
Identification of a Genetic Network in
the Budding Yeast Cell Cycle

Master’s thesis
performed in Automatic Control
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Abstract

By using AR/ARX-models on data generated by a nonlinear differential equation
system representing a model for the cell-cycle control system in budding yeast, the
interactions among proteins and thereby also to some extent the genes, are sought.
A method consisting of graphical analysis of differences between estimates from two
local linear models seems to make it possible to separate a set of linear equations
from the nonlinear system. By comparing the properties of the estimations in the
linear equations a set of approximate equations corresponding well to the real ones
are found.

A NARX model is tested on the same system to see whether it is possible to
find the dependencies in one of the nonlinear differential equations. This approach
did, for the choice of model, not work.

Keywords: Genetic network, Budding yeast cell, Auto regression, State-space
model
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Notation

Symbols and abbreviations used in the thesis

Symbols

A,B,C,D System matrices
N Number of samples used for parameter estimation
u(t) Time dependent input
x(t) Time dependent state variable
y(t) Time dependent output
ŷ(t|θ) Predictor
θ Parameter vector
κ(x) Base function
ϕ(t) Regression vector

Abbreviations

Biological

aa amino acid
ADP Adenosine DiPhosphate
ATP Adenosine TriPhosphate
cdc Cell-Division-Cycle (gene/protein)
Cdk Cyclin-Dependent Kinase
CKI Cdk Inhibitor
DNA DeoxyriboNucleic Acid
ER Endoplasmic Reticulum
RNA RiboNucleic Acid
mRNA messenger RNA
rRNA ribosomal RNA
tRNA transfer RNA

Latin

e.g. exempli gratia (for example)
i.e. id est (that is)
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Technical

ANN Artificial Neural Network
AR AutoRegressive
ARX AutoRegressive with eXternal input
NARX Nonlinear AutoRegressive with eXternal input
N4SID Numerical algorithms for Subspace State Space System IDentification
StDER Standard deviation Estimate Ratio
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Chapter 1

Introduction

Through interactions between different kinds of proteins the activities and crucial
events during the cell cycle in all organisms are regulated. Each protein is tran-
scribed by a corresponding gene in the genetic code. By understanding how a set
of proteins interact we can therefore get a picture of the interaction between the
corresponding genes. Since the cell-cycle control system in one kind of eucaryotic
cells, for instance the budding yeast cell, is surprisingly similar to the one regulat-
ing cell division in mammal cells, the yeast cell serves as an important model for
increasing the knowledge of how the mechanisms of cell division is regulated in our
own cells. Extended knowledge in this subject is much relevant since it is closely
connected to cancer.

In general one could state that by finding an accurate model for a real system,
more tests could be performed in a simulation environment than on the real sys-
tem. In the case of biology this might for instance mean fewer tests on animals in
exchange for more computer simulations.

1.1 Problem formulation

Data is generated by a nonlinear system representing a model of a biological system,
in this case the budding yeast cell. The model of the budding yeast cell is from
the article [4] and it will be presented in Chapter 4. However, any topics regarding
the validity of this model will not be accounted for since it is not the goal of this
thesis to question the model. Instead it will be considered as the true system from
which data can be collected in about the same way as if measurements were done
in a laboratory.

The question to put is; can an appropriate model of the system be found if
the possibility to compare the model with the correct structure of the system is
given? Will linear methods give any correct estimations about the dependencies
between different variables, i.e., protein concentrations, or are nonlinear methods
required? If the nonlinear system consists of both linear and nonlinear differential

3



4 Introduction

equations it might be possible to separate them into two sets and by this simplify
the problem. The investigated methods should not be restricted to the specific
system under investigation but instead be valid also for similar systems.

1.2 Methods

Both linear and a nonlinear models will be investigated. Since the nonlinear system
consists only of first order time-derivatives it is practical to describe the system in
state-space form. If a linear model of the system is to be estimated, the A-matrix
in a linear and time invariant state-space model will describe the relations between
the state variables. Two linear methods common in system identification will be
examined.

• N4SID is a subspace method for identification of state-space models.

• AR/ARX is a model where regression analysis is used as the estimation
method.

A nonlinear method which does not assume the true system to be linear will also
be tested.

• NARX is a nonlinear ARX model commonly used to build neural networks.

1.3 Tools

All calculations in the work described in this thesis are performed in Matlab. The
main toolbox used is the System Identification Toolbox. The nonlinear models
are constructed with the Non-linear Toolbox which is still under development.

1.4 Goals

There are two goals with this thesis, the first one being the obvious one, from mea-
sured simulated data find the connections between a set of cell-regulatory proteins
modelled with a nonlinear system. The second goal is more subtle, to bring the two
areas of Automatic control and Cell biology closer by providing basic background
information and theory from both areas in the same thesis.

1.5 Linguistic usage

Two terms recurring through the thesis are system and model. In this thesis the
true system is the real cell-cycle control system in the budding yeast cell. Since it
is not known exactly how the cell cycle-control system works, the model presented
in [4] will be regarded as the true system. From data generated by this nonlinear
equation system different models will be estimated.
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1.6 Thesis outline

The thesis is outlined in the following way:

Chapter 2 contains the biological background. An overview of eucaryotic cells
is first presented, this is followed by a brief description of the budding yeast cell.

Chapter 3 summarizes the theory behind the model structure chosen to represent
the problem, the state-space model, and the methods of estimation from the field
of system identification.

Chapter 4 presents the mathematical model of the budding yeast cell. The model
constitutes of a system of linear and nonlinear differential equations which are im-
plemented and solved in Matlab.

Chapter 5 investigates the two linear approaches, AR/ARX and N4SID, on a
simplified cell system to see how these are affected by nonlinear properties.

Chapter 6 contains the results from the AR/ARX-method investigated in Chap-
ter 5 applied on the nonlinear system describing the budding yeast cell.

Chapter 7 describes an attempt to find the relations in the nonlinear system
with a NARX-model.

Chapter 8 summarizes the conclusions made in the thesis and presents the method
obtained from Chapters 5 and 6.
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Chapter 2

Cell Biology

This chapter offers a very basic introduction to cell biology. It also deals with the
importance of the budding yeast cell as a model for cells of the same kind.

2.1 Cells on earth - a brief overview

The definition of life on earth could in some way be described as a thing which
contains one or more cells, from a single-cell life form such as a bacterium to
multicellular organisms as ourselves. Two main classes of cells exist, procaryotes
and eucaryotes. The former one was later on divided into two subclasses, bacteria
(eubacteria) and archaea (archaebacteria). This sub classification was made due
to the fact that some procaryotes where more similar to eucaryotes from a genetic
point of view than others [1].

The biggest difference between procaryotes and eucaryotes are the way the ge-
netic information is stored within the cell. In a procaryote cell the genetic material
has no distinct place in contrast to the eucaryotic cell which has all its genetic in-
formation concentrated in an enclosed space, namely the nucleus. Hence the name
eucaryote which is Greek for truly (eu) nucleus (karyon). The eucaryotic cell also
differs from the procaryote in the amount of genetic information, which is generally
much larger in the former. A third difference is the physical size which is also larger
in the eucaryotic cell [1].

2.2 Building blocks and structure of the eucary-
otic cell

The focus in this thesis will be on the eucaryotic cell for reasons discussed later on.
The eucaryotic cell consists of a few different types of structures, almost the same
in all eucaryotes no matter if the cell is in itself a being, a protozoa, or a cell of a
certain kind in a multicellular animal or plant [1].

9



10 Cell Biology

Cell membranes and the cell wall

The boundary of a cell is the plasma membrane (see Figure 2.5) which is mainly
composed of molecules called phospholipids. The phospholipids consists largely of
fatty acids and have the characteristics of having a hydrophilic (attracted to water)
head and a hydrophobic (water repellent) tail. Molecules with this property are
termed amphipathic. A membrane is made up of two layers of phospholipids called a
lipid bilayer. When exposed to water the molecules will organize themselves in such
a way that the hydrophobic ends from each layer turns inwards and the hydrophilic
ends outwards in contact with the water. In this way the plasma membrane forms
a closed surface which separates the cells internal parts, the organelles, against
the outside surrounding. Besides the plasma membrane, most plants and fungi
cells have an extra protective coat in form of a cell wall. This is a robust covering
located outside the plasma membrane [1].

Figure 2.1. Membrane structure

DNA

Contained within double membranes, the nuclear envelope, is the nucleus of the cell
(see Figure 2.5). Here the genetic information of the cell is found, stored as DNA
(DeoxyriboNucleic Acid). A single DNA element, a nucleotide, consists of three
parts, a sugar of the type pentose, a phosphate group and a base containing nitrogen
and formed as a single pyrimidine or double ring purine. Four different bases are
found in a DNA molecule, adenine (A), guanine (G), cytosine (C) and thymine
(T). In the double stranded DNA molecule, consisting of two complementary DNA

Figure 2.2. A nucleotide, with the base adenine

molecules and formed like a ”twisted ladder”, each nucleotide can be bound to
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another one in two different ways [1]. Stronger sugar-phosphate to sugar-phosphate
covalent bonds make up the ”handrails” and weaker hydrogen bonds between two
bases form the ”steps”. Only two combinations of base paring are possible, the one
between adenine and thymine (A-T), and the one between guanine and cytosine
(G-C). At DNA replication the weaker bonds, the ”ladder steps”, breaks which
makes it possible for new nucleotides to attach according to the rule for the base
mentioned above and thus two new double stranded DNA molecules are formed
from the original one. The physical forms of the genetic information in the nucleus
are called chromosomes. These structures consist mainly of a very long DNA
molecule, in the case of a human chromosome up to 250 million nucleotide pairs.
[1].

Figure 2.3. The structure of a DNA molecule. The two different base-pair bindings are
symbolized as a straight or a curved line.

RNA

RNA (RiboNucleic Acid) is a molecule similar to a single DNA strand but much
shorter, at largest a few thousand nucleotides long, and built by a different kind
of pentose. RNA has, just like DNA, four different bases, but instead of thymine
RNA consists of the base uracil (U). Like thymine uracil binds to the base adenine,
forming an A-U couple. Several kinds of RNA exist, for instance messenger RNA
(mRNA) and transfer RNA (tRNA) which both play an integral part in protein
synthesis [1].

Mitochondria

Even though the main part of the genetic information in the eucaryotic cell is
contained as DNA in the chromosomes, parts of it are still to be found outside the
nucleus. The mitochondria (see Figure 2.5) have approximately the size of bacteria,
membranes and to a large extent their own genetic information. These are all facts
that tell something about their origin. It is believed that the mitochondrion was
once an oxygen-metabolizing (aerobic) procaryote eaten but avoiding digestion by
a primitive eucaryotic cell. Eventually a form of symbiosis took place in which the
procaryote cell gave energy to the eucaryotic cell in exchange for shelter. In present
day eucaryotic cells, parts of the DNA belonging to mitochondria is found in the
nucleus of the cell. The mitochondria take care of the cells energy production by
oxidative phosphorylation [1].
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ATP

ATP (Adenosine TriPhosphate) are molecules acting as the mean of energy trans-
portation in the cell. Produced in the mitochondria, chemical energy is stored
in ATP as a covalent bond between two phosphate groups. When required in a
chemical reaction, energy is released during hydrolysis (adding a water molecule)
by detaching a specific phosphate group. By releasing energy in this way ATP will
become ADP (Adenosine DiPhosphate). This molecule is then, by attachment of
a new phosphate group through phosphorylation in a mitochondrion, transformed
back in to ATP.

Ribosomes

Ribosomes are large molecule complexes built of two chains of rRNA (ribosomal
RNA) and more than 50 various proteins [1]. A ribosome is the last station for
the protein synthesis process (see next section). Each eucaryotic cell consists of a
huge number of ribosomes, in the case of cells in humans and other mammals the
number rises to several millions per cell [6].

Proteins

While DNA/RNA molecules are constructed of nucleotides, proteins, or polypep-
tides, are built of amino acids (aa). All amino acids consist of a central carbon
atom, the α carbon with an amino group (NH2) and a carboxyl group (COOH) at
each side. Also attached to the α carbon is one of 20 different side chains which
thus forms 20 unique kinds of amino acids [6]. When many amino acids are linked
together, amino group to carboxyl group, by covalent peptide bonds they form a
protein. A short sequence, with only some tens of amino acids, is usually called a
peptide. The amino acids are categorized into four groups, depending on chemical
attributes, nonpolar-, polar-, basic and acid amino acids. Every kind of protein has
its own unique amino acid sequence, this trait is called the primary structure of
the protein. The secondary structure is one of two folding patterns, the α helix or
the β sheet. Both forms can be present in a single protein but in different regions,
domains. Which pattern a certain domain will adopt depends on a secondary weak
hydrogen bond. How the different domains shape the protein gives rise to a tertiary
structure and proteins consisting of more than one polypeptide chain will also have
a quaternary structure [6]. The shapes of proteins are decisive for their role as en-
zymes which acts as catalysts. Without these, very few of the chemical reactions in
the cell would actually take place. The energy needed for an uncatalyzed reaction
is namely several times larger than for a catalyzed one [1].

Protein degradation

When a protein is defective, e.g., it doesn’t fold properly, or no longer needed it is
often marked and destructed mainly in either of two ways. Most of the proteins
aimed for destruction are tagged by a small protein called ubiquitin. Proteins with
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Figure 2.4. The two different secondary protein structures

this marking will then be recognized and disassembled by proteasomes, which are
large hollow molecules complexes with cylindric shape [1]. The degradation of the
protein takes place inside a proteasome during a reaction driven by ATP. After
the degradation the protein has been broken down to peptides and the marking
protein ubiquitin has been released for recycling. The second primary degradation
of proteins in animal cells is done by lysosomes. These are organelles enclosed by
their own double membrane containing enzymes in an acid environment. Among
other things lysosomes take care of the breakdown of other organelles, and the
degrading of long-lived proteins. Unlike a proteasome, a lysosome also degrades
proteins without any special tagging [6]. Most plant and fungal cells lack lyso-
somes, instead they contain large (sometimes up to 90% of the cell volume) flexible
organelles called vacuoles (see Figure 2.5). Besides having functions somewhat
similar to a lysosome, the vacuoles also work as storages for nutrients and waste
products or as a system controlling the cell size [1].

Endoplasmic reticulum

All proteins are synthesized by ribosomes, but not all ribosomes are free-moving
macro molecules. Many are attached to the endoplasmic reticulum (ER), which is
a large organelle formed as a network of tubules and sacs that extends out from the
nucleus (see Figure 2.5). The whole ER is surrounded by a continuous membrane
which thereby encloses approximately 10% of the cell volume. The ER is divided
into two parts, the rough ER, on which ribosomes are attached, and the smooth ER.
Proteins synthesized by the membrane-bounded ribosomes are transported into the
ER. Here they are processed and then either retained or transported further to the
Golgi apparatus. Besides proteins the ER-membrane also assembles a large part of
the lipids which builds up the plasma membrane or membranes of other organelles,
e.g the mitochondria [6].

Golgi apparatus

The Golgi apparatus (also called Golgi complex ) is an organelle built of several
flattened membrane-enclosed sacs, or cisternae (see Figure 2.5). It receives proteins
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from the ER in small containers (vesicles) which the Golgi apparatus absorbs.
Well within the proteins are further processed and then targeted for their final
destination, for instance a lysosome or the plasma membrane [6].

Cytoskeleton

The part of the cell which gives it its mobility and support is the cytoskeleton.
This thread-like protein based structure consists of three main components. From
the centrosome located in the center of the cell close to the nucleus extends the
microtubules (see Figure 2.5). These hollow rods made of a protein called tubulin
are the thickest of the different parts of the cytoskeleton. The shape and move-
ment of the cell are both controlled by microtubules. The protein most of the
cytoskeleton is made of is actin which forms flexible fibers named actin filaments.
This structure is found at higher or lower concentrations at all places in the cell.
Actin filaments gives the cell support but are also involved in movement of the
cell. The third component of the cytoskeleton are intermediate filaments. This
kind of filament is built of several different proteins in contrast to the other two.
Intermediate filaments have mainly a supportive role in the eucaryotic cell [6].

Cytosol and cytoplasm

Contained within the plasma membrane and surrounding the nucleus, the cytoskele-
ton and all membrane-bounded organelles is the cytosol (see Figure 2.5). It makes
up a little more than half the cell volume and consists of, among other things, all
the free ribosomes and the proteasomes which make it the prime site for protein
synthesis and degradation. The cytosol together with the rest of the cell content
except the nucleus constitute the cytoplasm. [1].

