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thbac@mai.liu.se

LiU-TEK-LIC-2006:4
ISBN 91-85457-98-1
ISSN 0280-7971

Printed by LiU-Tryck, Linköping 2006

December 21, 2005 (11:17)



iii

Contents

Abstract and Acknowledgements v

Introduction and Overview 1

1 Introduction and outline 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Preliminaries 1
2.1 Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Abstract index notation . . . . . . . . . . . . . . . . . . . . . . . . 2
2.2 Notation and conventions . . . . . . . . . . . . . . . . . . . . . . . 3
2.3 Symmetries and Killing vectors . . . . . . . . . . . . . . . . . . . . 3
2.4 Static and Stationary spacetimes . . . . . . . . . . . . . . . . . . . 4
2.5 Field equations and potentials . . . . . . . . . . . . . . . . . . . . . 5
2.6 Axisymmetry and Weyl-coordinates . . . . . . . . . . . . . . . . . 6

3 Motivation and definitions 6
3.1 Newtonian case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 Spacelike manifold and asymptotic flatness . . . . . . . . . . . . . 7
3.3 Relativistic multipole moments . . . . . . . . . . . . . . . . . . . . 7
3.4 Centre of mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 Interpretation 8

5 Future work 10

References 10

Paper 1. Static axisymmetric spacetimes with prescribed multipole
moments. 15

Published in Classical and Quantum Gravity

1 Introduction 15

2 Explicit moments of the axisymmetric Weyl solutions 16
2.1 The Schwarzschild solution . . . . . . . . . . . . . . . . . . . . 18

3 General multipole 19
3.1 On a multipole conjecture due to Geroch . . . . . . . . . . . . 21
3.2 Finite number of moments . . . . . . . . . . . . . . . . . . . . . 22

4 Solving algebraic equations 22

5 Powers of the root 23

December 21, 2005 (11:17)



iv

6 Examples 26
6.1 Pure 2n-pole . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
6.2 Monopole - 2n-pole . . . . . . . . . . . . . . . . . . . . . . . . . 27
6.3 The monopole-quadrupole conjecture of Hernández-Pastora and

Mart́ın . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

7 Conclusions and discussion 29

Paper 2. Explicit multipole moments of stationary axisymmetric
spacetimes. 35

Published in Classical and Quantum Gravity

1 Introduction 35

2 Multipole moments of stationary spacetimes 36
2.1 Multipole moments of axisymmetric spacetimes . . . . . . . . . 37

3 Multipole moments through a scalar recursion on R2 37

4 Multipole moments through a scalar recursion on R 39

5 All moments from one scalar function 41

6 The Kerr solution 42

7 Potentials 43

8 Discussion 44

December 21, 2005 (11:17)



v

Abstract

In this thesis we study multipole moments of axisymmetric spacetimes. Using
the recursive definition of the multipole moments of Geroch and Hansen we de-
velop a method for computing all multipole moments of a stationary axisymmetric
spacetime without the use of a recursion. This is a generalisation of a method
developed by Herberthson for the static case.

Using Herberthson’s method we also develop a method for finding a static
axisymmetric spacetime with arbitrary prescribed multipole moments, subject to
a specified convergence criteria. This method has, in general, a step where one
has to find an explicit expression for an implicitly defined function. However, if
the number of multipole moments are finite we give an explicit expression in terms
of power series.
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1 Introduction and outline

1.1 Background

Since Schwarzschild published his static solution [11] of Einsteins equations, a
lot of new solutions, as well as several solution generating techniques, have been
found. However, not many of the solutions have a clear physical interpretation.
Therefore some techniques have been developed to clarify the physical interpre-
tations of these solutions. For stationary asymptotically flat solutions, a good
method is to calculate the relativistic multipole moments of the solution, since
they can be compared to the Newtonian multipole moments. In this thesis we
address the following questions:
How can we simplify the calculations of the multipole moments?
Given a set of multipole moments, how can we find a spacetime with these mul-
tipole moments?

1.2 Outline of the thesis

In chapter 2 we establish the notation and give a short introduction to essential
concepts. In chapter 3 we use the Newtonian multipole moments to motivate the
definition of Geroch and Hansen for the relativistic case. Chapter 4 discusses the
interpretation possibilities, and how our work fit in with related work previously
carried out. After that our published papers are given.

2 Preliminaries

2.1 Tensors

Let V be any finite-dimensional vector space over the real numbers (R). We denote
its dual space with V ∗. If (v1, ..., vn) is a basis for V , we denote the corresponding
dual basis elements v1∗, ..., vn∗ ∈ V ∗ defined by

vµ∗(vν) = δµ
ν , (1)

where δµ
ν is the Kronecker delta.

December 21, 2005 (11:17)
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To emphasise the coordinate independence we will regard tensors as multi-
linear mappings. Therefore we regard a tensor, T , of type (k, l) over V as a
multi-linear map

T : V ∗ × . . .× V ∗︸ ︷︷ ︸
k

×V × . . .× V︸ ︷︷ ︸
l

→ R. (2)

If we have a tensor T of type (k, l) we can define an operator, contraction,
by a map defined by

contraction(T ) =
n∑

m=1

T (..., vm∗, ...; ..., vm, ...),

where {vm}n
1 is a basis for V and {vm∗}n

1 is its dual basis. Note that the con-
traction is independent of the basis. Also note that, in general, we get different
contractions if we contract over different pairs of ’slots’ in the tensor.

We will mainly study tensors on manifolds. An n-dimensional manifold M
is a space locally diffeomorphic to Rn. The manifold does not, in general, possess
a vector space structure, but at a general point p on M we consider the vector
space of all tangents at p. We denote this tangent space by Vp. Note that even
though the tangent spaces at different points are isomorphic, there is in general
no coordinate independent isomorphism between them. For a complete definition
of a manifold see [13].

A smooth assignment of a tensor over the tangent space Vp at each point p on
the manifoldM is called a tensor field. By smooth we usually mean C∞-regularity,
but at some points we may demand less.

Figure 1: Tangent space at point p.

Abstract index notation

We will use the abstract index notation [13]. A tensor of type (k, l) will be denoted
by a stem letter followed by k contravariant (upper) and l covariant (lower), lower
case letters. For example T abc

defg denotes a tensor of type (3, 4). One should not
confuse this with ordinary index notation, where Tαβγ

δεζη are the components
of the tensor in some basis. We write the contraction of a tensor using the same
letter on the contracted indices, e.g. W acb

dc is a tensor of type (2, 1). The tensor
product of two tensors T a

b and Scd
e is denoted T a

bS
cd

e.
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We also use the index notation to express symmetries of a tensor. To sym-
metrise over some indices means that one takes the arithmetic mean of all per-
mutations of the indices. For antisymmetrisation, just change the sign of all odd
permutations. For example

T(abc) =
1
3!

(Tabc + Tacb + Tcab + Tcba + Tbca + Tbac), (3)

and similarly

T[abc] =
1
3!

(Tabc − Tacb + Tcab − Tcba + Tbca − Tbac). (4)

2.2 Notation and conventions

In this thesis we denote the metric for the spacetime with gab. We will assume
the signature (−,+,+,+). For 3-manifolds with positive definite metric we will
denote the metric with hab, h̃ab or ĥab.

On the spacetime manifold, we call a vector field va timelike, null, or spacelike
if vava < 0, vava = 0, or vava > 0 respectively.

We will assume that all covariant derivatives are torsion-free. Since we use
different metrics we will use different derivative operators. We use the notations
∇a, Rab, Da, Rab, and D̃a, R̃ab for the covariant derivative operators, and Ricci
tensors associated with the metrics gab, hab, and h̃ab respectively.

We use geometrised units such that G = c = 1, where G is the gravitational
constant and c is the speed of light in vacuum.

Note that we use a totally coordinate independent notation. This is impor-
tant because our results should be independent of the choice of coordinate system.

2.3 Symmetries and Killing vectors

In general it is difficult to compare tensors at different points on a manifold, but
if we have a diffeomorphism that maps one point to another, we can use this to
“move” the tensor field and compare it to the original tensor field. Using these
ideas we investigate the concept of transformation symmetries of a tensor field.

Let M and N be two manifolds, (possibly the same manifold). Let νa ∈ Vp

and φ : M → N be a C∞ map. We then define (φ∗ν)a ∈ Vφ(p) via

(φ∗ν)a∇af = νa∇a(f ◦ φ) ∀f ∈ C∞(N,R). (5)

We also define φ∗ : V ∗φ(p) → V ∗p via

(φ∗µ)aν
a = µa(φ∗ν)a ∀νa ∈ Vp. (6)

If, furthermore, φ is a diffeomorphism we can extend φ∗ to tensors of type
(m,n)

(φ∗T )b1...bm
a1...an(µ1)b1 . . . (µm)bm(ν1)a1 . . . (νn)an =

T b1...bm
a1...an(φ∗µ1)b1 . . . (φ∗µm)bm((φ−1)∗ν1)a1 . . . ((φ−1)∗νn)an

∀(µi)b ∈ V ∗φ(p), (νi)a ∈ Vφ(p). (7)
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(φ∗ν)a

Vp

p

νa

φ

Vφ(p)

φ(p)

Figure 2: A diffeomorphism φ from a manifold to another.

If φ is a diffeomorphism from the manifold to itself, we can compare a tensor
field T with the tensor field φ∗T . When φ∗T = T we call φ a symmetry transfor-
mation for T . This means that if we move T with φ, the tensor field T stays the
same. In this thesis we will only study the special case when φ∗gab = gab. In this
case φ is called an isometry.

If we have a smooth vector field ξa on a manifoldM we define a one-parameter
family of diffeomorphisms φt : M →M , by following the flow of ξa for a“distance”
t. If φt is a group of isometries we call ξa a Killing vector field.

From the theory of Lie derivatives it follows that a necessary and sufficient
condition for ξa to be a Killing vector field is

∇aξb +∇bξa = 0. (8)

For a more complete treatment of symmetries and Killing vector fields, see [13].

2.4 Static and Stationary spacetimes

The intuitive picture of a stationary spacetime is that “nothing happens” when
time evolves. Another way of saying this is that time evolution should be a
symmetry transformation. The formal definition of a stationary spacetime is that
it admits a timelike Killing vector field ξa. We see that this gives a one parameter
group of isometries. These isometries correspond to time translation. We can also
use the parameter as a time coordinate.

If ξa is also orthogonal to a spacelike hyper-surface we call the solution static.
A necessary and sufficient condition that ξa is hyper-surface orthogonal is (cf. [13])

ξ[a∇bξc] = 0. (9)

December 21, 2005 (11:17)
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The spacetime describing the exterior of a rigid massive object in vacuum
that does not rotate is static. If the object spins around a symmetry axis the
corresponding spacetime is stationary (outside the object). This gives an intu-
itive picture of the difference between stationary and static. Observe that this
difference does not affect the gravitational potential in Newtonian mechanics.

Because of the independence of time in the stationary case we can “factor
away” the time. We do this by considering the 3-manifold of trajectories of the
timelike Killing vector field ξa. In the general case the correspondence between
tensor fields on this 3-manifold and the spacetime was investigated in detail by
Geroch [5]. In the static case however, this is simpler, because here the 3-manifold
is equivalent to the spacelike hyper-surface that is orthogonal to ξa.

