are more apparent there than in a moving 
video sequence. 

   

 
Figure 5.13: The second frame with all mass values, mass over four, nine, fifteen and 

twenty-one. 

The reduction of the arcs slightly alters the distributions of the distance and the move 
elements. The performance measures show that either mass values over nine or over 
fifteen yield the best results. The contribution of the mass element to the total number of 
bits per pixel is between 5.5 and 7 while the entropy is close to seven bits per symbol. 
 

 Entropy Contribution to mse Contribution to bpp 
All Mass 1.122 2.429 6.316 0 12.395 

Mass values over 4 1.249 2.169 6.745 1.089 8.399 
Mass values over 9 1.275 2.033 6.872 5.437 6.670 

Mass values over 15 1.273 1.929 6.912 14.458 5.432 
Mass values over 21 1.313 1.847 6.920 27.399 4.534 

Table 5.6: The test results of the removal of low-mass arcs. 

The second part of the tests was concentrated on quantizing the remaining mass values. 
Non-uniform scalar quantization with eight, sixteen, thirty-two and sixty-four values was 
tested.  
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Figure 5.14: The second frame with eight, 16, 32 and 64 quantization values. 

The distortion introduced by the quantization into sixty-four and thirty-two values is 
almost equal. Sixteen values give nearly a doubling of the distortion compared to thirty-
two values. Using eight quantization values give way too much distortion.  
 

Quantization values Mass values Entropy Contribution to mse Contribution to bpp 
8 > 15 2.899 22.744 2.037 
8 > 9 2.901 20.420 2.501 

16 > 15 3.848 11.089 2.716 
16 > 9 3.848 8.747 3.335 
32 > 15 4.457 6.220 3.395 
32 > 9 4.441 4.157 4.169 
64 > 15 5.030 4.026 4.074 
64 > 9 4.981 2.468 5.003 

Table 5.7: The test results of the quantization of the remaining mass. 

5.4 Encoding 
The last step of the coding scheme is the encoding block. This is where the quantized 
plan is encoded in order to reduce the number of bits to send to the receiver. This could 
be done in two ways, either the elements of each arc will be encoded as a unit or each 
element will be encoded individually.  
 
Encoding the arc as a unit is not applicable since there are large differences in the number 
of possible values among the elements of an arc. The transmitting pixel of the test 
sequence has up to 80 possible values; the move element has 24 possible values at the 
most and the mass a maximum of 64 possible values. This means that the quantized 
modified difference plan has less than 880,122642480 ≈×× possible combinations. The 
quantizations brought the number of arcs in the modified difference plan down to 
approximately 15000. Sending the quantized plan as a bit stream with no coding would 
result in a bit rate of less than 5.16128)657(15000 2 =++× bits per pixel. 

5.4.1 The Distance to the Last Transmitting Pixel 
In the quantization phase the number of arcs was reduced by removing the arcs with the 
same transmitting and receiving pixel. The transformation reduced the number of arcs 
significantly but many of the transmitting pixels ( )nn ji ,  are still represented at least once 
in the difference plan. The transmitting pixels are gathered in coherent areas of the image, 
which makes it easy to code using Huffman or Run-length coding. Both these coding 
techniques were tested on the sequence. 
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Figure 5.15: The first two frames and the transmitting pixels in the first plan (no arcs –

black pixels, many arcs - white pixels). 

5.4.1.1 The Results of the Test Sequence 
The removal of the low mass arcs changed the distribution and raised the entropy of the 
distance to the last transmitting arc. The original modified difference plan had only 15 
values for the distance, while the plan with arcs with mass values over fifteen has 63 
values. 

 
Figure 5.16: The distribution of the distance before and after the quantization of the mass 

(all mass, >9 and >15). 

The results of the tests for the distance to the last transmitting pixel showed that Huffman 
coding enhanced the performance of the coder a great deal compared to run-length 
coding. The distance can be coded with approximately 1 bit per pixel with the Huffman 
technique. 
 

 Mass Entropy Bits / symbol Bits / pixel 
Huffman >15 1.273 1.593 1.082 
Huffman >9 1.276 1.544 1.287 

Run-length >15 1.273 3.061 2.078 
Run-length >9 1.276 2.945 2.455 

Table 5.8: The test results of the encoding of the distance. 

5.4.2 The Move 
The move element benefited a lot from the transformation of the transportation plan into 
the difference plan and has few possible values after the vector quantization. The move 
can be coded using run-length coding or Huffman coding.  
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5.4.2.1 The Results of the Test Sequence 
The tests on the first transportation plan of the sequence showed that Huffman coding of 
the move element is far superior to run-length coding. The difference in the number of 
bits per symbol is very small when using eight or twenty-four (unlimited) quantization 
levels. We can code the move with less than 1.5 bit per pixel with Huffman coding. 
 

