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ABSTRACT 
FIR filters are widely used nowadays, with applications from MP3 players, 

Hi-Fi systems, digital TVs, etc. to communication systems like wireless 
communication. They are implemented in DSPs and there are several trade-offs 
that make important to have an exact as possible estimation of the required filter 
order. 

In order to find a better estimation of the filter order than the existing ones, 
genetic expression programming (GEP) is used. GEP is a Genetic Algorithm 
that can be used in function finding. It is implemented in a commercial 
application which, after the appropriate input file and settings have been 
provided, performs the evolution of the individuals in the input file so that a 
good solution is found. 

The thesis is the first one in this new research line. The aim has been not 
only reaching the desired estimation but also pave the way for further 
investigations. 
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1 Introduction 
Genetic expression programming is an automated method for creating a 

working computer program from a high-level description of a problem. Genetic 
expression programming starts from a high-level statement of “what needs to be 
done” and automatically creates a computer program to solve the problem. 

One application of genetic programming is to discover unknown equations 
(computer program) that describe large data sets. Genetic programming, which 
belongs to the Evolutionary Computing domain, mimic the evolution of 
properties (survival of the fittest) that take place in a biologic system, e.g., 
survival of resistant bacteria. Genetic programming starts with a set of hundreds 
or thousands of randomly created computer programs. This population of 
programs is progressively evolved over a series of generations. The 
evolutionary search uses the Darwinian principle of natural selection (survival 
of the fittest) and analogs of various naturally occurring operations, including 
crossover (sexual recombination), mutation, gene duplication, gene deletion. 

We target the following unsolved problem: the design of digital FIR filters 
require an estimate of the required filter order. Good estimates exists for linear-
phase lowpass filters, but the estimate for bandpass, bandstop and minimum-
phase filters are poor and in the later case nonexistent. The expression for 
linear-phase lowpass filters is complicated and was developed by a complex ad-
hoc method. 

Now, we can design a large set of filters with given filter orders and 
experimentally determine the specifications they meet. This is accomplished by 
running standard MATLAB programs. Using genetic programming techniques 
we may then discover an equation that describes the relation between filter 
order and specification (passband and stopband edges, ripple in the passband 
and attenuation in the stopband, etc.). This is a more general case of “curve 
fitting” which usually only involve polynomials. 

The task that has been performed in this thesis work is to try to rediscover 
the known estimates and some better, but still unknown estimates using a 
commercial program for genetic expression programming.  
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1.1 Introduction to the digital filter design problem 
FIR filters constitute a class of digital filters having a finite-length impulse 

response.  

One of the foremost properties of FIR filters is that they can be implemented 
with an exact linear-phase response. To obtain this, the FIR filter must have a 
symmetric or antisymmetric impulse response. The impulse response of a 
linear-phase FIR filter is either symmetric around n=N/2 

 h(n) = h(N-n), n = 0, 1, …, N (1.1) 

or antisymmetric around n=N/2 

 h(n) = -h(N-n), n = 0, 1, …, N (1.2) 

where N is the filter order. For a linear-phase FIR filter the number of 
multiplications required can be reduced by exploiting the symmetry of the 
impulse response. The number of additions remains the same while the number 
of multiplications is halved, compared to the corresponding direct form 
implementation. 

The required order for a linear-phase FIR filters can be estimated as 

 
( )

( )TT
N

cs

sc

ωω
δδ

π
−⋅

−⋅⋅−
⋅⋅=

6.14
13log20

2 10   (1.3) 

where δc, δs, ωcT, and ωsT denote the passband ripple, stopband ripple, passband 
edge, and stopband edge, respectively. This estimation is accurate for small 
passband and stopband ripples. A more accurate estimation can be found in 
Ichige [1]. 

We note from (1.3) that the order is inversely proportional to the width of the 
transition band. This means that a narrow transition band filter will have a high 
order and thereby high arithmetic complexity. 

An FIR filter can be realized using nonrecursive as well as recursive 
algorithms. However, the latter is not recommended due to potential stability 
problems while nonrecursive FIR filters are always stable [15]. Another 
advantage the nonrecursive FIR filters have is they are less sensitive to the finite 
word length effects than the IIR. 

Furthermore, FIR filters are very easy to implement due to most digital 
signal processors have an internal architecture that makes possible to implement 
them. 

An FIR filter of filter order N can be described by the difference equation 
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where y(n) is the filter output, x(n) is the filter input, and h(k) are constants, 
determined by the filter specification. 

To compute the frequency response we only have to evaluate the system 
function in the unity circle (1.5). The frequency response H(Ω) have complex 
values and it is periodical with period 2π. 

 ∑
−

=

Ω−⋅=Ω
1

0

)()(
L

n

njenhH  (1.5) 

As previously stated, FIR filters can exhibit a linear phase response. When a 
signal passes through a filter its amplitude and phase responses are changed. 
This variation depends on the amplitude and phase response of the filter. The 
phase and group delay are a measure of how the filter is going to perform this 
changes. A filter that exhibits a non-linear phase response will cause a phase 
distortion in the signal that passes through it, as every frequency component 
suffers a non-proportional delay corresponding to its frequency, thus being 
modified the relation between armonics. 

A nonrecursive FIR filter can be realized using many different structures. 
For instance, the direct form and the transposed direct form. 

The direct form FIR filter structure is easily derived from equation 1.4. A 
Nth-order direct form structure requires N memory elements (registers) holding 
the input value for N sample periods, N+1 multipliers, corresponding to the 
constants in (1.4), and N additions for adding the results of the multiplications. 

The transposed direct form FIR filter structure is derived from the direct 
form structure using the transposition theorem. This theorem states that by 
interchanging the input and the output and reversing all signal flows in a signal-
flow graph of a single input single output (SISO) system, such as the direct 
form FIR filter, the transfer function of the filter stays unchanged. 

For the transposed direct form structure all multiplications are performed on 
the current input sample. The input node has a large fan-out which may be 
costly. 

1.2 Introduction to GEP 
Gene expression programming (GEP) is an algorithm that belongs to the 

Evolutionary Computing domain (to the class of Genetic Algorithms), as well as 
its predecessors, genetic algorithms (GAs) and genetic programming (GP). All 
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of them use populations of individuals, select the individuals according to 
fitness, and introduce genetic variation using one or more genetic operators. It is 
the nature of the individuals what differences these algorithms: in GAs the 
individuals are symbolic strings of fixed length (chromosomes); in GP they are 
non-linear entities of different sizes and shapes (parse trees); and in GEP, non-
linear entities of different sizes and shapes (expression trees) as well, but these 
complex entities are encoded as simple strings of fixed length (chromosomes). 
This fundamental difference between GEP and the other genetic algorithms is 
itself a leap forward in evolutionary computation. 

Both GAs and GP use only one kind of entity which condemns them to have 
limitations. In the case of GAs, the chromosomes are easy to manipulate 
genetically, but they lose in functional complexity. In the case of GP, the parse 
trees have a certain amount of functional complexity, but they are extremely 
difficult to reproduce with modification. 

On the contrary, gene expression programming is a full-fledged 
replicator/phenotype system where the chromosomes/expression trees form a 
truly functional, indivisible whole [3].  

Furthermore, in GEP there is no invalid expression tree or program in 
contrast to GAs and GP. In GP, most modifications made on parse trees result in 
invalid structures. The fact is that only a very limited number of modifications 
can be made on GP parse trees in order to guarantee the creation of valid 
structures. The problem with this system is in two ways: it uses a huge amount 
of computational resources editing the illegal structures and extremely efficient 
search operators, such as point mutation, cannot be used. 

Understandingly, the translation from the language of chromosomes into the 
language of expression trees has to be unambiguous in order to fulfil that 
modifications made on expression trees result always in valid new expression 
trees. In addition, the structural organization of GEP chromosomes (composed 
of genes) allows the unconstrained modification of the genome. Thus the perfect 
conditions for evolution to occur are at our disposal. Indeed, the varied set of 
genetic operators developed to introduce genetic modification in GEP 
populations always produces valid expression trees. They can be composed of 
smaller subunits, called sub-expression trees, which can be linked together by 
addition, subtraction, multiplication or division.  

On top of that, GEP system can be implemented using any programming 
language, as nothing in this algorithm depends on the workings of a particular 
language. 

Similarly as in nature, in GEP populations of individuals (computer 
programs) evolve by developing new abilities and becoming better adapted to 
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the environment thanks to the genetic modifications occurred in the previous 
generations. 

These genetic modifications are performed by genetic operators. The most 
important genetic operator is point mutation. When the chromosome is 
replicated, the genetic information is passed on to the next generation. 
Sometimes the sequence of the daughter chromosome differs from that of the 
mother in one or more points due to a mismatched nucleotide has been 
introduced in the newly synthesized strand. In GEP, most mutations have a 
profound effect in the structure and function of expression trees. 

The second most important genetic operator according to the evolutionary 
studies [2] is transposition. Transposable genetic elements are genes that can 
move form place to place within the chromosome. In GEP, transposable 
elements were chosen to transpose only within the same chromosome and they 
might be entire genes of fragments of a gene, without requirements for 
particular identifying sequences. The transposable element is copied in its 
entirety at the target site and deleted in the place of origin. Whereas in fragment 
transposition the donor sequence stays unchanged, usually producing two 
homologous sequences resident in the same chromosome. 

The last genetic operator is recombination. During recombination, two 
chromosomes are paired and exchange some material between them, forming 
two new daughter chromosomes. However, a fragment of a particular gene 
occupying a particular position in the chromosome is never exchanged for a 
fragment of a gene in a different position. 

In the next section, a deeper discussion about GAs, GP and GEP structure 
and characteristics is developed to enlighten why GEP is a step forward. 

Before that, we are going to describe the structural and functional 
organization of GEP chromosomes, how the language of chromosomes is 
translated into the language of the expression trees; how the chromosomes work 
as genotype and the expression trees as phenotype; and how an individual 
program is created, matured, and reproduced, leaving offspring with new 
properties, therefore, capable of adaptation. 

1.2.1 The entities of Gene Expression Programming 
The main players in GEP are only two: the chromosomes and the expression 

trees, the latter consisting of the expression of the genetic information encoded 
in the former. The process of information decoding (from the chromosomes to 
the expression trees) is called translation. Therefore, there are two languages in 
GEP: the language of the genes and the language of the expression trees. 
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Having a sequence in one of these languages we can infer exactly the other. 
This bilingual and unequivocal system is called Karva language. 

1.2.1.1 The genome 
It consists of a linear, symbolic string of fixed length composed of one or 

more genes. As said previously, GEP chromosomes code for expression trees 
with different sizes and shapes despite their fixed length. 

The start site of a gene is always the first position, the termination point does 
not always coincide with the last position due to there are usually non-coding 
regions downstream of the termination point. These non-coding regions do not 
interfere with the product of expression but play an important role for evolution. 

For example, consider the following expression: 

 ( )
( )dc

ba
+

−  (1.6) 

It can also be represented as a diagram or expression tree (ET): 

 
where Sqrt represents the square root function, d0, d1, d2 and d3 represent a, b, 
c and d, respectively. 

In fact this graphical representation is the phenotype of GEP chromosomes, 
being the genotype (named open reading frame ORF) easily inferred from the 
phenotype as follows: 

 0    1  2   3    4    5     6    7     8 
 Sqrt./.-.+.d0.d1.d2.d3.d0 (1.7) 

It is the straightforward reading of the ET from left to right and from top to 
bottom. 
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As it can be noticed, this notation differs from both the postfix and prefix 
representations used in different GP implementations with arrays or stacks. 

Consider now infer from the K-expression (1.7) the expression tree. First, 
the start of a gene corresponds to the root of the ET (the root is at the top of the 
tree, though), forming this node the first line of the ET.  

 
Second, depending on the number of arguments of each element (functions 

may have a different number of arguments, whereas terminals have an arity of 
zero), in the next line are placed as many nodes as there are arguments to the 
elements in the previous line.  

 
Third, from left to right, the new nodes are filled, in the same order, with the 

elements of the gene.  

 
This process is repeated until a line containing only terminals is formed. 

 

/

sqrt

+-

dcba

sqrt

sqrt

/

/

+-

sqrt
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With this step, the expression tree is complete as the last line contains only 
nodes with terminals. This is a hard and fast rule, which is equivalent to say that 
all programs evolved by GEP are syntactically correct.  

As previously stated, GEP chromosomes have fixed length and they are 
composed of one or more genes of equal length. Therefore the length of a gene 
is also fixed. Thus, in GEP, what varies is the length of the ORFs. 

The function of the non-coding regions at the end of a chromosome is 
allowing the modification of the genome using several genetic operators without 
restrictions, always producing syntactically correct programs. 

1.2.1.2 Structural and functional organization of genes 
The genes of GEP are composed of a head and a tail. The head contains 

elements representing both functions and terminals, whereas the tail contains 
only terminals. For each problem, the length of the head h is chosen, whereas 
the length of the tail t is a function of h and the number of arguments of the 
function with more arguments n (called maximum arity): 

( ) 11 +−⋅= nht  

In 1.7 we can see in grey the head and in black the tail. The ORF ends at 
position 7, leaving a non-coding region composed of a terminal node.  

Consequently, despite its fixed length, each gene has the potential to code 
for ETs of different sizes and shapes, being the simplest composed of only one 
node (when the first element of a gene is a terminal) and the largest composed 
of as many nodes as the length of the gene (when all the elements of the head 
are functions with maximum arity). 

Any modification made in the genome always results in a structurally correct 
expression tree. Obviously, the structural organization of genes must be 
preserved, always maintaining the boundaries between head and tail and not 
allowing symbols from the function set on the tail. 

1.2.1.3 Multigenic chromosomes 
GEP chromosomes are usually composed of more than one gene of equal 

length. For each problem, the number of genes, as well as the length of the 
head, are chosen a priori. Each gene codes for a sub-ET and the sub-ETs 
interact with one another forming a more complex entity. The different sub-ETs 
are linked together by a particular linking function (addition, subtraction, 
multiplication or division). 
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To express fully a chromosome, the information concerning the kind of 
interaction between the sub-ETs must also be provided. Consequently, the 
linking function is chosen a priori. 

1.2.2 Genetic operators 
In GEP, individuals are selected according to fitness by roulette-wheel 

sampling (Ferreira [2] p.74) to reproduce with modification, creating the 
necessary genetic diversity allowing for adaptation in the long run. 

All the genetic operators (mutation, transposition and recombination) 
randomly pick up the chromosomes to be subjected to a certain modification. 
However, except for mutation, each operator is not allowed to modify a 
chromosome more than once. Thus, a chromosome might be randomly chosen 
to be modified by more than one genetic operator at a time. 

Paying attention to chapter 7 in Ferreira [2], the most efficient operator is 
mutation. In GEP, mutations can occur anywhere in the chromosome. However, 
the structural organization of chromosomes must be preserved. Thus, in the 
heads, any symbol can change into another (function or terminal); in the tails, 
terminals can only change into terminals. This way, the structural organization 
of chromosomes is maintained, and all the new individuals produced by 
mutation are structurally correct programs. 

 The workings of mutation can be analyzed in Figure 3.11 p.78 in Ferreira 
[2] reproduced here for the sake of commodity. 

 

a b c d

0 0 0 0

0 0 1 0

0 1 0 0

0 1 1 1

1 0 0 0

1 0 1 1

1 1 0 1

1 1 1 1

Table 3.1. Majority function 
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 Generation N: 0 
 01234560123456 
 NabbabbAAccbcb-[0]=3 
 NAabbcaNbbbcca-[1] = 2 
 OcOcaaaNaOabaa-[2] = 4 
 AaAcccbAbccbbc-[3] = 7 
 AObbabaAOcaabc-[4] = 7 
 AAAbaacONOaabc-[5] = 4 
 AAccbcaNNcbbac-[6] = 6 
 NOccabaOcbabcc-[7] = 4 
 NOAcbbbAaNabca-[8] = 2 
 NacbbacAbccbbc-[9] = 3 
 

… 
 
Generation N: 5    Generation N: 6 
01234560123456    01234560123456 
AabbabcAOcaabc-[0] = 7  AOAbabacbcaaba-[0] = 7 
babbabcAOcaabc-[1] = 7  AabbabcAOcbabc-[1] = 8 
AOAacbcOAOcaac-[2] = 6  AabbabcAccaabc-[2] = 7 
ANbbabcAOcaabc-[3] = 6  NAAbaacONaaacc-[3] = 4 
AOAbabacbcaaba-[4] = 7  AOAbabacbcaaba-[4] = 7 
AabcaccAONaabc-[5] = 6  AabbbbcAONaabb-[5] = 6 
AOAccbaAbaabbc-[6] = 6  AOAbabacNcabba-[7] = 7 
AObcabaAbNcaba-[7] = 6  AOAccbaAbaabbc-[6] = 6 
NAAbbacONOacca-[8] = 3  NAAbbacONOacaa-[8] = 4 
AONbabacbcaaba-[9] = 5  AObbabaAAcaabc-[9] = 7 

Figure 3.11. An initial population and its later descendants created, via mutation, to 
solve the Majority(a,b,c) function problem. The chromosomes encode sub-ETs linked 
by OR. Note that none of the later descendants are identical to their ancestors of 
generation 0. The perfect solution found in generation 6 (chromosome 1) and one of its 
putative ancestors (chromosome 0 of generation 5) are shown in bold. Note that 
chromosomes 1 and 3 of generation 5 are also good candidates to be the predecessors of 
the perfect solution. In both cases, two point mutations would have occurred during 
reproduction. 

 

On the one hand, it can be seen above that several mutations have a neutral 
effect. On the other, the mutations in the coding sequence of a gene have 
usually a very profound effect: most of the times they reshape the ET 
drastically, which is fundamental for evolvability. 
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1.3 GEP opens up new possibilities 
To make this point we will give an overview of GAs, GP and GEP pointing 

out the main characteristics that attest it. 