2.5 Field equations and potentials

The Einstein field equations are given by

Rab −
1
2
Rgab = 8πTab, (10)

where Tab is the energy-momentum tensor of the matter. In this thesis we will
only study vacuum solutions, i.e., Tab = 0.

We also restrict our selves to stationary or static vacuum spacetimes. Thus it
is sufficient to consider the “spacelike part”. We will therefore use the 3-manifold
of trajectories of the timelike Killing vector field ξa. Call this 3-manifold V . We
let λ = −ξaξa be the norm of ξa. Intuitively the norm describes in a sense how fast
the time goes at different points. Furthermore, we define the twist ωa through
ωa = εabcdξ

b∇cξd. The twist describes how much ξa differs from being hyper-
surface orthogonal. Due to the fact that we only consider vacuum solutions, we
can define a twist potential ω via ∇aω = ωa, since ∇[bωa] = 0 in vacuum.

The metric gab (with signature (−,+,+,+)) on the spacetime induces the
positive definite metric

hab = λgab + ξaξb

on V .
In the stationary vacuum case, Einstein’s field equations induce field equa-

tions on V [5],

Rab =
1

2λ2
((Daλ)Dbλ+ (Daω)Dbω) (11a)

DaDaλ =
1
λ

((Daλ)Daλ− (Daω)Daω) (11b)

DaDaω =
2
λ

(Daλ)Daω, (11c)

where Rab and Da is the Ricci tensor and the covariant derivative operator with
respect to the metric hab. In the static case we have ω = 0 and can use φ = 1

2 lnλ
as a potential, and the field equations reduce to Rab = 2(Daφ)Dbφ and DaDaφ =
0, i.e., a covariant version of the Laplace equation. In the general stationary
case we can introduce the potential φ = 1−λ−iω

1+λ+iω . With this potential, the field
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equations reduce to

Rab =
2

(φφ̄− 1)2
(D(aφ)Db)φ̄ (12a)

DaDaφ =
2φ̄

φφ̄− 1
(Daφ)Daφ. (12b)

The equation (12b) is a useful form of the Ernst equation [3]. The non-linearity
of this equation makes it much more difficult to solve than the Laplace equation.
However it has been shown [10] that in the axisymmetric case the Ernst equation
is completely integrable and [2] that soliton methods can be used to construct
solutions.

2.6 Axisymmetry and Weyl-coordinates

To simplify the calculations we will mainly consider axisymmetric spacetimes.
This means that there exist a spacelike Killing vector field ψa with closed integral
curves. If the spacetime is stationary we also demand that the Killing vector fields
commute, i.e., ψa∇a(ξb∇bf) = ξa∇a(ψb∇bf) for all f ∈ C∞.

In this situation we can define coordinates t, ϕ such that ξa = ( ∂
∂t )

a and
ψa = ( ∂

∂ϕ )a.
There is a canonical way (see for instance [13]) to find coordinates R,Z such

that the metric can be written as

ds2 = −λ(dt−Wdϕ)2 + λ−1(R2dϕ2 + e2β(dR2 + dZ2)), (13)

where the functions λ, β, and W only depend on R and Z. We also observe that
λ is the norm of the timelike Killing vector field ξa.

3 Motivation and definitions

3.1 Newtonian case

In this section we will describe multipole moments in Newtonian gravitation. We
will also reformulate this description to fit the relativistic setting. This gives a
motivation for the relativistic definition.

In the static Newtonian case the gravitational field Ga of an isolated object
can be described by a smooth potential V , such that Ga = −∇aV , 0 = ∇aGa =
−∇a∇aV , and V vanishes at infinity. If we fix an origin and use spherical coor-
dinates we can expand the harmonic function V in powers of 1

R :

V (R, θ, ϕ) =
∞∑

k=0

k∑
l=−k

ck,lY
l
k(θ, ϕ)R−k−1, (14)

where Y l
k are the spherical harmonics. The coefficients ck,l describe the multipole

moments in the basis of spherical harmonics.
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We can get a simpler expansion if we change the radial variable r = 1
R and

rescale,

Ṽ (r, θ, ϕ) =
V ( 1

r , θ, ϕ)
r

=
∞∑

k=0

k∑
l=−k

ck,lY
l
k(θ, ϕ)rk. (15)

Note that Ṽ is harmonic with respect to the spherical coordinates (r, θ, ϕ). With
x1 = r sin θ cosϕ, x2 = r sin θ sinϕ, x3 = r cos θ, we see that rkY l

k(θ, ϕ) is a
homogeneous polynomial in x1, x2, x3 of order k. Taylor’s formula gives us that

Ṽ (xa) =
∞∑

k=0

xa1 . . . xak

k!
∇a1 . . .∇ak

Ṽ
∣∣
0
. (16)

This means that there is a direct relation between {ck,l}l
k=−l and ∇a1 . . .∇ak

Ṽ
∣∣
0
.

Due to flatness and the smoothness of the field, the derivative operators commute.
This means that Pa1...ak

= ∇a1 . . .∇ak
Ṽ is totally symmetric. We also have that

gak−1akPa1...ak
= ∇a1 . . .∇ak−2∇b∇bṼ = 0, (17)

i.e., Pa1...ak
is totally symmetric and trace-free. Note that we get a recursive

definition of the tensors Pa1...ak
via Pa1...ak

= ∇a1Pa2...ak
.

Now the multipole moments are the totally symmetric and trace-free tensors
Pa1...ak

at r = 0. Given Ṽ , this description is coordinate independent, and is
therefore easier to generalise than the ck,l-description.

3.2 Spacelike manifold and asymptotic flatness

To be able to generalise the scheme above to general relativity we need to describe
everything in a purely geometrical fashion.

When we describe multipole moments we need something corresponding to
the “vanishing at infinity” of the potential. To describe this purely geometrically
we use the concept of asymptotic flatness. Let hab be the positive definite induced
metric on V . Then we call V asymptotically flat if there exists a 3-manifold Ṽ
and a conformal factor Ω satisfying

(i) Ṽ = V ∪ Λ, where Λ is a single point;

(ii) h̃ab = Ω2hab is a smooth metric on Ṽ ;

(iii) at Λ, Ω = 0, D̃aΩ = 0, D̃aD̃bΩ = 2h̃ab;

where D̃a is the derivative operator associated with h̃ab.
As an example we see that with the flat metric in R3 we can simply invert

in the unit sphere. Λ will then correspond to the new origin. We also see that
Ω = 1

x2+y2+z2 gives the correct behaviour for asymptotic flatness.

3.3 Relativistic multipole moments

Geroch [4] defined the multipole moments for a static spacetime, and later Hansen [7]
generalised the definition to the stationary case. In contrast to the Newtonian
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case we have a lot of freedom in the way we can choose the gravitational potential.
However, following Hansen, we use the scalar potential φ on V

φ = φM + iφJ , φM =
λ2 + ω2 − 1

4λ
, φJ =

ω

2λ
,

where φM is a potential for the mass part of the field, whereas φJ describes the
angular momentum part. The multipole moments are then defined on Ṽ as certain
derivatives of the scalar potential φ̃ = φ/

√
Ω at Λ, similar to the Newtonian case.

More explicitly, following [7], let R̃ab denote the Ricci tensor of Ṽ , and let P = φ̃.
Define the sequence P, Pa1 , Pa1a2 , . . . of tensors recursively:

Pa1...an = C[D̃a1Pa2...an −
(n−1)(2n−3)

2 R̃a1a2Pa3...an ], (18)

where C[ · ] stands for taking the totally symmetric and trace-free part. The
multipole moments are then defined as the tensors Pa1...an at Λ. Here we see
that the curvature comes into play. We also have to symmetrise “by hand” and
subtract the traces. This scheme is computationally very difficult, so in paper 2
we simplify this computation for the axisymmetric case.

There are also other definitions of multipole moments. The definition of
Thorne [12] is shown in [6] to be equivalent to the Geroch/Hansen definition for
the case where the mass is non-zero.

3.4 Centre of mass

In Newtonian theory it is easy to see that the choice of origin affects the multipole
expansion. The corresponding choice in the geometrical relativistic definition is
the freedom in the choice of conformal factor. For instance, in the Newtonian case
we can use Ω = 1

R2 , which is, however, dependent of the choice of origin point.
Also in the Newtonian case we see that if we have mass and place the origin in the
centre of the mass we will not get any dipole moment. In the relativistic case, the
dipole moment can also be put to zero, with a careful choice of conformal factor
Ω if the mass is non-zero. This can be generalised even if there is no mass. If
Pa1...an

is the first non-vanishing moment, this is done by choosing the conformal
factor such that Pa1...anP

a1...an+1 = 0. In the axisymmetric case this implies that
Pa1...an+1 = 0.

The advantages of this approach is that it is a purely geometrical way of
defining a generalised centre of mass without using coordinates. Thus, this is
a good way of defining it in general relativity. This choice of conformal factor
together with the geometrical definition of multipole moments of Geroch [4] and
Hansen [7] gives a coordinate independent definition of mass centred multipole
moments.

4 Interpretation

In the static Newtonian case we can get a complete description of the gravitational
field outside a massive object by means of the multipole moments. Geroch [4]
conjectured that the same thing is true in general relativity for static spacetimes.
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The conjecture consists of two parts. The first part is that two spacetimes having
the same multipole moments, must coincide in a neighbourhood of infinity; this
was confirmed by Beig and Simon [1] for the case when the mass is non-zero.
The second part is that for every set of multipole moments with some specified
convergence condition there exists a static spacetime. As far as we know this was
still an open question until we confirmed it for the static axisymmetric case. The
proof can be found in paper 1.

If this conjecture is true in the general stationary case, we can use the mul-
tipole moments to give a complete description of a stationary spacetime. One
would then clearly like to compare the relativistic solution to the Newtonian case.

Relativistic
spacetime

b

hh
OO

d

��

Relativistic
multipole moments

a

((
OO

id

��
Newtonian

fields
//

c
oo Newtonian

multipole moments

Figure 3: Relations between the fields and the moments.

In the static Newtonian case it is relatively easy to obtain a multipole ex-
pansion of the gravitational field. One usually does this by an expansion in terms
of spherical harmonics. The inverse problem is of course even simpler. For the
stationary case we have to add the angular momentum moments. These do not
affect the gravitational field. However it should not be difficult to compute them
from the source, and combine them to a scalar field in the same way as the mass
moments. Thus the stationary case should not be so difficult either.

In the relativistic case however the situation is much more difficult. The rel-
ativistic definition of multipole moments of Geroch and Hansen gives the relation
a in figure 3. But because of computational difficulties it is not suitable for the
calculation of all multipole moments. For the static axisymmetric case Herberth-
son [8] developed a method that generates all multipole moments without the
need to use an explicit recursive relation. This method is generalised to the sta-
tionary axisymmetric case in paper 2. Unfortunately this method still has some
computational difficulties; for instance one has to find the inverse of a function.

The relation b is even more difficult. Some iterative methods have been
developed for the axisymmetric case [14], [9]. These methods use a seed solution
and transform this to another solution with a multipole structure closer to the
desired structure. This process is repeated step by step to get better and better
approximations. For the static axisymmetric case we have developed a method
that gives the spacetime with a given set of multipole moments in one step. This
method is described in paper 1. Unfortunately using this method we still have
to find an inverse of a function. However, for the case with a finite number of
non-zero moments, we found a way to express the solutions explicitly in terms of
a power series. This can also be found in paper 1.