 Mass Move-VQ Entropy Bits / symbol Bits / pixel 
Huffman >15 8 1.928 2.013 1.367 
Huffman >15 24 1.929 2.071 1.406 
Huffman >9 8 2.020 2.099 1.750 
Huffman >9 24 2.033 2.161 1.802 

Run-length >15 8 1.928 4.123 2.799 
Run-length >15 24 1.929 4.124 2.800 
Run-length >9 8 2.020 4.210 3.510 
Run-length >9 24 2.033 4.214 3.514 

Table 5.9: The test results of the encoding of the move. 

5.4.3 The Mass 
The 32 quantization levels of the mass element are encoded with Huffman coding. 

5.4.3.1 The Results of the Test Sequence 

 
Figure 5.17: Histogram of the quantized mass. 

The results of the tests show that the mass can be coded with less than 3 bits per pixel. 
 

 Mass Mass-SQ Entropy Bits / symbol Bits / pixel 
Huffman >15 16 3.848 3.881 2.635 
Huffman >15 32 4.457 4.491 3.049 
Huffman >9 16 3.848 3.899 3.251 
Huffman >9 32 4.441 4.495 3.748 

Table 5.10: The test results of the encoding of the mass. 

5.5 Motion Estimation 
Motion estimation was implemented to see if estimating the next frame could reduce the 
number of arcs of the transportation plan. Motion estimation was achieved by a simple 
block matching function. The block matching function depends on two variables, block 
size and search area. Block size is the size of the small rectangular areas that the image is 
divided into and the search area is the area of surrounding blocks that is scanned for the 
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best match. The block matching function gives rise to some extra information that had to 
be sent to the receiver to make recreation possible. In order for the motion estimation to 
produce a better result, the reduction of the transportation plan must be greater than the 
amount of side information. 

5.5.1 The Results of Motion Estimation 
Applying motion estimation to the test sequence did not improve the performance of the 
coder. Three different configurations were tested and all of them resulted in a higher bit 
rate because of the compressed motion vectors. Using a block size of eight pixels also 
gave a worse mean squared error than using no motion estimation at all. The results show 
that motion estimation can give a small quality improvement but raises the bit rate 
significantly. The tests were performed on the first three frames of the test sequence.    
  

 bpp mse PSNR 
No motion estimation  4.3301 42.5509 25.7870 

Block size 4 and search area 32 4.6875  42.0906 25.8342 
Block size 4 and search area 16 4.6978 41.9463 25.8491 
Block size 8 and search area 16 4.7631 43.5072 25.6905 

Table 5.11: The test results of the motion estimating. 

The motion estimation used for the tests is very simple but requires some side 
information to be sent to the receiver. Another well-known solution is to try and “toss” 
the prediction one frame forward and thus not have to send the extra information. This 
method was however never tested since the quality measures of the first method were so 
poor and the creation of such a motion estimator would be a lot of extra work. 

5.6 Coding the Whole Sequence 
The final stage of the testing was to run the whole test sequence through the video coding 
system. The tests were made with a number of different settings because of the 
uncertainty of the results of the earlier tests. 
  
The best performance was achieved with the following parameters: 

• Removal of all arcs with mass below 15. 
• The mass quantized into 32 levels. 
• Unlimited vector quantization of the move. 
• Huffman coding of the distance, the move and the mass element. 
• No motion estimation. 
 

This configuration was chosen to be superior even though using eight-position vector 
quantization of the move gave a lower bit rate. The reason for this choice is that the 
quantization of the move resulted in some severe artefact which can be seen in Appendix 
D. The bit rate of the superior configuration was 4.618 bits per pixel and the mean 
squared error was 40.68. 
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 Coding Methods Performance Measures 

Config. The Distance The Move The Mass Mass 
Size 

Motion 
Est. 

bpp mse PSNR 

1 Huffman Huffman(VQ-8) Huffman(32) >15 NO 4.596 45.06 25.54 
2 Huffman Huffman(VQ-All) Huffman(32) >15 NO 4.618 40.68 25.98 
3 Huffman Huffman(VQ-8) Huffman(32) >15 YES 5.156 48.75 25.20 
4 Run-length Huffman(VQ-8) Huffman(32) >15 NO 5.292 45.06 25.54 
5 Huffman Huffman(VQ-8) Huffman(16) >9 NO 5.399 27.80 27.64 
6 Huffman Huffman(VQ-8) Huffman(32) >9 NO 5.778 21.99 28.65 
7 Huffman Huffman(VQ-All) Huffman(256) All NO 17.111 1.59 40.06 

Table 5.12: The test results of the 11 frames of test sequence. 

