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Abstract 
 
This thesis grew out of a problem encountered by a subsidiary of a Swedish multinational 
industrial corporation.  This subsidiary is responsible for the corporation’s customer financing 
activities.  In the thesis, we refer to these entities as the Division and the Corporation.  The 
Division needed to find a new approach to finance its customer loan portfolio.  Risk control and 
return maximization were important aspects of this need.  The objective of this thesis is to devise 
and implement a method that allows the Division to make optimal funding decisions, given a 
certain risk limit. 
 
We propose a funding approach based on stochastic programming.  Our approach allows the 
Division’s portfolio manager to minimize the funding costs while hedging against market risk.  
We employ principal component analysis and Monte Carlo simulation to develop a multi-
currency scenario generation model for interest and exchange rates.  Market rate scenarios are 
used as input to three different optimization models.  Each of the optimization models presents 
the optimal funding decision as positions in a unique set of financial instruments.  By choosing 
between the optimization models, the portfolio manager can decide which financial instruments 
he wants to use to fund the loan portfolio. 
 
To validate our models, we perform empirical tests on historical market data.  Our results show 
that our optimization models have the potential to deliver sound and profitable funding 
decisions.  In particular, we conclude that the utilization of one of our optimization models 
would have resulted in an increase in the Division’s net income over the past 3.5 years. 
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Chapter 1 Introduction 

1.1 Background 
These days many industrial companies offer financial services to their customers.  In addition to 
selling a physical product, these companies also provide various ways for the customers to 
finance purchases over a period of time.  It is common practice to establish a separate financing 
division within the company to handle the arrangement of customer financing contracts.  In our 
thesis, we will examine such a division (“the Division”) within a Swedish global industrial 
corporation (“the Corporation”).  The Division is organized as a wholly owned subsidiary of the 
Corporation and the Division’s main objective is to maximize its own profit. 
  
The Division offers financing solutions to the Corporation’s customers.  Mainly two different 
kinds of financing are provided.  The most common kind is to provide an installment plan, 
thereby effectively extending a loan to the customer.  The Division also provides leasing 
alternatives, an approach that is not as common today but the Division is currently growing its 
business in this area.  As a result of the customer financing activities, the Division is continually 
assembling and adding to a portfolio of loans and leases (“the Loan Portfolio”) issued to the 
Corporation’s customers. 
 
The financing process begins when a customer discusses a potential transaction with a sales 
company within the Corporation.  If the customer wants product financing, the sales person 
contacts the Division.  The sales person then provides the Division with important financial data 
about the customer that will allow the Division to determine the customer’s credit worthiness. 
The sales person will also provide transaction data, such as the amount, currency, desired form of 
financing (lease or loan), and desired maturity and number of payments per year.  With this data, 
the Division prepares an offer sheet with a proposed financing solution, including a fixed (or 
sometimes floating) interest rate.  Once the customer has received the offer sheet, he usually has 
up to six months to decide whether he wants to accept the proposed financing. The Division is 
able to alter the proposed conditions if for example market interest rates or exchange rates have 
changed since the offer sheet was written. 
 
If the customer decides to accept the transaction as detailed in the offer sheet, the Division’s 
credit committee will convene.  The committee consists of representatives from both the 
Division and the related sales company and will make a final decision whether the proposed 
transaction should be accepted or not. 
 
Having received the credit committee’s approval, the Division will now purchase the product 
from the related product or sales company within the Corporation.  To finance the purchase of 
the product, the Division needs to borrow the corresponding amount.  The Division then sells 
(or leases) the product to the customer in exchange for periodic payments over a time period of 
up to around six years. 
 
Although the Division is not precluded from borrowing money outside the Corporation, the 
Division always manages its funding needs by borrowing from the Corporation.  Borrowing from 
outside sources is generally not of interest since the Corporation offers funding on favorable 
terms.  The borrowing transactions are usually performed once a month.  Most of the borrowing, 
around 80-90%, is done in EUR and USD, but there is also a funding need in several minor 
currencies. 
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Since it continually purchases equipment from the Corporation, the Division has a continuous 
need to pay for these purchases.  Just as the Division is continually adding to its Loan portfolio, it 
is also adding to its portfolio of loans obtained from the Corporation (“the Funding portfolio”). 
 
Until now, the Division has always looked at the terms of the customer financing and created an 
offset to the customer transaction when borrowing the needed funds from the Corporation.  
Maturities, currencies and amounts have been closely matched (though not perfectly – the 
interest received from the customer contract is greater than the interest paid to the Corporation).  
However, the Division is in the process of abandoning this approach since the number of 
transactions is increasing rapidly.  The increasing number of transactions depends on a growing 
demand for financing solutions, as well as an internally made business decision to finance smaller 
transactions. 
 
The Division has recently started to use cash funds to finance equipment purchases from the 
Corporation.  Accordingly, as the Division has continued to increase the holdings in its Loan 
portfolio, there has been no corresponding increase in the Division’s Funding portfolio.  Cash 
has instead been reduced.  As a result, there has been an increasing discrepancy between the 
characteristics of the Loan and Funding portfolios in terms of both size and duration.  As of 
today, the Division has no way of measuring how this has affected the aggregate interest and 
exchange rate exposure that the Division faces from the Loan and the Funding portfolios 
combined (“the Combined portfolio”). 

1.2 Problem Introduction 
Due to the growing number of transactions, the Division now wants to find a more efficient way 
to meet its funding needs.  The current approach is too costly and inefficient, and will require an 
increasing amount of administrative work as the number of transactions continues to grow.  The 
Division wants to reduce the number of transactions with the Corporation in relation to the 
number of customer transactions. 
 
Since the Division’s transactions with the Corporation so far have been offsets to customer 
transactions, the Division has had minimal exposure to changes in interest and exchange rates.  
Abandoning the old approach brings new possibilities as well as risks.  By managing the 
borrowing efficiently, the Division can lower its funding costs and thus improve its net income.  
However, since the borrowing from the Corporation will no longer offset the customer 
transactions, the market risk that will arise from movements in both interest and exchange rates 
can potentially become significant.  The main problem to be solved is how to maximize the 
Division’s net income from customer financing activities while ensuring that the market risk in 
the Combined portfolio remains within acceptable limits.  Another problem that the Division is 
currently facing is that it lacks a way to measure the market risk in the Combined portfolio. 

1.3 Loan Portfolio Description 
The Loan portfolio consists mainly of loan and lease contracts issued to customers.  A loan to a 
customer is normally secured by the equipment involved in the financing.  With lease financing, 
the Division owns the equipment but we treat the cash flows in lease contracts the same way as 
those in loan contracts.  Since most of the equipment produced by the Corporation is expected to 
have little or no financial value beyond five years, this effectively limits the length of the customer 
contracts.  Most loans and leases have maturities between three and five years.  Fixed-rate 
financing is the most popular alternative but there are also contracts with floating-rate interest.  
Loan amortization schedules vary; some loans fully amortize over the life of the loan while others 
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require a lump sum payment of the remaining principal balance (a “balloon” payment) at the 
loan’s maturity. 

1.4 Funding Portfolio Description 
So far, the Funding portfolio has mostly consisted of contracts that are offsets to contracts held 
in the Loan portfolio.  As we described in Section 1.2, this will change in the near future.  
According to the Division’s management, the Division enjoys a full range of funding alternatives 
from the Corporation, including fixed- and floating-rate instruments.  Maturities can range from 
overnight to several years.  Amortization schedules can be structured as fully amortizing, involve 
a balloon payment at maturity, or have no amortization at all.  Various types of plain vanilla 
interest rate derivates (such as caps, swaps and European-style swaptions) are also available but 
are rarely used.  Interest rate swaps will be the only kind of derivative that will be included in our 
analysis. 
  
Here it is important to remember that the Loan portfolio generates more income than what is 
necessary to service the debt in the Funding portfolio.  In the absence of new transactions, there 
will thus be an accumulation of cash.  Excess cash can be used to pay down existing debt.  The 
Division can also invest excess cash although the investment alternatives are very limited.  The 
only two alternatives available are to keep the excess as cash in a bank account, or to make a 30-
day deposit with the Corporation. 

1.5 Objective 
The main objective of this thesis is to devise a method that optimizes the funding of the 
Division’s Loan portfolio.  A secondary objective is to find a way to measure the current market 
risk in the Division’s Combined portfolio. 

1.6 Limitations 
In order to reach our main objective, to optimize the funding of the Division’s Loan portfolio, 
we construct, implement and validate three different optimization models.  These models 
maximize the expected utility of the value, in SEK, of the Division’s Combined portfolio. 
 
The optimization models find optimal solutions to stated mathematical programming problems 
containing market risk conditions and are based upon assumptions supported by the Division.  In 
other words, the basic underlying assumptions of the models are made in accordance with the 
Division’s general view of market fundamentals. 
 
The secondary objective, to find a way to measure risk in the current Combined portfolio, is 
reached by using simulation based risk measures.  Other ways of calculating risk, such as 
parametric Value at Risk, are not considered.  When we measure the market risk in the current 
Combined portfolio, the Funding portfolio is expressed as positions in specified financial 
instruments. 
 
We assume that the Corporation can obtain funding at market interbank lending rates.  We also 
assume that the Division can borrow money from the Corporation under the same conditions.  
Effectively, we assume that all (except for the investment alternative discussed below) transaction 
costs (commissions and spreads) are set to zero.  However, we apply a spread to the interest rate 
received by the Division on 1-month deposits with the Corporation. 
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Migration risk, i.e. the risk that the Corporation’s credit rating will move in a disadvantageous way 
(for both the Corporation and the Division) and thus make it more costly for the Division to 
raise capital, is not taken into account. 
 
We examine the loan and lease contracts in the Division’s Loan portfolio.  The included 
currencies are EUR, SEK and USD – contracts in other currencies are excluded. 
 
Even though credit risk in the Loan portfolio is an interesting and important aspect of the 
Division’s operations, credit risk is not considered in this thesis.  Hence, all of the Division’s 
customer contracts are considered to be default-free. 
 
Principal component analysis, which is a technique used to reduce the total number of risk 
factors to be simulated, is employed in our analysis.  We assume that, within a currency’s interest 
rate term structure, three principal components are sufficient to model the interest rate dynamics. 
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Chapter 2 Method 

2.1 Overview 
We consider two separate problems.  The “Optimization problem” is to find the optimal way of 
funding the Loan portfolio, given the composition of the Loan portfolio, the current cash 
position, a risk limit, and the present value of the total debt.  The solution to this problem 
accounts for a vast majority of the work in this thesis.  The secondary problem, the “Risk 
Measurement problem”, is to calculate the current market risk in the Combined portfolio given 
that the Funding portfolio is expressed as positions in the specified financial instruments.  The 
market risk is, in both problems, expressed in terms of Value at Risk and Conditional Value at 
Risk.  In this section, our approach to solving the Optimization problem is described.  As will be 
discussed later in this thesis, the Risk Measurement problem can easily be solved using the same 
simulation methodology that we develop for the Optimization problem in this chapter. 
 
The characteristics (maturity, fixed or floating interest rate, etc.) of the contracts in the Loan 
portfolio are to a large degree governed by the desires of the customers to whom financing is 
provided.  The Division has little ability to influence the composition and risk characteristics of 
the Loan portfolio.  However, by adjusting the way that the Division borrows money from the 
Corporation – in other words, by changing the composition of the Funding portfolio – the 
Division can alter its market risk profile to desired levels.  Hence, our problem becomes a 
problem of deciding the makeup of the Funding portfolio with respect to both currencies and 
maturities.   
 
We provide the answer to the Optimization problem in terms of positions in a number of 
different financial instruments (the “Funding instruments”).  We have chosen to use three 
different sets of Funding instruments for three different mathematical models.  In the first model 
(the “Zeros Model”), the Funding instruments are a number of zero-coupon bonds of several 
different maturities and denominations in EUR, SEK and USD.  In the second model (the “Swap 
Model”), the Funding instruments are zero-coupon bonds maturing in six months as well as 7-
year interest rate swaps, denominated in the three different currencies.  The third model (the 
“Extended Swap Model”) has 1- and 6-month zero-coupon bonds as well as 7-year interest rate 
swaps, denominated in all three currencies, as Funding instruments.  These three mathematical 
models will be referred to as the “Optimization models”. 
 
We want to analyze the risk-return characteristics of the Combined portfolio when we only allow 
positions in the Funding instruments in the Funding portfolio.  More specifically, we want to 
consider specific sets of positions in the Funding instruments that meet the funding need and do 
not violate the risk condition.  Let’s call each of these sets a “Possible Funding portfolio”.  Our 
goal is to find the Possible Funding portfolio that generates the highest possible return. 
 
The total amount of funding that is needed depends on the Division’s current cash position and 
the total present value of the Division’s debt to the Corporation.  For example, let’s say the 
current cash position is 200 MSEK and the present value of the Division’s debt in all three 
currencies combined is 500 MSEK.  This means that the Division has a net funding need of 300 
MSEK.  Our Optimization models determine how this amount should be raised using the 
Funding instruments.  If we for example use the Zeros Model, the output from our model could 
say that cash should be 0 MSEK and the 300 MSEK should be funded in USD at maturities 
ranging from one month to two years.  The output could also suggest that the Division should 
raise its capital by only selling EUR bonds, or perhaps by selling a combination of bonds in two 
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or three currencies.  If we instead use the Swap Model, the output could say that 300 MSEK 
should be raised by selling the 6-month USD bond and that the equivalent of 250 MSEK should 
be swapped out using the USD denominated swap.  The format of the output thus differs 
between the Optimization models. 
  
To be able to price the Loan and Possible Funding portfolios in SEK, a full yield curve is 
required for each of the three currencies.  We also need the SEK/EUR and the SEK/USD 
exchange rates.  To simulate the behavior of the yield curves and the exchange rates over a given 
period of time, we generate multiple market rate scenarios using principal component analysis 
and Monte Carlo simulation.  Our approach to generate these scenarios will be described in 
Section 2.5.  With each of the generated scenarios, we have a new set of yield curves and 
exchange rates from which we can calculate prices for all the Funding instruments as well as the 
present values of the contracts in the Loan portfolio.  These prices and values allow us to revalue 
the Loan Portfolio and the Possible Funding portfolios in each scenario at the end of the 
simulation period.  We can also obtain different combinations of Loan and Possible Funding 
portfolios, which will be referred to as “Possible Combined portfolios”.  For each of these 
Possible Combined portfolios, we can calculate the return in each of the scenarios. 
 
We want to find the optimal Possible Funding portfolio.  This portfolio will generate the most 
advantageous distribution of returns that we can possibly achieve given the Division’s current 
Loan portfolio, cash position, current debt levels and stated risk limit.  
 
By comparing the distribution of returns for the Possible Combined portfolios, we can find the 
optimal Funding portfolio.  This portfolio is characterized by positions in the Funding 
instruments and these positions act as output from our models.  The main objective of this thesis 
is to build three optimization models that present the optimal solution in three different ways. 
 
We use optimization models based on stochastic programming to find the composition of the 
optimal Funding portfolio.  In our context, an optimal Funding portfolio is a portfolio that 
maximizes the expected value (actually, the expected utility of the portfolio value – we will discuss this 
distinction later) of the Combined portfolio, subject to the constraint that a given risk measure in 
the Combined portfolio must not exceed a specified limit.  Important inputs to the Optimization 
models are the current holdings in the Loan portfolio, the funding need, the current prices of the 
Funding instruments and their prices in all the generated scenarios, and the level of risk that the 
Division deems acceptable. 
 
In the model testing phase, we want to determine whether our models generate superior returns 
compared to the Division’s current approach.  We also want to determine whether our models 
generate reliable risk estimates.  To answer these questions, we backtest the models against 
historical data. 

2.2 Risk Factors 
The risk factors of interest are the market variables that determine the prices of the Funding 
instruments and the value of the Loan portfolio.  Since we want to maximize the Division’s profit 
in SEK, all these prices and values are expressed in SEK.  Therefore, the prices and values 
depend not only on the yield curves in EUR, SEK and USD, but also on the SEK/EUR and the 
SEK/USD exchange rates. 
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2.3 Valuation Methodologies 

2.3.1 Fixed-Rate Assets and Liabilities 
The contracts in the Division’s Loan and Funding portfolios generate numerous cash flows 
distributed over a large number of dates.  With the fixed-rate contracts, we know the timing and 
the amount of each of the payments in the contract.  We obtain their individual present values by 
discounting their nominal amounts with the appropriate spot zero rates. 

2.3.2 Floating-Rate Assets and Liabilities 
With floating-rate contracts, the amounts of the future payments are generally not known.  The 
only known payment amount is that of the next payment due.  Because of this, it is impossible to 
employ the same valuation technique as for the cash flows generated by fixed-rate contracts.  
However, as Hull (2003, p. 137) explains, we do know that a floating-rate contract will be worth 
exactly the remaining principal balance immediately after the next payment has been made.  The 
value of a floating-rate contract can thus be calculated, at any time, as  
 
 ( ) treNPRPP ⋅−⋅+=  (1)
 
where RP  is the remaining principal after the next payment, NP  is the amount of the next 
payment due, t  is the time between the valuation date and the next payment date in years, and r  
is the continuously compounded interest rate for a t-year maturity. 

2.3.3 Swaps 
Some of our Funding instruments are interest rate swaps.  We include swaps where a floating 
interest rate is received and a fixed interest rate is paid.  Hull (2003, pp. 134-137) shows that the 
value of such a swap, at any time, can be calculated as 
 
 

fixflswap BBV −=  (2)
 
where flB  is the value of the floating rate bond underlying the swap and fixB  is the value of the 
fixed rate bond underlying the swap.  The value of flB  is at any time  
 
 ( ) 11* tr

fl ekLB ⋅−⋅+=  (3)
 
and the value of fixB  is at any time  
 
 

nnii tr
n

i

tr
fix eLekB ⋅−

=

⋅− ⋅+⋅= ∑
1

 (4)

 
where L  is the notional principal amount, k  is the fixed payment made on each payment date 
( *k is the known floating rate payment that will be made on the next payment date), it  is the time 
to the i:th payments are to be exchanged ( )ni ≤≤1 , ir  is the zero rate corresponding to maturity 

it  and n  is the number of exchanges of payments in the agreement.  The next exchange of 
payments to be made is represented by 1=i .  In other words, the time to the next exchange of 
payments is 1t  and the interest rate that corresponds to this maturity is 1r .  The swap rate, which 
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is the fixed rate of the swap agreement, is calculated by assuming that a swap is worth zero at the 
time of its initiation. 

2.3.4 Cash 
We include cash holdings in SEK in the Optimization models.  The Division has explained that 
cash holdings in EUR and USD are normally converted into SEK.  Therefore, we assume that 
there are no cash holdings in foreign currencies.  Since it is possible for the Division to put excess 
cash in SEK into a 1-month deposit with the Corporation, we include this investment alternative 
in our models.  To simplify matters, we assume that all surplus cash is deposited in cash accounts 
with the Corporation and earns the 1-month interest rate available from the Corporation.  As 
mentioned earlier, a spread is attached to the 1-month deposit rate (this spread will be discussed 
later in further detail). 

2.4 Funding Instruments 
The Funding instruments included in the Optimization models are zero-coupon bonds of 
different maturities and 7-year interest rate swaps.  These instruments are denominated in EUR, 
SEK and USD.  The holdings in these instruments act as decision variables in the Optimization 
models.  Holdings in the zero-coupon bonds are always short, meaning that they can only 
function as vehicles for borrowing.  The Division cannot invest funds in these instruments.  
Holdings in the interest rate swaps are always long since the Division can only receive a 6-month 
floating rate of interest and pay a 7-year fixed rate.  Although the Division cannot invest money 
using the zero-coupon bonds, it is always able to reduce or increase the amount borrowed at the 
specific maturities.  All Funding instruments are valued according to the valuation methodologies 
presented in Section 2.3. 

2.4.1 Zeros Model 
Our aim with the Zeros Model is not to recommend what instruments the Division should 
actually use in order to obtain the positions suggested by the model but merely represent the 
optimal funding structure in a way that can easily be interpreted.  For the Zeros Model we have 
chosen the following Funding instruments: 
 
• Six zero-coupon bonds denominated in EUR. 
• Six zero-coupon bonds denominated in SEK. 
• Six zero-coupon bonds denominated in USD. 
 
The maturities of the bonds are the same in each of the currencies and are as follows: 
 
1m   6m   1y   2y   4y   6y 
 
We use relatively few different bond maturities to limit the number of transactions needed to 
obtain the suggested positions in the Funding instruments. 

2.4.2 Swap Model 
The Swap Model is incorporated in this thesis because of a statement made by the Division that 
the cheapest way of funding a portfolio is to use only a 6-month borrowing and a 7-year interest 
rate swap.  The only available way of borrowing money with this model is to use the 6-month 
zero-coupon bonds.  Within a currency, the largest amount of the 6-month borrowing that can be 
swapped out for a 7-year fixed rate is the total amount borrowed in that currency.  The Funding 
instruments for this model are thus defined as follows: 
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• Three 6-month zero-coupon bonds denominated in EUR, SEK and USD. 
• Three 7-year interest rate swaps denominated in EUR, SEK and USD. 

2.4.3 Extended Swap Model 
The Division also wants to test a third model, the Extended Swap Model, that looks much like 
the Swap Model besides the fact that this model includes a 1-month borrowing in addition to the 
6-month borrowing.  Again, the largest amount that can be swapped out within a currency is the 
total amount borrowed using the 6-month zero-coupon bond in that currency.  Note that there is 
no swap available with a 1-month floating rate of interest.  For the Extended Swap model, the 
Funding instruments are defined as follows: 
 
• Three 1-month zero-coupon bonds denominated in EUR, SEK and USD. 
• Three 6-month zero-coupon bonds denominated in EUR, SEK and USD. 
• Three 7-year interest rate swaps denominated in EUR, SEK and USD. 

