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av

Johan Sunneg̊ardh

Reg nr: LiTH-ISY-EX–04/3646–SE

Supervisor: Per-Erik Danielsson
Maria Magnusson Seger

Examiner: Per-Erik Danielsson
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Abstract

Contemporary algorithms employed for reconstruction of 3D volumes from helical
cone beam projections are so called non-exact algorithms. This means that the
reconstructed volumes will contain artifacts irrespective of the detector resolution
and number of projections angles employed in the process.

It has been proposed that these artifacts can be suppressed using an iterative
scheme which comprises computation of projections from the already reconstructed
volume as well as the non-exact reconstruction itself.

The purpose of the present work is to examine if the iterative scheme can be
applied to the non-exact reconstruction method PI-original in order to improve
the reconstruction result. An important part in this implementation is a careful
design of the projection operator, as a poorly designed projection operator may
result in aliasing and/or other artifacts in the reconstruction result. Since the
projection data is truncated, special care must be taken along the boundaries of the
detector. Three different ways of handling this interpolation problem is proposed
and examined.

The results show that artifacts caused by the PI-original method can indeed be
reduced by the iterative scheme. However, each iteration requires at least three
times more processing time than the initial reconstruction, which may call for cer-
tain compromises, smartness and/or parallelization in the innermost loops. Fur-
thermore, at higher cone angles certain types of artifacts seem to grow by each
iteration instead of being suppressed.
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Chapter 1

Introduction

1.1 Cone Beam CT

In the areas of medical diagnostics and non-destructive testing, it is of great interest
to be able to reproduce images of the interior of objects without destroying them.
One common technique for doing this originates from 1972, when Sir Godfrey
Hounsfield at EMI patented the first computed tomography (CT) scanner. The
technology made a huge success and in 1979, Alan Cormack and Hounsfield were
awarded the Nobel Prize for this invention.

A CT scanner uses digitally sampled X-ray projection data from an object collected
in many directions to calculate cross-sectional images of the X-ray attenuation.
High acquisition speed is generally desirable since this reduces examination time
and image artifacts due to motion. Since 1972, several major improvements have
been made in this direction, the first one being employment of fan-beam instead
of parallel beam geometry.

Since higher data acquisition speed often implies more complicated scanning ge-
ometries, the need for novel image reconstruction algorithms have occurred quite
frequently. Below follows a presentation of three, from an image reconstruction
point of view, interesting developments of the geometrical setup.

• Fan beam projections. As shown in Figure 1.1a, early CT scanners cap-
tured projection data from parallel rays. This was very time consuming since
the source had to travel through all source positions for every projection
angle. According to Yang et.al. [27], Hounsfield recognized early that a con-
siderable increase of data acquisition speed could be achieved by collecting
data using fan beams instead of parallel beams. In a fan beam system, every
ray originates from the same source position as shown in Figure 1.1b. Later
in the thesis it will become apparent that the introduction of a fan beam
setup does not complicate the reconstruction problem very much.

1
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a) Parallel projections b) Fan-beam projections

Figure 1.1. Introduction of fan beam projections

• Helical source path. Until 1989, the rotating gantry was connected with
cables for power supply and data transfer. To avoid self-strangulation, the
gantry had to be accelerated and de-accelerated for every reconstructed slice.
This resulted in the piecewise circular source path shown in Figure 1.2a.
The slip-ring technology, introduced in 1989, made it possible to read and
transfer data continuously while rotating the gantry at constant speed. The
result is the helical source path shown in Figure 1.2b and a vastly higher data
acquisition speed.

• Cone beam projections. In the late 1990s, several medical CT manufac-
turers released so called multi-slice machines, where the single row detector
was replaced by a multi-row detector. This resulted in the helical cone beam
geometry illustrated in Figure 1.3. In principle, this geometry is identical to
the one in Figure 1.2b. However, in combination with the multi-row detector
the geometry of Figure 1.3 calls for new reconstruction algorithms.

A reconstruction method is said to be exact if, given noise-free input data, it
produces results whose difference from the original can be made arbitrary small by
increasing the number of projections and the detector resolution.

The first exact reconstruction method employing cone beam data is due to Grangeat
[7], 1987. Although Grangeat’s method to compute the 3D Radon transform from
these data is an important milestone, the number of practical reconstruction algo-
rithms based on this idea has been limited. The main reason is that the detector
must be large enough to cover the whole object, which is not possible and/or rea-
sonable for most medical applications. This requirement was alleviated by the
approach suggested by Tam [21], [22]. Here, the detector covers the area between
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b) Helical source patha) Circular source path

Figure 1.2. Circular versus helical source path geometry. The chosen coordinate system
is convenient due to its consistency with other literature in this topic. However, in medical
applications the z-axis will of course be directed horizontally.

two consecutive turns of the helical source path opposite to the source. Eventually,
the method falls back on Grangeat’s result and the 3D Radon transform. Unfor-
tunately, the algorithm in [22] is rather complex, which follows from the fact that
Radon transform data have to be pasted together from different turns of the helix
throughout the scanned volume.

An exact algorithm, dramatically different, was presented by Katsevich [11]. This
algorithm is able to deliver reconstructed output data in a continuous fashion at
the same pace as the input scanning, if so required by the application. It has a
remarkable simplicity and only one serious drawback. The size of the detector is
the same as in the algorithm by Tam, determined precisely by the pitch. Therefore,
given a fixed speed of rotation for the gantry (the carriage for source and detector)
the speed of translation for the patient cannot be varied freely, a feature which
seems to be indispensable for most customers of CT-systems.

For the above-mentioned reasons, contemporary commercial CT scanners all em-
ploy approximate, i.e. non-exact algorithms. These algorithms have relatively low
complexity and they allow for high flexibility in terms of translation speed [20],
[6]. They seem to produce spotless images for cone angles |κ| ≤ 2◦ or thereabout.
Beyond 2◦ non-acceptable artifacts appear gradually with increasing cone angle.
At first sight the ±2◦ cone angle seems ridiculously small. However, as illustrated
by Figure 1.4, assuming that the part of the detector that covers the area between
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x
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z

Figure 1.3. Cone beam geometry

two consecutive turns corresponds to ±1◦, the pitch is 4 · 570 · tan 1◦ ≈ 40mm.
With a rotation speed of 2 r/s the system obtains a maximum translation speed of
80mm/s. This is sufficient to combat motion artifacts due to breathing and it also
paves the way for cardiac CT and some other novel imaging modalities. Even so, it
would be interesting to increase the cone angle without loosing image quality using
the same basic reconstruction algorithm. This is the motivation for the present
investigation on how to suppress artifacts using iterative post-processing.

1.2 An iterative enhancement scheme

In Press et.al. [15] a method of iterative improvement of approximate solutions
to linear equations is described. Danielsson [5] proposed that results achieved by
approximate reconstruction could be made exact, or nearly so, using ideas similar
to ones found in [15]. The basic steps of this enhancement scheme are the following
ones illustrated by the diagram in Figure 1.5.
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κmax = 1◦
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R = 570mm

Pitch = 40mm
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Detector

Figure 1.4. A cone angle of κmax = 1◦ and a distance of 570mm between the source and
the rotation axis results in a pitch of approximately 40mm. Vertical/horizontal scale≈ 2.4.
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frec
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Iterative loop

P

fi data

Figure 1.5. Iterative improvement of approximate reconstruction results

1. Initial data collection. The object under examination is referred to as
fcont in Figure 1.5. It is radiated with X-rays, which mathematically can be
interpreted as applying the projection operator Pcont generating a vector p.
This vector resides in a finite dimensional vector space since the number of
measurements as well as the number of projection angles are finite.

2. Approximate reconstruction. From the initial projection data, an ap-
proximate reconstruction result is calculated and stored as f1 using the re-
construction operator Q.

f1 = f0 + α1Q[p − p0] = f0 + α1Q[p − P f0] = α1Qp
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The gain factor αi ≤ 1 is sometimes necessary to obtain convergence, which
will be commented in section 3.1.

3. Reprojection of f1. This step simulates step 1, resulting in new projection
data p1 = Pdigf1. Let fexact denote the result of an exact reconstruction
algorithm. If the digital projection operator is constructed in a way such that

pdiff(fexact) ≡ Pdigfexact − Pcontf = 0

then the difference pdiff(f1) ≡ p − p1 can be used as an error measure.

4. Repeat step 2 and 3. The result f1 should now be updated according to
Figure 1.5:

f2 = f1 + α2Q(p1 − p).

In section 3.1, it will be shown that under certain conditions, repetition of
step 2 and 3 will generate a sequence of results that converges to the exact
solution.

In Danielsson et.al. [4] the approximate reconstruction method PI-original is de-
scribed. Because of it’s simplicity this non-exact reconstruction method for helical
cone beam CT is well suited for testing the proposed iterative algorithm.

1.3 Purpose

This thesis has two goals. The first one is to determine how a projection operator
should be designed in order to avoid introduction of extra artifacts in the iteration
loop itself. This is a prerequisite for the second goal, which is to verify that artifacts
in the volumes initially reconstructed with the non-exact PI-original method can
indeed be suppressed using the iterative enhancement technique described above.

As mentioned in connection with the iterative loop, it is important that the projec-
tion operator is designed so that Pdig = Pcont. However, real x-ray projections in
a real tomograph are almost impossible to emulate perfectly. To give the present
project a reasonable scope, accurate physical modeling of the projection operator
in terms of beam-spot size, detector openings, energy dependent attenuation etc,
are not included. Even so, already the first goal to avoid extra artifacts in the
forward projection process requires careful attention to many details, e.g.

• the 2D-interpolation kernel

• the boundary situation caused by the cone-beam, when truncated by the
detector in the vertical direction.
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1.4 Thesis outline

Chapter 2 starts with some basic concepts in CT-reconstruction such as ramp
filtering and backprojection. This is followed by a short description of the PI-
method.

Chapter 3 first presents the iterative enhancement scheme and under what general
circumstances the loop will converge. Section 3.2 deals with basis functions, window
functions and how these relate to generation of projection data from digital images.
The SinCot interpolation filters by Magnusson Seger [19] are also presented. This
section is central for understanding the experiments performed in Chapter 4.

The first part of Chapter 4 describes experiments on how to avoid aliasing when us-
ing iterative enhancement with an exact 2D reconstruction algorithm. A summary
of earlier experiments with 4-point SinCot filters is given, followed by a presentation
of new experiments with the more sophisticated 6-point SinCot filters. In Section
4.2, experiments on iterative enhancement applied to the PI-original method are
reported. Three different methods for handling interpolation issues near the cone
beam border are presented.

Finally, Chapter 5 concludes with a discussion and summary on how interpolation
should be handled near the cone beam border, and which interpolation that is
necessary in order to suppress artifacts without introducing aliasing. Certain still
unresolved questions are also pointed out.