Genetic algorithms are an oversimplification of biological evolution. The 
candidate solutions to a problem are encoded in character strings (usually 0s and 
1s) and left to evolve in order to find a good solution. They evolve because they 
reproduce with modification introduced by mutation, crossover and inversion. 
Then they are selected according to their fitness. The higher the fitness, the 
higher the probability of leaving more offspring. 

GAs use only chromosomes which consist of linear symbolic strings of fixed 
length. This fact implies that whatever is done in the genome will affect fitness 
and selection. A comparison that clears this point is a state of nature where 
individuals are selected by virtue of the properties of their bodies alone, the 
state of its genome is irrelevant. 

This means there is a severe limit on the functions GAs’ chromosomes are 
able to play. 

Genetic programming uses non-linear entities with different sizes and shapes 
to solve the problem of fixed length solutions. Also the alphabet used to create 
the parse trees is more varied. However, GP individuals lack a simple, 
autonomous genome, as well as GA chromosomes. So, whatever is done in the 
genome will affect fitness and selection. 

On one hand, the parse trees are capable of exhibiting a great variety of 
functionalities. On the other, they are very difficult to reproduce because they 
are incredibly big and require a lot of space. Above all, the genetic 
modifications are done directly on the parse tree itself, restricting the 
mechanisms of genetic modification considerably. The genetic operators must 
be very carefully applied so that only valid parse trees are obtained. For 
instance, the simple and high-performing point mutation cannot be used as it 
generates structural impossibilities most of the times. This leads to a search 
space vastly unexplored in GP. 

GP is a genetic algorithm as well, although it has no chromosomes. It also 
uses populations of individuals, selects them according to fitness and introduces 
genetic variation by means of genetic operators. So, the main difference 
between GP and GAs resides in the nature of the individuals. 

GEP incorporates both the idea of simple, linear chromosomes of fixed 
length used in GAs and the ramified structures of different sizes and shapes 
used in GP. The entities evolved by GEP, called expression trees, are the 
expression of a linear genome. Therefore, the phenotype threshold (R.Dawkins, 
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River Out of Eden 1995) in which replicators survive by virtue of casual effects 
on what is called the phenotype or body, is crossed. Thus a new range of 
possibilities is created in evolutionary computation. 

The cornerstone of GEP is that chromosomes are capable of representing any 
tree. Furthermore, the chromosomes structure allows the creation of multiple 
genes, each one coding for a sub-expression tree. Not only it allows the 
encoding of any conceivable program, but also allows their efficient evolution. 

Moreover, a very powerful set of genetic operators can be implemented and 
used to search very efficiently the solution space. As these GEP genetic 
operators always produce valid entities, they suit perfectly to create genetic 
diversity. 

In brief, as GEP lacks the obvious limitations GP and GAs have, is not 
pretentious to infer that opens up new possibilities. 
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2 Procedure followed 
To get started I read the paper written by Ichige et al. [1]. I also installed 

MATLAB 7.0 and Automatic Problem Solver (APS) on my computer. 

The first task was to study the basic principles of genetic expression 
programming. To accomplish it I read the book written by Candida Ferreira [1] 
firstly and the APS Help Manual [14] secondly. I skipped reading thoroughly 
the papers written by Candida Ferreira [3] – [13], provided that the information 
on them was almost the same as the information given in the book and the help 
manual. 

In parallel I programmed two MATLAB programs (see appendices). The 
first one (lowpass.m), to design a low-pass digital filter given the specifications: 
passband edge frequency (fp), stopband edge frequency (fs), passband ripple 
(dp) and stopband ripple (ds); and visualize the amplitude and phase response of 
the designed filter. The second one (generator.m), to generate a file with a large 
number of low-pass digital filters. The specifications were generated randomly 
within a specified set of constraints for fp, fs, dp and ds. The generated output 
file was the input file for APS. 

Once having implemented the generator program, I started simulating with 
APS. The first problem I faced was to find out the precise format the input file 
should have so APS accepted it (see below). After that, I started simulating 
without realising that the data I introduced was using a dot as decimal separator, 
whereas APS uses comma. So all the simulations I did during this time were 
useless. Thus: use comma as decimal separator and check the data when loading 
it to create a new run. Once the run has been created, you can also check in the 
data panel if you are working with the correct data set.  

As MATLAB generates files using dot as decimal separator, every time I 
generated a file, I opened it with Notepad or Word and replaced the dot by 
commas. 

The second task was to get trained using APS Demo Version and try to 
discover an equation for low-pass filters. The goal was to evaluate the 
convenience of buying the commercial version of APS answering the following 
questions: What can and can’t we do with GEP? Can we find a solution to the 
problem? To achieve the goal I made some simulations whose result and 
observations can be seen below in the point First trials.  

As the results obtained showed an equation can be found, it was decided to 
buy the Academic Version of APS. To tune the settings while the license 
arrived, I made experiments  for each one of them (head size, population size, 
number of genes, number of generations, linking function and fitness function 
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(MSE, RMSE, MAE, RSE, RRSE, RAE)). The results and conclusions can be 
seen below. 

The generator program experienced several revisions since the first 
approach, aiming to generate the appropriate input file for APS which is the 
cornerstone for reaching our goal. Firstly, there was a small change in the 
specifications constraints. Secondly, the ripple we saved in the file was not the 
one we generated, it was updated with the real ripple we had due to firpm 
estimation. Later on, we increased the upper passband to 0.9 in both generation 
ways: random and non-random. Furthermore, we decided to distribute the 
generated points so that there were more of them close to 0 and 1 than around 
0.5 in order to have a better resolution on the edges, where there is a bigger 
change in the plot. 

The most profound change to the program was due to a convergence 
problem of the function firpm for certain specifications. By this time the 
generator.m file had many lines and was a bit difficult to handle, so it was split 
into several functions. Thus it was much easier to debug it. The firpm 
convergence problem was solved in a first approach generating more samples 
than required and skipping those who threw an error. In addition, a new 
function was written to calculate the required filter order for the specifications 
given. Consequently we were able to compare the real filter order we needed 
with the estimation firpm made. Another feature that was included in this 
revision is that the program generates both the training and the testing file at the 
same time, the latter four times the size of the former. 

The way used to solve the firpm convergence problem turned out to be not 
the best one. As we sorted the specifications array by fp, we had more samples 
than required all sorted. But the array resulting of the required filter order 
calculations was split into the training and testing array, dropping off the rows 
in excess. That means we were dropping off the specifications corresponding to 
the upper frequencies, the ones close to 0.9. Obviously, this is not right and a 
change had to be made. This implied to change the way we solved the firpm 
problem. Instead of generating more specifications than needed, skipping those 
which threw an error; we generate the exact number of specifications we need 
and a new function (newsampgen.m) is in charge of generating a new sample to 
substitute the ‘defective’ old one. 

The experiments detailed above were finished right after the license for the 
full version arrived. Being able to work with the full version allowed us not 
only to see the equations we had found in the simulations, but also we had the 
chance to test four fitness functions more, the ones developed by Candida 
Ferreira for APS, that are not available in the evaluation version. Before going 
on with this experiment in order to complete it, we checked the accuracy of the 
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best models we had found up to now. For this purpose, a new MATLAB 
program was written (checkeqs.m) trying to reuse the functions written before 
(fildesign.m, reqfilord.m, writefile.m, newsampgen.m and plotspecs.m). I 
thought specsgen.m needed a change that made worthy to rewrite it, thus we 
have specsgen2.m. And a new function was implemented to perform the 
estimation of the filter order by means of the equations found using APS 
(reqfilordeqsAPS.m). The code of all them can be found in the appendices as 
well. The figure resulting of the execution of checkeqs.m can be found below. 

2.1 Solution approach 
In this section we are going to focus only in the procedure followed 

concerning the runs of APS, in other words, the input APS requires, how it is 
generated, how the settings have been chosen and how the estimated filter order 
is found. 

Firstly, an explanation of what contains the file used as input for APS should 
be given. As we are targeting to find an equation to estimate the filter order 
required for digital FIR filters, the input file must contain filter specifications. 
We saw above the filter order is usually given as a function of four parameters: 
passband edge frequency (fp), stopband edge frequency (fs, provided that 
fp<fs), passband ripple (dp) and stopband ripple (ds, usually dp≥ds). Thus, the 
input file for APS must contain sets of specifications, in which fp, fs, dp and ds 
play the role of independent variables, and the exact value of the minimum filter 
order (filter length could also be used) which satisfies the given specifications. 

The input file is generated by means of a MATLAB program that performs 
all the necessary calculations. The outputs of the program are two files, one for 
training and the other for testing. In the training file there are as many 
specifications and required filter orders as we specified. In the testing file there 
is four times the number of training samples. This way all the ingredients we 
need to start working with APS are provided. 

As the cornerstone for evolving a good solution is the input data set, it really 
pays to take a good look at the data before embarking on a complex, usually 
time consuming modelling process. The data set should be well balanced and 
the preparations must be carried out before loading the data into APS, although 
APS helps us finding missing and invalid data. These considerations were taken 
into account when programming the MATLAB file and when choosing the 
number of samples for training. 

To determine the settings to be used in APS, several hundred runs were 
made. For each parameter a number enough or runs were carried out to test 
which value lead to the best result. The testing of waters was done until the 
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feeling for the best settings was developed. Then a solution was evolved in APS 
with the settings found. 
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3 Book summary 
In a nutshell: chapters 2, 3 and 7, and chapter 4 section 1 (maybe 2). 

Important tips: 

(P.1) In GEP the individuals are non-linear entities of different sizes and 
shapes (expression trees) encoded as simple strings of fixed length 
(chromosomes). 

(P.2) In GEP there is no invalid expression tree or program. The varied set of 
genetic operators developed to introduce genetic modification in GEP 
populations always produces valid expression trees. 

(P.8) Nothing in GEP depends on the workings of a particular language, so it 
can be implemented using any programming language. 

(P.11) Mutation: 
When a particular genome replicates itself and passes on the genetic 

information to the next generation, the sequence of the daughter molecule 
sometimes differs from that of the mother in one or more points. Sometimes a 
mismatched nucleotide is introduced in the newly synthesized strand. 

(P.13) In GEP most mutations have a profound effect in the structure and 
function of expression trees. Several new traits are introduced in this manner. 
(P.79) However, several mutations have a neutral effect. 

(P.14) Recombination: 
Two chromosomes (not necessarily homologous) are paired and exchange 

some material between them, forming two new daughter chromosomes. A 
fragment of a particular gene occupying a particular position in the chromosome 
is never exchanged for a fragment of a gene in a different position. 

(P.15) Transposition: 
In GEP transposable elements were chosen to transpose only within the same 

chromosome. They might be entire genes or fragments of a gene, without 
requirements for particular identifying sequences. The transposable element is 
copied in its entirety at the target site. In gene transposition, the donor sequence 
is deleted in the place of origin, whereas in fragment transposition the donor 
sequence stays unchanged, usually producing two homologous sequences 
resident in the same chromosome. 

(P.16) Chromosomes with duplicated genes are commonly found among the 
best individuals of GEP populations. 
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(P.21) In GEP some expression trees have a quaternary structure, being 
composed of smaller subunits (sub-expression trees) which are linked together 
by different kinds of posttranslational interactions. 

(P.22) Roulette-wheel sampling: 
Each individual receives a slice of a circular roulette-wheel proportional to 

its fitness. (P.23) The roulette is spun, and the bigger the slice the higher the 
probability of being selected. 

(P.23) This kind of selection, together with the cloning of the best individual 
of the previous generation (simple elitism), works very well. 

(P.23) It is fundamental the way we analyze the task at hand and choose the 
conditions (selection environment or fitness cases) under which individuals 
breed and are selected. 

(P.29) Chromosomes are capable of representing any tree (Karva language). 

(P.32) The genome consist of a linear, symbolic string of fixed length 
composed of one or more genes.  

(P.32) The start site of a gene is always the first position, the termination 
point does not always coincide with the last position of a gene (there are non-
coding regions downstream of the termination point). (P.36) Why? They allow 
the modification of the genome using several genetic operators without 
restrictions, always producing syntactically correct programs. 

(P. 36) The head of a gene contains symbols that represent both functions 
and terminals, whereas the tail contains only terminals. For each problem, the 
length of the head h is chosen a priori (as well as the number of genes), whereas 
the length of the tail t is a function of h and the number of arguments of the 
function with more arguments n (maximum arity): t = h (n-1) + 1. 

(P.39) Despite its fixed length, each gene has the potential to code for 
expression trees (ETs) of different sizes and shapes, being the simplest 
composed of only one node (when the first element of a gene is a terminal) and 
the largest composed of as many nodes as the length of the gene (when all the 
elements of the head are functions with maximum arity). 

(P.39) Any modification made in the genome, no matter how profound, 
always results in a structurally correct expression tree. Obviously, the structural 
organization of genes must be preserved, always maintaining the boundaries 
between head and tail and not allowing symbols from the function set on the 
tail. 
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(P.52) To express fully a chromosome, the information concerning the kind 
of interaction between the sub-ETs must also be provided. Therefore is chosen a 
priori. 

(P.69) The cloning of the best (simple elitism) guarantees that at least one 
descendant will be viable and allows the use of several genetic operators at 
relatively high rates without the risk of causing a mass extinction. 

(P.71) The success of a problem greatly depends on the way the fitness 
function is designed. The goal must be clearly and correctly defined in order to 
make the system evolve in the intended direction. In function finding the goal is 
to find a symbolic expression that performs well for all fitness cases within a 
certain error of the correct value. It is important to use small relative or absolute 
errors in order to discover a very good solution. But if we excessively narrow 
the range of selection and only allow the selection of individuals performing 
within a very small error, populations evolve very inefficiently and, most of the 
times, are incapable of finding a satisfactory solution. If we excessively enlarge 
the range of selection, numerous solutions with maximum fitness will appear 
that are far from good solutions. 

(P.77) Replication, together with selection, is only capable of causing 
genetic drift. 

(P.77) With mutation, populations of individuals adapt very efficiently, 
allowing the evolution of good solutions to virtually all problems. 

(P.78) In the heads, functions can be replaced by other functions without 
concern for the number of arguments each one takes; functions can also be 
replaced by terminals and vice versa; and obviously terminals can also be 
replaced by other terminals. 

(P.81) In GEP there are no constraints both in the kind of mutation and the 
number of mutations in a chromosome as, for all cases, the newly created 
individuals are syntactically correct programs. 

(P.84) Insertion Sequence Transposition: 
IS elements are copied into the head of the target gene. As a result, a copy of 

the transposon appears at the site of insertion. Also a sequence with as many 
symbols as the IS element is deleted at the end of the head. 

(P.84) Root transposition: 
A point is randomly chosen in the head and, from this point onwards, the 

gene is scanned until a function is found. This function becomes the start 
position of the RIS element. If no functions are found, the operator does 
nothing. 
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(P.91) These operators are unable to create new genes: they only move 
existing genes around and recombine them in different ways. 

(P.103) Five major steps in preparing to use gene expression programming: 
 Choose the fitness function 
 Choose the set of terminals T and the set of functions F 
 Choose the chromosomal architecture: the length of the head and the 

number of genes 
 Choose the kind of linking function 
 Choose the set of genetic operators and their rates 

(P.121) For each problem, there is a chromosome length that allows the most 
efficient evolution.  

(P.121) A certain redundancy is fundamental to the efficient evolution of 
good programs. 

(P.124) The testing of waters is done until a good solution has been found or 
a feel for the best chromosomal architecture and composition is developed. 
Then, one selects the appropriate settings and lets the system evolve the best 
possible solution on its own. 

(P.127) Experiments with a couple of chromosomal organizations and tests 
different function sets. By observing such indicators as best and average fitness, 
it is easy to see whether the system is evolving efficiently or not. 

(P.146) In all the experiments, the explicit use of random constants resulted 
in considerably worse performance. In real-world applications where complex 
realities are modelled, of which neither the type nor the range of the numerical 
constants are known, and where most of the times it is impossible to guess the 
exact function set, it is more appropriate to let the system model the reality on 
its own. Not only the results will be better but also the complexity of the system 
will be much smaller. The simpler the system, the faster evolution. 

(P. 223) Genetic operators efficiency: Mutation, RIS transposition, IS 
transposition, Two-point recombination, One-point recombination and gene 
recombination. 

(P. 230) All recombinational operators display a homogenizing effect. When 
populations evolve exclusively by recombination, most of the times they 
converge before finding a good solution. 

(P.232) The performance peak is accessible to mutation alone. Mutation 
rates can be easily tuned so that systems could evolve with maximum 
efficiency. 
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(P.232) The evolvability of a system is closely related to the size and kind of 
initial populations. (P.238) For non-homogenizing populations (when we use 
mutation, RIS and IS transposition) there is no correlation between success rate 
and the initial diversity. But in populations where crossover (recombination) is 
the only source of genetic diversity and the evolutionary dynamics are 
homogenizing in effect there is a strong correlation between success rate and 
initial diversity. 

(P.233) It is important the initial diversity in evolution. 

(P.236) Recombination is conservative and, therefore, plays a major role at 
maintaining the status quo. 

(P.240) As long as one viable individual is randomly generated the 
evolutionary process can get started. 

(P. 241) Without mutation (or other non-homogenizing operators) adaptation 
is so slow and requires such numbers of individuals that it becomes ineffective. 

(P.243) Most probably, the introduction of junk sequences in an artificial 
genome can also be useful. 

(P.246) A certain amount of redundancy is fundamental for evolution to 
occur efficiently. Highly redundant systems adapt, nonetheless, considerably 
better than highly compact systems, showing that evolutionary systems can 
cope fairly well with genetic redundancy. 

(P.247) The non-existence of neutral regions or their excess results most 
probably in an inefficient evolution whereas their existence in good measure is 
beneficial. 

(P.249) Multigenic systems are considerably better than unigenic ones and 
should always be our first choice. 

