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Abstract 
In this thesis, we explore different algorithms for the 
inversion of Vandermonde matrices and the 
corresponding suitable architectures for implement in 
FPGA. The inversion of Vandermonde matrix is one of 
the three master projects of the topic, Implementation 
of a digital error correction algorithm for 
time-interleaved analog-to-digital converters. The 
project is divided into two major parts: algorithm 
comparison and optimization for inversion of 
Vandermonde matrix; architecture selection for 
implementation. A CORDIC algorithm for sine and 
cosine and Newton-Raphson based division are 
implemented as functional blocks. 
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Chapter 1 Overview 

1.1 Purpose (background) 

1.1.1  Introduction 

Håkan Johansson and Per Löwenborg have proposed a 
method to reconstruct a class of nonuniformly sampled 
bandlimited signals of which a special case occurs in, 
e.g., time-interleaved analog-to-digital converter (ADC) 
systems due to time-skew errors. To this end, a 
synthesis system is proposed, which is composed of 
digital fractional delay filters. [17] 
 

1.1.2  Digital error correction algorithm 

for time-interleaved ADCs 

By making use of a bank of multi-rate fractional-delay 
digital filters with different gain constants, the static 
errors (time skews) caused by nonuniformly sampling 
can be corrected. Also if properly implemented, the 
fractional delay filters need not to be redesigned in case 
the time skews are changed. 
 
The time skews errors for nonuniform sampling can be 
obtained by measurements. The gain constants are 
obtained through the solution of a so called 
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Vandermonde system. Then, these gain constants are 
applied to the filterbank, so that the time skew errors 
can be compensated and the original bandlimited signal 
can be reconstructed.  
 

1.2 Project requirements 

The task of this project is to implement a device that 
computes the inverse of a so called Vandermonde 
matrix. The inverse of such a matrix can be obtained via 
rather simple (but not trivially implemented) formulas 
which should be utilized to reduce the implementation 
cost compared to the general matrix inversion case. The 
matrix inversion incorporates divisions which are to be 
implemented using the Newton-Raphson's method. 
The objective of this project is two-fold: First, Study of 
different types of arithmetic and architectures. Second, 
Implementation of the most suitable selection for this 
application. 
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1.3 Design overview 

1.3.1 Design flow 

 
figure1.1 Design flow 
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1.3.2 Design tools 

The following design tools were used: 
 MATLAB 6.5 from the Mathwork Inc. 
 HDL Designer from Mentor Graphics Inc. 
 Modelsim from Mentor Graphics Inc. 
 Leonardo Spectrum from Mentor Graphics Inc. 

For detailed information about those tools please refer 
to [15], [16]. 
 

1.4 Reading guideline 

This thesis consists of four chapters. The rest of the 
chapters are organized as follows: 
 
Chapter 2 provides the theoretical background 
knowledge of the digital error correction algorithm in 
time-interleaved ADC converters. Several different 
algorithms for the Vandermonde system are compared. 
After optimization, the most suitable algorithm is 
selected. 
 
Chapter 3 proposes different algorithms for CORDIC 
and hardware division which are used in inversion of 
Vandermonde matrixes. Suitable architectures are also 
proposed for implementation. 
 
Chapter 4 focuses on implementation of the selected 
algorithm for inversion of Vandermonde matrices on 
FGPA. 
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Chapter 2 System model, 
algorithms, and simulation 

results 
The following topics are discussed in this chapter: 

I. The system background 
II. Introduction to VANDERMONDE SYSTEMS 

and algorithms 
III. The algorithm to be used in our solution 

 
 

2.1 The system background 

This section extracts the relevant system background 
from [17].   

2.1.1 Recovering the original signal from 

nonuniformly sampled bandlimited 

signals 
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figure2.1 Uniform sampling(a), nonuniform sampling(b) 
 
As shown in figure 2.1 (a) is the ideal uniform sampling, 
(b) is the nonuniform sampling. There are two different 
time skews are shown, samples at t=2mT are skewed by 
t0 while samples at t= (2m+1)T are skewed by t1. 

2.1.2 The proposed reconstruction system 

 

 
figure2.2 Analog/digital filterbank 

 6 



 
The above figure 2.2 illustrates the structure of the 
digital error correction algorithm for time-interleaved 
ADCs system. The advantage of the proposed system is 
that it is very attractive from an implementation point 
of view. To be precise, it has the following features:  
  1) We can make y(n) approximate x(n) as close 
as desired by properly designing the digital fractional 
delay filters, and  
  2) If properly implemented, the fractional delay 
filters need not be redesigned in case the time skews tk 
are changed. It suffices to adjust some multiplier 
coefficient values that are uniquely determined by the 
time skews tk.  
 The price to pay for these attractive features is that 
we need to use a slight over-sampling. [In other words, 
we must use N>M, in Fig 2.2, to achieve perfect 
reconstruction (PR). From a practical implementation 
point of view, it is convenient to handle this situation by 
making use of what we call regionally perfect 
reconstruction (RPR) systems.] 

2.1.3 The Vandermonde subsystem 

The Vandermonde subsystem takes as input the time 
skews, and outputs gain constants of the filterbank. This 
is illustrated in figure 2.3 below. 
We will develop algorithms and implementations of this 
subsystem. 
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figure2.3 Inversion of Vandermonde matrix system 

2.1.3.1  Fractional delays (time skews) in 

the system 

In this report, the samples can be separated into N 
subsequences 

.1.,..,1,0),()( −=+= NktmMTxmx kak   

 where  are obtained by sampling   

with the sampling rate of 1/(MT) with  being referred 

to as time skews. 

)(mxk )(txa

kt

 Figure 2.1 illustrate time skews for an M=N=2 
system. 
 

2.1.3.2  System mathematical description 

and gain constants 

A mathematical derivation of gain constants is derived 
here. Most are recapitulations of [17]. 
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 Fourier transform of the system 
Ignoring the quantization, it can be shown that the 
Fourier transform of the output sequence y(n) can be 
written as 

)2()(1)(
MT

pjjXjV
T

eY
p

ap
Tj πωωω −= ∑

∞

−∞=

  (2-1) 

where 

  )2()(1)(
1

0 MT
pjjHeG

M
jV k

N

k

Tj
kp

πωω ω −= ∑
−

=

 (2-2) 

 Perfect Reconstruction Systems 
The system in Figure 2.2 is a perfect reconstruction (PR) 
system if 

 πωωωω ≤= − TeXceeY TjTjdTj ),()(    (2-3) 

for some nonzero constant c and integer constant d. In 
the time domain, we have, in the PR case, 

).()( dncxny −=  

In order to achieve PR, aliasing into the region πω ≤T  

must be avoided. Thus 

T

T
jdwT

p wKp
wpce

jwV
π

π

≤=
<=

⎩
⎨
⎧

=
−

,,...,2,1
,0

,0
,

)(
0

 (2-4) 

where 

1
2

)( 0
0 −⎥⎥

⎤
⎢⎢
⎡ +

=
π
ωπ TMK      (2-5) 

 Nonuniform sampling 

The subsequences  can be obtained by sampling 

the output signals from the analysis filters in Figure 2.2 

)(mxk
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if these filters are selected according to 

.1...,1,0,)( −== NkejH ktj
k

ωω    (2-6) 

 Proposed Synthesis System of Fractional Delay 
Filters 

Let  be )( Tj
k eG ω π2 -periodic filters given by 

  
.,0

,
)(

0

0
)(

πωω
ωωω

ω

≤≤
<

⎩
⎨
⎧

=
+−

TT
TTceg

eG
dTtj

kTj
k

k

 (2-7) 

In general,  in (7) are fractional delay filters 

with different gain constants g

)( Tj
k eG ω

k. (Fractional delay filters 
delay an input signal by a fraction of the sampling 
period). And it should be zero in the high-frequency 
region. 
 

 Results 
Then we obtain, from (1), (2), (6), (7) 

.,0

,1
)(

0

0
1

0

)/2(

T
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MjV

N

k
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k
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(2-8) 

For PR, it is required that (8) fulfills (4), that is, PR is 
obtained if  

.,...,2,1
,0

,0
,

0

1

0

)/2(

Kp
pM

eg
N

k

tMTpj
k

k

=
=

⎩
⎨
⎧

=∑
−

=

− π    (2-9) 

2.1.3.3  Computing the Gain constants 

Equation (9) can be written in matrix form as 

cBg =           (2-10) 
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where B is a NK ×+ )12( 0  matrix according to 

⎥
⎥
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⎦
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⎢
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   (2-11) 

with 

.)/2( ktMTj
k eu π−=         (2-12) 

Further, g is a column vector with N elements, and is c a 

column vector with  12 0 +K  elements according to 

g = [g0  g1  …  gN-1]T      (2-13) 

[ ]TKcccc
0210 L=       (2-14) 

The coefficients gk are the N unknowns, whereas cq are 

⎩
⎨
⎧

≠=
=

=
00

0

,2,,1,0,0
,

KqKq
KqM

cq
K

   (2-15) 

Note: that the c vector have only one nonzero element. 
This fact can be utilized in the algorithm development 
for this problem. 
 