If we identify the Newtonian moments (including the angular momentum
moments) with the relativistic moments we find a correspondence between the
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Newtonian fields and the relativistic spacetime using the relations a, b, and c in
figure 3. The problem of finding a corresponding spacetime for a given Newtonian
field has been a long-standing open problem. However it is not entirely clear
whether the corresponding systems describe the same physical situation or not.
Since the relativistic and the classical definition of multipole moments coincide
in the Newtonian case it seems reasonable to assume that the correspondence is
physical.

The correspondence between Newtonian and relativistic solutions can be very
useful because gravitational sources are difficult to describe in general relativity
but easy in Newtonian theory. Therefore one can describe a source in Newtonian
theory, calculate the corresponding moments, treat these as relativistic moments
and then try to find a spacetime with these moments.

5 Future work

For further studies one would like to extend the methods of finding spacetimes
with prescribed multipole structure to the stationary axisymmetric case. We have
already reduced the problem to a boundary value problem for the Ernst equation.
However, much more work has to be done to develop a method that generates
complete solutions.

Another natural extension is to try to extend the methods for efficiently
computing the multipole moments from the spacetime without axisymmetry. If
this succeeds one can try to use this to find the spacetime corresponding to a
given set of multipole moments without the assumption of axisymmetry.

It will also be interesting to further analyse the simple spacetimes explicitly
given by our methods. Matter sources, geodesics, and causality structure would
be of great interest. Studying these solutions and other aspects could possibly tell
us if the suggested addition of multipole moments is physically relevant or not.
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Static axisymmetric spacetimes with

prescribed multipole moments

Thomas Bäckdahl∗, Magnus Herberthson∗

Abstract

In this paper we develop a method of finding the static axisymmetric
spacetime corresponding to any given set of multipole moments. In addi-
tion to an implicit algebraic form for the general solution, we also give a
power series expression for all finite sets of multipole moments. As conjec-
tured by Geroch we prove in the special case of axisymmetry, that there is a
static spacetime for any given set of multipole moments subject to a (speci-
fied) convergence criterion. We also use this method to confirm a conjecture
of Hernández-Pastora and Mart́ın concerning the monopole-quadrupole so-
lution.

1 Introduction

The relativistic multipole moments of vacuum static asymptotically flat space-
times have been defined by Geroch [5], and this definition has been extended by
Hansen [8] to the stationary case. There are other definitions [2], [14], [11] or ap-
proaches [3], [10]; for instance, Thorne [14] has suggested an alternative definition
which is equivalent if the spacetime has nonzero mass [6].

The recursive definition of Geroch (1) produces a family of totally symmetric
and trace-free tensors, which are to be evaluated at a certain point. These values
will then provide the moments of the spacetime in question. Even in the case of
static axisymmetric spacetimes, where all solutions in a sense are known (see [15]
and section 2 below), the actual calculations of the tensors in (1) are non-trivial.

In [7], it was shown how the moments in the axisymmetric case can be ob-
tained through a set of recursively defined real-valued functions {fn}∞n=0 on R.
The moments are then given by the values {fn(0)}∞n=0. In this way, one can easily
calculate ‘any’ desired number of moments. By exploring the conformal freedom
of the construction, it was also shown how all moments could be captured in one
real-valued function y, where the moments appeared as the derivatives of y at 0.

In this paper this feature will be explored further. Namely, we will ask
the question: which static axisymmetric spacetime corresponds to a given set of
multipole moments? In the case of a finite number of moments, it is possible
to explicitly write down the metric for the spacetime in terms of a power series.
Through this, we can, for instance, prove the monopole-quadrupole conjecture

∗Department of Mathematics, Linköping University, SE-581 83 Linköping, Sweden.
e-mail: thbac@mai.liu.se, maher@mai.liu.se
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by Hernández-Pastora and Mart́ın, [9]. In the general case, we find an implicit
relation for the moment generating function and a function related to the Weyl
solutions. Using this relation, we can give the precise condition on the moments
in order to have a corresponding physical spacetime with these moments. Thus,
this proves a conjecture of Geroch [5] in the special case of axisymmetry.

2 Explicit moments of the axisymmetric Weyl so-
lutions

We consider a static spacetime M , with V a 3-surface orthogonal to the timelike
Killing vector ξa. It is required that V is asymptotically flat, i.e., if hab is the
positive definite induced metric on V , there exists a 3-manifold Ṽ and a conformal
factor Ω satisfying

(i) Ṽ = V ∪ Λ, where Λ is a single point;

(ii) h̃ab = Ω2hab is a smooth metric on Ṽ ;

(iii) at Λ, Ω = 0, D̃aΩ = 0, D̃aD̃bΩ = 2h̃ab;

where D̃a is the derivative operator associated with h̃ab.
On M , one defines the scalar potential1 ψ = 1 −

√
−ξaξa. The multipole

moments of M are then defined on Ṽ as certain derivatives of the scalar potential
ψ̃ = ψ/

√
Ω at Λ. More explicitly, following [5], let R̃ab denote the Ricci tensor of

Ṽ , and let P = ψ̃. Define the sequence P, Pa1 , Pa1a2 , . . . of tensors recursively:

Pa1...an = C[D̃a1Pa2...an −
(n− 1)(2n− 3)

2
R̃a1a2Pa3...an ], (1)

where C[ · ] stands for taking the totally symmetric and trace-free part. The
multipole moments of M are then defined as the tensors Pa1...an at Λ.

If, in addition to the requirement that M is static and asymptotically flat, we
also impose the condition that M is axisymmetric, all solutions are in principle
known as corresponding to solutions of the Laplace equation in flat 3-space [15].
The metric can then be written as

ds2 = −e2αdt2 + e2(β−α)(dR2 + dZ2) +R2e−2αdφ2, (2)

where α = 1
2 ln |ξaξa|, which vanishes at infinity, is axisymmetric and flat-harmonic

with respect to the cylindrical coordinates R,Z and φ. Furthermore, β is the so-
lution to

∂Rβ = R[(∂Rα)2 − (∂Zα)2], ∂Zβ = 2R(∂Rα)(∂Zα), ∂φβ = 0

which vanish at infinity. The metric on V is

ds2 = e2(β−α)(dR2 + dZ2) +R2e−2αdφ2,

1Note that we have changed sign compared to [5]. This gives the monopole m rather than
−m for the Schwarzschild solution.
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and to conformally compactify V and introduce suitable coordinates on Ṽ , we
let, [5], [7], ρ = R

R2+Z2 , z = Z
R2+Z2 and define the spherical coordinates r, θ, φ via

ρ = r sin θ, z = r cos θ, φ = φ. Choosing as conformal factor Ω = eα−β/(R2 +Z2),
the metric for Ṽ in a neighbourhood of Λ (which is now the origin point) is

ds̃2 = e−2βr2 sin2 θdφ2 + (dr2 + r2dθ2) (3)

In terms of the spherical coordinates r, θ, φ, the function2 α̃ = −α/r is harmonic
and β satisfies

(r∂r − i∂θ)β = i sin θeiθ[(r∂r − i∂θ)α]2.

The conformal factor Ω is not uniquely determined. One can make a further
conformal transformation of Ṽ , using as conformal factor eκ, where κ is any
smooth function on Ṽ with κ(Λ) = 0. Thus κ reflects the freedom in choosing Ω.
Of particular importance is the value of κ′(0). Namely, under a change Ω → Ωeκ,
a non-zero κ′(0) changes the moments defined by (1) in a way which corresponds
to a ‘translation’ of the physical space [5]. The potential P is

P = ψ̃ = ψ/
√

Ω =
e(β−κ)/2

r
(e−α/2 − eα/2). (4)

For the multiple moments Pa1...an(Λ), the axisymmetry implies that [5] at Λ,
Pa1...an is proportional to C[za1za2 · · · zan ], where za = (dz)a, so that

Pa1...an
(Λ) = mnC[za1za2 · · · zan

], n ≥ 1, m0 = P (Λ). (5)

(Apart from a different sign convention when defining α̃ in terms of α, some
authors use the convention Mn = −1

n! Pa1...an(Λ)za1 · · · zan . This implies that
Mn = ± 2nn!

(2n)!mn, depending on the chosen sign of α̃.) Thus, in the Weyl case,
the moments are given by the sequence (m0,m1,m2, ...). As shown in [7], all
these moments can be collected into one single function y : R+ ∪ 0 → R, where
the moments appear as derivatives of y at 0.

This is possible due to the form of α̃ (Pn being the Legendre polynomials)

α̃(r, θ) =
∞∑

n=0

anr
nPn(cos θ) (6)

together with the form of C[za1za2 · · · zan ] at Λ. We can also write β(r, θ) explicitly
as β =

∑∞
k=0 bk(cos θ)rk+2, with, c.f. [9],

bk(z) =
k∑

l=0

alak−l
(l+1)(k−l+1)

k+2 [Pl+1(z)Pk−l+1(z)− Pl(z)Pk−l(z)].

As explained in [7], to determine the moments mn, it is sufficient to follow the
leading order terms of Pn in the expansion (6). The leading term of Pn is3
(2n)!
2nn!2 = 2n( 1

2 )n

n! . Therefore, in conjunction with (6), we also define

Y (r) =
∞∑

n=0

anr
n (2n)!

2nn!2 . (7)

2With this choice of sign, the Schwarzschild solution will also have positive Weyl moments.
3(a)n = a(a + 1)(a + 2) . . . (a + n− 1) = Γ(a + n)/Γ(a)
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We can now state the following theorem, taken from [7].

Theorem 1. Suppose that a static axisymmetric asymptotically flat spacetime M
is given by the flat-harmonic function α, which after conformal rescaling is given
by ( 6). Let Y be given by ( 7), put β =

(
Y + 2r dY

dr

)2
, h(r) =

∫ r

0
2rβ(r) dr and

define κ through

κ(r) = − ln
(
−r
∫
eh(r)

r2
dr

)
.

Put ρ(r) = reκ(r) and define y : R+ ∪ 0 → R implicitly by y(ρ) = e−κ(r)/2Y (r).
Then the multipole moments m0,m1,m2, . . . of M are given by mn = dny

dρn (0).

In the definition of κ, there appears a constant of integration. This constant
affects κ′(0). In particular, one can make κ′(0) = 0.

2.1 The Schwarzschild solution

In this section we illustrate how theorem 1 can be used to calculate the moments
of the Schwarzschild solution. As is well known, the Weyl monopole, i.e., α ≡ 1
does not correspond to the Schwarzschild solution. Rather, for Schwarzschild, the
corresponding Weyl potential is

α̃(r, θ) =
1
2r

ln
√

1 + 2rm cos θ + r2m2 + cos θ + rm√
1− 2rm cos θ + r2m2 + cos θ − rm

(8)

so that

α̃(r, 0) =
∞∑

n=0

anr
n =

1
2r

ln
1 +mr

1−mr
=

∞∑
n≥0,odd

mn

n
rn−1

and consequently

Y (r) =
1
r

∞∑
n≥0,odd

mn

n
rn (2n− 2)!

2n−1(n− 1)!2
=

m
√

2√
1 +

√
1− 4 (mr)2

.