2.5 Scenario Generation 
An important input to our Optimization models is a large number of interest rate and exchange 
rate scenarios.  Each of these scenarios must include a set of plausible changes in the market 
interest and exchange rates that determine the value of the assets and liabilities in the portfolios.  
With each of these scenarios, we use the respective sets of market rates to revalue the Loan 
portfolio and the Possible Funding portfolios.  The aim of this section is to outline the 
methodology that we employ to generate interest and exchange rate scenarios. 

2.5.1 Monte Carlo Simulation 
Monte Carlo (MC) simulation is a method used to estimate a future distribution of a stochastic 
variable.  One of the applications of MC simulation is to value financial instruments of different 
kinds.  When you want to value a certain instrument, you generate sample values (“scenarios”) for 
the risk factor that determines the value of the instrument.  A drawback with this method is that 
you need to generate a large number of scenarios in order to obtain a good approximation of the 
actual distribution.  With each risk factor scenario, it is possible to value the instrument itself.  
Another application of MC simulation is to calculate non-parametric risk measures such as VaR 
and CVaR for a single instrument or a portfolio of instruments.  We will describe in detail how to 
calculate these risk measures for the Combined portfolio in Section 2.6. 
 
In our case, we want to derive plausible future distributions for the risk factors outlined in 
Section 2.2.  We do this according to a method that we present later in this section. 

2.5.2 Conditions on the Characteristics of the Scenario Generation Model 
When constructing a model for interest rate scenario generation, it is essential to decide on which 
assumptions you want to base your model.  In our case this meant, among other things, 
examining the Division’s view on the way that the yield curve can be used to give reasonable 
estimates concerning future interest rates.  Some of the relevant questions were: 
 
• Are the forward rates that can be derived directly from the existing yield curve good estimates 

of future interest rates? 
• Can you expect to profit from “playing the yield curve”?  When short-term rates are low and 

the yield curve is upward sloping, can you obtain a higher portfolio return by employing 
short-term borrowing?  Does the opposite hold with an inverted (downward sloping) yield 
curve? 
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After posing relevant questions to the senior managers within the Division, we came to the 
conclusion that the Division does not believe that the yield curve predicts future interest rates 
with a high degree of accuracy.  For example, the Division believes that when short-term interest 
rates are low compared to longer-term rates, it is more than likely that you will gain from rolling 
over short-term borrowing instead of borrowing long term when financing a loan portfolio with 
relatively long duration.  In essence, you can profit from playing the yield curve. 
  
The conclusion in the previous paragraph lead to the decision to choose an interest rate model 
that does not fit today’s term structure perfectly.  In a so-called no-arbitrage model, expected 
future spot interest rates are equal to the current forward rates.  The theory that such a model 
builds upon entails – as the name implies – that no immediate profits can be made without 
involving any risk.  In such a model, we know e.g. that the expected gain from funding a long 
duration loan portfolio by rolling over short-term borrowing instead of borrowing long-term is 
zero.  Therefore, we cannot use a scenario generation model in the class of no-arbitrage models. 
 
Another desired characteristic of our model is that it should not allow for negative interest rates.  
Intuitively, negative interest rates very rarely make economic sense.  
 
Since we want to optimize the funding of a portfolio with multiple currencies, we must also 
incorporate exchange rate movements in our scenarios.  This complicates matters because there 
are correlations between changes in the respective yield curves, and these interest rate changes 
also correlate with the exchange rate movements.  The model must capture these correlations in a 
plausible manner and be able to simultaneously generate scenarios with new interest rates and 
exchange rates. 
 
In this thesis, we only examine yield curves (and the corresponding exchange rates) in three 
currencies.  However, the Division has positions in multiple other currencies and it is potentially 
interesting to include these currencies as well in this model.  Since each yield curve could 
theoretically include an unlimited number of risk factors, each inclusion of a new currency will 
significantly increase the computational work required to generate scenarios.  It is therefore 
desirable to employ a model where we can reduce the number of risk factor movements that we 
simulate to generate scenarios. 
 
The final, and perhaps most important, characteristic that we want our model to exhibit is 
simplicity.  An exceedingly complex model is not only difficult to comprehend and explain, but  
also difficult to implement and calibrate. 
 
To sum up, we spell out the following desired characteristics for our scenario generation model:  
 
• We do not want a no-arbitrage model. 
• The model should generate scenarios with changes in interest rates in multiple currencies as 

well as changes in the exchange rates between the currencies.  The interconnection between 
interest rate and exchange rate movements should be considered. 

• Reduction of the number of risk factors should be possible. 
• Model complexity should be limited. 

2.5.3 Possible Scenario Generation Techniques 
Having in mind the model characteristics that we outlined in the previous section, we reviewed 
several approaches suggested by different authors.  Among those we studied, the ones we found 
to be the most applicable to multi-currency modeling were presented by Hakala (1996), 
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Jamshidian and Zhu (1997), Beltratti, Consiglio and Zenios (1998), and Reimers and Zerbs (1998 
and 1999).   

2.5.3.1 Previous Work on Multi-Currency Scenario Generation  
Having carefully reviewed the works mentioned above, we found that Hakala focuses a great deal 
on the dynamics of changing interest rate and exchange rate volatilities.  However, she models 
the yield curve’s rate levels using only two points, a short rate and a long rate.  This approach 
does reduce the number of risk factors needed to model an entire yield curve (which we stated as 
a goal above) but it omits important information about the levels of interest rates with mid-term 
maturities as well as the mid-term rates’ correlations with the rest of the yield curve.  Since our 
aim is to optimize portfolio return while controlling risk across the whole yield curve, we 
consider this approach inappropriate for our purposes. 
 
Jamshidian and Zhu (1997) use principal component analysis (PCA) as a basic building block in 
their scenario generation methodology.  PCA is an approach that helps to reduce the number of 
risk factors to be simulated.  The PCA methodology outlined by Jamshidian and Zhu is very 
similar to the PCA methodology described by Reimers and Zerbs (1999).  (The details of PCA 
will be discussed extensively later in this report.)  According to Jamshidian and Zhu, PCA works 
well for simulating the dynamics of a yield curve.  Also, since the reduction of the number of risk 
factors to be simulated is one of our stated goals, Jamshidian’s and Zhu’s methodology provides a 
good starting point for our scenario generation model. 
 
We also note that in Jamshidian and Zhu (1997), a yield curve is modeled as a vector of zero 
coupon rates.  The future values of these rates are governed by the expectations theory.  This theory 
states that a forward interest rate for a certain period equals the expected zero coupon rate for 
that period (Hull 2003, p. 102).  Basically, this is the no-arbitrage framework that we outlined 
above and that we concluded would not work for our scenario generation.  Apparently, some 
changes to Jamshidian’s and Zhu’s model are needed to make it fit our purposes. 
 
Beltratti, Consiglio and Zenios (1998) present a model based on the Black-Derman-Toy (BDT) 
interest rate model.  BDT is a single-factor interest rate model that models the dynamics of a 
single yield curve by modeling changes in the short rate in that currency.  The BDT model serves 
as a basic building block in the authors’ model, and the authors’ show how BDT can be applied 
to model several yield curves and exchange rates simultaneously.  In this model, we note that 
forward interest rates are equal to the expected future zero coupon rates.  We are again back to a 
no-arbitrage framework. 
 
There are several different ways to model the interrelationships between interest rates and 
exchange rates, as demonstrated by the contents of the articles that we have referenced above. 
However, Hakala does not provide a detailed enough yield curve model for our study, and the 
models presented by Jamshidian and Zhu and Beltratti, Consiglio and Zenios are both in the no-
arbitrage framework.  We reiterate that we need a model that is not in the no-arbitrage framework.   
 
In the two articles by Reimers and Zerbs that we mentioned previously, the authors describe and 
test a scenario simulation model in which expected future interest rates are not equal to the 
forward rates.  Also, just like Jamshidian and Zhu, Reimers and Zerbs base their model on the 
factor-reducing PCA technique.  In these important respects (and others that we will describe 
later), Reimers’ and Zerbs’ scenario generation model seems to provide a good fit to our desired 
model characteristics.  In this study we follow the approach taken by Reimers and Zerbs to 
generate scenarios, but with some adjustments.  In Section 2.5.4, we will describe in detail the 
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fundamentals of the Reimers and Zerbs model as well as the changes that we make to their model 
for our scenario generation. 

2.5.3.2 The Expectations and Liquidity Preference Theories  
In the previous sections, we explained that in a no-arbitrage model, expected future interest rates 
are equal to the current forward rates.  We also stated that these models are based on the 
expectations theory.  Here we want to describe this theory in more detail. 
 
The expectations theory of the term structure is defined in several different ways in the literature.  
In its most basic form, the expectations theory is often referred to as the pure expectations theory.  
This is the theory that we described above in which the forward interest rate for a certain period 
equals the expected zero coupon rate for that period.  In the pure expectations theory, forward 
rates exclusively represent the future spot rates.  For a more detailed description of this theory, see 
e.g. Johnson, Zuber and Gandar (1999). 
 
When Campbell and Shiller (1991) refer to the expectations theory, they state that an n-year zero 
coupon interest rate consists of an average of the current and expected short rates during n years 
plus a liquidity premium that remains constant through time.  An immediate implication of this 
version of the expectations theory is that the expected future interest rates are not equal to their 
corresponding forward rates today.  Note that this is a common definition of the expectations 
theory.  It is used by e.g. Fama and Bliss (1987) and Engsted (1993).  In the remainder of this 
report, when we use the term “expectations theory”, we will be referring to this definition. 
 
There is a large body of research around the expectations theory and two central themes emerge 
as you study this research.  First of all, many researchers are trying to determine the size of the 
liquidity premium for different maturities, and whether the liquidity premium changes or remains 
constant over time.  One well known version of the expectations theory is the liquidity preference 
theory (LPT), in which the liquidity premium is a strictly increasing function of maturity.  
According to LPT, investors are risk-averse and demand a greater return for securities with 
longer maturities (see e.g. Johnson, Zuber, and Gandar (1999)).  As Fama and Bliss (1987) 
explain, the greater the maturity, the greater the required return.  This in turn results in a spread 
between forward interest rates and the expected future spot rates. 
 
Unfortunately, the evidence supporting LPT is far from conclusive.  While some researchers have 
found evidence that the liquidity premiums do always increase with maturity (see e.g. Dhillon and 
Lasser (1998)), others (see e.g. Longstaff (1990) and Fama and Bliss (1987)) have found that the 
ordering of the liquidity premiums across maturities can change with time, depending on such 
factors as variations in volatility across the term structure and the level of interest rates. 
 
A second research theme related to the expectations theory is whether current forward interest 
rates can be used to forecast future spot rates.  The evidence is conflicting here too.  Most of the 
research seems to find little evidence that forward rates can help predicting future spot rates.  
However, there is also documented evidence to the contrary, maybe most notably in Fama’s and 
Bliss’ famous paper (1987) but also in e.g. Dhillon and Lasser (1998), and in Diebold and Li 
(2002).   
 
LPT is of interest because it presents us with an opportunity to model the dynamics of a yield 
curve outside the no-arbitrage framework. Given that there is at least some evidence that forward 
rates can improve spot rate forecasts and that liquidity premiums can be estimated with historical 
interest rate data, we thought it would be interesting to perform a quick and dirty study of LPT.  
The details of this study are included in Appendix A.  We used historical interest rate data from 
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the period January 1988 – August 2004, and we included data for the SEK and USD term 
structures as well as for the DEM (in lieu of the EUR). 
 
In our LPT study, we found evidence that liquidity premiums do seem to increase with maturity.  
However, we also found that the data set we used implied very large liquidity premiums in 
relation to the current level of interest rates, especially for longer maturities.  If we were to 
incorporate these premiums into our scenario generation model, this would mean that our 
expected future spot rates would be exceptionally low, in some instances even negative.  Given 
this result, we decided not pursue this avenue of inquiry any further.  As mentioned earlier, we 
instead follow the scenario generation approach taken by Reimers and Zerbs, with some 
adjustments.  In the model that we employ, the expected future interest rates are equal to the 
current interest rates.  This model is outlined in detail in the following section. 

2.5.4 Model for Generating Scenarios 
In Reimers and Zerbs (1999), the authors present a model for the simulation of interest rates in a 
single currency.  We follow their approach for the simulation of the term structures in our three 
individual currencies, making some adjustments. 

2.5.4.1 Principal Component Analysis for a Single-Currency Term Structure 
The simulation is driven by principal component analysis (PCA), an approach that helps to 
reduce the number of risk factors to be simulated.  The idea behind PCA is that market interest 
rates are typically highly correlated.  If you study historical movements in n different interest 
rates, you can find a set of k uncorrelated risk factors – where k < n – that explain a large 
percentage of the movements.  These are the principal components (PCs) in the analysis.  By 
simulating the k PCs instead of the interest rates themselves, you thus reduce the computational 
cost while maintaining a high and measurable degree of model precision. 
 
A yield curve can be described using a potentially unlimited number of interest rates; hence, 
without any reduction in risk factors we would need to simulate the movements of a large 
number of interest rates.  With PCA, the number of risk factors can be significantly reduced.  
Jamshidian (1997) shows examples in the DEM, JPY, and USD currencies where three PCs 
explain 93-96% of the changes in the spot rates.  Reimers and Zerbs (1998) use PCA on five 
currencies (DEM, FRF, ITL, JPY, and USD) and find explanatory levels in the range of 95-99%. 
 
In our analysis, forward interest rates are used instead of spot rates.  Forward rates are preferred 
since the spot rates contain redundant data.  For example, the 3-year spot rate encompasses the 
1-year spot rate and the 1-2y and 2-3y forward rates.  These two forward rates are also 
encompassed in the spot rates for maturities exceeding three years.  Simulating spot rates thus 
entails simulating segments of the yield curve more than once.  By instead simulating the forward 
curve, we avoid this redundancy in the simulation. 
 
We illustrate the workings of PCA with an example.  Please see Reimers and Zerbs (1999) or 
Jamshidian and Zhu (1997) for more details on PCA. 
 
This PCA example is calculated as of August 25, 2004.  The historical data used in this example 
contains interest rate observations from approximately a two-year time period.  We have used 528 
daily observations.  The term structure is defined by the 13 forward rates shown in Table 1. 
 
First, historical zero curves are derived using the bootstrap method on SEK STIBOR deposit 
rates for maturities up to one year and STIBOR swap rates for maturities ranging from one to ten 
years.  Then, historical forward rates are extracted from the zero curves.  All time series of 
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forward rates are now transformed into time series of log rates.  We these time series, we derive 
the covariance matrix of the log rates.  In this example, and in our testing of the Optimization 
models, the covariance matrix is calculated using sample variances of the log rates.  Eigenvalues 
and eigenvectors of the covariance matrix are then calculated and the eigenvectors related to the 
greatest eigenvalues are chosen to act as the principal components.  In this example, we have 
chosen to include three PCs, meaning that the eigenvectors related to the three greatest 
eigenvalues of the covariance matrix are selected.  As explained in Section 1.6, three PCs are also 
used for each currency’s interest rate term structure in the testing of the Optimization models. 
 
The first PC explains 81.95% of the total variance.  With two and three PCs, the total variance 
explainable is 95.27% and 97.08%, respectively.  With one unit of PC1, showed in Table 1, the 0-
1m log rate decreases by 0.5574 units, and the 1-3m log forward rate decreases by 0.5443 units 
and so on.  Upon examining the elements representing PC1 in Table 1, substantial changes to the 
forward rates with near forward starts can be spotted.  The changes are much smaller for rates 
starting at later points in time.  PC2 roughly represents a “twist” of the forward curve, making the 
longer rates move against the shorter.  With one unit of PC2, the 0-1m log rate decreases by 
0.2216 units, and the 1-3m log forward rate decreases by 0.1130 units, while the 1-2y and 2-3y log 
forward rates increase by 0.4593 and 0.4304 units, respectively.  When examining the third PC3, 
in Table 1, only small absolute values can be identified, except for the 8-9y and 9-10y log forward 
rates. 
 

Terms PC1 PC2 PC3
0-1m -0.5574 -0.2216 -0.0434
1-3m -0.5443 -0.1130 -0.0333
3-6m -0.4780 0.0227 0.0126

6-12m -0.3577 0.2381 0.0644
1-2y -0.1722 0.4593 0.0277
2-3y -0.0680 0.4304 0.0378
3-4y -0.0163 0.3861 -0.0037
4-5y 0.0166 0.3257 -0.0393
5-6y 0.0235 0.2742 -0.0132
6-7y 0.0251 0.2514 -0.1123
7-8y 0.0169 0.1876 -0.0517
8-9y 0.0135 0.1645 -0.7155
9-10y 0.0123 0.1701 0.6794  

Table 1: The principal components of the Swedish log rates. 

 
A graphical representation of the data shown in Table 1 is shown in Figure 1.  



 15

 
Figure 1: A graphical representation of the PCs for the Swedish log forward rates. 

 
Reimers and Zerbs (1999) and Frye (as cited in Hull, 2003, p. 361) show examples of PCA using 
three PCs.  In these examples, the PCs are calculated using daily interest rate data from 
approximately seven years.  The authors observe that the first PC can be interpreted as a parallel 
shift of the yield curve.  They also note that the second PC represents a “twist” of the yield curve.  
Hull (2003) describes the third PC as a “bowing” of the yield curve while Reimers and Zerbs 
(1999) call this a “butterfly movement”.  When we increase our number of forward interest rate 
observations from 528 to 1,496, the three dominant PCs display characteristics similar to those 
described by the authors above. 
 
The three orthonormal column vectors in Table 1, i.e. the three PCs, construct a matrix B.  This 
matrix will be essential when we later simulate the movements of the PCs.  The individual 
elements within B are referred to as bij.  These individual elements describe how sensitive the 
original log rates are to changes in the different PCs.  In this example, three PCs manage to 
explain a great deal (over 97%) of the total variance and hence these three components are 
regarded as adequate for the analysis.  Tentatively, we would like the cumulative percentage of 
total explainable variance in our PCA to be greater than 95%.  Later on in the thesis, we discuss 
results from a test performed to examine if three PCs are sufficient to produce explanatory levels 
greater than 95%. 
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Principal 
Component

Percentage of 
Total Variance

Cumulative Percentage of 
Total Variance

PC1 81.95% 81.95%
PC2 13.32% 95.27%
PC3 1.81% 97.08%  

Table 2: The percentage of total variance explainable by the different PCs.  

2.5.4.2 Modeling the Movements of the Principal Components 
Having found the PCs that explain the most of the movements in the log rates, we want to 
describe and simulate the movements of the PCs.  According to Reimers and Zerbs (1999), we 
can accomplish this by introducing state variables that represent the behavior of the included 
PCs.  Reimers and Zerbs refer to the state variables as jx  (where j signifies a PC) and state that 
the state variables follow Ornstein-Uhlenbeck processes (for more about these processes, again 
see Reimers and Zerbs (1999) and the references therein): 
 
 

jjjjj dzdtxadx ⋅+⋅⋅−= σ  (5)
 
where ja  is the mean-reversion speed, jx  is the level of the state variable, and jσ  is the volatility 
of the changes in the levels of the state variables. The random shocks to the j:th PC are represented 
by jdz  which is a Brownian motion.  Note that in order to use Equation 5 and incorporate the 
mean-reversion feature, each interest rate’s long-term target rate needs to be calculated and the 
state variable histories need to be derived according to the method described by Reimers and 
Zerbs (1999).  We have chosen to model the behavior of the state variables without the mean-
reversion feature.  Hence, our model description differs from the one outlined by Reimers and 
Zerbs (1999).  Our process for the state variables is simply 
 
 

jjj dzdx ⋅= σ  (6)
 
where the notations coincide with those above.  The mean-reversion feature is ignored since we 
want to keep the model simple. 
 
Individual interest rates ir  are modeled as 
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where i is an index to a certain forward rate (with a specified maturity and future start date) in the 
set of forward rates chosen to represent the term structure.  Since we use the forward rates in 
Table 1 to represent the term structure, each ir  thus represents one of the 13 forward rates in 
that table.  With the definition in Equation 7, interest rates are always positive.  iy  is given by 
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2.5.4.3 Calibration of the Model 
The next step in the model is to determine the implied state variable histories.  To do this, we use 
the same calibration period (the same interest rate data sets) that was used to calculate the 
covariance matrix for the interest rates that represents our term structure.  With the PC 
sensitivities that we have calculated in B , we need to calculate the levels of jx  (the state 
variables) that correspond to the interest rate levels in the respective data sets.  Let the 
observation period for our data sets be [ ]Tt ,0  and let it be divided into M daily observations 
denoted by Mmtm  ..., ,2 ,1  , = .  Equation 8 can be written in vector form as BXY = , where 
Y is a column vector containing the i forward rates, and X  is a column vector consisting of the k 
PC levels.  BXY =  can also be written as XYB =−1  and since the columns of B  are 
orthonormal vectors, TBB =−1 .  Hence, YBX T= .  This can also be expressed as  
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where ijb  is the element in B  that corresponds to forward rate i and PC j.  We use Equation 9 to 
determine the state histories.  With the time series of state variable levels that we get from 
Equation 9, we can determine a corresponding time series of changes in the variable levels with 
 
 Mmtxtxtdx mjmjmj  ..., ,3 ,2  ,)()()( 1 =−= −  (10)
 
We estimate the variance 2

jσ  (previously used in Equation 6) of the state variable changes by 
calculating a sample variance of the changes in the variable levels in the implied state histories. 

2.5.4.4 Incorporating Multiple Term Structures Into the Model 
So far, we have only discussed the simulation of interest rates in one currency.  As mentioned 
above, we need to incorporate multiple currencies.  To a great extent, we rely on the two articles 
by Reimers and Zerbs (1998 and 1999) to develop our multi-currency scenario generation model.  
Their work from 1999 only dealt with single-currency modeling.  In 1998, they presented an 
“asset block decomposition” (“ABD”) method, an application of which is to extend the single 
currency interest rate simulation model above to a joint scenario model incorporating multiple 
currencies. 
 