Equation (2-10) is a system of 12 0 +K  linear equations 

with N unknown parameters gk. The regularities in B 
can be utilized to simplify the solution of this system. 

Consider the case of NK =+12 0 , B is a square NN ×  

matrix. If B is nonsingular, then g is uniquely 
determined. (Other cases are also considered in [17], but 
for the purpose of this thesis, we only consider this 
case.) 
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And g is determined by,  

          (2-16) cBg ⋅= −1

Note that (2-10) and (2-16) represent the mathematical 
relation, not algorithmic implications. 
 
B, as given by (2-11), can be written as 
 CVB ⋅=          (2-17) 
where 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

−

−

000 2
1

2
1

2
0

110

111

K
N

KK

N

uuu

uuu
V

L

MOMM

L

L

     (2-18) 

And C is a diagonal matrix according to 

][ 000
110

K
N

KK uuudiagC −
−

−−= L     (2-19) 

The matrix V is a Vandermonde matrix [17]. With this 
matrix, there are simple formulas to compute g. 
 
The necessary and sufficient condition for 
nonsingularity of V is therefore that uk be distinct, 
which is the same condition as  
tk  ≠ tm + MTr , k ≠ m , r∈Z due to (2-12). Since C is 
nonsingular, so B is nonsingular if and only if V is 
nonsingular. 

 
In all, g can be expressed as,  

 cgCV =⋅⋅ )( , or 

        (2-20) cVCg ⋅⋅= −− 11

The gain constants g have some special properties. We 
can prove that gk in g are real-valued.[17] 
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Assume we have the unique gk values satisfying (2-9). 
Using (2-12), (2-9) can be equivalently written as 

0,
1

0
==∑

−

=

pMg
N

k
k  

0

1

0

1

0

* ,...,2,1,0][ Kpugug
N

k

p
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N

k

p
kk === ∑∑

−

=

−

=

   (2-21) 

with x* denoting the complex conjugate of x. By (2-21), 
we get 

0,
1

0

* ==∑
−

=

pMg
N

k
k  

0

1

0

**
1

0

* ,...,2,1,0][][ Kpugug
N

k

p
kk

N

k

p
kk === ∑∑

−

=

−

=

   (2-22) 

This shows that the value gk
* satisfy (2-9) as well. 

However, since gk are unique, if follows that they must 
be real-valued. 
 

2.1.3.4  Summary 

 We will start algorithm development on the basis of 
(2-20), with involved parameters V, u, C, and c 
defined by (2-18), (2-12), (2-19), (2-15) respectively. 

 Also note the following two facts 
 The c vector has only one nonzero element. 
(2-15) 
 gk in g are real-valued, satisfying (2-21) 

 As C is a diagonal matrix, (C-1) is easy to compute, 
as the element-wise inverse of the diagonal elements. 
So the major part of computation is (V-1), i.e., 
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inversion of the Vandermonde matrix. 
 
This part describes the vandermonde subsystem 
input-output relation. It takes as input the time skews, 
and outputs gain constants of the filterbank. All the 
equations up till now are derived in [17] and are 
adopted here for the “physical meaning” for our 
project. 
 

2.1.3.5  System normalization 

For the purpose of implementation, we can rewrite (20) 
as the following, 
 bzV =⋅          (2-23) 
V is the NN ×  Vandermonde matrix defined by (2-18), 
dependent on vector u; u is a 1×N  vector computed 
from t by (2-12); b is a 1×N  vector normalized from c 
in (2-15), and b=c/M, so the only nonzero element is 
normalized to 1; M is a scalar from (2-9). 

Tb )0,0,1,0,,0( KK= .       (2-24) 

Thus, z in (23) is consequently 

MgCz /⋅= ,         (2-25) 

and g can be easily obtained from (25), as 

zCMg ⋅⋅= −1         (2-26) 

 
 System decomposition 

Now the solution of our subsystem is decomposed into 3 
steps. 
I. Compute u from t. According to (2-12). 
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II. Having u, V is defined, we then solve for z 
in bzV =⋅ . This is a primal vandermonde system, as 
we will explain later. 

III. Compute g from z according to (2-26) 
 

2.1.3.6  Matlab simulation code for the 

system  

All the discussions above are represented in the system 
simulation model as in the appendix algorithm 2.1.  
 

2.2 Introduction to Vandermonde 

systems 

The step Ⅱ in the preceding section is a primal 
Vandermonde system. Solving this kind of system is the 
focus of this part. 
A brief introduction of Vandermonde Systems is first 
given; then general algorithms are discussed. The 
numerical features, complexity issues are also discussed. 
 

2.2.1 Vandermonde matrix 

Consider a Vandermonde matrix of order n over C, 
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where  are distinct complex numbers. 110 ,,, −nxxx K

 
This matrix has the following features: 
The memory space needed for this matrix is only n as 
opposed to n2 for a general nxn matrix. 
The matrix is Ill-conditioned. [28]. The Gausian 
elimination algorithm for general linear system suffers 
from this ill conditioning. 
 
Because a Vandermonde matrix depends on only n 
parameters and has a great deal of structure, it is 
possible to perform standard computations with 
reduced complexity. The first algorithm introduced is 
for matrix inversion. 
 

2.2.2 Matrix Inversion 

Formula for the inverse of the VanderMonde matrix 
can be derived in different ways [18]. Either directly [19] 
or based on Lagrange interpolation [20] [21]. The 
following is based on the Lagrange interpolation 
formula [22]. 

Suppose we wish to find a polynomial p(x) =∑  

that interpolates n distinct (x

−

−
n

k

k
k xa

1

1

i, fi), i=1..n. According to 
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Lagrange interpolation we have 
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    (2-28) 

The inverse is obtained by taking vectors of f as the 
rows of the identity matrix. Note the (2-29) below, the 
elements in the mth row of V-1 are ak in (2-29), ak is the 
element in the kth column. 

∏
∏

∑ −

−
=

=

−

m
im

m
im

k

k
k xx

xx
xa

)(

)(

1

1       (2-29) 

An inversion algorithm based on these formulas, are 
also discussed in [22], and the complexity is O(n2). The 
O(n2) complexity is optimal, since the algorithm has n2 
output values,  each of which must partake in at least 
one operation. 
  
We have rewritten the inversion algorithm in Matlab, as 
in Appendix algorithm 2.2. The Operations counts for 
the algorithm are: 
 n2 (5A + 5M) /2 
Here A denotes addition or subtraction, M denotes 
multiplication or division. 

2.2.3  Vandermonde systems of equations 

The Vandermonde systems of equations can be solved in 
O(n2) flops. (number of floating point operations) 
[25][26]. 
Björck and Pereyra in their landmark paper [23] 
proposed an O(n2) method for solving a Vandermonde 
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linear system. Their idea was to use Newton 
interpolation. They noticed that their method sometimes 
produces solutions with surprising accuracy despite the 
ill conditioning of V .  
Higham did error analysis for the Vandermonde 
systems in [24].  
In [23], the Vandermonde systems of equations are 
categorized in two classes: primal system and dual 
system. The inversion formula (2-28), (2-29) are actually 
a dual system.  
 
The Vandermonde system of equations are categorized 

in two forms [23]，i.e., primal system and dual system. 

The Primal system is in the form of bzV =⋅ ; whereas 

the dual system is in the form of . Algorithms 

for the systems are developed in [23], we also model 
them with Matlab as in appendix algorithm 2.3 and 
algorithm 2.4. Operations counts are the same for both 
algorithms, which can be expressed as  

faV T =⋅

n2 (3A + 2M) /2 
Here A denotes addition or subtraction, M denotes 
multiplication or division. 
 
Our vandermonde subsystem is a primal system. 
Appendix algorithm 2.3 can be directly used to solve 
this system. 
 

2.2.4 Summary 

Based on discussions above, we have concluded that the 
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complexity (operation count) of the algorithms are O(n2) 
for Matrix inversion, and O(n2) for primal or dual 
linear system. And all these complexity are optimal. We 
also know from literature that these algorithms are 
rather stable and accurate. 
 
There is little justification for using the output of the 
algorithm 2.2 to solve the primal or dual linear system. 
Algorithms 2.3 and 2.4 are more efficient and almost 
certainly at least as stable [25]. Similarly, though 
Algorithms 2.3 and 2.4 can used for matrix inversion, 
algorithm 2.2 is optimized for this purpose. 
 
 

2.3 Choice of algorithms in our 

problem 

2.3.1 Solution to our problem (two 

approaches) 

There are two approaches for the solutions to our 
Vandermonde subsystem. The first approach makes use 
of the primal Vandermonde system algorithm, and the 
second approach utilizes the inversion of Vandermonde 
matrix algorithm. 
 
Approach 1 uses Appendix algorithm 2.3, to solve for z 
in equation (2-23), in the following form, 

z = Vandprime(u, b);  
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to implement the z = VandAlg(u,b) in Appendix 
algorithm 2.1. 
 