The mean squared error can be reduced radically if less mass values were removed. 
Removing only the mass values under nine resulted in nearly a halving of the mean 
squared error. 
 
Using Huffman coding on the transmitting pixel gives an improvement of almost three 
quarter of a bit per pixel compared to run-length coding and the use of motion estimation 
results in a decreased bit rate of more than half a bit per pixel. 

 
Figure 5.18: The mean squared error as a function of the bit rate of the sequences. 

The performance of the Kantorovich coder is very poor compared to the performance of 
the hybrid coder used for the first step of the coding system. The bit rate is more than 12 
times bigger, the mean squared error is nearly 50 times higher and the difference in the 
peak-signal-to-noise-ratio is almost 20 dB. 
 

 bpp mse PSNR 
The Hybrid Coder 0.376 0.95 42.30 

The Kantorovich Coder 4.596 45.06 25.54 

Table 5.13: A comparison between the hybrid coder and the Kantorovich coder. 

The Kantorovich coder requires between eight and ten hours to code the complete 11 
frame sequence while the hybrid coder completes the sequence in less than 20 seconds. 
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6 Future Work 
This Master Thesis uses the transportation plan from the calculation of the Kantorovich 
distance to replace the subtractor of a standard video coder. Another interesting approach 
would be to replace the prediction block and make the function of the transportation plan 
similar to that of a motion compensating predictor. 

 
Figure 6.1: Block diagram of a standard video compression system 

When using standard motion compensation technique, the motion vector, or in this case 
the transportation plan, has to be sent to the receiver. This brings the problem back to 
coding the transportation plan. The alternative way of motion compensating by using the 
last two frames do not require motion vectors to be sent but instead a way to “toss” the 
prediction forward one frame has to be implemented.  
 
A third approach is to use the transportation plan as both a subtractor and a predictor. 
This method implies that the transportation cost would be calculated for smaller blocks 
instead of every pixel. One of the benefits of this method is a much faster calculation. 
The surrounding of each block is searched in an approach to minimize the cost function 
and a motion vector is created. The motion vector is either sent to the receiver or “tossed” 
forward. The resulting transportation plan for the block is also coded and sent to the 
receiver. 
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7 Conclusions 
The development of the Kantorovich coder originated from a standard video coding 
system. The Kantorovich coder contains three standard blocks of image compression; 
transformation, quantization and coding. Some tests were also performed where a motion 
prediction block was included in the system but the prediction block did not improve the 
performance of the coder. 

 
Figure 7.1: Block diagram of the Kantorovich coder. 

The previous and current frames are sent simultaneously to the Kantorovich calculator 
and the transportation plan is derived. The transportation plan is transformed, quantized 
and coded before it is sent as a binary bit stream to the receiver. The same bit stream is 
reconstructed and sent directly back to the Kantorovich calculator. 

7.1 The Transportation Plan 
The transportation plan is a large set even for rather small images. For instance the 
images of the test sequence measured 128128×  pixels and the transportation plan had 
over 40000 arcs. This led to a number of transformations and quantizations in order to 
achieve an acceptable bit rate. Even though a low bit rate was the primary goal of the 
encoding process, the quality had to be maintained at a tolerable level. 

7.2 The Transformations 
Three transformations were made to reduce the number of arcs and also reduce the 
amount of reconstruction values needed. 
 

• The transformation plan was turned into a difference plan by replacing the 
receiving pixel with the relative distance between the receiving and the 
transmitting pixel. The new elements were called the move. This transformation 
resulted in a vast improvement since the distribution of the move is much more 
compact than the distribution of the receiving pixel. 

• Secondly, all arcs where the move was zero were deleted. This transformation can 
be done and perfect reconstruction can still be achieved since all the mass of the 
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first image is included in the transportation plan. Instead of recreating the new 
image from an empty frame we start the reconstruction with the last frame. The 
mass of each arc is subtracted from its transmitting pixel and added to its 
receiving pixel.  

• Finally, the transmitting pixel was transformed into a distance element. This 
element would simply represent the distance from the last encoded transmitting 
pixel to the present. This transformation is possible since we can assume that the 
order of the transportation plan is known to both sender and receiver. The receiver 
starts the reconstruction of the transportation plan by adding the distance of the 
arc to the first pixel of the image. The next arc will add the distance value to the 
last reconstructed transmitting pixel and so on. The new set of arcs is called the 
modified difference plan. 