2.3 From DNA to protein

While almost the complete description of the cell is stored as DNA within the
nucleus, the metabolism and other biochemical processes are handled outside the
nucleus. The way in which the enclosed DNA transfer its information to the rest
of the cell is mainly via protein synthesis. This is done in several steps. But to
understand the process it is a good idea to first take a closer look at how the
information is structured in a single strand DNA molecule.

Genes

The complete sequence of DNA in a cell or a living being is called its genome.
A gene is the part of a DNA-molecule that code for a specific protein or other
functional molecule, e.g., rRNA [6]. The human genome contains about 3.2 · 109

nucleotide pairs and approximately 30 000 genes. The DNA between the genes are
noncoding. Even in the genes segments of such DNA exist, called introns while the
coding sequences are called exons. Most of the DNA is noncoding, in case of the
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Figure 2.5. A schematic picture of an eucaryotic cell, the budding yeast cell (Saccha-
romyces cerevisiae), with some of its organelles.

human genome only 1.5 % of the DNA sequence are nucleotides belonging to exons.
Even though much of the noncoding DNA probably does not have any function,
some of it functions as regulatory DNA. This kind of DNA decides when and where
a gene should be activated, such control in form of gene regulation is decisive for
multicellular organisms [1].

Transcription

Protein synthesis consists mainly of two steps, transcription and translation. Dur-
ing the transcription phase a mRNA molecule is built. The gene in the DNA
strand coding for the protein being synthesized is used as a template. This pro-
cedure is done by a RNA polymerase inside the nucleus. After unwinding the
double-stranded DNA, the active site in the polymerase constructs a copy with nu-
cleotides in form of ribonucleotide triphosphates. The result is an mRNA molecule.
When an area of DNA has been worked up, the polymerase rewinds it. The tran-
scription procedure mentioned also works in the same way when the gene codes for
a nonprotein molecule. In that case the product is not mRNA but instead, in the
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Figure 2.6. Two genes as part of a DNA strand. Gene A could for instance be a gene
coding for a protein A, while gene B might code for ribosomal RNA.

case of RNA, the final molecule itself [1].

Figure 2.7. The first step in protein synthesis. A RNA polymerase constructing a mRNA
molecule by using one of the DNA strands as template.

Translation

During the second phase of protein synthesis, translation, ribosomes translate the
four letter alphabet of DNA/RNA to the 20 letter alphabet of amino acids. This
is done by reading nucleotide triplets, called codons. A combination of three nu-
cleotides which each can be one of four kinds, giving rise to 43 = 64 triplets, more
than enough for the amino acid alphabet. 61 of the different codons specify amino
acids, many amino acids are thus associated with more than one codon. The re-
maining three codons do not code for amino acids but act instead as stop signals
for the protein synthesis [6]. However, the ribosome is not able to build a polypep-
tide only from the mRNA molecule, another RNA molecule, transfer RNA (tRNA)
is also required. tRNA contains two principal areas, an anticodon and the corre-
sponding amino acid. The correct tRNA is selected by comparing its anticodon



2.4 The cell cycle 17

with the complementary codon of the mRNA. In this way the ribosome constructs
a chain of amino acids by removing them one at a time from every tRNA it han-
dles. A growing polypeptide chain is formed, and when finished a protein has been
synthesized [1].

Figure 2.8. The second step in protein synthesis. A ribosome constructing a polypeptide
from amino acids by reading a mRNA molecule.

Folding

Even as the synthesis takes place, the newly created polypeptide chain begins to
fold. Secondary structures, i.e α helices and β sheets, in different domains are
completed in an almost accurate way only seconds after a domain emerges from
the ribosome. However, the final correct form which gives the protein its tertiary
structure is not attained, instead the protein has a more open and flexible form,
molten globule. To obtain the tertiary structure the protein is assisted by a special
class of proteins called chaperons [1]. These molecules often act as stabilizers by
attaching to unstable parts of the polypeptide chain which is being created. When
the protein synthesis has been finished by the ribosome, the chaperones release the
protein and allows it to fold to its correct structure [6].

2.4 The cell cycle

To duplicate by cell division several stages must be accomplished by the cell during
the cell cycle. Since it is often crucial that one event does not take place before



18 Cell Biology

another one, the duplication process is monitored and controlled by the cell-cycle
control system [1].

Phases of the cell cycle

The cell cycle in eucaryotic cells can be divided into several different phases de-
pending on which event that takes place in the cell. The two major phases are
the S phase and the M phase. During S (synthesis) phase DNA is duplicated, and
during M (mitosis) phase cell division occurs. In a typical mammalian cell cycle,
which lasts approximately 24 hours, the S phase occupies close to half the time
while the M phase takes about one hour. The rest of the time is divided between
two gap phases, G1, after M phase before S phase, and G2, after S phase before M
phase. The gap phases give the cell extra time for, among other things, growth and
duplication of organelles. G1, S and G2 together constitute the interphase which
thus occupies more than 95% of the time in a cell cycle [1].

M phase

Like the division into four phases of the full cell cycle, a subdivision of the M phase
is usually made into several different phases. The result of DNA replication in S
phase of each chromosome is a tightly bound duplicated couple called sister chro-
matids. Early M phase, prophase, is characterized by the initiation of chromosome
condensation. During this stage each pair of sister chromatids starts to contract
and hence become visible if seen in a microscope [1]. At the same time the cen-
trosome separates into two copies. These move to opposite sides of the nucleus
and start to arrange their microtubules in a formation called a mitotic spindle.
This is followed by the prometaphase in which the nuclear envelope breaks down,
whereupon the microtubules attach to the sister chromatids. These are eventually
aligned in the center of the cell, an event that has taken the cell into metaphase
[6]. Separation of the sister chromatids occurs at anaphase during which they are
pulled in opposite directions toward respective centrosome. After arriving to the
centrosomes of the now separated sets of daughter chromosomes, they begin to
decondense and are enclosed by a new nuclear envelope. These events take place
during telophase. The so far five mentioned phases of the M phase all belong to
the stage of mitosis. However, this is followed by a final phase, called cytokinesis,
in which the cytoplasm divides in two and the cell eventually separates into two
daughter cells [1].

The cell-cycle control system

The mechanism that makes sure that the events in the cell cycle happen in the right
order is the cell-cycle control system. The regulation is often carried out by protein
kinases. These are enzymes that transfer the specific phosphate group from ATP
to a target protein. By such a protein phosphorylation, the target protein is either
activated or inactivated [3]. In order to perform the task of phosphorylation some
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protein kinases must first themselves be activated by forming a protein complex, a
dimer, with a protein called cyclin. Such a protein kinase is called a Cdk (Cyclin-
Dependent Kinase). Proteins with the task to initiate or regulate transcription in
eucaryotes are called transcription factors [1].

Genes that are associated with proteins crucial for cell division are called cdc
genes (Cell-Division-Cycle genes). These can be detected by mutations in the
genetic code. A mutated cdc gene can for instance make the cell remain in a
specific phase in the cell cycle [1].

2.5 The budding yeast cell

The budding yeast cell, Saccharomyces cerevisiae, is a single-celled eucaryote. The
species is since long well integrated in the human culture. Most people have come
in contact with this kind of yeast since it is used in ordinary baking and beer
brewing. From a genetic point of view it is also extremely important as a minimal
model for eucaryotic cells. With its approximately 6300 genes it has a genome size
much smaller than a mammal. Despite its small genome it still has all the essential
functions used to control the crucial events during the cell cycle [1].

As a member of the kingdom of fungi, the budding yeast cell is about equally
related to both plants and animals. Perhaps somewhat more similar to a plant
cell with its cell wall and vacuole, the budding yeast cell still lacks chloroplasts
(which take care of the photosynthesizes in plants). In a beneficial environment
the budding yeast cell reproduces almost as quickly as bacteria, another property
which makes it favorable for biological experiments [1].

The cell cycle and its regulation

The phases of the cell cycle in budding yeast are somewhat different from the same
in most eucaryotes, since it does not have a G1 phase. Instead the S phase and
the M phase are overlapping [1]. This means that a mitotic spindle is starting to
form even as DNA synthesis are taking place, without any obvious chromosome
condensation [4].

Another special characteristic for the budding yeast cell is its asymmetric cell
division. This begins with the initiation of a bud on the surface of the cell. When
the separation occurs the daughter cell will be smaller than the mother cell. This
requires the daughter cell to enter an extended G1 phase for growth until it can
begin budding of its own [4].

The Cdk which plays the biggest part in the cell cycle for budding yeast is
Cdc28. With proteins of either of two cyclin families, Cln1-3 or Clb1-6, it control
the main events during the cell cycle [4]. For instance, the dimer consisting of
Cln2/Cdc28 induce budding, Clb2/Cdc28 is necessary for proper completion of
mitosis and Clb5/Cdc28 controls DNA replication. Sic1, a CKI (Cdk inhibitor
protein) conjugates with some of the dimers and form a inactive complex [3]. While
SBF, Mcm1 and Swi5 all acts as transcription factors in the budding yeast cell
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cycle, yet another Cdk, Cdc20, seems to play a role in unfinished DNA replication
[4].



Chapter 3

System Identification

A main principle in system identification is to measure input and output signals
from a system. From this set of data a model of the system is then to be estimated.
In Section 3.1 the structure of the model chosen for the problem is presented.
Sections 3.2 – 3.5 deal with two methods of estimating a linear model of this
structure while the last section, 3.6, describes a nonlinear model.

3.1 The linear state-space model

A common model used for describing a dynamic system is the state-space model.
An n-th order state-space model with m inputs, p outputs and without any distur-
bances is given as

ẋ(t) = f(x(t), u(t))
y(t) = h(x(t), u(t))

(3.1)

where the number of states are equal to the order of the model n. A special case
of (3.1) is when f and h are linear functions. We can then write

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

(3.2)

where u(t), x(t) and y(t) are column vectors of size m, n and p respectively.

x(t) =




x1(t)
x2(t)

...
xn(t)


 u(t) =




u1(t)
u2(t)

...
um(t)


 y(t) =




y1(t)
y2(t)

...
yp(t)


 (3.3)

x(t) is the states, ẋ(t) the time derivative of the states, u(t) the inputs and y(t)
the outputs.
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A, B, C and D are matrices

A =




a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

an1 an2 . . . ann


 B =




b11 b12 . . . b1m

b21 b22 . . . b2m

...
...

. . .
...

bn1 bn2 . . . bnm




C =




c11 c12 . . . c1n

c21 c22 . . . c2n

...
...

. . .
...

cp1 cp2 . . . cpn


 D =




d11 d12 . . . d1m

d21 d22 . . . d2m

...
...

. . .
...

dp1 dp2 . . . dpm




(3.4)

where all matrices elements are constants, since the model is linear and time in-
variant.

Output signals from a system in which the input signals can not be observed
are often called time series [9]. If an estimated model from such outputs is to be
described on continuous state-space form we set u(t) = 0. Then (3.2) becomes

ẋ(t) = Ax(t)
y(t) = Cx(t)

(3.5)

where the vectors are the same as in (3.3) and the matrices are equal to those in
(3.4). In the case when all states are measured they are considered to be the same
as the output signals, the C-matrix in (3.4) will be equal to the identity matrix

I =




1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1


 (3.6)

and hence (3.5) becomes

ẋ(t) = Ax(t)
y(t) = x(t)

(3.7)

The system in (3.7) is now an observable state-space model for time-series [7]. A
system is observable according to [8] if the matrix

O(A,C) =




C
CA
...

CAn−1


 (3.8)

has full rank, i.e., all rows in the matrix are linearly independent. In (3.8) A and C
are the same as in (3.7). A system in observable canonical form is always observable
since C = I [8].
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The model (3.7) is especially suitable if the system is a set of k linear first order
differential equations

ẏ1(t) = λ11y1(t) + λ12y2(t) + . . . + λ1kyk(t)
ẏ2(t) = λ21y1(t) + λ22y2(t) + . . . + λ2kyk(t)

...
ẏk(t) = λk1y1(t) + λk2y2(t) + . . . + λkkyk(t)

(3.9)

where the time derivative ẏi(t) is a function of all variables y1(t), y2(t), . . . yk(t).
Depending on the value of λij the variable yj(t) has a bigger or lesser influence on
ẏi(t).

The system (3.9) can easily be represented as the state-space model (3.7) by
letting each coefficient λij be represented by the corresponding element aij in the
A-matrix.

3.2 Parameter estimation with subspace methods

One way to estimate the linear time invariant state-space model (3.2) is with sub-
space algorithms. With these methods the state sequence, i.e., the vector x(t), is
determined first from the input vectors u(t) and the output vectors y(t) generated
by the unknown system. To determine the matrices A, B, C and D will then be a
linear least-squares problem. Subspace algorithms are non-iterative methods com-
pared to more classical identification algorithms in which the system matrices are
determined first and then the state sequence [5]. Since the theory behind subspace
methods is quite comprehensive we will not further discuss it here. More about
subspace identification algorithms can be found in [5] and [10].

In the System Identification Toolbox in Matlab a variant of a subspace method
is implemented called N4SID (Numerical algorithms for Subspace State Space Sys-
tem IDentification). This tool will provide us with one of the methods of estimation
used in Chapter 5.

3.3 The AR/ARX-model

When dealing with a system with a large and complicated structure, or perhaps
unknown physical properties, a common approach is to use a so called ready-made
model. The only knowledge required about the system will be the approximate
order (size) of it. This knowledge is then used to find an appropriate model from
a set of standard models. These models are also known as black-box models, since
the system they try to describe is unknown and the models are built only from,
part from the order, what goes into the system and what comes out.
Since data used for identification of systems are almost always given as a set of
samples, it is convenient to work with black-box models in discrete time. Con-
sider a linear difference equation (which is the discrete counterpart to a differential
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???input output

Figure 3.1. The black-box model

equation) describing a system with a single input and a single output (a scalar
system).

y(t) + a1y(t − 1) + . . . + ana
y(t − na) = b1u(t − nk) + . . . + bnb

u(t − nb) (3.10)

In (3.10) y(t−k) are output signals and na is the number of time delays of the most
distant previous output still affecting the system. Analogous, u(t − k) are input
signals, and nb is the number of time delays of the most distant previous input. nk

is the number of time delays of the most recent previous input signal affecting the
system. The fact that previous outputs and inputs still affect the system makes it
a dynamic system. If both na and nb were zero the system would instead be static.

A more compact way to write (3.10) would be to use the shift-operator q−k

which delays a signal k steps. Hence (3.10) can be written as

A(q)y(t) = B(q)u(t) (3.11)

where

A(q) = 1 + a1q
−1 + . . . + ana

q−na

B(q) = b1q
−nk + . . . + bnb

q−nb

Quite often there is some form of disturbance on the system. This can be modelled
as an incoming signal e(t) in which case (3.11) becomes

A(q)y(t) = B(q)u(t) + e(t) (3.12)

(3.12) is called an ARX-model (Auto Regression, A(q)y(t), with eXternal input,
B(q)u(t)) [12]. The disturbance e(t) is often modelled by white noise which is a
signal with spectrum Φe(ω) equal identical to a constant matrix R

Φe(ω) ≡ R (3.13)

where ω is the angular frequency. This means, if e(t) is a stationary stochastic
process, that the process is a sequence of uncorrelated stochastic variables, with
mean zero [8]. If a model of a system generating a time series is desired the extra
input, u(t), is set to zero in (3.12).

A(q)y(t) = e(t) (3.14)

Expression (3.14) is called an AR-model.
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It is possible to simulate a multioutput model with an AR-structure. Consider
a model with p outputs and na = 1

y1(t) + a11y1(t − 1) + a12y2(t − 1) + . . . + a1pyp(t − 1) = e1(t)
y2(t) + a21y1(t − 1) + a22y2(t − 1) + . . . + a2pyp(t − 1) = e2(t)

...
yp(t) + ap1y1(t − 1) + ap2y2(t − 1) + . . . + appyp(t − 1) = ep(t)

(3.15)

(3.15) can be written as

y(t) + AARy(t − 1) = e(t) (3.16)

where

y(t) =




y1(t)
y2(t)

...
yp(t)


 y(t − 1) =




y1(t − 1)
y2(t − 1)

...
yp(t − 1)




AAR =




a11 a12 . . . a1p

a21 a22 . . . a2p

...
...