One can now follow the steps in theorem 1 and get 4

β(r) =
√

1− 4m2r2 − 1
2r2(4m2r2 − 1)

, h(r) = ln

(
1 +

√
1− 4m2r2

2
√

1− 4m2r2

)
,

κ(r) = − ln

(
1
2

+
√

1− 4m2r2

2
− rκ′(0)

)
,

ρ(r) =
2r

1− 2rκ′(0) +
√

1− 4m2r2
, r(ρ) =

ρ(ρκ′(0) + 1)
m2ρ2 + (ρκ′(0) + 1)2

,

and finally
y(ρ) =

m√
ρκ′(0) + 1

. (9)

4The expression for ρ(r) was corrected after publication.
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With κ′(0) = 0 in (9), so that y(ρ) ≡ m, it is evident that we have the Schwarz-
schild solution. This corresponds to an expansion ‘around the centre of mass’
(where the dipole moment vanishes). A nonzero κ′(0) gives a ‘translated expan-
sion’ as explained in [5].

If we just want to calculate any finite number of moments, it is usually easier
to use some of the other algorithms from [7]. The strength of theorem 1 lies in
the fact that all moments are handled simultaneously. This will be used in the
next section where we will address the question of which α corresponds to a given
set of multipole moments.

3 General multipole

In this section, we will study the following question. Given a sequence of multipole
moments, together with some convergence criteria, what is the corresponding
spacetime? The moments {mn} are given through the function

y = y(ρ) =
∞∑

n=0

mnρ
n

n!
(10)

as in theorem 1, i.e., through its derivatives at 0. We assume that the series
converges in some neighbourhood of ρ = 0. The spacetime is then determined if
we know Y (r), since this gives α.

We first note from theorem 1 that ρ = reκ(r). This relates Y and y since
Y = eκ/2y(ρ) = eκ/2y(reκ). However, this relation is somewhat implicit, and
therefore of limited use.

Instead, we write Y =
√

ρ
r y(ρ) and look for a more direct relation between

ρ and r:

Lemma 2. If y is given by (10) and ρ, κ are given implicitly by the relations in
theorem 1, then

0 = −ρ
r

+ ρ

∫ ρ

0

1
σ2

∫ σ

0

2ρ (y + 2ρyρ)2 dρ dσ + 1 + κ′(0)ρ. (11)

Proof. From theorem 1 we have that

r/ρ = e−κ = −r
∫
eh(r)

r2
dr

so that
eh(r) = r2ρr/ρ

2

and

h(r) =
∫ r

0

2rβ(r) dr = 2 ln r − 2 ln ρ+ ln ρr

and consequently

2rβ =
2
r
− 2ρr

ρ
+
ρrr

ρr
, (12)
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where β = (Y + 2rYr)2. Putting G =
√
rY (r) =

√
ρy(ρ), we get

G2
r =

1
4r

(Y (r) + 2rYr)2 =
β

4r
and also G2

r =
1
4ρ

(y(ρ) + 2ρyρ)2ρ2
r, (13)

where the second expression follows from the chain rule, Gr = Gρρr. Eliminating
β and Gr in (12) and (13), we get

2ρ2

r3ρ2
r

− 2ρ
r2ρr

+
ρ2ρrr

r2ρ3
r

= 2ρ(y + 2ρyρ)2.

However, the left hand side is just

− d

dρ
(
ρ2

r2ρr
), so that

ρ2

r2ρr
= −

∫ ρ

0

2ρ(y + 2ρyρ)2 dρ+ C1.

From ρ = reκ(r), κ(0) = 0, the limit r → 0 gives C1 = 1. Thus,

1
r2ρr

= − d

dρ
(
1
r
) = − 1

ρ2

∫ ρ

0

2ρ(y + 2ρyρ)2 dρ+
1
ρ2
. (14)

A further integration of (14) followed by a multiplication with ρ yields

0 = −ρ
r

+ ρ

∫ ρ

0

1
σ2

∫ σ

0

2ρ (y + 2ρyρ)2 dρ dσ + 1 + C2ρ.

By differentiating with respect to r, observing that

ρ
d

dr

∫ ρ

0

1
σ2

∫ σ

0

2ρ (y + 2ρyρ)2 dρ dσ =
1 + rκ′ − eκ

r

and taking the limit r → 0, we find that C2 = κ′(0) which is usually, but not
always, put to 0. This gives lemma 2.

We will use this relation extensively in the following. For instance, we note
that for a spacetime with only a finite number of nonzero moments, y will be a
polynomial in ρ. This means that (11) will be an algebraic equation which can be
solved by the techniques presented in section 4. For instance, the Schwarzschild
solution is given by the constant function y(ρ) = m, so that (11), with κ′(0) = 0
gives

ρ2m2 − ρ

r
+ 1 = 0,

i.e.,

ρ =
2r

1 +
√

1− 4m2r2
, Y =

√
ρ

r
y =

√
2m√

1 +
√

1− 4m2r2

from which (cf section 2.1)

α̃(r, 0) =
1
2r

ln
1 +mr

1−mr
.
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3.1 On a multipole conjecture due to Geroch

In [5], it was conjectured that

Two static solutions of Einstein’s equations having identical multipole
moments coincide, at least in some neighbourhood of Λ.

and that

Given any set of multipole moments, subject to the appropriate con-
vergence condition, there exists a static solution of Einstein’s equations
having precisely those moments.

The first conjecture was proven in [1], at least for static spacetimes with nonzero
mass. We will prove the second conjecture for the special case of axisymmetric
spacetimes and provide the precise condition on the moments.

Theorem 3. Given any set of multipole moments {mn}∞n=0 defined by ( 5), such
that

y(ρ) =
∞∑

n=0

mn

n!
ρn (15)

converges in some neighbourhood of ρ = 0, there exists an axisymmetric static
solution of Einstein’s equations having precisely those moments. Conversely, to
every axisymmetric spacetime given by α̃(r, 0) in ( 6) with the corresponding set
of moments {mn}∞n=0, the right hand side of ( 15) converges in a neighbourhood
of ρ = 0.

Proof. Suppose {mn}∞n=0 is such that y(ρ) =
∑∞

n=0
mn

n! ρ
n converges in some

neighbourhood of ρ = 0. From (11) we find that

r(ρ) = ρ/(1 + ρf(ρ)),

where
f(ρ) =

∫ ρ

0

1
σ2

∫ σ

0

2ρ (y + 2ρyρ)2 dρ dσ + κ′(0)

is analytic in a neighbourhood of ρ = 0. From r(0) = 0, r′(0) 6= 0, the inverse
function theorem for analytic functions [12] gives that ρ = ρ(r) is also an analytic
function, with ρ(0) = 0, in some neighbourhood of r = 0. Thus

Y (r) =
√
ρ/r y(ρ) =

√
1 + ρ(r)f(ρ(r))y(ρ(r))

is analytic in some neighbourhood of r = 0. The same condition will then hold
for α̃(r, 0), so that α̃(r, θ) is (real) analytic in a neighbourhood of r = 0.

Conversely, suppose α̃(r, θ) is flat-harmonic in a neighbourhood of r = 0.
Then Y , given by (7), will also be analytical in a neighbourhood of r = 0 and
from theorem 1 it is evident that also β and h will have this property. Note that
h(0) = h′(0) = 0, which implies that κ is also analytic in a neighbourhood of
r = 0 and satisfies κ(0) = 0. From ρ = reκ(r), we have ρ(0) = 0, ρ′(0) 6= 0 and
that consequently r is an analytic function of ρ near ρ = 0 with r(0) = 0. This
implies that

y(ρ) = e−κ(r(ρ))/2Y (r(ρ))

is analytic in a neighbourhood of ρ = 0, so that y(ρ) =
∑∞

n=0 cnρ
n converges

there. From mn = dny
dρn (0) = cn n! the statement follows.
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3.2 Finite number of moments

In the special case of a finite number of (nonzero) moments, the function y will
be a polynomial in ρ. This implies that lemma 2 will give an algebraic relation
between ρ and r. Regarding ρ as the unknown, we will have a polynomial equation
where the coefficients depends on the desired moments and r. Namely, suppose
y(ρ) =

∑k=n
k=0

mk

k! ρ
k so that all moments mn+1,mn+2, . . . are zero. From (11) we

find that ρ satisfies the equation

a2nρ
2n + a2n−1ρ

2n−1 + · · ·+ a2ρ
2 + (κ′(0)− 1

r
)ρ+ 1 = 0 (16)

so that a0 = 1, a1 = κ′(0)− 1
r . All other coefficients a2, a3, . . . a2n are polynomial

expressions in the moments m0,m1, . . .mn. As we will see in section 4, this
equation can be solved in terms of a power series, and this will enable us to write
down Y and α explicitly in terms of a power series.

4 Solving algebraic equations

If we have a finite number of moments, equation (11) reduces to the algebraic
equation (16). In this section we therefore study solutions to a general algebraic
equation

anX
n + an−1X

n−1 + · · ·+ a1X + a0 = 0. (17)

This equation can be solved in terms of A-hypergeometric series in the sense of
Gel’fand, Kapranov and Zelevinsky [4]. Sturmfels [13] constructs the solutions
explicitly in the form of power series. Loosely speaking, each of the n solutions
to (17) can be written down as power series in several ways, depending on how
one combines the coefficients ak. For our purpose, we seek the solution ρ to (16)
where ρ/r → 1 as r → 0. Furthermore, since we are looking for solutions which
converge near r = 0, we note that in (16), a1 is ‘large’.

To be consistent with [13] we introduce the following notations for u ∈ Q,
v ∈ Z

A =
(

0 1 . . . n− 1 n
1 1 . . . 1 1

)

γ(u, v) =


1 v = 0
u(u− 1) . . . (u+ v + 1) v < 0
0 0 > u ≥ −v, u ∈ Z

1
(u+1)(u+2)...(u+v) otherwise.

Note that if u is not a negative integer then γ(u, v) = Γ(u+ 1)/Γ(u+ v + 1). We
also define the formal power series

[au0
0 au1

1 . . . aun
n ] =

∑
(v0,...,vn)∈L

n∏
i=0

(γ(ui, vi)aui+vi
i ),
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where L is the integer kernel of A, i.e., integer solutions to the equation Av = 0.
Sturmfels [13] then states that −[a0a

−1
1 ] is a solution to (17):

X = −[a0a
−1
1 ] = −

∑
v2,...,vn≥0

a1+v0
0 a−1+v1

1

γ(−1, v1)
Γ(2 + v0)

n∏
j=2

a
vj

j

vj !
,

where

v1 = −
n∑

i=2

ivi, v0 =
n∑

i=2

(i− 1)vi.

We also note that for negative integers v1,

γ(−1, v1) =
−v1−1∏

i=0

(−1− i) = (−1)v1Γ(1− v1),

which leads to the following expression for the solution:

X =
(
−a0

a1

) ∑
v2...vn≥0

a
Pn

j=2 (j−1)vj

0 (
∑n

j=2 jvj)!

(−a1)
Pn

j=2 jvj (1 +
∑n

j=2 (j − 1)vj)!

n∏
j=2

a
vj

j

vj !
. (18)

Despite its appearance, (18) is useful, since an application to (16), with κ′(0) = 0,
yields ρ as a power series in terms of r. The issue of convergence in (18) will be
addressed in section 5.