Approach 2 uses Appendix algorithm 2.2, to solve for z 
in equation (2-23), in the following form, 

z = Vandinv(u) * b; 
to implement the z = VandAlg(u,b) in Appendix 
algorithm 2.1. 

2.3.2 Simulation results 

We have tested the two approaches, based on Appendix 
algorithm 2.1. The test program test and compare the 
two approaches, the results are in the table below. Note 
that Gauss Elimination is also tested for demonstration. 
 

-- time skews 
t = 
   0.00552883517424 
   0.99796309520433 
   1.97945675319443 
   3.00132560731417 
   4.01592940703766 
 
-- u values, computed from t, determine the vandermonde 
matrix 
u = 
  0.99997586455719 + 0.00694768329084i 
  0.31145035127318 + 0.95026242622331i 
 -0.79357520149739 + 0.60847218471215i 
 -0.80803673539951 - 0.58913210254145i 
  0.32799157145036 - 0.94468064924477i 
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-- by VandPrime algorithm 
fp1 = 
   220 
g1 = 
  0.99526691877150 - 0.00000000000000i 
  0.98138082093006 + 0.00000000000000i 
  0.99749081362549 - 0.00000000000000i 
  1.03322760350071 + 0.00000000000000i 
  0.99263384317223 - 0.00000000000000i 
-- by VandInverse algorithm 
fp2 = 
   834 
g2 = 
  0.99526691877150 + 0.00000000000000i 
  0.98138082093006 - 0.00000000000000i 
  0.99749081362549 + 0.00000000000000i 
  1.03322760350071 + 0.00000000000000i 
  0.99263384317223 - 0.00000000000000i 
-- by Gauss Elimination algorithm 
fp3 = 
        1292 
g3 = 
  0.99488260263670 + 0.02765585962769i 
  0.29369143989147 - 0.93640464214133i 
 -0.86312422895857 - 0.50000448863177i 
 -0.83992678934528 + 0.60173272237427i 

0.23024861824906 + 0.96556072849162i 
Table 2.1 simulation results for the two approaches and Gauss 
Elimination 
 
 
We can see that, firstly, the two approaches generate 
the same results to the machine accuracy. Secondly, the 
computed gain constants g are real numbers, as 
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expected. Last, the sum of gain constants g equals to M, 
which is also as expected. Therefore, the accuracy of 
both approaches are rather good. 
 
Notice that the Gauss Elimination does not generate the 
correct results. (g3 differs drastically with g1 or g2.) It 
can not be used in the vandermonde system. This is due 
to the condition number of Vandermonde matrix is 
rather big and small perturbations can result in large 
errors. 
 
The operations count as denoted by fp1, fp2, fp3 in the 
above table is obtained through the “flops” command of 
matlab 5.3. It estimates the number of floating point 
operations used.  
Note:Additions and subtractions are one flop if real and 
two if complex. Multiplications and divisions count one 
flop each if the result is real and six flops if it is not [29]. 
For example, the operations count for vandprimal 
algorithm is n2/2(3A + 2M). For N=5 matrix, the 
formula evaluates to 52 *(3*2 + 2*6)/2 = 225, which is a 
good estimate to the fp1=220.  
 
In general approach 1 is preferred, for its less 
computation cost compared with approach 2, and still 
with the same accuracy. We can see that the approach 2 
costs much more than approach 1, because it has to first 
compute the whole inverse matrix, then perform a 
matrix-vector product.  
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2.3.3  Optimization of the algorithms for 

hardware implementation 

Up till now we have assumed b to be an arbituary vector. 
But we know from (2-24) that b is a very simple vector, 
with only one nonzero element, that is, the (K0+1)th 
element equals to 1. This fact can be utilized to simplify 
our algorithm. 
The following discusses optimization for the two 
approaches. 
Firstly, with the Appendix algorithm 2.3 for the primal 
system, there is not much to optimize, we can only 
reduce K0 number of additions and multiplications in 
stage 1 of algorithm 3, knowing the first K0 elements of 
b are zeros. This is not worth the efforts.  
 
Secondly, we try optimization of the Appendix 
algorithm 2.2 that uses inversion of Vandermonde 
matrix.  
As introduced in approach 2, the intermediate z is 
obtained from 
 z = Vandinv(u) * b 
Let W = Vandinv(u), W is the NxN Vandermonde 
inversion matrix. Then we have 
 z = W * b = W * (0,…0,1,0,…0)T= W(:, K0+1) 
where W(:, K0+1) is the (K0+1)th column of W. Thus 
when we obtain   W(:, K0+1), we get z. 
 
Notice that now we don’t need to perform the 
matrix-vector product W * b, which is an optimization 
about 2n2 number of operations.  
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And we can still do more. Let us examine the algorithm 
2. We found that we can simplify the stage 2, ie., the 
synthetic division stage. The point is that we don’t need 
to compute all members of the inverse matrix W, we can 
stop once we obtain W(:, K0+1). The number of 
operations optimized here is about  n2/4. 
 
The resulting algorithm is the function VandinvK(u, k), 
which returns the kth column of the inverse matrix W. 
With this algorithm the intermediate z is obtained as,  
z = VandinvK(u, K0+1) 
 

 simulation results 
-- time skews 
t = 
   0.02888070187303 
   0.95706969954481 
   2.00558011901765 
   2.96321264332594 
   3.95350266328289 
-- u values, computed from t, determine the vandermonde 
matrix 
u = 
  0.99934149731586 + 0.03628459373470i 
  0.35984995658709 + 0.93301018683842i 
 -0.81311872925710 + 0.58209787160865i 
 -0.83531535767462 - 0.54977109166717i 
  0.25295075723468 - 0.96747915451156i 
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-- by VandPrime algorithm 
fp1 = 
   220 
g1 = 
  0.98228461083841 + 0.00000000000000i 
  0.96653117698636 - 0.00000000000000i 
  1.05930009064988 + 0.00000000000000i 
  0.89312330486152 - 0.00000000000000i 
  1.09876081666383 + 0.00000000000000i 
-- by VandInvK algorithm 
fp2 = 
   415 
g2 = 
  0.98228461083841 - 0.00000000000000i 
  0.96653117698636 - 0.00000000000000i 
  1.05930009064988 + 0.00000000000000i 
  0.89312330486152 - 0.00000000000000i 
  1.09876081666383 + 0.00000000000000i 

Table 2.2 Simulation results for optimized algorithm 
Notice in the above table 2.2, the simulated flops is 415 
for VandInvK as opposed to 834 for VandInverse in 
table 2.1. It is a rather good optimization, but it is valid 
only to our problem where the b vector has only one 
nonzero member. 
Another point that must be stressed is that the flops in 
these tables are seen by Matlab5.3 from simulation view, 
which are very helpful but does not necessarily mean 
the hardware implementation cost. 
 

 Hardware cost 
When optimizing for hardware, the cost of basic 
arithmetic operations, such as addition, subtraction, 
multiplication, and division, need to be considered. 
The hardware cost can be estimated as follows: 
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Let A denotes the number of additions/subtractions, M 
denotes of the number of multiplications, and D denotes 
of the number of divisions. Therefore, the operations 
count for the selected algorithms as follows: 
Algorithm 2.3  (3A + M + D)n2 /2 
Algorithm 2.5  (3A + 3M) n2 /2 + Dn 

 3M
D  M

Dn   /2n) 3M (3A 
 /2nD)  M (3A 

Cost_alg5
Cost_alg3

2

2 +
≈

+⋅+
⋅++

=  

Here both algorithms have same number of 
additions/subtractions, thus A is neglected in 
comparison. 
Conclusion: If the Division cost is greater than two 
times the Multiplication cost, Algorithm 5 is preferred 
over algorithm 3. 
 
And this is always the case for the hardware in our 
problem. 
1) The first reason is that we use complex numbers.  
1 complex Multiplication = 4 Multiplication + 2 
Addition 
1 complex Division = 6 Multiplication + 4 Addition + 2 
Division 
2) The second reason is that a primitive Division always 
cost at least twice as much as Multiplication. For 
example, we implement Division using the 
Newton-Raphson's method, which involves about 8 
iterative Multiplication. 
 
Thus we use Algorithm 5 for hardware implementation. 
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2.3.4 Implications of the selected 

algorithm  

As we have stated before, the solution of our subsystem 
is decomposed into 3 steps. 
I. Compute u from t. 
II. With u, V is defined, then solve for z in bzV =⋅  
III. Compute g from z. 
According to the first step which is defined by (2-12), we 
need to implement the sine and cosine functions. 
The second step will be implemented according to 
optimized inversion of Vandermonde matrix Appendix 
algorithm 2.5  
The third step is just multiplication to calculate the final 
gain constant g. 
 
The next chapter will consider algorithms and 
hardware implementation of the sine and cosine 
algorithms and inversion of Vandermonde matrix 
algorithm 2.5. 
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Chapter 3 Algorithm selection 
and high level simulation 

In this chapter, the CORDIC algorithm which is used to 
calculated sine and cosine, Newton-Raphson reciprocal 
algorithm which is used to implement hardware 
division and inversion of Vandermonde matrix 
algorithm are discussed both in algorithm level and 
architectural level.  
 