The first step in the ABD method is to divide the risk factors into blocks.  Risk factors are 
divided into asset blocks along currencies and asset types.  Within each currency, there are at least 
three different blocks of risk factors: interest rates (IR), equities, and exchange rates (FX).  In this 
thesis, we are only concerned with interest and exchange rates, not with equities. 
 
The idea behind the ABD method is to extract the principal components within each asset block.  
With an asset block of interest rates it may be necessary to include as many as three or four 
principal components to achieve the desired explanatory level.  Within each block of interest 
rates, one proceeds as described above and constructs the implied state variable histories and 
calculates their variances.  Their respective correlations are obviously zero.  With exchange rates, 
only one PC is needed: the log of the exchange rate itself. 
 
When it comes to generating exchange rate scenarios, a wide number of different empirical 
models are available.  One class of these models, called structural models, focuses on 
macroeconomic fundamental factors that relate to the classical international parity conditions. 
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These parity conditions, or relationships, are Purchasing Power Parity (PPP) and Uncovered 
Interest rate Parity (UIP).  Cumby and Obstfeld (1982) explain the concepts as follows.  PPP, in 
its relative form, states that the rate at which two currencies change over time must equal the 
difference between the national inflation rates.  UIP states that the nominal interest rate 
differential between similar bonds denominated in different currencies must equal the expected 
change in the logarithm of the exchange rate over the holding period. 
 
Meese and Rogoff (1983) test a number of different structural and time series models and 
conclude that none of the tested models outperforms a simple random walk model in forecasting 
exchange rates between major currencies.  Frankel and Rose (1995) draw similar conclusions and 
claim that, at short horizons, a driftless random walk model manages to characterize exchange 
rates better than models based on observable macroeconomic fundamentals.  The random walk 
approach to modeling exchange rates has been implemented by for example Hakala (1996) and 
Beltratti, Consiglio and Zenios (1998) when conducting studies similar to ours. 
 
The approach to model the movements of an exchange rate is similar to the one for interest rates.  
However, since there is only one PC within an FX asset block, we do not need to perform a PCA 
within this block.  Reimers and Zerbs model the process for the one PC in an FX block the same 
way they model the interest rate PCs.  Since adding a drift to an exchange rate process does not 
appear to significantly improve the process’ predictive abilities, we have again decided to depart 
from Reimers’ and Zerbs’ work in this respect.  We have omitted the mean-reverting drift in our 
model.  Accordingly, the process for the FX principal components can be written as follows: 
 
 

FXFXFX dzdx ⋅= σ  (11)
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where 

mt
x  is the exchange rate scenario for period t between two currencies and 

1−mt
x  is today’s 

exchange rate between the same currencies.  FXσ  is the square root of the sample variance of the 
changes in the log exchange rates and FXdz  is a Brownian motion. 
 
Now let’s assume we want to incorporate the USD term structure into our model.  To 
incorporate this second term structure, we must take the following steps: 
 
1. Perform a PCA on the USD term structure in the exact same way that the PCA on the SEK 

term structure was performed. 
2. Calculate the covariances between the SEK interest rate PCs and the USD interest rate PCs, 

using the corresponding time series for the historical implied state variables. 
3. Obtain a time series of historical data for the SEK/USD exchange rate.  Take the logarithm 

of all the individual observations.  This time series will be the state variable series of the PC 
that we use for the exchange rate.  It is thus defined as 
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4. Calculate the variance of the FX PC; this is determined from the FXx  time series. 
5. Calculate the covariances between the FX PC and the SEK and USD interest rate PCs. 
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6. Create a covariance matrix for the three asset blocks and their respective PCs.  Populate the 
matrix with the data that was calculated in steps 2-5 above. 

 
Again, we illustrate with an example.  In this example, we include the USD term structure and we 
use the same instruments to determine the interest rates for the USD term structure that we used 
for the SEK term structure.  The only difference is that we now need USD LIBOR rates instead 
of STIBOR rates.  Having performed steps 1-6, we end up with the following covariance matrix 
for the three asset blocks: 
 

SEK PC1 SEK PC2 SEK PC3 USD PC1 USD PC2 USD PC3
SEK/USD

FX

SEK PC1 0.26 0.00 0.00 0.49 -0.01 0.01 0.04

SEK PC2 0.00 0.04 0.00 0.10 -0.03 0.00 -0.01

SEK PC3 0.00 0.00 0.00 0.00 0.00 0.00 0.00

USD PC1 0.49 0.10 0.00 2.50 0.00 0.00 0.06

USD PC2 -0.01 -0.03 0.00 0.00 0.06 0.00 0.00

USD PC3 0.01 0.00 0.00 0.00 0.00 0.00 0.00

SEK/USD  
FX 0.04 -0.01 0.00 0.06 0.00 0.00 0.01

 
 Figure 2: Covariance matrix created with the ABD method, with three asset blocks. 

 
To incorporate additional currencies and term structures, we follow the same approach and 
continue to extend the covariance matrix.  It should be noted here that Reimers and Zerbs zero 
out certain covariances in their matrix, in order to obtain a sparser matrix which in turn will result 
in lower computation costs during simulation.  They provide evidence that this elimination will 
not significantly degrade model accuracy.  We depart from their approach and simply use the 
covariance matrix as it is. 
 
The matrix in Figure 2 can now be used to generate scenarios and simulate the behavior of all the 
PCs within the different asset blocks.  This is the topic of our next section. 

2.5.4.5 Generating Joint Scenarios 
To generate joint scenarios for the different term structures and the exchange rates, we do the 
following: 
 
1. Generate the random variables for each state variable with Latin hypercube sampling.  (Note: 

Latin hypercube sampling is a variance-reduction technique that can be used in MC 
simulation (see e.g. Obazee, 2002, pp. 343-4).) 

2. Use Cholesky factorization to adjust the random variables according to the correlations 
between the PCs. 

3. Use the adjusted random variables to calculate changes in the state variables, using Equations 
6 and 11. 

4. Use the state variable changes from Equations 6 and 15 to calculate new state variable levels 
and the corresponding market interest and exchange rates. 
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5. Use the new market rates to calculate the prices across all the Funding and Loan portfolio 
instruments.  This vector of prices is used as an input to the Optimization models. 

2.6 Risk Measures 
Given that the Division wants to find the optimal way of funding its Loan portfolio without 
taking on to much risk, a good risk measure is essential.  The risk measure must be easy for 
management to interpret and suitable to act as a part (in our case a constraint) of an optimization 
problem.   

2.6.1 Conditional Value at Risk 
A popular and widely used risk measure is Value at Risk (VaR).  VaR is a measure that is defined 
as the lowest amount ζ such that with probability α  the loss will not exceed ζ during a specified 
time period.  For example, if you choose the probability level α  to be 0.95 and the time period 
to be one week, VaR states the maximum loss that you can expect over a one-week period with 
95% certainty.   
 
Conditional Value at Risk (CVaR) is defined as the conditional expected loss above VaR. 
Therefore it describes how big the losses are expected to be when they exceed VaR.  Palmquist, 
Uryasev and Krokhmal (1999) show how to derive the discrete version of the CVaR expression.  
This version of the CVaR expression is showed in the following equation: 
 
 

α
ζ

−

⋅
+
∑
∈

1
Li

ii yp
 (14)

 
Equation 14 is just the discrete mathematical definition of CVaR, where α−1  is the probability 
that a loss greater than VaR will occur and ∑

∈

⋅
Li

ii yp is the expected value of the difference 

between the simulated loss and VaR.  As we will describe later on in the thesis, a limit on CVaR is 
one of the constraints we have included in our Optimization models.  For details on how we 
incorporate the CVaR constraint, see Chapter 1.  The CVaR limit must be carefully determined 
by senior management within the Division and might be set to a VaR limit as a conservative way 
of setting the risk limit. 
 
Rockafellar and Uryasev (1999) and Uryasev (2000) show that VaR has undesirable mathematical 
features.  For instance, VaR has a lack of subadditivity, resulting in the fact that the sum of the 
VaR of two different portfolios can be greater than the VaR of the combination of the two 
portfolios.  Under most circumstances, the portfolios are not perfectly correlated and therefore 
the VaR of the combination of the two portfolios should not be greater than the sum of the 
individual portfolios’ risk measures.  In addition, Rockafellar and Uryasev (1999) clarify that it is 
problematic to optimize a problem where VaR is used as a risk measure.  Difficulties arise, for 
example, from the fact that VaR then will be non-convex.  Convexity is a key property in 
optimization since it assures that a local optimum is also a global optimum.  The major drawback 
of using VaR as a risk measure is the fact that tail events are not considered.  In other words, 
great losses that might be devastating for a company are not taken into account by using VaR as 
the risk measure of choice.  For more information on the difficulties regarding VaR as a risk 
measure in an optimization problem, we refer to Rockafellar and Uryasev (1999).    
 
According to Uryasev (2000), you can restrict VaR by constraining CVaR because of the fact that 
CVaR always will be greater than VaR.  This means that portfolios with low CVaR also will have 
low VaR.  Uryasev (2000) also shows how to optimize a problem with the CVaR risk measure as 
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a constraint while calculating VaR at the same time.  Since the Division has expressed that they 
want to know the VaR of the Combined portfolio, this is a very useful feature of the CVaR 
approach presented by Rockafellar and Uryasev (1999) and Uryasev (2000). 

2.6.2 Simulation-Based Value at Risk and Conditional Value at Risk 
The parametric (also called delta-normal) approach is the most common way to calculate a 
portfolio’s VaR.  Using this approach, VaR is merely a multiple of the portfolio’s standard 
deviation, which is derived using historical data. This approach is straightforward and adequate 
when dealing with linear instruments and when the risk factors are normally distributed.  A 
parametric VaR could thus easily be calculated for the Division’s Combined portfolio.  However, 
a parametric VaR does not help us reach our main objective and will therefore not be employed 
in this thesis.   
 
The simulation-based calculation of a portfolio’s VaR is based on a number of scenarios, which 
are generated for the underlying risk factors of the portfolio.  In this thesis, our stochastic 
representation of the future term structure and exchange rates of different economies is used to 
generate these scenarios.  Once a scenario is generated, the levels of the risk factors are known, 
and we can do a complete valuation of the Combined portfolio and hence calculate the loss or 
profit for this particular scenario.  This procedure is repeated for all of the various generated 
scenarios.  Each scenario is also given a probability of occurring.  Say for example that 100 
scenarios are generated and the loss related to each scenario is calculated.  The losses are put in 
decreasing order of magnitude in a table. Table 3 is an example of such a table, showing only the 
largest losses’ magnitudes, probabilities of occurring, and their cumulative probabilities.  
Remember that the table only shows a subset of the losses.  
 

Loss Probability Cumulative Probability
100 000 1% 1%
96 000 1% 2%
93 000 1% 3%
88 000 1% 4%
82 000 1% 5%
80 000 1% 6%  

Table 3: An example of a simulation-based VaR and CVaR calculation. 

 
According to Table 3, the 95% VaR is 82 000.  The 95% CVaR of the portfolio will be 91 800, 
which is the mean of the losses greater than or equal to the 95% VaR. 

2.6.3 Market Risk in the Optimization Models 
We set our market risk constraint in the Optimization models (the CVaR measure) to a 
percentage of the total initial wealth (the current value of the Combined portfolio plus cash).  The 
VaR of the optimal portfolio is received as an output from the Optimization models.  Note that 
this VaR measure and the CVaR constraint both pertain to the optimal portfolio suggested by our 
model and not to the Division’s current portfolio.  The solution to the Optimization problem 
does not say anything about the market risk in the Division’s current Combined portfolio.  We also 
include support functions to verify the VaR measure produced by the Optimization models and 
to calculate the CVaR of the optimal portfolio.  These support functions calculate VaR and CVaR 
as described in Section 2.6.2, i.e. according to a simulation-based technique.   
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2.6.4 Solving the Risk Measurement Problem 
To solve the secondary problem, the Risk Measurement problem, we need the current Funding 
portfolio to be expressed as positions in the Funding instruments.  As stated earlier, the solution 
to the Risk Measurement problem conveys the current market risk, measured in terms of VaR 
and CVaR, in the existing Combined portfolio.  In order to find the VaR and the CVaR of the 
current Combined portfolio, we use exactly the same scenario generation techniques as used for 
modeling the interest and exchange rates, i.e. the method described in Section 2.5.4.  VaR and 
CVaR are calculated as described in Section 2.6.2. 

2.7 Stochastic Programming 
Our objective in this thesis is to find a solution to how the Division should fund its Loan 
portfolio.  As said earlier, this is accomplished by implementing three optimization models.  This 
section summarizes some basics regarding optimization by presenting two simple example 
problems together with two simple optimization models.  In the first problem, the input data is 
deterministic.  The second problem treats stochastic input data.  This section also discusses how 
to incorporate the random nature of our underlying risk factors that we discussed above. 
 
Consider a situation in which a company produces and sells two different products, product 1 
and product 2.  The company wants to maximize its profit over a period of time.  It wants to 
know how many units of each product ( 1x  and 2x ) that should be produced and made available 
for sale during the period.  The company’s profit is two SEK per unit sold of product 1 and three 
SEK per unit sold of product 2.  In other words, the profit per unit is deterministic.  Consider the 
demand for product 1 and product 2 to be 80 and 60 units, respectively.  Since the capacity of the 
company’s machinery is limited, only 90 units in total ( 21 xx + ) can be produced.  These 
limitations are called constraints and they all restrict the solution.  Below is the mathematical 
definition of this optimization problem, where z is the objective function of the problem (in this 
case the company’s profit) whose value we want to maximize. 
 
 Objective Function 

21 32 xxzmax ⋅+⋅=  
 

Constraints 
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Figure 3: A mathematical model of a simple optimization problem with deterministic profit input data. 

 
This problem can, since it only includes two decision variables ( 1x  and 2x ), be solved using 
graphical methods.  One would then find the solution 301 =x  and 602 =x .  This solution is 
optimal and does not violate any of the given constraints. 
 
The solution presented above is optimal if we assume that all input data is known with certainty 
when the decision is to be made.  This assumption is not very plausible since it is very difficult to 
accurately predict parameters such as future material costs and market prices.  A more reasonable 
assumption would be to regard the future profit for each product as being stochastic.  We now 
assume that there are two possible future outcomes (note that we use the terms outcome and 
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scenario interchangeably).  We assume that with 60% probability, the profit per unit sold of each 
of the products is one and two SEK, respectively and with 40% probability, the profit is three 
and five SEK, respectively.  We also disregard the fact that the demand for the products is 
limited. 
 
Since future profit levels are stochastic, we choose to straightforwardly maximize the expected 
value of the profit.  Our optimization model will then look like the stochastic programming 
model presented below.  
 
 Objective Function 

( ) ( )2121 534.0216.0 xxxxzmax ⋅+⋅⋅+⋅+⋅⋅=  
 

Constraints 
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Figure 4: A mathematical model of a simple optimization problem with stochastic profit input data. 

 
Note that the probabilities (60% and 40%) are included in the objective function.  This simple 
problem can also be solved by using graphical methods.  Since the expected profit per unit sold 
of product 2 is greater than for product 1 and since the demand for the products is unlimited, we 
will produce as many units of product 2 as possible (90 units).   
 
In our case, the future levels of interest and exchange rates are needed in order to make the right 
funding decision today.  As we have described earlier, these levels are stochastic.  Instead of 
having one possible outcome to optimize with respect to, we have a large number of possible 
market rate scenarios to consider.  The random market variables (or risk factors) are modeled 
using the scenario generation technique presented earlier in the thesis.  Having generated 
numerous scenarios, our objective could then simply be to maximize the expected value of the 
Combined portfolio.  Would this be the way to do it? 

2.8 Expected Utility Theory 
The answer to the question posed in the previous section is that it would depend on the 
Division’s attitude towards risk.  Gollier (2001, p. 3) states that 
 

“Before addressing any decision problem under uncertainty, it is necessary to 
build a preference functional that evaluates the level of satisfaction of the 
decision maker who bears risk.  If such a functional is obtained, decision 
problems can be solved by looking for the decision that maximizes the decision 
maker’s level of satisfaction.” 

 
The maximization of a decision maker’s satisfaction is one of the fundamental tenets of expected 
utility theory (EUT).  According to Mongin (1997), EUT “states that the decision maker chooses 
between risky or uncertain prospects by comparing the expected utility values, i.e., the weighted 
sums obtained by adding the utility values of outcomes multiplied by their respective 
probabilities.”  By choosing the prospect with the greatest expected utility value, the decision 
maker maximizes his level of satisfaction. 
 
Utility values are calculated with a utility function.  Gustafsson and Salo (2004) explain the 
distinction between a preference functional and a utility function.  They assert that a preference 
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functional is [ ] ( )[ ]XuEXU =  where u  is the investor’s utility function and X  is an act that can 
result in many different outcomes.  To each outcome we can apply u  and calculate the decision 
maker’s utility associated with the outcome. 
 
Kall and Wallace (1994) explain that attitudes towards risk can be characterized by utility 
functions.  A utility function can be regarded as a function that describes one’s happiness or 
utility from a certain wealth.  The function is used in order to determine if one outcome is better 
or more preferable than another.  We could e.g. choose to participate in a game where we can 
win or lose a certain amount of money with given probabilities and level of initial wealth.  Given 
that we participate in the game, with a utility function we can quantify our satisfaction (utility) 
with each of the possible outcomes.  With a preference functional, we can quantify our expected 
satisfaction from participating in the game.  We can also choose not to participate in the game.  A 
preference functional can then determine which of the two alternatives, to participate or not, is 
preferable. 
 
From the perspective of an investor, the distinction between a preference functional and a utility 
function can be explained as follows.  The preference functional lets the investor compare risky 
portfolios and rank them according to the degree of his satisfaction with the portfolios.  In 
essence, the investor can compare portfolios head-to-head and decide which one is best.  The 
utility function lets the investor compare different outcomes, given that he has already selected a 
portfolio.  By changing the utility function, the investor can adapt it so that it mirrors his 
tolerance for losses. 
 
Kall and Wallace show an example of a game where we can win or lose δw with equal 
probabilities (50%).  The initial wealth is w0  and it costs nothing to participate in the game.  After 
the outcome of the game is known, we will have a wealth of w0 + δw or w0 – δw depending on 
whether we win or lose.  If we choose to maximize the expected value of the total wealth, we 
would consider the decision maker to be risk-neutral, meaning that the decision maker would 
accept to participate in a fair game.  A fair game is one where the expected payoff is zero, as the 
case is for the game mentioned above. 
 
We assume that the Division is risk-averse, meaning that the Division would require a premium 
as compensation for participating in a game as the one presented earlier.  This assumption is 
commonly made for many investors and implies that the investors’ utility functions are concave 
(Gollier, 2001, p. 18).   
 
Stochastic programming is an approach intended for finding optimal solutions to problems 
including random variables such as interest and exchange rates.  It is an approach that can be 
used for practical decision making under uncertainty.  The solution should be derived with 
respect to the problem’s objective function (the Division’s preference functional), which will 
encompass a utility function, and given constraints regarding for example the amount of risk that 
the Division deems acceptable.  In the following chapter, our stochastic programming models of 
choice are presented and explained. 
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Chapter 3 Optimization Models 

3.1 About the Models 
As stated in the early chapters of this thesis, we solve the Optimization problem by using the 
Optimization models.  Again, we refer to the Optimization models as: the Zeros Model, the Swap 
Model and the Extended Swap Model.  These models are all stochastic programming models (see 
Section 2.7). 
 
In this chapter, we formulate these models.  The models need a significant amount of data as 
input.  Important input data include Loan portfolio and Funding instrument valuations that have 
been generated using the valuation techniques presented in Section 2.3.  These valuations are in 
turn based on the risk factors that have been simulated according to the scenario generation 
technique in Section 2.5.  For each scenario that we generate, we also calculate the value of the 
Loan portfolio.  Depending on the model we use, different Funding instruments are also valued.   
 
The solutions generated by our Optimization models are always expressed as positions in the 
Funding instruments.  Each model has its own unique set of Funding instruments and holdings 
in these instruments act as our decision variables.  Three different models are used in order to 
present the output in three different ways.  It is important to remember that each model presents 
its own distinctive solution to a specified funding problem.  The solutions that the Optimization 
models generate are independent of each other.  By inspecting a problem solution generated by 
one of the models, it is not possible to determine what the solution would be if the same problem 
was given to one of the other models. 
 
It is certainly possible to formulate optimization models containing different Funding 
instruments.  As long as it is possible to generate current and future valuations of these 
instruments, they can be included in models similar to ours.   
 
Note that the constraints differ between the Optimization models but the objective functions are 
the same.  

3.2 Some Model Definitions 
The general tree structure of the models is shown in Figure 5.  The figure depicts how the 
passage of time is accounted for in the formulation of the models.  The root node, marked in 
black, represents the current state of the world.  Variable values in this node are determined by 
current market rates.  Model variables pertaining to this state are indexed with subscript 1.  The 
leaf nodes, marked in white, represent simulated states.  Each simulated state holds a market rate 
scenario.  Variables related to these states are indexed with subscript i.  Note that the variable 
wealth refers to the total value of the Combined portfolio plus cash.  Also note that in the root 
node, we will refer to wealth1 as initwealth. 
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Figure 5: The tree structure used in each of our three models, showing the current value as well as sample values 

of the variable wealth. 

3.3 Objective Function 
Our objective function, shown in Equation 15, maximizes the expected utility of the total wealth.  
The utility function of our choice, U, is shown in Equation 16 and is called a power utility 
function.  This particular function lets us encompass the Division’s attitude towards risk.  If the 
Division is risk-neutral (which certainly is not the case), γ  is set to one.  A lower value of γ  
implies a more risk avert investor or, as in our case, borrower.  As we have explained in Section 
2.8, the Division is assumed to be risk-averse and the value of γ  is thus set to below one.  By 
examining the utility function in Equation 16, it is obvious that γ  cannot be zero.  However, γ  
equals zero corresponds to the logarithmic utility function, which theoretically can be employed 
instead of the power utility function.  Our utility function makes it necessary to include a 
constraint, for all of the Optimization models, that forces the total wealth to be greater than or 
equal to zero in all leaf nodes.  This objective function is used for all three Optimization models, 
but as we noted above, the models have their own individual constraints.   
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3.4 Constraints for the Zeros Model 
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3.4.1 Comments on some of the Constraints 
Constraint z.3 defines the Division’s funding need as discussed and exemplified in Section 2.1. 
 