. . .
...

ap1 ap2 . . . app


 e(t) =




e1(t)
e2(t)

...
ep(t)




Instead of looking at how previous outputs affect the present signals, one can look
at how the present signals affect future outputs by rewriting (3.16) as

y(t + 1) + AARy(t) = e(t + 1) (3.17)

which is the same as
y(t + 1) = −AARy(t) + e(t + 1) (3.18)

If a time continuous model is desired instead of time discrete one, (3.18) must be
transformed. Assume that the time continuous model is the state-space model (3.7)

ẋ(t) = Ax(t) (3.19)

When sampled with the interval T it is required that (3.19) becomes (3.18). The
transformation from discrete to continuous time is done by solving the equation [8]

eAT = −AAR (3.20)

If a solution exists to (3.20) it is

A =
ln(−AAR)

T
(3.21)

(3.21) in (3.19) gives

ẋ(t) =
ln(−AAR)

T
x(t) (3.22)

which is a time continuous, linear and time invariant state-space model.
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3.4 Parameter estimation with linear regression

Before the model (3.22) can be obtained the parameters in the AAR matrix must
be estimated. This can be made with linear regression. The prediction of y(t) is
then written as

ŷ(t|θ) = θT ϕ(t) (3.23)

In the case of the general ARX-model (3.12) θ, which contains the unknown pa-
rameters, and ϕ(t), which contains the regressors, are given as

θ =




a1

...
ana

b1

...
bnb




ϕ(t) =




−y(t − 1)
...

−y(t − na)
u(t − nk)

...
u(t − nk − nb + 1)




(3.24)

In the case of the model (3.16) θ and ϕ(t) instead becomes

θ = AT
AR ϕ(t) =




−y1(t − 1)
...

−yp(t − 1)


 (3.25)

The prediction for (3.16) is thus

ŷ(t|AAR) = −AAR y(t − 1) (3.26)

At time t it is possible to validate the correctness of (3.23) by calculating the
prediction error

ε(t, θ) = y(t) − ŷ(t|θ) (3.27)

and then choose the θ that minimizes the least-squares criterion

VN (θ) =
1
N

N∑
t=1

ε2(t, θ) (3.28)

which is

θ̂N = arg min
θ

VN (θ) (3.29)

where N are the number of samples. (3.23) in (3.27) gives

ε(t, θ) = y(t) − θT ϕ(t) (3.30)
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The minimization criterion (3.28) can then be written as (found in [12])

VN (θ) =
1
N

N∑
t=1

(y(t) − θT ϕ(t))2

=
1
N

N∑
t=1

y2(t) − 1
N

N∑
t=1

2θT ϕ(t)y(t) +
1
N

N∑
t=1

θT ϕ(t)ϕT (t)θ

=
1
N

N∑
t=1

y2(t) − 2θT fN + θT RNθ (3.31)

where

fN =
1
N

N∑
t=1

ϕ(t)y(t)

RN =
1
N

N∑
t=1

ϕ(t)ϕT (t)

If RN is nonsingular, (3.31) can be written as

VN (θ) =
1
N

N∑
t=1

y2(t) − fT
NR−1

N fN + (θ − R−1
N fN )T RN (θ − R−1

N fN ) (3.32)

which is minimized by the estimate

θ = θ̂N = R−1
N fN (3.33)

since RN is positive definite [12], i.e.,

xT RNx > 0

where x is a non zero vector. The last term in (3.32) is hence positive.

3.5 Converting a time series model to an I/O model

It is sometimes more practical to examine the time series model (3.7) as an in-
put/output model

ẋ(t) = Ax(t) + Bu(t)
y(t) = x(t)

(3.34)

This can be done by selecting some of the output signals and look at them as input
signals. Consider again an AR-model with p outputs and na = 1 as (3.15). One
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could for instance only be interested in output yi(t), in which case all other output
signals would be modelled as input signals.

yi(t) + aiiyi(t − 1) = −ai1y1(t − 1) − . . . − ai(i−1)yi−1(t − 1)−
ai(i+1)yi+1(t − 1) − . . . − aipyp(t − 1) + ei(t)

(3.35)

which is the same as an ARX-model with na = nb = nk = 1

yi(t) + aiiyi(t − 1) = bi1u1(t − 1) + . . . + bimum(t − 1) + ei(t) (3.36)

The number of input signals m will be equal to p − 1 since the signal i is missing
on the righthand side in (3.35).

If the procedure above is carried out for all output signals a vector with p rows
and a matrix of size p x m will be obtained.

aARX =




a11

a22

...
app


 BARX =




b11 b12 . . . b1m

b21 b22 . . . b2m

...
...

. . .
...

bp1 bp2 . . . bpm


 (3.37)

Let the values of aARX replace the diagonal in an identity matrix of size p so that

a∗
ARX =




a11 0 . . . 0
0 a22 . . . 0
...

...
. . .

...
0 0 . . . app


 (3.38)

and transform the matrix BARX by shifting its upper triangular part one column
to the right so that the new diagonal will contain only zeros

B∗
ARX =




0 b11 b12 . . . b1m

b21 0 b22 . . . b2m

b31 b32 0 . . . b3m

...
...

...
. . .

...
bp1 bp2 . . . bpm 0




(3.39)

Subtracting (3.39) from (3.38) yields

a∗
ARX − B∗

ARX =




a11 −b11 −b12 . . . −b1m

−b21 a22 −b22 . . . −b2m

−b31 −b32 a33 . . . −b3m

...
...

...
. . .

...
−bp1 −bp2 . . . −bpm app




= AARX (3.40)

The matrix AARX above contains the same structure of parameters as AAR in
(3.16), only seen from another point of view.
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3.6 The NARX-model

If we instead of letting old values enter the prediction linearly as in (3.23), use a
predictor consisting of a nonlinear function g of the old values

ŷ(t) = g(y(t − 1), . . . , y(t − na), u(t − nk), . . . , u(t − nk − nb − 1)) (3.41)

we get a NARX-model (Nonlinear ARX) [12]. We can think of (3.41) as

ŷ(t) = g(ϕ(t)) (3.42)

where ϕ(t) could be the same vector as in (3.23). Often the function g is parame-
terized in θ

ŷ(t|θ) = g(ϕ(t), θ) (3.43)

The task then becomes to estimate the vector θ, but before that we must decide
how to choose the function g. A common choice is to construct g as an expansion
of base functions gk

g(ϕ(t), θ) =
d∑

k=1

αkgk(ϕ(t)) (3.44)

If we choose gk(ϕ(t)) to be

gk(ϕ(t)) = κ(βk(ϕ(t) − γk)) (3.45)

we have the general form for an ANN (Artificial Neural Network)

ŷ(t|θ) =
d∑

k=1

αkκ(βk(ϕ(t) − γk)) (3.46)

The base function κ(x) can for instance be chosen as a unit pulse

κ(x) =
{

1, if |x| < 1
0, else (3.47)

or a step function

κ(x) =
{

0, if x < 0
1, else (3.48)

A common choice instead of (3.48), is to use the sigmoid function σ(x) which makes
a softer transition from 0 to 1

κ(x) = σ(x) =
1

1 + e−x
(3.49)

For a more extensive introduction to nonlinear black-box models see for instance
[12].
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Chapter 4

Mathematical Model of the
Budding Yeast Cell Cycle

It is not possible to make a model of a system without any information of its
behavior. Data of some form is always required. Data is usually collected from
measurements on the system, but in this case it will be extracted from computer
simulations on a model regarded as fairly accurate compared to the real system,
i.e., the budding yeast cell. By doing this, methods appropriate for estimation of
models from real measurement data can be investigated.

In this chapter a model of a biological system will first be presented. The state
variables will be selected and the system is then solved. The goal is to attain a
stable cell cycle, i.e., a cycle which generates such initial conditions that the next
cycle is identical to the previous one. The solutions to the state variables will be
plotted to give an idea of the behavior of the system. Knowledge from these plots
will be used in Chapter 6 where a model of the system is estimated.

4.1 The model by K.C. Chen et al.

In the article Kinetic Analysis of a Molecular Model of the Budding Yeast Cell
Cycle by K.C. Chen et al [4] a mathematical model of the budding yeast cell cycle
in form of a set of 13 ordinary differential equations with associated static relations
is presented. Since that model is the one used to generate the data to be identified
it is presented in this section. However, for complete explanations regarding the
model and more details see [4]. The simplifications and approximations in model
versus reality made by K. C. Chen et al. are not either dealt with here, see instead
the article referred to. The science team behind the model in [4] is changing the
model gradually when more knowledge is achieved. A somewhat extended model
is for instance found in [3].

On the following pages the model is described as it was published in [4]
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Symbols: V = rate functions, k = rate constant, J = Michaelis constant.
Subscripts: s = synthesis, d = degradation, a = activation, i = inactivation, as =
association, di = dissociation, T = total.

Equations governing cyclin-dependent kinases

d

dt
[Cln2] = (k′

s,n2 + k′′
s,n2[SBF ])mass − kd,n2[Cln2] (4.1a)

d

dt
[Clb2]T = (k′

s,b2 + k′′
s,b2[Mcm1])mass − Vd,b2[Clb2]T (4.1b)

Vd,b2 = k′
d,b2([Hct1]T − [Hct1]) + k′′

d,b2[Hct1] + k′′
d,b2[Cdc20] (4.1c)

d

dt
[Clb5]T = (k′

s,b5 + k′′
s,b5[MBF ])mass − Vd,b5[Clb5]T (4.1d)

Vd,b5 = k′
d,b5 + k′′

d,b5[Cdc20] (4.1e)

[Bck2] = [Bck2]0mass (4.1f)

[Cln3]∗ = [Cln3]max
Dn3 mass

Jn3 + Dn3 mass
(4.1g)

[Clb2]T = [Clb2] + [Clb2/Sic1] (4.1h)
[Clb5]T = [Clb5] + [Clb5/Sic1] (4.1i)
[Sic1]T = [Sic1] + [Clb2/Sic1] + [Clb5/Sic1] (4.1j)

Equations governing the inhibitor of Clb-dependent kinases

d

dt
[Sic1]T = k′

s,c1 + k′′
s,c1[Swi5] −

(
k′

d1,c1 +
Vd2,c1

Jd2,c1 + [Sic1]T

)
[Sic1]T (4.2a)

d

dt
[Clb2/Sic1] = kas,b2[Clb2][Sic1]−(

kdi,b2 + Vd,b2 + kd1,c1 +
Vd2,c1

Jd2,c1 + [Sic1]T

)
[Clb2/Sic1] (4.2b)

d

dt
[Clb5/Sic1] = kas,b5[Clb5][Sic1]−(

kdi,b5 + Vd,b5 + kd1,c1 +
Vd2,c1

Jd2,c1 + [Sic1]T

)
[Clb5/Sic1] (4.2c)

Vd2,c1 = kd2,c1(εc1,n3[Cln3]∗ + εc1,k2[Bck2] + [Cln2]+
εc1,b5[Clb5] + εc1,b2[Clb2]) (4.2d)
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Equations governing the Clb degradation machinery

d

dt
[Cdc20]T = (k′

s,20 + k′′
s,20[Clb2]) − kd,20[Cdc20]T (4.3a)

d

dt
[Cdc20] = ka,20([Cdc20]T − [Cdc20]) − (Vi,20 + kd,20)[Cdc20] (4.3b)

Vi,20 =
{

k′
i,20, for END M + 12 min < t < START S

k′′
i,20, for START S < t < END M (4.3c)

d

dt
[Hct1] =

(k′
a,t1 + k′′

a,t1[Cdc20])[Hct1]T − [Hct1]
Ja,t1 + [Hct1]T − [Hct1]

− Vi,t1[Hct1]
Ji,t1 + [Hct1]

(4.3d)

Vi,t1 = k′
i,t1 + k′′

i,t1([Cln3]∗ + εi,t1,n2[Cln2] + εi,t1,b5[Clb5]+

εi,t1,b2[Clb2]) (4.3e)

Equations for growth, DNA synthesis, budding and spindle formation

d

dt
mass = µ mass (4.4a)

d

dt
[ORI] = ks,ori(Clb5 + εori,b2[Clb2]) − kd,ori[ORI] (4.4b)

d

dt
[BUD] = ks,bud([Cln2] + [Cln3]∗ + εbud,b5[Clb5]) − kd,bud[BUD] (4.4c)

d

dt
[SPN ] = ks,spn

[Clb2]
Jspn + [Clb2]

− kd,spn[SPN ] (4.4d)

Equations governing transcription factors

[SBF ] = [MBF ] = G(Va,sbf , k′
i,sbf + k′′

i,sbf [Clb2], Ja,sbf , Ji,sbf ) (4.5a)

Va,sbf = ka,sbf ([Cln2] + εsbf,n3([Cln3]∗ + [Bck2]) + εsbf,b5[Clb5]) (4.5b)
[Mcm1] = G(ka,mcm[Clb2], ki,mcm, Ja,mcm, Ji,mcm) (4.5c)
[Swi5] = G(ka,swi[Cdc20], k′

i,swi + k′′
i,swi[Clb2], Ja,swi, Ji,swi) (4.5d)

START S is the time when [ORI] = 1, and END M when [SPN ] = 1. For start
START S < t < END M, there is a strong inhibitory signal on Cdc20 (Vi,20 = 10).
Once the cell reaches metaphase (t = END M), Vi,20 = 10 drops linearly from 10
to 0.1 over 12 min. Thereafter, Vi,20 = 0.1 until the start of the next S phase.

G(Va, Vi, Ja, Ji) is the Goldbeter-Koshland function

G(Va, Vi, Ja, Ji) =
2γ

β +
√

β2 − 4αγ
(4.6)

where

α = Vi − Va

β = Vi − Va + VaJi + ViJa

γ = VaJi



34 Mathematical Model of the Budding Yeast Cell Cycle

The values for the parameters in (4.1) – (4.5) are also from [4], they are presented
in Table 4.1.

Rate constants (min−1)
k′

s,n2 = 0 k′′
s,n2 = 0.05 kd,n2 = 0.1

k′
s,b2 = 0.002 k′′

s,b2 = 0.05
k′

d,b2 = 0.01 k′′
d,b2 = 2 k′′′

d,b2 = 0.05
k′

s,b5 = 0.006 k′′
s,b5 = 0.02 k′

d,b5 = 0.1 k′′
d,b5 = 0.25

k′
s,c1 = 0.02 k′′

s,c1 = 0.1 kd1,c1 = 0.01 kd2,c1 = 0.3
kas,b2 = 50 kas,b5 = 50 kdi,b2 = 0.05 kdi,b5 = 0.05
k′

s,20 = 0.005 k′′
s,20 = 0.06 kd,20 = 0.08

ka,20 = 1 k′
i,20 = 0.1 k′′

i,20 = 10
k′

a,t1 = 0.04 k′′
a,t1 = 2 k′

i,t1 = 0 k′′
i,t1 = 0.64

ks,ori = 2 ks,bud = 0.3 ks,spn = 0.08
kd,ori = 0.06 kd,bud = 0.06 kd,spn = 0.06
ka,sbf = 1 ka,mcm = 1 ka,swi = 1
k′

i,sbf = 0.5 k′′
i,sbf = 6 k′

i,swi = 0.3 k′′
i,swi = 0.2

ki,mcm = 0.15 µ = 0.005776
Characteristic concentrations (dimensionless)
[Cln3]max = 0.02 [Bck]0 = 0.0027 [Hct1]T = 1
Jspn = 0.2 Jd2,c1 = 0.05
Ja,sbf = 0.01 Ji,sbf = 0.01 Ja,mcm = 1 Ji,mcm = 1
Ja,swi = 0.1 Ji,swi = 0.1 Ja,t1 = 0.05 Ji,t1 = 0.05

Kinase efficiencies (dimensionless)
εc1,n3 = 20 εc1,k2 = 2 εc1,b2 = 0.067 εc1,b5 = 1
εi,t1,n2 = 1 εi,t1,b2 = 1 εi,t1,b5 = 0.5
εori,b2 = 0.4 εbud,b5 = 1 εsbf,n3 = 75 εsbf,b5 = 0.5

Other parameters (dimensionless)
f = 0.433 Jn3 = 6 Dn3 = 1

Table 4.1. The kinetic constants belonging to the budding yeast cell model (4.1) – (4.5)

4.2 Implementation of the cell model

Before implementation of the budding yeast cell model in Matlab a couple of
matters must first be considered. To begin with it must be decided how the state
variables should be chosen so the system can be represented in state-space form,
next we must find some reasonable initial conditions.
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4.2.1 The yeast cell cycle on state-space form

First we choose the states for our state-space model in such a way that each state
represents a variable governed by a differential equation. The selection of states is
done according to (4.7) which is the same order as the derivatives appear in (4.1)
– (4.5).

x1(t) = [Cln2]
x2(t) = [Clb2]T
x3(t) = [Clb5]T
x4(t) = [Sic1]T
x5(t) = [Clb2/Sic1]
x6(t) = [Clb5/Sic1]
x7(t) = [Cdc20]T
x8(t) = [Cdc20]
x9(t) = [Hct1]

x10(t) = mass

x11(t) = [ORI]
x12(t) = [BUD]
x13(t) = [SPN ]

(4.7)

The nonlinear system (4.1) – (4.5) is then simplified by inserting the static equations
in the differential equations. It is now easy to investigate the cell cycle system on
state-space form. If we at first do not consider the exact relations but instead focus
on the dependence between the state variables we get

ẋ1 = f1(x1, x2, x3, x5, x6, x10) (4.8a)
ẋ2 = f2(x2, x5, x8, x9, x10) (4.8b)
ẋ3 = f3(x1, x2, x3, x5, x6, x8, x10) (4.8c)
ẋ4 = f4(x1, x2, x3, x4, x5, x6, x8, x10) + k′

s,c1 (4.8d)

ẋ5 = f5(x1, x2, x3, x4, x5, x6, x8, x9, x10) (4.8e)
ẋ6 = f6(x1, x2, x3, x4, x5, x6, x8, x10) (4.8f)
ẋ7 = f7(x2, x5, x7) + k′

s,20 (4.8g)

ẋ8 = f8(x7, x8) (4.8h)
ẋ9 = f9(x1, x2, x3, x5, x6, x8, x9, x10) (4.8i)

ẋ10 = f10(x10) (4.8j)
ẋ11 = f11(x2, x3, x5, x6, x11) (4.8k)
ẋ12 = f12(x1, x3, x6, x10, x12) (4.8l)
ẋ13 = f13(x2, x5, x13) (4.8m)
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There is an uneven degree of dependence; while some derivatives depend on eight or
nine state variables, others depend on very few, for instance the mass, x10, which is
only dependent on itself. Two differential equations, governing x4 and x7, contains
constants.