(P.250) The non-coding regions of GEP genes are ideal places for the 
accumulation of neutral mutations that can be later activated and integrated into 
coding regions. It is an excellent source of genetic variation and contributes to 
the increase in performance observed in redundant systems. Also they allow the 
modification of the genome by numerous genetic operators that always produce 
valid structures. 

(P.254) In GEP, as long as mutation is used, it is advantageous to use small 
populations of 30-100 individuals for they allow an efficient evolution in record 
time. 

(P.259) There are several reasons though why one should choose the 
roulette-wheel selection. 

- Real-world problems are more complex than the problems analyzed here. 
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- The ideal exclusion factor (deterministic selection) depends on population 
size and the complexity of the problem. 

- Deterministic selection requires more CPU time as individuals must be 
sorted by rank and, for large populations, this is a factor to take seriously into 
consideration. 

- Deterministic selection is not appropriate in systems undergoing 
recombination alone as it reduces dramatically the genetic diversity of the 
population. 

- Roulette-wheel selection is easy to implement and mimics nature more 
faithfully and therefore is much more appealing. 
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4 Application Help Manual summary 
In short: chapter 1 pages: 1-32, 62-70, 78-89, 93-115, chapter 2, 5 and 6 

(good summary of the book), 7, 8.1 (pages 1-10), 9.1 (pages 1-16), 12.1 (pages 
1-36), 13 (pages 1-8). 

(C.1 P.12) The most important is the chromosome architecture: number of 
genes, the head size and the linking function. 

(C.1 P.15) Since the testing set is not used during training, the values of 
fitness and R-square on the testing set are a good indicator of the generalizing 
capabilities of our model. 

(C.1 P.72) The Head Size and the Number of Genes are constrained by the 
maximum chromosome size allowed in APS, which is 2049. And the 
chromosome size depends not only on the Number of Genes and Head Size but 
also on maximum arity and the learning algorithm (with or without random 
numerical constants). 

(C.1 P.78) You can increase the probability of a function being included in 
your models by increasing its weight in the Select/Weight column. 

The overall number of functions used in a run must be well balanced with 
the number of terminals or variables in your data. Rule of thumb: to have at 
least as many functions in the function set as there are variables. 

(C.1 P.81) Well designed UDFs (User Design Functions) make the discovery 
of more complex models composed of several simpler models much easier. 

(C.1 P.82) For a good adaptation, the plot for average fitness should never 
come near the plot for best fitness, otherwise the system is losing genetic 
diversity and becoming too uniform for an efficient evolution. 

(C.1 P.96) The preparation of a well balanced data set should be done before 
loading the data into APS: 

- Avoid using duplicated samples 
- Choose a well balanced data set 
- Choose a reasonable number of samples for training. Rule: 8-10 samples 

for each independent variable in your training data. 
Check your data sets carefully for inaccurate values. 

(C.1 P.98) We recommend you give a try to the function set composed of 
only the basic arithmetic operators. 
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(C.1 P.100) The partition of the chromosome into simpler, more manageable 
units gives an edge to the learning process and more efficient and elegant 
models can be discovered using multigenic chromosomes. 

(C.1 P.101) The larger the population the faster adaptation. In a computer, 
the higher the number of models the longer it takes to process them. 

(C.2 P.15) The evolutionary strategies we recommend in the APS templates 
for Function Finding reflect two main concerns: efficiency and simplicity. We 
recommend starting the modelling process with the simplest learning algorithm 
and a simple function set well adjusted to the complexity of the problem. 

(C.2 P.15) There is a very important setting: the number of training samples. 
Theoretically, if the data is well balanced and in good condition, evolutionarily 
speaking the more samples the better. But the larger the training set, the slower 
evolution or, in other words, the more time will be needed for generations to go 
by. Rule of thumb: 8-10 training samples for each independent variable in the 
data. 
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5 Miscellaneous 

5.1.1 Input Data File Format 
Although APS is quite intuitive and easy to use, especially once you have 

read the help manual, there is no explanation anywhere of which format the 
input data file for APS should have. It may seem to be a trivial task, but it is a 
bit of a hassle to find out the format using a text editor and then trying to find 
the way to generate an output file in MATLAB following this format. 

Two important tips related with the usual MATLAB output variables format: 

 The data can’t be in exponential format! 

 APS uses comma as decimal separator! 

5.1.1.1 Space separated values 
 
fp fs dp ds n 
0,2 0,3 0,1 0,1 10 
0,3 0,4 0,05 0,04 15 
 

5.1.1.2 Tab separated values 
 
fp fs dp ds n 
0,2 0,4 0,1 0,1 30 
0,3 0,5 0,05 0,3 40 
0,4 0,6 0,01 0,05 40 
 

5.1.2 About APS Demo Version 
The demo version of APS allows us to experiment with our data, in order to 

evaluate the modelling capabilities of the software. However, with the demo 
version we are not able to see the evolved models, the equations found. 
Moreover, we are neither allowed to use a testing set to evaluate the 
generalizing capabilities of the evolved model nor seeing the tables and charts 
with the output on the testing set. Nonetheless, the statistical functions (R-
square, MSE, RSE, MAE, RRSE and RAE) are available to evaluate the 
performance of the evolved model. But the functions Relative with SR, 
Relative/Hits, Absolute with SR, Absolute/Hits are not available. 
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It is also not possible to analyze intermediate models, change training and 
testing data, scoring a database and the following options in the history panel: 
test all, test current; and the option save in the results panel. 

The maximum number of training data rows we can use is 5000. 

If we change the head size, the number of genes or delete a function from the 
function set once we have made a run, we will invalidate all the models in the 
Run History. However, we can change the weights or add new functions to the 
function set. 

An interesting feature available is the complexity increase engine for it 
allows to automatically add a neutral gene after the specified number of 
generations. We cannot do it manually by using the Add neutral gene feature in 
the Change seed window. 

There is no explanation of why, if we make a simulation and once finished 
we click, for instance, on the result panel and then we go back to the run panel, 
the value of the average fitness is always 28,84195. 

5.1.3 About run demos 
The demo of APS includes some sample problems for which all the features 

of APS are available meanwhile the original training set or time series are not 
changed. Here there are some comments about the type of problem they deal 
with and their usefulness in order to learn how to use APS for our purpose. 

Var1_01  Function finding (fitness function: MSE). Very simple. 

SI_01  Function finding (fitness function: MSE). Very simple. 

Production_01  Function finding (fitness function: MSE). A little bit 
useful. 

Sunspots_01  Time Series Analysis (fitness function: RRSE) 

Cancer1_01  Classification (fitness function: Number of Hits) 

5.1.4 Used simulation settings 
Following Candida Ferreira advices: 
- I didn’t use numerical constants because they decrease the performance.  
- I used multigenic systems because they perform better than unigenic 
ones. 
- I enabled the complexity engine for it allow better efficiency. 

I used MSE as fitness function because it is the one used in Ichige [1]. 
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The set of functions I think we should use is: addition, subtraction, 
multiplication, division, power, log10, sin, cos, arctan. Maybe it is also worthy 
trying ln, exp and sqrt. What lead me to use this functions was that they are that 
appear in Kaiser and Ichige equations, so most likely will be part of a good 
estimation. 

See First trials. 
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6 Observations made over the first trials 
The first trials were aiming at evaluating the convenience of buying the 

academic version of APS. The goals were to gain experience working with the 
application and testing its capabilities to find an equation that performs 
similarly or better than the one in [1]. 

Therefore, these trials test what happens when we change different settings 
both imitating the experiments made afterwards, in order to infer some 
observations, and trying to achieve the goal of finding a good model. 

To understand the inferred conclusions it is useful to know that the 
maximum fitness possible is 1000 and the maximum Root Square value is 1. 

6.1.1 Run 1 vs. 3 
Aim: Test the number of training samples (population size) that leads to 

better results considering the time each simulation lasts. 

Obtained Results: Columns 1 and 3 in bold. 
 

Run 1 2 3 4 

No. of runs 1,1,1,1 5 1,1,1,1,1,10 1,1,1,1,1,1 

Gen. Settings         
Training samples 500 100 100 100 
No. of chromosomes 100 100 100 100 
Head size 8,10,50,100 8 8 8 

Number of genes 5,6,6,3 15 3,5,5,7,7, 
(10,11,13) 

3,5,7,9,9, 
11,11 

Linking Function Addition Addition Addition Multiplication 
Gen. without change 200 200 200 200 
Number of tries 3 3 3 3 

Max. Complexity 5,6,6,10 15 5,5,7,7,10,
(11,13,15) 

5,7,9,9,11, 
11,15 

Fitness Func. MSE MSE MSE MSE 

Genetic Ops.         
Mutation 0,044 0,044 0,044 0,044 
Inversion 0,1 0,1 0,1 0,1 
IS Transposition 0,1 0,1 0,1 0,1 
RIS Transposition 0,1 0,1 0,1 0,1 
One-Point Rec. 0,3 0,3 0,3 0,3 
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Two-Point Rec. 0,3 0,3 0,3 0,3 
Gene Recombination 0,1 0,1 0,1 0,1 
Gene Transposition 0,1 0,1 0,1 0,1 

Functions         
Addition 2,2,1,1 1 1,1,1,1,1,1 1,1,1,1,1,1 
Subtraction 2,2,1,3 3 1,2,2,2,2,3 1,2,2,2,2,3 
Multiplication 2,2,1,3 3 1,2,2,2,2,3 1,2,2,2,2,3 
Division 1,1,1,3 3 1,2,2,2,2,3 1,2,2,2,2,3 
Power 0,0,1,2 2 0,0,1,1,1,2 0,0,1,1,1,2 
Ceil 0,0,0,1 0 0 0 
Log10 0,0,1,1 1 0,0,0,1,1,1 0,0,0,1,1,1 
Sin 0,0,1,1 1 0,0,0,0,1,1 0,0,0,0,1,1 
Cos 0,0,1,1 1 0,0,0,0,1,1 0,0,0,0,1,1 

Results         

Average fitness 

0 
0 
0 

0,399 

55,9452 

12,6540 
16,5009 
14,1616 
28,8419 
72,4580 
33,1126 
51,3397 

7,5654 
3,1403 
2,0523 
1,8172 
5,2482 
5,2921 

Best Fitness 

104,9877 
72,2034 

123,2466 
28,6007 

621,0162

95,6529 
96,7074 
111,2682 
689,3361 
730,4150 
734,8432 
743,0326 

119,1490 
125,4859 
144,2956 
147,7937 
181,3492 
181,3492 

R-square 

0,9583 
0,9385 
0,9654 
0,8478 

0,9968 

0,9509 
0,9511 
0,9583 
0,9978 
0,9981 
0,9981 
0,9982 

0,9617 
0,9631 
0,9686 
0,9694 
0,9761 
0,9761 

Table 1. First trials results I 

 

Conclusion: Using 500 samples is much more time consuming than using 
100 and we do not obtain much better results. I guess it is better now in the 
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beginning to tune the settings with fewer samples and then make runs with a 
larger data set. 

See experiment 2. 

6.1.2 Run 3 vs. 3 
Aim: Test the set of functions we should use to find the equation with the 

best fitness. 

Obtained Results: See the values of Average Fitness, Best Fitness and R-
square for each set of functions in Table 1. 

Conclusion: Bearing in mind I added consecutively the functions, we can 
infer: the use of Power was not useful, whereas the use of Log10 looks like 
contributing to increase effectiveness. Sin and Cos improved the solution, but in 
a very slight way. 

6.1.3 Run 3 vs. 2 
Aim: Test the result we get beginning from scratch a simulation with the 

settings that led to the best result in the previous simulation. 

Obtained Results: See Table 1. 

Conclusion: We achieve better results if we make changes in a smooth way. 
If the number of genes is equal to the max. complexity, we are not giving more 
room to redundancy. It looks like in this way APS finds more difficulty to 
improve the solution that it is evolving. 

6.1.4 Run 3 vs. 4, 11, 12 
Aim: Test which one is the linking function we should use. 

Obtained Results: See Table 1 and 3. 
 

Run 5 6 7 8 

No. of runs 1 1 1 1 

Gen. Settings         
Training samples 100 100 100 100 
No. of chromosomes 100 100 100 100 
Head size 8 8 8 8 
Number of genes 3 3 3 3 
Linking Function Addition Addition Addition Addition 
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Gen. without change 200 200 200 200 
Number of tries 3 3 3 3 
Max. Complexity 5 5 5 5 

Fitness Func. RMSE MAE MAE RSE 

Genetic Ops.         
Mutation 0,044 0,044 0,044 0,044 
Inversion 0,1 0,1 0,1 0,1 
IS Transposition 0,1 0,1 0,1 0,1 
RIS Transposition 0,1 0,1 0,1 0,1 
One-Point Rec. 0,3 0,3 0,3 0,3 
Two-Point Rec. 0,3 0,3 0,3 0,3 
Gene Recombination 0,1 0,1 0,1 0,1 
Gene Transposition 0,1 0,1 0,1 0,1 

Functions         
Addition 1 1 1 1 
Subtraction 1 1 1 1 
Multiplication 1 1 1 1 
Division 1 1 1 1 
Power 0 0 0 0 
Log10 0 0 0 0 
Arctan 0 0 0 0 

Results         
Average fitness 28,8419 57,7689 28,8419 28,8419 
Best Fitness 255,8311 297,8053 320,8055 912,5454 
R-square 0,9577 0,9461 0,955195 0,920444 

Table 2. First trials results II 

 

Run 9 10 11 12 

No. of runs 1 1 1 1 

Gen. Settings         
Training samples 100 100 100 100 
No. of chromosomes 100 100 100 100 
Head size 8 8 8 8 
Number of genes 3 3 3 3 
Linking Function Addition Addition Subtraction Division 
Gen. without change 200 200 200 200 
Number of tries 3 3 3 3 
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Max. Complexity 5 5 5 5 
Fitness Func. RRSE RAE MSE MSE 

Genetic Ops.         
Mutation 0,044 0,044 0,044 0,044 
Inversion 0,1 0,1 0,1 0,1 
IS Transposition 0,1 0,1 0,1 0,1 
RIS Transposition 0,1 0,1 0,1 0,1 
One-Point Rec. 0,3 0,3 0,3 0,3 
Two-Point Rec. 0,3 0,3 0,3 0,3 
Gene Recombination 0,1 0,1 0,1 0,1 
Gene Transposition 0,1 0,1 0,1 0,1 

Functions         
Addition 1 1 1 1 
Subtraction 1 1 1 1 
Multiplication 1 1 1 1 
Division 1 1 1 1 
Power 0 0 0 0 
Log10 0 0 0 0 
Arctan 0 0 0 0 

Results         
Average fitness 28,8419 28,8419 28,8419 6,6429 
Best Fitness 805,2642 794,9789 63,2177 50,5259 
R-square 0,945492 0,907017 0,90010 0,936576 

Table 3. First trials results III 

 

Conclusion: The best results are obtained using Addition as linking function. 
It is certainly logical because we are trying to approximate the real filter order 
value and we can do it by successive additions of different contributions.  

See experiment 5. 

6.1.5 Run 3 vs. 5, 6, 7, 8, 9, 10 
Aim: Test the result we obtain using different fitness functions. 

Results: See Tables 1, 2 and 3. 

Conclusion: Although we get a solution with better fitness and R-square, if 
we have a look at the chart on the results panel we see the difference between 
the target and the model. The best results are obtained using MSE as fitness 
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function. We have to take into account that we should not only measure the 
performance paying attention to the best fitness, but also to the root square. 

See experiment 6. 

6.1.6 Run 13 vs. 3 
Aim: Test the number of genes we need to use for achieving a good solution. 

Results: See Table 1 and 4. 

Run 13 14 15 16 

No. of runs 1 10,1,1,1,1 1 1 

Gen. Settings         
Training samples 100 100 100 50 
No. of chromosomes 100 100 100 100 
Head size 10 8 8 8 
Number of genes 3 3 3 3 
Linking Function Addition Addition Addition Addition 
Gen. without change 200 100 100 100 
Number of tries 3 3 3 3 
Max. Complexity 15,5,10 10 10 10 

Fitness Func. MSE MSE MSE MSE 

Genetic Ops.         

Mutation 0,044 0,118 

0,011,  
0,014, 
0,018, 
0,022, 
0,025, 
0,028,   
0,033,  
0,044, 
0,077,   
0,118 

0,025 

Inversion 0,1 0,1 0,1 0,1 
IS Transposition 0,1 0,1 0,1 0,1 
RIS Transposition 0,1 0,1 0,1 0,1 
One-Point Rec. 0,3 0,3 0,3 0,3 
Two-Point Rec. 0,3 0,3 0,3 0,3 
Gene Recombination 0,1 0,1 0,1 0,1 
Gene Transposition 0,1 0,1 0,1 0,1 
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Functions         
Addition 1 1 1 1 
Subtraction 1 3 3 3 
Multiplication 1 3 3 3 
Division 1 3 3 3 
Power 0 2 2 2 
Log10 0 1 1 1 
Arctan 0 1 1 1 

Results         

Average fitness 
15,0631 
14,3370 
9.0032 

28,4146 
28,5987 
19,5008 
23,8909 
28,6739 

58,3055 
213,5455 
181,1187 
134,1595 
139,3272 
86,4543 
28,2816 
80,6594 
36,0886 
10,6908 

27,0970 

Best Fitness 
115,2019 
103,7674 
127,8876 

651,3689
724,1954
553,4210
613,4615
572,1864 

324,3747 
730,1139 
814,6957 
792,4412 
828,6725 
777,8482 
238,9157 
782,1519 
690,3898 
409,9014 

268,4832 

R-square 
0,9597 
0,9574 
0,9650 

0,997415
0,998179
0,996462
0,997536
0,996527 

0,989168 
0,998180 
0,998865 
0,983240 
0,998907 
0,998576 
0,998670 
0,998585 
0,998179 
0,992898 

0,9889 

Table 4. First trials results IV 
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Conclusion: The maximum complexity that leads to the best results is 10. 