Chapter 2

Reconstruction algorithms

2.1 Fourier methods versus iterative methods

Reconstruction methods for CT may be categorized into Fourier methods1 and it-
erative methods. Although a Fourier method does not comprise a projection step,
it still contains an implicit mathematical model P of the projection performed by
the scanner. This model is a rather crude approximation of the actual physics
going on during the interaction between the x-ray photons and the object mat-
ter. Nevertheless, this model is used for constructing a reconstruction operator
Q. When applied to the projection data, Q yields the reconstructed object. If a
Fourier method is exact, the reconstruction operator Q equals the inverse P−1.

Iterative methods do not use an explicit inverse. Instead, a good explicit model of
the projection operator P is necessary. Actually, the model P is used for formu-
lating a least square optimization problem:

min
∀f

z(f) = |P f − p|2 (2.1)

where p are the projections delivered from the scanner and f is the reconstruction
result. This problem is then solved by iterative techniques.

Although Hounsfield’s original scanner used an iterative reconstruction method,
such methods have not made a success in commercial CT applications. One reason
might be that projection and backprojection are very time consuming operations.
Since many iterations are required, these methods calls for unacceptably long re-
construction times.

The idea behind the present work is to combine a Fourier method with an iterative
enhancement scheme. This scheme, which was shown Figure 1.5, uses the same

1Another common name in literature is analytical methods. The name Fourier methods stems
from the all-important the Fourier Slice Theorem presented in the next section.

8
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target function (2.1) as the iterative methods described above. However it differs
from them in the sense that it uses Q ≈ P−1 for updating the reconstruction
result. Depending on how the reconstruction operator Q behaves, the iteration
may or may not converge. For instance, if Q is exact, the algorithm will converge
in one iteration, or rather, without any iteration at all. On the other hand, if Q
differs very much from an exact algorithm, the method may not converge at all.

Apart from what is mentioned here, traditional iterative methods of type ART
(Algebraic Reconstruction Technique) are beyond the scope of this document.

2.2 2D Parallel Reconstruction

This section is inspired mainly by Danielsson [3] and Kak and Slaney [10]. It pro-
vides a foundation for the more complicated reconstruction problem in the following
section on helical cone-beam geometry.

The problem of parallel reconstruction was solved in principle already in 1917,
when Johann Radon [17] proved that a two-dimensional function f(x, y) is uniquely
determined by its Radon transform

p(t, θ) = (Rf)(t, θ) =
∫

Lt,θ

f(x, y)dl. (2.2)

The attenuation of monochromic X-rays traveling through an object is mathemat-
ically described by the relation (see figure 2.1).

I(t, θ) = I0e
− ∫

Lt,θf(x,y)dl . (2.3)

Taking the logarithm yields

p(t, θ) = − ln
(

I(t, θ)
I0

)
. (2.4)

Thus the remaining problem, the core of any reconstruction algorithm, is to find
the unique solution f(x, y) to equation 2.2.

In order to invert the Radon transform 2.2, the Fourier slice theorem is very useful.
It provides a connection between the Radon transform and the Fourier transform
of a two-dimensional function:

Sats 2.1 The Fourier slice theorem
The two-dimensional Fourier transform F2f of a function f(x, y) along a radial
line equals the one-dimensional Fourier transform of the Radon transform:

(F2f)(ρ cos θ, ρ sin θ) = (Ft(Rf))(ρ, θ) = (Ftp)(ρ, θ) (2.5)
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t

I0

Lt,θ

θ

I(t, θ) = I0e
− ∫

Lt,θ
f(x,y)dl

y

xf(x, y)

Figure 2.1. Attenuation of X-rays can be described with line integrals

x

y

t

v

u

Fourier domain

ρ

(Rf)(t, θ)

Ft

(F2f)(ρ cos θ, ρ sin θ)

θ

Spatial domain

Figure 2.2. Illustration of the Fourier Slice Theorem.

The theorem is illustrated in figure 2.2, and a formal proof is given in Danielsson
[3] and Kak and Slaney [10].

Theorem 2.1 can be applied directly to parallel projection data by computing the
two-dimensional Fourier transform of f(x, y) through a series of one-dimensional
Fourier transforms Ft(Rf). Performing a final inverse two-dimensional Fourier
transform yields the reconstructed result. However, applying theorem 2.1 directly
is associated with the problem of mapping radially sampled Fourier data to a
Cartesian grid. Even if solutions to this problem exist (see Magnusson Seger [19]
and O’Sullivan [14]), these direct Fourier methods (DFMs) have been less popular
than filtered backprojection (FBP).
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Projection

f(x, y) fbp(x, y)

p(t, θ) p(t, θ)

Backprojection

Figure 2.3. Illustration of projection followed by backprojection. Without any filtering
of projection data, it is obvious that this has a low-pass filtering effect on the image.

Filtered backprojection

A mathematical expression for the filtered backprojection method is given as:

f(x, y) =
∫ 2π

0

(Rf ∗ g∞)︸ ︷︷ ︸
filtering

(x cos θ + y sin θ, θ)dθ

︸ ︷︷ ︸
backprojection

(2.6)

As indicated in (2.6), filtered backprojection consists of two steps. First, the pro-
jection data Rf is filtered using the linear filter g∞. This step is followed by
backprojection, which consists of adding the filtered projection data to a digital
image along the rays from which the projection data has its origin. Projection and
backprojection are illustrated in figure 2.3.

In Magnusson Seger [19], the following intuitive derivation of filtered backprojection
is given. Suppose that the projection data of a very small object represented
by f(x, y) is backprojected into an image as shown in figure 2.3. Clearly, the
result fbp(x, y) is the approximate point spread function of the combined operation
projection followed by backprojection. From the graphic illustration of the result
in Figure 2.3 we may also infer that this operation has a 2D point spread function
that decays as 1/d where d is the distance from the object. Since the 2D Fourier
transform of 1/|d| is given by 1/|D|, the inverse filter should look like |D| in the
Fourier domain. Theorem 2.1 suggests that this filtering could be implemented
as an one-dimensional convolution on the projection data p(t, θ) instead of a two-
dimensional convolution on the image fbp(x, y).
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Derivation of formula (2.6) using theorem 2.1

We have already used theorem 2.1 to derive the DFMs. By using theorem 2.1 in a
slightly different way, filtered backprojection can be given a formal derivation as in
2.7. Notice how the Fourier domain interpolation problem mentioned in connection
with DFMs disappears when changing to polar coordinates.

f(x, y) = (F−1
2 F2f)(x, y)

=
1
2

∫ ∞

−∞

∫ ∞

−∞
(F2f)(u, v)ei2π(xu+yv)dudv

= (Polar coordinates : u = ρ cos θ, v = ρ sin θ, dudv = |ρ|dρdθ)

=
1
2

∫ 2π

0

∫ ∞

−∞
(F2f)(ρ cos θ, ρ sin θ)ei2πρ(x cos θ+y sin θ)|ρ|dρdθ

= (Theorem 2.1)

=
1
2

∫ 2π

0

∫ ∞

−∞
(FtRf)(ρ, θ)|ρ|ei2πρ(x cos θ+y sin θ)dρdθ

=
∫ 2π

0

(F−1
ρ (FtRf · Fg∞))(x cos θ + y sin θ, θ)dθ =

=
∫ 2π

0

(Rf ∗ g∞)︸ ︷︷ ︸
filtering

(x cos θ + y sin θ, θ)dθ

︸ ︷︷ ︸
backprojection

(2.7)

where g∞ is the generalized function satisfying Fg∞ = |ρ|. Because of its shape in
the Fourier domain, this function is called a ramp filter with infinite bandwidth

Formula (2.7) describes how f(x, y) can be implemented as a filtering step followed
by backprojection. However, since the signals in a real implementation are digital,
the formula must be transferred into a discrete form.

The ramp filter

Consider the sampling situation illustrated in figure 2.4. The reconstruction grid
has the sampling distance ∆x while the detector has the sampling distance ∆t.
Since ∆t < ∆x, which is often necessary for other reasons, the detector is able to
carry signals with higher frequency content than the reconstruction grid. If this is
the case when the projection data is backprojected, the reconstruction result will be
contaminated by aliasing. Therefore, it is important to band-limit the projection
data before backprojecting.
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∆t

∆x
Center of
rotation

Figure 2.4. When using higher resolution in the detector than in the reconstruction
grid, it is important to band-limit the projection data before backprojecting.

1
2∆x

−1
2∆x

−1
2∆t

1
2∆t

ρ

G∞(ρ)

Gbl(ρ)

Figure 2.5. To avoid aliasing, the ramp filter should be band-limited at ρ = ± 1
2∆x

.
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Filter support

Object support

t

Figure 2.6. Truncation of the ramp filter. The convolution result inside the object
support is independent on filter values outside the indicated truncated filter support.

Since filtered backprojection already involves a linear filtering step with a ramp
filter, it is natural to include the band-limiting in this filtering step. The frequency
response for the band-limited ramp filter is shown in figure 2.5. The inverse Fourier
transform of this function is (see Bracewell [1] among others):

g(t) = F−1{Rectangle} − F−1{Triangle}

=
1

2∆2
x

sinc
(

t

∆x

)
− 1

4∆2
x

sinc2

(
t

2∆x

)
(2.8)

where the sinc function is defined as

sincx =
sinπx

πx
. (2.9)

The ramp filter g(t) in (2.8) is of infinite length while the object and the detector
data are assumed to have bounded support. Since we are only interested of the
result inside this support, a truncated filter that is twice as long as the diameter
of the object to be reconstructed will suffice as shown in Figure 2.6. For further
comments on ramp filter design, see Kak and Slaney [10] and Magnusson Seger
[19].

Redundant projection data

When parallel projection data is collected during a full turn as described above, it
is evident from the relation

p(t, θ) = p(−t, θ + 180◦) (2.10)
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∆t/4

∆t

θ = θ0

θ = θ0 + π/2

Figure 2.7. Redundant data can be avoided using quarter offset.

that half of the captured data are redundant. It is thus possible to replace (2.7) by

f(x, y) = 2
∫ π

0

(p ∗ g∞)(x cos θ + y sin θ, θ)dθ (2.11)

Redundancy when data are collected over a full turn can be avoided using a tech-
nique called quarter offset. The detector elements are offset relative to center of
rotation by ±∆t/4 so that parallel rays from projection θ and θ+π/2 are perfectly
interleaved. See Figure 2.7. Quarter offset is equivalent to doubling the detector
resolution.

2.3 3D Helical Cone-Beam Reconstruction

2.3.1 Sufficiency Condition for Cone-Beam Geometry

To recognize sufficiency and/or redundancy in projection data for 2D-reconstruction
is fairly easy. A sufficiency condition in two dimensions is implicitly given by equa-
tion (2.11): an object can be reconstructed if every line that intersects the object
contains at least one source point. For the 3D-case, especially for the helical cone-
beam scanning geometry, the sufficiency and redundancy issues are much more
difficult. Before the slip-ring technique was introduced, it was common to use one
circular source path for every slice as described in section 1.1. However, such a
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ObjectObject ObjectObject

Figure 2.8. Examples of different source paths. All but the rightmost satisfy Tuy’s
condition.

procedure makes no use of the cone-beam geometry and it’s inherent speed advan-
tages.