Let us now insert the parameter values from Table 4.1 and extend the functions
f1 – f13 in 4.8. We get the following nonlinear differential equation system
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ẋ1 = −0.1x1 + 0.05x10 GSBF (x1, x2, x3, x5, x6, x10) (4.9a)
ẋ2 = −0.01x2 + 0.002x10 − 0.05x2x8 − 1.99x2x9+

0.05x10 GMcm1(x2, x5) (4.9b)
ẋ3 = −0.1x3 + 0.006x10 − 0.25x3x8+

0.02x10 GSBF (x1, x2, x3, x5, x6, x10) (4.9c)

ẋ4 = 0.02 − 0.01x4 + 0.1 GSwi5(x2, x5, x8) − 0.3
x1x4

0.05 + x4
−

0.0201
x2x4

0.05 + x4
− 0.3

x3x4

0.05 + x4
+ 0.0201

x4x5

0.05 + x4
+

0.3
x4x6

0.05 + x4
− 0.0016

x4x10

0.05 + x4
− 0.12

x4x10

(0.05 + x4)(6 + x10)
(4.9d)

ẋ5 = −0.07x5 + 50x2x4 − 50x2x5 − 50x2x6 − 50x4x5 + 50x2
5+

50x5x6 − 0.05x5x8 − 1.99x5x9 − 0.3
x1x5

0.05 + x4
−

0.0201
x2x5

0.05 + x4
− 0.3

x3x5

0.05 + x4
+ 0.0201

x2
5

0.05 + x4
+

0.3
x5x6

0.05 + x4
− 0.0016

x5x10

0.05 + x4
− 0.12

x5x10

(0.05 + x4)(6 + x10)
(4.9e)

ẋ6 = −0.16x6 + 50x3x4 − 50x3x5 − 50x3x6 − 50x4x6 + 50x5x6+

50x2
6 − 0.25x6x8 − 0.3

x1x6

0.05 + x4
−

0.0201
x2x6

0.05 + x4
− 0.3

x3x6

0.05 + x4
+ 0.0201

x5x6

0.05 + x4
+

0.3
x2

6

0.05 + x4
− 0.0016

x6x10

0.05 + x4
− 0.12

x6x10

(0.05 + x4)(6 + x10)
(4.9f)

ẋ7 = 0.005 + 0.06x2 − 0.06x5 − 0.08x7 (4.9g)

ẋ8 =




x7 − 1.18x8, END M + 12 min < t < START S
x7 − 11.08x8, START S < t < END M
x7 − (11.08 + 9.9

12 τ)x8, END M < t < END M + 12 min
(4.9h)

ẋ9 = 0.04
1

1.05 − x9
+ 2

x8

1.05 − x9
− 0.04

x9

1.05 − x9
− 2

x8x9

1.05 − x9
−

0.64
x1x9

0.05 + x9
− 0.64

x2x9

0.05 + x9
− 0.32

x3x9

0.05 + x9
+

0.64
x5x9

0.05 + x9
+ 0.32

x6x9

0.05 + x9
− 0.0128

x9x10

(0.05 + x9)(6 + x10)
(4.9i)

ẋ10 = 0.0058x10 (4.9j)
ẋ11 = 0.8x2 + 2x3 − 0.8x5 − 2x6 − 0.06x11 (4.9k)

ẋ12 = 0.3x1 + 0.3x3 − 0.3x6 − 0.06x12 + 0.006
x10

6 + x10
(4.9l)

ẋ13 = −0.06x13 + 0.08
x2

0.2 + x2 − x5
− 0.08

x5

0.2 + x2 − x5
(4.9m)
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where GSBF , GMcm1 and GSwi5 in (4.9a) – (4.9d) are the Goldbeter-Koshland
function described by (4.6). τ in (4.9h) is the relative time with start at t =
END M.

4.2.2 Initial conditions for a wild type daughter cell

Since all the initial conditions for (4.1) – (4.5) are not really clear from [4], some
will have to be estimated from figures in the article mentioned. However, since
it is not the first cycle, the one were a bud first emerges from a daughter cell,
we are interested in but instead the cycle describing a cell which has divided a
large number of times, the first initial conditions do not need to be exact. From
text, tables and figures in [4] we gather the approximate initial conditions, when
t = 0, for a newly budded daughter cell of wild type, i.e a cell without genetic
manipulations

x1,d(0) = [Cln2] = 0.01
x2,d(0) = [Clb2]T = 0.2
x3,d(0) = [Clb5]T = 0.1
x4,d(0) = [Sic1]T = 0.05
x5,d(0) = [Clb2/Sic1] = 0.05
x6,d(0) = [Clb5/Sic1] = 0.05
x7,d(0) = [Cdc20]T = 0.6
x8,d(0) = [Cdc20] = 0.6
x9,d(0) = [Hct1] = 0.5

x10,d(0) = mass = 0.71
x11,d(0) = [ORI] = 21.5
x12,d(0) = [BUD] = 0
x13,d(0) = [SPN ] = 0

(4.10)

4.3 Solutions to the cell cycle system

Let us now implement (4.9) in Matlab together with the initial conditions (4.10)
and solve the system using the ordinary differential equation solver ode45. Fig-
ures 4.1 to 4.4 show four cell cycles. Each figure contains the solutions to four
state variables. Figure 4.1 contains x1 – x3, the state variables associated with
cyclin-dependent kinases (4.1). Figure 4.2 contains x4 – x6, the state variables
associated with the inhibitor of Clb-dependent kinases (4.2). Figure 4.3 contains
x7 – x9, the state variables associated with the Clb degradation machinery (4.3).
Figure 4.4 contains x11 – x13, the state variables associated with DNA synthesis,
budding and spindle formation (4.4). Each figure also contains the state variable
for mass growth, x10, dashed in all figures. This variable makes it easy to see where
a cell division occurs. We note the extra long initial cycle in each figure, a newly
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Figure 4.1. Solutions to x1 (solid), x2 (dash-dotted), x3 (dotted) and the mass growth
x10 (dashed) during four cycles with initial conditions given by (4.10).
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Figure 4.2. Solutions to x4 (solid), x5 (dash-dotted), x6 (dotted) and the mass growth
x10 (dashed) during four cycles with initial conditions given by (4.10).
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Figure 4.3. Solutions to x7 (solid), x8 (dash-dotted), x9 (dotted) and the mass growth
x10 (dashed) during four cycles with initial conditions given by (4.10).
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Figure 4.4. Solutions to x11 (solid), x12 (dash-dotted), x13 (dotted) and the mass growth
x10 (dashed) during four cycles with initial conditions given by (4.10).
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budded daughter cell needs more time to give rise to a bud of its own due to the
asymmetric division of the budding yeast cell. Also the second cycle differs in some
aspects from the rest, but already after two cycles the system seems to generate
stable, i.e., identical cycles. The length of the four cell cycles in Figures 4.1 – 4.4
are 144, 103, 100 and 98 minutes respectively, this can be compared with the corre-
sponding cycle lengths of 146, 101, 99 and 98 minutes given in [4]. The differences
in cycle time probably depend on different initial conditions.

Since we are interested in estimation from data generated by a stable cycle,
initial conditions which produce such a cycle must be found. This is done by solving
system (4.9) for a large number of cycles, and then extract the initial conditions
for a stable cycle. As seen in Figures 4.1 – 4.4 the system produces a fairly stable
cycle only after a couple of cell divisions. Initial conditions for a stable cycle with
a cycle time of 97 minutes are

x1(0) = [Cln2] = 0.0045
x2(0) = [Clb2]T = 0.3576
x3(0) = [Clb5]T = 0.0647
x4(0) = [Sic1]T = 0.0856
x5(0) = [Clb2/Sic1] = 0.0634
x6(0) = [Clb5/Sic1] = 0.0114
x7(0) = [Cdc20]T = 0.9910
x8(0) = [Cdc20] = 0.4983
x9(0) = [Hct1] = 0.7994

x10(0) = mass = 0.9706
x11(0) = [ORI] = 18.5983
x12(0) = [BUD] = 0
x13(0) = [SPN ] = 0

(4.11)

With (4.11) a stable cycle is found and we can look at the solutions for each state
variable in Figures 4.5 – 4.17. Since these figures together with the data used
to build them really are all the available information given for the attempt to
reconstruct the relations in (4.9), their importance should not be underestimated.
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Figure 4.5. Solution to the state variable x1, during a stable cycle with initial conditions
according to (4.11)

0 10 20 30 40 50 60 70 80 90 100
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

time (minutes)

Figure 4.6. Solution to the state variable x2, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.7. Solution to the state variable x3, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.8. Solution to the state variable x4, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.9. Solution to the state variable x5, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.10. Solution to the state variable x6, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.11. Solution to the state variable x7, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.12. Solution to the state variable x8, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.13. Solution to the state variable x9, during a stable cycle with initial conditions
according to (4.11)
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Figure 4.14. Solution to the state variable x10, during a stable cycle with initial condi-
tions according to (4.11)
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Figure 4.15. Solution to the state variable x11, during a stable cycle with initial condi-
tions according to (4.11)
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Figure 4.16. Solution to the state variable x12, during a stable cycle with initial condi-
tions according to (4.11)
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Figure 4.17. Solution to the state variable x13, during a stable cycle with initial condi-
tions according to (4.11)
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Chapter 5

Parameter Estimation in a
Simple Cell Cycle System

Before starting to examine how well a linear model fits the budding yeast cell system
(4.9) it seems reasonable to first try the approach on a less complex system. In
this chapter a very simple cell system will be constructed. To begin with, the
system will be linear, but will then be modified to a nonlinear system. This will
give us the opportunity to investigate step by step how nonlinear relations affect
the system. Two linear approaches will be tried out; N4SID and AR/ARX. Since
the amount of data used for modelling biological systems is often very sparse, the
affect of sample-rate dependence will be dealt with in the first part of the chapter.
In the second half the cell cycle will be divided into several time intervals upon
which local linear models are built.

5.1 A simple cell system

To make it possible to easily draw relevant conclusions from the respective estima-
tion method the simple cell should meet two requirements:

1. It should be as simple as possible.

2. It should have some biological relevance.

The first item means that the equations making up the cell model should be few,
in fact as few as possible. The simplest system would be one containing only one
equation

ẋ1 = λ1x1 (5.1)

However, (5.1) is not satisfactory. A dependence from another equation should
exist since that is the case in (4.9). Therefore an extended system (5.2) with two
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equations is suitable.

ẋ1 = λ11x1 + λ12x2

ẋ2 = λ21x1 + λ22x2

(5.2)

However, this model could be simplified (it is even a good idea to do so from
another aspect, which will be explained below) if λ12 is set to zero in (5.2) so that
x1 will be independent of x2,

ẋ1 = λ11x1

ẋ2 = λ21x1 + λ22x2

(5.3)

The second item means in this case that the simple cell model should be somewhat
similar to the model in [4] from a biological point of view. By letting the λij :s
in (5.3) obtain values of a magnitude agreeable with them in [4] the solutions to
(5.3) would be in the same range and the evaluation of the N4SID and the AR-
method would be easier. An investigation of (4.9) reveals that one equation is
only dependent of itself, i.e., the one describing mass growth. It therefore seems
reasonable to let x1 in (5.3) be the mass in the simple cell model. We set λ11 to a
value of the same magnitude as the coefficient in (4.9j)

λ11 = 0.006 (5.4)

and let the initial condition for x1 be

x1(0) = 1 (5.5)

The first equation in (5.3) is now an equation describing mass growth rate. Since
the second equation is dependent of the first, let us again look at the full yeast
cell model and try to find something similar. Of the several equations which are
directly dependent of the mass there seems to be a positive dependence, that is λ21

should be positive. At the same time, the equations are always negative dependent
of themselves, hence λ22 should be negative. The magnitudes of the parameters
are chosen in a way which makes the solution easy to present graphically. Set

λ21 = 0.5
λ22 = −1

(5.6)

with the initial condition for x2

x2(0) = 0.1 (5.7)

With (5.4) – (5.7) the system (5.3) becomes

ẋ1 = 0.006x1, x1(0) = 1 (5.8a)
ẋ2 = 0.5x1 − x2, x2(0) = 0.1 (5.8b)

Solving (5.8) in Matlab with ode45 at sample rate 0.01 gives Figure 5.1. The
system (5.8) with the solution in Figure 5.1 is a simple model of a cell with two
states, the mass x1 and an enzyme x2 which depends of the mass. It is assumed
that the simple cell has a cell cycle approximately as long as the budding yeast
cell, i.e., about 100 minutes.
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Figure 5.1. The solution to (5.8). The mass x1 (dashed line) and a mass-dependent
enzyme x2 (solid line).

5.2 Sample-rate dependence

The evaluation of both the N4SID and the AR-method will begin with an examina-
tion of respective method with respect to their sensitivity to the amount of samples.
This is an interesting issue since the system under investigation is a biological one
where the sample-rate for real data has an upper limit. Since the data examined
in this thesis is taken from a pure simulation it is possible to vary the sample-rate
an hence draw conclusions if one method requires more samples than another to
give an equal result. The model which requires the fewest samples but still gives
an accurate result is from this point of view the better one.

5.2.1 The linear system

The cell cycle time for the cell considered is about 100 minutes long. Several
sample-rates producing different amounts of data will be applied to (5.8). The
data will then be fed to the system identification procedure and thus the result
will be two different models, based on N4SID and AR, for each sample-rate. Four
different sample-rates will be tested initially, see Table 5.1. Since a low sample-rate
is desirable, the data will first be sampled with 1 sample/10 minute resulting in a
data set of 11 samples.

Following the procedure in Matlab building a state-space model with the
N4SID- respective AR-method presented earlier, gives an error message respec-
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sample(s)/minute(s)
1/10
1/1
10/1
100/1

Table 5.1. Sample-rates to be tested

tively a bad result. N4SID is not able to construct a model since too few data are
provided. The AR-method presents an A-matrix with complex parameters when
transformed to continuous time.

At a sample-rate of 1 sample/minute both N4SID and the AR-method build
state-space models. The result is presented below.

A(N4SID,1/1) =
(

0.1244 −0.0000
0.6907 −1.3956

)
(5.9)

A(AR,1/1) =
(

0.0060 −0.0000
0.5000 −0.9999

)
(5.10)

The model built by AR (5.10) gives a very accurate model of the true system (5.8).
N4SID (5.9) does not manage as well.

Increasing the sample-rate further to 10 samples/minute, gives

A(N4SID,10/1) =
( −0.0060 0.0000

0.4940 −1.0001

)
(5.11)

A(AR,10/1) =
(

0.0060 0.0000
0.5000 −1.0001

)
(5.12)

For this sample-rate both N4SID (5.11) and AR (5.12) produces good estimates.
However, N4SID reverses the sign in front of the parameter λ11. Probably because
the method requires a stable model.