3.1 CORDIC 

3.1.1 CORDIC algorithm 

 
CORDIC is an acronym for COrdinate Rotation DIgital 
Computer.  It is a class of shift-add algorithms for 
rotating vectors in a plane, which is usually used for the 
calculation of trigonometric functions, multiplication, 
division and conversion between binary and mixed 
radix number systems of DSP applications, such as 
Fourier Transform. [1]. Jack E. Volder's algorithm [2] 
is derived from the general equations for vector rotation. 

If a vector  with components V ( )yx,  is to be rotated 

through an angle φ , then a new vector  with 

components 

'V

( )',' yx  is formed by: 
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V                 (3-1) 

The result of the rotation is shown in figure 3.1: 

 
figure3.1   Vector rotation 
 
The algorithm can be rearranged as [3]:  

( ) ( )( )
( ) ( )( ))tan(cos)sin(cos'

)tan(cos)sin(cos'
φφφφ
φφφφ

xyxyy
yxyxx

+=⋅+⋅=
−=⋅−⋅=

      (3-2) 

Now, if we break the angel into smaller and smaller 
pieces, the equation above becomes an iteration 
operation. By this way, the x’ and y’ of any arbitrary 
vector can be calculated by the iterations from an 
original vector containing known x and y values, such as 
0 degree. The iteration is shown as figure 3.2: 
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figure3.2 CORDIC iteration 
The tangent term can be reduced by restricting the 

tangent terms to: . The expressions above 

can be rewritten as: 

i−±= 2)tan(φ

[ ]
[ i

iiii

i
iiii

xyKy

yxKx
−

+

−
+

⋅±=

⋅=

2

2

1

1 m

]                          (3-3) 

where: 

))2(cos(arctan i
iK −=  

By this the multiplications can be reduced to simple 
shift operations. We can also calculate the K factor 

 in advance and implemented elsewhere. The 

equations 3-2 can be simplified as: 

∏
−

=

=
1

0

n

i
iKK

i
iii

i
iii
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+
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+
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1
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                             (3-4) 
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3.1.2 Quantization errors of CORDIC 

algorithm 

 
The quantization errors of CORDIC algorithm are 
introduced by limitations of iteration number, word 
length, and truncation and others operations. Due to the 
limited iteration number, the smallest angel also has its 
limitation. For example, a 16 step iteration can use the 

angel  as the smallest calculation angel. 

Another fact to introducing quantization errors is the 
finite word length effect. More detailed information 
about quantization effects in CORDIC algorithm can be 
found in [4]. 

)2arctan( 15−

 

3.1.3 CORDIC architecture 

 
There are many different ways to achieve the CORDIC 
equations (3-4) described above, such as: bit-parallel 
iterative CORDIC, bit-parallel unrolled CORDIC, 
bit-serial iterative CORDIC [5]. The most common 
implementation of CORDIC in FPGA is bit-parallel 
iterative CORDIC, which is the architecture we 
proposed for the implementation. The schematic of 
bit-parallel iterative CORDIC is as figure 3.3 below: 
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figure3.3 CORDIC architecture 
 

The angel values  are stored in a LUT 

(look-up table). According to the iteration number, the 
angel value is loaded from LUT and depending on the 
MSB (sign bit) of the output of adder1, the next 
operations (addition or subtraction) can be decided. The 
MSB is also used to control two other adders to perform 
the operations (addition or subtraction) as described in 
equation (3-4).  

)2arctan( i−

 
Furthermore, the architecture can be divided into two 
major functional parts, which work in parallel: One 
(CORDIC control) estimates the input angel with the 
angels pre-stored in LUT and generate the MSB signal. 
A counter is used as a small finite state machine to 
control the CORDIC.  The schematic of CORDIC 
control is shown as figure 3.4 below: 
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figure3.4 CORDIC control 

 
The other (CORDIC data) calculates the unit sine and 
cosine values of the input angel which is controlled by 
the MSB signal. Because the shift function needed in 
CORDIC has a changing shift pace for different 
iteration steps, there are two major different shifters 
that can be used: barrel shifter and logarithm shifter. 
The schematic of CORDIC data is shown as figure 3.5 
below: 
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figure3.5 CORDIC datapath 
 
As discussed in section 3.1.2, the word length has a 
great influence on the accuracy of the calculation result. 
By converting all the angels into the first quadrant, 
which is performed as truncating the first two bits from 
MSB side and add two ‘0’ bits at LSB side, the word 
length can increase two bits, because we need two bits to 
represent the quadrant information of the input angel. 
The truncated two MSB are stored until the sine and 
cosine values are calculated. Then, the full quadrant 
sine and cosine can be generated by the two MSB that 
carry the quadrant information. 
 
From the output values of the bit-parallel iterative 
CORDIC x(n), y(n), as shown in figure 3.5, combined 
with the two MSB, we can conclude the conversion rules 
for the full quadrant sine and cosine values as the table 
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below:  
  

2 MSB 11 10 01 00 

Sine 

value  

-x(n) y(n) x(n) -y(n) 

Cosine 

value  

-y(n) x(n) y(n) x(n) 

 
table 3.1 CORDIC quadrant conversion 
 
More information for CORDIC algorithm in calculating 
sine and cosine in DSP applications can be found in [6], 
[7]. 
 

3.1.4 MATLAB simulation 

 
The MATLAB 6.5 is used to simulate the bit-parallel 
iterative CORDIC algorithm. The M file of CORDIC 
algorithm can be found in appendix. We have used 
several different randomly chosen angels as inputs of 
the CORDIC algorithm and generated the 
corresponding sine and cosine values of each input 
angel. We also generated the sine and cosine values 
directly from MATLAB functions. From the simulation 
results shown in table 3.2 below, we find that the 
simulated results are very close to the theoretical 
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results.  

Input 

angel 

0.2pi pi 1.4pi 1.8pi 

Sine 

values  

0.5878 1.2246e
-016 

-0.9511 -0.5878 

Cosine 

values  

0.8090 -1 -0.3090 0.8090 

Sine 

values 
(CORDIC)

0.58173 0.00703
18 

-0.9497
9 

-0.5817
3 

Cosine 

values 
(CORDIC)

0.81337 -0.9997 -0.3128
8 

0.81337 

 
table 3.2 CORDIC high-level simulation 
Note: (CORDIC) means for the results calculated from 
CORDIC algorithm. 

 

3.2 Division 

Division is the most complicated operation and can 
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consume the most resources (both silicon area and 
operation time) among all arithmetic operations. As 
described in section 2.3, we need to implement division 
into our design. Division algorithms can be divided into 
five classes: digit recurrence, functional iteration, very 
high radix, table lookup, and variable latency. The basis 
for these classes is the obvious differences in the 
hardware operations used in their implementations, 
such as multiplication, subtraction, and table look-up. 
[9] Newton Raphson division is a kind of functional 
iteration where the multiplication is a fundamental 
operation and results in an operation faster than digit 
recurrence and not as complex as very high radix. Table 
look up method is widely used in DSP applications; the 
result is an approximation of the real value, so that the 
accuracy is relative low. 

3.2.1 Reciprocal in Newton Raphson 

division 

 

To calculate the division 
b
a , we can first calculate 

reciprocal of b and then multiply with a. The method to 
calculate reciprocal is so called Newton Raphson 
method [8]. Newton Raphson method is an iterative 
method of obtaining the roots to an equation. It is 
written as:  

)('
)(

1
n

n
nn xf

xf
xx −=+                             (3-5) 
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where f’(x) is the first derivative of f(x),  is an initial 

approximation to the root of the function, and  is 

an improvement to the initial approximation. After 
several iteration steps, the result will be very close to the 
root value, as shown in the figure 3.6 below: 

nx

1+nx

 

figure3.6 Newton Raphson approach 

In our case, 
x

xf 1)( = . We can have an initial guess 

b
D 1
= , then the equation 3-5 can be written as[10]: 

)2(1 iii xDxx ⋅−⋅=+                            (3-6) 

A popular method to perform the reciprocal 

approximation (where X is the dividend, is the initial iY
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approximation, and is the next iteration result) is to 

rewrite the equations above. The Newton-Raphson 
iteration now becomes: 

1+iY

iYXv ⋅−= 1                                  (3-7) 

)1(1 vYvYYY iiii +=⋅+=+                       (3-8) 

Each of the iterations requires two multiplications, one 
subtraction and one addition. The subtraction and 
addition can be performed in one complement 
operation unit. The major advantage to use this 
reformed equation is that the v value is very close to 
zero, it will have several leading zeros. These leading 
zeros can reduce the hardware in both multiplications. 
The number of leading zeros depends on the accuracy of 
the initial guess value. A good initial guess value (close 
to the root value) will not only reduce the hardware 
complexity, but also increase the efficiency of the 
algorithm. In some extreme cases, having a bad initial 
guess value, the iteration may not even convergence. 
 