7.3 The Quantizations 
The four elements of the transformed transportation plan are very different and can not be 
quantized together as a unit. 
 

• The distance was not quantized at all because the values are dependant of the 
preceding values. Quantization of one distance value would have displaced the 
rest of the arcs and a lot of the mass would have been moved from the wrong 
pixel. 

• Vector quantization was used on the move element, since the moves are few and a 
lot of the distant moves are very rare.  

• The fact that many of the arcs move very small masses was taken into 
consideration. The smallest masses are hardly noticeable and the bit rate was 
improved considerably when the low mass arcs were removed.    

• The mass element has values in a large interval and benefited greatly from non-
uniform scalar quantization.  

7.4 The Encoding 
All of the elements of the quantized transportation plan were coded with Huffman 
coding. Both the distance and the move were also coded with run-length coding but the 
Huffman code resulted in a better performance.  

7.5 The Performance of the Coder 
The best performance was achieved with the following configuration: 
 

• Unlimited vector quantization of the move element 
• Removal of low-mass arcs (mass lower than 15) 
• The mass quantized into 32 non-uniform levels  
• Huffman coding the distance, the move and the mass elements 
• No motion estimation 

 
The bit rate of this configuration was 4.618 bits per pixel and the mean squared error was 
40.68. The resulting peak-signal-to-noise-ratio was 25.98 dB. The performance of the 
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Kantorovich coder is quite poor compared to the performance of the hybrid coder used 
for the first frame of the coding system. The bit rate is more than 12 times higher, the 
mean squared error is nearly 50 times larger and the difference in the peak-signal-to-
noise-ratio is almost 20 dB. Another disadvantage of the Kantorovich coder is that the 
process is very slow. The coder needed over eight hours to complete the coding of the 11 
frames while the hybrid coder completed the sequence in less than 20 seconds. 
 
The performance of this approach to video coding based on Kantorovich distance was not 
satisfying at all but there are more complex compression techniques and other ways to 
utilize the transportation plan. Maybe some other approach that was suggested in this 
Master Thesis will lead to a breakthrough for the Kantorovich distance in the area of 
video coding. 
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Appendix A –The Miss America (10Hz) sequence 
These are the eleven frames of the test sequence. The frames are 128128∗  pixels.  

 
Figure A.1: The test sequence
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Appendix B – Huffman Coding 
Given a source with a finite number of symbols and their probabilities, Huffman code 
will yield the optimal integer prefix codes. In a prefix code, no codeword is a prefix of 
another codeword. Such codes are uniquely decidable since a given binary string can only 
be interpreted in one way. Huffman codes are optimal in the sense that no other integer 
length variable-length code can be found to yield a smaller average bit rate. In fact, the 
average length of Huffman codes per codeword achieves the lower bound, the entropy of 
the source, when all the symbol probabilities are powers of 2. 57 In order for the average 
code length to approach its entropy, the frequency distribution of the characters or 
symbols to be encoded must be known in advance. 58 
 
The Huffman technique was developed by David Huffman and the procedure is based on 
two observations regarding optimum prefix codes: 

1. In an optimum code, symbols that occur more frequently (have a higher 
probability of occurrence) will have shorter codewords than symbols that occur 
less frequently. 

2. In an optimum code, the two symbols that occur least frequently will have the 
same length. 59 

 
If symbols that occur more often have codewords that are longer than the codewords for 
symbols that occurred less often, the average number of bits per symbol will be larger 
than if the conditions were reversed. Therefore, a code that assigns longer codewords to 
symbols that occur more frequently cannot be optimum and the first observation must be 
true. 60 
 
We look at an example to see that the second observation holds true. Suppose that an 
optimum code C exists in which the two codewords corresponding to the two least 
probable symbols do not have the same length. Suppose the longer codeword is k bits 
longer than the shorter codeword. Because this is a prefix code, the shorter codeword 
cannot be a prefix of the longer codeword. This means that even if we drop the last k bits 
of the longer codeword, the two codewords would still not be equal. As these codewords 
correspond to the least probable symbols in the alphabet, no other codeword can be 
longer than these codewords. In that case the shortened codeword cannot become the 
prefix of another codeword. Furthermore, by dropping these k bits we obtain a new code 
that has a shorter average length than C. But this violates our initial contention that C is 
an optimal code. Therefore, for an optimal code the second observation also holds true. 61 
 
To obtain the Huffman procedure, we add a simple requirement to these two 
observations.  