Assume that the whole 3D object to be reconstructed is covered by the detected
cone-beam rays. For this case, Tuy [25] derived the following sufficiency condition.
Every plane that intersects the object to be reconstructed must contain at least one
source point. Figure 2.8, copied from Jacobson [8], contains examples of different
source paths satisfying and not satisfying Tuy’s condition.

For untruncated cone-beam projection data several exact reconstruction methods
have been developed. However, in most applications, including medical ones, the
detector array is able to cover only a part of the object of interest. Thus, projection
data are truncated. Moreover, since whole body examinations are very rarely
needed, practical source paths only satisfies Tuy’s condition for a part of the object.
This is referred to as the long object problem.

Both exact and approximate solutions exist for the long object problem. How-
ever, as Stierstorfer et. al. [20] pointed out, most exact methods presented are
too computationally complex and are therefore not well suited in medical applica-
tions. Admittingly, the recent methods due to Katsevich (see e.g. Wang et. al.
[26]) comprise a brilliant exception. Nevertheless, these algorithms suffer from an
inflexibility related to the Tam window to be discussed in the next section.

2.3.2 PI-original

The PI-original, proposed in 1998 by Danielsson et.al. [4], is an approximate
method for helical cone-beam reconstruction. The method principally resembles
filtered backprojection in two dimensions, and is therefore relatively easy to under-
stand.

The Tam window

Figure 2.9 contains notations that are used to describe the helical cone-beam ge-
ometry. A difficult problem in 3D-reconstruction is how redundant data should
be handled. In the PI-original method, this is solved by using a special detector
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Figure 2.9. Two views of the helical cone beam geometry

window proposed by Tam [21] (see Figure 2.10). A key feature of this window,
discovered by Danielsson [2] in 1995, is that an arbitrary point in the object space
is illuminated by detected rays during exactly 180 degrees as seen from the point
itself. The set of data captured from one point during half a turn is thus approxi-
mately the same as the data used in the two-dimensional formula (2.11).
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Tam window/PI-detector

z

Physical detector

Figure 2.10. The PI-detector mapped onto the Tam window

Since existing physical detectors normally are shaped as the one shown in Figure
2.10, or have a rectangular shape, they will collect data from rays that travel outside
the Tam window. Therefore, the physical detector in Figure 2.10 has to be mapped
and truncated to fit the Tam window. The result is called the PI-detector.

Rebinning to semi-parallel projection data

In two-dimensional reconstruction, it is quite common to transform fan-beam into
parallel data, a process which is known as rebinning.

An arbitrary line determined by the parameters (β, γ) from Figure 2.9 can expressed
in the Radon parameters (t, θ) by using the relation (see Figure 2.11a)

t = R sin γ, θ = β − γ. (2.12)

Equivalently (β, γ) can be expressed in (t, θ) by using that

β = θ − γ, γ = sin−1

(
t

R

)
. (2.13)

Thus, parallel projection data ppar(t, θ) can be calculated as

ppar(t, θ) = pfan(β, γ) = pfan

(
θ − sin−1

(
t

R

)
, sin−1

(
t

R

))
. (2.14)
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(a)Relation between (t, θ) and (β, γ). (b)Illustration of rebinning.

Figure 2.11. By using the relations in (a), fan-beam data can be rebinned to parallel
data or cone-beam data can be rebinned to semi-parallel data.

Since the argument of pfan is non-equidistantly sampled, an interpolation normally
is needed.

This technique can also be applied to cone-beam data using the following observa-
tion. With respect only to the x- and y-coordinates, every row on the PI-detector
receives a fan-beam consisting of semi-parallel projection data shown in Figure
2.12. The rebinning (2.14) is computed for each ray and conceptually stored on a
virtual detector placed in middle of the object cylinder as shown in Figure 2.12.

The algorithm

A summary of the different steps in the PI-original method is presented below:

1. Mapping from physical detector data to the PI-detector.

2. Rebinning the PI-detector data to semi-parallel data on the virtual detector.

3. Pre-weighting virtual detector data with the factor cosκ. This is done since
a ray with κ = κ0 6= 0 travels 1

cos κ0
longer than a ray with κ = 0.

4. One-dimensional ramp filtering along the rows of the virtual detector.

5. Back-projection along semi-parallel rays.

In practice, steps 1 and 2 can be combined into one single two-dimensional inter-
polation step.
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Chapter 3

Iterative enhancement

3.1 The main scheme

In the present and the following section, recurrence relations and a convergence
criterion are derived for the iterative loop in section 1.2. Most of the content is
based on a report by Danielsson et.al. [5] and on Press et.al. [15].

Backprojection of sampled projection data (whether filtered or not) can be written
as

fbp(x, y, z) =
Nθ∑

n=0

pint(t(x, y, z, n), s(x, y, z, n), θn) (3.1)

where the pint-contributions are calculated by interpolation on the detector. Let
this linear mapping from the voxel volume space to the projection data space be
represented by the matrix B. Filtered backprojection can then be written as

f = Qp = BHp (3.2)

where H represents the ramp filter. It is readily seen that the projection operation
p = P f is also linear.

Consider figure 3.1 and assume that the model of the physical forward projection
is perfect, i.e. that P = Pcont. Then, the first reconstruction result is given by

f0 = 0 (initialization)
f1 = αiQP (f − f0) = αiQP f = {∆i ≡ I − αiQP} = f − ∆f . (3.3)

The coefficients αi will prove helpful for controlling stability in the loop. However,
for simplicity we will assume that αi = 1 in the following. Further iterations now
yield

fi = fi−1 + QP (f − fi−1) = fi−1 + (I − ∆)(f − fi−1) = f + ∆(fi−1 − f) (3.4)

21
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Figure 3.1. Iterative improvement revisited

which after subtraction with f is equivalent to

fi − f = ∆fi−1 − f . (3.5)

Equation (3.5) can now be substituted back into (3.4) in order to get a new ex-
pression for fi:

fi = f + ∆(fi−1 − f)

= f + ∆2(fi−2 − f) = · · ·
= f + ∆i(f0 − f) = f − ∆if (3.6)

Thus,

fi → f , i → ∞ if and only if ∆i → 0, i → ∞ (3.7)

with respect to the operator norm ‖∆‖ = supf 6=0
|∆f |
|f | . This requirement is fulfilled

if the modulus of all eigenvalues of ∆ is less than 1, or equivalently, if all eigenvalues
λi of QP lies in the domain {λ ∈ C : |λ − 1| < 1} as shown in Figure 3.2.

3.2 Modeling and implementation of parallel 2D
projection

3.2.1 Representation of digital images

Accurate and alias-free projection data from sampled images or volumes are of great
importance in iterative reconstruction. The following treatment of this problem is
mainly inspired by Danielsson and Magnusson Seger [5].
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Figure 3.2. The iterative scheme will converge if all eigenvalues λi lies in the domain
{λ ∈ C : |λ − 1| < 1}.
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Figure 3.3. A sampling result can be represented as a grid of Dirac impulses, weighted
with the values of the continuous function.

Projection of an image onto a detector is the same as line integration along rays
in the image. Since digital images normally represent objects in an underlying
continuous space, it is natural to define line integrals via this continuous space.
This leads us to basis functions that allow us to define a band-limited continuous
image to be uniquely represented by a discrete image and vice versa.

Suppose that the real-valued continuous function f defined on M ⊂ R
2 is isotropi-

cally sampled with the sampling distance ∆x as shown in Figure 3.3. The sampling
result can be represented by the generalized function

fs(x, y) = f(x, y)∆−2
x III(x∆−1

x , y∆−1
x ) (3.8)

where III(x, y) is the generalized function defined by

III(x, y) =
∞∑

k=−∞

∞∑
l=−∞

δ(x − k, y − l). (3.9)

Provided the spectrum of f is limited to frequencies below the Nyquist frequency
1

2∆x
, the sampling theorem asserts that f can be perfectly reconstructed from fs
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Figure 3.4. The Jinc function in the signal and Fourier domain.

by the convolution

f(x, y) = fs(x, y) ∗ bJinc(x, y) (3.10)

where bJinc(x, y) is the so called Jinc function given by (see Bracewell [1] and R̊ade
[18])

bJinc(x, y) =
J1(2π

√
x2 + y2/(2∆x))

2
√

x2 + y2∆x

, (3.11)

J1(r) =
1
2π

∫ π

−π

ei(r sin φ−φ)dφ (3.12)

The basis function bJinc(x, y) and it’s Fourier transform is illustrated in Figure
3.4. Because of it’s unbounded support in the signal domain, the Jinc function is
in most practical applications not suitable as basis function. For this reason, many
basis functions with bounded support have been developed.

3.2.2 Parallel projections

The definition of line integrals thru digital images follows naturally from the pre-
vious section.

Definition 3.1 The line integral along a line Γ thru a sampled image

fs(x, y) = f(x, y)∆−2
x III(x∆−1

x , y∆−1
x ) (3.13)

is defined by∫
Γ

fs(x, y)dl =
∫

Γ

fc(x, y)dl (3.14)

where fc(x, y) = fs(x, y) ∗ b(x, y).
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Figure 3.5. Projection of a translated basis function on the detector. The projection
theorem asserts that t = (x, y) · (cos θ, sin θ) = x cos θ + y sin θ.

Thus, the value of the integral will depend on the choice of basis function b(x, y).
According to 3.10 only by using the unpractical Jinc function bJinc as basis function
do we obtain

∫
Γ

fs(x, y)dl =
∫
Γ

f(x, y)dl.

Assume that the support of f(x, y) is contained in the rectangle

[−N∆x, N∆x] × [−N∆x, N∆x] ⊂ R
2. (3.15)

Then, fc equals the following weighted sum of translated basis functions:

fc(x, y) =
N∑

k=−N

N∑
l=−N

f(k∆x, l∆x)b(x − k∆x, y − l∆x). (3.16)

Let bk∆x,l∆x
denote the translated basis function b(x−k∆x, y− l∆x). From Figure

3.5, it is clear that

(Rθbk∆x,l∆x
)(t) = (Rθb)(t − x cos θ − y sin θ). (3.17)

Thus, a parallel projection of fs for a certain angle θ is given by

(Rθfs)(t) =
N∑

k=−N

N∑
l=−N

f(k∆x, l∆x)(Rθbk∆x,l∆x
)(t)

=
N∑

k=−N

N∑
l=−N

f(k∆x, l∆x)(Rθb)(t − k∆x cos θ − l∆x sin θ). (3.18)

The parallel projection Rθb occurs frequently in the following discussion. It is
therefore convenient to define the window function w(θ, t) corresponding to the
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t
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Figure 3.6. Voxel driven implementation of parallel projection. For every voxel and for
every θ, a t-value is calculated as in Figure 3.5. A window function translated to this
t-value is then used for calculation of contributions to the detector.

basis function b by

w(θ, t) = (Rb)(θ, t) (3.19)

Other names that occur frequently in literature are profile and footprint. In cases
where b is rotationally symmetric, the window function is independent of θ and
w(t) will be used without risk of confusion.