See experiment 3. 

6.1.7 Run 15 (all the runs as well) vs. Fig. 7.2. ([2] p.227) 
Aim: Tune the mutation rate. 

Results: See Table 4, and also Tables 1, 2, 3 and 5. 
 

Run 17 18 

No. of runs 1 1 

Gen. Settings     
Training samples 100 100 
No. of chromosomes 100 100 
Head size 8 8 
Number of genes 3 3 
Linking Function Addition Addition
Gen. without change 100 100 
Number of tries 3 3 
Max. Complexity 10 10 

Fitness Func. MSE MSE 

Genetic Ops.     
Mutation 0,044 0,044 
Inversion 0,1 0,1 
IS Transposition 0,1 0,1 
RIS Transposition 0,1 0,1 
One-Point Rec. 0,3 0,3 
Two-Point Rec. 0,3 0,3 
Gene Recombination 0,1 0,1 
Gene Transposition 0,1 0,1 

Functions     
Addition 1 1 
Subtraction 3 3 
Multiplication 3 3 
Division 3 3 
Power 2 2 
Log10 1 1 
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Arctan 1 1 
Results     

Average fitness 444,9112 79,6585
Best Fitness 1000 631,8858

R-square UNDEFINED 0,997890

Table 5. First trials results V 

 

Conclusion: The populations obtained are unhealthy and weak for most of 
the runs which suggests we are far from the ideal mutation rate. For this reason, 
different values of mutation rate were tested so to reproduce the behaviour 
represented in the plots of fig. 7.2. ([2] p.227). What happened was quite the 
same, as it can be seen in this page. As we were closer to the optimal mutation 
rate value, the population evolved more like in a healthy and strong way. This 
leads to the conclusion that once tuned the main settings; we should tune the 
mutation rate in order to have the best effectiveness finding good models. 

IMPORTANT: ([2] p.127) “The set of 50 fitness cases used in this complex 
task could very well be unrepresentative of the problem domain, and the 
program evolved by GEP would be modelling a reality other than the reality of 
the goal function. Solution: use a testing set with a reasonable amount of sample 
data. This data set is not used during evolution and therefore can be used to 
check the accuracy of the model and its generalizing capabilities.” 

6.1.8 Global conclusions 

Each run, provided that we use the same settings, can lead to totally 
different results. 

Definitely, it is necessary to make more runs for showing these observations 
to be true. Hence, the experiments will be done later on rigorously. 

6.1.9 Questions 

6.1.9.1 Training set 
Should we use as training set specifications which need odd filter orders? 

This question is directly related to the use of ceiling function in the function set. 
In Ichige [1], the old formulae use ceiling as the minimum odd integer not less 
than a, not in the way I thought, which is the minimum integer not less than a. 
“N1 in (1) and N2 in (2) do not include the FIRs of even filter length”. The 
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answer is the formula we are looking for has to include both even and odd 
filters. 

Should we use equal ripple for the passband and the stopband? Should we 
generate the data in such a way that the required filter order is comprised 
between 0 and, for instance, 25? These are ways of trying to find the first 
approximation to the equation in order to have a good idea of the settings we 
must use and maybe it is an easier way to find the final solution. But we must 
not forget we cannot change the training set in APS demo version. 

6.1.9.2 Fitness function 
Should I make more than one run with each fitness function to verify that 

MSE is the best one to achieve our goal? I will do so in experiment number 6. 

6.1.9.3 Linking function 
Should I make more than one run with each fitness function to verify that 

Addition is the best one to achieve our goal? I will do this in experiment 
number 5. 
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7 Observations made over the experiments 
The experiments below follow the procedure shown in Ferreira [2] on pages 

118-124 and 226-228. The goal to achieve was to find the best settings possible 
to start working with the Academic Version of APS. This task was intended to 
be performed in a more exact or structured way than it was done in the first 
trials. 

Each experiment consists of several tested values for which 10 runs are 
made. After each run the resulting Average Fitness, Best Fitness and Root 
Square are noted down on a table. Once the 10 runs are finished, the mean and 
standard deviation of them are calculated in order to lead to conclusions. 

In every experiment the aim is stated first, and then we have a list with the 
settings used. After that, a table summarizes the obtained results and some 
figures follow illustrating the data contained in the table. Finally, a conclusion 
inferred from the results and the figures follows. 

7.1 Experiment 1 
Aim: Find the appropriate Head Size (H). 

Settings: 

Data version 1.3
Function set (F) +,-,*,/

Weights (W) 1,1,1,1

Population size (P) 100

Number of Genes (Genes) 1

Number of Generations (G) 50

Maximum Complexity (MC) 1

Fitness Function (FF) MSE

Mutation rate (Pm) 2/Chromosome Size

One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1
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IS Transposition rate (Pis) 0.1
RIS Transposition rate (Pris) 0.1

 

Results: 

Head 
Size 

Avg. Fit. 
Avg. 

Avg. Fit. 
Std. Dev. 

Best Fit. 
Avg. 

Best Fit.
Std. Dev. 

R-sq  
Avg. 

R-sq 
Std. Dev. 

10 1,3310 0,3541 4,5274 1,7997 0,4917 0,1701 
20 1,6461 0,6079 5,8096 2,7844 0,5604 0,2462 
30 1,8828 1,1588 5,8796 4,2224 0,5622 0,2239 
40 2,1044 1,0219 5,3957 3,3740 0,5436 0,1810 
50 2,5519 1,8981 5,7038 4,2426 0,5472 0,2551 

Table 4. Experiment 1 results 
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Figure 1. Average Fitness vs. Head Size 
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Figure 2. Best Fitness vs. Head Size 
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Figure 3. Root Square vs. Head Size 

 

Conclusion: Our problem is much more complex than the one in the book 
and the results are very poor. Thus, the table and figures obtained did not throw 
much light on the best interval of values for the head size, but seems that for a 
unigenic system the best results happen for H є [25,35]. 



Discovering unknown digital filters equation using GEP David González Muñoz 
 

 41

In light of these data I will redo this experiment once I have an idea of the 
best values for the other settings. Thus, this second time the settings won’t be 
simplifying the problem so much as the ones used the first time. See Experiment 
1 version 2. 

7.2 Experiment 2 
Aim: Find the appropriate Population Size. 

Settings:  

Data version 1.3
Function set (F) +,-,*,/,pow,log10,arctan 

Weights (W) 1,3,3,3,2,1,1

Head size (H) 25

Number of Genes (Genes) 3

Linking Function (LF) Addition

Number of Generations (G) 50

Maximum Complexity (MC) 3

Fitness Function (FF) MSE

Mutation rate (Pm) 2/Chromosome Size = 0.039 

One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1

IS Transposition rate (Pis) 0.1

RIS Transposition rate (Pris) 0.1

 

Results: 

Population 
Size 

Avg. Fit.  
Avg. 

Avg. Fit.  
Std. Dev. 

Best Fit.  
Avg. 

Best Fit.  
Std. Dev. 

R-sq  
Avg. 

R-sq  
Std. Dev. 

80 5,9324 6,6355 74,6442 72,2705 0,7754 0,1404 
100 8,2232 6,4421 95,3485 91,4117 0,8259 0,1192 
120 8,3323 5,3090 108,7918 103,9002 0,8348 0,1170 



Discovering unknown digital filters equation using GEP David González Muñoz 
 

 42

160 9,8111 11,9238 110,8301 100,8773 0,8541 0,1250 
250 25,2441 23,8557 191,2500 152,4282 0,8894 0,1095 
500 18,1707 19,3080 142,0763 137,8337 0,8448 0,1519 

Table 5. Experiment 2 results 
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Figure 4. Average Fitness vs. Population Size 
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Figure 5. Best Fitness vs. Population Size 
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Figure 6. Root Square vs. Population Size 

Conclusion: We have the same result as in the book: the more samples we 
use, the better. There is not a big difference among 100, 120 and 160, though. 
However, a significant improvement in performance can be observed when 
using 250 samples. On the other hand, the time a run takes to be finished 
increases significantly as well. 

7.3 Experiment 3 
Aim: Find the appropriate Number of Genes. 

Settings:  

Data version 1.3
Function set (F) +,-,*,/,pow,log10,arctan 

Weights (W) 1,3,3,3,2,1,1

Head size (H) 25

Population Size (P) 100

Number of Generations (G) 50

Linking Function (LF) Addition

Maximum Complexity (MC) Number of Genes value tested 

Fitness Function (FF) MSE
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Mutation rate (Pm) 2/Chromosome Size = 0.039 
One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1

IS Transposition rate (Pis) 0.1

RIS Transposition rate (Pris) 0.1

 

Results: 

No. of 
Genes 

Avg. Fit.  
Avg. 

Avg. Fit.  
Std. Dev. 

Best Fit.  
Avg. 

Best Fit.  
Std. Dev. 

R-sq  
Avg. 

R-sq  
Std. Dev. 

2 11,5808 15,6526 107,4917 132,4376 0,7737 0,1832 
3 10,2569 10,3596 149,4228 125,0183 0,8792 0,1065 
4 15,4221 18,8574 185,6753 168,8528 0,9034 0,0859 
5 20,0431 27,6992 134,6756 124,2663 0,8723 0,1035 
7 3,2682 1,8054 64,8783 41,0520 0,8138 0,0817 
9 7,5906 9,8040 102,4723 104,6770 0,8546 0,0696 

Table 6. Experiment 3 results 
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Figure 7. Average Fitness vs. Number of Genes 
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Figure 8. Best Fitness vs. Number of Genes 
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Figure 9. Root Square vs. Number of Genes 

 

Conclusion: Again we have a result similar to the one in the book, the best 
interval is Number of Genes = [3,5], getting the best results for Number of 
Genes = 4. 
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7.4 Experiment 4 
Aim: Find the appropriate Number of Generations. 

Settings:  

Data version 1.3
Function set (F) +,-,*,/,pow,log10,arctan 

Weights (W) 1,3,3,3,2,1,1

Head size (H) 25

Population Size (P) 100

Number of Genes (Genes) 4

Linking Function (LF) Addition

Maximum Complexity (MC) 4

Fitness Function (FF) MSE

Mutation rate (Pm) 2/Chromosome Size = 0.039 

One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1

IS Transposition rate (Pis) 0.1

RIS Transposition rate (Pris) 0.1

 

Results: 

Number of 
generations 

Avg. Fit. 
Avg. 

Avg. Fit. 
Std. Dev. 

Best Fit. 
Avg. 

Best Fit. 
Std. Dev. 

R-sq  
Avg. 

R-sq  
Std. Dev. 

50 10,9636 9,6840 146,6126 116,6143 0,9053 0,0642 
100 12,9735 17,0223 148,7220 135,8731 0,8706 0,1274 
150 9,3471 5,4933 120,3333 55,6410 0,9057 0,0584 
200 15,3494 14,4455 223,3099 127,0228 0,9459 0,0374 

Table 7. Experiment 4 results 
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Figure 10. Average Fitness vs. Number of Generations 
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Figure 11. Best Fitness vs. Number of Generations 
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Figure 12. Root Square vs. Number of Generations 

 

Conclusion: Once again, the conclusion we come to is quite similar as the 
one found in the book. The difference I found is that the performance we 
achieve when using 150 generations is worse than when using 50 or 100. As I 
am only making 10 runs to infer the solution not 100, it can be a statistical 
coincidence that the samples I got for 150 are the 10 worst ones. However, 200 
generations is the best setting. 

7.5 Experiment 5 
Aim: Find the appropriate Linking Function. 

Settings:  

Data version 1.3
Function set (F) +,-,*,/,pow,log10,arctan 

Weights (W) 1,3,3,3,2,1,1

Head size (H) 25

Population Size (P) 250

Number of Genes (Genes) 4

Number of Generations (G) 200

Maximum Complexity (MC) 4
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Fitness Function (FF) MSE
Mutation rate (Pm) 2/Chromosome Size = 0.039 

One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1

IS Transposition rate (Pis) 0.1

RIS Transposition rate (Pris) 0.1

 

Results: 

Linking  
function 

Avg. Fit. 
Avg. 

Avg. Fit. 
Std. Dev.

Best Fit. 
Avg. 

Best Fit. 
Std. Dev.

R-sq  
Avg. 

R-sq  
Std. Dev. 

Addition 17,1443 11,7707 192,9060 129,2177 0,9137 0,0864 
Subtraction 7,1238 3,3897 110,1279 61,0050 0,8950 0,0682 

Multiplication 7,2880 4,4965 99,5158 44,6562 0,8776 0,1188 
Division 5,7938 3,3866 58,7292 25,1207 0,7933 0,1499 

Table 8. Experiment 5 results 
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Figure 13. Average Fitness vs. Linking Function 
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Figure 14. Best Fitness vs. Linking Function 
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Figure 15. Root Square vs. Linking Function 

 

Conclusion: It is crystal clear that the best linking function is addition. 

7.6 Experiment 6 
Aim: Find the appropriate Fitness Function. 
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Settings:  

Data version 1.4
Function set (F) +,-,*,/,pow,log10,arctan 

Weights (W) 1,3,3,3,2,1,1

Head size (H) 25

Population Size (P) 250

Number of Genes (Genes) 4

Linking Function (LF) Addition

Number of Generations (G) 200

Maximum Complexity (MC) 4

Mutation rate (Pm) 2/Chromosome Size = 0.039 

One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1

IS Transposition rate (Pis) 0.1

RIS Transposition rate (Pris) 0.1
 

Results: 

NOTE: R-square was not considered as Fitness Function in the experiment 
because its value is the same as the statistical function R-square times by 1000. 
So the information it provided was none. 

Fitness 
Function 

Avg. Fit.  
Avg. 

Avg. Fit.  
Std. Dev. 

Best Fit.  
Avg. 

Best Fit.  
Std. Dev. 

R-sq 
Avg. 

R-sq  
Std. Dev. 

MSE 22,5470 17,1411 227,8995 143,5465 0,9496 0,0501 
RMSE 48,6995 22,3061 301,1726 108,5758 0,9256 0,0792 
MAE 76,0371 22,7114 410,3333 92,2377 0,9242 0,1370 
RSE 275,7589 135,6614 929,6360 100,7534 0,9167 0,1372 

RRSE 290,4724 83,4129 775,7467 128,2412 0,8665 0,1750 
RAE 246,0696 65,2923 808,7789 107,6480 0,8606 0,1903 

Table 9. Experiment 6 results 
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Figure 16. Average Fitness vs. Fitness Function 
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Figure 17. Best Fitness vs. Fitness Function 
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Figure 18. Root Square vs. Fitness Function 

 

Conclusion: Taking into account the plotted data, we can lead to the 
conclusion that the fitness function with which we can reach the top is RSE. 
During the first trials and in course of this experiment as well, a feeling that the 
most exigent fitness function is MSE was developed. This implies MSE is the 
one to choose among the six. 

To be sure that this conclusion is correct, we are going to do a deeper study 
of the runs. In the next table, we can find summarized the results obtained in the 
best runs using each one of the different fitness functions including the values 
of all fitness functions: 

 

Best  
Runs 

Average  
Fitness 

Best  
Fitness 

Root 
Square MSE RMSE MAE RSE RRSE RAE Corr.  

Coef 

MSE 44,0205 405,2627 0,9890 1,4675 1,2114 0,9662 0,0112 0,1059 0,1075 0,9945 

RMSE 77,9158 412,5079 0,9849 2,0283 1,4242 1,0993 0,0155 0,1246 0,1223 0,9924 

MAE 80,1066 493,6181 0,9864 1,8651 1,3657 1,0259 0,0143 0,1194 0,1141 0,9932 

RSE 370,3228 985,7288 0,9866 1,8928 1,3758 1,0560 0,0145 0,1203 0,1175 0,9933 

RRSE 270,6091 885,1665 0,9840 2,2003 1,4833 1,1471 0,0168 0,1297 0,1277 0,9919 

RAE 356,9765 885,2785 0,9818 2,7170 1,6483 1,1644 0,2080 0,1442 0,1296 0,9909 

Table 10. Experiment 6 results (II) 
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Figure 19. Average and Best Fitness vs. Fitness Function 
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Figure 20. Root Square vs. Fitness Function 

 

In spite of the fact that the model with the highest average and best fitness is 
the one found using RSE, the one with the best root square is the model found 
using MSE. As it was said in the first trials, we have the impression we should 
not only measure the performance considering the best fitness, but also the root 
square. We will see below that this observation is true. 
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If we take a look in the table to the values of all the fitness functions, it is 
obvious that the lowest values for all fitness functions are the ones we got in the 
best run in which the fitness function was MSE. They are highlighted in yellow. 
The best correlation value is, as well, in the same MSE best run. To illustrate 
this data we have the following two plots: 
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Figure 21. Comparative of the values of the rest of fitness functions obtained with 

the best runs with each Fitness Function 
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Figure 22. Comparative (II) of the values of the rest of fitness functions obtained 

with the best runs with each Fitness Function 
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The comparison on the charts we get from the runs is also possible, although 
it is a bit more difficult to appreciate the difference. 
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Figure 23. Chart corresponding to the best run when using MSE as fitness function. 
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Figure 24. Chart corresponding to the best run when using RSE as fitness function. 
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Figure 25. Chart corresponding to the best run when using RRSE as fitness function. 
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Figure 26. Chart corresponding to the best run when using RAE as fitness function. 
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It may be surprising that in the Figure 23 the model approximates the target 
value better than in the Figure 24. This fact is what supports the conclusion that 
even more important than the best fitness is the root square value. And taking 
into account Table 10, we find the best root square value in the simulation in 
which MSE was used as the fitness function. 