5 Powers of the root

With ρ known in terms of r, we can almost write down the function Y =
√
ρ/ry(ρ)

where y is a polynomial. However, we need to take fractional powers of ρ. Powers
of multiple series are cumbersome, but in this case they can be expressed explicitly
by the following extension of the work in [13]. We begin with a lemma describing
fractional powers of (18) in terms of formal power series. We then extend this to
real (positive) powers and prove convergence.

Lemma 4. Let X be the root of (17) given by (18) and assume that γ ∈ Q+\Z.
Then

Xγ =
(
−a0

a1

)γ ∑
v2...vn≥0

γa
Pn

j=2 (j−1)vj

0 Γ(γ +
∑n

j=2 jvj)

(−a1)
Pn

j=2 jvj Γ(1 + γ +
∑n

j=2 (j − 1)vj)

n∏
j=2

a
vj

j

vj !
. (19)

Proof. We first see [13] that a solution X to (17) satisfies

n∑
i=0

iai
∂X

∂ai
= −X,

n∑
i=0

ai
∂X

∂ai
= 0,

∂2X

∂ai∂aj
=

∂2X

∂ak∂al
whenever i+ j = k + l.

(20)
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This implies (c.f. the proof for (20) in [13]) that Y = Xγ satisfies the following
system of equations:

n∑
i=0

iai
∂Y

∂ai
= −γY,

n∑
i=0

ai
∂Y

∂ai
= 0,

∂2Y

∂ai∂aj
=

∂2Y

∂ak∂al
whenever i+ j = k + l.

(21)

The assumption γ ∈ Q+\Z together with lemma 3.1 in Sturmfels [13] implies that
[aγ

0a
−γ
1 ] satisfies the system (21), and homogeneity implies that X̃ = (−1)γ [aγ

0a
−γ
1 ]

also satisfies the same system. Written out explicitly this means that

X̃ = (−1)γ
∑

v2,...,vn≥0

aγ+v0
0 a−γ+v1

1

Γ(γ + 1)Γ(1− γ)
Γ(γ + v0 + 1)Γ(1− γ + v1)

n∏
j=2

a
vj

j

vj !
.

solves (21). In the general case, the occurrence of the fractional power γ means
that some care has to be taken when choosing branches. In our case however, all
coefficient ai are real, and in particular (−a0/a1) is positive if r is small enough.
Thus, no resulting ambiguity will occur from (−a0/a1)γ . Using the relations

Γ(1− γ + v1) =
π

sin(γπ − v1π)Γ(γ − v1)

and
Γ(1− γ) =

π

sin(γπ)Γ(γ)
,

we write

X̃ = (−1)γ
∑

v2,...,vn≥0

aγ+v0
0 a−γ+v1

1

γ sin(γπ − v1π)Γ(γ − v1)
sin(γπ)Γ(1 + γ + v0)

n∏
j=2

a
vj

j

vj !
.

Plugging in v1 = −
∑n

i=2 ivi and v0 =
∑n

i=2 (i− 1)vi, we see that X̃ has the form
(19). Thus lemma 4 is proven if we show that X̃ = Xγ .

This will follow from lemma 5 which says that the solution to (21) of the
form (22) is unique provided certain initial values are given. Both X̃ and Xγ

have the form in lemma 5 below with b0 = 1 and b1 = 0. Therefore, X̃ = Xγ for
all γ ∈ Q+\Z, and the proof is complete.

Lemma 5. Assume that a solution to the system (21) has the form

Y = (−a0
a1

)γ
∞∑

j=0

bj(a0, a2, a3, . . . , an)(−a1)−j (22)

where bj are analytic and that γ is not a negative integer. Then Y is determined
by the values of b0 and b1.

Proof. By linearity we can assume b0 = b1 = 0 and show that Y = 0. Now, let

cj(a0, a2, . . . , an) = aγ
0bj(a0, a2, . . . , an).
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Given c0 = c1 = 0, we will prove by induction that cj = 0 for all j ≥ 0. Assume
that cj−2 = cj−1 = 0. ∂2Y

∂a2
1

= ∂2Y
∂a0∂a2

gives

∞∑
k=0

(k + γ)(k + γ + 1)(−a1)−k−γ−2ck =
∞∑

k=0

∂2ck
∂a0∂a2

.

Identification of the coefficients implies

∂2cj
∂a0∂a2

= (j − 2 + γ)(j − 1 + γ)cj−2 = 0.

The analyticity of bj lets us define dj,k(a2, a3, . . . , an) such that bj =
∑∞

k=0 dj,ka
k
0 .

We can then write

0 =
∂2cj
∂a0∂a2

=
∞∑

k=0

(k + γ)ak+γ−1
0

∂dj,k

∂a2
.

Identification of the coefficients implies ∂dj,k

∂a2
= 0. Hence,

dj,k(a2, a3, . . . , an) = dj,k(a3, . . . , an) for all k.

From (21) we also have

∂2Y

∂a0∂am
=

∂2Y

∂a1∂am−1
, 2 < m ≤ n,

which gives

∂2cj
∂a0∂am

= (j − 1 + γ)
∂cj−1

∂am−1
= 0, 2 < m ≤ n.

Using this in the same way as above gives that dj,k does not depend on am,
m = 3, 4, . . . n. Therefore each dj,k is constant. Thus,

Y = (−a0
a1

)γ [bj(a0)(−a1)−j +
∞∑

k=j+1

bk(a0, a2, a3, . . . , an)(−a1)−k].

However, using −γY =
∑n

i=0 iai
∂Y
∂ai

from (21) and looking at the coefficient of
(−a1)−j−γ , we see that −γaγ

0bj(a0) = −(j + γ)aγ
0bj(a0), so that bj and therefore

cj are zero. Induction gives cj = 0 for all j ∈ N. Hence the lemma is proven.

Theorem 6. Let X be the root of (17) given by (18) and assume that γ ∈ R+.
Then (19) holds and the series converges if∣∣∣∣a0

a1

∣∣∣∣2 < min

(
1

ne
∑n

j=2 |
aj

a0
|
, 1

)
.
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Proof. Let

r = −a0/a1, M =
n∑

j=2

|aj

a0
|, Nv =

n∑
j=2

vj , Kv =
n∑

j=2

jvj ,

and put

Z(γ) =
X̃

γrγ
=

∑
v2,...,vn≥0

Γ(γ +Kv)rKv

Γ(1 + γ +Kv −Nv)

n∏
j=2

a
vj

j

a
vj

0 vj !
,

where X̃ is the right hand side of (19). Let 0 ≤ i ≤ γ ≤ i + 1 and |r| < 1 and
observe that 2Nv ≤ Kv ≤ nNv. We then have

|Z(γ)| ≤
∑

v2,...,vn≥0

(i+Kv)!|r|Kv

(i+Kv −Nv)!

n∏
j=2

|aj

a0
|vj

vj !

≤
∑

v2,...,vn≥0

(i+ nNv)Nv |r|2Nv

n∏
j=2

|aj

a0
|vj

vj !

=
∞∑

N=0

(i+ nN)N |r|2N

N !

∑
v2+···+vn=N

N !
n∏

j=2

|aj

a0
|vj

vj !

=
∞∑

N=0

(i+ nN)N |r|2NMN

N !
=

∞∑
N=0

bN .

Furthermore, bN+1/bN → enM |r|2 as N → ∞, so Z(γ) converges uniformly on
γ ∈ [i, i + 1] if |r| < 1√

nMe
and |r| < 1. From the uniform convergence it follows

that Z(γ) ∈ C(R+), since Γ(γ+Kv)
Γ(1+γ+Kv−Nv) ∈ C(R+) and i ∈ N is arbitrary. Xγ

is continuous with respect to γ, and since Xγ equals X̃ = γrγZ(γ) on a dense
subset of R+, the theorem follows.
Remark. When i = 0, we should have 0 < γ ≤ 1, and we also note that the
estimates in the proof fail for one term. This does not affect the conclusion.

6 Examples

In this section we give examples of how to find expressions for α̃ given only the mul-
tipole moments. We start with the pure 2n-poles which include the Schwarzschild
solution and the gravitational dipole of [7]. We then give α̃ for the monopole -2n-
poles, which in particular include the monopole-quadrupole solution of Hernández-
Pastora and Mart́ın, [9]

6.1 Pure 2n-pole

For the pure 2n-pole we have y(ρ) = q ρn

n! , so that equation (11) reduces to

(1 + 2n)q2

n!(n+ 1)!
ρ2n+2 − ρ

r
+ 1 = 0.
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The solution ρ(r) with the appropriate asymptotics is given by (18), while
Y (r) = qρn+1/2

√
rn!

is given by (19). The resulting power series expression is

Y (r) =
rnq

n!

∞∑
i=0

(2n+ 1)Γ(2(n+ 1)i+ n+ 1/2)r2(n+1)ici

2Γ((2n+ 1)i+ n+ 3/2)i!
,

where c = (1+2n)q2

n!(n+1)! . In terms of α̃ we get

α̃(r, θ) =
(2n+ 1)q

n!

∞∑
i=0

(2(n+ 1)i+ n)!
√
πcir2(n+1)i+nP2(n+1)i+n(cos θ)

Γ((2n+ 1)i+ n+ 3/2)i!22(n+1)i+n+1
. (23)

This simple form makes it possible to express α̃(r, 0) in terms of a hypergeometric
function:

α̃(r, 0) =
qrn

(2n− 1)!!2n+2F2n+1([
n+ 1
2n+ 2

,
n+ 2
2n+ 2

, . . . ,
3n+ 2
2n+ 2

],

[
2n+ 3
4n+ 2

,
2n+ 3 + 2

4n+ 2
, . . . ,

6n+ 3
4n+ 2

], z), (24)

where

z =
(n+ 1)2n+1q2

(2n+ 1)2nn!2
r2n+2.

In particular, (24) with n = 0 with q = m gives

α̃(r, 0) = m 2F1([ 12 ,
2
2 ], [ 32 ],m2r2) = 1

2 log 1+mr
1−mr ,

i.e., the Schwarzschild solution. n = 1 gives

α̃(r, 0) = qr 4F3([ 24 ,
3
4 ,

4
4 ,

5
4 ], [ 56 ,

7
6 ,

9
6 ], 8

9m
2r4),

i.e., the gravitational dipole of [7]. In the case n = 2 (the pure quadrupole) (23)
gives

α̃(r, θ) =
∞∑

i=0

15i+1(6i+ 2)!( q
3 )2i+1r6i+2

22i+1(2i)!!(10i+ 5)!!
P6i+2(cos θ).

This solution was conjectured and explicitly written down by Hernández-Pastora
and Mart́ın in [9]. This conjecture is thus verified; we refer to section (6.3) for an
account on their full monopole-quadrupole conjecture.

6.2 Monopole - 2n-pole

Spacetimes with given monopole-moment m and 2n-pole-moment q have direct
physical interpretations. They describe pure relativistic 2n-pole corrections to
the Schwarzschild solution. Of particular interest is the monopole-quadrupole
solution, since it in a sense5 represents the lowest order correction. This case is
considered in section (6.3). In this section we derive the metric for the general
monopole - 2n-pole.

5If the mass is non-zero, the dipole moment can always be put to zero.
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A spacetime with monopole m and 2n-pole q is given by y(ρ) = m + q
n!ρ

n.
Equation (11) then reduces to

c1q̂
2ρ̂2n+2 + c2q̂ρ̂

n+2 + ρ̂2 − ρ̂

r̂
+ 1 = 0,

where

c1 =
2n+ 1

(n+ 1)!n!
, c2 =

8n+ 4
(n+ 2)!