Constraint z.4 defines the maximum amount of risk the Division is willing to accept and 
constraints z.5 and z.6 are needed because of how we have defined our risk measure. 
 
Constraint z.8 states that the Division cannot have a long position in the Funding instruments 
used for borrowing. 
 
Note that the prices of the Funding instruments are given in SEK. 

3.5 Constraints for the Swap Model 
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3.5.1 Comments on some of the Constraints 
Constraint s.4 defines how much of the total amount borrowed that can be swapped out using 
the 7-year swap.  Within a currency, the model is not allowed to swap out more money than it has 
borrowed using the 6-month zero-coupon bond. 
 
Constraints s.3 and s.5-s.9 are defined in analogy with constraints z.3-z.8 in Section 3.4. 

3.6 Constraints for the Extended Swap Model 
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3.6.1 Comments on some of the Constraints 
Constraints e.3 and e.5-e.9 are defined in analogy with the constraints z.3-z.8 Section 3.4 and 
constraint e.4 is defined in the same way as s.4 in Section 3.5. 

3.7 Sets for all Models 
 

A  - A set of zero-coupon bond maturities.  The maturities 
correspond to those stated for the Zeros Model in Section 2.4.1 

B  - 
A set of zero-coupon bond maturities.  The maturities 
correspond to those stated for the Swap Model in Section 2.4.2.  
B is a subset of bothD  and A  

C  - The set of included currencies.  These are EUR, SEK and USD 

D  - 
A set of zero-coupon bonds maturities.  The maturities 
correspond to those stated for the Extended Swap Model in 
Section 2.4.3.  D  is a subset of A  

L  - The set of leaf nodes in the MC simulation 

3.8 Parameters and Variables for all Models 
 

p  - 
The probability that a scenario will occur.  This probability is 
equal to n1  where n  is the number of scenarios 

wealth  - Total value, in SEK, of the Combined portfolio and cash 

lioloanportfo  - The value of the Loan portfolio 

jizeroprice ,  - 
The price, in SEK, of a zero-coupon bond denominated in 
currency i  and with maturity j  
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jinewfunding ,  - Nominal amount of the debt in currency i  with maturity j . 
These are decision variables 

igswapholdin  - 
Nominal amount of the debt maturing in six months, in currency 
i , that is swapped out using the 7-year swap.  These are 
decision variables for two of the models 

cash  - Amount of available cash in SEK 

initcash  - Initial amount of available cash in SEK (see expression on next 
row) 

  
EUR

EURSEK

USD
USDSEK

SEK

initcashFX

initcashFXinitcash

⋅+

+⋅+
/

1

/
1  

mr1  - The 1-month SEK deposit rate available from the Corporation.  
This rate is continuously compounded 

BAFX /  - 
The exchange rate between currency A and B expressed as the 
number of units of currency A received per one unit of currency 
B 

initdebt  - 
The present value of the Division’s debt expressed in SEK.  This 
amount includes debt in all three included currencies (see 
expression on next row) 
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initwealth  - Initial value, in SEK, of the Combined portfolio and cash 

α
ζ

−

⋅
+
∑
∈

1
Li

ii yp
 - Conditional Value at Risk (CVaR), a measure of the expected 

loss exceeding Value at Risk (VaR), in SEK  

maxCVaR  - A limit specifying the maximum amount of risk that the Division is 
willing to take on, in SEK 

α−1  - The probability that a loss exceeding VaR will occur 

ζ  - Value at Risk (VaR) of the Combined portfolio, in SEK 

( )initwealthwealthL i ,  - 
The loss, in SEK, depending on the wealth in a leaf node and 
the initial wealth.  A loss is defined as having a positive value, 
while a gain is negative (se expression on next row) 

  ( )initwealthwealthi −−  
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Chapter 4 Implementation 

4.1 Overview 
In order to solve the Optimization problem, we have implemented several different program 
modules, written in three different languages.  These modules are depicted in Figure 6. 
 
First of all, we implemented a data processing module in Visual Basic for Applications (VBA) to 
manage all the historical raw market data needed to calibrate the scenario generation model.  See 
Section 4.3.1 for more information about this module.  The historical data originates from one of 
the Division’s Bloomberg workstations.  This module takes as input a number of time series 
consisting of historical spot deposit and spot swap interest rates.  A zero curve is derived using 
the bootstrap method, and then the forward rates needed are derived from the zero curve.  The 
output from this module is a full set of historical forward interest rates and spot exchange rates 
which are fed into the main program, which is described below. 
 
The next step was to implement the main program.  We implemented this module in the 
MATLAB language.  Inputs to the main program are initial cash and debt levels, a text file 
containing Loan portfolio data, another text file containing the market data from the data 
processing module, the number of scenarios to be generated, the probability level for calculating 
CVaR and VaR, the CVaR limit expressed as a percentage of the initial wealth, and the desired 
optimization model. 
 
We also implemented MATLAB modules to handle the calibration of the scenario generation 
model as well as the scenario generation.  The main program calls these modules and generates 
the data needed by the solver intermediary module.  The solver intermediary is written in C++ 
and is responsible for calling the problem formulation module with the problem data that was 
received from the main program.  A correctly formulated stochastic optimization problem is 
returned by the problem formulation module, in a format that can be understood by the 
optimization solver.   
 

Having received the optimization problem, the solver intermediary module calls the solver (for 
more information about the solver, see Section 4.2).  The solver finds the optimum solution to 
the stated problem and returns the answer (expressed as positions in the Funding instruments) to 
the solver intermediary.  The solver intermediary passes the solution along to the main program, 
which formats the solution and displays it for the user. 
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Figure 6: A graphical representation of the data flow.  The raw data is taken from Bloomberg and sent to the data 
processing program, written in VBA.  Time series of forward interest rates and spot exchange rates are then sent 
to the main program.  The main program calls the calibration and scenario generation modules, and produces a 

text file containing all relevant information needed to formulate an optimization problem for the solver.  The 
problem is formulated in a certain format and sent to the solver.  The solver finds the optimum solution to the 

stated problem and returns the answer to the solver intermediary, which in turn passes it to the main program. 

4.2 The Solver 
The optimization solver used in this thesis was developed by our thesis advisor Jörgen Blomvall 
and Per Olov Lindberg.  See papers IV-VII in Blomvall (2001) for a detailed description of this 
solver.  The solver is based on an interior point (IP) method.  Pérez, Renaud and Watson (2002) 
explain that while the traditional simplex method iterates along the boundaries of the feasible region, 
IP methods employ a strategy that iterates within the feasible region.   
 
Modern research in IP algorithms started in the mid-1980s and began as an alternative to the 
simplex method in the linear programming paradigm.  Since then, research in this area has grown 
exponentially.  According to Freund and Mizuno (1998), “Interior point methods in mathematical 
programming have been the largest and most dramatic area of research in optimization since the 
development of the simplex method for linear programming.”  They also maintain that due to the 
successful research results, IP concepts have been extended to other areas within mathematical 
programming and “many researchers now tend to view linear programming more as a special case 
of nonlinear programming.” 
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It is important to note the motivation behind the development of the IP algorithms.  Pérez, 
Renaud and Watson (2002) contend that it is computationally cheaper to search for an optimum 
within the boundaries of the constraints (instead of along the boundaries) when there are many 
constraints.  Rardin (1998, p. 251) clarifies that IP methods do require more work per search 
iteration but the number of iterations “decreases dramatically.”  Blomvall and Lindberg 
developed their solver for stochastic programming, a programming area that they state “easily 
leads to huge mathematical programs.”  Because of this, they conclude, stochastic programming 
is a “natural candidate for the application of interior point methods.” 
 
The actual solver is written in C++ and it requires stochastic programming problems to be 
formatted in what Blomvall and Lindberg call “control form”. This format is described in 
Blomvall (2001, see paper VI, “A Riccati-Based Primal Interior Point Solver for Multistage Stochastic 
Programming – Extensions”, p. 4). 

4.3 Formulating a Problem for the Solver 

4.3.1 Processing Interest and Exchange Rate Raw Data 
To calibrate the scenario generation model, we need historical interest and exchange rate data.  
We use historical data, consisting of daily observations, taken from Bloomberg.  What we 
ultimately need in order to calibrate the scenario generation model are time series of historical 
forward interest rates and spot exchange rates.  Our data processing module takes as input a 
spreadsheet from Excel containing spot deposit and swap rate historical data.  The data flow is 
illustrated in Figure 6.  The following spot and swap rates, defined by their Bloomberg tickers, are 
used: 
 
EUR 
Spot deposit rates: 
EUDRA Index , EUDRC Index, EUDRF Index, EUDR1 Index 
Swap rates: 
EUSA1 Index, EUSA2 Index, EUSA3 Index, EUSA4 Index, EUSA5 Index, EUSA6 Index, 
EUSA7 Index, EUSA8 Index, EUSA9 Index, EUSA10 Index 
 
SEK 
Spot deposit rates: 
STIB1M Index, STIB3M Index, STIB6M Index, STIB1Y Index 
Swap rates: 
SKSW1 Index, SKSW2 Index, SKSW3 Index, SKSW4 Index, SKSW5 Index, SKSW6 Index,  
SKSW7 Index, SKSW8 Index, SKSW9 Index, SKSW10 Index 
 
USD 
Spot deposit rates: 
US0001M Index, US0003M Index, US0006M Index, US0012M Index 
Swap rates: 
USSW1 Index, USSW2 Index, USSW3 Index, USSW4 Index, USSW5 Index, USSW6 Index, 
USSW7 Index, USSW8 Index, USSW9 Index, USSW10 Index 
 
The following exchange rates are used: 
EURSEK Curncy, USDSEK Curncy 
 
For each currency’s term structure, a zero curve is derived from the deposit and swap interest 
rates using the bootstrap method.  For more information about this method, see Hull (2003, pp. 
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135-136).  The output from the data processing module are 13 time series of forward interest 
rates for each currency and two time series of spot exchange rates.  The forward rates are derived 
using the relationship between continuously compounded spot rates and forward rates, see Hull 
(2003, pp. 98-100).  Time series of data are produced for the following forward rates in each 
currency: 
 
0-1m, 1-3m, 3-6m, 6-12m, 1-2y, 2-3y, 3-4y, 4-5y, 5-6y, 6-7y, 7-8y, 8-9y, 9-10y 

4.3.2 Preparing the Problem Data for the Solver Intermediary 
When the historical data has been processed as described in Section 4.3.1, it is used as input to 
the calibration module.  When the calibration is completed, the main program calls the scenario 
generation module with the calibration data.  A full set of market rate scenarios is then returned 
to the main program.  For each of the generated scenarios a valuation of the Funding instruments 
and the Loan portfolio is performed in the main program.  
 
The main program also calculates the current value of the Funding instruments and the Loan 
portfolio.  To be able to do so, it needs current market rates.  An important input to the main 
program is a text file containing the cash flows in the Loan portfolio.  Each row in this file 
contains a cash flow specification.  The first number in each row represents the cash flow’s 
maturity, expressed in years.  The second number represents the cash flow’s nominal amount, 
expressed in its original currency.  The third and last number denotes the cash flow’s currency 
code (1=EUR, 2=SEK and 3=USD).  An example of a simple Loan portfolio containing only a 
single cash flow is shown in Table 4. 
 

Maturity Amount Currency Code
3.2 0.5 3  

Table 4: An example of the format of a Loan portfolio text file. 

In the example, the Loan portfolio contains a cash flow that amounts to 0.5 USD and that 
matures in 3.2 years.  Another input to the main program is the Division’s initial debt.  This is 
simply the present value of the total debt expressed in SEK.  A parameter regarding the 
Division’s initial cash level, expressed in SEK, is also needed as input.  In the main program, the 
user is also allowed to choose the probability level regarding the CVaR and VaR measures.  The 
probability level should be set to a number between 0 and 1.  The user is also allowed to set the 
number of scenarios to be generated.   
 
The output from the main program is a text file containing all relevant information needed in 
order to formulate an optimization problem for the solver.  The format of the text file depends 
on which model (Zeros, Swap or Extended Swap Model) we are using.  The text file is passed to 
the solver intermediary. 
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Chapter 5 Test Results 

5.1 About the Model Testing 
In this chapter, we describe the methodology behind each of the tests that we have run on our 
Optimization models.  Here we also provide most of our test results, but some results are only 
shown in the appendices.  The conclusions that we draw from these tests are presented in 
Chapter 6. 
 
If nothing else is stated in the subsequent test specifications, the following applies: 
 
• The calibration period is 2 years (528 daily observations). 
• The parameter γ  is set to -1 to make the Division somewhat risk-averse.  We do not want 

the Division to be excessively risk-averse because then the CVaR constraint will be inactive 
(and therefore meaningless) under most circumstances. 

• The simulation horizon is one month (22 business days). 
• The number of market rate scenarios generated is 3,000. 
• The probability level α is set to 0.95. 
• Cash earns no interest to simplify the analysis of the results. 

5.2 Number of Scenarios to Generate 
The goal behind the test described in this section is to investigate how many scenarios it is 
necessary to generate for the Optimization models to produce reliable results.  By “reliable 
results”, we mean funding decisions that do not differ significantly when we run the models 
repeatedly with new market rate scenarios. 
 
To determine how many scenarios we need to generate, we performed several tests with a varying 
number of scenarios.  In order to do this testing, we used the Zeros Model and a small portfolio 
called P1.  This portfolio contains one cash flow, which has a 6-year maturity and a nominal 
amount of 2 SEK.  Given the market rates we used for this testing (as of August 25, 2004), P1 
has a present value of 1.54 SEK.  The debt and cash levels were set to 0.70 SEK and 0.10 SEK, 
respectively. 
  
Before we could start to generate scenarios and test the model, we had to decide how many 
observations we should use to calibrate the scenario generation model.  Just as we did in the PCA 
example in Section 2.5.4.1, we decided to use a 2-year calibration period (528 daily observations) 
for the model calibration. 
 
Our scenario testing proceeded as follows.  We first ran the model with 1,000 scenarios and four 
different CVaR limits (0.1%, 1%, 5% and 10% of the initial wealth).  This was repeated ten times, 
hence a total of 40 model runs were performed.  Having completed these runs, we calculated the 
average positions in the funding decisions (measured in SEK) that the model generated for each 
Funding instrument in the Zeros Model, at each given CVaR limit.  We also calculated the range 
of the positions in the funding decisions (the largest position minus the smallest) for each of the 
Funding instruments.  The average borrowed total in the funding decisions at each of the CVaR 
limits was also derived.  For any given Funding instrument and CVaR level, the measure that we 
wanted to analyze was the distance (in absolute terms) from the midpoint of the position range to 
the extreme (smallest and largest) positions, in relation to the average borrowed total for that 
CVaR level.  We call this ratio the relative funding deviation and it can be expressed as 
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where Cilfp ,  is the largest funding position for Funding instrument i  and CVaR limit C , Cisfp ,  is 
the smallest funding position for the same Funding instrument and CVaR limit, and Cabt  is the 
average borrowed total at CVaR limit C . 
 
Having completed the 40 runs with 1,000 scenarios, we performed the same analysis with 3,000, 
5,000 and 10,000 scenarios (a total of 160 model runs).  Our results are displayed in Table 11 in 
Appendix B.  The results show that the largest relative funding deviation when generating 1,000 
scenarios is 7.48%, with 3,000 scenarios it is 3.66%, and with 5,000 and 10,000 scenarios, it is 
4.56% and 5.88%, respectively. 

5.3 Testing the Models on Simple Loan Portfolios 
In order to investigate and validate the behavior of the Optimization models, we initially tested 
them using very simple Loan portfolios as input.  We constructed these simple Loan portfolios in 
such a way that it would be easy to comprehend and analyze the Funding portfolios suggested by 
the Optimization models for these specific portfolios. 
 
The purpose of these tests was to analyze the models’ output with respect to various CVaR limits 
and to determine if the models produce plausible results.  Holding all else equal, it is reasonable 
to assume that a low CVaR limit should result in an optimal Funding portfolio that more closely 
resembles the Loan portfolio, compared to if you apply a high CVaR limit.  We wanted to 
examine whether the optimal Funding portfolios derived with respect to various values of the 
CVaR limit would confirm this assumption. 
  
The CVaR limit of the Combined portfolio is expressed as a percentage of initial wealth.  Note that 
the size of initial wealth depends on the present value of the Loan portfolio in use.  In all tests for 
the simple Loan portfolios, the parameters initial debt and initial cash are set to 0.70 SEK and 0.10 
SEK, respectively, meaning that at least 0.60 SEK must be borrowed (see Section 2.1).  Note that 
the abbreviation BT in the captions to the funding decision charts stands for the present value of 
the total amount borrowed. 
 
To begin with, results obtained using the Zeros Model are presented.  Later on, we exhibit 
various funding decisions made by the Swap Model.  More tests using these two models are 
shown and discussed in Appendix C.  Results from our tests on the Extended Swap model are 
not included due to this model’s similarity to the Swap Model. 

5.3.1 Zero Curves at the Time of the Funding Decisions 
All optimal Funding portfolios pertaining to the simple Loan portfolios were derived as of 
September 24, 2004.  The EUR, SEK and USD zero curves on this day are shown in the tables 
below.  These curves are calculated as described in Section 4.3.1. 
 

EUR 1m EUR 6m EUR 1y EUR 2y EUR 4y EUR 6y
2.06% 2.18% 2.31% 2.68% 3.17% 3.56%  

Table 5: The EUR zero curve on September 24, 2004. 
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SEK 1m SEK 6m SEK 1y SEK 2y SEK 4y SEK 6y
2.18% 2.33% 2.60% 3.12% 3.78% 4.22%  

Table 6: The SEK zero curve on September 24, 2004. 

 
USD 1m USD 6m USD 1y USD 2y USD 4y USD 6y
1.84% 2.11% 2.33% 2.86% 3.47% 3.91%  

Table 7: The USD zero curve on September 24, 2004. 

 
As illustrated in the tables above, yields consistently increase with maturity.  The lowest zero rate 
is the 1-month USD rate and the highest is the 6-year SEK rate.  

5.3.2 Testing the Zeros Model 
An example of a simple Loan portfolio, called P1, is shown in Figure 7.  The horizontal axis 
represents the currency and maturity of a cash flow.  Maturities range from one month to six 
years.  The vertical axis denotes how many percent of the total Loan portfolio value that the 
value of a cash flow represents.  Our first test portfolio, shown in Figure 7, consists of one cash 
flow only.  Hence, this cash flow represents 100% of the total portfolio value.   
 
To begin with, the CVaR limit was set to 5%.  Figure 8 shows a graphical representation of the 
decision made by the Zeros Model with respect to this relatively loosely set risk constraint.  The 
horizontal axis represents the different Funding instruments included in the Zeros Model; there 
are 18 of them all together.  The vertical axis denotes the percentage of total borrowing made 
using a specific Funding instrument.  When examining the decision depicted in Figure 8, it is easy 
to see that the model has only used short-term borrowing, in EUR and SEK, to fund the given 
Loan portfolio.  The position in the EUR bond dominates.  Also note that the model has only 
borrowed the minimum required amount, 0.60 SEK 
 
Next, the risk limit was set to 1%.  The resulting funding decision made by the Zeros Model is 
shown in Figure 9.  Long-term borrowing, in EUR and SEK, is now solely favored by the model.  
More capital (almost twice as much) is raised, given this CVaR limit, compared to when it was set 
to 5%. 
 
We also wanted to test if the model suggests a Funding portfolio that exactly mirrors Loan 
portfolio P1, if we set a very tight CVaR limit.  In this last test using P1 as Loan portfolio, the 
CVaR limit was thus set to 0.1%.  The funding decision made, with respect to this tight risk 
constraint, is illustrated in Figure 10.  The present value of the model’s total borrowing is 1.51 
SEK, which is almost exactly P1’s value (1.55 SEK).  Long-term borrowing, almost exclusively in 
SEK, is now favored. 
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Figure 7: A simple Loan portfolio containing a single cash flow of 2 SEK that matures in six years.  The present 

value of the portfolio is 1.55 SEK. 

  

 
Figure 8: The funding decision for P1 when the CVaR limit was set to 5%.  BT=0.60 SEK. 
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Figure 9: The funding decision for P1 when the CVaR limit was set to 1%.  BT=1.14 SEK. 

 

 
Figure 10: The funding decision for P1 when the CVaR limit was set to 0.1%.  BT=1.51 SEK. 



 40

 
We also tested the Zeros Model using a Loan portfolio containing only one EUR cash flow with 
a maturity of four years.  This portfolio is called P2 and is depicted together with the funding 
decisions made by the Zeros Model with respect to three different CVaR limits in Appendix C.  
Additional tests using a Loan portfolio called P3, containing a single USD cash flow with a one-
year maturity, are also shown and commented on in Appendix C. 
 
A slightly more complex Loan portfolio called P4 was constructed by adding P1, P2 and P3 
together.  This portfolio is shown in Figure 11.  Note that this portfolio is worth 5.38 SEK and 
the levels of initial debt and initial cash are still 0.70 SEK and 0.10 SEK, respectively.  This means 
that initial wealth  will now be greater compared to when we used P1 as Loan portfolio.  The 
CVaR limit in SEK terms will thus also be greater using the same CVaR limit percentages as 
before. 
 
Again, we initially set the CVaR limit to 5%.  The resulting funding decision made by the Zeros 
Model is shown in Figure 12.  Over 60% of total borrowing is done using the 1-month zero-
coupon bond denominated in EUR.  The remainder of the funding is raised by using the 1-
month USD bond.  Total borrowing is 0.60 SEK, which is the smallest amount of capital that the 
model is allowed to borrow. 
 