3.2.2 Choosing start values 

 

For a value of b between , the arithmetic 

mean is traditionally used as the initial guess value. 
Nowadays, there is an improved method to find the 
initial guess values that has been proposed by Peter 
Kornerup and Jean-Michel Muller [11]. The maximum 

),( minmax bb
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possible distance between and nx
b
1 is smallest when 

is equal to the number 0x

 nnnn

nnnn

bb
bb

n 2/)12(
min

2/)12(
max

12/)12(
min

12/)12(
max

−−

−−−−

+

+
=β                     (3-9) 

Where n is the iteration time. 
Because of the limited word length n, the biggest value 
that can be represented is . So the values that can be 
represented belong to [0, 2^n]. Furthermore, we can 
divide the whole value range into n sections, such as: [0, 
2], [2, 4], [4, 8]… [2^(n-1), 2^n]. The initial values are 
pre-calculated as mentioned in the equation (3-9) and 
stored in a small LUT (look up table) for each section. 
Once which section of a certain input belongs to is 
decided, we can use the corresponding pre-stored values 
as the initial guess value. The reason for dividing parts 
by the way as mentioned above is that it is easy to 
decide the input value among which section and suitable 
for implementation in hardware. By the first one from 
MSB side of the input value, we can easily decide the 
input value belongs to which section. 

n2

3.2.3 Calculating reciprocal 

 
As soon as the initial guess value is decided, after 
several iteration steps of the equations (3-7), (3-8), the 
final reciprocal value is calculated. The typically 
required iteration step is four, because after four 

iteration steps, the result  is very near to the root 4Y
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value. Although more iteration steps will generate the 
results even more close to the root, more operations are 
also introduced and the execution times and hardware 
cost will also increase. 
 

3.2.4 MATLAB simulation 

 
The MATLAB 6.5 is used to simulate the Newton 
Raphson reciprocal division algorithm. The M file of 
Newton Raphson reciprocal algorithm can be found in 
the appendix. We have chosen several different random 
inputs within each value section as the inputs of Newton 
Raphson reciprocal algorithm and generated the 
reciprocal values. We also generated the reciprocal 
values directly from MATLAB functions. The 
simulation results and comparisons are shown in table 
3.3 below: 
 

Input 

values 

Reciprocal  Reciprocal 

(Newton) 

1.67 0.5988 0.5988 

3.24 0.3086 0.30864 

5.64 0.1773 0.1773 

11.89 0.0841 0.084104 
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30.02 0.0333 0.033311 

51.22 0.0195 0.019524 

73.48 0.0136 0.013609 

221.31 0.0045 0.0045185 

376.83 0.0027 0.0026537 

777.71 0.0013 0.0012858 

1567.2 6.3808e-004 6.3808e-004 

3100.21 3.2256e-004 3.2256e-004 
 
table 3.3 Newton Raphson reciprocal high-level simulation 
Note: (Newton) means for the results calculated from 
Newton Raphson algorithm. 
When all the value sections are represented by 12 bits 
numbers, the Newton Raphson algorithm works well; 
the deviations (differences between simulated values 
and theoretical values) are negligible.   
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3.3 Inversion of Vandermonde matrix 

3.3.1 Architecture for inversion of 

Vandermonde matrix 

System overview 

 
figure3.7  Architecture of Inversion of Vandermonde matrix system 

 
Inversion of Vandermonde matrix system, as mentioned 
in section 2.2, can be divided into three different parts: 

 u values calculation 
 a values calculation 
 z values calculation 

As shown in figure 3.7 above. The reason for dividing 
the system into three parts is that these three parts need 
to work in parallel. The u values need to be calculated 
first from CORDIC algorithm. a values are calculated 
based on input u values. Finally, with u values and a 
values available, we can calculate the z values. See 
appendix 1, algorithm 2.5. 
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3.3.2 Z calculation structure 

The z values calculation is divided into three sub parts, 
as shown in figure 3.8 below. The w values calculation 
calculate the partial result, w values, in an n*n 
dimension matrix. An n dimension vector s values is 
calculated from s values calculation sub part. The final 
output z values are generated by dividing the w values 
by s values. See appendix 1, algorithm 2.5. 
 

 
figure3.8 Architecture of z calculation  

3.3.3 MATLAB simulation 

MATLAB 6.5 is used to simulate the Inversion of 
Vandermonde matrix algorithm. The M file of 
Inversion of Vandermonde matrix algorithm can be 
found in the appendix. The simulation is based on N=5, 
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K=2 matrix. A dimension 5 vector of randomly 
generated t values is used as inputs. The simulation 
results are as below, given in table 3.4: 

t values -0.0186
7 

0.27258 0.34117 0.81832 0.78636 

u values 0.99313 
- 
0.11704
i 

-0.1413
9 + 
0.98995
i 

-0.5420
1 + 
0.84037
i 

0.4162  
- 
0.90927
i 

0.22648  
-  
0.97402
i 

a values -0.3104
8 - 
0.95058
i 

0.13409 
+ 
0.95811
i 

-1.5312 
- 
0.98791
i 

1.4145  
+ 
1.1488i

-0.9524  
+ 
0.17001
i 

z values 0.56839 
+ 
0.13586
i 

0.15472 
-  
0.04512
i 

-0.2065
8 + 
0.45629
i 

1.2017  
-  
1.3918i

-1.7183  
+ 
0.84472
i 

 
table 3.4 Vandermonde inversion high-level simulation 
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Chapter 4 Implementation, 
simulation, and synthesis 
results 

4.1 Design flow 

 
The top down design methodology has been proposed to 
validate and verify the design, as shown in the figure 4.1 
below. Based on the algorithms selected, a 
corresponding VHDL view has been created. Then the 
VHDL view is simulated, if the specification is satisfied, 
then the design is going through the synthesis flow, else 
if the specification is not satisfied, modifications on the 
VHDL view are introduced. After the synthesis flow, 
whether or not modifications are needed depend on the 
hardware constrains, such as area, and timing 
constrains.  
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figure4.1 Implementation of design flow 
 
As described in section 3.3, the Vandermonde matrix 
inversion algorithm can be divided into three major 
modules (u values calculation, a values calculation, z 
values calculation) which work in serial. Each module 
consists of a hierarchy of several sub-modules. The 
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implementation started with modeling and simulation of 
sub-modules. Then, the three major modules are 
composed with a structural view of the validated 
sub-modules. The three major modules are also 
simulated and modified. Finally, the whole 
implementation goes through the design flow for 
validation. 
 

4.2 Numerical representation  

The accuracy of the arithmetic operations is crucial of 
the whole project, because there are a large number of 
iteration operations working in serial. The deviation 
from the accurate values introduced by each operation 
steps will accumulate in serial operation. Because using 
a 12 bits intrinsic word length and 2’s complement 
representation, same as the inputs, can not lead to a 
satisfying results, the quantization errors are 
accumulated after several steps of iterations, the 
intrinsic word length need to be increased. We have 
simulated with several different sets of input values, to 
keep a 10 bits accurate result, the arithmetic operations 
needed a much longer word length than 12 bits. And 
saturation, rounding and truncation needed for the 
doubled word length result from each multiplication. 
This will greatly increase the complexity of the 
implementation. Another drawback of using fix point 
numerical representation in this design is that the 
intermediate results have a large range of both 
fractional numbers and values bigger than 1 need to be 
represented, which is difficult to be represented by fixed 
point number. So using floating point representation is a 
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reasonable solution. 
 
Similarly to the IEEE standard 754.1985 floating point 
representation has used 8 bits of exponent and 32 bits 
fractional, we have used 12 bits of 2’s complement 
fractional and 8 bits of exponent. And the word format 
as below: 

 
figure4.2 Word format 
Instead of using the guard saturation, rounding, and 
truncation technique in fixed point representation, we 
have used a shifter after each arithmetic operation to 
increase accuracy.  
 
When performing iterative operations, due to the fixed 
word length, after several iteration steps the number 
may be too small or large to be represented, which is 
called negative or positive overflow, respectively. To 
keep the system work, saturation is introduced when 
the overflow is detected. The saturation is performed by 
adding one guard bit before operation. If the four MSBs 
of the result are not the same, then the result is set to the 
biggest or smallest number that can be represented. But 
the result will be a relatively low quality result [12] [13]. 
After multiplication operations, the result will require a 
doubled word length. To prepare the result for next step 
operation, rounding and truncation is needed, which 
will introduce deviations in the results. Those deviations 
will have a great influence on the accuracy of the final 
results, as we discussed above.   
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Keeping the effective bits close to the MSB, after each 
arithmetic operation, the leading zeros or ones are left 
shifted out and the exponent subtracts the number of 
the shifted zeros or ones. And when there are overflows, 
the result is right shifted and the exponent increased by 
one. By this the result accuracy will dramatically 
increasing after iterative operations.  
 
Let’s see two examples, how the shifter works compared 
with rounding and saturation. 
 