At a sample-rate of 100 samples/minute the estimates are almost the same as
in (5.11) and (5.12).

A(N4SID,100/1) =
( −0.0060 0.0000

0.4941 −1.0001

)
(5.13)

A(AR,100/1) =
(

0.0060 0.0000
0.5000 −1.0001

)
(5.14)

Even though the fastest sample-rate did not improve the estimates for the simple
model it might well do it for one containing nonlinearities.

Conclusions from the above sampling-dependence experiment:



5.2 Sample-rate dependence 55

1. AR finds the true system at an approximately 10 times lower sample-rate
than N4SID.

2. It is likely that N4SID requires a stable model (the sign in front of λ11).

Item number one is rather a big generalization since one must decide when the
estimation is acceptable and when it is not. AR actually finds a good estimation
of the parameters at a sample-rate of 1 sample/9 minutes (5.15)

A(AR,1/9) =
(

0.0060 −0.0000
0.4920 −0.9838

)
(5.15)

which is the lowest sample-rate if time conversion from discrete to continuous time is
done manually as in (3.20) – (3.22) before running into complex matrices. Lowering
the sample-rate even further will once again give a real A-matrix, i.e., there seems
to be some ”troublesome” sample-rates which give complex estimations. This has
probably to do with the solutions to (3.20). If time conversion is made by the
Toolbox command d2c [11], complex matrices will not appear but the estimation
appears to be worse at these sample-rates. However, one must remember that the
conclusions mentioned are drawn from the estimation experiments only. It is a
good idea not to generalize.

Method Sample-rate λ11 λ12 λ21 λ22

True value N/A 0.006 0 0.5 -1
N4SID 1/1 0.1244 -0.0000 0.6907 -1.3956
N4SID 10/1 -0.0060 -0.0000 0.4940 -1.0001
N4SID 100/1 -0.0060 0.0000 0.4941 -1.0001
AR 1/1 0.0060 -0.0000 0.5000 -0.9999
AR 10/1 0.0060 0.0000 0.5000 -1.0001
AR 100/1 0.0060 0.0000 0.5000 -1.0001

Table 5.2. Results on sample-rate dependence of the linear simple cell system (5.8).

5.2.2 Introducing a nonlinearity

Since the budding yeast cell model given by [4] contains nonlinear equations an
examination of how such affects the estimations from N4SID and AR. A first step
will be to alter one of the linear equations in the simple cell model (5.8) so it
becomes nonlinear. It seems reasonable to change (5.8b) which is the equation
governing the mass-dependent enzyme (repeated below)

ẋ2 = 0.5x1 − x2

Again the guiding principle about biological relevance will be considered. Hence
the nonlinearity to be chosen should be of the same kind as to one in (4.9). Many
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equations in the budding yeast cell model contains nonlinearities in form of rational
expressions, therefore alter (5.8b) to

ẋ2 = 0.5x1 − x2

0.2 + x2

where the constant in the denominator is chosen in a way that will make the solution
easy to view. If the same initial conditions are used as in (5.8) the nonlinear simple
cell model becomes

ẋ1 = 0.006x1, x1(0) = 1 (5.16a)

ẋ2 = 0.5x1 − x2

0.2 + x2
, x2(0) = 0.1 (5.16b)

If solved with a sample rate at 100 samples/minute the solution to (5.16) is given
in Figure 5.2. Since the examination in the previous section revealed that N4SID
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Figure 5.2. The solution to (5.16). The mass x1 (dashed line) and the mass-dependent
enzyme x2 (solid line) which is governed by a nonlinear equation.

required a sample-rate of 10 samples/minute to give an accurate estimation, there
is no reason to believe that is should need less samples for estimation in a nonlin-
ear model. AR found the correct model at 1 sample/minute why this sample-rate
should be the initial one for AR estimation in the nonlinear model as well. Esti-
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mation by N4SID and AR respectively result in

A(N4SID,10/1) =
(

27.685 −23.051
33.705 −28.061

)
(5.17)

A(AR,1/1) =
(

0.0060 −0.0000
−0.0033 0.0330

)
(5.18)

(5.17) is obviously far from the correct parameters. AR seems on the contrary to
work fairly well since the method succeeds in finding a correct estimation for the
linear equation governing mass-growth (5.16a). However, it does not find the linear
relation in the nonlinear equation (5.16b), i.e., the parameter λ21 = 0.5.

Increasing the sample-rate to 100 samples/minute for N4SID and 10 sam-
ples/minute for AR gives the following estimation matrices

A(N4SID,100/1) =
( −0.1198 0.0947

−0.1357 0.0838

)
(5.19)

A(AR,10/1) =
(

0.0060 −0.0000
−0.0036 0.0337

)
(5.20)

N4SID does still not find estimations even close to the correct values. Estimation
with AR does not improve the result (5.20) compared with (5.18). Further increas-
ing the amount of data by 10 times in (5.21) does not help either in finding the
linear relation.

A(AR,100/1) =
(

0.0060 −0.0000
−0.0036 0.0338

)
(5.21)

We can conclude that in our nonlinear system N4SID is not able to estimate even
the parameters in the linear equation. AR does a correct estimation of the these
parameters but fails when it comes to estimation in the nonlinear equation.

Method Sample-rate λ11 λ12 λ21 λ22

True value N/A 0.006 0 0.5 N/A
N4SID 10/1 27.685 -23.051 33.705 -28.061
N4SID 100/1 -0.1198 0.0947 -0.1357 0.0838
AR 1/1 0.0060 -0.0000 -0.0033 0.0330
AR 10/1 0.0060 -0.0000 -0.0036 0.0337
AR 100/1 0.0060 -0.0000 -0.0036 0.0338

Table 5.3. Results on sample-rate dependence of the nonlinear simple cell system (5.16).

5.2.3 Influence from a nonlinear equation

So far we have examined how the estimate is affected by a nonlinear component
in a system consisting of two equations of which the linear one is only dependent
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on itself. In large systems consisting of both linear and nonlinear differential equa-
tions it is most likely that some linear equations depend on variables governed by
nonlinear equations. How does this indirect nonlinear influence affect the linear
equation? Let us assume that the mass x1 in the nonlinear simple cell system
(5.16) is not only dependent on itself but also slightly inhibited by the enzyme x2.
We introduce a linear dependence of x2 in (5.16a) so that the system becomes

ẋ1 = 0.006x1 − 0.01x2, x1(0) = 1 (5.22a)

ẋ2 = 0.5x1 − x2

0.2 + x2
, x2(0) = 0.1 (5.22b)

This will make the mass grow slower and more stable than before which in turn
will contribute to a lower concentration of the enzyme. The parameter λ22 =
0.01 is chosen in a way to give a reasonable big influence on x1. The solution to
(5.22) appears in Figure 5.3. Since N4SID gave a poor result when applied on the
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Figure 5.3. The solution to (5.22). The mass x1 (dashed line) is inhibited by the
mass-dependent enzyme x2 (solid line).

nonlinear system in the previous section, only AR will be used to build a model of
(5.22). When using a sample-rate of 1 sample/minute the following estimates are
found

A(1/1) =
(

0.0060 −0.0099
0.0156 −0.0482

)
(5.23)



5.3 Application of several local linear models 59

It is clear that AR finds a correct estimation despite the indirect nonlinear depen-
dence. Increasing the sample-rate by ten times give us

A(10/1) =
(

0.0060 −0.0100
0.0131 −0.0387

)
(5.24)

which is an even more accurate model. Since it did not seem possible to find the
true parameter value for λ21 there is no point in further increasing the sample-
rate. Let us instead go the other way and get a feeling for how much data is
needed for a fairly correct estimation. As seen before low sample-rates seems in
some cases give rise to system matrices with complex values. This was probably
due to complications when solving (3.20). If this is the case, the complex solution
is an implication of the systems specific nature and it is not certain that the same
problems will arise when dealing with (5.22). Let us thus start with decreasing the
sample-rate to 1 sample/10 minutes and see what happens

A(1/10) =
(

0.0055 −0.0082
0.0122 −0.0353

)
(5.25)

No complex solution is obtained and the estimation of both λ11 and λ12 are quite
good. At 1 sample/20 minutes the total amount of data is only 6 samples. The
estimations for this sample-rate are

A(1/20) =
(

0.0052 −0.0072
0.0091 −0.0237

)
(5.26)

which are in the same range of magnitude as the corresponding parameters in
(5.22a). From this we can conclude two things; first of all the amount of samples
required for a correct model does not have to be as many as expected from the
previous section. Also, the parameter λ12 does not seem to be especially affected
from the nonlinear properties of x2.

Method Sample-rate λ11 λ12 λ21 λ22

True value N/A 0.006 -0.01 0.5 N/A
AR 1/20 0.0052 -0.0072 0.0091 -0.0237
AR 1/10 0.0055 -0.0082 0.0122 -0.0353
AR 1/1 0.0060 -0.0099 0.0156 -0.0482
AR 10/1 0.0060 -0.0100 0.0131 -0.0387

Table 5.4. Results on sample-rate dependence of the modified nonlinear simple cell
system (5.22).

5.3 Application of several local linear models

A step towards a nonlinear model and a possible way to capture linear relations in
nonlinear equations is to divide the cell cycle into several linear models, each one
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with its own A-matrix. Since the previous sections have shown that the AR-model
makes better estimations of the parameters in the simple cell system, only this
method will be examined now. It is a good idea to ask what to hope for with
several linear models. Hopefully, the linear part of (5.16b) will be detectable in
most of the different A-matrices, and hence it might be concluded that that part
is linear. Another way to see it is that the nonlinear behavior could be isolated to
one A-matrix, i.e., one of the linear models. Two questions now arise:

1. How many linear models should be used?

2. Should the intervals used to create each model be of the same length?

An easy approach to the first item is to begin with two models and then increase.
Concerning the second item one might have to consider where the nonlinearities
affects the system most.

5.3.1 Local linear models on a linear system

Before trying the approach with several linear models on the nonlinear model (5.16)
it will be tested on the linear model (5.8). The cell cycle represented by (5.8) is
hence divided into two equally long intervals according to Figure 5.4. Intuitively,
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Figure 5.4. The solution to the linear system (5.8). The cell cycle is divided into two
intervals on which each a linear model is estimated.

one would perhaps expect the two system matrices A1 and A2 both to be equal
to the A-matrix for the complete interval since the system is linear. However
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true in theory, the AR-method does not estimate A1 and A2 to be the same for
this choice of interval division. The estimation procedure will from henceforth be
done according to Section 3.5 which gives the possibility to calculate the standard
deviation [2]. To be able to compare the reliability of the estimations in between,
let us introduce a standard deviation-estimate-ratio, (StDER), dA/|A|. The inverse
of the StDER is the number of standard deviations an estimation differs from zero.
An estimated parameter with a relatively high StDER compared to other estimated
parameters can be interpreted either as being a very uncertain estimation, in which
case the corresponding element in dA will be small, or as a parameter with a real
value close to zero, in which case the corresponding element in |A| will be large. By
changing the estimation procedure from a time-series approach to a input/output
approach it is possible that the estimations of the parameters vary slightly from
the estimations made previous, in for instance Table 5.2.

If the parameters for A, A1 and A2 are estimated from a data set with 10
samples/minute, the following result is achieved

A =
(

0.0060 0.0000
0.5002 −1.0001

)
dA = 10−3

(
0.0000 0.0000
0.2322 0.4686

)
(5.27)

A1 =
(

0.0060 0.0000
0.5002 −1.0001

)
dA1 = 10−3

(
0.0000 0.0000
0.1781 0.3616

)
(5.28)

A2 =
(

0.0060 0.0000
0.0768 −0.1485

)
dA2 =

(
0.0000 0.0000
0.0395 0.0795

)
(5.29)

As seen in (5.29) AR is not able to estimate the true parameters for x2 in the second
interval despite the fact that the system is clearly linear even here. Most likely this
is a consequence of the very flat behavior of x2 in the second interval which implies
that the estimated parameters become closer to zero than the true parameters,
i.e., there is not enough excitation in that time interval for a correct estimation. A
larger standard deviation for these parameters in (5.29) than in (5.28) indicates an
increased uncertainty in the parameter estimations. This is however more easily
concluded by a comparison of the StDER

dA/|A| =
(

0.0000 21.6361
0.0005 0.0005

)
(5.30)

dA1/|A1| =
(

0.0000 71.7875
0.0004 0.0004

)
(5.31)

dA2/|A2| =
(

0.0000 0.7575
0.5144 0.5352

)
(5.32)
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Since the StDER for λ12 in (5.30) is extremely high we can be certain that this
parameter is zero, which also is the case as we see in (5.8a).

Is it possible to change the interval in such a way to get two models with
estimations closer to the correct parameters? If the intervals are constructed so
that also A2 will contain data from the step initial part in the beginning there might
be enough excitations in both A1 and A2. By introducing a cutting parameter, c,
defined as

c =
time instant for cut
length of cell cycle

the procedure is perhaps more easily discussed. Since c is dimensionless it will be
independent of the length of the cell cycle. For (5.27) – (5.32) c is obviously

c =
50
100

= 0.5

If c is instead chosen to 0.02, i.e., shift the intersection according to Figure 5.5, the
estimations become
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Figure 5.5. The intersection between the first and second interval is shifted to left if c
is decreased to 0.02.

A1 =
(

0.0060 −0.0000
0.5003 −1.0004

)
dA1 = 10−3

(
0.0000 0.0000
0.1322 0.3953

)
(5.33)

A2 =
(

0.0060 0.0000
0.4995 −0.9986

)
dA2 =

(
0.0000 0.0000
0.0017 0.0035

)
(5.34)
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The StDERs for this choice of interval are

dA1/|A1| =
(

0.0000 2.4045
0.0003 0.0004

)
(5.35)

dA2/|A2| =
(

0.0000 2.8262
0.0035 0.0035

)
(5.36)

As seen in A2 in (5.34) the estimations of the parameters are close to the real values.
These estimations are also more certain than those in (5.29) since the ratios are
lower for x2 in (5.36) than in (5.32). The matrix A1 on the other hand is almost
the same as the one in (5.28) despite the heavily reduced time interval from which
the model is estimated. In other words, for this system the initial excitation of the
cycle is essential for a correct parameter estimation.

There never seems to be a problem with the estimation of λ11 probably due to
the fact that x1 is equally excited over the whole cycle. It is also only dependent on
itself. The StDER is also very low for this parameter in all matrices independent
of choice of interval.

Each model of a specific interval must contain enough excitation. Since the sec-
ond interval can not be divided so that both parts contain the necessary excitation,
there is no point in further dividing that part into local models. Even if the first
interval can itself be divided and give rise to two new correct models, this would
be quite meaningless since the interval is already very small. This fact will also
set a limit since the method of estimation requires enough samples for a correct
parameter estimation. In this way the two questions in the beginning of the section
have been answered

1. The number of local linear models which can be used are decided by the
excitation in respective variable during the cycle.

2. Each interval must be chosen so that it contains enough excitation for a
correct estimation of the local linear model.

The second item above can be seen as something corresponding to persistently
exciting input signals. Such signals are used to excite all modes in a given system
[9].

5.3.2 Local linear models on a nonlinear system (i)

How will local linear models behave when applied to a nonlinear system? Is it
possible to identify linear coefficients in nonlinear equations with this approach?
The examination in Section 5.2.2 showed that a linear model estimated from the
complete data set could not reveal the linear coefficient in the nonlinear equation.
This fact gives a hint that it is most likely not possible to make correct estimations
of the linear coefficients when using several local linear models. However, since it
is interesting to investigate if the nonlinearities affect the local models differently
the examination will be carried through.
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Model c λ11 λ12 λ21 λ22

True value N/A 0.006 0 0.5 -1
A N/A 0.0060 0.0000 0.5002 -1.0001
A1 0.5 0.0060 0.0000 0.5002 -1.0001
A2 0.5 0.0060 0.0000 0.0768 -0.1485
A1 0.02 0.0060 -0.0000 0.5003 -1.0004
A2 0.02 0.0060 0.0000 0.4995 -0.9986

Table 5.5. Results from the local linear model survey of the linear cell system. All
estimations are made with the ARX-model at a sample-rate of 10 samples/minute.

Let us again look at the nonlinear system (5.16) and for starters divide the
cycle into two equally long intervals so that c = 0.5. Three models are once again
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Figure 5.6. The solution to (5.16) with the two intervals, c = 0.5, on which each a local
linear model estimated.

constructed over the full, first respective second interval. A sample-rate of 10
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samples/minute is used.