When the risk limit was set to 1%, the model chose to fund the Loan portfolio as shown in 
Figure 13.  Funding raised in EUR and USD is still favored.  Over 60% is raised using the EUR 
denominated 4-year zero-coupon bond.  For the remaining funding, the model opts for the USD 
1-month bond.  Total borrowing is greater now than when the risk limit was set to 5%. 
 
With the CVaR limit set to 0.1%, the model chose to borrow 5.16 SEK, as shown in the caption 
to Figure 14.  This amount is almost 70% greater than the total amount borrowed with a 1% 
CVaR limit but it is still lower than the value of P4.  With this tightly set risk limit, the model 
raises funding using Funding instruments denominated in all three currencies.  More than 40% is 
raised using the 4-year EUR bond and some 25% of the total amount borrowed is raised using 
the 6-year SEK bond.  A little over 15% is raised using the 1-month USD bond and more than 
10% is raised by selling the 1-year USD bond.  Within the currencies EUR and USD, the model 
has thus chosen to raise capital by selling different quantities of bonds with different maturities.  
 
Again, we wanted to see if the model suggests an optimal Funding portfolio exactly mirroring the 
given Loan portfolio, if we set the CVaR limit tightly enough.  Figure 15 shows the optimal 
Funding portfolio when the CVaR limit is 0.0001%.  By comparing this Funding portfolio to the 
Loan portfolio depicted in Figure 11, it is obvious that the correspondence is very high.  The total 
amount borrowed is exactly the same as the value of P4. 
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Figure 11: A Loan portfolio containing one cash flow of 2 SEK maturing in six years, one cash flow of 0.3 EUR 

maturing in four years, and one cash flow of 0.2 USD maturing in one year.  Portfolio value 5.38 SEK. 

 

 
Figure 12: The funding decision for P4 when the CVaR limit was set to 5%.  BT=0.60 SEK. 
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Figure 13: The funding decision for P4 when the CVaR limit was set to 1%.  BT=3.10 SEK. 

 

 
Figure 14: The funding decision for P4 when the CVaR limit was set to 0.1%.  BT=5.16 SEK. 
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Figure 15: The funding decision for P4 when the CVaR limit was set to 0.001%.  BT=5.38 SEK. 

5.3.3 Testing the Swap Model 
To validate the Swap Model we constructed two additional simple Loan portfolios.  This time we 
wanted Loan portfolios that would make it appealing for the model to use the 7-year interest rate 
swap, if the risk limit was set tightly enough. 
 
The cash flows in these two Loan portfolios were calculated to mirror the payments on the fixed 
interest rate side of the 7-year swap in one currency, with the nominal amount included in the last 
cash flow.  As mentioned earlier, the floating rate side of each swap in the Swap Model is tied to a 
6-month index, and the only funding alternative within each currency in this model is a 6-month 
zero-coupon bond.  In other words, if the nominal amount of the borrowing within a currency is 
chosen carefully and entirely swapped out, a perfect hedge to the Loan portfolio is obtainable. 
  
One of the two Loan portfolios that we constructed for this model is called P5 and is shown in 
Appendix C.  Two optimal Funding portfolios for P5, corresponding to two different CVaR 
limits, are also shown in this appendix. 
 
The other Loan portfolio, called P6, is shown in Figure 16.  The horizontal axis represents a cash 
flow’s maturity.  Maturities are ranging from six months to seven years.  The vertical axis denotes 
a cash flow’s nominal amount in SEK.  Again, the parameters initial debt and initial cash are set to 
0.70 SEK and 0.10 SEK, respectively, implying that the model must at least borrow 0.60 SEK.  
P6 consists of 14 cash flows, all denominated in USD.  
 
Figure 17 shows the optimal Funding portfolio with respect to a 5% CVaR limit.  On the 
horizontal axis, the six different Funding instruments are represented.  The vertical axis 
represents a position’s size, measured in its nominal amount in SEK.   
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With the CVaR limit set to 5%, the resulting optimal Funding portfolio consists only of a short 
position in the 6-month USD bond, as shown in Figure 17.  Nothing is swapped out using the 
USD interest rate swap.  1.22 SEK is borrowed in total. 
 
Figure 18 shows the optimal Funding portfolio with respect to a 1% CVaR limit.  The total 
amount borrowed is now greater than when the 5% CVaR limit was used, and nearly all raised 
capital is swapped out.  Funding instruments denominated in USD are exclusively favored. 
 

 
Figure 16:  A simple Loan portfolio containing 14 cash flows, in USD, with sizes calculated as described above.  

The present value of the portfolio is 2.94 SEK. 
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Figure 17: The funding decision for P6 when the CVaR limit was set to 5%.  BT=1.22 SEK. 

 

 
Figure 18: The funding decision for P6 when the CVaR limit was set to 1%.  BT=2.60 SEK. 
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5.4 Verification of the Optimization Models’ Risk Measures 
The Optimization models find optimal Funding portfolios.  From the optimal Funding portfolios 
and the holdings that were used as model input, we can determine the composition of new 
Combined portfolios.  As we explained in Section 2.6, the Optimization models take a CVaR 
limit as input and in addition to the funding decisions they also produce the new Combined 
portfolio’s VaR as output.  We need to verify that the Optimization models treat the VaR and 
CVaR risk measures correctly.  So how can we accomplish this verification?  There are three 
aspects to this important question. 
 
First of all, we want to know whether the Optimization models produce funding decisions that 
result in Combined portfolios with acceptable CVaRs.  Are the CVaRs of the models’ suggested 
Combined portfolios equal to the specified CVaR limits?  This is important since the CVaR is the 
risk measure that is used to manage the risk in the Combined portfolio.  It is especially important 
that the CVaR in the suggested Combined portfolio does not exceed the limit that was specified, 
because then the Division could be carrying more risk than desired.  This aspect of risk 
verification will be examined in this section. 
 
Secondly, we must determine whether the VaR output from the Optimization models matches 
the VaR predicted by our scenario generation model.  Given a certain α  and the Combined 
portfolio that a model suggests, the VaR under the scenarios that we have generated can be 
calculated with no uncertainty.  The VaR calculation can be performed according to the 
simulation-based methodology that we described in Section 2.6.2.  This second aspect of risk 
verification also will be examined in this section. 
 
Thirdly, we need to know if the VaR and CVaR levels that are predicted by our scenario 
generation model match the actual risk exposures during an out-of-sample period.  In essence, we 
need to determine whether our scenario generation model is realistic.  We will leave this testing 
for Section 5.6. 
 
To test our first and second aspects of the risk verification, we first implemented a risk module in 
MATLAB that calculates the risk measures as predicted by our scenario generation model.  The 
risk module takes a set of scenarios and a Combined portfolio (Loan portfolio, Funding portfolio, 
etc.) as input and calculates (simulation-based) VaR and CVaR for that portfolio.  The risk 
module accepts the Funding portfolio input in the three different funding decision formats that 
we receive from the Optimization models. 
 
Having constructed the risk module, the testing proceeded as follows.  We first created a large 
portfolio L1.  L1 contains 5 customer contracts in each of the three currencies.  Within each 
currency, one of the contracts is a floating rate contract while the remaining four are fixed rate 
contracts with a maturity between one and six years.  Hence, L1 contains a total of three floating 
rate contracts and 12 fixed rate contracts.  Since we have defined the Loan portfolio input to our 
Optimization models as a portfolio of cash flows, we converted the 15 contracts in L1 to an 
equivalent portfolio of 171 cash flows.  A graphical description of portfolio L1 is included in 
Figure 19. 
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Figure 19: A graphical description of portfolio L1.  The portfolio consists of 171 cash flows with maturities ranging 

from 1 month to 6 years.  The horizontal axis represents the various combinations of cash flow currency and 
maturity.  Within the respective currencies, each column represents the total nominal amount of all the cash flows 

with a maturity smaller than or equal to the maturity specified for the column but greater than the maturity 
specified for the previous column. 

 
We then selected an observation date (August 25, 2004) on which to run the Zeros Model and 
calibrated the model.  We generated a set of 3,000 market rate scenarios and ran the Zeros Model 
with these scenarios, portfolio L1, and the debt and cash levels set to 4 SEK and 1 SEK, 
respectively.  Portfolio L1’s value was 5.72 SEK on this observation date.  (Hence, initial wealth 
was 5.72 SEK - 4 SEK + 1 SEK = 2.72 SEK.) 
 
We first ran the Zeros Model with the CVaR limit set to 0.1% and recorded the funding decisions 
and the VaR calculated by the model.  We then ran the risk module with the same 3,000 scenarios 
and the Combined portfolio implied by the Zeros Model’s funding decisions, and recorded the 
true VaR and CVaR as calculated by the risk module. 
 
The testing described in the previous paragraph was repeated with the same portfolio data but 
with different CVaR limits.  The CVaR limits used were all expressed as a percentage of initial 
wealth, and they were 0.1%, 0.5%, 1%, 2.5%, 5%, 7.5%, and 10%.  All results are included in 
Table 8. 
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3,000 scenarios BT
1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y

CVaR=0.1% 1.96  0.01  0.03  0.96  0.77  0.01  0.37  4.09  0.02% 0.02% 0.10%
CVaR=0.5% 1.91  1.78  0.30  3.99  0.31% 0.31% 0.50%
CVaR=1% 1.49  2.03  3.53  0.74% 0.70% 1.00%

CVaR=2.5% 1.12  1.88  3.00  1.34% 0.99% 1.32%
CVaR=5% 1.13  1.87  3.00  2.21% 0.96% 1.32%

CVaR=7.5% 1.12  1.88  3.00  3.23% 0.99% 1.38%
CVaR=10% 1.12  1.88  3.00  4.31% 1.04% 1.38%

CVaR Risk 
Module

VaR 
Model

EUR USD VaR Risk 
Module

 
Table 8: A comparison of the VaR estimates generated by the Zeros Model and the VaR values calculated by our 

risk module.  The table also shows the stated CVaR limit and the actual CVaR of the Combined portfolio as 
derived by the risk module. 

 
Here we also point out that by implementing the risk module, we have in effect solved the Risk 
measurement problem.  The risk module allows the user to calculate the risk in any given 
Combined portfolio, as long as the Loan portfolio is expressed in our cash flow format and the 
Funding portfolio is expressed in one the three different funding decision formats. 

5.5 Performance Evaluation of the Optimization Models 
In this section, we want to show how our Optimization models would have performed 
historically under previously existing market conditions.  The idea is to run the models on 
historical market data and calculate risk and return measures for the optimal Combined portfolios 
suggested by the models.  We emphasize that the calibration data of our scenario generation 
model always consists of data from the two-year period immediately preceeding the optimization 
date.  Hence, all performance evaluation is performed outside the calibration periods. 
 
To perform the backtesting that we describe in this section, we first gathered historical data for 
the relevant market rates (13 interest rates per currency and two exchange rates) from the period 
January 1, 1999 to September 24, 2004 – roughly 5 years and 9 months’ worth of data.  Since the 
calibration period is two years long, this set of historical data allowed us to evaluate the models’ 
performances over approximately 3 years and 9 months, or more precisely, 44 monthly evaluation 
periods.  Accordingly, this testing involved generating and solving 44 optimization problems and 
calculating the actual portfolio returns over the evaluation periods, given the optimal portfolios 
suggested by the models. 
 
For each of the evaluation periods, we calibrated the scenario generation model using data from 
the immediately preceeding two-year period.  The calibration data and current market rates varied 
between the evalution periods, but the holding data that we used as input were identical.  Hence, 
we did not decrease the remaining time to maturity for the Loan portfolio cash flows and we did 
not update the debt and cash levels as we moved from one evaluation period to the next.  If we 
would have reduced the maturity of the cash flows with the passage of time, we would have had 
to simulate the arrivals of new contracts to keep from depleting the contents of the Loan 
portfolio over the evaluation periods.  We concluded that such an approach would require 
making difficult assumptions about the frequency and size of arriving contracts and could 
potentially yield some unwanted results due to portfolio fluctuations beyond our control.  To 
allow for fair risk and return comparisons across the evaluation periods, we therefore decided to 
use identical holding data at the beginning of the evaluation periods. 
 
For our holding data, we used L1 as our Loan portfolio.  L1’s value at the beginning of the 
evaluation periods varied between 5.62 SEK and 6.59 SEK.  The debt and cash levels were 4 
SEK and 1 SEK, respectively.  As in our previous tests, we used 3,000 market rate scenarios but 
we used a slightly different approach to interest on cash.  Previously, interest on cash has been 
zero but here we set the cash interest rate to the prevailing 1-month interest rate less a spread of 
50 basis points.  Earlier we argued that we wanted no interest on cash to keep the testing straight 
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forward.  Now, to be able to compare returns between short-term market interest rates and the 
Combined portfolios suggested by the models, we need a deposit rate that is not set as stringently 
as previously. 
 
We tested the performance of all three Optimization models and the results are included in 
Appendix D.  In the result tables in Appendix D, “NaN” indicates that the solver was not able to 
find a solution to that particular problem.  We solved the 44 optimization problems for each of 
the models with eight different CVaR limits, which required a total of 056,14483 =⋅⋅ model runs.  
The optimization problems in our result tables in Appendix D are shown in reverse chronological 
order, hence problem number 1 indicates the last month in the evaluation period (August, 2004), 
while problem number 44 indicates the first month (January, 2001).   
 
Given the Combined portfolios suggested by the Optimization models, we calculated the return 
over the respective evaluation periods.  We also used our risk module to calculate the predicted 
VaR and CVaR levels for the Combined portfolios.  For each optimization model, we then 
calculated the average return for the 44 periods at each of the stated CVaR limits.  The average 
return/CVaR data can be interpreted as an efficient frontier since the Combined portfolios that 
the data represent offer the maximal return given the stated CVaR limits.  The efficient frontier 
for portfolio L1 as calculated from to the decisions made by the Zeros Model is shown in Figure 
20.  Note that the annualized returns for the 5% and 10% CVaR limits have been adjusted to 
account for the fact that for each of these CVaR limits, the solver once failed to return a solution 
(see Appendix D). 
 
Due to the nature of the results for the Swap and Extended Swap models, we were not able to 
calculate meaningful efficient frontiers for these models.  When the CVaR limit was set to 2.5% 
or lower, it was very difficult for these models to find solutions to the stated problems.  This will 
be further discussed in Chapter 6. 
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Figure 20: A plot of the average annual return for the Combined portfolio over the 44 evaluation periods.  The 

horizontal axis indicates the stated CVaR limit. 

 
We also calculated and graphed the cumulative return of the Combined portfolio over the 
evaluation periods, at two different CVaR limits.  The chart is included in Figure 21 and it also 
contains the return of a portfolio that continuously earns the 1-month STIBOR rate.  Note that 
this chart is only derived for the Zeros Model.  Since we have made the assumption that the 
contracts in the Loan portfolio are default-free, we chose the 1-month STIBOR rate to be a 
short-term benchmark return against which we can evaluate Combined portfolio returns. 
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Figure 21: The cumulative return of the Combined portfolios in our performance evaluation.  The Combined 
portfolio return is graphed at two different CVaR limits and compared to the cumulative return of a portfolio 

continuously invested at the 1-month STIBOR rate.  Each portfolio is indexed to 100 SEK at the beginning of the 
first of the 44 evaluation periods. 

 
As said earlier, given relatively tight CVaR limits, the Swap and Extended Swap models were not 
able to find solutions to our stated optimization problems.  To be able to compare the 
Optimization models’ performances over the 44 evaluation periods, we therefore relaxed the 
CVaR constraint.  We also decreased the value of γ  to -10, in order to make the Division more 
risk-avert.  All other settings were kept from the previously mentioned backtesting of the models.  
The cumulative return for each model is depicted together with our short-term benchmark return 
in Figure 22. 
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Figure 22: The cumulative return of the Combined portfolios suggested by the three different Optimization models, 

when the CVaR constraint is relaxed and γ  is set to -10.  The portfolio return is compared to the cumulative 
return of a portfolio continuously invested at the 1-month STIBOR rate.  Each portfolio is indexed to 100 SEK at 

the beginning of the first performance evaluation period.  

5.6 Testing the Predicted Risk Exposures 
In this section, we describe a test performed to determine whether our scenario generation model 
accurately predicts risk in the Combined portfolios.  To do this, we again turned to the 
performance evaluation statistics in Appendix D that we introduced in the previous section.  For 
each of the model runs in these statistics, we gathered the VaR measures predicted by our 
scenario generation model as well as the actual returns.  By comparing the predicted VaRs to the 
actual returns, we can determine if the number of VaR excessions over the 44 evaluation periods 
appears reasonable. 
 
Again, we note that we only have meaningful results for the Zeros Model.  We found that for 
each of the CVaR limits of 1.75% or higher, there were 3 VaR excessions.  With the CVaR limit 
set to 0.1%, 0.5% and 1%, we found 10, 6 and 4 VaR excessions, respectively, over the 44 
evaluation periods. 

5.7 Testing the Utility Function 
This test was performed in order to verify our implemented power utility function.  As described 
in Sections 2.8 and 3.3, the utility function of our choice allows us to vary the Division’s level of 
risk aversion by choosing different values for the parameter γ .  The smaller γ  we choose, the 
more risk avert the Division will be.  By gradually decreasing the value of γ  in the implemented 
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utility function, we expect to observe optimal Funding portfolios, for a specific Loan portfolio, 
that result in Combined portfolios with diminishing amounts of risk.  
 
The test was performed using the Zeros Model on portfolio P3, which had a present value of 
1.48 SEK at the time the funding decisions were made (August 25, 2004).  P3 contains a single 
USD cash flow with a 1-year maturity.  A graphical representation of P3 is available in Appendix 
C.  The CVaR limit was set to 100% to ascertain that the risk constraint would not affect the 
funding decisions.  Cash earned no interest.   
 
Our results are presented in Table 9.  Note that the columns regarding the EUR and SEK 
Funding instruments have been removed from this table since these instruments were not used 
by the model.  As demonstrated in Table 9, for γ  equals -1 the model borrowed 0.73 SEK in 
total and the VaR and CVaR of the Combined portfolio were 4.48% and 5.70%, respectively.  
For γ  equals -25 the Zeros Model borrowed 1.43 SEK in total and VaR and CVaR are now 
0.71% and 0.92%, respectively.  The only Funding instrument used at these two levels of γ  is the 
1-month USD bond.  For γ  equals -150, VaR and CVaR are 0.25% and 0.34%, respectively, and 
the total amount borrowed is 1.47 SEK.  Capital is now raised using the 1-month, 1-year and 2-
year USD zero-coupon bonds.  Also note that the duration of the optimal Funding portfolio 
increases (and thus gets closer to one year, which is the duration of the Loan portfolio) as we 
lower γ . 
 

3,000 scenarios BT
1m 6m 1y 2y 4y 6y

γ=-1 0.73 0.73 0.08 4.48% 5.70%
γ=-5 1.23 1.23 0.08 1.55% 1.99%
γ=-10 1.35 1.35 0.08 0.96% 1.24%
γ=-15 1.39 1.39 0.08 0.85% 1.08%
γ=-20 1.41 1.41 0.08 0.73% 0.97%
γ=-25 1.43 1.43 0.08 0.71% 0.92%
γ=-50 1.38 0.08 1.46 0.19 0.55% 0.76%
γ=-75 1.22 0.24 1.46 0.40 0.43% 0.57%
γ=-100 1.15 0.31 1.46 0.49 0.35% 0.46%
γ=-150 0.90 0.27 0.30 1.47 0.65 0.25% 0.34%
γ=-200 0.69 0.54 0.24 1.47 0.73 0.19% 0.26%
γ=-300 0.46 0.86 0.15 1.47 0.81 0.13% 0.17%

CVaR Risk 
Module

USD VaR Risk 
Module

Duration 
(Years)

 
Table 9: Results from the utility function test.  BT stands for borrowed total.  Rounding errors may exist. 

5.8 Testing the Explanatory Levels of the Principal Components 
As stated earlier, we also want to test if three PCs suffice to achieve acceptable explanatory levels 
for the interest rate dynamics within a currency.  This test was performed as follows.  We used 
exactly the same market data and calibration time periods (44 in all) as during the performance 
evaluation of the Optimization models.  This means that the scenario generation model was 
calibrated 44 times and thus 44 sets of PCs were derived.  For each set and interest rate term 
structure, we calculated the total variance explainable when using three PCs to model the interest 
rate dynamics.  As said in Section 2.5.4.1, we wanted this level to be greater than 95%.   
 
Out of 44 calculated explanatory levels, all levels for the EUR term structure exceeded 95%.  For 
the SEK term structure, 19 levels exceeded 95% while the remaining 25 levels were in the 89-
95% range.  For the USD term structure, 41 levels exceeded 95% while 3 were in the 94-95% 
range.





 55

Chapter 6 Conclusions 

6.1 About the Conclusions 
In this chapter, we present the conclusions drawn from our test results.  All sections except the 
final one refer to a specific test outlined in the previous chapter.  The last section summarizes our 
conclusions and presents some general thoughts. 

6.2 Number of Scenarios to Generate 
For a description of the results discussed in this section, see Section 5.2 and Table 11 in 
Appendix B. 
 
Our results indicate that the largest relative funding deviation decreases as we increase the number of 
scenarios from 1,000 to 3,000.  The results also show that with 3,000 scenarios, the largest relative 
funding deviation is small, only 3.66% of the average borrowed total.  However, our results do not 
provide evidence that we obtain a significantly lower relative funding deviation when we increase the 
number of scenarios from 3,000.  In fact, some of our relative funding deviation measures increase as 
we move from 3,000 to 5,000 and 10,000 scenarios.  This is not an expected result.  With an 
increasing number of scenarios, we would anticipate to acquire a better precision in the model 
results, not worse.  With our small number of test runs (only 10 per parameter setting) though, it 
is not possible to attain a complete understanding of the distribution of the funding decisions.  
We are, however, content to obtain an indication of the size of the relative funding deviation 
measures.  Note that our relative funding deviation measure yields a more pessimistic estimate of the 
error in the funding decisions than a calculation of the standard error with a 99% probability level 
would do. 
 