                                                 
57 Tekalp 
58 Held 
59 Sayood 
60 Sayood 
61 Sayood 
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The codewords corresponding to the two lowest probabilities symbols differ only in the 
last bit.  
In other words, if x and y are the two least probable symbols in the alphabet and the 
codeword for x is m • 0, the codeword for y must be m • 1 (where m is a string of 1s or 0s 
and • denotes concatenation). This last requirement does not violate the first two 
observations and leads to a very simple encoding procedure.62 
 
The figures on the following pages illustrate the development of a Huffman code for the 
English alphabet. The second column in each figure indicates the approximate frequency 
of occurrence of each letter in the English language. The tree structure is produced as 
follows: 

1. The character set is arranged by decreasing frequency of occurrence and the 
frequency is placed in a column next to the character. 

2. Starting at the bottom of the table, lines are drawn horizontally from each 
character frequency.  

3. The lines with the two lowest frequencies of occurrence are merged and a 
composite frequency is obtained by adding the associated frequencies.  

4. This composite frequency is entered on a single new line and reflects the 
combined frequency of the previously paired characters. 

5. The process of combining the two lowest frequency lines into a single line is 
continued until all the lines have been merged. 63 

                                                 
62 Sayood 
63 Held 
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Figure B.1: Developing a tree structure for the alphabet. [Held] 

When the tree has been developed, the Huffman code for each character can be assigned 
by placing a 0 bit to one side of each nodal point and a 1 bit to the other starting with the 
master nodal point, where the probability of all character frequencies of occurrence is 
unity. The assignment of 0 and 1 bits is arbitrary but the assignment must be consistent 
(if a 0 is selected to represent one upper route then it must be used for all upper routes). 
The appropriate bit sequence assigned to each data character is then determined by 
tracing the route from the master nodal point back to the starting node for the appropriate 
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character. The assignment of bits to the paths and the resulting Huffman code values for 
the English alphabet are illustrated the figure below. 64 

 
Figure B.2: Assigning the Huffman code. [Held] 

                                                 
64 Held 
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Appendix C – Run-Length Coding 
Run-length encoding will reduce any type of repeating character sequence, once the 
sequence of characters reaches a predefined level of occurrence. The compression 
process results in a string of repeated characters being converted into a compressed data 
string. 65 

 
Figure C.1: The general compression format of run-length coding. [Held] 

In run-length coding, a special character (Sc), repeated data character (X), and character 
count character (Cc), are required to indicate the compression parameters. Since three 
characters are required to denote the compressed data, run-length encoding is only 
effective when a data string contains a sequence of four or more repeated data characters. 
66 
 
On the next page is a system flow chart that shows how the process of run-length coding 
works. 

                                                 
65 Held 
66 Held 
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Figure C.2: Basic run-length encoding process. [Held] 

The major steps in the run-length encoding process are as follows. Initially, a character 
counter (1) and a character repetition counter (2) are set to zero. When a data character is 
obtained (3), the character counter is incremented (4) by one and the character count is 
compared to one (5). In the first cycle, this comparison always holds true and the character 
is placed in a temporary storage area (6) for later processing. The stored character will be 
used if the original data string is found to contain four or more repetitive characters. For 
the second and subsequent cycles, the comparison (5) does not hold true and the character 
is compared with the character in storage (7). If the present character is equal to the 
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character in storage, compression may be possible and the repeat counter (8) is 
incremented and the next character is obtained from the original data string (3). If the 
present character under examination does not equal the character stored (7), the repeat 
counter is compared with four (9). If the repeat counter is less than four, no compression is 
worthwhile since three characters must be used to encode compressed data. When the 
repeat counter is equal to or greater than four (9), the compression format (10) can be set. 67 

                                                 
67 Held 
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Appendix D – The encoded Miss America Sequence 
Below are three reconstructed sequences of the Kantorovich coder. The best 
configuration of the coder is in the middle (configuration 2 of chapter 5.6). On the left is 
the configuration that gave the lowest bit rate (configuration 1). On the right is the 
configuration that resulted in the lowest mean squared error (configuration 6).  
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Appendix E – The Matlab Code of  the Transmitter 

E.1 The Kantorovich Coder 
fid = fopen('128.txt', 'r'); 
seqstart = 1; 
seqend = 11; 
size = 128; 
 
%quantization of the first frame 
QI = 20; 
 
%motion estimation 
blocksize = [4 4]; 
searcharea = [-16 15 -16 15]; 
QP = 30; 
 