As shown in Figure 3.6 and Figure 3.7, forward projection can be implemented
using a voxel driven or ray driven approach. Since both approaches calculate the
integrals as they are defined in Definition. 3.1, the choice of implementation does
not affect the result.

The Fourier slice theorem (theorem 2.1) asserts that the Fourier transform of the
window function equals a radial slice through the Fourier transform of the cor-
responding basis function. Therefore, basis functions are normally designed and
determined thru corresponding window functions.

3.2.3 Fourier modeling of aliasing

Examination of the forward projection procedure in the Fourier domain makes it
is possible to understand how aliasing contributions are introduced. Assume that

fs(x, y) = f(x, y)∆−2
x III(x∆−1

x , y∆−1
x ) (3.20)



3.2 Modeling and implementation of parallel 2D projection 27

t

θ

Window function

Figure 3.7. Ray driven implementation of parallel projection. For every detector ele-
ment and for every θ, a set of voxels whose basis functions contain the ray of interest is
calculated. The contributions from the voxels in this set are then calculated using the
window function as shown.

where f is sufficiently band-limited as in the previous section. Then the Fourier
transform of fs is periodic as shown in Figure 3.8. By considering various cross-
sections through this figure as in Figure 3.9 and 3.10, it is clear that the risk of
aliasing is highest in the 0◦- and 45◦-direction. The cross-sections in these directions
strikes DC-component copies located relatively near the origin.

In Figure 3.9 and 3.10, the forward projection procedure is illustrated along 0◦ and
45◦ cross-sections of the Fourier domain. The two relevant steps are

• Multiplication with interpolation/basis/window function. Since con-
volution in the signal domain corresponds to multiplication in the Fourier
domain, fs ∗ b translates into FsB. Moreover, the Fourier slice theorem (the-
orem 2.1) implies that (FsθBθ)(ρ) = (PθWθ)(ρ) where Wθ = Fw. Figure 3.9
and 3.10 employ linear interpolation given by

w(t) =
{

1 − |t|
∆x

, |t| ≤ ∆x

0 , |t| > ∆x
(3.21)

• Sampling of the projected data. Given the ability to compute continuous
projection data, a sampling step is performed in order to select and store
relevant data in a digital array. Throughout this thesis, the sampling distance
is denoted by ∆t. ∆x = 1.5∆t have been used in Figure 3.9 and 3.10
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Figure 3.8. The Fourier transform Ffs. Multiplication with FbJinc cuts out the area
inside Nyquist boundary and Ff = F is obtained. The larger circles with radius 1

∆x
and

2
∆x

shows zero crossings for the Fourier transform W (ρ) = sinc2(ρ∆x) of the common
linear interpolation window function.

It is evident from Figure 3.10 that linear interpolation results in aliasing both in
the 0◦-direction and the 45◦-direction. The former is relatively harmless compared
to the the latter DC-aliasing, which results heavy distortion as shown in 3.11. This
distortion is explained by the fact that image energy usually is concentrated near
the DC-component, and that the DC-components of the neighboring F (u, v) copies
in the 45◦-direction are not suppressed enough.

Joseph’s method [9] means effectively that the zero crossings of the sinc2-function
appear at intervals 1

∆x cos θ for a projection at angle θ. As shown by Danielsson [5],
the DC-aliasing is eliminated. However, aliasing from frequency components near
DC are still there to produce visible artifacts in 3.11c.



3.2 Modeling and implementation of parallel 2D projection 29

ρ

−2
∆x

1
∆x

2
∆x

Fs0(ρ) = P0(ρ)

−√
2

∆x

−1
∆x

ρ

ρ

−2
∆x

−1
∆x

√
2

∆x

2
∆x

−√
2

∆x

√
2

∆x

ρ

1
∆x

Pπ
4
(ρ)W (ρ)

Fs π
4
(ρ) = Pπ

4
(ρ)

P0(ρ)W (ρ)

Figure 3.9. Two different cross-sections thru the Fourier transform Ffs, before and after
multiplication with W (ρ) = (Fw)(ρ) = ∆x sinc2(ρ∆x). The window function is the linear
filter w(t) in 3.21. The position of the usually very strong DC-component is indicated
with ↑. Note that a SinCot filter in the next section is virtually zero outside the double
Nyquist limits ± 1

∆x
.



30 Iterative enhancement

ρ

ρ

−1
∆t

−1
∆t

1
∆t

Sampled P0(ρ)
∆t = 1

1.5∆x

1
∆tFolded

Nyquist band
Sampled Pπ

4
(ρ)

DC-components/DC-aliasing

√
2

∆x
− 1

∆t

Figure 3.10. Sampling of the detector data with sampling density ∆−1
t results in periodic

copies in the Fourier domain. Linear interpolation generates DC-aliasing in the 45◦-
direction.
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(a) Sampled phantom (b) Linear interpolation

(c) Joseph’s method (d) 4-point SinCot, a1 = 0.605

Figure 3.11. Comparison between different interpolation filters. A mathematical phan-
tom has initially been sampled. Forward projection using various window functions have
then been performed followed by reconstruction as described in Chapter 2. The detector
sampling density is related to the reconstruction grid by ∆t = 1

1.5
∆x. Note that for the

aliasing in the 45◦-direction, the frequency equals that of the folded DC-components in
Figure 3.10.
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3.2.4 The SinCot filters

The SinCot filters were invented by Magnusson Seger [19] as a response to the
specific needs for interpolation in direct Fourier methods (see Section 2.2). For the
present purpose, modified Kaiser-Bessel window functions by Lewitt [12] and linear
interpolation with θ-variable kernel lengths by Joseph [9] might be an alternative.
However, the experiments in [5] shows the superiority of the SinCot filters.

The n-point SinCot filters is a collection of interpolation filters with different
lengths. Assuming that the sampling distance is ∆x, the formula for a n-point
SinCot filter is given by

f(x) =

{
1

n∆x
sin(πx/∆x) cos(πx/(n∆x))

sin(πx/(n∆x)) , |x| < n∆x

2

0 , |x| ≥ n∆w

2

. (3.22)

In Figure 3.12, plots of the 4-point and 6-point SinCot filters are shown in the
signal and Fourier domain. The small circles in the Fourier domain plots indicate
that the Fourier transform of a n-point SinCot filter assumes the value 1 exactly
n− 1 times at equidistant points within the pass-band ±0.5. Likewise, there are n
points in the stop-bands [−1,−0.5] and [0.5, 1] attaining the value zero.

In order to reduce the ripple in pass- and stop-band, Hamming windows can be
multiplied with the window function. The Hamming window serves as a “smoother”
of the modulations that occur in the Fourier domain, both in the pass-band and
the stop-band. Extra smoothing can be obtained by additional Hamming windows.
However, this goes with extra unwanted smoothing of the transition between the
pass- and the stop-band. As shown in Figure 3.13a, multiplication with a Hamming
window reduces the number of points where the SinCot filter assumes the value 1.
Therefore, the number of Hamming windows that can be used without affecting
the DC-component of the SinCot filter is limited to n/2 − 1.

In the signal domain, the Hamming window is given by

wh(t) = a + (1 − a) cos
(

2πt

n∆x

)
(3.23)

where a ∈ [0, 1] is a free parameter that remains to be determined. The optimal
value of a depends on whether steep transition between pass- and stop-band or
low ripple is preferred. In Figure 3.13b, a 4-point SinCot filter with one Hamming
window is plotted for different values on a.
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Figure 3.12. The 4-point and 6-point SinCot filter in the signal and Fourier domain.
The sampling distance is ∆x = 1. The circles indicate the equidistantly sampled points
where the Fourier transform equals 0, 1/2 or 1.
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Figure 3.13. Illustration of how Hamming windows can be used to smoothen the inter-
polation filter in the Fourier domain.



Chapter 4

Experiments

4.1 2D reconstruction

4.1.1 Earlier experiments

The two-dimensional pre-study presented in the following sections are based upon
earlier work by Maria Magnusson Seger [5]. Experiments demonstrated how various
interpolation methods performed in backprojection and projection operators. The
iterative loop in Section 3.1 was implemented in Matlab and C/MEX, as described
in Figure 4.1. C/MEX is an interface for calling routines written in C from Matlab.
More information can be found in Pärt-Enander et.al. [16]

A brief explanation of the different steps in the iterative loop and their free param-
eters runs as follows.

• Initial projection data generation. The initial projection data have been
created from mathematical test objects called phantoms. By describing a
phantom as a set of overlapping and non-overlapping ellipses, it is easy to
derive expressions for the line integrals. Appendix A contains a description
of the various phantoms that have been used in the experiments.

• Low-pass filtering of projection data. Because of high frequency com-
ponents in projection data, ringings due to Gibbs phenomenon may occur.
Suppression of high frequency components have been accomplished by using
a filter shaped as a cosine in the Fourier domain, followed by convolution
with a [121]

4 kernel.

• Backprojection. The backprojection employs a voxel driven approach sim-
ilar to the one described for forward projection in Section 3.2, Figure 3.6.
Actually, by simply interchanging the roles of pixel and detector elements, the
following algorithm is achieved for backprojection:

35
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Figure 4.1. Illustration of the iterative loop implemented by Maria Magnusson Seger.

for all pixels do
for all projection angles do

Calculate the corresponding detector position t.
Read the interpolated detector value and add it’s contribution to the
current voxel.

end for
end for

The contribution to be delivered from a certain detector element to a certain
voxel requires interpolation. Three different interpolation filters have been
implemented, namely

– linear interpolation, i.e. using a triangular interpolation filter kernel.

– 4-point SinCot filter with Hamming coefficient α = 0.77.

– 4-point SinCot filter with Hamming coefficient α = 0.605.

• Forward projection The three interpolation filters implemented for back-
projection have also been used for forward projection. In addition, these
filters have been employed with orientation dependent sizes à la Joseph as
described in 3.2.

• Detector resolution One of the most important parameters is the relation
between detector resolution ∆t and the image matrix resolution ∆x. In these
experiments three resolutions have been employed, namely ∆x = 1.3∆t, ∆x =
1.5∆t and ∆x = 1.92∆t.
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(a) f1 (b) f3, Linear interpolation

(c) f3, Joseph’s method (d) f3, 4-point SinCot, a1 = 0.605

(e) Zoomed (c) (f) Zoomed (d)

Figure 4.2. Comparison between three different interpolation methods. The greyscale
window is [1.00 1.04] for (a)-(d) and [1.01 1.03] for (e) and (f).
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Figure 4.3. The reconstruction results f1, f2 and f3 when using a 4-point SinCot filter
with Hamming window a1 = 0.605 in forward projection, linear interpolation in backpro-
jection. To the right, horizontal and vertical profiles of corresponding results are shown.
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The results from the experiments in [5] are presented in Figure 4.2 and Figure
4.3. It is obvious that accurate interpolation is crucial in the forward projection,
while less accurate interpolation works well in the backprojection. In Figure 4.3 it
is shown that good results can be achieved by using 4-point SinCot interpolation
in the forward projection and linear interpolation in the backprojection. However
some small ringing artifacts however appear in f3, the result after two iteration
loops. It is therefore of interest to examine if these artifacts can be avoided by
using an even more sophisticated interpolation filter, i.e. a filter with even stronger
suppression of aliasing contributions in the higher frequency bands.