An easier way to appreciate the difference between the different estimations 
is shown below. We plotted the required filter order for a set of specifications 
and calculated the filter order with all the estimations. In the figures 27, 28 and 
29 the testing data was generated randomly, the same as the training data. To 
test the generalising capabilities of the models found, the same plots were 
drawn for a non-randomly testing data set (figures 30, 31 and 32). 
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Figure 27. Plots comparing the required filter order and the several estimations. Interval 

fp=[0,0.175] 
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Figure 28. Plots comparing the required filter order and the several estimations. Interval 

fp=(0.175,0.725) 
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Figure 29. Plots comparing the required filter order and the several estimations. Interval 
fp=[0.725,0.9]. 
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Figure 30. Plots comparing the required filter order and the several estimations. Interval 

fp=[0,0.175]. 
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Figure 31. Plots comparing the required filter order and the several estimations. Interval 

fp=(0.175,0.725). 
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Figure 32. Plots comparing the required filter order and the several estimations. Interval 

fp=[0.725,0.9]. 
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These plots support the conclusion that MSE is the best fitness function we 
can use, because the model found using it, is the best one estimating the higher 
values of the required filter order. 

7.7 Experiment 1 version 2 
Aim: Find the appropriate Head Size (H) as in Experiment 1. As it can be 

seen above, the experiment 1 did not shed much light on the best head size 
value or interval. Thus I repeated the experiment but this time knowing that 
almost all the other settings are the right ones. 

 

Settings:  

Data version 1.5
Function set (F) +,-,*,/,pow,log10,arctan 

Weights (W) 1,3,3,3,2,1,1

Head size (H) 25

Population Size (P) 250

Number of Genes (Genes) 3

Linking Function (LF) Addition

Number of Generations (G) 200

Maximum Complexity (MC) 5

Fitness Function (FF) MSE

Mutation rate (Pm) 2/Chromosome Size = 0.039 

One-point Recombination rate (P1r) 0.3

Two-point Recombination rate (P2r) 0.3

Gene Recombination rate (Pgr) 0.1

Gene Transposition rate (Pgt) 0.1

IS Transposition rate (Pis) 0.1

RIS Transposition rate (Pris) 0.1
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Results: 

Head 
Size 

Avg. Fit.
Avg. 

Avg. Fit. 
Std. Dev.

Best Fit. 
Avg. 

Best Fit. 
Std. Dev. 

R-sq 
Avg. 

R-sq 
Std. Dev. 

10 12,5593 8,7327 217,9219 103,3867 0,9562 0,0527 
15 13,7241 12,5149 222,5401 165,5577 0,9075 0,1008 
20 9,2265 8,6826 173,1812 121,4929 0,9220 0,0830 
25 21,5570 26,6019 229,1442 143,5414 0,9417 0,0528 
30 21,1604 27,2231 191,0647 123,4606 0,9423 0,0467 
40 21,1177 23,9328 185,5201 149,5771 0,9357 0,0488 

Table 11. Experiment 1 version 2  results  
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Figure 33. Average Fitness vs. Head Size 
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Figure 34. Best fitness vs. Head size 
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Figure 35. Root Square vs. Head Size 

 
Conclusion: Comparing the results in the table with the ones in 

experiment 1 it is obvious there has been a step forward. And comparing 
them with experiment 6 run 1 we can infer the results are now 
reasonable. 

Taking a look at the plots it is easy to say the interval we can use for 
the head size is H є [10,25], especially H = 25.  
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7.8 Tuning order 
The order in which the different settings have been tuned is due to its 

relevancy to accomplish the goal. It has to be pointed out that the fitness 
function is the first parameter that has to be set, because is our measure of the 
results. The feeling for the best fitness function was developed in the 
experiments in conjunction with the fact that MSE was the function used in 
Ichige [1]. This is the reason why it was not the first experiment. 

The second most important parameter is the head size (chromosome 
architecture), which is closely related to the number of genes (see experiment 1 
and 3). Obviously, as we are working with multigenic genes it is also important 
the type of linking function (usually addition is the option that leads to the best 
results). 

The population size is chosen a priori, when we are doing the preparations of 
the input data. However, as it can be seen above, 100 samples is more than 
enough to start working and to obtain the desired results. 

The number of generations has been shown that the default value is the one 
to use. 

Last but not the least, we must tune carefully the mutation rate. Although the 
default value (0,044) works pretty well, I have developed the feeling that the 
best value for the problem at hand is equal to: 

LengthChromosome
Pm

2
75.4
1

⋅=  

where  (1/4.75) is a factor modifying the value of two-point mutations per 
chromosome recommended in Ferreira [2], that makes the average fitness and 
best fitness behave close to those of a healthy and strong population (Ferreira 
[2] p.226).  

Despite there are some other genetic operators, they do not have the same 
efficiency in the genome modification as mutation. Therefore, it does not pay to 
tune all them knowing that we can reach the top tuning the mutation rate and 
using the default values for the rest of genetic operators. 

Once all the settings have been established is the time for finding the best 
function set and its weights. I would say this is itself another piece of work. On 
the one hand is the decision of the functions to use, which can be attending not 
only to achieving the goal, but also to accomplish the aim using a certain set due 
to any kind of reason. On the other hand, the weight of the functions used has to 
be tuned as well. Therefore, another several hundred of experiments should be 
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done if we are aiming at finding the best function set that allows us to find the 
best equation possible. 
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8 Conclusions 
This thesis work aimed at discovering an equation that describes the relation 

between filter order and specification (passband and stopband edges, ripple in 
the passband and attenuation in the stopband, etc.) for linear-phase FIR filters 
using Genetic Expression Programming (GEP). 

The goal has been achieved for lowpass filters and an equation competitive 
with previously given estimations has been found as it can be seen below. This 
fact proves it is possible to use GEP in order to solve the problem at hand. Even 
if a perfect estimation cannot be found, it seems a very good one is still waiting 
to be discovered in the search landscape. 

In the beginning, it was a bit difficult to get started in GEP with the Demo 
Version of Automatic Problem Solver (APS). In addition, as this is a brand new 
technique there are not many references about it. However, once the Academic 
Version was available, it was easier to understand the intricacies of APS and to 
get the experiment results. Taking into account this fact, it was decided to make 
a summary containing the most important tips found in [2] and the APS Help 
Manual to ease the future work with APS. 

Although it might seem not very complicated, what has been really time-
consuming and it is the cornerstone for reaching an equation is the generation of 
the input file for APS. It should be still possible to improve the quality of the 
data used as an input provided that the MATLAB function firpm has shown it 
does not converge sometimes. Furthermore, the data generator program has had 
several evolutions due to the mentioned convergence problem and some others, 
like the distribution of the generated frequencies in the interval [0,1], in order to 
have a better resolution on the edges of the interval. Therefore, this could be a 
task to be revised and improved. 

It is also possible to analyze the outcome of the experiments considering the 
median of the data which might give a different optimal value for the APS 
settings.  

As it was previously stated, a competitive equation has been found as a 
result of this thesis work. In Fig. 36 we can see the estimated order for ten 
random filters using the best four evolved equations in Experiment 6. The 
required order was obtained by running the Remez exchange algorithm on the 
problem iteratively with varying filter order. From here it can be seen that all 
the evolved equations gives reasonable estimates. For most cases the first and 
second equation are the best. 
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Figure 36. Estimated filter order for ten random filters using the evolved equations 

Figures 37 and 38 show the estimated filter order using the best two evolved 
equations for varying passband edge and varying ripple, respectively. The 
discontinuities in Fig. 3 should be further studied. It is most likely due to the 
non-convergence of the algorithm for certain passband frequency values, as the 
required order also has a discontinuity there.  

fc fs dc ds Req Ich Kai Firpm Disc 
1 lp.m 

0,081194 0,1495 0,01 0,01 42 58 56 43 58,5 57 

0,099647 0,18671 0,01 0,01 45 46 44 45 46,3 45 

where lp.m stands for lowpass.m, Disc 1 for Discovered 1, Firpm for Firpmord, 
Kai for Kaiser, Ich for Ichige and Req for Required.  

In Fig. 38 it is clear that there is a deviation for ripple smaller than 
approximately 0.003. This is due to the training data not including such small 
ripples. Hence, the evolved equations gives good estimated in the range of the 
training data. 
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Figure 37. Estimated filter order for varying passband edge (normalized by π) using the two 

best evolved equations. wsT = wcT + 0.01π, δs = δc = 0.01 
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Figure 38. Estimated filter order for varying ripple using the two best evolved equations. wcT 

= 0.2 π, wsT = 0.3π, δs = δc 
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Similar results are shown in Figs. 39 to 41, where the first equation is 
compared with previously proposed estimations. Ichige denotes the work in [1], 
Kaiser the work in [16], and firpmord is the function in the latest MatlabTM 
Signal Processing Toolbox. Here, it is evident that the evolved estimation is 
approximately as good as the previously proposed ones, with the exception for 
small ripples for the same reason as above. 
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Figure 39. Estimated filter order for ten random filters comparing the best evolved equation 

with previously proposed. 



Discovering unknown digital filters equation using GEP David González Muñoz 
 

 77

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

38

39

40

41

42

43

44

Passband edge frequency

Fi
lte

r o
rd

er
Required order
Ichige
Kaiser
Firpmord
Discovered 1

 
Figure 40. Estimated filter order for varying passband edge (normalized by π) comparing the 

best evolved equation with previously proposed. wsT = wcT + 0.01π, δs = δc = 0.01 
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Figure 41. Estimated filter order for varying ripple comparing the best evolved equation with 

previously proposed. wcT = 0.2 π, wsT = 0.3π, δs = δc 
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Here the best obtained equation is given: 
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10 Appendices 

10.1 Glossary 
APS: Automatic Problem Solver 

dp: passband ripple 

ds: stopband ripple 

ET: Expression Tree 

F: Function set 

FF: Fitness Function – statistical function used to evaluate the performance 
of the model found. 

FIR: Finite Impulse Response 

fp: passband edge frequency 

fs: stopband edge frequency 

G: Number of Generations 

Genes: Number of Genes – number of genes per chromosome or, in other 
words, the number of complex terms in the evolving models. 

H: Head Size – size of the head of each gene. It determines the upper limit 
for the size of the programs encoded in the gene. 

l: required filter order 

LF: Linking Function – function used to link the different terms encoded in 
the genes of a model. 

MC: Max. Complexity – maximum number of terms (genes) you think 
reasonable for modelling your data. Beyond this threshold no other terms are 
introduced automatically by the Complexity Increase Engine. 

P: Population size – (also Number of Chromosomes) size of the population 
of models created each generation for breeding new ones. 

Pgr: Gene recombination rate 

Pgt: Gene transposition rate 

Pis: IS transposition rate 

Pm: Mutation rate 
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Pris: RIS transposition rate 

P1r: One-point recombination rate 

P2r: Two-point recombination rate 

Runs: Runs made per different value 

Testing samples – number of samples used for evaluating the generalizing 
capabilities of the evolved model. 

Training samples – number of samples used for training 

UDF: User Defined Function 

W: Weights 
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10.2 MATLAB Files 

10.2.1 lowpass.m 
 

%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe          # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Low-pass filter program that will be used in GEP 
% 
% Variables: 
%   fp: Normalized passband edge frequency 
%   fs: Normalized stopband edge frequency 
%   dp: Passband ripple 
%   ds: Stopband ripple 
%   E.g.: fp=0.1875 fs=0.25 dp=0.01 ds=0.1 
% 
% Date: 
%   04-09-15 Release 1, Version 1 
% 
% Comments: 
%   04-09-15 First approach to the desired program pattern 
%-------------------------------------o0o---------------------------------- 
 
%Initialization 
clear; 
close all; 
 
%Parameters for the FIR filter design functions 
fp=input('Input the normalized passband edge frequency (fp): '); 
fs=input('Input the normalized stopband edge frequency (fs): '); 
dp=input('Input passband ripple (dp): '); 
ds=input('Input stopband ripple (ds): '); 
addl=input('Input the value you want to increase the filter order: '); 
 
%FIR filter design functions 
%Find parameters for firpm from the specification given 
[n, fo, ao, weight]=firpmord([fp fs],[1 0],[dp ds]); 
n=n+addn; 
%Design the optimal equiripple FIR filter 
[ho, err, optres] = firpm(n, fo, ao, weight); 
 
%Plot of the result 
%Amplitude 
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[h,w] = freqz(ho,1); 
figure(1); 
hold on; 
axis([0 1 0 max(abs(h))+.05]); 
fill([0,0,fp,fp],[0,1-dp,1-dp,0],'w'); 
fill([fs,fs,1,1],[ds,1,1,ds],'w'); 
plot(w/pi,abs(h),'r') 
title('Amplitude response'); 
hold off; 
waitforbuttonpress; 
 
%Phase 
phase=unwrap(angle(h),1); 
figure(2); 
plot(w/pi,phase,'b'); 
title('Phase response'); 

10.2.2 generator.m 
 
% 
% Description: Program that generates the data input file needed for the  
% application Automatic Problem Solver. 
% 
% Outputs: 
% * File: 
%       - File format: 
%                            fp  fs  dp  ds  n 
%                       1   0.2 0.4 0.1 0.05 10 
%                               . 
%                               . 
%                               . 
%                 num_req   0.3 0.5 0.01 0.5 15 
% 
%           where fp and fs are passband and stopband edge frequency, and dp 
%           and ds are passband and stopband ripple, respectively. 
% 
%       - File name: 
%                       lpdatatype_yyyymmddTHHMMSS_m_rdm_flag 
%                        
%           where lp stands for low-pass filters. 
%           E.g.:lpdata_20041030T215532_100_1 
% 
%       - File path: To change it, you should go to writefile.m and change 
%           the first string in the variable filename. 
% 
%  * Figure/s: 
%       - Case Data generated randomly: 
%           Figure 1: Points in fp=[0,0.175] (35%) 
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%           Figure 2: Points in fp=(0.175,0.725] (30%) 
%           Figure 3: Points in fp=[0.725, 0.9] (35%) 
%       - Case Data generated non-randomly: 
%           Figure 1: All points 
% 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-10-04 Release 1, Version 1 
% 
% Variables: 
%   num_req: Number of specifications to generate 
%   num_gen: Number of specifications generated 
%   randm_flag: Specifications generated randomly? 0=No 1=Yes 
%   specs & specs2: Specifications generated 
%   specifications: Array that contains the training sets. 
%   specifications2: Array that contains the testing sets. 
% 
% Comments: 
%   04-10-07 First approach to the desired program --> Data v1.0 
%   04-10-08 Specifications constraints modification --> Data v1.1 
%               fs > fp + 0.1 ;  dp,ds > 0.0001 
%   04-10-18 Output file sorted by passband frequency. It can be generated 
%   randomly or giving the desired specifications and generating fp values 
%   randomly but having more values close to 0 and 0.5. 
%       I have also discovered there's no need for a while loop to assure 
%   the values randomly generated are between the desired intervals. So I 
%   changed it. 
%   04-10-21 Upper passband increased to 0.9 in random data generation.  
%       Update of the actually obtained ripple from the designed filters 
%   compared to the one desired. --> Data v1.2 
%   04-10-22 Upper passband increased to 0.9 in non-random data generation. 
%       The data is generated having more points close to fp=0 and fp=0.9  
%   than in the middle. --> Data v1.3 
%   04-10-25 There's a convergence problem with firpm due to the 
%   specifications. I will try to solve it during the following days. 
%   04-10-30 As it was being difficult to handle the generator file due to 
%   its size, I have split the code into several functions: 
%   * specsgen.m: generates the specifications array sorted by fp with a 
%   larger size (25%) than required to solve the firpm convergence problem. 
%   * fildesign.m: calculates the estimated and the required the filter 
%   order. 
%       There's a call to a function which tries to estimate the real  
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%   filter order necessary to design a filter that agrees exactly with the  
%   given specifications (reqfilord.m). 
%   * writefile.m: writes the resulting arrays in a file 
%   * plotspecs.m: plots the generated filter orders vs. fp in the same 
%   figure so we can see the difference between the estimated and the 
%   required filter order. 
%       The problem mentioned about firpm is now solved. If there is a 
%   sample that throws an error, then we skip it. 
%       Furthermore we can limit the maximum value of filter order  
%   designed. 
%       The program works perfectly if the data is generated randomly. I am 
%   not 100% sure about the results when the data is generated based on  
%   (fp-fs), fixed dp and ds. 
%   04-11-03 The testing data set corresponding to the training data set 
%   generated must be 4 or 5 times larger. So if we ask for 100 samples the 
%   output will be a training file with 100 samples and a testing set with 
%   400. --> Data v1.4 
%       plotspecs is not working well for representing the testing set. I 
%   have to debug it. There's an error related with the axis. 
%   04-11-23 There was a little mistake when we generate the specifications 
%   array concerning the sorting by fp. If all the array is sorted and then 
%   we split the final array into two files, then we have the lower  
%   frequencies as the training set and the upper ones as the testing set. 
%   So what I have done is sort the array in two times, first the rows 
%   which contain the training samples and after the rows which contain the 
%   testing samples.  
%       But then I have realised that if we solve the firpm error skipping  
%   data, the upper frequencies samples are lost when we shrink the array  
%   to write it in a file. Thus I have changed the way I solved this  
%   problem. I have written a new function that generates a new sample when 
%   needed (newsampgen.m) and rewritten specsgen so we only generate the 
%   exact amount of specifications. --> Data v1.5 
%       plotspecs is now working perfectly too. 
%-------------------------------------o0o---------------------------------- 
 
%Initialization 
clear; 
close all; 
 
%Functions that generate the data files 
%We generate the specifications array 
[specs,num_train,num_gen,randm_flag] = specsgen; 
%The testing data must be at least 4 times bigger than the training data 
num_test = 4 * num_train; 
%We calculate the required and estimated filter order using the modified 
%firpm function 
[specifications, specifications2] = fildesign (specs, num_train,... 
    num_gen, randm_flag); 
%We write the arrays in a file so we can use them in APS 
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writefile ('train', num_train, randm_flag,specifications); 
writefile ('test', num_test, randm_flag,specifications2); 
 
%Finally we can plot the estimated and required filter orders if we want to 
disp('Would you like to plot the estimated and required filter orders?'); 
disp('0 = No        1 = Yes'); 
plot_flag=input('Option: '); 
if plot_flag 
    plotspecs(specifications, num_train, randm_flag); 
    waitforbuttonpress; 
    plotspecs(specifications2, num_test, randm_flag); 
end 

10.2.3 specsgen.m 
 
function [spcf,n_train,N,random_flag] = specsgen  
% 
% [spcf,n_train,N,random_flag] = specsgen  
%  
% Description: Generates an array which contains the set of specifications  
% sorted by fp. 
% 
% Input Variables: None 
% 
% Output Variables: 
%   spcf: Array that contains the generated specifications 
%   n_train: Number of training specifications requested to generate 
%   N: Number of specifications generated 
%   random_flag: Data generated randomly? 0=No 1=Yes 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-10-30 Release 1, Version 1 
% 
% Variables: 
%   lower_val: Number of points we want to have in the interval [0,0.175] 
%   midlow_val: Number of points we want to have in the interval (0.175, 
%       0.45] 
%   midupp_val: Number of points we want to have in the interval 
%       (0.45,0.725] 
%   fp_array: Passband edge frequency values 
%   fs_array: Stopband edge frequency values 



Discovering unknown digital filters equation using GEP David González Muñoz 
 

 89

%   dp_array: Passband ripple values 
%   ds_array: Stopband ripple values 
%   delta_freq: Desired frequency width (fp - fs) 
% 
% Comments: 
%   04-11-23 The array generated was sorted from bottom to top, but we 
%   split it later into two files, so we were using the top frequencies to 
%   test and the lower ones to train.  
%       I believe it's not a big problem because we were generating 
%   randomly the data, but if we do it non-randomly then it is obvious it 
%   is not the right input for APS. 
 