Since the computing cost increases rapidly with the number of scenarios, we wish to generate as 
few scenarios as possible while maintaining the accuracy of the funding decisions.  Since 3,000 
scenarios seem to generate reasonably accurate funding decisions, and since we do not appear to 
significantly improve accuracy with 5,000 or 10,000 scenarios, we conclude that we can run our 
scenario generation model with 3,000 scenarios. 
 
Here we also remind the reader that we use Latin hypercube sampling to generate our scenarios.  
We would most likely need to generate more than 3,000 scenarios if we did not use this variance-
reducing sampling technique. 

6.3 Testing the Models on Simple Loan Portfolios 
For a description of the results discussed in this section, see Section 5.3 and Appendix C.   
 
Our results show that when we decrease the CVaR limit, the resemblance between the optimal 
Funding portfolio and the Loan portfolio used as model input increases.  By lowering the CVaR 
limit, we see that the present value of the total amount borrowed gets closer and closer to the 
value of the Loan portfolio in use.  We also note an increasing correspondence between the 
currencies and maturities of the favored Funding instruments and the currencies and maturities 
of the Loan portfolio cash flows, as the CVaR limit decreases.  By setting a tight CVaR limit, we 
achieve a very high correspondence between the given Loan portfolio and the resulting optimal 
Funding portfolio (see e.g. the funding decision depicted in Figure 15 and compare to the Loan 
portfolio illustrated in Figure 11).  Apparently, with a very tightly set CVaR limit, the model 
output is a perfect hedge to the given Loan portfolio. 
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The results also show that the models always seek to find the cheapest way of raising capital with 
respect to the CVaR limit and the utility function.  Through examination of the funding decisions 
made by the Zeros model we see that with a high CVaR limit, the model uses only the 1-month 
zero-coupon bonds within the different currencies.  Since the 1-month rates are the lowest within 
each term structure (at the time these funding decisions were made), this is the cheapest way to 
raise capital.   
 
By examining the three zero curves (see Table 5-Table 7) at the time the funding decisions were 
made, we see that the USD 1-month zero rate is the lowest rate available.  Figure 8 shows that 
with portfolio P1 and a loosely set risk limit, the Zeros Model raises almost all capital by selling 
the 1-month EUR bond.  It would have been cheaper, though, to use the 1-month USD bond.  
At the time this funding decision was made, the annualized historical volatility of the SEK/EUR 
exchange rate was only 4.9%.  The annualized historical volatility of the SEK/USD exchange rate 
was more than twice as high, 11.4%.  (For each exchange rate, the volatility was derived by 
calculating the square root of the sample variance of 527 daily relative exchange rate changes.)  It 
was thus more risky to raise funding using the 1-month USD bond than the 1-month EUR bond.  
Our utility function, which lets us incorporate the fact that the Division is risk avert, makes the 
model choose the less risky alternative, even though the CVaR limit is relatively high.  By 
comparing the true CVaR of the optimal portfolio and the CVaR limit, we see that the model was 
allowed to take on more risk than it did in this specific example. 

6.4 Verification of the Optimization Models’ Risk Measures 
For a description of the results discussed in this section, see Section 5.4. 
 
In this section, we want to answer two questions.  First of all, do the Optimization models 
produce funding decisions that result in Combined portfolios with CVaRs that equal the stated  
CVaR limits?  Secondly, do the VaR outputs from the Optimization models match the VaR 
predicted by our scenario generation model? 
 
From the results shown in Table 8 in Section 5.4, we can answer the two questions above.  It 
turns out that the CVaRs of the Combined portfolios suggested by the Optimization models do 
not always equal the stated CVaR limits.  We also conclude that the VaRs calculated by the 
models sometimes differ from the VaRs predicted by our scenario generation model. 
 
When the CVaR limit is set to 0.1%, 0.5% and 1%, respectively, the predicted CVaRs of the 
suggested Combined portfolios equal the stated CVaR limits.  However, with CVaR limits of 
2.5%, 5%, 7.5% and 10%, the CVaRs of the Combined portfolios are smaller than the 
corresponding CVaR limits.   
 
What happens here is that the Optimization models do not always exploit the entire available 
CVaR limit.  One reason why this happens is that the utility function affects the amount of risk 
desired by the models.  Another reason is that since cash earns no interest, the obtainable return 
is limited and increasing the risk in the Combined portfolio beyond a certain limit does not 
improve expected utility.  When the models utilize less than the entire CVaR limit, the VaR 
measures produced by the models are erroneous.  When the full CVaR is utilized, the VaRs of the 
models coincide with our predicted VaR.  Hence, the CVaR constraint must be active in the 
optimal funding decisions for the Optimization models to calculate VaR correctly.  This is a 
direct consequence of the way the risk constraints (constraints z.4, s.5, and e.5 in Sections 3.4, 
3.5, and 3.6) are defined in the Optimization models. 
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6.5 Performance Evaluation of the Optimization Models 
For a description of the results discussed in this section, see Section 5.5.  Also see the result 
statistics in Appendix D. 
 
One way of describing the performance of the Zeros Model is the efficient frontier plot in Figure 
18.  The efficient frontier shows that as the stated monthly CVaR limit increases, so does the 
average return on the Combined portfolio.  However, as the CVaR limit approaches 4%, the 
portfolio return stops increasing.  With a CVaR limit greater than approximately 4%, the 
annualized return is always around 12.5% since the model makes the same funding decisions for 
all CVaR limits greater than 4%.  
 
Why does this happen?  The only investment alternative is the 1-month deposit rate available 
from the Corporation.  Since we have imposed a 50 basis point spread on the deposit rate, the 
available deposit rate is typically lower than the rates on the Funding instruments.  Because of 
this, borrowing funds at any given maturity and investing the proceeds at the deposit rate will (in 
most instances) result in a lower expected return.  In other words, there is a ceiling on the return 
that can be obtained from a Combined portfolio. 
 
Another way to view the Zeros Model’s performance is the plot of the Combined portfolio 
cumulative returns in Figure 21.  The plot shows the cumulative returns when the CVaR limit was 
set to 0.5% and 2.5%.  It also shows the cumulative return when a portfolio continually earns the 
1-month STIBOR rate.  Under our conditions, running a perfectly hedged Combined portfolio 
means that you maintain a Funding portfolio that exactly mirrors the Loan portfolio and invest all 
surplus cash with the Corporation.  With a perfectly hedged portfolio, the net value of the Loan 
and Funding portfolios must be zero, and the amount of the surplus cash is the same as the value 
of the Combined portfolio.  Hence, running a perfectly hedged portfolio yields the same return as 
investing the value of the Combined portfolio at the 1-month deposit rate available from the 
Corporation.  Because of this, we have chosen the 1-month STIBOR rate as our performance 
benchmark. 
 
During the 44 performance evaluation periods, the Zeros Model significantly outperformed the 
1-month STIBOR investment at both of the shown CVaR limits.  This result offers preliminary 
evidence that the Zeros Model has the potential to deliver profitable funding decisions.  
However, it should be noted that the performance improvement provided by the Zeros Model is 
paid for in the form of higher risk.  It should also be noted that interest rates have trended 
downwards during several of our evaluation periods.  The declining interest rates boost portfolio 
performance during our evaluation periods and it is likely that the performance would not have 
been as good if interest rates would have trended upwards instead.  Performance would also have 
been worse (and more realistic) if we would have included transaction costs in our study.  Maybe 
most importantly, we remind the reader that we view the contracts in the Loan portfolio as 
default-free.  Under the conditions that we have defined (i.e., a setting where we ignore default 
risk), the VaR and CVaR measures produced by the Optimization models are reasonable.  
However, when credit risk is present, as it is in the Division’s Loan portfolio, the VaR and CVaR 
measures from the models will understate the risk because they only include market risk.  
 
Neither efficient frontiers nor cumulative returns could be calculated for the Swap and Extended 
Swap models.  As can be seen in the result tables in Appendix D, with decreasing CVaR limits it 
was increasingly difficult to find funding solutions for these models.  Our conclusion is that the 
funding instruments in these models simply do not provide adequate hedging capabilities for 
portfolio L1.  The Zeros Model provides more funding alternatives, which is the reason why we 
did not encounter the same type of problem for that model. 
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In Figure 22, the cumulative portfolio returns for the different Optimization models are plotted.  
The Optimization models yield very similar cumulative returns over the 44 evaluation periods.  
Since no transaction costs are included in our analysis, it is difficult to say anything about the 
statement made by the Division regarding the most cost efficient way of funding a portfolio.   

6.6 Testing the Predicted Risk Exposures 
For a description of the results discussed in this section, see Section 5.6. 
 
Since we have chosen a 95% probability level for our VaR measure, the VaR should only be 
exceeded 5% of the time.  With 44 evaluation periods, this equates to 2.2 excessions.  With the 
CVaR limit set to 1.75% or higher, there were 3 VaR excessions.  This seems quite reasonable, 
considering the probability level.  However, with the CVaR limit set to 0.1%, 0.5% and 1%, we 
found 10, 6 and 4 VaR excessions, respectively.  It appears that our scenario generation model 
underestimates the VaR of the Combined portfolios suggested by the Zeros Model, when the 
stated CVaR limit is low.   
 
Understating VaR is not an insignificant problem, but we have not investigated the source of this 
problem.  We leave that investigation to future work.  However, we do suspect that the volatility 
estimates in our scenario generation model could be improved.  We calculate sample standard 
deviations to estimate the volatilities of the interest and exchange rates and the principal 
components’ implied states.  It is possible that this relatively naive approach to estimating 
volatilites cannot adequately capture real-world volatilities.  We also want to point out that we 
have assumed the forward interest rates to be lognormal.  In reality, the tails of the lognormal 
distribution may not adequately capture the likelihood of extreme events. 

6.7 Testing the Utility Function 
For a description of the results discussed in this section, see Section 5.7. 
 
We conclude that we can change the optimization models’ behavior by changing γ .  Table 9 in 
Section 5.7 shows that as γ  decreases, the borrowed total in the models’ funding decisions 
consistently increases (and thus approaches the Loan portfolio value) and the Combined 
portfolio VaR decreases.  In other words, with a decreasingγ , the models increasingly avoid risk 
when making their funding decisions. 
 
We point out that the results in Table 9 illustrate an interesting effect.  We also remind the reader 
that the Loan portfolio in this test, P3, contains only a 1-year USD cash flow.  Table 9 shows that 
with relatively large γ  (and VaR) levels, the Zeros Model only obtains funding in the 1-month 
USD bond.  As γ  decreases, the model starts selling the 2-year USD bond, and as γ  continues 
to decrease, it eventually also starts to sell the 1-year USD bond.  Here we see evidence that at 
certain levels of risk aversion (or, equivalently, certain VaR/CVaR levels), it can be advantageous 
to obtain some of the funding at maturities longer than the cash flow you are trying to hedge. 

6.8 Testing the Explanatory Levels of the Principal Components 
For a description of the results discussed in this section, see Section 5.8. 
 
For the EUR and the USD term structures, three PCs are sufficient to obtain explanatory levels 
at or above 95% in most cases.  However, three PCs are not enough for the SEK term structure.  
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It appears that using four or five PCs for the SEK could improve the accuracy of our scenario 
generation model. 

6.9 Conclusion Summary 
In summary, we conclude that we have completed our main and secondary objectives as stated in 
Section 1.5.  We have successfully implemented three different stochastic programming models.  
Under specific model constraints, these models are all able to find optimal funding decisions for 
the Division’s Loan portfolio.  We have also implemented a module that calculates the market 
risk, as quantified by the VaR and CVaR risk measures, of the Division’s Combined portfolio. 
 
We believe that the funding approach that we have suggested has the potential to deliver sound 
and profitable funding decisions.  We also believe that our approach could allow the Division to 
abandon its current funding strategy and thus relieve the increasing burdens of administrative 
work.  Our approach allows for making controlled and structured funding decisions based on the 
Loan portfolio as a whole instead of raising capital for each customer contract individually.  Our 
results show that our approach would have improved the Division’s net income during our full 
evaluation period, and has the potential to improve the Division’s net income in the future. 
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Chapter 7 Recommendations and Future Work 
Based on our results and conclusions, we now make a few recommendations regarding the 
funding approach that we have developed in this thesis.  We also suggest future work that could 
improve our model and expand our findings. 
 
Our funding approach should be used regularly, perhaps on a monthly basis as we have 
suggested.  Used regularly, this approach provides the means to establish a coherent funding 
strategy around which consistent routines can be established.  Not only does it allow the funding 
manager to take control of the risk levels in the Combined portfolio, but it also allows him to 
adapt to and benefit from changing market conditions.  However, due to the mathematical 
complexity of our presented approach, we believe that this manager must possess a significant 
amount of mathematical and financial modeling expertise.  We also believe that routines and 
safeguards need to be developed and followed, to ensure that the management’s intended strategy 
is actually carried out.  These are some of the steps we think should be taken before 
implementing our suggested funding approach: 
 
• A Combined portfolio risk limit should be established and communicated to all relevant 

parties within the Division and the Corporation.  This risk limit should be supported at the 
highest levels of the company. 

• Since the Division continually adds contracts to its Loan portfolio, the composition of the 
Combined portfolio changes continually.  Accordingly, risk levels should be monitored 
continually (daily) and risk excessions should immediately be reported and approved at a very 
senior level. 

• The strategy’s performance should be continually evaluated.  This will require establishing 
routines for the generation of daily profit and loss reports for the Combined portfolio.  

 
We also believe that there are a number of things that could be done to improve our approach.  
We suggest the following future work: 
 
• The impact of the credit risk in the Loan portfolio should be studied.  Credit risk affects the 

applicable discount rates for loan contracts and it also affects the expected loss due to credit 
events (customer insolvency, etc.).  Since our models do not consider credit risk, these issues 
need to be addressed before our funding strategy can be implemented.  Protective measures 
such as the establishment of a loan loss reserve should be incorporated into the overall 
strategy. 

• The current Funding portfolio should be added as an input to the Optimization models, and 
transaction costs should be included in the pricing of the Funding instruments.  This will 
allow the portfolio manager to incorporate the cost of unwinding existing funding positions 
and entering new positions when making funding decisions. 

• When the stated CVaR limit was low, the Combined portfolios produced by the Zeros Model 
experienced too many VaR excessions.  These excessions should be investigated.  Apparently, 
there is room to improve the accuracy of the scenario generation model.  We specifically 
suggest investigating whether the volatility estimates in our scenario generation model can be 
improved.  One possible line of inquiry would be to replace our sample variance calculations 
with an EWMA (Exponentially Weighted Moving Average) model, and another would be to 
forecast volatility using a GARCH (Generalized Autoregressive Conditional 
Heteroskedasticity) process.  A third possible line of inquiry would be to incorporate mean-
reversion in the processes for the PCs.  A fourth possible model improvement would be to 
add one or more PCs to the SEK term structure. 
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• Additional currencies should be included. 
• Additional performance evaluation testing should be executed, especially during evaluation 

periods when interest rates are rising and bond prices declining. 
• An optimization model that minimizes CVaR (instead of maximizing return) should be 

constructed.  With such a model, the portfolio manager would be able to determine the 
lowest obtainable CVaR of the Combined portfolio, given the available Funding instruments. 

• Other Funding instruments may be included in the Optimization models, and the portfolio 
manager should determine which Funding instruments are optimal for the Division.  It is 
especially important that the Funding instruments can provide an effective hedge to the Loan 
portfolio, so that the Combined portfolio’s VaR and CVaR levels can be reduced to low 
levels. 

• If possible, the model implementation should be migrated to a parallel computer to reduce 
computation time, especially as the number of currencies and cash flows in the Loan 
portfolio increase. 
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Appendix A A Study of the Liquidity Preference Theory 
 
In our liquidity preference study, we wanted to estimate the size of the liquidity premiums 
embedded in the DEM, SEK, and USD term structures.  To do this, we collected 16 years and 8 
months’ worth of daily interest rate data for the three different term structures.  For each term 
structure, historical data was collected in the form of four interbank deposit rates (with 1-, 3-, 6-, 
and 12-month maturities) and 10 swap rates (with maturities ranging from 1 to 10 years). 
 
Through analysis of a large set of observations of forward rates and actual spot rate outcomes, 
the historical size of the liquidity premiums can be determined.  The liquidity premium embedded 
in each observation was thus calculated as 
 
 

12121021  , , , , tttttttt rflp −−=  (18)
 
where 

21  , ttlp is the liquidity premium for a forward rate for an investment between the future 
times t1 and t2, 210  , , tttf is the forward rate between times t1 and t2 observed at time t0, and 

121  , tttr − is 
the spot rate for a time period of t2- t1 years observed at time t1.  From this discussion, it follows 
that

121  , tttr − is observed t1  years after 
210  , , tttf is observed. 

 
From each of the daily data sets in our historical data, we extracted a forward curve for a future 
one-year investment, and we also extracted the current one-year zero coupon rate.  To estimate 
the liquidity premiums, we compared the one-year forward rate for different future one-year time 
periods to the actual spot rates prevailing at the beginning of the respective future periods.   
 
For example, let’s say today is T0=0 and the current forward rate for a one-year investment 
between T3=3 years (from today) and T4=4 years is 5%.  At time T3, the one-year spot rate is 4%.  
This means that the difference between the forward rate at T0 and the actual outcome at T3  is 
1%.  This difference is then viewed as the forward rate liquidity premium embedded in the one-
year forward rate observed at T0 for the period between T3 and T4 .  In the notation above, this is 
expressed as 
 
 %1%4%51 ,34 ,3 ,04,3 =−=−= rflp  (19)
 
In our study, we used the one-year term as our standard term of investment to calculate the 
liquidity premium in the forward rates.  We wanted to estimate the size of the forward rate 
liquidity premium for one-year investments, from one year and up to nine years into the future.  
In other words, we wanted to find the following nine liquidity premium estimates within each of 
the three term structures: 
 

1 ,12 ,1 ,02,1 rflp −=  

1 ,23 ,2 ,03,2 rflp −=  
… 

1 ,910 ,9 ,010,9 rflp −=
 
Since 

121  , tttr − can only be observed t1  years after 
210  , , tttf is observed, it follows that the greater t1 is, 

the less the available historical data to estimate the average liquidity premium over the 
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observation period.  For 2,1lp  we had 15 years and 8 months of available data, while for 10,9lp  we 
only had 7 years and 8 months of data. 
 
We obtained the average liquidity premiums shown in Table 10. 
 

 DEM SEK USD 

2,1lp  0.70% 1.56% 1.28%

3,2lp  1.24% 2.40% 2.19%

4,3lp  1.90% 3.33% 2.78%

5,4lp  2.65% 3.95% 3.22%

6,5lp  3.23% 4.44% 3.26%

7,6lp  3.88% 5.30% 3.60%

8,7lp  4.19% 5.80% 3.70%

9,8lp  4.46% 6.57% 4.20%

10,9lp 4.50% 7.14% 4.76%

Table 10: Estimated liquidity premiums for each term structure. 

 
The premiums in the table above are depicted in the three graphs at the end of this appendix.  In 
the graphs, the horizontal axis represents the time to the beginning of the one-year forward 
period (this is t1) and the vertical axis shows the estimated liquidity premium.  In each of the 
graphs, we have also inserted a line which represents a linear regression over the full term 
structure.  The slope of this line in each of the term structures thus shows the average increase in 
the liquidity premium as the start of the one-year forward period is extended one additional year 
into the future.  For the DEM term structure we found the slope to be 59 basis points/year, for 
SEK it was 88 basis points/year, and for USD it was 61 basis points/year. 
 
We also performed some ad hoc tests in which we changed the time period so that we used 
different subsets of data from the original data set.  Our tests seemed to provide anecdotal 
confirmation that the liquidity premium changes over time but it is beyond the scope of this 
thesis to delve further into this topic.  For more extensive research regarding time changing 
liquidity premiums, see e.g. Fama and Bliss (1987), Longstaff (1990), Engsted (1993), Kiely, 
Kolari and Rose (1995), and Boero and Torricelli (1998). 
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Figure 23: The figure shows the average liquidity premium for each forward period as well as a linear regression 
line showing the average increase of the liquidity premium as the start of the forward period is moved further into 

the future.
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Appendix B Testing the Number of Scenarios Needed 
 
For a description of the table below and its contents, see Section 5.2.  
 
1,000 scenarios BT

1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y
CVaR=0.1% Avg. Funding 0.01  1.49  0.00  1.50  

Rel. Fnd. Dev. 0.15  0.23  0.04  
CVaR=1% Avg. Funding 0.12  1.02  0.00  1.14  

Rel. Fnd. Dev. 4.99 4.65 0.64  
CVaR=5% Avg. Funding 0.48  0.12  0.60  

Rel. Fnd. Dev. 7.46  7.48
CVaR=10% Avg. Funding 0.46  0.14  0.60  

Rel. Fnd. Dev. 6.05  6.05

3,000 scenarios BT
1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y

CVaR=0.1% Avg. Funding 0.01  1.49  0.00  1.50  
Rel. Fnd. Dev. 0.19 0.26 0.01  

CVaR=1% Avg. Funding 0.11  1.03  0.01  1.14  
Rel. Fnd. Dev. 3.66 3.36 0.89  

CVaR=5% Avg. Funding 0.48  0.12  0.60  
Rel. Fnd. Dev. 3.44  3.44

CVaR=10% Avg. Funding 0.48  0.00  0.12  0.60  
Rel. Fnd. Dev. 3.50  0.01 3.50

5,000 scenarios BT
1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y

CVaR=0.1% Avg. Funding 0.01  1.49  0.00  1.50  
Rel. Fnd. Dev. 0.22  0.22  0.08  

CVaR=1% Avg. Funding 0.13  1.02  0.02  1.17  
Rel. Fnd. Dev. 4.01  3.14  2.16  

CVaR=5% Avg. Funding 0.47  0.13  0.60  
Rel. Fnd. Dev. 3.51  3.52  

CVaR=10% Avg. Funding 0.47  0.13  0.60  
Rel. Fnd. Dev. 4.56  4.55  

10,000 scenarios BT
1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y 1m 6m 1y 2y 4y 6y

CVaR=0.1% Avg. Funding 0.01  1.49  0.00  1.50  
Rel. Fnd. Dev. 0.35  0.24  0.14  

CVaR=1% Avg. Funding 0.17  0.98  0.02  1.17  
Rel. Fnd. Dev. 2.99  1.84  2.26  

CVaR=5% Avg. Funding 0.47  0.12  0.00  0.60  
Rel. Fnd. Dev. 4.28  5.88  1.59  

CVaR=10% Avg. Funding 0.48  0.12  0.60  
Rel. Fnd. Dev. 2.39  2.40  

EUR SEK USD

EUR SEK USD

EUR SEK USD

EUR SEK USD

 
Table 11: Average funding decisions and relative funding deviations obtained when running the Zeros Model 

repeatedly.
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Appendix C Additional Simple Loan Portfolio Results 
 
Figure 24 shows a graphical representation of P2.   
 