,

ρ̂ = mρ, q̂ = m−(n+1)q, and r̂ = mr.

The solution with the appropriate asymptotics is then given by (18), while the
γ-power is given by (19). The solutions simplifies to

ρ̂ = r̂
∑

i,j,k≥0

Γ(Fnijk + 1)q̂j+2kcj2c
k
1

i!j!k!Γ(Gnijk + 1)
r̂Fnijk ,

ρ̂γ = r̂γγ
∑

i,j,k≥0

Γ(Fnijk + γ)q̂j+2kcj2c
k
1

i!j!k!Γ(Gnijk + γ)
r̂Fnijk ,

where we have used the index functions

Fnijk = 2i+ (n+ 2)j + (2n+ 2)k, Gnijk = i+ (n+ 1)j + (2n+ 1)k + 1.

The function Y is then given by

Y =
√
ρ

r
y(ρ) =

mρ̂1/2

r̂1/2
+
mq̂ρ̂n+1/2

n!r̂1/2

=
∑

i,j,k≥0

mq̂j+2kcj2c
k
1 r̂

Fnijk

i!j!k!

(
Γ(Fnijk + 1

2 )
2Γ(Gnijk + 1

2 )
+

(2n+ 1)q̂r̂nΓ(Fnijk + n+ 1
2 )

2Γ(Gnijk + n+ 1
2 )n!

)
.

After some simplifications we get the following expression for α̃:

α̃(r, θ) =
∑

i,j,k≥0

mq̂j+2kcj2c
k
1 r̂

Fnijk

i!j!k!2i+j+k

(
Fnijk!PFnijk

(cos θ)
(2Gnijk − 1)!!

+
(2n+ 1)q̂r̂n(Fnijk + n)!PFnijk+n(cos θ)

n!(2Gnijk + 2n− 1)!!

)
,

(25)

so that the corresponding spacetime is now explicitly given.

6.3 The monopole-quadrupole conjecture of Hernández-Pastora
and Mart́ın

The monopole-quadrupole (static axisymmetric) solution, i.e., the monopole-22-
pole has been studied by Hernández-Pastora and Mart́ın. In [9] they conjectured
an expression for this solution with mass parameter m and quadrupole moment q.
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With a minor change of conventions (sign and 3q → q), the conjectured solution
is

α̃(r, 0) =
∑
i,j,k

m2i+1r2iq̂ji!(2i− 1)!!3−k5k(4j − 3k + 1)
(2i+ 2j + 1)!!(i− j − k)!(j − k)!(2k − j + 1)!

. (26)

Here the summation is taken over all integers i, j, k subject to the conditions i ≥ 0,
i− j − k ≥ 0, j − k ≥ 0, 2k− j + 1 ≥ 0. Adopting the convention that 1/i! = 0 if
i is a negative integer, the summation is taken over all integers i, j, k subject to
i ≥ 0. Also, (−1)!! = 1. We prove this conjecture by rewriting (25). From (25)
we get

α̃(r, 0) =
∑
i,j,k

mq̂j+2kcj2c
k
1 r̂

2i+4j+6k

i!j!k!2i+j+k

(
(2i+4j+6k)!

(2i+6j+10k+1)!! + 5q̂r̂2(2i+4j+6k+2)!
2(2i+6j+10k+5)!!

)
,

where c2 = 5/6, c1 = 5/12 and where by the convention the summation is effec-
tively taken over all nonnegative integers. In the first term, let i → i − 2j − 3k
and in the second i→ i− 2j − 3k− 1. After this change we let j → j − 2k in the
first term and j → j − 2k − 1 in the second, and obtain

α̃(r, 0) =
∑
i,j,k

mq̂jcj−2k
2 ck1 r̂

2i(2i)!
(2i+ 2j + 1)!!k!2i−j

×
(

1
(i− 2j + k)!(j − 2k)!

+
5

2c2(i− 2j + k + 1)!(j − 2k − 1)!

)
.

Next, we let k → k − 1 in the second term and obtain

α̃(r, 0) =
∑
i,j,k

mq̂j5j−k3k−j r̂2i(2i)!
(2i+ 2j + 1)!!k!2i(i− 2j + k)!

(
1

(j−2k)! + 5k
(j−2k+1)!

)
.

Using (2i)!/2i = (2i− 1)!!i! and rewriting the first term we get

α̃(r, 0) =
∑
i,j,k

mr̂2iq̂j5j−k3k−ji!(2i− 1)!!(j + 3k + 1)
(2i+ 2j + 1)!!k!(i− 2j + k)!(j − 2k + 1)!

.

After the change k → j − k we finally get (26).

7 Conclusions and discussion

We have investigated the Geroch moments which are defined through the recursion
(1). In [7], it was shown how this recursion in the axisymmetric case can be
replaced by a much simpler recursion involving only scalar-valued functions, and
how all moments can be captured in one single function.

In this work, we have showed how these results can be used to construct static
axisymmetric spacetimes with prescribed moments. In the case of finite number of
nonzero moments, we have shown how to obtain the metric of the corresponding
spacetime explicitly in terms of power series. In addition, using (25) we were
able to confirm the monopole-quadrupole conjecture by Hernández-Pastora and
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Mart́ın [9]. In the general axisymmetric case, where we have the implicit relation
(11), we were able to confirm a special case of a conjecture due to Geroch [5].

For further studies of the solutions presented here, integral representations
or other analytical expressions would be very useful. In particular, this could give
further insight for the pure 2n-poles (23).

It is natural to try and extend the framework presented here to more general
cases, like static non-axisymmetric or stationary spacetimes. For instance, it
would be instructive to calculate the moments of the Kerr solution which are
stated in [8].

It is also interesting to note that one can define ‘addition’ of spacetimes, by
simply adding their Geroch moments. For instance, we can ‘add’ two Schwarz-
schild solutions using (9) with different displacements. Displacing the solutions
with κ′(0) = ±1 and choosing m = 1, addition of the Geroch-moments gives
y(ρ) = 1√

1+ρ
+ 1√

1−ρ
and by (11) we get

−4
√

1− ρ2 + 3 +
2

1− ρ2
− ρ

r
= 0. (27)

This equation is algebraic in terms of z = (1 − ρ2)−1/2, and can therefore be
studied with the tools provided here. Thus, it may be possible to investigate the
physical relevance of such an addition.
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Explicit multipole moments of stationary

axisymmetric spacetimes
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Abstract

In this paper, we study multipole moments of axisymmetric stationary
asymptotically flat spacetimes. We show how the tensorial recursion of Ge-
roch and Hansen can be reduced to a recursion of scalar functions. We
also demonstrate how a careful choice of conformal factor collects all mo-
ments into one complex-valued function on R, where the moments appear
as the derivatives at 0. As an application, we calculate the moments of the
Kerr solution. We also discuss the freedom in choosing the potential for the
moments.

1 Introduction

The relativistic multipole moments of stationary spacetimes have been defined
by Hansen [11]. This definition is an extension of the static case considered by
Geroch [9] and, apart from a slightly different set-up due to the possible angular
momentum, the recursive definitions of the moments in [11] and [9] are the same.
The Hansen formulation reduces to the Geroch formulation in the static case but
with a different potential. In section 7 we conclude that these two potentials
indeed give the same multipole moments in the general axisymmetric static case.
Beig [1] defined a generalisation of the centre of mass so that the expansion of the
Hansen moments around this ’point’ determines the multipole moments uniquely.
Thorne [21] gave another definition of multipole moments which is known [10] to
be equivalent to the Hansen formulation if the spacetime has non-zero mass. There
are also other definitions of multipole moments [1], [6], [4], [13] which will not be
considered here. See for instance [16] for further details about these moments.

The recursive definition of multipole moments of Geroch and Hansen (1) takes
place in a conformal compactification of the 3-manifold of Killing trajectories. The
recursion produces a family of totally symmetric and trace-free tensors, which are
to be evaluated at a certain point, and the values will then provide the moments
of the spacetime in question. Even in the case of axisymmetric spacetimes, the
actual calculations of the tensors in (1) are non-trivial.

In [12], it was shown how the moments in the axisymmetric static case can
be obtained through a set of recursively defined real-valued functions {fn}∞n=0

∗Department of Mathematics, Linköping University, SE-581 83 Linköping, Sweden.
e-mail: thbac@mai.liu.se, maher@mai.liu.se
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on R. The moments are then given by the values {fn(0)}∞n=0. In this way, one
can easily calculate ‘any’ desired number of moments. By exploring the conformal
freedom of the construction, it was also shown how all moments could be captured
in one real-valued function y, where the moments appeared as the derivatives of
y at 0. In this paper, we show that a similar scalar recursion can be found in the
stationary axisymmetric case. The family of real-valued functions will be replaced
by a family of complex-valued functions, allowing for the angular moment parts.
It will also be possible to collect all moments into a complex-valued function
y, where the moments appear as the derivatives of y at 0. Again, the complex
part of y is related to the angular moment parts of the multipole moments. The
derivation in [12] used a two-surface S, which reflected the axisymmetry of the
spacetime. In this paper we will produce the scalar recursion directly, with the
methods presented in section 3.

As an application, we will calculate the multipole moments of the Kerr so-
lution. Another issue is the choice of potential. We will show that the potential
used by Hansen and the Ernst potential [7], [8] (as well as a large class of other
potentials) give the same multipole moments.

2 Multipole moments of stationary spacetimes

In this section we quote the definition given by Hansen in [11]. We thus consider
a stationary spacetime (M, gab) with timelike Killing vector field ξa. We let λ =
−ξaξa be the norm, and define the twist ω through ∇aω = εabcdξ

b∇cξd. If V is
the 3-manifold of trajectories, the metric gab (with signature (−,+,+,+)) induces
the positive definite metric

hab = λgab + ξaξb

on V . It is required that V is asymptotically flat, i.e., there exists a 3-manifold
Ṽ and a conformal factor Ω satisfying

(i) Ṽ = V ∪ Λ, where Λ is a single point

(ii) h̃ab = Ω2hab is a smooth metric on Ṽ

(iii) At Λ, Ω = 0, D̃aΩ = 0, D̃aD̃bΩ = 2h̃ab,

where D̃a is the derivative operator associated with h̃ab. On M , and/or V one
defines the scalar potential

φ = φM + iφJ , φM =
λ2 + ω2 − 1

4λ
, φJ =

ω

2λ
.

The multipole moments of M are then defined on Ṽ as certain derivatives of the
scalar potential φ̃ = φ/

√
Ω at Λ. More explicitly, following [11], let R̃ab denote

the Ricci tensor of Ṽ , and let P = φ̃. Define the sequence P, Pa1 , Pa1a2 , . . . of
tensors recursively:

Pa1...an = C[D̃a1Pa2...an −
(n−1)(2n−3)

2 R̃a1a2Pa3...an ], (1)

where C[ · ] stands for taking the totally symmetric and trace-free part. The
multipole moments of M are then defined as the tensors Pa1...an at Λ. The
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requirement that all Pa1...an be totally symmetric and trace-free makes the actual
calculations non-trivial. In the axisymmetric case, however, we will see that the
tensorial recursion can be replaced by a scalar recursion.