%How do we generate the data? 
disp('Do you want to generate the data randomly?'); 
disp('0 = No') 
disp('1 = Yes') 
random_flag = input('Option: '); 
 
%Parameters for the FIR filter specification generator 
%We ask for the number of training sample to be generated 
n_train = input('Input number of training samples to generate: '); 
%and divide it so we have more points close to 0 and 1 
%We consider the values of fp from 0 to 0.9 but having more 
%points on the sides of the interval: supposing we have 100 points, we  
%will have 35 in the range 0 - 0.175, 15 in 0.176 - 0.45, 15 in  
%0.46 - 0.725 and 35 in 0.726 - 0.9 
lower_val = ceil(0.35*n_train); 
midlow_val = lower_val + floor(0.15*n_train); 
midupp_val = midlow_val + floor(0.15*n_train); 
 
%The testing data must be at least 4 times larger than the training data 
N = 5*n_train; % + ceil(0.25*5*n_train); %Used for solving firpm problem 
%The testing set points have the same distribution as the training set 
lower_val2 = ceil(0.35*(N-n_train)); 
midlow_val2 = lower_val + floor(0.15*(N-n_train)); 
midupp_val2 = midlow_val + floor(0.15*(N-n_train)); 
 
%Resets the generator to a different state each time 
rand('state',sum(100*clock)); 
 
%Loop to generate the fp points 
for(i=1:N)     
    if (i <= lower_val) 
        fp_array(i) = 0.01 + (0.175 - 0.01) * rand; 
    elseif (i <= midlow_val) 
        fp_array(i) = 0.175 + (0.45 - 0.175) * rand; 
    elseif (i <= midupp_val) 
        fp_array(i) = 0.45 + (0.725 - 0.45) * rand; 
    elseif (i <= n_train) 
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        fp_array(i) = 0.725 + (0.9 - 0.725) * rand; 
    elseif (i <= n_train + lower_val2) 
        fp_array(i) = 0.01 + (0.175 - 0.01) * rand; 
    elseif (i <= n_train + lower_val2 + midlow_val2) 
        fp_array(i) = 0.175 + (0.45 - 0.175) * rand; 
    elseif (i <= n_train + lower_val2 + midlow_val2 + midupp_val2) 
        fp_array(i) = 0.45 + (0.725 - 0.45) * rand; 
    else  
        fp_array(i) = 0.725 + (0.9 - 0.725) * rand; 
    end 
end 
 
%We perform slightly different operations to generate the other 
%specification parameters depending on the way the data should be 
%generated. 
if(random_flag)     
    for (i=1:N) 
        %We randomly generate the rest of the specification 
        %Normalized passband and stopband edge frequency 
        %Constraints: 0 < fp < 0.9;  fp + 0.06 < fs < fp + 0.1 
        %Why? Values normally used so that we don't obtain extremely high 
        %filter orders 
        fs_array(i) = fp_array(i) + 0.06 + (0.1 - 0.06) * rand; 
             
        %Passband and stopband ripple 
        %dp can be greater, equal or lower than ds 
        %Constraints: 0.00001 < dp,ds <= 0.1 
        %Why? Values normally used 
        dp_array(i) = 0.0001 + (0.1 - 0.0001) * rand; 
        ds_array(i) = 0.0001 + (0.1 - 0.0001) * rand; 
    end 
 
else 
    %Parameters needed for non-random generation 
    delta_freq = input('Input the transition width (fs - fp)=[0.06,0.1]: '); 
    dp_value = input('Input passband ripple [0.00001,0.1]: '); 
    ds_value = input('Input stopband ripple [0.00001,0.1]: '); 
     
    for (i=1:N)     
        fs_array(i) = fp_array(i) + delta_freq; 
        dp_array(i) = dp_value; 
        ds_array(i) = ds_value; 
    end 
end 
 
%We store the random data in one matrix and we sort it based on the 
%passband frequency. Where these are equal, further sort is performed by 
%the stopband frequency 
%The sorting is performed in two steps: firstly, we sort the rows that contain 
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%the training data and secondly, the rows that contains the testing data. 
spcf = [ fp_array' fs_array' dp_array' ds_array']; 
spcf(1:n_train,:) = sortrows(spcf(1:n_train,:), [1 2]); 
spcf(n_train+1:N,:) = sortrows(spcf(n_train+1:N,:), [1 2]); 

10.2.4 filterdesign.m 
 
function [specificat, specificat2] = fildesign (spcs, n_train, n_gen,rndm_f) 
% 
% [specificat, specificat2] = fildesign (spcs, n_train, n_gen,rndm_f) 
% 
% Description: Estimates the filter order required for the specifications 
% given and, by means of the function reqfilord, calculates the required 
% filter order to exactly agree with the ripples given. 
% 
% Input Variables: 
%   spcs: Array that contains the generated specifications 
%   n_train: Number of specifications requested to generate 
%   n_gen: Number of specifications generated 
%   rndm_f: Specifications generated randomly? 0=No 1=Yes 
% 
% Output Variables: 
%   specificat: Array that contains the training data set. 
%   specificat2: Array that contains the testing data set. 
% 
%       Both arrays contains the set of specifications, the required filter 
%   order and, in the last column the estimated filter order. 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-10-30 Release 1, Version 1 
% 
% Comments: 
%   04-11-29 I have done a little modification so I can reuse the function  
%   for checking the equations found by APS. If n_train == 0 means we only  
%   have testing set and thus we don't have to split the array specificat. 
 
%n_train loops for the training data + 4*n_train loops for the testing data 
for (i=1:n_gen) 
    %Debugging code: To avoid index overflow errors 
    %dims=size(spcs); 
    %if i > dims(1) 
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    %    break; 
    %else 
     
        %FIR filter design function 
        %Find parameters for firpm from the specification given 
        %Aim => estimated required filter order 
        [n_array(i), fo, ao, weight] = firpmord([spcs(i,1) spcs(i,2)],... 
            [1 0],[spcs(i,3) spcs(i,4)]); 
 
        %Design the optimal equiripple FIR filter 
        [ho, err, optres, r_code] = firpm(n_array(i), fo, ao, weight); 
        %We can limit the maximum filter order if desired 
        if (n_array(i) > 100) 
            r_code = -3; 
        end 
 
        %Debugging code: 
        %disp(i) 
        %disp(r_code) 
         
        %Loop used to solved firpm problem 
        %If a specification throws a warning we skip the specification and  
        %we try the next one. That's why we generate more specifications  
        %than requested in specsgen. 
        %I changed the way of solving the problem because formerly I was 
        %dropping off the upper frequencies when saving the testing set 
        while ((r_code == -1) | (r_code == -2)) | (r_code == -3) 
            %Old code: Used to skip the sample that threw the error 
            %if i == 1 
            %    spcs = [spcs(i+1:n_gen,:)]; 
            %else 
            %    spcs = [spcs(1:i-1,:); spcs(i+1:n_gen,:)]; 
            %end 
            %New code: we get a new row for the array 
            spcs(i,:) = newsampgen(spcs(i,:),rndm_f); 
            %and perform the same operations again 
            [n_array(i), fo, ao, weight] = firpmord([spcs(i,1) spcs(i,2)],... 
                [1 0],[spcs(i,3) spcs(i,4)]); 
            [ho, err, optres, r_code] = firpm(n_array(i), fo, ao, weight); 

if (n_array(i) > 100) 
             r_code = -3; 
         end 
 
            %Old code: Used to skip the sample that threw the error 
            %We decrease the number of generated specifications so we keep 
            %track of the real number of them that we have 
            %n_gen = n_gen - 1; 
        end 
        %We save firpm variables in order to use them in reqfilord and not 
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        %having to run the function firpmord again to get them. 
        err_firpm(i) = err; 
        fo_firpmord(:,i) = fo; 
        ao_firpmord(:,i) = ao; 
        weight_firpmord(:,i) = weight; 
        %Old code: used to update the ripple so that we store the real ripple 
        %we obtain with the filter order estimated by firpm 
        %spcs(i,3) = (err*spcs(i,3))/max(spcs(i,3),spcs(i,4)); 
        %spcs(i,4) = (err*spcs(i,4))/max(spcs(i,3),spcs(i,4)); 
    %end 
end 
 
%We store the final data set 
specificat = [ spcs n_array']; 
 
%Old: To avoid running errors we assure the addition of the number of training  
%and testing samples is lower than the number of generated samples left. In 
%case there is a run in which a lot of warnings have been thrown by firpm, 
%we know it happened. 
%New: I guess this is not going to happen any more as we replace the row 
%that threw the warning for a new valid one. Anyway, I leave the code on 
%just in case it could happen. 
if 5*n_train <= n_gen | n_train == 0 
    specificat = reqfilord(specificat, err_firpm, fo_firpmord, ... 
        ao_firpmord, weight_firpmord, n_gen, rndm_f);     
else 
    error(sprintf('%s\t%f\t\t%s\t%f','Array expected max index:', n_train,... 
        'Array max index:', n_gen));   
end 
 
if n_train > 0 
    %We store the testing set in a different array 
    specificat2 = [specificat(n_train+1:5*n_train,:) ... 
            l_array(n_train+1:5*n_train)']; 
    specificat2 = sortrows(specificat2, [1 2]); 
 
    %We shrink the initial array to the training set 
    specificat = [specificat(1:n_train,:) n_array(1:n_train)']; 
else 
    specificat = [specificat n_array']; 
end 
 
%We sort the array based on fp 
specificat = sortrows(specificat, [1 2]); 
 

10.2.5 newsampgen.m 
 
function [newsamp, fo_new, ao_new, w_new] = newsampgen (oldsamp, rnd_flag) 
%  
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% [newsamp, fo_new, ao_new, w_new] = newsampgen (oldsamp, rnd_flag) 
% 
% Description: Generates a new specification in the same fp interval as the 
% old one. 
% 
% Input Variables: 
%   oldsamp: sample we have to replace 
%   rnd_flag: Specifications generated randomly? 0=No 1=Yes 
% 
% Output Variables: 
%   newsamp: sample we have just generated to replace the old one 
%   fo_new, ao_new, w_new: fo, ao and weight values returned by firpm for  
%       the estimated filter order. 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-11-24 Release 1, Version 1 
% 
% Comments: 
%   04-11-29 Created to solve the firpm convergence problem. 
%We check the interval in which the fp is and we generate a new random fp 
%in the same range 
if (oldsamp(1,1) <= 0.175) 
    newsamp(1,1) = 0.01 + (0.175 - 0.01) * rand; 
elseif (oldsamp(1,1) <= 0.45) 
    newsamp(1,1) = 0.175 + (0.45 - 0.175) * rand; 
elseif (oldsamp(1,1) <= 0.725) 
    newsamp(1,1) = 0.45 + (0.725 - 0.45) * rand; 
else 
    newsamp(1,1) = 0.725 + (0.9 - 0.725) * rand; 
end 
 
%Depending on the way the sample was generated we calculate the rest of the 
%specification. 
if(rnd_flag)     
        %We randomly generate the rest of the specification 
        %Normalized passband and stopband edge frequency 
        %Constraints: 0 < fp < 0.9;  fp + 0.06 < fs < fp + 0.1 
        %Why? Values normally used so that we don't obtain extremely high 
        %filter orders 
        newsamp(1,2) = newsamp(1,1) + 0.06 + (0.1 - 0.06) * rand; 
             
        %Passband and stopband ripple 
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        %dp can be greater, equal or lower than ds 
        %Constraints: 0.00001 < dp,ds <= 0.1 
        %Why? Values normally used 
        newsamp(1,3) = 0.0001 + (0.1 - 0.0001) * rand; 
        newsamp(1,4) = 0.0001 + (0.1 - 0.0001) * rand; 
    
else 
    delta_freq = oldsamp(1,2)-oldsamp(1,1); 
    newsamp(1,2) = newsamp(1,1) + delta_freq; 
    newsamp(1,3) = oldsamp(1,3); 
    newsamp(1,4) = oldsamp(1,4);     
end 
 
%When the function is called from reqfilord, the sample to return must 
%contain the estimated filter order as well. So we perform the same 
%operations as in fildesign to calculate it. 
[fil, col]=size(oldsamp); 
if col == 5 
    [newsamp(1,5), fo_new, ao_new, w_new] = firpmord([newsamp(1,1)... 
        newsamp(1,2)],[1 0],[newsamp(1,3) newsamp(1,4)]); 
 
    [ho, err, optres, r_code] = firpm(newsamp(1,5), fo_new, ao_new, w_new); 
    if (newsamp(1,5) > 100) 
        r_code = -3; 
    end 
    while ((r_code == -1) | (r_code == -2)) | (r_code == -3) 
        disp('Recursive call to function newsampgen. Will it throw an error?') 
        newsamp = newsampgen(newsamp(1,1:4),rnd_flag); 
        [newsamp(1,5), fo_new, ao_new, w_new] = firpmord([newsamp(1,1) 
newsamp(1,2)],... 
            [1 0],[newsamp(1,3) newsamp(1,4)]); 
        [ho, err, optres, r_code] = firpm(newsamp(1,5), fo_new, ao_new, w_new); 
    end 
end 
 

10.2.6 reqfilord.m 
 
function spec_req = reqfilord(spec,err_old, fo_data, ao_data, w_data, N2, rdm_f) 
%  
% spec_req = reqfilord(spec,err_old, fo_data, ao_data, w_data, N2, rdm_f) 
%  
% Description: Function that calculates the required filter order for the  
% given specifications. 
% 
% Input Variables: 
%   spec: Array that contains the specification and the estimated filter 
%   order. 
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%   err_old, fo_data, ao_data, w_data: Arrays that contain the err, fo, ao  
%       and weight values returned by firpm for each estimated filter order. 
%   N2: Number of specifications requested to generate 
%   rdm_f: Specifications generated randomly? 0=No 1=Yes 
% 
% Output Variables: 
%   spec_req: Array that contains the specifications and the required  
%       filter order for the specifications given.    
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-10-30 Release 1, Version 1 
% 
% Comments: 
% 
 
for(i=1:N2) 
    %We check whether the estimated filter order is the required filter 
    %order or not. 
    n_real = spec(i,5); 
    if err_old(i) > max(spec(i,3),spec(i,4)) 
        err_new(i) = err_old(i); 
        %If not, we calculate the required filter increasing the filter 
        %order until the err returned is lower than the maximum ripple. 
        while err_new(i) > max(spec(i,3),spec(i,4)) 
            n_real = n_real + 1; 
            [ho2, err2, optres2,r_code2] = firpm(n_real, fo_data(:,i),... 
                ao_data(:,i), w_data(:,i)); 
            while ((r_code2 == -1) | (r_code2 == -2)) 
                %Old code: Used to skip the sample that threw the error 
                %if i == 1 
                %    spec = [spec(i+1:N2,:)]; 
                %else 
                %    spec = [spec(1:i-1,:); spec(i+1:N2,:)]; 
                %end 
                [spec(i,:), fo_data(:,i), ao_data(:,i), w_data(:,i)] = ... 
                    newsampgen(spec(i,:),rdm_f); 
                [ho2, err2, optres2, r_code2] = firpm(n_real, fo_data(:,i),... 
                    ao_data(:,i), w_data(:,i)); 
                %Old code: Used to skip the sample that threw the error 
                %N2 = N2 - 1; 
            end 
            err_new(i) = err2; 
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        end 
    end 
    %We save the required filter order 
    n_array2(i) = n_real; 
end 
 
%Finally we merge the initial spec array and the required filter order 
%array to obtain the output array. 
spec_req = [spec(:,1:4) n_array2']; 
 

10.2.7 writefile.m 
 
function writefile (datatype, m, rdm_flag, spc) 
% 
% writefile (datatype, m, rdm_flag, spc) 
% 
% Description: Writes the resulting arrays in a file. 
% 
% Input Variables: 
%   datatype: 'data' --> testing set (estimated filter order) 
%             'train' --> training set (required filter order) 
%   m: Number of specifications requested to generate 
%   rdm_flag: Specifications generated randomly? 0=No 1=Yes 
%   spc: Array to write in a file 
% 
% Output: File containing the array spc. 
%   - File format: 
%                        fp  fs  dp  ds  n 
%                   1   0.2 0.4 0.1 0.05 10 
%                               . 
%                               . 
%                               . 
%             num_req   0.3 0.5 0.01 0.5 15 
% 
%       where fp and fs are passband and stopband edge frequency, and dp 
%       and ds are passband and stopband ripple, respectively. 
% 
%   - File name: 
%                   lpdatatype_yyyymmddTHHMMSS_m_rdm_flag 
% 
%       where lp stands for low-pass filters. 
%       E.g.:lpdata_20041030T215532_100_1 
% 
%   - File path: To change it, you should change the first string in the  
%       variable filename. 
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%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-10-04 Release 1, Version 1 
% 
% Comments: 
%   04-11-29 I have done a little modification so I can reuse the function  
%   for checking the equations found by APS. If the variable datatype is 
%   equal to 'check' then we store the whole array instead of storing the  
%   first five columns only. 
 