A =
(

0.0060 −0.0000
−0.0036 0.0337

)
dA =

(
0.0000 0.0000
0.0006 0.0013

)
(5.37)

A1 =
(

0.0060 −0.0000
0.0338 −0.1183

)
dA1 =

(
0.0000 0.0000
0.0033 0.0136

)
(5.38)

A2 =
(

0.0060 −0.0000
−0.0079 0.0424

)
dA2 = 10−4

(
0.0000 0.0000
0.3504 0.7175

)
(5.39)

The A-matrix above contains the same estimations as the A-matrix in (5.20) which
it should. Matrix A1 is the one with the most correct estimation of λ21 even if the
estimation is far from the correct value 0.5. The StDERs become

dA/|A| =
(

0.0000 0.3474
0.1572 0.0398

)
(5.40)

dA1/|A1| =
(

0.0000 4.8356
0.0988 0.1151

)
(5.41)

dA2/|A2| =
(

0.0000 0.3436
0.0044 0.0017

)
(5.42)

In (5.42) it becomes clear that it is not possible to use a large StDER as a way
of identifying nonlinear equations from a system of unknown structure. The ratio
is very low both for λ21 and λ22 which would, if the equation was linear, indicate
that we have a fairly reliable estimation. In this case it is clearly not so since the
estimation for λ21 in A2 in (5.39) has the wrong sign. λ22 on the other hand does
not exist in the true system, the dependence of x2 is nonlinear.

Let us once again change c and thereby alter the intervals used to construct A1

and A2. Since it seems that A1 is the model which captures the linear coefficient
in the equation governing x2 best, λ21 most likely has its biggest influence on the
system in the beginning of the cycle. Hence we could choose c = 0.02 so that the
first interval becomes very small, Figure 5.7, similar to the previous section. With
a sample-rate of 10 samples/minute the following estimates are obtained

A1 =
(

0.0060 −0.0000
0.3122 −1.5767

)
dA1 =

(
0.0000 0.0000
0.0050 0.0189

)
(5.43)

A2 =
(

0.0060 −0.0000
−0.0063 0.0393

)
dA2 = 10−3

(
0.0000 0.0000
0.0568 0.1351

)
(5.44)
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Figure 5.7. An attempt to catch the linear coefficient in (5.16b) by reducing the interval,
c = 0.02, upon which A1 is built.

and the StDERs

dA1/|A1| =
(

0.0000 0.3921
0.0161 0.0189

)
(5.45)

dA2/|A2| =
(

0.0000 0.3471
0.0091 0.0034

)
(5.46)

From (5.43) it becomes even more clear that the linear coefficient λ21 affects the
system most in the beginning of the cycle. The estimated value of 0.3 is rather
close to the true parameter value, at least in general when it comes to the right
sign and the approximate size, however it is of course not very accurate. As seen in
(5.45) and (5.46) the StDER is almost twice as big for the fairly correct estimation
of λ21 compared to the wrong one for system A2 built on the larger interval. The
fact that the true value of λ21 is most visible in the beginning is quite obvious
if we analyze the equations with the given initial conditions. Variable x1 has
an initial value ten times larger than x2, this gives x1 a start over x2, which in
turn give us the possibility to capture the true value of λ21 before the nonlinear
term catches up and ruins the estimation. Had the difference between the initial
conditions been even larger we would have had an bigger opportunity to get a
more accurate estimation. Estimation in nonlinear equations seems therefore to be
highly dependent on initial conditions which in turn quickly might ruin any chances
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of a correct parameter estimation and thus make it hard to draw any conclusions
about the system.

Model c λ11 λ12 λ21 λ22

True value N/A 0.006 0 0.5 N/A
A N/A 0.0060 -0.0000 -0.0036 0.0337
A1 0.5 0.0060 -0.0000 0.0338 -0.1183
A2 0.5 0.0060 -0.0000 -0.0079 0.0424
A1 0.02 0.0060 -0.0000 0.3122 -1.5767
A2 0.02 0.0060 -0.0000 -0.0063 0.0393

Table 5.6. Results from the local linear model survey of the nonlinear cell system. All
estimations are made with the ARX-model at a sample-rate of 10 samples/minute.

5.3.3 Local linear models on a nonlinear system (ii)

Finally, the approach with several local linear models will be applied to system
(5.22). Focus will now be shifted from trying to estimate the parameter λ21 in
(5.22b) to examine what happens with estimations of the coefficients in (5.22a). A
question to answer is wether the nonlinear influences become noticeable when the
cycle is divided to create two linear models instead of one. How should the interval
be chosen in this case to contain enough excitation in both parts? Let us as before
use the relatively high sample-rate of 10 samples/minute. A first attempt will be
carried out when c = 0.5, see Figure 5.8. For the above choice of c we get

A =
(

0.0060 −0.0100
0.0131 −0.0387

)
dA =

(
0.0000 0.0000
0.0014 0.0054

)
(5.47)

A1 =
(

0.0060 −0.0098
0.0848 −0.3651

)
dA1 =

(
0.0000 0.0000
0.0048 0.0217

)
(5.48)

A2 =
(

0.0060 −0.0100
−0.0001 0.0093

)
dA2 = 10−3

(
0.0006 0.0022
0.0354 0.1211

)
(5.49)
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Figure 5.8. The solution to (5.22) with the two intervals, c = 0.5, on which each a local
linear model estimated.

with the associated StDERs

dA/|A| =
(

0.0001 0.0003
0.1090 0.1392

)
(5.50)

dA1/|A1| =
(

0.0004 0.0015
0.0155 0.0182

)
(5.51)

dA2/|A2| =
(

0.0000 0.0001
0.5905 0.0424

)
(5.52)

The estimation of λ12 in (5.48) is not as accurate as the estimations for the same
parameter in (5.49) or the model based on the full interval (5.47). The StDER is
also higher for λ12 in (5.51) which indicates a bigger uncertainty in the estimation.
However, the estimated value is still close to the real value. One can ask how much
smaller interval would affect the estimation. By setting c = 0.02 (Figure 5.9) similar
to before, the A1 model will be built on a very small interval in the beginning of
the cycle. This choice of interval is motivated by the fact that the worst estimation
of λ12 occurs in A1 and not in A2. Is there something that disturbs the estimation
it is most likely located in the beginning of the cycle and might be detected in this
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Figure 5.9. With the choice of c = 0.02 the following intervals are received.

way. For c = 0.02 we receive the estimations

A1 =
(

0.0059 −0.0092
0.3134 −1.5858

)
dA1 =

(
0.0000 0.0000
0.0049 0.0289

)
(5.53)

A2 =
(

0.0060 −0.0100
0.0002 0.0083

)
dA2 = 10−3

(
0.0002 0.0009
0.0938 0.3518

)
(5.54)

and the StDERs

dA1/|A1| =
(

0.0004 0.0015
0.0155 0.0182

)
(5.55)

dA2/|A2| =
(

0.0000 0.0001
0.5905 0.0424

)
(5.56)

The estimated value for λ12 in (5.53) is worse than before, which is not very sur-
prising. However, the estimation is still quite good. This could indicate that the
nonlinear influence is biggest in the beginning of the cycle which makes the degree
of excitation uneven during the cycle and result in a somewhat less good estimation
in A1.
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Model c λ11 λ12 λ21 λ22

True value N/A 0.006 -0.01 0.5 N/A
A N/A 0.0060 -0.0100 0.0131 -0.0387
A1 0.5 0.0060 -0.0098 0.0848 -0.3651
A2 0.5 0.0060 -0.0100 -0.0001 0.0093
A1 0.02 0.0059 -0.0092 0.3134 -1.5858
A2 0.02 0.0060 -0.0100 0.0002 0.0083

Table 5.7. Results from the local linear model survey of the nonlinear cell system (5.22).
All estimations are made with the ARX-model at a sample-rate of 10 samples/minute.

5.3.4 Conclusions - Several local linear models

Since it was not possible to identify linear parts of nonlinear equations is the idea
with several local linear models of no use at all? Perhaps the idea could be used as
a more indirect approach. If it is possible to find similar parameter estimations for
the same differential equation in two or more local models estimated from data over
completely different time intervals there is a good chance that the specific equation
is linear. To obtain the correct estimation for a linear differential equation enough
excitation in each model is required. How a cycle should be divided is hence easiest
determined by looking at plots of the data. Moreover a necessary condition could
be used; the assumed linear equation should not contain high StDERs, besides for
parameters close to zero. In this way it could be determined which equations (if
any) in a nonlinear system that are completely linear. The nonlinear system could
then be split into a linear and a nonlinear part. The linear part could be estimated
with linear methods such as ARX, while the nonlinear system, now reduced, could
be estimated with nonlinear methods.



Chapter 6

Parameter Estimation in the
Budding Yeast Cell Cycle
System

In this chapter an effort will be made to identify parameters in (4.9) from [4] with
linear models. Since we are not supposed to be aware of the real structure of
(4.9) the only thing available is the figures from Chapter 4. We will however allow
ourselves to use an arbitrary high sample-rate. Also, the knowledge gained from
the investigations in Chapter 5 will be applied. Before putting up any models a
number of questions should be put

1. Should any kind of preprocessing be used on the data?

2. Which parts of the system do we have a chance to identify?

3. How do we find these parts?

4. How do we know when we have a correct parameter estimation?

6.1 Preprocessing of data

The first item was not considered in the previous chapter. Preprocessing of data
is usually carried out if the data set is suspected to contain high- or low-frequency
disturbances, drift trends or offsets [9]. Since the cell cycle will be assumed to be an
undisturbed system, and since its state variables, with few exceptions, behave in a
rather nice way any kind of pretreatment of the kind mentioned will not be carried
out. However, as can be seen in the Figures 4.5 – 4.17 some solutions contain sharp
edges due to various nonlinear properties in (4.9). This is especially noticeable in
Figure 4.12 and Figure 4.15 where the state variables behave discontinuously, see
Figure 6.1. It is almost certain that no linear models will be able to capture the
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Figure 6.1. The upper plot shows the discontinuity located not far from the middle in
the cell cycle in the solution for state variable x8. The lower plot shows the discontinuity
during the initial minute in the solution for state variable x11.

behavior in these figures. Since the discontinuity in x11 is close to the time for
cell division, it might be suspected that it is a delayed effect from this event. A
simple way to get rid of the nonlinear part of the solution is hence to remove
the initial samples from the estimation data. Perhaps this procedure seems unfair
since information might get lost. However, using the knowledge from the previous
chapter and at the same time answering the second item, we know that the only
parameters we can hope to estimate are those in linear equations. Should the
equation be nonlinear we will not be able to estimate it anyway. When it comes to
the discontinuity in x8, it is located in the middle of the cell cycle and is for that
reason almost certainly not a delayed event due to cell division. In other words,
the equation governing x8 is probably nonlinear in which case we do not have a
chance of estimating its parameters with linear models.

Not knowing which data sets are generated by nonlinear equations and which
are generated by linear equations, how do we know when a parameter estimate is
correct? By applying the approach with several local linear models we might have
a chance of detecting the linear equations. If two models built over two completely
different time intervals generate the same parameter estimations for an equation
and at the same time contain low standard deviation-parameter-ratios for the same
equation, this equation could be linear. It is also an idea to compare the two local
models with a model built over the complete cell cycle, all of them should of course
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have the same estimates for any linear equations. However, as seen in Chapter 5
the success of estimation with linear models is highly dependent of a wise choice
of intervals since each must contain enough excitation.

At last, to be somewhat sure that the estimation is correct, the estimated
variables should not change to much when estimated with a higher sample-rate.

6.2 Choice of intervals

Due to the very restricted knowledge we are assumed to have about (4.9), the
only thing we ”know” is the number of state variables, there is really no use in
first putting up a linear model for the complete cycle. How do we know when
an estimation belongs to a linear equation and when it does not? Unlike the
investigation in Chapter 5 we will now at once try to put up local linear models
together with the complete one. Doing this requires, as seen in the previous chapter,
a wise choice of intervals so that enough excitation is available for both the local
models. By looking at the Figures 4.5 – 4.17 we will make an attempt to choose
a correct value, i.e., a value which makes the linear equations appear, for the
cutting parameter c. A common trait for almost all solutions is the single peak in
a concentration sometime during the cycle. Peaks located in the beginning of the
cycle are often followed by a very flattened area, as in Figures 4.8, 4.10 and 4.13,
while peaks located in the end of the cycle often are preceded by a flat area as in
Figures 4.6, 4.15 and 4.17. Solutions with a peak located in the middle of the cycle
contains on the other hand no specific large flattened area. How should we choose
c? The fact that we have large areas with no or very little excitation both in the
beginning and the end of the cycle appears to be a problem. We must find a c
which divides the two intervals for x1 – x13 respectively in such a way that local
intervals with little excitation are as few as possible. From the discussion above
and by inspecting Figures 4.5 – 4.17 two different values of c will be tested. c =
0.3 will divide the cycle in such a way that state variables with peaks early in the
cycle will provide both intervals with the necessary excitation but peaks late in
the cycle will almost only excite the second interval. Setting c = 0.5 will do the
opposite. We note that the transition area, the time were a maximum passes to a
flattened area and vice versa, is approximately 40 minutes from the beginning of
the cycle. Choosing c as above will hence place the two different intersections on
different sides of the transition area.

6.3 Recognition of linear equations

To see wether a state variable is governed by a linear equation or not we want to
compare the estimated parameters for each equation in the different A-matrices
built over the two intervals. Comparing estimates just by looking at the values
works well for a small system as the one in chapter 5, but for a large system as the
yeast cell cycle system this becomes quite tedious. Lets instead form a new matrix
R by first subtracting the A-matrices from each other and then take the absolute
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value element-wise
R = abs(A1 − A2) (6.1)

State variables governed by linear equations will now be represented by rows were
all elements are close to zero in the R matrix. By making a graphical representation
of R with imagesc(R,[LOW HIGH]) in Matlab, each element is scaled according
to the values LOW and HIGH [13]. In this examination we set LOW = 0 and HIGH = 1.
This choice will make matrix elements with a value of zero to appear black, elements
with a value of one or more to appear white and elements in between will be scaled
according to a grey scale. Rows were all elements are close to zero will thus appear
black in the matrix picture. Since these rows have approximate the same estimates
in both A1 and A2 it is likely that the equations are linear. One must however be
careful when using the graphical representation. If the same parameter has been
estimated to for instance 0.0001 and 0.01 in A1 and A2 respectively the difference
will be small despite the fact that the two estimations differ largely in magnitude.
This problem is due to the choice of HIGH = 1. To motivate the choice of HIGH
one could look at the estimations of the model for the complete interval and try
to determine the approximate range of magnitudes for the estimations. We will
later assume larger differences between the two local models to be a consequence
of nonlinear equations and smaller differences to be a reasonable small error of
estimation. Anyway, the method should only be used as way to get a feeling of
which equations might be linear. When this group has been selected we can always
look closer on the numerical values of the estimations.

6.4 Choice of sample-rates

From the investigations in Chapter 5 we found that for the simple system a sample-
rate of 1 sample/minute gave a correct estimation of the parameters for linear equa-
tions. However, since that system was considerably less complex than the yeast cell
cycle system a higher sample-rate now is most likely necessary. In this examination
three sample-rates will be used to create the sets of data. 10 samples/minute, 100
samples/minute and 1000 samples/minute. These are all, from the current biolog-
ical point of view, much too large and a brief discussion will be held in the last
chapter of the sampling issue. We assume that for a fairly correct estimation at
least 10 minutes/sample is required. On the other hand, solving the system (4.9)
with a higher sample-rate than 1000 samples/minute would make the computation
time very long.

6.5 Analysis of the estimated model

With two different values of c and three different sample-rates a total of six exper-
iments will be done. In each experiment three different A-matrices will estimated,
A, A1 and A2 along with their respective standard deviation matrix. ARX will
be the method of estimation. The experiments will first be presented graphically,



6.5 Analysis of the estimated model 75

according to the method described, in pairs depending on sample-rate. If linear
relations seems to be present in the system we will look further on the numerical
values of the estimations of those parameters.

6.5.1 Graphical analysis

For the lowest sample-rate of 10 samples/minute we get the two patterns according
to Figure 6.2. In the left pattern there is a black row associated with x10 which
could indicate that this state variable is governed by a linear equation. The rest of
the rows in the left pattern and all in the right pattern contains element of various
grey-scale. This indicates either that an equation governing a corresponding state
variable is nonlinear or that an equation is linear but the parameter estimation is
to poor due to a low sample-rate.
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Figure 6.2. The left pattern showing the scaled image of R when c = 0.3 and the right
pattern when c = 0.5. Data collected with 10 samples/minute.