2.1 Multipole moments of axisymmetric spacetimes

If, in addition to the requirement that M is stationary and asymptotically flat,
we also impose the condition that M is axisymmetric, the metric can be written
in the following canonical form [22]

ds2 = −λ(dt−Wdϕ)2 + λ−1(R2dϕ2 + e2β(dR2 + dZ2)), (2)

where ξa = ( ∂
∂t )

a and ( ∂
∂ϕ )a are the timelike and axial Killing vectors. This

implies that the metric on V is

hab = λgab + ξaξb ∼ R2dϕ2 + e2β(dR2 + dZ2).

To conformally compactify V , we define new variables ρ̃, z̃ and r, θ via ρ̃ =
R

R2+Z2 = r sin θ, z̃ = Z
R2+Z2 = r cos θ and put Ω̂ = r2e−β . We then get the

rescaled metric, i.e., the metric on Ṽ as

ĥab = Ω̂2hab ∼ ρ̃2e−2βdϕ2 + dρ̃2 + dz̃2 = r2 sin2 θe−2βdϕ2 + dr2 + r2dθ2. (3)

Therefore we can assume that the rescaled metric has the form (3), where the
infinity point Λ corresponds to the point r = 0. However other choices of variables
and conformal factors may also give the rescaled metric the form (3). Here we
only require that the rescaled metric has the form (3), but we do not require that
the original metric has the form (2).

The conformal factor Ω̂ is not uniquely determined. One can make a further
conformal transformation of Ṽ , using as conformal factor eκ, where κ is any
smooth function on Ṽ with κ(Λ) = 0. Thus κ reflects the freedom in choosing
Ω̂. Of particular importance is the value of (∇aκ)(Λ) = κ′(0). Namely, under a
change Ω̂ → Ω = Ω̂eκ, a non-zero κ′(0) changes the moments defined by (1) in
a way which corresponds to a ‘translation’ of the physical space [9]. With this
extra conformal factor the metric becomes

h̃ab ∼ e2κ(ρ̃2e−2βdϕ2 + dρ̃2 + dz̃2) = e2κ(r2 sin2 θe−2βdϕ2 + dr2 + r2dθ2). (4)

By choosing κ′(0) such that the expansion is taken around the generalized centre
of mass [1], the multipole moments are fixed and invariant under the restricted
remaining conformal freedom. Also, from their very construction, the multipole
moments are coordinate-independent.

3 Multipole moments through a scalar recursion
on R2

In this section, we will show how the assumption of axisymmetry allows us to
replace the tensors in (1) by family fn of recursively defined functions on R2. The
multipole moments of M will appear as the values of fn at the origin point. The
reason that this works is that the following lemma holds:
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Lemma 1. Suppose Ṽ is a 3-manifold with metric given by (4). Then there exists
a regularly direction-dependent (at Λ) vector field ηa with the following properties:

(a) for all tensors Ta1...an
, ηa1 . . . ηanTa1...an = ηa1 . . . ηanC[Ta1...an ],

(b) at Λ, Pa1...an is determined by ηa1 . . . ηanPa1...an

(c) ηaD̃aη
b is parallel to ηb.

Proof.

(a) It is sufficient to require that ηaη
a = 0, i.e., that ηa is a complex null

vector on Ṽ . To get the totally symmetric and trace-free part of a ten-
sor Ta1...an we first symmetrize and define Sa1...an = T(a1...an). We then
subtract all traces to get C[Ta1...an

] = Sa1...an
− γ(n)h̃(a1a2Sa3...an)

b
b −

δ(n)h̃(a1a2ha3a4Sa5...an)
b
b
c
c − . . ., where γ(n), δ(n), . . . have their appropri-

ate values and where all terms except the first contain h̃aiaj
for some i, j.

From ηaη
a = 0 it follows that ηa1 . . . ηanC[Ta1...an ] = ηa1 . . . ηanSa1...an =

ηa1 . . . ηanTa1...an , where the last equality follows from the fact that ηa1 . . . ηan

is totally symmetric.

(b) Define

ηa = (
∂

∂z̃
)a − i(

∂

∂ρ̃
)a = e−iθ

(
(
∂

∂r
)a − i

r
(
∂

∂θ
)a

)
. (5)

We see that ηaη
a = 0 so a) is valid. The axisymmetry implies [9] that at Λ,

Pa1a2...an is proportional to C[za1za2 . . . zan ], i.e.,

Pa1a2...an(Λ) = mnC[za1za2 . . . zan ], (6)

where za = (dz̃)a is the direction along the symmetry axis. Hence, at Λ,

ηa1 . . . ηanPa1...an = mnη
a1 . . . ηanza1 . . . zan = mn. (7)

Therefore, at Λ, Pa1...an
is determined by ηa1 . . . ηanPa1...an .

(c) With ηa defined by (5), and using the metric (4), a direct calculation gives

ηaD̃aη
b = 2ηbηcD̃cκ. (8)

Note that the special case κ = 0, i.e., when the metric is of the form (3), gives
ηaD̃aη

b = ηaD̂aη
b = 0. When we interpret κ, β, φ̃ as functions of two variables,

say z̃, ρ̃, they are defined in the half-space ρ̃ ≥ 0. They can then be naturally
extended to all ρ̃ via β(z̃,−ρ̃) = β(z̃, ρ̃), etc, so that they are even in ρ̃. Moreover,
ηa is direction dependent at Λ when regarded as a vector field on Ṽ , but not when
regarded as a vector field on the half-space ρ̃ ≥ 0. Moreover, ηa can be naturally
and smoothly extended to ρ̃ < 0, and in particular, derivatives like ηa∇̃aβ will
then be smooth at Λ but not necessarily even when extended to all values of ρ̃.
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We are now ready to simplify the recursion (1). We start by defining

fn = ηa1ηa2 . . . ηanPa1a2...an
, n = 0, 1, 2, . . . (9)

In particular, f0 = P = φ̃ = Ω−
1
2φ. By contracting (1) with ηa we get the

following theorem.

Theorem 2. Let ηa have the properties given by lemma 1, and let fn be defined
by (9). We then have the recursion

fn = ηaD̃afn−1 − 2(n− 1)fn−1η
aD̃aκ− (n−1)(2n−3)

2 ηaηbR̃abfn−2, (10)

where the moments mn are given by mn = fn(Λ).

Proof. Let

Ta1...an
= D̃a1Pa2...an

− (n−1)(2n−3)
2 R̃a1a2Pa3...an . (11)

Using the recursion (1) and the properties of ηa we get

fn = ηa1 . . . ηanC[Ta1...an ] = ηa1 . . . ηanTa1...an

= ηa2 . . . ηanηa1D̃a1Pa2...an −
(n−1)(2n−3)

2 ηa1ηa2R̃a1a2η
a3 . . . ηanPa3...an

= ηaD̃afn−1 − Pa2...anη
aD̃a(ηa2 . . . ηan)− (n−1)(2n−3)

2 ηaηbR̃abfn−2.

Using (8) we get (10). By comparing (7) and (9), we see that mn = fn(Λ).
Note that the proof was carried out in Ṽ , but the resulting scalar recursion

is most conveniently regarded as defined on R2 with Cartesian coordinates z̃, ρ̃ or
polar coordinates r, θ. In ηaηbR̃ab, R̃ab refers to the Ricci tensor of Ṽ ; using the
metric (4) one readily finds

ηaηbR̃ab = ηaD̃a(ηbD̃bβ)−(ηaD̃aβ)2−2i
ρ̃
ηaD̃aβ−ηaD̃a(ηbD̃bκ)+(ηaD̃aκ)2. (12)

Remark. As well as different sign conventions some authors use the convention
Mn = 1

n! z̃
a1 . . . z̃anPa1...an(Λ). This implies that Mn = ± 2nn!

(2n)!mn.

4 Multipole moments through a scalar recursion
on R

In this section, we show that we can reduce the problem from scalar fields of two
variables to scalar fields of one variable. So far we have not required analyticity of
the fields. There are several proofs of analyticity for the potential and the metric
after a special rescaling in the case with non-zero mass [2] [14]. However, since
we do not want to exclude spacetimes with zero mass, analyticity will be assumed
explicitly. In this paper, analyticity will always be taken in the ’real’ sense, i.e.
that the fields are given by power series with positive radii of convergence. In the
cases where the results of this paper are used to compute the multipole moments
for a certain spacetime, it is easy to check analyticity.
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Lemma 3. Let β come from ( 3), φ̃ be the rescaled (axisymmetric) potential, and
suppose that β and φ̃ are analytic in a neighbourhood of Λ ∈ Ṽ . Then β(z̃, ρ̃)
contains a factor ρ̃2. Furthermore, viewed as functions on R2, ηaηbR̃ab and fn

are analytic in (z̃, ρ̃) in a neighbourhood of (0, 0).

Proof. First we establish that β contains a factor ρ̃2. Consider an orbit Γ : {ρ̃ =
ρ0} on the surface z̃ = z0. The circumference C(z0, ρ0) =

∫
Γ
ds =

∫ 2π

0
ρ0e

−β(z0,ρ0)dφ =

2πρ0e
−β(z0,ρ0). We also know [3] that C(z0, ρ0) = 2πρ0 − πK0ρ3

0
3 + O(ρ4

0), where
K0 is the scalar curvature at ρ̃ = 0. Hence

πK0

3
= lim

ρ0→0+

2πρ0 − C(z0, ρ0)
ρ3
0

= lim
ρ0→0+

2π
ρ2
0

(1− e−β(z0,ρ0)) = lim
ρ0→0+

2πβ(z0, ρ0)
ρ2
0

(1 +O(β(z0, ρ0))).

Since z̃ = z0 is a smooth manifold, K0 is finite, and we have that β(z̃, ρ̃) contains
the factor ρ̃2 = r2 sin2 θ. From this we see that 2i

ρ̃ η
aD̃aβ is analytic in (z̃, ρ̃) and

consequently all terms in (12) are analytic in (z̃, ρ̃). The analyticity of f0 = φ̃ is
assumed. It follows inductively from (10) that all fn are analytic in (z̃, ρ̃).

To obtain a scalar recursion on R, we must extract/define functions of one
real variable from our given functions on R2, where the latter are supposed to be
analytic in terms of (z̃, ρ̃).

Definition 4. Suppose that g : R2 → C is an analytic function of two variables
in a neighbourhood of the origin. We then define the leading order function gL on
R via gL(r) = g(r,−ir).

Note that the analyticity condition allows us to write g(z̃, ρ̃) =
∑∞

0

∑∞
0 ankz̃

nρ̃k

for (z̃, ρ̃) in some disc Bδ(0) centred at the origin. Thus z̃, ρ̃ can be allowed to
be complex in Bδ(0) and the definition gL(r) = g(r,−ir) makes sense as long as
r
√

2 < δ.
We will now fix ηa to be precisely ηa = ( ∂

∂z̃ )a − i( ∂
∂ρ̃ )a. That the recursion

(9) can be replaced by a recursion of the leading order functions, will then follow
from the following lemma:

Lemma 5. If g satisfies the conditions of definition 4, (ηaD̃ag)L(r) = g′L(r).

Proof. Both sides equal ∂g
∂z̃ (r,−ir)− i∂g

∂ρ̃ (r,−ir).

We are now ready to derive the promised scalar recursion on R.