Example 1: Compared with Rounding  
In the fix point case, suppose the result from a 12 bits 
input multiplication is 000000011100101000010000, 
which is in a doubled word length. After the rounding 
operation, the result will be 000000011101000000000000. 
After the truncation operation, the result will be 
000000011101. 
 
In the floating point case, suppose the result from a 12 
bits input multiplication has a fraction part 
000000011100101000010000 and an exponent part 
00000000. After the shifting operation, the fraction part 
will be 011100101000010000000000 and the exponent 
part will be 11111010. After the truncation operation, 
the fraction part will be 0111001010000 and the 
exponent part will be 11111010. 
 
We find that in the fix point case, 5 effective bits are 
kept after leading zeros. In the floating point case, 11 
effective bits are kept. 
 
Example 2: Compared with saturation 
In the fixed point case, the result from a 13 bits input 
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(12 bits with one guard bit) multiplication is 
00100000000100010001000000, which is in a doubled 
word length. After the saturation and truncation 
operation, the result will be 0111111111111. 
 
In the floating point case, the result from a 12 bits input 
multiplication has a fraction part 
1000000000100010001000000 and has an exponent part 
00000000. After the shifting and truncation operation, 
the fraction part will be 0100000000010 and the 
exponent part will be 00000001. 
 
We can see if the result exceeds the dynamic range of fix 
point representation, then a big derivation will 
introduced by saturation. In the floating point case the 
derivation will much smaller. 

4.3 Modeling and simulation 

The design is modeled with both text and graphic 
entries of HDL designer. Each level of design hierarchy 
is simulated with Modelsim (simulator) to verify the 
functionality. Modifications are applied when the 
performance is not satisfying. 
Modeling and simulation is divided into following steps: 
I. The basic arithmetic operations have been written 

into a package file as functions, such as 
addition/subtraction, multiplication, shifting, 
inversion and so on. 

II. After all the functions are verified by simulation, 
sub modules are created and simulated. 

III. Three major modules are composed from validated 
sub modules. 

 52 



IV. The top level of the Vandermonde matrix inversion 
module consists of the three major modules. 

 

4.3.1 Arithmetic functions 

A VHDL package file is created which includes all the 
basic arithmetic operations used for both real number 
operations and complex number operations. The 
standard HDL package based on IEEE 754 that was 
released by EDA Industry Working Groups has been 
used as reference. [14] 
 

4.3.2 Sub-module simulation and 

modification 

The values used in MATLAB simulation of CORDIC, 
see section 3.1.4, has been used in VHDL simulation. 
Thus, the result from MATLAB and VHDL simulation 
can be compared to validate the implementation. The 
result is shown as table 4.1 below: 

Input 
angel 

Dec 0.2pi pi 1.4pi 1.8pi 

Sine 
values 

Dec 0.5878 0 -0.9511 -0.5878 

Cosine 
values 

Dec 0.8090 -1 -0.3090 0.8090 

Sine Dec 0.58173 0.007031
8 

-0.94979 -0.58173 
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values 
(MAT
LAB) 

Bin 0100101
00111 

0000000
0111 

1000011
00111 

1011010
11001 

Dec 0.81337 -0.9997 -0.31288 0.81337 Cosine 
values 
(MAT
LAB) 

Bin 0110100
00001 

1000000
00001 

1101100
00000 

0110100
00001 

Dec 0.5854 0.002 -0.9507 -0.5854 Sine 
values 
(VHDL
) 

Bin 0100101
01111 

0000000
0010 

1000011
00101 

1011010
10001 

Dec 0.8101 -0.9995 -0.3110 0.8101 Cosine 
values 
(VHDL
) 

Bin 01100111
1011 
 

1000000
00001 
 

1101100
00011 
 

01100111
1011 
 

 
table 4.1 CORDIC VHDL simulation 
Note: Dec denotes the decimal value and Bin denotes the 
corresponding binary value. (MATLAB) and (VHDL) 
denote the simulation results from MATLAB and 
HDLdesigner, respectively. 
 
The deviations (difference between the simulated value 
and theoretical value) of sine and cosine values are 
shown as figure 4.3 below: 
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figure4.3 Sine and cosine deviation 
 
From figures above, it can be concluded that the VHDL 
models have shown a behavior very similar to that of 
MATLAB high-level module (the deviations curves are 
very similar). We also observe that the deviations are 
not increased by the implementation and are very small 
(below one percentage of original sine or cosine values). 
 
The values used in MATLAB simulation of reciprocal, 
see section 3.2.4, has been used in VHDL simulation.  
From the result shown as table 4.2 below and the 
deviations shown as figure 4.4 below, we can find that 
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the deviations are not increased by the implementation 
which are very small (below one percentage of original 
values). 
 

Input values Reciprocal Reciprocal 
(MATLAB)

Reciprocal 
(VHDL) 

Dec 1.67 0.5988 0.5988 0.5988 
Bin 01101010

1110 
00000001

0100110010
10 
00000000 

0100110010
10 
00000000 

0100110010
10 
00000000 

Dec 5.64 0.1773 0.1773 0.1774 
Bin 01011010

0011 
00000011 

0101101011
00 
11111110 

0101101011
00 
11111110 

0101101011
01 
11111110 

Dec 11.89 0.0841 0.084104 0.0842 
Bin 01011111

0001 
00000100

0101011000
01 
11111101 

0101011000
01 
11111101 

0101011000
11 
11111101 

Dec 51.22 0.0195 0.019524 0.0098 
Bin 01100110

0111 
00000110 

0100111111
01 
11111011 

0100111111
01 
11111011 

01001111111
1 
11111011 

Dec 221.31 0.0045 0.0045185 0.0045 
Bin 01101110

1010 
00001000

0100101000
01 
11111001 

0100101000
01 
11111001 

0100101000
01 
11111001 

Dec 777.71 0.0013 0.0012858 0.0013 
Bin 01100001

0011 
00001010

0101010001
00 
11110111 

0101010000
11 
11110111 

0101010001
00 
11110111 

 
table 4.2 Reciprocal VHDL simulation 
Note: Dec denotes the decimal value and Bin denotes the 
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corresponding binary value. (MATLAB) and (VHDL) 
denote the simulation results from MATLAB and 
HDLdesigner, respectively. 
The deviations of reciprocal values are shown as figure 
4.4 below: 
 

 
figure4.4 Reciprocal deviation 

 

4.3.3 Test-bench 

After the VHDL descriptions of the major modules have 
been generated, the VHDL code is validated in a 
test-bench.  
We have randomly generated t values for MATLAB 
simulation as in section 2.3 and the corresponding 12 
bits binary values as shown in table 4.3 below: 
 

(dec) -0.01867 0.27258 0.34117 0.81832 0.78636 
(bin) 1000001

00110 
0010001
01110 

0010101
11010 

0110100
01011 

0110010
01010 
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table 4.3 t values 
Those binary t values are used as stimuli in the 
test-bench. And the responses are compared with the 
high level simulation results to validate our design. 
 

4.3.4 u values simulation 

 
Use the t values as input, the five u values has generated 
as below: 

High (dec) 0.9931
3  –
0.1170
4i 

-0.1413
9 + 
0.9899
5i 

-0.5420
1 + 
0.8403
7i 

0.4162 
–   
0.9092
7i 

0.2264
8  – 
0.9740
2i 

real 011111
110001

111011
011111

101110
101001

001101
010100

000111
001111 

High 
(bin) 

imag 111100
010001

011111
101011

011010
111001

100010
111001

100000
110100 

sim (dec) 0.9932 
–  
0.1162i

-0.1413
9 + 
0.9899
5i 

-0.5405 
+  
0.8413i

0.4136 
–  
0.9106i

0.2251  
–  
0.9746i 

real 011111
110010

111011
011111

101110
101101

001101
001111

000111
001101 

sim 
(bin) 

imag 111100
010010

011111
101011

011010
111011

100010
110111

100000
110100 

 
table 4.4 u values VHDL simulation 
Note: High and Sim denote for simulations result from 
MATLAB and HDLdesigner, respectively. Dec and Bin 
denote for decimal values and corresponding binary values, 
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respectively. Real and Imag denote for real part and 
imaginary part of the complex u values, respectively. 
 
The deviations of u values between MATLAB 
simulation and VHDL code simulation are shown as 
figure 4.5 below.  
 

 
figure4.5 u values deviation 

 

4.3.5 a values simulation 

First a behavioral VHDL codes which is the 
implementation of the high level algorithm has been 
generated to simulate the functionalities. After the 
functionalities have been validated, a synthesizable RTL 
level combinatorial logic block has been generated. 
Finally, to reduce the area requirement and meet the 
time constraint, the combinatorial logic has been 
rewritten into a registered process which is described in 
FSM (finite state machine) syntax. Idea of pipelined 
processing has also been used to reduce the functional 
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blocks, such as multiplication, subtraction. 
 