Figure 25 shows the optimal funding decision for P2 with respect to a loosely set risk limit.  The 
only employed Funding instrument is the 1-month EUR bond.  The model has borrowed 0.60 
SEK, i.e. the smallest amount allowed. 
 
If we set the CVaR limit more tightly, the model uses both long-term and short-term borrowing 
in EUR, as shown in Figure 26.  The total amount borrowed is much greater with this lower 
CVaR limit. 
 
An even lower CVaR limit makes the 4-year zero-coupon bond more appealing.  As illustrated in 
Figure 27, over 90% of the total borrowing is done using this particular bond when the risk limit 
is set to 0.1%.  The 1-month and 6-year bonds are also used, but only to a minor degree. 
 

 
Figure 24: A simple Loan portfolio containing a single cash flow of 0.3 EUR that matures in four years.  The 

present value of the portfolio is 2.39 SEK. 
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Figure 25: The funding decision for P2 when the CVaR limit was set to 5%.  BT=0.60 SEK. 

 

 
Figure 26: The funding decision for P2 when the CVaR limit was set to 1%.  BT=2.10 SEK. 
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Figure 27: The funding decision for P2 when the CVaR limit was set to 0.1%.  BT=2.36 SEK. 

 
Figure 28 shows a graphical representation of Loan portfolio P3. 
 
Figure 29 and Figure 30 show the output from the Zeros Model when P3 is used as Loan 
portfolio and the CVaR limit is set to 5% and 1%.  The total amount borrowed is greater with the 
lower CVaR limit but the 1-month USD bond is the only Funding instrument employed in both 
cases. 
 
Choosing an even tighter CVaR limit forces the model to more closely match the composition of 
the optimal Funding portfolio with the composition of P3.  Figure 31 shows the optimal Funding 
portfolio with respect to a 0.1% CVaR limit.  The total amount borrowed is the same as the value 
of P3.  Over 80% of the total borrowing is obtained by selling the 1-year USD bond, and the 
remainder of the capital is raised by selling the 1-month USD bond. 
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Figure 28: A simple Loan portfolio containing a single cash flow of 0.2 USD that matures in one year.  The present 

value of the portfolio is 1.44 SEK. 

 

 
Figure 29: The funding decision for P3 when the CVaR limit was set to 5%.  BT=0.83 SEK. 
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Figure 30: The funding decision for P3 when the CVaR limit was set to 1%.  BT=1.39 SEK. 

 

 
Figure 31: The funding decision for P3 when the CVaR limit was set to 0.1%.  BT=1.44 SEK. 
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Figure 32 shows a graphical representation of P5.  The horizontal axis represents a cash flow’s 
maturity.  Maturities range from six months to seven years.  The vertical axis denotes a cash 
flow’s nominal amount in SEK.  P5 consists of 14 cash flows, all denominated in SEK. 
 
Figure 33 shows the optimal Funding portfolio for P5, calculated by the Swap Model, with 
respect to a CVaR limit set to 5%.  On the horizontal axis, the six different Funding instruments 
are represented.  The vertical axis represents a position’s size, measured in its nominal amount in 
SEK. 
 
With the CVaR limit set to 5%, the resulting optimal Funding portfolio consists only of a short 
position in the 6-month EUR bond, as shown in Figure 33.  An amount of 0.60 SEK is borrowed 
in total. 
 
Figure 34 shows the optimal Funding portfolio with respect to a 1% CVaR limit.  The total 
amount borrowed is now 1.92 SEK.  Funding instruments denominated in EUR and SEK are 
used but the positions in the SEK instruments are dominant.  Note that within each of the 
currencies, the chosen nominal amount of the swap equals the nominal amount of funding 
obtained by selling the 6-month bond. 
 

 
Figure 32:  A simple Loan portfolio containing 14 cash flows, in SEK.  The present value of the portfolio is 3.00 

SEK. 
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Figure 33: The funding decision for P5 when the CVaR limit was set to 5%.  BT=0.60 SEK. 

 

 
Figure 34: The funding decision for P5 when the CVaR limit was set to 1%.  BT=1.92 SEK. 
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Appendix D Performance Evaluation Test Data 
Problem

No. Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR
1 0.08% 0.02% 0.10% 0.12% 0.32% 0.50% 0.05% 0.70% 1.00% -0.29% 1.00% 1.36% -0.28% 0.98% 1.32% -0.28% 0.98% 1.32% -0.28% 0.98% 1.32% -0.28% 0.98% 1.32%
2 0.41% 0.01% 0.10% 0.64% 0.31% 0.50% 0.88% 0.72% 1.00% 0.78% 1.03% 1.40% 0.78% 1.02% 1.42% 0.78% 1.02% 1.42% 0.78% 1.02% 1.42% 0.78% 1.02% 1.42%
3 0.32% 0.00% 0.10% 0.42% 0.30% 0.50% 0.61% 0.71% 1.00% 0.68% 1.06% 1.47% 0.68% 1.03% 1.40% 0.69% 1.00% 1.36% 0.68% 1.03% 1.40% 0.68% 1.03% 1.40%
4 0.11% 0.00% 0.10% 0.18% 0.31% 0.50% 0.35% 0.75% 1.00% 0.44% 1.17% 1.55% 0.44% 1.20% 1.64% NaN NaN NaN 0.44% 1.21% 1.64% 0.44% 1.21% 1.64%
5 -0.10% 0.00% 0.10% -0.49% 0.31% 0.50% -0.51% 0.73% 1.00% -0.27% 1.18% 1.59% -0.26% 1.18% 1.57% -0.26% 1.18% 1.57% -0.26% 1.18% 1.57% -0.26% 1.18% 1.57%
6 -0.44% 0.02% 0.10% -1.10% 0.33% 0.49% -1.24% 0.56% 0.79% -1.24% 0.57% 0.80% -1.20% 0.51% 0.78% -1.20% 0.51% 0.78% -1.20% 0.51% 0.78% -1.20% 0.51% 0.78%
7 1.28% 0.01% 0.10% 1.52% 0.30% 0.50% 1.18% 0.71% 0.99% 1.00% 0.96% 1.28% 0.97% 0.98% 1.33% 0.97% 0.98% 1.33% 0.97% 0.98% 1.34% 0.97% 0.98% 1.34%
8 0.63% 0.01% 0.10% 0.54% 0.30% 0.50% 0.33% 0.69% 1.00% 0.09% 1.26% 1.71% 0.05% 1.27% 1.77% 0.05% 1.28% 1.77% 0.05% 1.28% 1.78% 0.05% 1.28% 1.78%
9 0.53% 0.00% 0.10% 0.89% 0.28% 0.50% 1.12% 0.67% 1.00% 1.40% 1.25% 1.72% 1.41% 1.33% 1.82% 1.41% 1.33% 1.83% 1.41% 1.33% 1.83% 1.41% 1.33% 1.83%

10 0.03% 0.00% 0.10% 0.27% 0.31% 0.50% 0.59% 0.71% 0.99% 1.03% 1.27% 1.73% 1.08% 1.36% 1.85% 1.08% 1.36% 1.85% 1.08% 1.36% 1.86% 1.08% 1.36% 1.86%
11 0.22% 0.00% 0.10% 0.38% 0.29% 0.50% 0.52% 0.70% 1.00% 0.72% 1.31% 1.74% 0.74% 1.39% 1.92% 0.74% 1.39% 1.92% 0.74% 1.39% 1.92% 0.74% 1.39% 1.92%
12 -0.36% 0.01% 0.10% -0.14% 0.30% 0.50% 0.17% 0.69% 1.00% 0.57% 1.26% 1.74% 0.77% 1.59% 2.12% 0.78% 1.59% 2.12% 0.78% 1.59% 2.12% 0.78% 1.59% 2.12%
13 -0.06% 0.00% 0.10% 0.62% 0.32% 0.50% 1.20% 0.70% 1.00% 2.01% 1.29% 1.74% 2.39% 1.55% 2.12% 2.40% 1.56% 2.13% 2.40% 1.56% 2.13% 2.40% 1.56% 2.13%
14 -0.20% 0.01% 0.10% -0.47% 0.29% 0.50% -0.75% 0.68% 1.00% -1.15% 1.26% 1.74% -1.37% 1.65% 2.16% -1.38% 1.66% 2.17% -1.38% 1.66% 2.17% -1.38% 1.66% 2.17%
15 -0.27% 0.00% 0.10% -0.63% 0.33% 0.50% -1.02% 0.73% 1.00% -1.58% 1.30% 1.75% -2.12% 1.93% 2.50% -2.78% 2.64% 3.39% -2.78% 2.65% 3.39% -2.78% 2.65% 3.39%
16 0.66% -0.01% 0.10% 0.76% 0.33% 0.50% 0.85% 0.71% 1.00% 0.98% 1.31% 1.75% 1.08% 1.88% 2.50% 1.41% 3.44% 4.52% 1.41% 3.44% 4.52% 1.41% 3.44% 4.52%
17 0.81% 0.00% 0.10% 1.36% 0.31% 0.50% 1.89% 0.71% 1.00% 2.59% 1.35% 1.75% 3.25% 1.86% 2.50% 4.26% 2.79% 3.68% 4.26% 2.79% 3.68% 4.26% 2.79% 3.68%
18 0.26% -0.01% 0.10% 0.43% 0.30% 0.50% 0.68% 0.69% 1.00% 1.02% 1.26% 1.75% 1.38% 1.85% 2.50% 1.95% 2.84% 3.77% 1.95% 2.84% 3.77% 1.95% 2.84% 3.77%
19 0.13% -0.01% 0.10% 0.06% 0.30% 0.50% -0.04% 0.72% 1.00% -0.17% 1.31% 1.75% -0.29% 1.89% 2.50% -0.55% 3.15% 4.10% -0.55% 3.13% 4.09% -0.55% 3.15% 4.10%
20 0.63% 0.00% 0.10% 0.77% 0.30% 0.50% 0.86% 0.69% 1.00% 0.97% 1.29% 1.73% 1.12% 1.85% 2.48% 1.34% 2.96% 3.86% 1.34% 2.97% 3.86% 1.34% 2.97% 3.86%
21 0.45% -0.01% 0.10% 0.56% 0.29% 0.50% 0.71% 0.68% 1.00% 0.92% 1.32% 1.75% 0.99% 1.76% 2.41% 1.36% 2.66% 3.51% 1.36% 2.66% 3.51% 1.36% 2.66% 3.51%
22 0.68% -0.01% 0.10% 0.91% 0.30% 0.50% 1.06% 0.67% 1.00% 1.26% 1.26% 1.75% 1.39% 1.87% 2.48% 1.64% 2.61% 3.42% 1.64% 2.62% 3.42% 1.64% 2.62% 3.42%
23 0.91% -0.01% 0.10% 1.18% 0.29% 0.50% 1.56% 0.68% 1.00% 2.04% 1.28% 1.75% 2.41% 1.87% 2.50% 2.83% 2.43% 3.20% 2.84% 2.43% 3.20% 2.84% 2.43% 3.20%
24 0.25% 0.00% 0.10% 0.25% 0.30% 0.50% 0.26% 0.68% 1.00% 0.28% 1.25% 1.75% 0.29% 1.87% 2.47% 0.32% 2.64% 3.44% 0.32% 2.64% 3.44% 0.32% 2.64% 3.44%
25 1.32% -0.01% 0.10% 1.30% 0.30% 0.50% 1.21% 0.70% 1.00% 1.11% 1.25% 1.75% 1.02% 1.89% 2.50% 0.91% 2.59% 3.42% 0.91% 2.59% 3.42% 0.91% 2.59% 3.42%
26 1.27% -0.01% 0.10% 1.08% 0.29% 0.50% 0.91% 0.71% 1.00% 0.65% 1.33% 1.75% 0.36% 1.86% 2.49% -0.03% 2.80% 3.72% -0.03% 2.80% 3.72% -0.03% 2.80% 3.72%
27 0.81% -0.03% 0.10% 1.67% 0.25% 0.49% 2.73% 0.63% 1.00% 3.99% 1.19% 1.75% 5.17% 1.88% 2.50% 5.88% 2.81% 3.62% 5.88% 2.82% 3.62% 5.88% 2.82% 3.62%
28 1.75% -0.05% 0.10% 2.27% 0.28% 0.50% 2.76% 0.66% 1.00% 3.43% 1.23% 1.75% 4.12% 1.83% 2.50% 4.76% 2.40% 3.17% 4.76% 2.40% 3.17% NaN NaN NaN
29 0.86% -0.06% 0.10% 1.38% 0.29% 0.50% 1.81% 0.57% 0.88% 2.64% 1.29% 1.75% 3.04% 1.86% 2.49% 3.21% 2.16% 2.91% 3.21% 2.16% 2.91% 3.21% 2.16% 2.91%
30 0.56% -0.05% 0.09% 0.60% 0.27% 0.50% 0.62% 0.60% 0.91% 0.64% 1.28% 1.75% 0.61% 1.79% 2.43% 0.61% 1.81% 2.46% 0.61% 1.81% 2.46% 0.61% 1.81% 2.46%
31 0.00% -0.03% 0.10% 0.11% 0.28% 0.50% 0.23% 0.68% 1.00% 0.53% 1.15% 1.63% 0.75% 1.57% 2.15% 0.75% 1.58% 2.15% 0.75% 1.58% 2.15% 0.75% 1.58% 2.15%
32 -0.48% -0.02% 0.10% -0.81% 0.28% 0.50% -1.14% 0.65% 1.00% -1.64% 1.21% 1.75% -1.86% 1.73% 2.32% -1.86% 1.74% 2.33% -1.86% 1.74% 2.33% -1.86% 1.74% 2.33%
33 1.12% -0.03% 0.10% 1.05% 0.28% 0.49% 1.09% 0.67% 1.00% 1.35% 0.90% 1.29% 1.10% 1.69% 2.23% 1.10% 1.70% 2.24% 1.10% 1.70% 2.24% 1.10% 1.70% 2.24%
34 -0.61% -0.01% 0.10% -0.52% 0.30% 0.50% -0.43% 0.70% 0.99% -0.36% 0.98% 1.37% -0.37% 0.90% 1.29% -0.37% 0.90% 1.29% -0.37% 0.90% 1.29% -0.37% 0.90% 1.29%
35 0.80% -0.04% 0.10% 0.52% 0.26% 0.49% 0.37% 0.45% 0.73% 0.37% 0.46% 0.74% 0.43% 0.38% 0.60% 0.43% 0.38% 0.60% 0.43% 0.38% 0.60% 0.43% 0.38% 0.60%
36 1.00% -0.03% 0.09% 1.05% 0.14% 0.34% 1.05% 0.15% 0.35% 1.05% 0.16% 0.35% 1.05% 0.15% 0.32% 1.05% 0.15% 0.32% 1.05% 0.15% 0.32% 1.05% 0.15% 0.32%
37 0.43% 0.00% 0.10% 0.54% 0.28% 0.44% 0.55% 0.31% 0.46% 0.55% 0.31% 0.47% 0.51% 0.39% 0.60% 0.51% 0.39% 0.61% 0.51% 0.39% 0.61% 0.51% 0.39% 0.61%
38 1.06% -0.02% 0.10% 0.83% 0.31% 0.50% 0.57% 0.71% 0.99% 0.42% 0.95% 1.28% 0.44% 0.92% 1.30% 0.44% 0.92% 1.30% 0.44% 0.92% 1.30% 0.44% 0.92% 1.30%
39 0.37% -0.01% 0.10% 0.30% 0.32% 0.50% 0.22% 0.71% 1.00% 0.12% 1.28% 1.68% 0.01% 1.80% 2.40% 0.00% 1.81% 2.43% 0.00% 1.81% 2.42% 0.00% 1.81% 2.42%
40 -0.31% -0.02% 0.10% 0.27% 0.30% 0.50% 0.92% 0.71% 1.00% 1.86% 1.30% 1.75% 2.62% 1.73% 2.38% 2.63% 1.73% 2.38% 2.63% 1.73% 2.38% 2.63% 1.73% 2.38%
41 0.04% 0.00% 0.10% 0.12% 0.31% 0.50% 0.20% 0.70% 1.00% 0.30% 1.29% 1.75% 0.46% 1.94% 2.49% 0.55% 2.37% 3.01% 0.55% 2.37% 3.01% 0.55% 2.37% 3.01%
42 0.45% 0.00% 0.10% 0.57% 0.33% 0.50% 0.67% 0.73% 1.00% 0.80% 1.34% 1.75% 1.13% 1.92% 2.50% 0.81% 2.24% 2.92% 1.24% 2.50% 3.20% 1.24% 2.50% 3.20%
43 0.73% 0.01% 0.10% 1.12% 0.34% 0.50% 1.58% 0.72% 1.00% 1.99% 1.32% 1.75% 2.86% 1.96% 2.49% 4.15% 3.27% 4.08% 4.15% 3.28% 4.08% 4.15% 3.28% 4.08%
44 0.65% -0.01% 0.10% 0.79% 0.33% 0.50% 0.94% 0.76% 1.00% 1.08% 1.32% 1.75% 1.36% 1.92% 2.50% 1.95% 3.24% 4.11% 1.95% 3.24% 4.11% 1.95% 3.24% 4.11%

Mean 0.43% -0.01% 0.10% 0.53% 0.30% 0.49% 0.64% 0.66% 0.96% 0.80% 1.14% 1.56% 0.92% 1.49% 2.01% 1.05% 1.88% 2.50% 1.04% 1.87% 2.49% 0.96% 1.86% 2.47%
Annualized 5.12% -0.03% 6.36% 1.03% 7.69% 2.30% 9.54% 3.96% 11.05% 5.18% 12.57% 6.52% 12.52% 6.49% 11.48% 6.45%

Sigma 0.54% 0.68% 0.86% 1.15% 1.42% 1.69% 1.67% 1.59%
Annualized 1.87% 2.36% 2.96% 3.99% 4.92% 5.84% 5.79% 5.50%

CVaR Limit=10%CVaR Limit=0.1% CVaR Limit=0.5% CVaR Limit=1% CVaR Limit=1.75% CVaR Limit=2.5% CVaR Limit=5% CVaR Limit=7.5%

 
Figure 35: Risk and return data from the Zeros Model performance testing.  “NaN” indicates that the solver did not find a solution to that problem. 
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Problem

No. Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR
1 NaN NaN NaN NaN NaN NaN NaN NaN NaN -0.46% 1.25% 1.63% NaN NaN NaN -0.45% 1.22% 1.59% -0.45% 1.22% 1.59% -0.45% 1.22% 1.59%
2 NaN NaN NaN NaN NaN NaN 0.84% 0.72% 1.00% 0.81% 1.21% 1.61% 0.82% 1.25% 1.66% 0.82% 1.25% 1.66% 0.82% 1.25% 1.66% 0.82% 1.25% 1.66%
3 NaN NaN NaN NaN NaN NaN NaN NaN NaN 0.67% 1.25% 1.66% 0.67% 1.21% 1.66% 0.67% 1.21% 1.66% 0.67% 1.21% 1.66% 0.67% 1.21% 1.66%
4 NaN NaN NaN NaN NaN NaN 0.36% 0.75% 1.00% 0.37% 0.94% 1.28% 0.37% 1.00% 1.34% 0.37% 1.00% 1.34% 0.37% 1.00% 1.34% 0.37% 1.00% 1.34%
5 NaN NaN NaN -0.41% 0.33% 0.50% -0.52% 0.74% 1.00% -0.44% 0.95% 1.27% -0.44% 0.92% 1.24% -0.44% 0.92% 1.24% -0.44% 0.92% 1.24% -0.44% 0.92% 1.24%
6 NaN NaN NaN NaN NaN NaN -1.18% 0.50% 0.71% -1.18% 0.50% 0.72% NaN NaN NaN -1.15% 0.46% 0.71% -1.15% 0.46% 0.71% -1.15% 0.46% 0.71%
7 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.07% 0.78% 1.09% 1.04% 0.80% 1.11% 1.04% 0.80% 1.11% 1.04% 0.80% 1.11% 1.04% 0.80% 1.11%
8 NaN NaN NaN NaN NaN NaN 0.33% 0.65% 0.94% 0.08% 1.17% 1.61% 0.06% 1.18% 1.63% 0.06% 1.18% 1.63% 0.06% 1.18% 1.63% 0.06% 1.18% 1.63%
9 NaN NaN NaN 0.87% 0.31% 0.50% 1.11% 0.67% 0.99% 1.36% 1.17% 1.61% 1.33% 1.19% 1.65% 1.34% 1.19% 1.65% 1.34% 1.19% 1.65% 1.34% 1.19% 1.65%