If we increase the sample-rate by ten times we get the two patterns in Figure 6.3.
For this sample-rate the left pattern shows four black rows, associated with x7,
x10, x11 (still not ”completely black”, which probably indicates a relatively large
difference in the parameter estimation between A1 and A2) and x12 respectively.
From the right pattern there is still no clear black row, though it seems to start to
appear a black row for x10 even for this choice of c.

With a sample-rate of 1000 samples/minute Figure 6.4 is achieved. In the left
pattern, we see the same four black rows as in Figure 6.3. The only difference is
the row corresponding to x11 which now also contains only black elements. Even
in the right pattern rows with black elements starts to appear, especially the row
associated with x10 which could indicate that this state variable is governed by an
equation that is less sensitive to the choice of intervals.
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Figure 6.3. The left pattern showing the scaled image of R when c = 0.3 and the right
pattern when c = 0.5. Data collected with 100 samples/minute.
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Figure 6.4. The left pattern showing the scaled image of R when c = 0.3 and the right
pattern when c = 0.5. Data collected with 1000 samples/minute.

6.5.2 Numerical analysis

Since c = 0.3 seemed to find possible linear relations better than c = 0.5 we will
focus on the estimations from models for the former choice of c. We will also
limit the numerical analysis to the four interesting rows associated with x7, x10,
x11 and x12. Even if we only look at the estimations for these state variables the
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amount of numerical values to examine will be quite large, therefore only the A-
matrix estimated from all data will be considered. Since 10 samples/minute gave
a poor result we will not examine the model associated with this sample-rate any
further. From the A matrix built of data collected with 100 samples/minute the
estimated parameters and their respective StDERs are presented in (6.2), (6.5),
(6.8) and (6.11). Results from the A matrix associated with the ten times higher
sample-rate of 1000 samples/minute are shown in (6.3), (6.6), (6.9) and (6.12).

If one looks too often at the correct answers to a problem its hard to tell whether
the same conclusions could have been reached anyway. This is the case for the four
equations (4.9g), (4.9j), (4.9k) and (4.9l). So without trying to hide the fact that
the parameters in these equations already are known to us, can we in someway try
motivate how the true values can be found in (6.2) – (6.12)? A statistical approach
would be to make a confidence interval or a hypothesis test [2]. However, taking
such measures for each and every one of the estimates are both tedious and perhaps
not that meaningful anyway. For instance, we do not know the distribution the
stochastic variables resulting in the estimates would have. Instead we will try a
more intuitive way of vague statistical nature.

When we try to estimate the nonlinear system (4.9) by using a linear model,
the method of estimation might try to compensate any nonlinear indirect influences
from linear equations with linear dependencies from other state variables than those
that really affect the equation in question. Since many of the relations in (6.2) –
(6.12) also indicate a dependence of more variables than really is the case, how do
we separate estimates we assume to be correct from those we assume to really be
zero? There are two things to consider

1. The inverse of the StDER is really the number of standard deviations we
must use to overlap zero.

2. The estimated parameters in an equation are of very different magnitude,
i.e., the dynamics differs a lot depending on the state variable influencing the
time derivative.

Combing the two items means that we could look for low-valued estimates relatively
the other parameters (slow dynamics) with relatively high StDER and assume these
to be zero in reality. In the same way we assume an estimate of high value (fast
dynamics) and a low StDER to be close to the true parameter value. Taking
things even further we will simply assume that an estimate that do not both have
a very low StDER and very fast dynamics relatively to the other estimates are
zero. Hopefully we will, moving from the lower sample-rate of 100 samples/minute
to the higher of 1000 samples/minute, notice a decrease in StDER for estimates
assumed to be non zero (since this means the standard deviation is reduced if the
estimate remains the same) while others will remain or increase in StDER due to
a more certain estimation. To make things a bit viewable we will once again after
presenting the estimations from the linear models show the correct corresponding
subequation from (4.9).

Unfortunately the above assumption is not valid for the first set of estimates we
examine (6.2) and (6.3). In these we see a general trend towards a lower StDER
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for all estimations made with a higher sample-rate, i.e., not only the ones that
also have fast dynamics which is what we had hoped for. Why this might be so is
something we will get back to, but lets first anyway try to find out which estimates
are true and which can be assumed to be zero.

ẋ7,100/1 =




+0.0021
+0.0607
−0.0040
+0.0005
−0.0561
−0.0007
−0.0788
+0.0007
−0.0001
+0.0037
−0.0002
+0.0004
−0.0002




T 


x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13




StDERẋ7,100/1 =




0.1145
0.0010
0.1342
0.0399
0.0157
0.0778
0.0012
0.1343
0.2958
0.0082
0.0196
0.0474
0.5708




T

(6.2)

ẋ7,1000/1 =




+0.0020
+0.0603
−0.0042
+0.0005
−0.0602
−0.0005
−0.0783
+0.0002
−0.0000
+0.0037
−0.0002
+0.0004
+0.0002




T 


x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13




StDERẋ7,1000/1 =




0.0190
0.0002
0.0211
0.0066
0.0024
0.0158
0.0002
0.0910
0.0649
0.0013
0.0031
0.0074
0.0682




T

(6.3)

ẋ7 = 0.005 + 0.06x2 − 0.06x5 − 0.08x7 (4.9g)

For both (6.2) and (6.3) there are three estimates that are in considerably larger in
magnitude than the rest, the one associated with x2, x5 and x7 respectively. These
estimates also have among the four lowest StDERs. Not of the same magnitude in
size but having the third lowest StDER is the estimate governing x10. With the
correct solution at hand (4.9g) it is tempting to neglect this estimate anyway, and
stick with the ones already mentioned due to their far larger size. However we will
not do this but instead try to explain the invented dependence of x10 as a way of the
linear model to compensate for the constant term in (4.9g). By studying Figure 4.5
we see that the solution for x10 is an approximate linear increase from just below
1.0 to 1.7. If we now assume the estimates in (6.3) to be the better ones, take
two digits into consideration and only consider the state variables mentioned (the
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others are assumed to compensate for nonlinear influences or be mere estimation
errors) we get the approximate relation

ˆ̇x7 = 0.060x2 − 0.060x5 − 0.078x7 + 0.0037x10 (6.4)

The value for the last term in (6.4) will vary from 0.0037 to 0.0063 and thus have
an average of 0.005 which in turn is the exact value of the constant in (4.9g). This
could of course by a mere chance and the low StDER for this estimate could instead
be due to other unknown factors. On the other hand the explanation of why we
have a general lower StDER for the higher sample-rate might also has something
to do with the existence of the constant term. It is anyhow unfortunate that we
are able to derive an approximate which contains incorrect dependencies such as
the one from x10, this will be further discussed in the last section in this chapter.

Fairly satisfied with the analysis with the estimated equation governing ẋ7 we
move on to the one governing ẋ10.

ẋ10,100/1 =




−0.0000
−0.0000
+0.0000
−0.0000
−0.0008
+0.0000
+0.0001
−0.0001
+0.0000
+0.0058
−0.0000
+0.0000
+0.0000




T 
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StDERẋ10,100/1 =




1.3280
0.2650
2.7996
2.4020
0.1855
0.3326
0.2474
0.2128
2.0646
0.0009
0.4693
0.9270
0.4744




T

(6.5)

ẋ10,1000/1 =




−0.0000
−0.0000
+0.0000
−0.0000
−0.0001
+0.0000
+0.0000
−0.0000
+0.0000
+0.0058
−0.0000
+0.0000
+0.0000
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StDERẋ10,1000/1 =




1.3386
0.2632
2.8408
2.4565
0.1852
0.3324
0.2462
0.2120
2.0938
0.0001
0.4658
0.9215
0.4689




T

(6.6)

ẋ10 = 0.0058x10 (4.9j)
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In contrast to the former analysis it is not very difficult to see which estimate should
be the one taken into account as a non zero parameter. The estimate associated
with x10 is significantly larger in magnitude and has a smaller StDER relatively the
other estimates even for the lower sample-rate. We notice that in contrast to (6.2)
and (6.3) moving from a lower (6.5) to a higher sample-rate (6.6) considerably
reduces only the StDER for the estimate belonging to x10 while other StDERs
remain at the approximate same level. Following the procedure from the preceding
analysis our approximate relation for (4.9j) becomes

ˆ̇x10 = 0.0058x10 (6.7)

which is exactly the same as the true equation. It is also this equation which is
most visible in the graphical analysis in Section 6.5.1. Why this is so is quite
obvious if we consider that x10, the mass, only depend on itself and have an equal
distribution of excitation over the cycle.

ẋ11,100/1 =




−0.0064
+0.8061
+2.0176
−0.0010
−0.7456
−2.0035
−0.0096
+0.0085
+0.0003
+0.0011
−0.0598
−0.0010
−0.0073
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StDERẋ11,100/1 =




0.5018
0.0010
0.0036
0.2944
0.0160
0.0003
0.1315
0.1494
0.8372
0.3735
0.0008
0.2407
0.1748




T

(6.8)

ẋ11,1000/1 =




−0.0005
+0.8008
+2.0015
−0.0001
−0.7908
−2.0005
−0.0012
+0.0012
+0.0000
+0.0001
−0.0600
−0.0001
−0.0009




T 


x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13




StDERẋ11,1000/1 =




1.1021
0.0002
0.0006
0.5235
0.0024
0.0001
0.1614
0.1696
1.9032
0.6169
0.0001
0.3419
0.2314




T

(6.9)

ẋ11 = 0.8x2 + 2x3 − 0.8x5 − 2x6 − 0.06x11 (4.9k)
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As was the case for the previous analysis, which estimates that are likely to be non
zero and which we will assume to be zero is quite obvious for the equation governing
x11. Here we also see how all StDER belonging to assumed non zero parameters
decrease while use a higher sample-rate, while those belonging to parameters we
suspect to be zero instead increase. Finding the approximate for the equation
governing x11 thus becomes pretty straight forward. We get

ˆ̇x11 = 0.80x2 + 2.0x3 − 0.79x5 − 2.0x6 − 0.060x11 (6.10)

When comparing (4.9k) with (6.10) we see that most parameters agree completely.
The last equation we will try to approximate is (4.9l), the one governing x12.

The estimations made by ARX is found in (6.11) and (6.12).

ẋ12,100/1 =




+0.2978
+0.0002
+0.3055
−0.0002
+0.0012
−0.3003
−0.0009
+0.0004
+0.0000
+0.0011
+0.0000
−0.0602
−0.0004




T 


x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13




StDERẋ12,100/1 =




0.0004
0.1919
0.0009
0.0497
0.3887
0.0001
0.0524
0.1228
0.3824
0.0135
0.1613
0.0001
0.1268




T

(6.11)

ẋ12,1000/1 =




+0.2998
+0.0000
+0.3004
−0.0000
+0.0002
−0.3001
−0.0000
+0.0000
+0.0000
+0.0008
−0.0000
−0.0600
−0.0000




T 


x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12

x13




StDERẋ12,1000/1 =




0.0001
0.1641
0.0001
0.5874
0.4455
0.0000
0.1642
0.1537
1.7374
0.0028
0.0441
0.0000
0.5177




T

(6.12)
ẋ12 = 0.3x1 + 0.3x3 − 0.3x6 − 0.06x12 + 0.006

x10

6 + x10
(4.9l)

Here we notice something that first seems a bit peculiar. Even though (4.9l) is
nonlinear due to its dependence from x10 we assumed that it would be linear from
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our graphical analysis. Either the graphical interpretation does not work as we
hoped it to do, or there is an explanation in form of a special case. But lets start
without considering the correct answer and instead, like before, try to put up an
approximate equation. Estimates we immediately can assume to be non zero and
fairly correct are those associated to x1, x3, x6 and x12. These are both large in
magnitude and have a relatively low StDER. Estimates we assume to really be zero
are the ones belonging to x2, x4, x5, x7, x8, x9 and x13 due to their slow dynamics
and high StDER. The estimate for the parameter in front of x11 has a somewhat
lower StDER than the rest of the assumed non dependent parameters, but since
it is of very small magnitude we will assume this to be zero and non dependent
as well. The fact that this estimate changes sign when using a higher sample-rate
also indicates the assumption. This leaves us with the estimate associated with x10

which have a considerable low StDER compared to the non dependent parameters.
When using a higher sample-rate the StDER drops while the magnitude remains
approximately the same thus following the trend for non zero parameters. Despite
the very slow dynamics we will therefore count this estimate to be in the group of
dependent parameters. From the discussion above we get

ˆ̇x12 = 0.30x1 + 0.30x3 − 0.30x6 + 0.0008x10 − 0.060x12 (6.13)

which would have been a very decent approximation of (4.9l) had the equation
been linear. This is however not the case, and it seems troublesome that we actu-
ally captured this equation with the graphical analysis. Also, the examination in
Chapter 5 indicated that we should not be able to find parameters associated with
linear dependencies in nonlinear equations. So what is wrong? First of all we can
conclude that the nonlinearities in (4.9l) and (5.16b) are different from a special
point of view. While the state variable x10 governing the nonlinearity in (4.9l) is
in turn governed by a linear equation and is only dependent on itself, x2 governing
the nonlinearity in (5.16b) is in itself nonlinear (due to the same nonlinearity) and
also dependent on x1. It seems possible that the nonlinear influences disturbs the
estimation indirectly. Also, as we have already discussed the solution to (4.9j) does
not vary that much, it increases almost in a linear way from 1.0 to 1.7. If we now
rewrite the last term in the true equation (4.9l) as

0.006
x10

6 + x10
=

0.006
6 + x10

x10

and then insert the approximative highest respectively lowest value for x10 in the
rational expression, we get

0.006
6 + x10|min(x10)

x10 =
0.006

6 + 1.0
x10 = 0.00086x10

0.006
6 + x10|max(x10)

x10 =
0.006

6 + 1.7
x10 = 0.00078x10

and a likely explanation to why we assumed this really nonlinear equation to be
linear. Both values above are close to the estimated parameter value of 0.0008
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in (6.13). If we look closer at the other nonlinearities in (4.9) we see that the
nonlinearity in (4.9l) is unique in its structure as a rational polynomial since it
only depends on one state variable which is in turn governed by a linear equation
(4.9j). The other nonlinearities are more complex. For this special case the ARX-
method, trying to find a linear model, therefore was able to find a good estimation
of the parameters even in a nonlinear equation.

6.6 Conclusions based on the analysis

With a graphical analysis we first sort out a set of estimations assumed to belong
to linear equations. By considering the magnitude of the estimations, which is the
same as their dynamics, and their StDERs we analyze the estimated parameters
and derive a set of approximate linear equations.

ˆ̇x7 = 0.060x2 − 0.060x5 − 0.078x7 + 0.0037x10 (6.14a)
ˆ̇x10 = 0.0058x10 (6.14b)
ˆ̇x11 = 0.80x2 + 2.0x3 − 0.79x5 − 2.0x6 − 0.060x11 (6.14c)
ˆ̇x12 = 0.30x1 + 0.30x3 − 0.30x6 + 0.0008x10 − 0.060x12 (6.14d)

Of the corresponding correct equations (4.9g), (4.9j), (4.9k) and (4.9l) three are
really linear, and one is nonlinear. One of the linear equations contains a constant
which is instead modelled as a linear dependence from a state variable that is really
non dependent in the specific equation. This could possibly have been avoided
had we removed the offset term before estimating the model. Such an approach
would most likely require knowledge of which set of the data, i.e., which equation,
that contains the offset. A brief attempt was made to use a constant input when
implementing the ARX-model. However, since this did not seem to work the the
idea was not further investigated. Just performing general measures on all data to
deal with offset seems to make the estimates worse in this case.

The nonlinear equation contains an especially nice nonlinearity which is the only
one in its kind in the set of differential equations. Due to this fact it is possible to
estimate the parameters, despite that the equation is nonlinear.
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Chapter 7

Attempts with a Nonlinear
Model

In Chapter 6 we seem to have a fairly reliable method for finding a set of linear
equations in a nonlinear system. With reasonable assumptions we can then separate
dependent parameters which are non zero from those that are really zero and non
dependent in a specific equation. With this approach we were able to find about a
third of the differential equations in the system examined (4.9). Is there a way to
find the rest of the relations? Estimating parameters in nonlinear equations would
probably require knowledge about the physical structure of the system. If this is
known, one could build a grey-box model from (4.1) – (4.5) and then try to estimate
the parameters in Table 4.1. However, since we are not supposed to have any such
a priori knowledge we will be satisfied just to have the structure of the dependence
of state variables in the nonlinear equations, such as they are described in (4.8).
An attempt to find these dependencies will be done in this chapter by first building
a NARX-model and then see how systematic removal of input signals affects the
estimated model.