High (dec) -0.3104
8 - 
0.9505
8i 

0.1340
9 + 
0.9581
1i 

-1.5312 
- 
0.9879
1i 

1.4145 
+ 
1.1488i

-0.9524 
+ 
0.1700
1i 

real 110110
000100  
000000
00 

000100
010010  
000000
00 

100111
100000  
000000
01 

010110
101000  
000000
01 

100001
10000   
000000
01 

High 
(bin) 

imag 100001
100100  
000000
00 

011110
101010  
000000
00 

100000
011000  
000000
00 

010010
011000  
000000
01 

000101
011100  
000000
00 

sim (dec) -0.3159 
– 
0.9453i

0.1387 
+ 
0.9551i 

-1.5342 
– 
0.9814i

1.415 + 
1.1465i

-0.9814 
+ 
0.1718i 

real 110101
111001
000000
00 
 

000010
001110
000000
01 
 

100111
011101
000000
01 
 

010110
101001
000000
01 
 

110000
110101 
000000
01 
 

sim 
(bi
n) 

imag 100001
101000
000000
00 
 

001111
010010 
000000
01 
 

110000
010011
000000
01 
 

010010
010110
000000
01 
 

000010
110000 
000000
01 
 

 
table 4.5 a values VHDL simulation 
Note: High and Sim denote for simulations result from 
MATLAB and HDLdesigner, respectively. Dec and Bin 
denote for decimal values and corresponding binary values, 
respectively. Real and Imag denote for real part and 
imaginary part of the complex a values, respectively. 
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The figure 4.6 below shows the deviations of a values 
between MATLAB simulation and VHDL code 
simulation which are around one percent of the original 
values.  
 

 
figure4.6 a values deviation 

 

4.3.6 z values simulation 

Three sub modules which are z values calculation, s 
values calculation, z values calculation, see section 3.3, 
are simulated as behavioral VHDL codes. As was done 
for the a value calculation block, a synthesizable RTL 
level combinatorial logic VHDL code and registered 
process are generated and simulated sequentially for 
the sub modules. Then, the module z calculation is 
composed from the three sub modules. The simulation 
result is shown in table 4.6 below: 
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High (dec) 0.5683
9 + 
0.1358
6i 

0.1547
2 - 
0.0451
2i 

-0.206
58 + 
0.4562
9i 

1.2017 
- 
1.3918
i 

-1.718
3 + 
0.8447
2i 

real 01001
00011
00  
00000
000 

00010
011110
0  
00000
000 

11100
10110
1  
00000
000 

01001
10011
10  
00000
001 

10010
01000
01   
00000
001 

High 
(bin)

imag 00010
00101
10   
00000
000 

111110
10010
0  
00000
000 

00111
01001
1  
00000
000 

10100
11100
00  
00000
001 

01101
10000
01  
00000
000 

sim (dec) 0.5674 
+ 
0.1348
i 

0.1555 
– 
0.0442
i 

-0.208
2 + 
0.4531
i 

1.2188 
- 
1.3896
i 

-1.721
6 + 
0.8438
i 

real 01001
00010
10   
00000
000 
 

01001
111101
0   
111111
10 
 

10010
10101
10   
111111
10 
 

01001
11000
00   
00000
001 
 

10010
00111
01   
00000
001 
 

sim 
(bin)

imag 01000
10100
00   
111111
10 
 

10100
10101
11   
111111
00 
 

01110
10000
00   
111111
11 
 

10100
11100
01   
00000
001 
 

01101
10000
00   
00000
000 
 

 
table 4.6 z values VHDL simulation 
Note: High and Sim denote for simulations result from 
MATLAB and HDLdesigner, respectively. Dec and Bin 
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denote for decimal values and corresponding binary values, 
respectively. Real and Imag denote for real part and 
imaginary part of the complex w values, respectively. 
 
The deviations of z values between MATLAB 
simulation and VHDL code simulation are shown as 
figure 4.7 below. The deviations are around one 
percentage of the original values. 

 
 
figure4.7 z values deviation 

 

4.4 Synthesis 

The design is synthesized with Leonardo Spectrum 
from Mentor graphic. The synthesis settings used are as 
below: 
Technology: VIRTEX-Ⅱ 
Device: 2v6000ff1517 
Speed grade: -4 
Wire table: xcv2 -40 -6_wc 
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figure4.8 Synthesis setting 
Because the area is the first priority constraint of the 
design, the optimization strategy is minimizing area. 

 
figure4.9 Optimization settings  
The synthesis result can be found in appendix. 
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Appendices 
Appendix 1    Matlab simulation 

% Algorithm 2.1  -- vandtestref.m 
% vandtestref.m  

% example:  K0=2, N=5 system, assume M=N 

arbitrarily 

K0=2; N=2*K0+1; M=N;  

 

% simulate sampling time t.  

% With no time scew, t = [0:N-1]'. 

% With time scew, t = [0:N-1]' + 0.1*randn(N,1). 

% For simulation of randomness of time skew,   

% we use RANDN to produce normally distributed 

pseudo-random numbers.  

% randn(N,1) is multiplied by a "magnitude" factor 

such as 0.1 below 

t= [0:N-1]' + 0.1*randn(N,1); 

 

% generate u for vandermonde matrix 

u = exp(j*2*pi*t/M); 

% b with only one nonzero element b(K0+1)=1, b = [0 ... 

0 1 0 ... 0]'; 

b = zeros(N,1);  

b(K0+1) = 1; 

 

% generate vandermonde matrix V from u, for 

demonstration purpose. 

% V = Vander(u); 

% inversion of vandermonde matrix 

% W = VandInverse(u); 
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% solve for z in Vz=b, this is where our algorithm 

will fit in. 

% V is determined by u, thus we use u instead of V 

in our algorithms. 

z = VandAlg(u,b);   

 

% compute g from z. g = M*inv(C)*z 

% inv(C)=diag(u.^K0). For simplicity, inv(C)*z is 

written as u.^K0.*z.  

% Note!! The resultant "g" should be real, and sum(g) 

should be M  

g = M*u.^K0.*z; 

 

% Algorithm 2.2 
function W = VandInverse(x) 

% Given n distinct complex scalars x=[x1 ...xn] 

% Compute W = inv(V(x)) 

n = length(x); 

a = zeros(n+1,1); 

W = zeros(n,n); 

 

% Stage 1: Construct the master polynomial.  

a(1) = -x(1); a(2) = 1; 

for k = 2:n 

    a(k+1) = 1; 

    for j= k:-1:2 

        a(j) = a(j-1) - x(k)*a(j); 

    end 

    a(1) = -x(k)*a(1); 

end 
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% Stage 2: Synthetic division.  

for i=1:n 

    W(i,n) = 1; s=1; 

    for j=n-1:-1:1 

        W(i,j) = a(j+1) + x(i)*W(i,j+1); 

        s = s*x(i) + W(i,j); 

    end 

    W(i,:) = W(i,:)/s; 

end 

 

% Algorithm 2.3 
function z = VandPrime(x,b) 

% solve for z in V(x)*z=b 

% vandermonde primal system 

% x = [x1, x2,..., xn]' 

% b = [b1, b2,...,bn]' 

n = length(x); 

 

% step 1 

c = b; 

for k=1:n-1 

 for i=n:-1:k+1 

  c(i) = c(i) - x(k)*c(i-1);    

 end 

end  

 

% step 2  

z = c; 

for k=n-1:-1:1 

   for i=k+1:n 

      z(i) = z(i)/(x(i)-x(i-k)); 

   end   
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   for i=k:n-1 

      z(i) = z(i) - z(i+1); 

   end        

end 

 

% Algorithm 2.4 
function a = VandDual(x, f) 

% solve for a in V'a=f 

% vandermonde dual system  

% x = [x1, x2,...,xn]' 

% f = [f(xi)]' 

n = length(x); 

 

% step 1 

c = f; 

for k=1:n-1 

 for i=n:-1:k+1 

  c(i) = (c(i) - c(i-1))/(x(i) - x(i-k));    

 end 

end  

 

% step 2  

a = c; 

for k=n-1:-1:1 

   for i=k:n-1 

      a(i) = a(i) - x(k)*a(i+1); 

   end    

end 

 

% testvand.m 
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% example:  K0=2, N=5 system, assume M=N 

arbitrarily 

K0=2; N=2*K0+1; M=N;  

 

% simulate sampling time t. with no time scew it 

should be [0:n-1]. 

% For simulation of randomness of time skew, we use 

RANDN to produce  

% normally distributed pseudo-random numbers.  

% randn(N,1) is multiplied by a "magnitude" factor 

t= [0:N-1]' + 0.01*randn(N,1) 

 

% generate u for vandermonde matrix 

u = exp(j*2*pi*t/M) 

b = [0 0 1 0 0]';  

 

% generate vandermonde matrix V from u, for 

demonstration 

%V = Vander(u); 

 

% solve for z in Vz=b, this is where our algorithm 

will fit in 

% z = VandAlg(u,b);  

% approach 1 

flops(0); 

z1 = Vandprime(u, b) 

fp1=flops % the floating point operations used 

g1 = M*u.^K0.*z1 

 

% approach 2 

flops(0); 

z2 = Vandinv(u) * b 

fp2=flops % the floating point operations used 

g2 = M*u.^K0.*z2 
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% gauss elimination, not a proper algorithm to this 

problem,  

% For demonstration only. 