% create a codebook 
cb_size = 24; 
codebook = zeros(2, 24); 
codebook(:, 1) = [1 0]'; 
codebook(:, 2) = [0 1]'; 
codebook(:, 3) = [0 -1]'; 
codebook(:, 4) = [-1 0]'; 
codebook(:, 5) = [1 1]'; 
codebook(:, 6) = [1 -1]'; 
codebook(:, 7) = [-1 1]'; 
codebook(:, 8) = [-1 -1]'; 
codebook(:, 9) = [0 2]'; 
codebook(:, 10) = [-1 2]'; 
codebook(:, 11) = [1 2]'; 
codebook(:, 12) = [2 0]'; 
codebook(:, 13) = [-2 1]'; 
codebook(:, 14) = [2 -1]'; 
codebook(:, 15) = [-2 0]'; 
codebook(:, 16) = [1 -2]'; 
codebook(:, 17) = [0 -2]'; 
codebook(:, 18) = [2 1]'; 
codebook(:, 19) = [-2 2]'; 
codebook(:, 20) = [-1 -2]'; 
codebook(:, 21) = [2 2]'; 
codebook(:, 22) = [-2 -1]'; 
codebook(:, 23) = [2 -2]'; 
codebook(:, 24) = [-2 -2]'; 
 
% transformation and quatization of the mass 
m_min = 21; 
m_size = 8; 
 
Rtot = 0; 
Dtot = 0; 
 
for k = seqstart : seqend 
 im = loady(fid, size, size); 
 k 
 if k == seqstart 
  % first frame 
  [imq R D] = dctcode(im, QI); 
  previm = imq; 
  Rtot = Rtot + R; 
   Dtot = Dtot + D; 
        Rcb_move = cb_size * length(dec2bin(max(codebook(:, 1:cb_size)) - min(codebook(:, 1:cb_size)))); 
         Rtot = Rtot + Rcb_move; 
         seqlength = seqend - seqstart + 1; 
         cb_move = codebook(:,1:cb_size); 
         save number1 imq cb_move seqlength 
 else 
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  trp = d_kl22(im, previm, 0.02, 0.1); 
 
         tot_mass = sum(sum(previm)'); 
  trp(:, 5)=trp(:, 5) / tot_mass; 
   
  % transformation of the move and the mass 
  dip = trans_mm(trp, m_min);  
   
  % transformation of the transmitting pixel 
  mod_dip = trans_t(dip, size); 
         
  % quantization of the move and the mass 
  [tr cb_trans cb_mass] = quant_mm(mod_dip, m_size, codebook, cb_size); 
         Rcb_trans = length(cb_trans) * length(dec2bin(max(cb_trans))); 
         Rtot = Rtot + Rcb_trans; 
         Rcb_mass = length(cb_mass) * length(dec2bin(max(cb_mass))); 
         Rtot = Rtot + Rcb_mass; 
                 
  % coding of the transportation plan 
  Rc = coding(tr); 
   
  % reconstruction 
  [tr_rec imq] = reconstruct(tr, previm, cb_trans, codebook, cb_mass); 
        image = imq; 
       
  % motionestimation 
%  [image Rme] = mot_est(previm, imq, blocksize, searcharea, QP); 
%  Rtot = Rtot + Rme; 
         
  % performance measures 
  D = mean((imq(:) - im(:)).^2); 
  Dtot = Dtot + D; 
  Rtot = Rtot + Rc; 
  previm = image; 
         
        if k == 2 
              save number2 cb_mass cb_trans tr 
         end 
         if k == 3 
          save number3 cb_mass cb_trans tr 
         end 
         if k == 4 
              save number4 cb_mass cb_trans tr 
        end 
        if k == 5 
              save number5 cb_mass cb_trans tr 
         end 
         if k == 6 
          save number6 cb_mass cb_trans tr 
         end 
         if k == 7 
              save number7 cb_mass cb_trans tr 
         end 
         if k == 8 
              save number8 cb_mass cb_trans tr 
         end 
         if k == 9 
              save number9 cb_mass cb_trans tr 
         end 
         if k == 10 
              save number10 cb_mass cb_trans tr 
         end 
         if k == 11 
              save number11 cb_mass cb_trans tr 
         end 
 end 
 
 imshow(imq,[0 255]); 
 % performance measures 
 MSE = Dtot / (k - seqstart + 1) 
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 bpp = Rtot / (k - seqstart + 1) / 128 / 128 
 PSNR = 10 * log10(127^2 / MSE) 
 mov(k - seqstart + 1) = getframe; 
end 
 
fclose(fid); 
movie(mov, -3); 
 
 