%We write the resulting data in the file 
filename = ['E:\David\TFC\MATLAB\Data v1.5\lp' datatype '_' 
datestr(now,'yyyymmddTHHMMSS') '_' int2str(m) '_' int2str(rdm_flag)]; 
fid = fopen(filename,'wt'); 
%Depending on the purpose for which the data was generated we store the 
%whole array or the first five columns only. 
if strcmp(datatype,'train') | strcmp(datatype,'test') 
%We can store the data we have just generated for checking the accuracy of 
%the equations to use it in APS and change the testing set. 
%disp('Would you like to use the data as an input file for APS?'); 
%disp('0 = No        1 = Yes'); 
%file_APS=input('Option: '); 
%if file_APS 
    titles = ['fp ' 'fs ' 'dp ' 'ds ' 'n']; 
    fprintf(fid, '%s\n', titles); 
    fprintf(fid, '%f %f %f %f %f\n', spc(:,1:5)'); 
else 
    titles = ['fp ' 'fs ' 'dp ' 'ds ' 'n_req ' 'n_ich ' 'n_kai ' 'n_firpm ' 'n_E6r1' 'n_E6r4 ' 'n_E6r5 
' 'n_E6r6 ']; 
    fprintf(fid, '%s\n', titles); 
    fprintf(fid, '%f %f %f %f %f %f %f %f %f %f %f %f\n', spc'); 
end 
fclose(fid); 
 

10.2.8 plotspecs.m 
 
function plotspecs(spcfcs, num,r_f) 
% 
% plotspecs(spcfcs, num,r_f) 
%  
% Description: Plots the required and estimated filter orders vs. fp in the 
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%   same figure so we can see the difference between them. 
%       Commenting the appropriate code, plots the generated filter orders  
%   vs. fp in the same figure; so we can see the difference between the  
%   estimated order, by means of firpm, and the different equations found  
%   using APS and the required filter order. 
% 
% Input Variables: 
%   specifications: Array that contains the training data set. 
%   num: Number of specifications the array has 
%   r_f: Specifications generated randomly? 0=No 1=Yes 
% 
% Output Figures: 
%       Case Data generated randomly and comparative plot: 
%           Figure 1: Points in fp=[0,0.175] (35%) 
%           Figure 2: Points in fp=(0.175,0.725] (30%) 
%           Figure 3: Points in fp=[0.725, 0.9] (35%) 
%       Case Data generated non-randomly: 
%           Figure 1: All points 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-10-30 Release 1, Version 2 
% 
% Comments: 
%   This function doesn't work if we have one, two, three... 
%   specifications. 
 
close all; 
     
%Optionally we can plot the specifications that we have just generated 
ka=find(spcfcs(:,1)>0.175,1,'first'); 
kb=find(spcfcs(:,1)>0.725,1,'first'); 
 
if isempty(ka) | isempty(kb) 
    error(sprintf('%s%s','It is not possible to plot the specifications',... 
        ' because there are very few of them')); 
else 
    if r_f & (num >=25) 
        %Comment to generate the comparative plot 
        fmina = min(spcfcs(1:ka-1,1)); 
        fmaxa = max(spcfcs(1:ka-1,1)); 
        lmina = min(spcfcs(1:ka-1,5))-1; 
        lmaxa = max(spcfcs(1:ka-1,5))+1; 
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        minb = min(spcfcs(ka:kb-1,1)); 
        fmaxb = max(spcfcs(ka:kb-1,1)); 
        lminb = min(spcfcs(ka:kb-1,5))-1; 
        lmaxb = max(spcfcs(ka:kb-1,5))+1; 
        fminc = min(spcfcs(kb:num,1)); 
        fmaxc = max(spcfcs(kb:num,1)); 
        lminc = min(spcfcs(kb:num,5))-1; 
        lmaxc = max(spcfcs(kb:num,5))+1; 
 
        figure(1) 
        hold on 
        title('Data generated for APS') 
         
        %Comment to generate the comparative plot 
        axis([fmina fmaxa lmina lmaxa]); 
        plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,6),'Marker','.') 
        plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,5),'r','Marker','o') 
        legend('Estimated order','Required order','location','best'); 
         
%         %Uncomment to generate the comparative plot 
%         %2004-12-15 New output file format 
%         %fp fs dp ds l_req l_ich l_kai l_firpm l_E6r1 l_E6r4 l_E6r5 l_E6r6 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,5),':.k') 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,6),'+k') 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,7),'^k') 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,8),'ok') 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,9),'xk') 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,10),'*k') 
%         legend('Required order','Ichige ','Kaiser ',... 
%                'Discovered 1', 'Discovered 2', 'location','best');   
%  
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,11),'dk') 
%         plot(spcfcs(1:ka-1,1), spcfcs(1:ka-1,12),'pk') 
%         legend('Required order','Ichige ','Kaiser ',... 
%                    'Discovered 2', 'Discovered 3', 'Discovered 4','location','best'); 
        xlabel('Passband edge frequency') 
        ylabel('Filter order') 
        hold off 
        waitforbuttonpress; 
 
        figure(2) 
        hold on 
        title('Data generated for APS') 
         
        %Comment to generate the comparative plot 
        axis([fminb fmaxb lminb lmaxb]); 
        plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,6),'Marker','.') 
        plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,5),'r','Marker','o') 
        legend('Estimated order','Required order','location','best'); 
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%         %Uncomment to generate the comparative plot 
%         %2004-12-15 New output file format 
%         %fp fs dp ds l_req l_ich l_kai l_firpm l_E6r1 l_E6r4 l_E6r5 l_E6r6 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,5),':.k') 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,6),'+k') 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,7),'^k') 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,8),'ok') 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,9),'xk') 
%         legend('Required order','Ichige ','Kaiser ',... 
%               'Firpm', 'Discovered 1', 'location','best');   
%  
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,10),'*k') 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,11),'dk') 
%         plot(spcfcs(ka:kb-1,1), spcfcs(ka:kb-1,12),'pk') 
%         legend('Required order','Ichige ', 'Kaiser ',... 
%                  'Discovered 2', 'Discovered 3', 'Discovered 4','location','best'); 
        xlabel('Passband edge frequency') 
        ylabel('Filter order') 
        hold off 
        waitforbuttonpress; 
 
        figure(3) 
        hold on 
        title('Data generated for APS') 
        %Comment to generate the comparative plot 
        axis([fminc fmaxc lminc lmaxc]); 
        plot(spcfcs(kb:num,1), spcfcs(kb:num,6),'Marker','.') 
        plot(spcfcs(kb:num,1), spcfcs(kb:num,5),'r','Marker','o') 
        legend('Estimated order','Required order','location','best'); 
         
%         %Uncomment to generate the comparative plot 
%         %2004-12-13 New output file format 
%         %fp fs dp ds l_req l_ich l_kai l_firpm l_E6r1 l_E6r4 l_E6r5 l_E6r6 l_ftr15 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,5),':.k') 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,6),'+k') 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,7),'^k') 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,8),'ok') 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,9),'xk') 
%         legend('Required order','Ichige ','Kaiser ',... 
%               'Est filter order firpm', 'Discovered 1', 'location','best');   
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,10),'*k') 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,11),'dk') 
%         plot(spcfcs(kb:num,1), spcfcs(kb:num,12),'pk') 
%         legend('Required order','Ichige ', 'Kaiser ',... 
%                 'Discovered 2', 'Discovered 3', 'Discovered 4','location','best'); 
        xlabel('Passband edge frequency') 
        ylabel('Filter order') 
        hold off 
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    else 
        figure(1) 
        hold on 
        title('Data generated for APS') 
        axis([min(spcfcs(:,1)) max(spcfcs(:,1)) min(spcfcs(:,6))-5 max(spcfcs(:,5))+5]); 
        plot(spcfcs(:,1), spcfcs(:,6),'Marker','.') 
        plot(spcfcs(:,1), spcfcs(:,5),'r','Marker','o') 
        legend('Estimated order','Required order','location','best'); 
        xlabel('Passband edge frequency') 
        ylabel('Filter order') 
        hold off 
         
    end 
end 
 

10.2.9 checkeqs.m 
 
% 
% Description: Program that generates a similar data file to the ones  
%   generated for the application Automatic Problem Solver and performs the 
%   operations required to get the filter order estimated by the best  
%   equations found with APS within the period 04-09-13 to 04-11-30. 
% 
% Output: 
%   * File: 
%       - File format: 
%                            fp  fs  dp  ds  n 
%                       1   0.2 0.4 0.1 0.05 10 
%                               . 
%                               . 
%                               . 
%                 num_req   0.3 0.5 0.01 0.5 15 
% 
%           where fp and fs are passband and stopband edge frequency, and dp 
%           and ds are passband and stopband ripple, respectively. 
% 
%       - File name: 
%                       lpdatacheck_yyyymmddTHHMMSS_m_rdm_flag 
%                        
%           where lp stands for low-pass filters. 
%           E.g.:lpdata_20041030T215532_100_1 
% 
%       - File path: To change it, you should go to writefile.m and change 
%           the first string in the variable filename. 
% 
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%  * Figure: 
%      The legend sheds lights on which means each line. Basically the plot 
%      is a comparison of the different estimations already at hand. The 
%      firpm one and the equations found using APS. 
% 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-11-29 Release 1, Version 1 
% 
% Variables: 
%   num_train: Number of training specifications to generate. It is  
%       necessary due to the reuse of the function fildesign. 
%   num_gen: Number of specifications generated 
%   randm_flag: Specifications generated randomly? 0=No 1=Yes 
%   specs: Specifications generated 
%   specifications: Array that contains the testing data set. 
%   specs_comp: Array that contains the specifications, the required filter 
%       order and several estimations. 
%   plot_flag: flag used to control if the user wants to plot the data 
% 
% Comments: 
% 
 
%Initialization 
clear; 
close all; 
 
%Functions that generate the data file 
%We generate the specifications array 
[specs,num_gen,randm_flag] = specsgen2; 
%The data generated is for testing, not for training. 
num_train = 0; 
%We calculate the required and estimated filter order using the modified 
%firpm function 
specifications = fildesign (specs, num_train, num_gen, randm_flag); 
%We calculate the filter order estimated by the best equations found using 
%APS 
specs_comp = reqfilordeqsAPS (specifications, num_gen); 
%We write the array in a file so we can use it afterwards 
writefile ('check', num_gen, randm_flag, specs_comp); 
 
 



Discovering unknown digital filters equation using GEP David González Muñoz 
 

 104 

%Finally we can plot the estimated and required filter orders if we want to 
disp('Would you like to plot the estimated and required filter orders?'); 
disp('0 = No        1 = Yes'); 
plot_flag=input('Option: '); 
if plot_flag 
    plotspecs(specs_comp, num_gen); 
end 
 

10.2.10 specsgen2.m 
 
function [spcf,n_test,random_flag] = specsgen2  
% 
% [spcf,n_test,random_flag] = specsgen2  
% 
% Description: Generates non-randomly the specifications array sorting it  
%   by fp. 
% 
% Input Variables: None 
% 
% Output Variables: 
%   spcf: Array that contains the generated specifications 
%   n_test: Number of testing specifications requested to generate 
%   random_flag: Data generated randomly? 0=No 1=Yes 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-11-29 Release 1, Version 1 
% 
% Variables: 
%   n_test: Number of testing specifications requested to generate 
%   lower_val: Number of points we want to have in the interval [0,0.175] 
%   midlow_val: Number of points we want to have in the interval (0.175, 
%       0.45] 
%   midupp_val: Number of points we want to have in the interval 
%       (0.45,0.725] 
%   fp_array: Passband edge frequency values 
%   fs_array: Stopband edge frequency values 
%   dp_array: Passband ripple values 
%   ds_array: Stopband ripple values 
%   delta_freq: Desired frequency width (fp - fs) 
%   spcf: Array that contains the generated specifications 
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% 
% Comments: 
%    
 
%Parameters for the FIR filter specification generator 
%We ask for the number of training sample to be generated 
n_test = input('Input number of testing samples to generate: '); 
%and divide it so we have more points close to 0 and 1 
%We consider the values of fp from 0 to 0.9 but having more 
%points on the sides of the interval: supposing we have 100 points, we  
%will have 35 in the range 0 - 0.175, 15 in 0.176 - 0.45, 15 in  
%0.46 - 0.725 and 35 in 0.726 - 0.9 
lower_val = ceil(0.35*n_test); 
midlow_val = lower_val + floor(0.15*n_test); 
midupp_val = midlow_val + floor(0.15*n_test); 
upper_val = n_test - midupp_val; 
 
%Resets the generator to a different state each time 
rand('state',sum(100*clock)); 
 
%Loop to generate the fp points 
for(i=1:n_test)     
    if (i <= lower_val) 
        fp_array(i) = 0.01 + (0.175 - 0.01) * rand; 
    elseif (i <= midlow_val) 
        fp_array(i) = 0.175 + (0.45 - 0.175) * rand; 
    elseif (i <= midupp_val) 
        fp_array(i) = 0.45 + (0.725 - 0.45) * rand; 
    else 
        fp_array(i) = 0.725 + (0.9 - 0.725) * rand; 
    end 
end 
 
% %Generation of the fp points equally spaced 
% fp_array = [linspace(0.01, 0.175,lower_val)... 
%     linspace(0.176, 0.725, midupp_val-lower_val)... 
%     linspace(0.726, 0.9, upper_val)]; 
 
% %Generation of the fp points logaritmically spaced 
% fp_array = [logspace(-2,-0.757,lower_val)... 
%     logspace(-0.758, -0.1397, midupp_val-lower_val)... 
%     logspace(-0.1398,-0.0458, upper_val)]; 
 
%Parameters needed for non-random generation     
delta_freq = input('Input the transition width (fs - fp)=[0.06,0.1]: '); 
dp_value = input('Input passband ripple [0.00001,0.1]: '); 
ds_value = input('Input stopband ripple [0.00001,0.1]: '); 
     
for (i=1:n_test)     
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    fs_array(i) = fp_array(i) + delta_freq; 
    dp_array(i) = dp_value; 
    ds_array(i) = ds_value; 
end 
 
%Random generation 
%for (i=1:n_test) 
%    fs_array(i) = fp_array(i) + 0.06 + (0.1 - 0.06) * rand; 
%    dp_array(i) = 0.0001 + (0.1 - 0.0001) * rand; 
%    ds_array(i) = 0.0001 + (0.1 - 0.0001) * rand; 
%end 
 
%We store the random data in one matrix and we sort it based on the 
%passband frequency. Where these are equal, further sort is performed by 
%the stopband frequency 
spcf = [ fp_array' fs_array' dp_array' ds_array']; 
spcf = sortrows(spcf, [1 2]); 
%Always set equal to 1 so in plotspecs we get 3 figures as output. 
random_flag = 1; 
 

10.2.11 reqfilordeqsAPS.m 
 
function spc_comp = reqfilordeqsAPS (specs, n_gen) 
% 
% Description: Function that will be used to calculate the data input file  
% needed for the application Automatic Problem Solver. 
% 
% Input variables: 
%       specs: Array that contains the specifications, the required filter  
%   order and the estimated filter order for the specifications given 
%       n_gen: Number of testing specifications requested to generate 
% Output variables: 
%       spc_comp: Array that contains the specifications, the required 
%   filter order and all the estimations 
 
%############################################### 
%# Ex-jobb (20 poäng): Discovering unknown equations that describe         # 
%# large data sets using genetic programming techniques.                          # 
%# Author: David González Muñoz                                                            # 
%# Supervisors: Oscar Gustafsson and Lars Wanhammar                             # 
%############################################### 
% 
% Date: 
%   04-11-29 Release 1, Version 1 
% 
% Comments: 
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for (i=1:n_gen) 
    %Ichige estimation 
    %LP_LP_FIR_ORDER.m written by Lars Wanhammar 
    n_eqsAPS(i,1)= LP_LP_FIR_ORDER([specs(i,1)*pi/2 specs(i,2)*pi/2],[specs(i,3) 
specs(i,4)]); 
     
    %Kaiser estimation 
    num=-20*log10(sqrt(specs(i,3)*specs(i,4))) - 13; 
    den=14.6*(specs(i,2)-specs(i,1))/2; 
    n_eqsAPS(i,2)= ceil(num/den + 1);   
         
    %firpm estimation 
    n_eqsAPS(i,3) = specs(i,6); 
     