%   X = A\B is the solution to the equation A*X = 

B computed by 

%   Gaussian elimination. 

flops(0); 

z3 = V \ b 

fp3=flops   % the floating point operations used 

g3 = M*u.^K0.*z3 

 

% algorithm 2.5 
function z = VandInvK(u,k) 

% Given distinct complex scalars u=[u1 ...un] 

% Compute W = inv(V(u)), return kth column of W 

% This is optimized algorithm on the basis of 

VandInverse.m 

n = length(u); 

a = zeros(n+1,1); 

W = zeros(n,n); 

 

% Stage 1: Construct the master polynomial.  

a(1) = -u(1); a(2) = 1; 

for m = 2:n 

    a(m+1) = 1; 

    for j= m:-1:2 

        a(j) = a(j-1) - u(m)*a(j); 

    end 

    a(1) = -u(m)*a(1); 

end 
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% Stage 2: Synthetic division.  

for i=1:n 

    W(i,n) = 1; s=1; 

    if k<n         

        for j=n-1:-1:k 

            W(i,j) = a(j+1) + u(i)*W(i,j+1); 

        end 

    end     

    for j=n:-1:1 

        if j ~= i  

            s = s*(u(j)-u(i)); 

        end    

    end     

    W(i,k) = W(i,k)/s; 

end 

z=W(:,k); 

 

CORDIC: 
%convert into first quant 
if (a>3/4)  
   b= 2*pi*a - pi*3/2; 
elseif a>1/2   
    b= 2*pi*a - pi; 
elseif a>1/4   
    b= 2*pi*a - pi/2; 
else  
    b = 2*pi*a; 
end 
  %calculte the sin and cos  
  c=zeros(9,1); 
  X=zeros(9,1); 
  Y=zeros(9,1); 
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  cord=0; 
   c(1)= b; 
   X(1)= 
cos(atan(1/2^0))*cos(atan(1/2^1))*cos(atan(1/2^2))*cos(atan(1/2^3
))*cos(atan(1/2^4))*cos(atan(1/2^5))*cos(atan(1/2^6))*cos(atan(1/2
^7))*cos(atan(1/2^8)); 
   Y(1)=0; 
   c(2)= b - pi/4; 
   X(2)=X(1) + Y(1)/(2^0); 
   Y(2)=Y(1) - X(1)/(2^0); 
 for i = 3 : 9;  
   if c(i-1)>=0   
   c(i)= c(i-1) - atan(1/(2^(i-2))); 
   X(i)=X(i-1) + Y(i-1)/(2^(i-2)); 
   Y(i)=Y(i-1) - X(i-1)/(2^(i-2)); 
   else c(i-1)<0  
   c(i)= c(i-1) + atan(1/(2^(i-2))); 
   X(i)=X(i-1) - Y(i-1)/(2^(i-2)); 
   Y(i)=Y(i-1) + X(i-1)/(2^(i-2)); 
   End 
%convert into full quadrants 
   if (a>3/4)  
   re= -Y(9);  
   im= -X(9); 
elseif a>1/2   
   re= -X(9);  
   im= Y(9); 
elseif a>1/4   
   re= Y(9);  
   im= X(9); 
else  
   re= X(9);  
   im= -Y(9); 
end 
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end 
 

Division matlab program 
function new=newton(a,b); 
%a=0.031; 
%b=0.013; 
x=zeros(5,1); 
if (b>0.5) 
    x(1)=2; 
elseif (b>0.25) 
    x(1)=4; 
elseif (b>0.125) 
    x(1)=8; 
elseif (b>0.0625) 
    x(1)=16; 
elseif (b>0.03125) 
    x(1)=32; 
else 
    x(1)=64; 
end 
for n=1:4; 
x(n+1)=2*x(n)-b*(x(n)^2); 
end 
new=a*x(5); 
 
 

Appendix 2    Synthesis results  
******************************************************* 

 

Cell: vandinv    View: behav    Library: xjob_lib 
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******************************************************* 

 

 

 Cell                      Library  References     Total Area 

 

BUFGP                      xcv2         1 x 

IBUF                       xcv2        62 x 

OBUF                       xcv2       201 x 

a_cal_process_vol2         xjob_lib     1 x   3538   3538 gates 

                                                44     44 MUXF6 

                                               383    383 MUXF5 

                                               776    776 Dffs or  

Latches 

                                              3552   3552 

Function  

Generators 

                                               546    546 MUX 

CARRYs 

                                                 4      4 Block  

Multipliers 

finalw_cal_process_vol2    xjob_lib     1 x   7122   7122 gates 

                                               154    154 MUXF6 

                                               960    960 MUXF5 

                                              1085   1085 Dffs or  

Latches 

                                                14     14 Block  

Multipliers 

                                              1759   1759 MUX 

CARRYs 

                                              7135   7135 

Function  

Generators 

partw_cal_process          xjob_lib     1 x   3374   3374 gates 

                                                44     44 MUXF6 
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                                               336    336 MUXF5 

                                              2443   2443 Dffs or  

Latches 

                                              3385   3385 

Function  

Generators 

                                               544    544 MUX 

CARRYs 

                                                 4      4 Block  

Multipliers 

s_cal_process              xjob_lib     1 x   2738   2738 gates 

                                                44     44 MUXF6 

                                               284    284 MUXF5 

                                               666    666 Dffs or  

Latches 

                                              2741   2741 

Function  

Generators 

                                               498    498 MUX 

CARRYs 

                                                 4      4 Block  

Multipliers 

u_cal_complex              xjob_lib     1 x    134    134 MUX 

CARRYs 

                                               292    292 Dffs or  

Latches 

                                                82     82 MUXF5 

                                               976    976 

Function  

Generators 

                                               976    976 gates 

 

 Number of ports :                     264 

 Number of nets :                     2132 
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 Number of instances :                 269 

 Number of references to this view :     0 

 

Total accumulated area :  

 Number of Block Multipliers :          26 

 Number of Dffs or Latches :          5262 

 Number of Function Generators :     17789 

 Number of MUX CARRYs :               3481 

 Number of MUXF5 :                    2045 

 Number of MUXF6 :                     286 

 Number of gates :                   17748 

 Number of accumulated instances :   32863 

Number of global buffers used: 1 

*********************************************** 

Device Utilization for 2V6000ff1517 

*********************************************** 

Resource                Used    Avail   Utilization 

----------------------------------------------- 

IOs                     263     1104     23.82% 

Global Buffers          1       16        6.25% 

Function Generators     17789   67584    26.32% 

CLB Slices              8895    33792    26.32% 

Dffs or Latches         5262    70896     7.42% 

Block RAMs              0       144       0.00% 

Block Multipliers       26      144      18.06% 

 

----------------------------------------------- 

Using wire table: xcv2-40-6_wc 

 

 

 

                        Clock Frequency Report 

 

 Clock                : Frequency 
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      ------------------------------------ 

 

 clk                  : 14.3 MHz 
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På svenska

Detta dokument hålls tillgängligt på Internet – eller dess framtida ersättare –
under en längre tid från publiceringsdatum under förutsättning att inga extra-
ordinära omständigheter uppstår.

Tillgång till dokumentet innebär tillstånd för var och en att läsa, ladda ner,
skriva ut enstaka kopior för enskilt bruk och att använda det oförändrat för ick-
ekommersiell forskning och för undervisning. Överföring av upphovsrätten vid
en senare tidpunkt kan inte upphäva detta tillstånd. All annan användning av
dokumentet kräver upphovsmannens medgivande. För att garantera äktheten,
säkerheten och tillgängligheten finns det lösningar av teknisk och administrativ
art.
Upphovsmannens ideella rätt innefattar rätt att bli nämnd som upphovsman i den
omfattning som god sed kräver vid användning av dokumentet på ovan beskrivna
sätt samt skydd mot att dokumentet ändras eller presenteras i sådan form eller i
sådant sammanhang som är kränkande för upphovsmannens litterära eller konst-
närliga anseende eller egenart.

För ytterligare information om Linköping University Electronic Press se för-
lagets hemsidahttp://www.ep.liu.se/

In English

The publishers will keep this document online on the Internet - or its possible
replacement - for a considerable time from the date of publication barring excep-
tional circumstances.

The online availability of the document implies a permanent permission for
anyone to read, to download, to print out single copies for your own use and to
use it unchanged for any non-commercial research and educational purpose. Sub-
sequent transfers of copyright cannot revoke this permission. All other uses of
the document are conditional on the consent of the copyright owner. The pub-
lisher has taken technical and administrative measures to assure authenticity,
security and accessibility.

According to intellectual property law the author has the right to be men-
tioned when his/her work is accessed as described above and to be protected
against infringement.

For additional information about the Linköping University Electronic Press
and its procedures for publication and for assurance of document integrity, please
refer to its WWW home page:http://www.ep.liu.se/

© Shiqiang Hu, Qingxin Yan
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