E.2 The Transformations 
 
function dip=trans_mm(tr, min) 
%trans_mm - Transformations of the move and the mass 
%--------------------------------------------------------------------------------------------------------------- 
%SYNOPSIS       A = trans_mm(TR, MIN) 
% 
%                 TR is a transformation plan 
% 
%  MIN is the minimum mass allowed in the  
%  transformed transportation plan  
% 
%--------------------------------------------------------------------------------------------------------------- 
 
[zeromove_x, zeromove_y] = find(tr(:, 1) == tr(:, 3) & tr(:, 2) == tr(:, 4)); 
tr(zeromove_x, :) = [ ]; 
 
[lowmass_x, lowmass_y] = find(tr(:, 5) < min); 
tr(lowmass_x, :) = [ ]; 
 
dip = [tr(:, 1) tr(:, 2) tr(:, 3)-tr(:, 1) tr(:, 4)-tr(:, 2) tr(:, 5)]; 
 
 
 
function dip=trans_t(tr, size) 
%coding - Transformation of the transmitting pixel 
%--------------------------------------------------------------------------------------------------------------- 
%SYNOPSIS       DIP = trans_t(TR, SIZE) 
% 
%               TR is a transformation plan. 
% 
%               SIZE is the number of rows in the images  
% 
%--------------------------------------------------------------------------------------------------------------- 
 
dtrp = [ ]; 
 
if tr(1, 2) == 1 
 dtrp(1) = tr(1, 1) - 1; 
else 
 dtrp(1) = tr(1, 2) * size + tr(1, 1) - 1; 
end 
 
for i = 1:size(tr, 1) - 1            
 dtrp(i + 1) = tr(i + 1, 1) + tr(i + 1, 2)*size - (tr(i, 1) + tr(i, 2) * size); 
end 
  
dip=[dtrp' tr(:, 3:5)]; 
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E.3 The Quantizations 
 
function [trp, codebook_trans, codebook_mass]=quant_mm(tr, mass_ql, cb, cb_ql) 
%quant_mm - Quantizations of the move and the mass 
%--------------------------------------------------------------------------------------------------------------- 
%SYNOPSIS       [TRP, CODEBOOK_TRANS, CODEBOOK_MASS] 
%                  = quant_mm(TR, MASS_QL, CB, CB_QL SIZE) 
% 
%                 TR is a transformation plan 
% 
%  MASS_QL is the number of quantization levels used for the mass 
%                  
%                 CB is the codebook used for quantization of the move 
% 
%  CB_QL is the number of quantization levels used for the move 
% 
%-------------------------------------------------------------------------------------------------------------- 
 
size = length(ihist(tr(:, 1)));  
 
[partition_trans, codebook_trans] = lloyds(tr(:, 1), size); 
[index_trans, quants_trans] = quantiz(tr(:, 1)', partition_trans, codebook_trans); 
 
cb = cb(:,1:cb_ql); 
[index_move Dcb] = nearest(cb, tr(:, 2:3)'); 
 
[partition_mass, codebook_mass] = lloyds(tr(:, 4), mass_ql); 
[index_mass, quants_mass] = quantiz(tr(:, 4)', partition_mass, codebook_mass); 
 
trp(:,1) = quants_trans'; 
trp(:,2) = index_move'; 
trp(:,3) = index_mass; 
 
 
 

E.4 The Coding 
 
function Rc=coding(tr) 
%coding - Coding of the transportation plan 
%-------------------------------------------------------------------------------------------------------------- 
%SYNOPSIS       RC = coding(TR) 
% 
%    TR is the quantized transoportation plan  
% 
%-------------------------------------------------------------------------------------------------------------- 
Rdist = length(tr) * huffman(ihist(tr(:, 1)) / length(tr)); 
%Rdist = runlength(tr(:, 1)) 
 
Rmove = length(tr) * huffman(ihist(tr(:, 2)) / length(tr)); 
%Rmove = runlength(tr(:, 2)) 
 
Rmass = length(tr) * huffman(ihist(tr(:, 3)) / length(tr)); 
 