4.1.2 Experiments with a 6-point SinCot filter

The formula for a n-point SinCot filter adjusted to a sampling density of ∆w is
repeated here for convenience.

f(x) =

{
1

n∆w
sin(πx/∆w) cos(πx/(4∆w))

sin(πx/(4∆w)) , |x| < n∆w

2

0 , |x| ≥ n∆w

2

(4.1)

Figure 4.4 describes how a pixel value is delivered to the detector during the projec-
tion operation using the 4-point SinCot implementation described in the previous
section. First the arguments d0, · · · , d5, the offset positions of the detector elements
relative to the pixel center ray position, need to be calculated. This is followed by
the following evaluation of the SinCot kernel in each of these positions.

fi = f(di) =

{
1

4∆w

sin(πdi/∆w) cos(πdi/4∆w)
sin(πdi/4∆w) , |di| < 2∆w

0 , |di| > 2∆w

, i = 1, ..., 6 (4.2)

Repeating this evaluation six times for every pixel contribution is apparently very
time consuming. Since the complexity of filtered backprojection reconstruction
is O(N3), this real-time calculation of the SinCot filter results in uncomfortably
long reconstruction times when using a 512x512 reconstruction grid. It is therefore
desirable to replace this real-time calculation with a table look-up. Experiments
have shown that table look-up with a sampling density of 2000 samples/∆w (total
of 8000 entries) yields the same results as the calculation (4.2).

The look-up table makes it easy to change the Hamming window coefficients a1 and
a2. In the previous hard-coded implementation all changes of this nature required
re-compilation.

Using a 6-point SinCot filter instead of a 4-point filter leaves freedom to introduce
more Hamming windows and optimize the design. Without getting too much low-
pass filtering inside the pass-band, two Hamming windows may be multiplied to the
filter kernel. The choice of parameters for these Hamming windows is not obvious
but as we shall see in the next paragraph, the optimization problem can be rather
well formulated which makes the choice intuitively clear. See Figure 4.5

Two seemingly reasonable criteria that should be satisfied by the interpolation
kernel are
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Figure 4.4. Projection. Illustration of how a pixel contribution is interpolated to the
detector when using the implementation described in section 4.1.1. The reconstruction
grid resolution is related to the detector resolution by ∆x = 1.5∆t.

1) suppression of frequencies above ω2 that cause aliasing.

2) a flat frequency response below ω1 in the pass-band.

Therefore, the optimization problem can be expressed as (see Figure 4.5)

min
a1,a2∈[0,1]

z(a1, a2) =W1

∑
{n:ρn<ω1}

|F (ρn) − F (ρn−1)|

+W2

∑
{n:ρn>ω2}

|F (ρn)| (4.3)

where F (ρ) is the Fourier transform of the designed filter. W1 and W2 are coeffi-
cients that control the ability of each criterion to affect the choice of parameters a1

and a2. Like ω1 and ω2, these must be determined experimentally. It is noticeable
that the number of Hamming windows needed is given by the determined parame-
ters a1 and a2. If the optimum is given by a1 = 1 or a2 = 1, then the corresponding
Hamming window is redundant under the given circumstances.

In order to find optimal values of a1 and a2 with respect to (4.3), the brute force
algorithm 4.1 has been used. The procedure starts with an initial guessing of the
design parameters W1, W2, ω1 and ω2. Applying the algorithm 4.1 then yields
a certain 6-point SinCot filter. By examining the Fourier transform of the filter
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Measure of frequency content
above ρ = ω2

ω1 ω2

W1

∑
{n:ρn<ω1} |F (ρn) − F (ρn−1)|

W2

∑
{n:ρn>ω2} |F (ρn)|

F (ρ)

1
2∆x

ρ

Measure of ripple in [0, ω1]

Figure 4.5. Given particular values of a1 and a2, the two terms in (4.3) measure ripple
in the frequency band [0, ω1] and presence of frequencies above ω2.

generated in this way, new values of the design parameters can be determined.
Repeated application of algorithm 4.1 with updated sets of design parameters have
resulted in a rather satisfying interpolation filter.

Algorithm 4.1 Brute force algorithm for solving the optimization problem (4.3)
minDiff := +∞
for all a1 ∈ {0.00 0.01 · · · 0.99 1.00} do

for all a2 ∈ {a1 a1 + 0.01 · · · 0.99 1.00} do
Generate corresponding SinCot filter and evaluate z(a1, a2).
if z(a1, a2) < minDiff then

minDiff := z(a1, a2)
optimalA1 := a1

optimalA2 := a2

end if
end for

end for

4.1.3 Results and discussion

Two different 6-point SinCot filters have been produced using the procedure de-
scribed in the last section. The salient properties of these filters are illustrated in
Figure 4.6 and also given below.
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Figure 4.6. Three SinCot interpolation filters. Dash-dot : 6-point SinCot filter with
a1 = 0.52 and a2 = 0.75 . Solid : 6-point SinCot filter with a1 = 0.53 and a2 = 0.84.
Dashed : 4-point SinCot filter with a1 = 0.605.

1) Design parameters:

W1 = 0.05,W2 = 1.00, ω1 = 0.10
1

∆x
, ω2 = 0.95

1
∆x

which results in the Hamming window parameters

a1 = 0.52, a2 = 0.75.

Frequencies above 1
∆x

are very well suppressed while a large portion of pass-
band is very flat.

2) Design parameters:

W1 = 0.02,W2 = 1.00, ω1 = 0.10
1

∆x
, ω2 = 0.90

1
∆x
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which results in the Hamming window parameters

a1 = 0.53, a2 = 0.84.

Both the suppression of frequencies above 1
∆x

and the flatness of this fil-
ter is poorer than for the first filter. On the other hand this filter have a
steeper transition around ω = 1

2∆x
, which implies better resolution in the

reconstruction result.

Look-up tables for these filters have been generated and a simulation study of
the iterative scheme have been performed. Results from the different filters are
presented in Figure 4.7, 4.8 and 4.9.

It is evident that both 6-point SinCot filters presented here suppress the aliasing
artifacts that can be seen in Figure 4.3. Differences between the two 6-point filters
can not be determined from at the images in Figure 4.7, 4.8 and 4.9

Since the 6-point filter is 3/2 times larger than the 4-point filter, the computation
time increases in the same proportion.
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Figure 4.7. Reconstruction results from three iterations when using a 6-point SinCot
filter with a1 = 0.52 and a2 = 0.75.
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Figure 4.8. Reconstruction results from three iterations when using a 6-point SinCot
filter with a1 = 0.53 and a2 = 0.84.
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(a) 4-point SinCot
a1 = 0.605

(b) 6-point SinCot
a1 = 0.75, a2 = 0.52

(c) 6-point SinCot
a1 = 0.84, a2 = 0.53

Figure 4.9. Differences between third iteration reconstruction results and a sampled
phantom. How the phantom has been sampled is described in appendix A. Greyscale
window [-0.01 0.01]
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4.2 The 3D-case

4.2.1 The iterative enhancement scheme applied to the PI-
method

A divergent beam projects a voxel with variable magnification onto the detector.
Therefore, to simulate cone-beam projection data from digital images is a bit more
cumbersome than generating parallel projection data. As evident from Figure 4.10,
for a certain voxel density ∆−1

x the required detector density ∆−1
t at the virtual

detector placed at the center of rotation varies as

∆−1
t =

Rx

R
∆−1

x (4.4)

where Rx is the distance from the source to the actual voxel. With the given
geometry we have

max(∆−1
t ) ≈ 3

2∆−1
x

min(∆−1
t ) ≈ 1

2∆−1
x

(4.5)

The initial rebinning step in the PI-method makes it possible to implement the
basic iterative scheme of Figure 1.5 in the way shown by 4.11, where the rebinning
step is placed outside the iterative loop. Hereby, the requirement for variable
detector resolution in the t-direction is eliminated, but remains along the s-axis.
As indicated in Figure 4.11, initial projection data have been generated in the
following alternative two ways.

• Generation of cone-beam data from a mathematical phantom. The
program TAKE developed by Müller-Merbach [13] and Turbell [23] at Linköping
University have been used for this purpose. TAKE calculates integrals through
the test object f(x, y, z) which is defined as the sum of a set of ellipses as
described in Appendix A. Disregarding details and limitations due to various
physical phenomena, this is the projection geometry used by a real tomo-
graphic system.

• Generation of semi-parallel projection data from a sampled phan-
tom. In fact, this projection operator is identical to the one employed inside
the iterative loop. This is an advantage in the present project. If the two
projection operators are different, as in the previous case, one has to worry
how this difference might influence the result.

It should be mentioned that besides Figure 4.11 there is an alternative implemen-
tation, where full cone-beam projection and rebinning to semi-parallel projection
data takes place inside the iterative loop as shown in Figure 4.12. However, it
seems likely that this more complicated implementation of the basic scheme should
behave identical to the one in Figure 4.11 in terms of image enhancement and
elimination of reconstruction artifacts.
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Figure 4.10. Projection generation in a fan-beam geometry. Because of the divergence,
areas near the source are sampled with a higher sampling density than areas far from the
source.
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Figure 4.11. The iterative enhancement scheme applied to PI-original
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Figure 4.12. An alternative implementation of the iterative enhancement scheme applied
to PI-original.

4.2.2 The reconstruction step

The 3D reconstruction algorithm that have been used in this thesis is PI-ORIGINAL
[4]. It was first implemented by Turbell [24]. We will use the following notation.
See also Fig 4.13a.

• (x, y, z) is a point in the continuous object space. (ix, iy, iz) is a point in the
discrete object space. Normally, we consider the object space as fixed while
the source-detector system rotates around and translates along the z-axis.

• (t, s) are points on the virtual detector. These are defined so that (t =
0, s = 0) refers to the center of the virtual detector. Discrete positions are
represented by (it, is).

• ∆t, ∆s, and ∆x are sampling densities. The reconstructed voxel volume is
throughout the text isotropically sampled, i.e. ∆x = ∆y = ∆z.

• θ is a continuous variable that represents a specific rotation angle of the
source-detector system. However, since the projections are sampled, a specific
projection will instead be represented by a discrete index n.

Semi-parallel projection data can then be represented by a three-dimensional array
p[it, is, n]. Since every voxel belongs to one and only one PI-line, a voxel located
at (x, y, z) is contained in a number of well-defined and consecutive projections
nin, nin+1, ..., nout as shown in Figure 4.13b. During backprojection, each of these
projections will deliver one contribution to the voxel. In Turbell [24] it is shown
that given a certain z-value, it is possible to find a projection angle θslice such
that corresponding projection nslice contains contributions to all voxels with this
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Figure 4.13. a)The rebinned geometry used by the PI-methods. b) For every voxel of
interest, a pair of projections separated by 180◦ such as those shown above can be found.
The voxel will be contained in every projection between those.

z-value. Using this observation, a backprojection algorithm can be constructed as
in Algorithm 4.2.