10 NaN NaN NaN NaN NaN NaN 0.58% 0.59% 0.86% 1.06% 1.09% 1.50% 1.17% 1.24% 1.67% 1.17% 1.24% 1.67% 1.17% 1.24% 1.67% 1.17% 1.24% 1.67%
11 NaN NaN NaN 0.37% 0.29% 0.50% 0.54% 0.69% 0.99% 0.66% 1.21% 1.59% 0.65% 1.13% 1.60% 0.65% 1.13% 1.60% 0.65% 1.13% 1.60% 0.65% 1.13% 1.60%
12 NaN NaN NaN -0.28% 0.29% 0.49% 0.07% 0.68% 1.00% 0.02% 0.62% 0.92% 0.70% 1.56% 2.09% 0.71% 1.57% 2.10% 0.71% 1.57% 2.10% 0.71% 1.57% 2.10%
13 NaN NaN NaN 0.73% 0.31% 0.50% 1.32% 0.70% 1.00% 1.87% 1.08% 1.49% NaN NaN NaN 2.30% 1.40% 1.92% 2.30% 1.40% 1.92% 2.30% 1.40% 1.92%
14 -0.19% 0.00% 0.10% -0.51% 0.30% 0.50% -0.80% 0.68% 1.00% -1.23% 1.26% 1.74% -1.49% 1.67% 2.20% -1.49% 1.68% 2.21% -1.49% 1.68% 2.21% -1.49% 1.68% 2.21%
15 NaN NaN NaN NaN NaN NaN -1.16% 0.70% 1.00% -1.73% 1.27% 1.75% -1.69% 1.29% 1.69% -2.77% 2.44% 3.17% -2.77% 2.44% 3.17% -2.77% 2.44% 3.17%
16 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.08% 1.06% 1.45% 1.20% 1.88% 2.50% 1.49% 3.25% 4.24% 1.49% 3.25% 4.25% 1.57% 3.17% 4.14%
17 NaN NaN NaN 1.39% 0.31% 0.50% 1.92% 0.71% 1.00% 2.70% 1.35% 1.75% 3.35% 1.87% 2.50% 4.39% 2.77% 3.64% 4.38% 2.77% 3.65% 4.38% 2.77% 3.65%
18 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.03% 1.27% 1.75% NaN NaN NaN 1.95% 2.84% 3.77% 1.95% 2.84% 3.77% 1.95% 2.84% 3.77%
19 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN -0.53% 3.12% 4.05% -0.53% 3.12% 4.05% -0.53% 3.12% 4.05%
20 NaN NaN NaN 0.83% 0.30% 0.50% 0.94% 0.67% 0.96% 1.07% 1.28% 1.75% 1.17% 1.88% 2.50% 1.00% 1.33% 1.79% 1.39% 2.93% 3.85% 1.39% 2.93% 3.85%
21 NaN NaN NaN 0.60% 0.30% 0.50% 0.88% 0.68% 1.00% 1.23% 1.27% 1.75% 1.53% 1.84% 2.50% NaN NaN NaN 1.99% 2.61% 3.51% 1.99% 2.61% 3.51%
22 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.64% 2.55% 3.32% 1.67% 2.55% 3.33% 1.68% 2.55% 3.33%
23 NaN NaN NaN NaN NaN NaN 1.53% 0.67% 0.99% 2.00% 1.29% 1.73% 2.42% 1.87% 2.50% 2.83% 2.43% 3.20% 2.84% 2.43% 3.20% 2.84% 2.43% 3.20%
24 NaN NaN NaN 0.20% 0.31% 0.50% 0.20% 0.68% 1.00% 0.21% 1.27% 1.75% NaN NaN NaN 0.24% 2.55% 3.34% 0.24% 2.55% 3.35% 0.24% 2.56% 3.35%
25 1.18% -0.02% 0.10% 1.27% 0.29% 0.49% 1.14% 0.70% 1.00% NaN NaN NaN 0.93% 1.85% 2.42% 0.79% 2.71% 3.50% 0.79% 2.71% 3.50% 0.91% 2.50% 3.33%
26 NaN NaN NaN 0.98% 0.30% 0.50% 0.76% 0.70% 1.00% NaN NaN NaN NaN NaN NaN -0.18% 2.71% 3.58% -0.18% 2.71% 3.59% -0.18% 2.71% 3.59%
27 NaN NaN NaN NaN NaN NaN 2.82% 0.67% 1.00% 2.86% 0.99% 1.47% 5.06% 1.89% 2.50% 5.45% 2.39% 3.13% 5.45% 2.39% 3.13% 5.45% 2.39% 3.13%
28 NaN NaN NaN 1.83% 0.30% 0.50% 2.28% 0.68% 1.00% 2.97% 1.26% 1.73% NaN NaN NaN 3.61% 1.67% 2.27% 3.61% 1.67% 2.27% 3.61% 1.67% 2.27%
29 NaN NaN NaN NaN NaN NaN NaN NaN NaN 2.47% 1.28% 1.74% NaN NaN NaN 2.56% 1.39% 1.90% 2.56% 1.39% 1.90% 2.56% 1.39% 1.90%
30 NaN NaN NaN 0.52% 0.28% 0.50% 0.55% 0.67% 1.00% 0.55% 1.08% 1.51% 0.56% 1.09% 1.51% 0.56% 1.09% 1.51% 0.56% 1.09% 1.51% 0.56% 1.09% 1.51%
31 NaN NaN NaN NaN NaN NaN 0.24% 0.67% 1.00% NaN NaN NaN 0.31% 0.92% 1.34% 0.57% 1.17% 1.68% 0.57% 1.17% 1.68% 0.57% 1.17% 1.68%
32 NaN NaN NaN NaN NaN NaN -1.04% 0.68% 1.00% NaN NaN NaN -1.63% 1.58% 2.12% -1.63% 1.58% 2.13% -1.63% 1.58% 2.13% -1.63% 1.58% 2.13%
33 NaN NaN NaN NaN NaN NaN NaN NaN NaN 0.97% 1.11% 1.58% NaN NaN NaN 0.98% 1.59% 2.09% 0.98% 1.59% 2.09% 0.98% 1.59% 2.09%
34 NaN NaN NaN NaN NaN NaN NaN NaN NaN -0.19% 1.25% 1.66% -0.21% 1.18% 1.61% -0.21% 1.18% 1.62% -0.21% 1.18% 1.62% -0.21% 1.18% 1.62%
35 NaN NaN NaN 0.60% 0.27% 0.50% NaN NaN NaN NaN NaN NaN 0.10% 0.83% 1.13% 0.10% 0.83% 1.13% 0.10% 0.83% 1.13% 0.10% 0.83% 1.13%
36 NaN NaN NaN 1.00% 0.20% 0.36% 1.00% 0.21% 0.37% 1.00% 0.21% 0.38% 1.00% 0.25% 0.40% 1.00% 0.26% 0.40% 1.00% 0.26% 0.40% 1.00% 0.26% 0.40%
37 NaN NaN NaN 1.04% 0.31% 0.49% 1.05% 0.32% 0.49% NaN NaN NaN 1.33% 0.60% 0.83% 1.33% 0.60% 0.84% 1.33% 0.60% 0.84% 1.33% 0.60% 0.84%
38 1.19% -0.03% 0.10% 1.41% 0.15% 0.33% 0.92% 0.71% 1.00% 0.73% 1.24% 1.68% 0.75% 1.36% 1.81% 0.75% 1.36% 1.81% 0.75% 1.36% 1.81% 0.75% 1.36% 1.81%
39 NaN NaN NaN 0.33% 0.30% 0.49% 0.25% 0.69% 0.99% 0.13% 1.27% 1.74% 0.01% 1.80% 2.42% 0.01% 1.79% 2.42% 0.01% 1.80% 2.42% 0.01% 1.79% 2.42%
40 NaN NaN NaN 0.19% 0.31% 0.50% 0.84% 0.71% 1.00% 1.79% 1.31% 1.75% 2.22% 1.67% 2.27% 2.56% 1.74% 2.37% 2.56% 1.74% 2.37% 2.56% 1.74% 2.37%
41 NaN NaN NaN NaN NaN NaN 0.26% 0.70% 1.00% 0.29% 1.29% 1.75% NaN NaN NaN 0.50% 2.60% 3.31% 0.55% 2.66% 3.36% 0.55% 2.66% 3.36%
42 NaN NaN NaN 0.72% 0.33% 0.50% 0.76% 0.72% 1.00% 0.82% 1.33% 1.75% NaN NaN NaN 1.07% 3.13% 4.04% 1.07% 3.13% 4.04% 1.07% 3.13% 4.04%
43 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.97% 1.30% 1.75% NaN NaN NaN 3.75% 2.64% 3.34% 4.34% 3.60% 4.48% 4.34% 3.60% 4.48%
44 NaN NaN NaN 0.94% 0.34% 0.50% 1.15% 0.75% 1.00% 1.35% 1.36% 1.75% 1.58% 1.94% 2.50% 2.06% 3.51% 4.45% 2.07% 3.52% 4.46% 2.07% 3.52% 4.46%

Mean 0.73% -0.02% 0.10% 0.67% 0.29% 0.48% 0.62% 0.66% 0.95% 0.83% 1.13% 1.54% 0.83% 1.36% 1.83% 0.96% 1.75% 2.33% 1.01% 1.83% 2.43% 1.02% 1.83% 2.42%
Annualized 8.70% 7.98% 7.47% 9.98% 9.94% 11.57% 12.14% 12.19%

Sigma 0.79% 0.59% 0.91% 1.10% 1.36% 1.58% 1.59% 1.59%
Annualized 2.74% 2.06% 3.15% 3.81% 4.71% 5.47% 5.52% 5.52%

CVaR Limit=2.5% CVaR Limit=5% CVaR Limit=7.5% CVaR Limit=10%CVaR Limit=0.1% CVaR Limit=0.5% CVaR Limit=1% CVaR Limit=1.75%

 
Figure 36: Risk and return data from the Swap Model performance testing.  “NaN” indicates that the solver did not find a solution to that problem. 
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Problem

No. Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR Return VaR CVaR
1 NaN NaN NaN NaN NaN NaN 0.05% 0.71% 1.00% -0.29% 1.00% 1.36% NaN NaN NaN -0.28% 0.98% 1.32% -0.28% 0.98% 1.32% -0.28% 0.98% 1.32%
2 NaN NaN NaN NaN NaN NaN NaN NaN NaN 0.78% 1.03% 1.40% 0.78% 1.02% 1.42% NaN NaN NaN 0.78% 1.02% 1.42% 0.78% 1.02% 1.42%
3 NaN NaN NaN NaN NaN NaN NaN NaN NaN 0.68% 1.06% 1.47% NaN NaN NaN 0.68% 1.03% 1.40% 0.68% 1.03% 1.40% 0.68% 1.03% 1.40%
4 NaN NaN NaN 0.18% 0.31% 0.50% 0.35% 0.75% 1.00% 0.44% 1.17% 1.55% 0.44% 1.20% 1.64% 0.44% 1.21% 1.64% 0.44% 1.21% 1.64% 0.44% 1.21% 1.64%
5 NaN NaN NaN NaN NaN NaN -0.51% 0.73% 1.00% -0.27% 1.18% 1.59% NaN NaN NaN -0.26% 1.18% 1.58% -0.26% 1.18% 1.58% -0.26% 1.18% 1.58%
6 NaN NaN NaN NaN NaN NaN -1.24% 0.56% 0.79% NaN NaN NaN -1.20% 0.51% 0.78% -1.20% 0.51% 0.78% -1.20% 0.51% 0.78% -1.20% 0.51% 0.78%
7 NaN NaN NaN 1.52% 0.30% 0.50% 1.29% 0.70% 0.98% 1.00% 0.96% 1.28% 0.97% 0.98% 1.33% 0.97% 0.98% 1.33% 0.97% 0.98% 1.33% 0.97% 0.98% 1.33%
8 NaN NaN NaN 0.54% 0.30% 0.50% 0.33% 0.69% 1.00% 0.09% 1.25% 1.70% 0.05% 1.27% 1.77% 0.05% 1.28% 1.77% 0.05% 1.28% 1.78% 0.05% 1.28% 1.78%
9 NaN NaN NaN 0.89% 0.28% 0.50% 1.12% 0.67% 1.00% 1.40% 1.25% 1.72% 1.41% 1.33% 1.82% 1.41% 1.33% 1.83% 1.41% 1.33% 1.83% 1.41% 1.33% 1.83%

10 0.03% 0.00% 0.10% 0.27% 0.30% 0.50% 0.60% 0.71% 1.00% 1.03% 1.26% 1.72% 0.94% 1.20% 1.66% NaN NaN NaN 1.08% 1.36% 1.86% 1.08% 1.36% 1.86%
11 0.22% 0.00% 0.10% 0.38% 0.29% 0.50% 0.52% 0.70% 1.00% 0.72% 1.31% 1.73% 0.74% 1.39% 1.92% 0.75% 1.39% 1.93% 0.75% 1.39% 1.92% 0.75% 1.39% 1.93%
12 NaN NaN NaN -0.33% 0.30% 0.50% -0.01% 0.68% 1.00% 0.42% 1.26% 1.74% 0.65% 1.63% 2.15% 0.65% 1.64% 2.16% 0.65% 1.64% 2.16% 0.65% 1.64% 2.16%
13 NaN NaN NaN 0.62% 0.32% 0.50% 1.19% 0.70% 0.99% 1.99% 1.28% 1.73% 2.39% 1.55% 2.11% 2.40% 1.56% 2.13% 2.40% 1.56% 2.13% 2.40% 1.56% 2.13%
14 NaN NaN NaN -0.51% 0.30% 0.50% -0.80% 0.68% 1.00% -1.23% 1.25% 1.74% -1.49% 1.67% 2.20% -1.49% 1.68% 2.21% -1.49% 1.68% 2.21% -1.49% 1.68% 2.21%
15 -0.34% 0.01% 0.10% NaN NaN NaN -1.16% 0.70% 1.00% -1.75% 1.27% 1.75% -2.27% 1.92% 2.50% -2.77% 2.44% 3.17% -2.77% 2.44% 3.17% -2.77% 2.44% 3.17%
16 NaN NaN NaN NaN NaN NaN 0.96% 0.71% 1.00% 1.10% 1.29% 1.75% 1.26% 1.65% 2.23% 1.49% 3.25% 4.24% 1.49% 3.25% 4.25% 1.49% 3.25% 4.25%
17 NaN NaN NaN NaN NaN NaN NaN NaN NaN 2.70% 1.35% 1.75% 2.31% 1.31% 1.78% 4.38% 2.77% 3.64% 4.38% 2.77% 3.65% 4.38% 2.77% 3.65%
18 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.38% 1.85% 2.50% 1.95% 2.84% 3.77% 1.95% 2.84% 3.77% 1.95% 2.84% 3.77%
19 NaN NaN NaN NaN NaN NaN NaN NaN NaN -0.16% 1.32% 1.75% NaN NaN NaN -0.53% 3.12% 4.05% -0.53% 3.12% 4.05% -0.53% 3.12% 4.05%
20 NaN NaN NaN NaN NaN NaN 0.93% 0.68% 1.00% 1.05% 1.29% 1.75% NaN NaN NaN 1.39% 2.93% 3.84% 1.39% 2.93% 3.85% 1.39% 2.93% 3.85%
21 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.23% 1.27% 1.75% 1.46% 1.75% 2.40% 1.99% 2.61% 3.51% 1.99% 2.61% 3.51% 1.99% 2.61% 3.51%
22 NaN NaN NaN NaN NaN NaN 1.13% 0.66% 1.00% 1.33% 1.27% 1.75% 1.49% 1.88% 2.49% 1.73% 2.62% 3.43% 1.73% 2.62% 3.43% 1.73% 2.62% 3.43%
23 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN 2.42% 1.87% 2.50% 2.83% 2.43% 3.20% 2.84% 2.43% 3.20% 2.84% 2.43% 3.20%
24 NaN NaN NaN NaN NaN NaN NaN NaN NaN 0.21% 1.27% 1.75% 0.23% 1.54% 2.04% 0.24% 2.55% 3.34% 0.24% 2.55% 3.35% 0.24% 2.55% 3.35%
25 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.11% 1.25% 1.75% 0.96% 1.87% 2.45% 0.91% 2.59% 3.42% 0.91% 2.59% 3.42% 0.91% 2.59% 3.42%
26 NaN NaN NaN 1.08% 0.29% 0.50% NaN NaN NaN 1.20% 0.04% 0.18% NaN NaN NaN -0.03% 2.80% 3.72% -0.03% 2.80% 3.72% 0.10% 2.57% 3.49%
27 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN 5.02% 1.73% 2.31% 5.88% 2.81% 3.62% 5.88% 2.82% 3.62% 5.88% 2.82% 3.62%
28 NaN NaN NaN NaN NaN NaN 2.77% 0.66% 0.99% NaN NaN NaN NaN NaN NaN 4.76% 2.40% 3.17% 4.76% 2.40% 3.17% 4.76% 2.40% 3.17%
29 NaN NaN NaN NaN NaN NaN 1.70% 0.47% 0.75% 2.66% 1.30% 1.75% NaN NaN NaN 3.21% 2.16% 2.91% 3.21% 2.16% 2.91% 3.21% 2.16% 2.91%
30 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN 0.61% 1.77% 2.40% 0.61% 1.81% 2.46% 0.61% 1.81% 2.46% 0.61% 1.81% 2.46%
31 NaN NaN NaN NaN NaN NaN 0.23% 0.68% 1.00% 0.55% 1.18% 1.66% 0.75% 1.57% 2.15% 0.75% 1.58% 2.15% 0.75% 1.58% 2.15% 0.75% 1.58% 2.15%
32 NaN NaN NaN NaN NaN NaN -1.15% 0.67% 1.00% NaN NaN NaN -1.85% 1.73% 2.31% -1.86% 1.74% 2.33% -1.86% 1.74% 2.33% -1.86% 1.74% 2.33%
33 NaN NaN NaN NaN NaN NaN NaN NaN NaN 1.08% 1.24% 1.74% 1.10% 1.69% 2.22% 1.10% 1.70% 2.23% 1.10% 1.70% 2.23% 1.10% 1.70% 2.23%
34 NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN -0.21% 1.18% 1.62% -0.25% 1.17% 1.62% -0.21% 1.18% 1.62% -0.21% 1.18% 1.62%
35 NaN NaN NaN NaN NaN NaN 0.25% 0.65% 0.99% 0.06% 0.87% 1.27% 0.10% 0.83% 1.13% 0.10% 0.83% 1.13% 0.10% 0.83% 1.13% 0.10% 0.83% 1.13%
36 NaN NaN NaN NaN NaN NaN 1.00% 0.21% 0.37% 1.00% 0.21% 0.38% 1.00% 0.26% 0.40% 1.00% 0.26% 0.40% 1.00% 0.26% 0.40% 1.00% 0.26% 0.40%
37 NaN NaN NaN NaN NaN NaN 1.34% 0.54% 0.78% 1.35% 0.55% 0.79% 1.33% 0.60% 0.83% 1.33% 0.60% 0.84% 1.33% 0.60% 0.84% 1.33% 0.60% 0.84%
38 NaN NaN NaN NaN NaN NaN 0.92% 0.71% 1.00% 0.73% 1.26% 1.70% 0.75% 1.36% 1.81% 0.75% 1.36% 1.81% 0.75% 1.36% 1.81% 0.75% 1.36% 1.81%
39 NaN NaN NaN 0.33% 0.30% 0.50% 0.24% 0.70% 1.00% 0.12% 1.27% 1.75% 0.01% 1.80% 2.42% 0.01% 1.80% 2.42% 0.01% 1.80% 2.42% 0.01% 1.80% 2.42%
40 NaN NaN NaN NaN NaN NaN 0.85% 0.71% 0.99% 1.79% 1.31% 1.75% 2.64% 1.75% 2.41% 2.56% 1.74% 2.37% 2.56% 1.74% 2.37% 2.56% 1.74% 2.37%
41 NaN NaN NaN 0.18% 0.31% 0.50% 0.26% 0.70% 1.00% 0.34% 1.31% 1.75% 0.44% 1.99% 2.50% 0.54% 2.66% 3.36% 0.55% 2.66% 3.36% 0.54% 2.66% 3.36%
42 NaN NaN NaN NaN NaN NaN 0.76% 0.73% 1.00% 0.82% 1.33% 1.75% NaN NaN NaN 1.07% 3.13% 4.04% 1.07% 3.13% 4.04% 1.07% 3.13% 4.04%
43 0.66% 0.00% 0.10% NaN NaN NaN NaN NaN NaN 1.97% 1.30% 1.75% 2.75% 1.98% 2.50% 4.34% 3.60% 4.48% 4.34% 3.60% 4.48% 4.34% 3.60% 4.48%
44 NaN NaN NaN NaN NaN NaN 1.15% 0.75% 1.00% 1.41% 1.36% 1.75% NaN NaN NaN NaN NaN NaN 2.11% 3.48% 4.43% 2.11% 3.48% 4.43%

Mean 0.14% 0.00% 0.10% 0.43% 0.30% 0.50% 0.52% 0.66% 0.95% 0.80% 1.15% 1.57% 0.86% 1.46% 1.96% 1.06% 1.93% 2.55% 1.08% 1.93% 2.56% 1.09% 1.93% 2.55%
Annualized 1.70% 5.16% 6.23% 9.56% 10.37% 12.76% 12.99% 13.02%

Sigma 0.42% 0.56% 0.90% 0.91% 1.39% 1.75% 1.69% 1.69%
Annualized 1.45% 1.96% 3.11% 3.16% 4.81% 6.05% 5.86% 5.86%

CVaR Limit=0.1% CVaR Limit=0.5% CVaR Limit=1% CVaR Limit=1.75% CVaR Limit=2.5% CVaR Limit=5% CVaR Limit=7.5% CVaR Limit=10%

 
Figure 37: Risk and return data from the Extended Swap Model performance testing.  “NaN” indicates that the solver did not find a solution to that problem.
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