Rc =Rdist + Rmove + Rmass; 
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E.5 The Reconstruction 
 
function [trp, imq]=reconstruct(dip, previm, cb_trans, cb_move, cb_mass) 
%reconstruct - Transforming the difference plan back into the transportation plan 
%-------------------------------------------------------------------------------------------------------------- 
%SYNOPSIS [TRP IMQ] = reconstruct(DIP, PREVIM, CB_MOVE, CB_MASS) 
% 
%  DIP is a difference plan (diff, move and mass). 
% 
%  PREVIM is the previous image 
%   
%  CB_MOVE is the codebook for the move 
% 
%  CB_MASS is the codebook for the mass 
% 
%-------------------------------------------------------------------------------------------------------------- 
size = length(previm); 
 
trp = zeros(length(dip), 5); 
x_pos = 1; 
y_pos = 1; 
 
for i = 1 : length(dip) 
 x_pos = x_pos + dip(i, 1); 
 if floor(x_pos / (size + 1)) > 0 
  y_pos = y_pos + floor(x_pos / size); 
  x_pos = x_pos - (size * (floor(x_pos / size))); 
 end 
 trp(i, 1:2) = [x_pos y_pos]; 
 trp(i, 3:4) = trp(i, 1:2) + cb_move(:, dip(i, 2))'; 
 trp(i, 5) = cb_mass(dip(i, 3) + 1); 
end 
 
[outside_x, outside_x2] = find(trp(:, 3) < 1 | trp(:, 3) > size); 
trp(outside_x, :) = []; 
[outside_y, outside_y2] = find(trp(:, 4) < 1 | trp(:, 4) > size); 
trp(outside_y, :) = []; 
 
imq = previm;  
for i = 1:length(trp) 
 imq(trp(i, 1), (size + 1) - trp(i, 2)) = imq(trp(i, 1), (size + 1) - trp(i, 2)) - trp(i, 5); 
    imq(trp(i, 3), (size + 1) - trp(i, 4)) = imq(trp(i, 3), (size + 1) - trp(i, 4)) + trp(i, 5); 
end 
 
for v = 1 : length(imq) 
 for w = 1 : length(imq) 
  if imq(v, w) > 255 
   imq(v, w) = 255; 
  end 
  if imq(v, w) < 0 
   imq(v, w) = 0; 
  end 
 end 
end 
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Appendix F – The Matlab Code of  the Receiver 

E.5 The Reconstruction 
% loading the first image 
load number1; 
size = length(imq); 
 
imshow(imq,[0 255]); 
mov(1) = getframe; 
previm = imq; 
 
for k = 2 : seqlength 
 if k == 2 
  load number2; 
 end 
 if k == 3 
  load number3; 
 end 
 if k == 4 
  load number4; 
 end 
 if k == 5 
  load number5; 
 end 
 if k == 6 
  load number6; 
 end 
 if k == 7 
  load number7; 
 end 
 if k == 8 
  load number8; 
 end 
 if k == 9 
  load number9; 
 end 
 if k == 10 
  load number10; 
 end 
 if k == 11 
  load number11; 
 end 
  
 % creating the empty transportation plan 
 trp = zeros(length(tr), 5); 
 x_pos = 1; 
 y_pos = 1; 
 
 % reconstruction of the transmitting pixel 
 for i = 1 : length(tr) 
  x_pos = x_pos + tr(i, 1); 
  if floor(x_pos / (size + 1)) > 0 
   y_pos = y_pos + floor(x_pos / size); 
   x_pos = x_pos - (size * (floor(x_pos / size))); 
  end 
  trp(i, 1:2) = [x_pos y_pos]; 
  % reconstruction of the receiving pixel 
  trp(i, 3:4) = trp(i, 1:2) + cb_move(:, tr(i, 2))'; 
  % reconstruction of the mass 
  trp(i, 5) = cb_mass(tr(i, 3) + 1); 
 end 
     
 % removing moves outside the image due to quantization of the move 
 [outside_x,outside_x2] = find(trp(:,3) < 1 | trp(:,3) > size); 
 trp(outside_x,:) = []; 
 [outside_y,outside_y2] = find(trp(:,4) < 1 | trp(:,4) > size); 
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 trp(outside_y,:) = []; 
 
 % reconstructing the image 
 imq = previm;  
 for i = 1:length(trp) 
  imq(trp(i, 1), (size + 1) - trp(i, 2)) = imq(trp(i, 1), (size + 1) - trp(i, 2)) - trp(i, 5); 
  imq(trp(i, 3), (size + 1) - trp(i, 4)) = imq(trp(i, 3), (size + 1) - trp(i, 4)) + trp(i, 5); 
 end 
 
 % removing masses outside of the range 
 for v = 1 : length(imq) 
      for w = 1 : length(imq) 
       if imq(v, w) > 255 
        imq(v, w) = 255; 
       end 
       if imq(v, w) < 0 
        imq(v, w) = 0; 
       end 
      end 
     end 
 
 imshow(imq,[0 255]); 
 mov(k) = getframe; 
end 
 
movie(mov, -3); 
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