Algorithm 4.2 Voxel driven backprojection
for all iz do

Calculate nslice

for all ix and iy inside the object cylinder do
n := bnslicec
Calculate s and t
while s < P/4 do

f [ix, iy, iz] := f [ix, iy, iz]+interpolated contribution from detector
n := n − 1
Calculate s and t

end while
n := bnslicec + 1
Calculate s and t
while s > P/4 do

f [ix, iy, iz] := f [ix, iy, iz]+interpolated contribution from detector
n := n + 1
Calculate s and t

end while
end for

end for
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Figure 4.14. Projections of parts of the image located far from the source may contain
frequencies up to 3
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Figure 4.15. Bilinear interpolation of a detector contribution to a specific voxel as
specified by equation (4.6).

In the original implementation of the PI-method, it is assumed that the distance
∆s between the detector rows is equal to the voxel density ∆x. As shown in
Figure 4.14, there are areas in the reconstructed volume that may carry frequency
components, whose projections onto the detector have frequencies up to 3

4∆−1
x .

This suggests that a sampling density of at least ∆−1
s = 3

2∆−1
x should be used in

iterative methods. In the present work, the density ∆−1
s = 2∆−1

x have been used.

Interpolation in backprojection

Figure 4.15 shows how the interpolation is done in the original backprojection
implementation. Using the notations in the Figure 4.15, the contribution to a
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∆x

Figure 4.16. The backprojection situation seen from above along the axis of rotation.
Bilinear interpolation (triangular window, solid lines) function is fitted to the detector
grid and ∆t = 1

2
∆x would imply a circular symmetric basis function that is too small.

The dashed circle shows the size of the correct basis function fitted to ∆x. Note that the
height of the corresponding interpolation kernel must be adjusted (normalized to unity)
in order to preserve the signal mass in the backprojected data.

voxel from the detector is calculated by bilinear interpolation:

Contribution = ws1(wt1p11 + wt2p12) + ws2(wt1p21 + wt2p22) (4.6)

This interpolation works fine for detector resolutions similar to the reconstruction
grid resolution. However, when ∆t = 2

3∆x and ∆s = 1
2∆x, bilinear interpolation

with an interpolation kernel fitted to the detector resolution is bound to cause
aliasing distortion. As shown by Figure 4.16, using a window function fitted to a
detector for which ∆−1

t > ∆−1
x , is the same as using a basis function that is too

small compared to the corresponding reconstruction grid. To correct for this, the
interpolation kernel size should be scaled with ∆x

∆t
in the t-direction and with ∆x

∆s

in the s-direction as determined by equation (4.4).

When backprojecting detector data, it is very important that interpolation weights
sum up to one. If this is not the case, the energy of the reconstructed image
will be erroneous. The suggested scaling with ∆x

∆t
and ∆x

∆s
must thus be followed

by a normalizing operation. This operation have been implemented in two ways,
depending on whether the factors 2∆x

∆t
and 2∆x

∆s
are integral or fractional. In case

of integral values, the normalization factor is constant and equals ∆2
x

∆s∆t
.However,

in the more general case where the value of 2∆x

∆t
or 2∆x

∆s
is fractional, the sum of

the interpolation kernel will vary with the offset to the sampling grid as shown in
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Figure 4.17. Spatial variation of the interpolation kernel sum. (a) shows a case where
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preserves the kernel sum. This is not true for fractional values of 2∆x
∆s

as shown in (b).

Figure 4.17. In this case, correct normalization requires a post-processing step by
dividing each voxel result with the sum of the kernel values.

4.2.3 Implementation of the projection operator

Voxel consistent interpolation

The forward projection has the same structure as the backprojection in Algorithm
4.2. The main difference is that voxels deliver contributions to the detector instead
of the reverse. However, since the accuracy of the projection operator is crucial
in the iterative loop, more care must be taken in the design of the interpolation
process in the forward projection operator. The PI-window truncates the object
in the vertical direction. Therefore, special interpolation problems appear at the
detector edges.

The simplest way would be to employ a fixed size interpolation kernel in the same
way as Turbell [24] in the case of backprojection. However, because of the diver-
gence of the semi-parallel rays in the (v, s)-plane shown in Figure 4.18, using a fixed
size interpolation kernel (window function) on the detector implies that the size of
corresponding basis function in the object space erroneously would vary with the
distance to the source as shown in Figure 4.19a. Note how voxels near the source
delivers contributions in the shape of two non-overlapping triangles. Inevitably,
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Figure 4.18. The semi-parallel rays diverge in the s-direction.

this effect will disclose itself as false modulation of the projection in the vertical
direction as shown in Figure 4.19b. This type of non-exact interpolation, which
throughout the text will be called voxel inconsistent interpolation, have much more
serious implications for forward projection than for backprojection.

The calculation of the point (t, s) where a particular voxel contribution shall be
delivered involves calculation of the distance from the source to the virtual detector
d, and the v-coordinate of the voxel (see Figure 4.18). Since the vertical distance
between two rays grows proportionally to v the corresponding window function
along the s-axis should be scaled as:

Scaled size = Original size × d

v + d
(4.7)

Here, original size stands for the size of the window function in the case of parallel
rays. In the remaining sections, scaling the interpolation function in this way will
be referred to as voxel consistent interpolation. See Figure 4.19c. Note that this
computation results in line integrals, which should not be affected by divergence
in the beam of rays. Hence, contrary to the case of backprojection in Figure 4.16,
the height of the interpolation kernel in Figure 4.19 is not scaled with v+d

d .

Extension of the detector window

In the helical cone-beam geometry , projection data are truncated in the s-direction.
This fact has implications on how much data that must be collected by the forward
projection operator to make backprojection possible.

In Figure 4.20 a scanning situation where ∆x = 2∆s is shown. To be able to use
the rescaled bilinear interpolation mentioned for backprojection, data from shaded
detector elements outside the PI-window are needed. For voxels located near the
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Figure 4.19. a) Voxel inconsistent interpolation. Using a fixed size interpolation
kernel on the detector in a diverging beam geometry results in an under-estimation of
contributions from voxels near the source and over-estimation of contributions from voxels
far from the source. b) Projections of an off-centered spherical object located
near the source. Because of voxel inconsistent interpolation, voxels located near the
source contribute too sparsely to the virtual detector. As a result, virtual detector data
is modulated. c) Voxel consistent interpolation. After scaling of the interpolation
kernel width with d

d+v
as shown, correct contributions to the detector are obtained.



56 Experiments

s

t

∆s

S ∆x

R = 2 l.u.

Detector extension 3
8 lf + R

2(R−1) lf

lf

contribute to the
shown detector elements

Voxels with center inside this area

Object cylinderSource cylinder

P = 2Ns∆s

Object slices
Detector
elements

Figure 4.20. In order to generate sufficient data for the backprojection operator, the
projection operator must use an extended window as shown above

source, the voxel consistent interpolation requires a window function that is twice
as large as a corresponding voxel inconsistent kernel. This large triangular kernel is
seen at the top in Figure 4.20. It is placed so that it barely touches the uppermost
shaded detector center. In this manner the shaded area in Figure 4.20 is constructed
to show the extension of voxels which has to be visited by the forward projection
to allow for a sub-sequent backprojection.
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Figure 4.21. By using rays from projections located ±Nθ/2 steps away from the pro-
jection of interest, using an extended window can be avoided. However, because of the
difference in direction between complementary (dashed) and extended window (dotted)
rays, artifacts may be introduced.

Complementary rays

Extending the detector in the above-mentioned manner requires that data for two
extra detector rows are captured during scan time. Two alternatives to this tech-
nique have been examined. One of these makes use of an extended detector as
before, but collects the data needed for interpolation from complementary rays.
As is shown in Figure 4.21, projections that are located one half-turn away from
the projection of interest contain data that could be used for interpolation near
the borders. However, since these data come from rays that travel along slightly
different paths diverging in opposite directions, artifacts are introduced.

Symmetric modeling of forward projection and backprojection

The second alternative to the technique described in Fig 4.20 is to make forward
projection and backprojection symmetric and still achieve the same result when
the two processes are combined in the iterative loop. The main idea, shown in
figure 4.22, is that of the total basis function of a voxel, only the part which is
inside the PI-window should receive or deliver contributions to the detector. This
means that if the corresponding basis function partly exist inside the PI-window,
a voxel with its center located outside the PI-window will still receive and deliver
contributions.
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Figure 4.22. During both forward projection and backprojection should only the part of
the basis function that is inside the PI-window deliver and receive contributions to/from
the detector. This should apply also to voxels whose center is located outside the PI-
window.

Modeling forward projection and backprojection in this way suggests that back-
projection should be implemented using the slightly more time demanding voxel
consistent interpolation in the same way as forward projection. Otherwise, vox-
els located outside but close to the PI-window would deliver contributions to the
detector during forward projection without receiving contributions during back-
projection and vice versa.

One drawback of this technique is that it complicates the normalization procedure
near the PI-window borders in the backprojection case. The problem of normalizing
the interpolation kernel was discussed at end of section 4.2.2. When a basis func-
tion is partially outside the PI-window as in Figure 4.22, the corresponding window
function or interpolation filter should no longer be normalized so that the coefficient
sum equals 1. Instead the coefficient sum should equal the part of the kernel area
that is inside the PI-window divided by the total kernel area. Hence, the normaliz-
ing proposed for fractional values of ∆x

∆s
in section 4.2.2 does not work. Instead, the

other technique of simply dividing the contribution by ∆t∆s

∆2
x

has been used in these
cases. This non-perfect normalization introduces minor high-frequency artifacts as
we shall see in the next section.

One possible solution to this problem could be to pre-calculate a look-up table with
kernel areas for points near the border. However, this method have not been tested
in the present work.

4.2.4 Results and discussion

Table 4.1 shows parameters common for most of the performed experiments.



4.2 The 3D-case 59

(a) Sampled sphere clock phantom (b) Reconstructed with PI-original

Figure 4.23. Cross sections thru the sphere clock phantom. The PI-original reconstruc-
tion have been made from a sampled phantom. Greyscale interval [-50 50] (HU)

The following phantoms have been used. More detailed information can be found
in appendix A.

• The Turbell Sphere Clock phantom.Most experiments employ the sphere
clock phantom by Turbell [24] (see Figure 4.23a and appendix A) . Since
it contains small high-contrast objects located far from the object cylinder
center, this phantom is a great challenge for most non-exact methods, includ-
ing the PI-original method. Artifacts appear in the reconstruction result as
shown in Figure 4.23b.

• The three-dimensional Shepp-Logan phantom. This phantom is well
suited to investigate high-frequency low contrast artifacts due to aliasing.

• Non-centered ball. A special phantom in the form of a non-centered ball
was used to study projection data. Here, it is interesting to compare projec-
tions obtained from a sampled phantom with projections generated from the
analytically defined phantom by TAKE.