7.1 Idea

To begin with we will only look at one specific state variable and try to find out how
it depends on the rest of the state variables. Similar to the approach in Section 3.5
we will treat this specific state variable as the output signal and the rest as input
signals. Since we want to test the idea on a nonlinear equation we can for instance
choose to try to capture the structure of dependence for the equation f1 governing
x1 in (4.8a) (repeated below)

ẋ1 = f1(x1, x2, x3, x5, x6, x10) (4.8a)

State variable x1 is as seen governed directly by, aside from itself, five other state
variables. The main idea with the NARX-model will be to try to detect the de-
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pendence of x2, x3, x5, x6 and x10.

7.2 Method

First we build a NARX-model, where we only consider x1 as output, from a com-
plete data set from the solution to (4.9) constructed with 100 samples/minute.
The sigmoid (3.49) is chosen as the base function, simply because this is one of
the most commonly used. If we then use the same input data once again on our
NARX-model we will hopefully achieve an output similar to the real measured
data in Figure 4.5. A comparison of the two curves can be seen in Figure 7.1,
where the output simulated by the NARX-model fit the real output to a degree of
98.05% which is quite good. If we now instead of using all state variables as inputs

0 10 20 30 40 50 60 70 80 90 100
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6
Measured Output and Simulated Model Output (All inputs)

time (minutes)

Measured Output
carxn1 Fit: 98.05%

Figure 7.1. Measured output (solid line) and by the NARX-model simulated output
(dotted line) for x1 when all input signals are used. The fit is 98.05%

replace the data from one state variable at a time with a zero input, we can again
compare the measured output with the simulated one. Should a state variable not
be dependent in equation governing x1 we will hopefully get the same simulated
output as in Figure 7.1. On the other hand, should a state variable affect x1, we
might detect some kind of disturbance and a worse fit between the measured and
simulated output.
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7.3 Results

The result of the examination can be seen in Figures 7.2 – 7.13. The simulated
output does not behave as expected. Should it have, we would for instance not
have worse fit when taking away a non dependent variable such as x7 compared to
a dependent one such as x5. An explanation for this outcome could be that the
estimated model does not contain the same relations between state variables as the
correct system. There could also be a problem with the estimation of parameters
if a local minimum has been found during the minimization of the least-squares
criterion (3.28).

Several tries with both other base functions and different sets of input signals
were made. Even though the fit varied largely between different models it was not
possible to draw any correct conclusions about the dependencies between the state
variables.

Since the experiment did not work properly there seems to be no reason to try
it further with other state variables as output signals for the model structure used.
There might on the other hand exits a more complicated nonlinear black-box model
which does work.
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Measured Output and Simulated Model Output (No x2 input)

time (minutes)

Measured Output
carxn1 Fit: 58.98%

Figure 7.2. Measured output (solid
line) and simulated output (dotted line)
for x1 when x2 is set as zero input signal.
The fit is 58.98%.
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Measured Output and Simulated Model Output (No x3 input)
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carxn1 Fit: −129.4%

Figure 7.3. Measured output (solid
line) and simulated output (dotted line)
for x1 when x3 is set as zero input signal.
The fit is -129.4%.
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Measured Output and Simulated Model Output (No x4 input)
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Measured Output
carxn1 Fit: 80.45%

Figure 7.4. Measured output (solid
line) and simulated output (dotted line)
for x1 when x4 is set as zero input signal.
The fit is 80.45%.
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carxn1 Fit: 91.7%

Figure 7.5. Measured output (solid
line) and simulated output (dotted line)
for x1 when x5 is set as zero input signal.
The fit is 91.7%.
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carxn1 Fit: 87.44%

Figure 7.6. Measured output (solid
line) and simulated output (dotted line)
for x1 when x6 is set as zero input signal.
The fit is 87.44%.
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Figure 7.7. Measured output (solid
line) and simulated output (dotted line)
for x1 when x7 is set as zero input signal.
The fit is -37.62%.
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Figure 7.8. Measured output (solid
line) and simulated output (dotted line)
for x1 when x8 is set as zero input signal.
The fit is 92.65%.
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Figure 7.9. Measured output (solid
line) and simulated output (dotted line)
for x1 when x9 is set as zero input signal.
The fit is 83.86%.
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Figure 7.10. Measured output (solid
line) and simulated output (dotted line)
for x1 when x10 is set as zero input sig-
nal. The fit is -676.9%.
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Figure 7.11. Measured output (solid
line) and simulated output (dotted line)
for x1 when x11 is set as zero input sig-
nal. The fit is -65.67%.
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Figure 7.12. Measured output (solid
line) and simulated output (dotted line)
for x1 when x12 is set as zero input sig-
nal. The fit is -21.57%.
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Figure 7.13. Measured output (solid
line) and simulated output (dotted line)
for x1 when x13 is set as zero input sig-
nal. The fit is 7.42%.



Chapter 8

Conclusions

In this final chapter a short review will first be made of the work described in the
thesis. The algorithm used in Chapter 6 will be outlined more clearly. The last
section deals with the sampling issue.

8.1 Review

• The solution to a set of 13 linear and nonlinear differential equations describ-
ing the cell cycle of the budding yeast is used as the source of data for an
attempt to find the way back to the correct relations of the equations.

• To understand the properties of a nonlinear system an extensive study of two
linear methods of estimation, N4SID and AR/ARX, is first performed on an
invented and simple cell system consisting of only two differential equations.
By changing the properties for the system, various cases is studied from an
parameter estimation point of view. We conclude that AR/ARX seems to
work much better than N4SID.

• From the conclusions drawn from the study of the simple cell system a graph-
ical method for finding linear equations in a nonlinear system is applied on
the budding yeast cell cycle system.

• Parameters estimated by ARX in the linear equations are then to be validated
as dependent, non-zero valued or non-dependent, zero valued. By using as-
sumptions of the dynamics and the ratio between the standard deviation and
estimations we try to find the correct relations in the equations. Some prop-
erties of the approximate equations must be explained as a special case of
nonlinearity or a constant term in the real equations.

• With a NARX-model we try to find the relations in a nonlinear differential
equation. For the model used it does not seem possible to draw any correct
conclusions of the structure of dependence.
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8.2 Suggested algorithm

In Chapter 6 a suggested way of how to find a set of linear equations in data from
a unperturbed nonlinear system is described. The graphical method is only based
on the conclusions made from the work in this thesis and the assumptions done
in the numerical analysis is based on very vague statistical ground. Whether the
method is applicable to other systems or just in this case must be tested further.
Below the algorithm used in Chapter 6 is outlined in a more general fashion. It
should however only be seen as something that might work.

Data analysis

1. Study the plotted data to find obvious nonlinearities and remove data giving
rise to these if it is possible and seems reasonable.

2. Try to decide by looking at the plotted data how to divide the time interval in
such a way that all state variables are excited sometime in both subintervals.

Graphical analysis

1. Use a linear method of estimation to build three models of the data. One for
the complete time interval and one local model for each subinterval.

2. By looking at the complete model, consider how big the difference should be
allowed to be between elements in the graphical representation. Differences
in the estimations due to nonlinearities must be recognizable.

3. Make a graphical representation of the differences of the estimated parameters
from the local models.

4. Rows where all elements appear in the color set to represent a low or zero
difference are assumed to be linear.

5. If no such rows are found, divide the interval differently or use a higher
sample-rate when data is collected. It is also possible that no linear equations
exist in the system.

Numerical analysis

1. Study the numerical values of the estimates and their StDERs from equa-
tions we assume to be linear. Estimates that are of a very low magnitude
relatively other estimates and at the same time have relatively high StDERs
are assumed to be really zero while estimates that are of large magnitude and
have low StDERs are assumed to be correct estimates.

2. Using sets of estimates constructed from data with different sample-rates
might make it easier to draw conclusions.
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3. Find an approximate equation with from the estimates considered as non-
zero.

4. It is possible that some estimates are only a way for the linear method to
compensate for constant terms or especially ”soft” nonlinearities.

8.3 The sampling issue

In most of the examinations in this thesis a far larger sample-rate than the one
currently available in biological experiments has been used. If the methods sug-
gested does not work for a smaller sets of data, are they of any use? First of all
it is most likely that there will be methods available in the future which makes it
possible to collect data faster. One could also, in the case of the cell cycle, make
measurements during several cycles and then merge the data from the different
experiments. This is however under the condition that the cycle behaves in the
same way for each new experiment. Even though we can not invent more data, it
might also be possible to use some form of spline-interpolation between samples
to create a continuous curve which in turn can be sampled arbitrarily fast. Since
the solutions to the model of the biological system described in this thesis do not
contain any high-frequency components such an interpolation might be easier. On
the other hand the system in question is unperturbed, a property which is hard
to achieve in a real measurement experiment. Perhaps a combination of the two
suggestions mentioned together with eventually enhanced methods of measurement
will provide the sample-rate necessary to get use of the method.

8.4 Future work

Even if the model chosen in Chapter 7 did not work satisfactorily, nonlinear models
must be used if the complete system is to be identified. A choice would be to apply
a different set of nonlinearities in the model structure. It seems reasonable to use
the knowledge available about the general structure of the biological system to
choose nonlinearities when building a model. Since the model given in [4] consists
mainly of products and rational functions of state variables, a set of state variables
structured in such ways could be tested. Even though the combinations increase
exponentially as the set of state variables grows, there could perhaps be a standard
nonlinear structure working well for biological systems as the one investigated in
this thesis.
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Appendix A

MATLAB script files

This appendix describe the implementation in Matlab of the mathematical model
of the budding yeast cell cycle [4].

celleq.m: Differential equations governing the state variables

function xprim = celleq(t,x)
kinconst;

Equations governing cyclin-dependent kinases

xprim(1) = (k1sn2 + k2sn2*SBF(x))*x(10) - kdn2*x(1);

Vdb2 = k1db2*(Hct1T - x(9)) + k2db2*x(9) + k3db2*x(8);
xprim(2) = (k1sb2 + k2sb2*Mcm1(x))*x(10) - Vdb2*x(2);

Vdb5 = k1db5 + k2db5*x(8);
xprim(3) = (k1sb5 + k2sb5*SBF(x))*x(10) - Vdb5*x(3);

z1 = Bck20*x(10);
z2 = Cln3max*(Dn3*x(10))/(Jn3+Dn3*x(10));
z3 = x(2) - x(5);
z4 = x(3) - x(6);
z5 = x(4) - x(5) - x(6);

Equations governing the inhibitor of Clb-dependent kinases

Vd2c1 = kd2c1*(epc1n3*z2 + epc1k2*z1 + x(1) + epc1b5*z4 +
epc1b2*z3);

xprim(4) = k1sc1 + k2sc1*Swi5(x) - (kd1c1 + Vd2c1/(Jd2c1 +
x(4)))*x(4);
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xprim(5) = kasb2b5*z3*z5 - (kdib2b5 + Vdb2 + kd1c1 + Vd2c1/(Jd2c1
+ x(4)))*x(5);

xprim(6) = kasb2b5*z4*z5 - (kdib2b5 + Vdb5 + kd1c1 + Vd2c1/(Jd2c1
+ x(4)))*x(6);

Equations governing the Clb degradation machinery

xprim(7) = (k1s20 + k2s20*z3) - kd20*x(7);

xprim(8) = ka20*(x(7) - x(8)) - (Vi20(t,x) + kd20)*x(8);

Vit1 = k1it1 + k2it1*(z2 + epit1n2*x(1) + epit1b5*z4 +
epit1b2*z3);

xprim(9) = (k1at1 + k2at1*x(8))*(Hct1T - x(9))/(Jait1
+ Hct1T - x(9)) - Vit1*x(9)/(Jait1 + x(9));

Equations for growth, DNA synthesis, budding and spindle formation

xprim(10) = my*x(10);

xprim(11) = ksori*(z4 + eporib2*z3) - kdoribudspn*x(11);

xprim(12) = ksbud*(x(1) + z2 + epbudb5*z4) - kdoribudspn*x(12);

xprim(13) = ksspn*z3/(Jspn + z3) - kdoribudspn*x(13);

xprim = transpose(xprim);

Vi20.m: Governing rate function Vi20

function ki20 = Vi20(t,x)
kinconst;
global CONST;
global END_M;

if (x(11) >= 1 & x(13) < 1)
ki20 = k2i20;
CONST = 1;

elseif (x(11) >= 1 & x(13) >= 1)
if CONST == 1

END_M = t(end);
end
ki20 = 10 - 9.9/12*(t(end) - END_M);
CONST = 0;
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else
ki20 = k1i20;
CONST = 1;

end

SBF.m: Governing transcription factor [SBF] = [MBF]

function G_SBF = SBF(x)
kinconst;

z1 = Bck20*x(10);
z2 = Cln3max*(Dn3*x(10))/(Jn3+Dn3*x(10));
z3 = x(2) - x(5);
z4 = x(3) - x(6);

Vasbf = kasbfmcmswi*(x(1) + epsbfn3*(z2 + z1) + epsbfb5*z4);
Visbf = k1isbf + k2isbf*z3;

aSBF = Visbf - Vasbf;
bSBF = Visbf - Vasbf + Vasbf*Jaisbf + Visbf*Jaisbf;
cSBF = Vasbf*Jaisbf;

G_SBF = 2*cSBF/(bSBF + sqrt(bSBF^2 - 4*aSBF*cSBF));

Mcm1.m: Governing transcription factor [Mcm1]

function G_Mcm1 = Mcm1(x)
kinconst;

z3 = x(2) - x(5);

Vamcm = kasbfmcmswi*z3;
Vimcm = kimcm;

aMcm1 = Vimcm - Vamcm;
bMcm1 = Vimcm - Vamcm + Vamcm*Jaimcm + Vimcm*Jaimcm;
cMcm1 = Vamcm*Jaimcm;

G_Mcm1 = 2*cMcm1/(bMcm1 + sqrt(bMcm1^2 - 4*aMcm1*cMcm1));

Swi5.m: Governing transcription factor [Swi5]

function G_Swi5 = Swi5(x)
kinconst;
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z3 = x(2) - x(5);

Vaswi = kasbfmcmswi*x(8);
Viswi = k1iswi + k2iswi*z3;

aSwi5 = Viswi - Vaswi;
bSwi5 = Viswi - Vaswi + Vaswi*Jaiswi + Viswi*Jaiswi;
cSwi5 = Vaswi*Jaiswi;

G_Swi5 = 2*cSwi5/(bSwi5 + sqrt(bSwi5^2 - 4*aSwi5*cSwi5));

cellode.m: Main script file, solves the differential equations in celleq.m

clear all;
cellic;
f=0.433;
Ts=0.01;

Collects initial conditions for x(1) – x(13) from cellic.m, same as (4.11)

xi(1) = Cln2ic;
xi(2) = Clb2Tic;
xi(3) = Clb5Tic;
xi(4) = Sic1Tic;
xi(5) = Clb2DSic1ic;
xi(6) = Clb5DSic1ic;
xi(7) = Cdc20Tic;
xi(8) = Cdc20ic;
xi(9) = Hct1ic;
xi(10) = massic;
xi(11) = ORIic;
xi(12) = BUDic;
xi(13) = SPNic;

Set conditions for ode solver

tstart = 0;
tfinal = 100;

options = odeset(’Events’,@cellevents);

tout = tstart;
xout = xi;

Solve system with differential equations
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for i = 1:2
[t,x,te,xe,ie] = ode45(@celleq,[tstart:Ts:tfinal],xi,options);
nt = length(t);
tout = [tout; t(2:nt)];
xout = [xout; x(2:nt,:)];
xi = x(nt,:);
if (x(nt,2) - x(nt,5) + x(nt,3) - x(nt,6)) > 0.2

xi(10) = (1 - f)*x(nt,10);
xi(12) = 0;
xi(13) = 0;

else
xi(11) = 0;

end
tstart = t(nt);

end

Calculate transcription factors

tsize = length(tout);

tfout = [];
for i = 1:tsize

SBFi = SBF(xout(i,:));
Mcm1i = Mcm1(xout(i,:));
Swi5i = Swi5(xout(i,:));
tfout = [tfout; SBFi Mcm1i Swi5i];

end

cellevents.m: Controls when to stop integrating in cellode.m

function [value,isterminal,direction] = cellevents(t,x)

value = [(x(2) - x(5)) - 0.3; (x(2) - x(5) + x(3) - x(6)) - 0.2];
isterminal = [1; 1];
direction = [-1; -1];
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