Theorem 6. Suppose that the conditions in lemma 3 are met, and define yn(r) =
(fn(z̃, ρ̃))L(r). Then the multipole moments mn are given through the recursion

yn = y′n−1 − 2(n− 1)κ′Lyn−1 − (n−1)(2n−3)
2 Myn−2, (13)

where
M(r) = β′′L − (β′L)2 +

2
r
β′L − κ′′L + (κ′L)2 (14)

and mn = yn(0).

Proof. Taking the leading order part of (10), putting M(r) = (ηaηbR̃ab)L(r),
and applying lemma 5, we get (13). Also, mn = fn(0, 0) = yn(0).
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5 All moments from one scalar function

The recursion (13) would simplify considerably if M = 0, since we then get a
recursion of depth one. As is seen below, it is possible to choose κL such that
M = 0. The simplified recursion is then solved by choosing a different radial
parameter ρ. The choice of κL in order for M = 0 to hold in (13) can be viewed
in two ways. Either, one starts with the spacetime cast in the form (4) and chose
a particular κ, or else one uses the metric ĥab in the form (3) as the starting
point. In the latter case, starting with ĥab, we have the potential φ̂ = φ/

√
Ω, and

perform a second conformal rescaling Ω → Ωeκ where κ is chosen such that κL

solves equation (14) with M = 0. The new potential φ̃ is then related to φ̂ via
φ̃ = e−κ/2φ̂. Although equivalent, the latter viewpoint can be advantageous when
explicit spacetimes are considered (cf. section 6).

Theorem 7. Suppose that M is a stationary axisymmetric asymptotically flat
spacetime, with Ṽ being a conformal rescaling of the manifold of timelike Killing-
trajectories, where the metric ĥab on Ṽ has the form (3). Let φ̂ be the conformally
rescaled potential. Furthermore, assume that φ̂ and β are analytic in a neighbour-
hood of Λ ∈ Ṽ . Choose κ such that, for some constant C,

κL(r) = − ln(1− r

∫ r

0

e2βL(r) − 1
r2

dr − rC) + βL(r), (15)

thereby inducing the metric h̃ab = e2κĥab. Define r(ρ) implicitly by ρ(r) =
reκL−βL . Put y(ρ) = φ̃L(r(ρ)) = e−κL(r(ρ))/2φ̂L(r(ρ)). Then the multipole mo-
ments m0,m1, . . . of M are given by mn = dny

dρn (0).

Remark. In the expression for κL, the constant C is seen to equal κ′L(0).
In particular one can choose κ′L(0) such that the expansion is taken around
the generalized centre of mass. With this choice the multipole moments are
unique. This is accomplished in the following way: If k is the first integer
such that mk 6= 0, we choose κ′L(0) so that mk+1 = 0. This is equivalent to
the definition [1] of generalized centre of mass: 0 = Pa1...ak+1(Λ)P a1...ak(Λ) =
mk+1mkC[za1 . . . zak+1 ]C[za1 . . . zak ] ∝ mk+1mkzak+1 . Also note that the non-
leading terms of κ can be chosen arbitrarily.
Proof. From lemma 3, it follows that βL(0) = β′L(0) = 0. Taking this into
account, a direct insertion of (15) into (14) shows that M(r) = 0, i.e., this choice
of κL solves the differential equation M(r) = 0. Therefore, with this choice of κL

the recursion (13) reduces to

yn = y′n−1 − 2(n− 1)κ′Lyn−1. (16)

Put zn(r) = e−2nκL(r)yn(r) so that zn(0) = yn(0) = mn. As in [12], (16) becomes

zn(r) = e−2κL(r)z′n−1(r). (17)

If ρ is such that dρ(r)
dr = e2κL(r), we find that zn = dzn−1

dρ = dnz0
dρn . The specific

choice (15) of κL implies that r(κ′L − β′L) + 1 = eκL+βL . Hence,

ρ(r) =
∫ r

0

e2κLdr =
∫ r

0

(r(κ′L − β′L) + 1)eκL−βLdr = reκL−βL . (18)
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Thus, equation (18) implicitly defines r(ρ) in a neighbourhood of ρ = 0. We can
now define y(ρ) = z0(r(ρ)) = φ̃L(r(ρ)) and get all the moments from the function
y(ρ):

mn =
dny

dρn
(0). (19)

6 The Kerr solution

As an example of how our method can be used, we compute the multipole moments
for the Kerr solution. Here we will not use the Weyl canonical coordinates because
the expressions would be much longer than necessary. Instead we will follow
Hansen [11]. We begin with Boyer-Lindquist coordinates (r̃, θ, ϕ) and the metric1

ds2 = (r̃2−2mr̃+a2 cos2 θ)(
dr̃2

r̃2 − 2mr̃ + a2
+dθ2)+(r̃2−2mr̃+a2) sin2 θdϕ2. (20)

Following Hansen we define a new radial coordinate r through r̃ = r−1(1 +mr+
1
4 (m2 − a2)r2) and use the conformal factor Ω̂ = r2√

(1− 1
4 (m2−a2)r2)2−a2r2 sin2 θ

.

Define z̃ = r cos θ and ρ̃ = r sin θ. We then get

β(z̃, ρ̃) =
1
2

ln
(

1− (4aρ̃)2

(4− (m2 − a2)(z̃2 + ρ̃2))2

)
, (21)

βL(r) =
1
2

ln(1 + a2r2), (22)

φ̂(z̃, ρ̃) =
m(1 + 1

4 (m2 − a2)(z̃2 + ρ̃2)− iaz̃)

((1− 1
4 (m2 − a2)(z̃2 + ρ̃2)2)2 − a2ρ̃2)

3
4
, (23)

φ̂L(r) =
m(1− iar)

(1 + a2r2)3/4
. (24)

Furthermore, from theorem 7 we get

κL(r) = −1
2

ln
(

(r2a2 + rκ′(0)− 1)2

r2a2 + 1

)
, (25)

ρ(r) =
r

1− rκ′(0)− r2a2
, (26)

r(ρ) =

√
(ρκ′(0) + 1)2 + 4a2ρ2 − ρκ′(0)− 1

2ρa2
, (27)

y(ρ) = e−κL(r)/2φ̂L(r) =
m
√

1− rκ′(0)− a2r2

1 + iar
=

m√
1 + (2ia+ κ′(0))ρ

. (28)

Comparing with the Schwarzschild solution, a = 0, we see that the Kerr solution
is in a sense an imaginary translation of the Schwarzschild spacetime. Similar
descriptions can be found in [17] and [15].

1Corrected after publication.
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With κ′(0) = 0, we get the expansion around the centre of mass:

∞∑
n=0

mnρ
n

n!
= y(ρ) =

∞∑
n=0

m(2iaρ)n
√
π

n!Γ( 1
2 − n)

. (29)

With the conventions used by Hansen [11] we have

Mn =
−2nn!
(2n)!

mn =
−2nn!m(2ia)n

√
π

(2n)!Γ( 1
2 − n)

= −(−i)nman. (30)

Thus, our calculation agrees with Hansen [11]. (In [11], the moments were given
without a proof; see, however, [18] [20].)

7 Potentials

So far we have only used the complex version of the potential defined by Hansen
[11] 2

φH = −λ
2 − 1 + ω2 + 2iω

4λ
, (31)

and as Hansen points out, the choice of potential is not unique. This freedom of
choice was addressed in [19] using a different but equivalent definition of multipole
moments compared to the Geroch-Hansen definition. Here we will however only
use theorem 6 to investigate the freedom in the choice of potential.

For instance, in the special case when the stationary axisymmetric spacetime
is actually static, the Hansen potential reduces to

φH =
1− λ2

4λ
. (32)

This potential is not the same as the one given by Geroch, who uses3

φG = λ−1/4(1−
√
λ). (33)

It is not obvious that (32) and (33) give the same sequence of multipole moments.
This was however shown in [19]. The following theorem proves the same thing in
the axisymmetric case using a different technique.

Theorem 8. Suppose that the spacetime M is static and axisymmetric. Then the
potentials (32) and (33) produce the same moments.

Proof. We may assume that the coordinates are chosen in the way described in
section 2.1 with κ = 0, i.e., Ω̃ = r2e−β = (ρ̃2+ z̃2)e−β ; in other words we use Weyl
coordinates. With this choice of coordinates, α̃ = − ln λ

2r is (flat-) harmonic with
respect to (z̃, ρ̃, ϕ) taken as cylindrical coordinates in R3. From this it follows
that φG

r = 2
r sinh α̃r

2 is analytic near Λ ∈ Ṽ , since 2
r sinh α̃r

2 is even in r. It also

2We have changed sign compared to [11]
3Again, we have changed sign. The factor λ−1/4 comes from different definitions of the

metric for V .
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follows from the explicit form of β in [12] that β is analytic and thus Ω is analytic
with ΩL = 0. From the definitions (32) and (33) we see that

φ̃H =
φ̃G

4
(Ωφ̃2

G + 2)
√

Ωφ̃2
G + 4, (34)

so that φ̃H is also analytic. Taking leading order functions on both sides implies
(φ̃H)L = (φ̃G)L. Referring to theorem 6, this is sufficient for both potentials to
generate the same multipole moments.

Now consider the stationary case again. Assume that φ̃H and Ω are analytic
functions in a neighbourhood of Λ. The same will then hold for φ̃M and φ̃J ,
the real and imaginary part of φ̃H respectively. Asymptotic flatness implies that
ΩL = 0. Using theorem 6 we see that we can in fact choose any well-behaved
potential that satisfies (φ̃)L = (φ̃H)L to get the same moments. For instance if
we wanted to use the Ernst potential [7], [8] instead,

φE =
1− λ− iω

1 + λ+ iω
, (35)

we see that

φ̃E =
2φ̃H

1 +
√

4Ωφ̃2
M + 4Ωφ̃2

J + 1
. (36)

Taking leading order functions of both sides, we find that (φ̃E)L = (φ̃H)L, and
thus the potentials produce the same moments. This proves the following theorem:

Theorem 9. Suppose that the spacetime M is stationary and axisymmetric. Then
the potentials (31) and (35) produce the same moments.

Remark. This result could also be obtained easily by the method in [19].

8 Discussion

We have shown that the relatively complicated tensorial recursion (1) of Geroch
and Hansen can, in the stationary axisymmetric case, be reduced to a recursion
of scalar functions. Furthermore, we have demonstrated how a careful choice
of conformal factor collects all moments into one complex-valued function on R,
where the moments appear as the derivatives at 0. These results reduce to the
results in [12] in the static case. The main ideas in [12] and in this paper are
similar, but here we have simplified the proofs as well as generalized the results.
As an application of this method, we have shown how easily the moments of the
Kerr solution follow. We have also seen that there is a great freedom in the
choice of the potential. This can possibly be used to simplify the field equations
expressed in terms of the potential.

In [5] it was shown how to obtain the metric for a static axisymmetric space-
time with prescribed multipole moments. With the methods presented here it is
natural to try to extend these results to the stationary case. Such results would
be very desirable due to the physical relevance of the multipole moments. For
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instance, axisymmetric stationary solutions are good approximations for astro-
physical objects.

It would also be interesting to address the growth condition of the multipole
moments for existence of stationary spacetimes. Another natural extension of the
work presented here is of course the general non-axisymmetric case.
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