Initial projection data from sampled phantom

The first set of experiments have been using input data from a sampled phan-
tom. Hereby, the assumption Pmodel = Pinitial mentioned in Section 3.1 is fulfilled.
Therefore, these experiments will directly demonstrate the image enhancement ca-
pacity of the main scheme. The results are shown in Figures 4.24, 4.25, 4.26 and
4.27, showing the three reconstruction results f1, f2 and f3 for projections using
the three projection techniques described in Section 4.2.3, namely,

1) Extended windows, Figure 4.24
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Radius of source path R = 570mm
Field of view (FOV) Cylinder with radius 500mm
Maximum fan angle γmax = ±26◦

Maximum cone angle κmax = ±3.14◦

Reconstruction grid, Nx = Ny = 128,
sphere clock phantom Nz = 48
Reconstruction grid, Nx = Ny = Nz = 128
non-centered ball and 3D-SL
Projection angles/turn Nθ = 400
Number of turns Nλ = 3, 4, 5
Number of detector columns Nt = 192
Number of detector rows Ns = 32
Detector resolution ∆−1

t = 3
2∆−1

x

∆−1
s = 2∆−1

x

Interpolation in forward projection t-direction: 6-point SinCot with
a1 = 0.75 and a2 = 0.52
s-direction: linear, voxel consistent

Interpolation in backprojection Linear interpolation in both
t- and s-direction. Voxel inconsistent.

Feedback gain αi = 1 for all iterations

Table 4.1. Parameters for the experimental in Figure 4.24, 4.25, 4.26, 4.27, 4.30 and
4.31.

2) Complementary rays, Figure 4.25

3) Symmetric modeling of forward projection and backprojection, Figure 4.26
and Figure 4.27.

As a quantitative error measure, the square sum

σ =
√

1
NxNyNz

∑
ix,iy,iz

(frec[ix, iy, iz] − fsampled[ix, iy, iz])
2 (4.8)

have been calculated for every result.

Projections using complementary rays seem to introduce some extra artifacts al-
ready in f1 which are still there in f2 and f3. Therefore, complementary rays cannot
be used as an alternative to the extended window.

Minor high-frequency artifacts seem to be introduced when using symmetric mod-
eling in Figure 4.26 and 4.27. They are caused by the normalization error discussed
in the previous section. Apart from these artifacts, this technique seem to generate
a slightly better result than using an extended window. As shown in Figure 4.27,
this is due to the voxel consistent backprojection used for symmetric models.
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Band artifacts

The convergence of the iteration is strongly dependent on the choice of feedback
gain αi. From Figure 3.2, it is clear that as long as the eigenvalues λi of QP has
a positive real part, αi can be chosen so that the iterative loop converges. No
formula for choosing optimal values of αi has been found, but if the local gain of
the QP operator is near one, an intuitively good choice is αi = 1 in all iterations.
However, using αi = 1 together with the higher cone angle κmax = 6.26◦ results
in low frequent band artifacts that grow stronger for every iteration as shown in
Figure 4.28. We have not encountered any other form of divergent behavior.

Mathematically, these oscillating artifacts can be explained by the existence of an
eigenvalue greater than 2. Unfortunately, this does not give an explanation to the
cause of the artifacts.

In the following, we will compare results obtained with projections from a sampled
phantom with results obtained with projections generated by TAKE. It seems like
no major difference exist. This would suggest that the band artifacts are introduced
in the reconstruction operator Q rather than in the projection operator P . The
PI-original method might simply introduce artifacts that cannot be suppressed
without lowering αi.

By using trial and error, α1 = 1, αi = 0.7, i 6= 1 has been found to give a fully
convergent behavior in the case where κmax = 6.26. A remarkable fact is that
this value varies with the resolution of the reconstruction grid. For example, when
reconstructing a 643-volume, the iterative loop converges with a feedback gain
αi = 1, but when reconstructing a 2563-volume a value as low as 0.6 is needed.
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(a) Sampled sphere clock phantom (b) f1, σ = 28.07

(c) f2, σ = 14.12 (d) f3, σ = 9.36

Figure 4.24. Reconstruction results using extended window. Voxel consistent interpo-
lation in forward projection; inconsistent interpolation in backprojection. 128x128-slices.
Cone angle κ = 3.14◦. α1 = α2 = α3 = 1. Greyscale interval [-50 50] (HU). Parameter
settings according to Table 4.1.
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(a) Sampled sphere clock phantom (b) f1, σ = 28.08

(c) f2, σ = 14.19 (d) f3, σ = 9.40

Figure 4.25. Reconstruction results using complementary rays. Voxel consistent interpo-
lation in forward projection; inconsistent interpolation in backprojection. 128x128-slices.
Cone angle κ = 3.14◦. α1 = α2 = α3 = 1. Greyscale interval [-50 50] (HU). Parameter
settings according to Table 4.1.
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(a) Sampled sphere clock phantom (b) f1, σ = 27.71

(c) f2, σ = 13.68 (d) f3, σ = 8.81

Figure 4.26. Reconstruction results using symmetric models. Voxel consistent interpo-
lation in forward projection and backprojection. 128x128-slices. Cone angle κ = 3.14◦.
α1 = α2 = α3 = 1. Greyscale interval [-50 50] (HU). Parameter settings according to
Table 4.1.
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(a) Ext. win., Cons. BP, σ = 8.77 (b) Symm. mod., Cons. BP, σ = 8.81

(c) Ext. win., Incons. BP, σ = 9.36 (d) Symm. mod, Incons. BP, σ = 9.53

(e) Ext. win., Incons. BP, σ = 12.89 (f) Symm. mod., Cons. BP, σ = 13.10

Figure 4.27. (a)-(d) f3-results from using extended window and symmetric models with
voxel consistent and voxel inconsistent backprojection. Greyscale interval [-50 50] (HU).
(e)-(f) f3-results of the Shepp-Logan phantom using extended window and symmetric
models. Greyscale interval [1000 1040] (HU). Parameter settings according to Table 4.1.
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(a) f1, σ = 35.77 (b) f2, σ = 19.85

(c) f3, σ = 14.61 (d) f4, σ = 16.19

(e) f5, σ = 22.05 (f) f6, σ = 34.87

Figure 4.28. Six reconstruction results using the higher cone angle κmax = 6.26◦.
Greyscale interval [-50 50] (HU). α1 = α2 = ... = α6 = 1
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Initial projection data from TAKE

In order to verify that the designed projection operators principally behave like
a continuous projection operator, we have performed experiments with projection
data generated by TAKE. Figure 4.29 shows the difference between projection data
generated by the digital projection operators and projection data generated by
TAKE. As expected, there are apparent differences at sharp edges and in the extra
rows when using complementary rays. Except for these cases, no other systematic
errors have been found.

Figures 4.30 and 4.31 contain reconstruction results in the same manner as Figures
4.24 and 4.26, but with initial projection data generated by TAKE from analytically
defined phantoms. Aliasing artifacts appear in these results because of the higher
frequency content in the projection data generated by TAKE. Figures 4.32 and 4.33
show that these artifacts can be reduced by using a reconstruction grid with higher
sampling density and a low pass filtering of projection data in the t-direction as in
the 2D experiments.

Another observation is that the artifacts due to voxel inconsistent interpolation in
backprojection for extended window (see Figure 4.27c) affect the result more when
using initial projection data from TAKE (see Figure 4.30d).

Reduction of computation time

The algorithmic complexity of both reconstruction and forward projection gener-
ation is O(N4). This means that doubling the resolution results in a 16 times
longer computation time; quadrupling increases execution time with a factor of
256. In our experiments, generation of three 128x128x48 results have taken ap-
proximately half an hour. Three volumes with the resolution 512x512x192 would
take approximately 128 hours to reconstruct.

It is interesting to see if it is possible to achieve the same image quality with less
effort. For instance, the 6-point SinCot filter was introduced because it proved to
give less aliasing than the 4-point filter in exact reconstruction from 2D parallel
projection data. If this difference is less significant in the present non-exact three-
dimensional case, the 6-point filter can be replaced by a 4-point filter. The detector
resolution is another important parameter that perhaps can be lowered to save
computation time.

In Figure 4.34 and 4.35, results from using the 4-point SinCot filter, a t-direction
resolution of ∆x = 1.3∆t and a s-direction resolution of ∆x = ∆s are shown. No
dramatic change in quality occurs when the 6-point filter is exchanged with a 4-
point filter or when the t-direction detector resolution is lowered to ∆x = 1.3∆t.
However, an s-direction resolution higher than ∆x = ∆s is obviously necessary.
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(a) pdig − pTAKE, extended window

(b) pdig − pTAKE, complementary rays

(f) pdig − pTAKE, symmetric models

Figure 4.29. Differences between initial projection data from a sampled phantom data
and initial projection data generated by TAKE.
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(a) Sampled sphere clock phantom (b) f1, σ = 23.14

(c) f2, σ = 13.34 (d) f3, σ = 14.78

Figure 4.30. Reconstruction results using extended window and initial projection data
generated by TAKE. Voxel consistent interpolation in forward projection; inconsistent
interpolation in backprojection. 128x128-slices. Cone angle κ = 3.14◦. α1 = α2 = α3 = 1.
Greyscale interval [-50 50] (HU). Parameter settings according to Table 4.1.
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(a) Sampled sphere clock phantom (b) f1, σ = 22.38

(c) f2, σ = 12.23 (d) f3, σ = 14.08

Figure 4.31. Reconstruction results using symmetric models and initial projection data
generated by TAKE. Voxel consistent interpolation in forward projection and backpro-
jection. 128x128-slices. Cone angle κ = 3.14◦. α1 = α2 = α3 = 1. Greyscale interval [-50
50] (HU). Parameter settings according to Table 4.1.
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(a) Sampled sphere clock phantom (b) f1, σ = 24.62

(c) f2, σ = 17.70 (d) f3, σ = 15.52

Figure 4.32. Reconstruction results using extended window and initial projection data
generated by TAKE. Voxel consistent interpolation in forward projection; inconsistent
interpolation in backprojection. 256x256-slices. Initial projection data have been con-
volved with a [121]

4
kernel in the t-direction. α1 = 1, α2 = α3 = 0.7 because of the higher

reconstruction grid resolution. Greyscale interval [-50 50] (HU).
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(a) Sampled sphere clock phantom (b) f1, σ = 24.40

(c) f2, σ = 17.34 (d) f3, σ = 15.12

Figure 4.33. Reconstruction results using symmetric models and initial projection data
generated by TAKE. Voxel consistent interpolation in forward projection and backprojec-
tion. 256x256-slices. Initial projection data have been convolved with a [121]

4
kernel in the

t-direction. α1 = 1, α2 = α3 = 0.7 because of the higher reconstruction grid resolution.
Greyscale interval [-50 50] (HU).
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(a) f3, 6-point SinCot, ext. win.
∆x = 1.5∆t, ∆x = 2∆s