    %Experiment 6 Run 1 
    n_eqsAPS(i,4)= ((specs(i,3)*((((((specs(i,2)/specs(i,4))-(specs(i,1)/... 
       specs(i,2)))*atan((specs(i,4)-specs(i,2))))-(((specs(i,1)*specs(i,4))... 
       /specs(i,1))/(specs(i,4)*specs(i,4))))-specs(i,2))*((specs(i,2)+... 
       realpow((specs(i,1)/specs(i,4)),specs(i,4)))/specs(i,2))))*specs(i,4))... 
       + ((atan((specs(i,4)-((specs(i,2)*specs(i,1))*realpow(specs(i,3),specs(i,1)))))... 
       -log10(specs(i,3)))/realpow(specs(i,2),realpow((specs(i,4)*... 
       ((specs(i,2)-specs(i,1))+specs(i,4))),((specs(i,4)/atan(specs(i,3)))*... 
       realpow((specs(i,1)/specs(i,3)),(specs(i,1)*specs(i,2))))))) + ((((specs(i,4)/... 
       (((((specs(i,4)/specs(i,3))/realpow(specs(i,1),specs(i,1)))-... 
       (specs(i,3)*realpow(specs(i,1),specs(i,2))))*(((specs(i,2)/specs(i,4))*... 
       specs(i,2))+(specs(i,1)-specs(i,4))))-specs(i,2)))*specs(i,3))-... 
       log10(specs(i,4)))/(specs(i,2)-specs(i,1))) + ... 
       ((atan((realpow(specs(i,4),((specs(i,4)+atan(specs(i,3)))*... 
       realpow((specs(i,1)/specs(i,2)),(specs(i,3)/specs(i,1)))))-... 
       (realpow((specs(i,2)/specs(i,1)),atan(specs(i,4)))/... 
       realpow(specs(i,4),specs(i,4)))))-log10(specs(i,3)))/(specs(i,2)-specs(i,1))); 
    
    %Experiment 6 Run 4 
    n_eqsAPS(i,5)= (log10(specs(i,4))/(specs(i,1)-specs(i,2))) + ... 
       (log10(specs(i,3))/((specs(i,1)-(realpow(specs(i,1),... 
       ((realpow(specs(i,4),realpow(((specs(i,2)/specs(i,2))-... 
       specs(i,1)),(specs(i,3)-specs(i,1))))*(specs(i,3)-... 
       atan((specs(i,2)/specs(i,3)))))*specs(i,4)))*specs(i,2)))-atan(specs(i,3))))... 
       + (specs(i,3)-log10((((specs(i,4)*(specs(i,4)+(realpow(specs(i,4),... 
       realpow(specs(i,3),specs(i,1)))*(specs(i,3)*(specs(i,3)*... 
       realpow(specs(i,3),(specs(i,4)-specs(i,3))))))))/specs(i,3))*atan(specs(i,1)))))... 
       + ((((specs(i,2)*(((((specs(i,3)/specs(i,1))*(specs(i,3)*specs(i,3)))-... 
       (specs(i,4)-specs(i,3)))+(specs(i,3)-specs(i,4)))-(specs(i,4)/... 
       (realpow(specs(i,1),specs(i,3))/(specs(i,4)/specs(i,1))))))*... 
       (specs(i,3)/specs(i,1)))+specs(i,3))/specs(i,1)); 
 
    %Experiment 6 Run 5 
    n_eqsAPS(i,6)= (realpow(((realpow(specs(i,4),(specs(i,4)/(specs(i,1)-... 
        (specs(i,4)*specs(i,2)))))*specs(i,2))*(specs(i,4)*specs(i,4))),... 
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        specs(i,4))-(specs(i,1)+specs(i,4))) + (((realpow(((realpow(atan((specs(i,1)/... 
        specs(i,3))),atan((specs(i,2)/specs(i,4))))-specs(i,3))/specs(i,3)),specs(i,3))... 
        -(specs(i,1)-specs(i,2)))-realpow(specs(i,4),specs(i,4)))/(specs(i,1)-specs(i,2)))... 
        + ((log10(specs(i,3))-specs(i,2))/(specs(i,1)-specs(i,2))) + ((log10(specs(i,4))... 
        +specs(i,1))/(specs(i,1)-specs(i,2))); 
     
    %Experiment 6 Run 6 
    n_eqsAPS(i,7)= (specs(i,4)-((atan(specs(i,1))*(atan(realpow(specs(i,2),... 
        specs(i,3)))/(specs(i,1)/realpow(((specs(i,2)/realpow(specs(i,2),... 
        specs(i,1)))+specs(i,4)),(((specs(i,3)/specs(i,4))*(specs(i,4)+... 
        specs(i,2)))*realpow(specs(i,1),specs(i,4)))))))+specs(i,1))) + ... 
        (atan((((atan(((specs(i,3)-(specs(i,2)*specs(i,2)))-specs(i,1)))-... 
        specs(i,2))+atan((((log10(specs(i,4))*(specs(i,2)*specs(i,4)))-... 
        specs(i,4))-(specs(i,3)*specs(i,2)))))-specs(i,4)))-atan(specs(i,4)))... 
        + (log10((specs(i,3)*(specs(i,4)+specs(i,4))))/(specs(i,1)-specs(i,2)))... 
        + (specs(i,4)-((specs(i,2)*(realpow(specs(i,4),specs(i,4))-(realpow(specs(i,1),... 
        ((specs(i,4)-specs(i,2))*(specs(i,2)/specs(i,1))))*((log10(specs(i,4))+specs(i,3))... 
        -realpow(realpow(specs(i,2),specs(i,4)),specs(i,2))))))*(specs(i,1)+... 
        log10(specs(i,3))))); 
     
%     %Rabiner estimation 
%     deltaF=specs(i,2)-specs(i,1); 
%     f=11.01217+0.51244*(log10(specs(i,3)) - log10(specs(i,4))); 
%     Dinf=(5.309*10^(-3)*(log10(specs(i,3)))^2+7.114*10^2*log10(specs(i,3))... 
%         -4.761*10^(-1))*log10(specs(i,4))+(-2.66*10^(-3)*(log10(specs(i,3))^2)... 
%         -5.941*10^(-1)*log10(specs(i,3)-4.278*10^(-1))); 
%     n_eqsAPS(i,8)= Dinf/deltaF - f*deltaF^2 + 1; 
     
    %First trials Run 15 
%     n_eqsAPS(i,9)=(log10(((specs(i,4)+specs(i,1))/(specs(i,4)*specs(i,2))))/... 
%         ((specs(i,2)-specs(i,1))+specs(i,2))) + (((log10(specs(i,4))+... 
%         (specs(i,2)+specs(i,2)))*((specs(i,3)/specs(i,4))-specs(i,1)))... 
%         -specs(i,2)) + (log10((realpow(specs(i,3),specs(i,3))/(specs(i,3)*... 
%         specs(i,4))))/((specs(i,2)-specs(i,1))+(specs(i,3)+specs(i,3))))... 
%         + ((realpow((specs(i,3)*specs(i,2)),specs(i,2))/(specs(i,4)-specs(i,1)))... 
%         *((specs(i,1)-specs(i,3))-(specs(i,4)-specs(i,1)))) + ... 
%         ((log10((specs(i,3)*specs(i,3)))-(specs(i,2)/specs(i,3)))*... 
%         ((specs(i,3)*specs(i,2))*(specs(i,1)*specs(i,2)))) + ... 
%         ((specs(i,3)-((specs(i,4)*specs(i,4))+specs(i,2)))-... 
%         (specs(i,4)+specs(i,2))) + (log10(((specs(i,3)*specs(i,3))*... 
%         (specs(i,4)*specs(i,3))))/((specs(i,1)/specs(i,3))*specs(i,2)))... 
%         + (realpow(((specs(i,3)*specs(i,4))*specs(i,2)),((specs(i,1)-specs(i,4))... 
%         -specs(i,4)))*specs(i,4)) + ((realpow((specs(i,3)*specs(i,3)),specs(i,3))/... 
%         (specs(i,2)-specs(i,1)))*((specs(i,1)-specs(i,4))-specs(i,3)))+... 
%         ((((specs(i,3)*specs(i,2))+specs(i,3))/(specs(i,2)*specs(i,1)))*... 
%         ((specs(i,4)-specs(i,4))-realpow(specs(i,3),specs(i,3)))); 
end 
 
%2004-12-15 New output file format 
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%fp fs dp ds l_req l_ich l_kai l_firpm l_E6r1 l_E6r4 l_E6r5 l_E6r6 
spc_comp = [specs(:,1:5) l_eqsAPS]; 
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10.3 Examples of input data files for APS 

10.3.1 Randomly generated 
25 samples were generated: 

fp fs dp ds l 
0,060772 0,157074 0,000278 0,084322 49,000000 
0,068431 0,167842 0,065862 0,015815 29,000000 
0,080465 0,149647 0,068262 0,024896 39,000000 
0,090356 0,163796 0,057114 0,064807 29,000000 
0,091350 0,182887 0,010226 0,018313 40,000000 
0,100117 0,180921 0,004872 0,045297 44,000000 
0,138260 0,236933 0,035988 0,085350 23,000000 
0,156629 0,231085 0,029112 0,079444 31,000000 
0,173786 0,236371 0,083266 0,075526 30,000000 
0,228630 0,327455 0,041404 0,026133 27,000000 
0,276002 0,354261 0,043157 0,035526 33,000000 
0,324970 0,402944 0,072894 0,092019 23,000000 
0,536988 0,610848 0,006860 0,076090 41,000000 
0,605727 0,685120 0,035606 0,044761 32,000000 
0,707586 0,772061 0,007653 0,004525 72,000000 
0,789143 0,873476 0,031546 0,064870 27,000000 
0,798494 0,882789 0,067914 0,071991 24,000000 
0,822972 0,886494 0,089974 0,079155 27,000000 
0,828021 0,900689 0,097927 0,090127 22,000000 
0,840098 0,916341 0,067053 0,097869 24,000000 
0,849646 0,946592 0,036006 0,054720 25,000000 
0,861684 0,953984 0,012687 0,013900 40,000000 
0,870515 0,948719 0,007316 0,036526 44,000000 
0,877376 0,966660 0,080222 0,009399 30,000000 
0,896392 0,985421 0,044444 0,005186 37,000000 

10.3.2 Non-randomly generated 
25 samples were generated: 

fp fs dp ds l 
0,035190 0,095190 0,010000 0,010000 71,000000 
0,053821 0,113821 0,010000 0,010000 65,000000 
0,078674 0,138674 0,010000 0,010000 65,000000 
0,086710 0,146710 0,010000 0,010000 69,000000 
0,092098 0,152098 0,010000 0,010000 69,000000 
0,143016 0,203016 0,010000 0,010000 65,000000 
0,161802 0,221802 0,010000 0,010000 67,000000 
0,163944 0,223944 0,010000 0,010000 66,000000 
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0,171408 0,231408 0,010000 0,010000 65,000000 
0,254222 0,314222 0,010000 0,010000 66,000000 
0,303549 0,363549 0,010000 0,010000 67,000000 
0,392072 0,452072 0,010000 0,010000 67,000000 
0,485149 0,545149 0,010000 0,010000 67,000000 
0,631370 0,691370 0,010000 0,010000 65,000000 
0,702039 0,762039 0,010000 0,010000 67,000000 
0,726774 0,786774 0,010000 0,010000 67,000000 
0,758885 0,818885 0,010000 0,010000 67,000000 
0,800585 0,860585 0,010000 0,010000 66,000000 
0,822378 0,882378 0,010000 0,010000 67,000000 
0,827015 0,887015 0,010000 0,010000 66,000000 
0,831626 0,891626 0,010000 0,010000 66,000000 
0,836945 0,896945 0,010000 0,010000 68,000000 
0,880285 0,940285 0,010000 0,010000 67,000000 
0,887898 0,947898 0,010000 0,010000 66,000000 
0,899073 0,959073 0,010000 0,010000 65,000000 
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10.4 Report panel of the best run 
Exp6r1 
  
Comments 
Thesis work: Discovering unknown equations that describe large data sets using genetic programming techniques. 
Supervisors: Oscar Gustafsson and Lars Wanhammar 
 
Experiment 6: Run 1 

Created by David González Muñoz 

   
Statistics - Training  
General 
Best Fitness: 405,262734699609
Max. Fitness: 1000
R-square: 0,989004647438160

   
Additional Information 
Outliers: --
Calc. Errors: 0

    

Correlation Coefficient (CC): 0,99448712783935 
Mean Squared Error (MSE): 1,46753504425031 
Root Mean Squared Error (RMSE): 1,21141860818229 
Relative Absolute Error (RAE): 0,10752814946620 
Mean Absolute Error (MAE): 0,96620493984354 
Relative Squared Error (RSE): 0,01122517795134 
Root Relative Squared Error (RRSE): 0,10594894030309  

-- -- 
-- --  
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Statistics - Testing  
General 
Best Fitness: 388,637321010747
Max. Fitness: 1000
R-square: 0,986149499776398

   
Additional Information 
Outliers: --
Calc. Errors: 0 

Correlation Coefficient (CC): 0,99305060282766 
Mean Squared Error (MSE): 1,57309307659711 
Root Mean Squared Error (RMSE): 1,25423007323103 
Relative Absolute Error (RAE): 0,12335926227570 
Mean Absolute Error (MAE): 1,01269195820732 
Relative Squared Error (RSE): 0,01391687021293 
Root Relative Squared Error (RRSE): 0,11796978516947  

-- -- 
-- --  

   

   
     
Data 
Independent Variables: 4
Training Samples: 250
Testing Samples: 1000
  
Function Set 
Function Symbol Weight Arity
Addition + 1 2 
Subtraction - 3 2 
Multiplication * 3 2 
Division / 3 2 
Power Pow 2 2 
Logarithm Base 10 Log 1 1 
Arctangent Atan 1 1 
     

Settings 
General 
Chromosomes: 100
Genes: 4
Head Size: 25
Gene Size: 51
Linking Function: Addition
  
Complexity Increase 
Generations without Change: 200
Number of Tries: 3
Max. Complexity: 4
  
Fitness Function 
Error Type: MSE
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Precision: --
Selection Range: --
  
Genetic Operators 
Mutation Rate: 0,039
Inversion Rate: 0,1
IS Transposition Rate: 0,1
RIS Transposition Rate: 0,1
One-Point Recombination Rate: 0,3
Two-Point Recombination Rate: 0,3
Gene Recombination Rate: 0,1
Gene Transposition Rate: 0,1
  

Data Sources 
Training File: E:\David\TFC\MATLAB\Data v1.4\lptrain_20041104T162943_250_1

Testing File: E:\David\TFC\MATLAB\Data v1.4\lptest_20041104T162943_1000_1

   
Path 
GEP File: E:\David\TFC\APS Experiments\Exp6\Exp6r1.gep

   
History  
 

Generation Training Fitness Testing Fitness Training R-square Testing R-square 
0 405,262734699609 388,637321010747 0,98900464743816 0,986149499776398 
*.*.d3.d2.*.-./.-.d1.+.d1.*./.d1.Pow.-.Atan./.*./.d3././.-
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.*.d0.d3.d3.d0.d3.d1.d3.d0.d1.d3.d1.d0.d3.d1.d2.d1.d2.d3.d2.d0.d3.d3.d1.d1.d2.d0 
+  
/.-.Pow.Atan.Log.d1.Pow.-.d2.*.*.d3.*.d3.+./.Pow.*.Pow.-
.d3.d3.Atan./.*.d1.d0.d2.d0.d1.d0.d2.d0.d2.d0.d1.d2.d2.d1.d3.d3.d0.d2.d0.d3.d3.d0.d2.d0.
d0.d3 
+  
/.-.-.*.Log.d1.d0./.d2.d3.d3.-.*.d1.-.+./.*.*.-
./.Pow.d2.Pow./.d1.d0.d3.d3.d2.d0.d0.d0.d1.d1.d3.d0.d3.d3.d3.d0.d3.d0.d1.d0.d0.d1.d0.d2.
d0.d3 
+  
/.-.-.Atan.Log.d1.d0.-
.d2.Pow./.d3.*.Pow.Pow.+.Pow./.Atan.d3.d3.d3.Atan././.d1.d0.d3.d2.d0.d1.d2.d0.d0.d0.d2.d
0.d2.d2.d1.d1.d1.d3.d3.d3.d3.d3.d3.d2.d0.d0  

 
Where: 

d0 = Passband edge frequency 
d1 = Stopband edge frequency 
d2 = Passband ripple 
d3 = Stopband ripple 
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10.5 Expression Tree of the best run 
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På svenska 
 
Detta dokument hålls tillgängligt på Internet – eller dess framtida ersättare – 
under en längre tid från publiceringsdatum under förutsättning att inga extra-
ordinära omständigheter uppstår. 

Tillgång till dokumentet innebär tillstånd för var och en att läsa, ladda ner, 
skriva ut enstaka kopior för enskilt bruk och att använda det oförändrat för 
ickekommersiell forskning och för undervisning. Överföring av upphovsrätten 
vid en senare tidpunkt kan inte upphäva detta tillstånd. All annan användning av 
dokumentet kräver upphovsmannens medgivande. För att garantera äktheten, 
säkerheten och tillgängligheten finns det lösningar av teknisk och administrativ 
art. 

Upphovsmannens ideella rätt innefattar rätt att bli nämnd som upphovsman i 
den omfattning som god sed kräver vid användning av dokumentet på ovan 
beskrivna sätt samt skydd mot att dokumentet ändras eller presenteras i sådan 
form eller i sådant sammanhang som är kränkande för upphovsmannens litterära 
eller konstnärliga anseende eller egenart. 

För ytterligare information om Linköping University Electronic Press se 
förlagets hemsida http://www.ep.liu.se/ 
 
 
In English 
 
The publishers will keep this document online on the Internet - or its possible 
replacement - for a considerable time from the date of publication barring 
exceptional circumstances. 

The online availability of the document implies a permanent permission for 
anyone to read, to download, to print out single copies for your own use and to 
use it unchanged for any non-commercial research and educational purpose. 
Subsequent transfers of copyright cannot revoke this permission. All other uses 
of the document are conditional on the consent of the copyright owner. The 
publisher has taken technical and administrative measures to assure authenticity, 
security and accessibility. 

According to intellectual property law the author has the right to be 
mentioned when his/her work is accessed as described above and to be protected 
against infringement. 

For additional information about the Linköping University Electronic Press 
and its procedures for publication and for assurance of document integrity, 
please refer to its WWW home page: http://www.ep.liu.se/ 
 
© David González Muñoz 