σ = 9.36

(b) f3, 4-point SinCot, ext. win.
∆x = 1.5∆t, ∆x = 2∆s

σ = 9.57

(c) f3, 6-point SinCot, ext. win.
∆x = 1.3∆t, ∆x = 2∆s

σ = 9.42

(d) f3, 6-point SinCot, ext. win.
∆x = 1.5∆t, ∆x = ∆s

σ = 10.40

Figure 4.34. Reconstruction of the sphere clock phantom using the 4-point SinCot filter
and lower detector resolutions. 128x128-slices. Cone angle κ = 3.14◦. Note the smaller
greyscale interval [-20 20] (HU).
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(a) f3, 6-point SinCot, ext. win.
∆x = 1.5∆t, ∆x = 2∆s

σ = 12.89

(b) f3, 4-point SinCot, ext. win.
∆x = 1.5∆t, ∆x = 2∆s

σ = 13.17

(c) f3, 6-point SinCot, ext. win.
∆x = 1.3∆t, ∆x = 2∆s

σ = 13.24

(d) f3, 6-point SinCot, ext. win.
∆x = 1.5∆t, ∆x = 1∆s

σ = 12.89

Figure 4.35. Reconstruction of the 3D Shepp-Logan phantom using the 4-point SinCot
filter and lower detector resolutions. 128x128-slices. Cone angle κ = 3.14◦. Greyscale
interval [1000 1040] (HU)



Chapter 5

Conclusions and future
research

From the experiments and discussions in the last chapter we conclude that the
iterative scheme of Figure 4.11 works. The iteration converges and the artifacts
caused by the non-exact reconstruction are indeed reduced. The required number
of iterations is of course dependent on the application, but Figures 4.24 and 4.26
indicate a seemingly good reduction of artifacts already after one iteration.

The computational effort of one iteration in the enhancement loop is at least three
times larger than for the first basic non-exact reconstruction step consisting of fil-
tered backprojection. Thus, already this minimum enhancement requires at least
four times more computer power. In a practical situation this might still be afford-
able since the enhanced images will probably not be required in the same near-real
time as the original non-exact reconstruction results.

A carefully designed projection operator is crucial for the scheme to work. The
required properties and possible design choices for the projection operator are as
follows.

• Voxel consistency. To avoid artifacts due to modulated projection data,
voxel consistent interpolation must be used. This means that the size of
the interpolation kernel varies in the s-direction with the position of the
originating voxel.

• Interpolation kernels. The best results have been achieved with a 6-point
SinCot filter with Hamming coefficients a1 = 0.75, a2 = 0.52 in the t-direction
and linear interpolation in the s-direction. A less time-consuming alternative
is a 4-point SinCot filter in the t-direction. However, such a filter introduces
more aliasing artifacts and the possibility of using a 4-point filter is therefore
application dependent.

75
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• Solution to the interpolation-overlap problem at the detector edges.
Two solutions to the problem of interpolation near the PI-window borders
are

1) Extended detector window

2) Symmetric modeling forward projection and backprojection

Considering that the extended detector window needs extra detector rows
just for the purpose of interpolation, symmetric modeling seems like the best
choice. However, the normalization problem near the PI-window border must
be solved before using this technique.

• Detector resolution. The SinCot filter in combination with the detector
resolution ∆−1

t = 3
2∆−1

x gives results virtually free from aliasing. Figure 4.14
shows how ∆−1

s = 3
2∆−1

x should be enough also in the s-direction. This have
not been confirmed in the present work though.

Figure 4.27 shows that voxel consistent interpolation in backprojection generates
better results than voxel inconsistent interpolation. In fact, voxel inconsistent
interpolation could be the cause for some artifacts appearing in earlier experiments
with PI-original and PI-slant (see Turbell [24]). However, again depending on the
application, voxel inconsistent interpolation might be used in combination with
extended window to save computation time.

When using projection data from TAKE as initial projection data, evident aliasing
artifacts appear. However, these artifacts are resolution dependent and as shown
in Figure 4.32 and 4.33, a resolution of 256x256 combined with a slight low-pass
filtering in the t-direction gives results almost free from aliasing artifacts.

The convergence of the iterative scheme is dependent on how far from exact the
reconstruction operator Q is and the choice of αi. For instance, the scheme con-
verges when using a cone-beam angle of κmax = 3.14◦ and αi = 1,∀i but diverging
band artifacts appear when the cone angle is raised to κmax = 6.26◦. Choosing
α1 = 1, α2 = ... = 0.7 yields convergence also for this cone-beam angle. However,
lower values of αi entails a lower convergence rate. Unfortunately, using higher
resolutions seem to need lower αi-values.

Some obvious questions that have not been given any answer in the present work
are the following.

• How does noise in the input projection data affect the behavior of the iterative
scheme in terms of convergence and enhancement result?

• Which are the potential reductions in complexity and processing time of the
present implementation?

• Each iteration is bound to diminish the size of the reconstructed volume,
since the exposed volume has to be larger than the reconstructed one. In
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case the given volume, the so called object support, is half a pitch smaller at
top and bottom than what is exposed to the source-detector system during
the input scanning process, there are no problems. In the next iteration the
reconstructed volume can then be augmented with zero-valued voxels up to
the original size. However, in the so called long object problem the object
extends further outside the scanning region and the missing but necessary
partial volumes are not there for the next iteration. How can we then avoid,
or at least minimize the loss of volume size for each iteration?
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Linköping, Sweden, April 1996.

[9] P. M. Joseph. An improved algorithm for reporjection rays through pixel
images. IEEE Transactions on Medical Imaging, 1:193–196, June 1982.

[10] A. C. Kak and M. Slaney. Principles of Computerized Tomographic Imaging.
IEEE Press, New York, 1988.

[11] A. Katsevich. Theoretically exact filtered backprojection-type inversion algo-
rithm for spiral ct. SIAM Journal on Applied Mathematics, 62(6):2012–2026,
2002.

78



[12] R. M. Lewitt. Multidimensional digital image representations using generalized
kaiser-bessel window functions. J. Opt. Soc. Am. A, 7(10):1834–1846, October
1990.

[13] J. Müller-Merbach. Simulation of x-ray projections for experimental 3d to-
mography. Technical Report LiTH-ISY-R-1866, ISSN 1400-3902, Department
of Electrical Engineering, Linköping Universitey, March 1996.
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Uppsala University, Uppsala, 2003.

[17] J. Radon. Gesammelte Abhandlungen. Birkhäuser Verlag, Vienna, Austria,
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Appendix A

Phantoms

A.1 Phantom definitions

The mathematical phantoms in this thesis are defined as collections of ellipses in
the 2D case and ellipsoids in the 3D case. A description of the various parameters
for these objects is given in figure A.2. Each ellipse or ellipsoid is given a specific
density ρ. In areas where objects intersect, densities are added.

The phantoms that have been used in the experimental tests are the Shepp-Logan
phantom, the Sphere Clock phantom and a ball centered at x = 125mm with radius
r = 62.5mm. Ellipsoid definitions for the Shepp-Logan and Sphere Clock phantom
are contained in Table A.1 and A.2, and illustrations are given in Fig. A.3 and
A.4.

A.2 Sampling of phantoms

Since mathematical phantoms contain sharp edges, they are not band-limited.
Thus, aliasing is inevitably introduced in the sampling process. However, since
the amplitude spectrum decreases with increased frequency, using a higher sam-
pling density implies less aliasing. This fact has been utilized in the following
procedure for sampling and (imperfect) band-limiting of mathematical phantoms.
See Figure A.1.

1) Oversampling. The first step is to sample the mathematical phantom f on
a grid with a sampling density ∆−1

o = 5∆−1
x .

fo(x, y, z) = f(x, y, z)∆−3
o III(x∆o, y∆o, z∆o) (A.1)
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a) Signal domain

Figure A.1. The cos2-kernel in the signal and Fourier domain.

2) Convolution with a cos2-kernel. In order to suppress high frequency
content, fo is convolved with the 1D kernel

hcos2(x) =
{

cos2(πx/(2∆x)) |x| < ∆x

0 |x| ≥ ∆x
(A.2)

along all three dimensions.

3) Sampling to reconstruction grid. The convolution result is finally sam-
pled using the sampling distance ∆x.



A.2 Sampling of phantoms 83

y

x

z

b

c

a

y

z

x

φ

θ

(x, y, z)

Figure A.2. Parameters used to specify an ellipsoid.

x (mm) y (mm) z(mm) a (mm) b (mm) c (mm) θ (deg) φ (deg) ρ (HU)
0.00 0.00 0.00 172.50 230.00 225.00 0 0 2000
0.00 -4.60 0.00 165.60 218.50 220.00 0 0 -980

-55.00 0.00 62.50 102.50 40.00 52.50 -72 0 -20
55.00 0.00 62.50 77.50 27.50 55.00 72 0 -20
0.00 87.50 62.50 52.50 62.50 87.50 0 0 10
0.00 25.00 62.50 11.50 11.50 11.50 0 0 10

-20.00 151.25 62.50 11.50 5.75 5.00 0 0 10
15.00 -151.25 62.50 11.50 5.75 5.00 -9 0 10
15.00 -26.25 -156.25 14.00 10.00 25.00 -9 0 20
0.00 25.00 -156.25 14.00 14.00 25.00 0 0 -20
0.00 -25.00 62.50 11.50 11.50 11.50 0 0 10
0.00 -151.25 62.50 5.75 5.75 5.75 0 0 10

Table A.1. The 3D Shepp-Logan phantom. With z = 62.5 (mm), the 2D Shepp-Logan
phantom is obtained.
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y

z

x

z = 62.5mm

Figure A.3. The 3D Shepp-Logan phantom. The 2D phantom is obtained by intersecting
the 3D phantom with the plane z = 62.5mm drawn in the figure.

x (mm) y (mm) z(mm) r (mm)
0.0 200.0 0.0 25.0

100.0 172.5 2.5 25.0
172.5 100.0 5.0 25.0
200.0 0.0 7.5 25.0

172.50 -100.0 10.0 25.0
100.0 -172.5 12.5 25.0

0.0 -200.0 15.0 25.0
-100.0 -172.5 17.5 25.0
-172.5 -100.0 20.0 25.0
-200.0 0.0 22.5 25.0
-172.5 100.0 25.0 25.0
-100.0 172.5 27.5 25.0

0.0 125.0 0.0 12.5
62.5 107.5 -2.5 12.5

107.5 62.5 -5.0 12.5
125.0 0.0 -7.5 12.5
107.5 -62.5 .10.0 12.5
62.5 -107.5 -12.5 12.5
0.0 -125.0 -15.0 12.5

-62.5 -107.5 -17.5 12.5
-107.5 -62.5 -20.0 12.5
-125.0 0.0 -22.5 12.5
-107.5 62.5 -25.0 12.5
-62.5 107.5 -27.5 12.5

Table A.2. The Sphere Clock phantom. The attenuation coefficient is ρ = 1000 (HU)
for all balls.
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Figure A.4. The Sphere Clock phantom.
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