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Notation and Abbreviations

Notation

To simplify for the reader all notations used in this thesis are collected here.

Notation Description

a Speed of sound
CMα

Stability derivative of pitching moment
CNβ

Stability derivative of yawing moment
h Altitude
M Mach number
nz Load factor
p Roll rate
q Pitch rate
r Yaw rate
ṽ Velocity vector relative the fixed axes of the aircraft
V Speed of aircraft
Xcg Centre of gravity position
α Angle of attack
β Angle of sideslip
δCMα

Uncertainty in stability derivative of pitching moment
δCNβ

Uncertainty in stability derivative of yawing moment
δXcg

Variability in centre of gravity position
θ Pitch angle
φ Roll angle
ϕ Yaw angle

1



2 Contents

Abbreviations

To simplify for the reader all abbreviations used in this thesis are collected here.

Abbreviation Meaning

AoA Angle of attack
AoS Angle of sideslip
ARES Aircraft rigid-body engineering simulation
ASA Adaptive simulated annealing
DFO Derivate-free optimization
FC Flight condition
GARTEUR Group of aeronautical research and technology in Europe
MCS Multilevel coordinate search
NLP Nonlinear programming problem
Saab Saab AB
SQP Sequential quadratic program
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Chapter 1

Thesis Outline

1.1 Background

Before a new flight control system is released for flight, a huge number of simula-
tions are evaluated to find weaknesses of the system. Clearance of a flight control
system is a very important but time consuming process. It is impossible to cover all
cases of the flight envelope and the pilot’s commands using only simulation. There
is also a need to consider uncertainties in the parameters of the simulation model
and search for the worst combinations of uncertainties. Together they make flight
clearance a difficult problem and there is a need for new flight clearance methods.
Saab has been participating in research projects within the GARTEUR project
developing advanced techniques for clearance of flight control laws. GARTEUR,
or the Group for Aeronautical Research and Technologies in Europe, is a group
of research institutes, academia and industries. One of the most interesting and
promising methods from these projects is the use of optimization.

1.2 Problem Formulation

This thesis’s object is to combine simulation and optimization to search for the
worst of dangerous cases of the flight control system. The definition of a dangerous
case is when flight ability limits are exceeded. Flight ability limits are defined by
flight criteria specific for the aircraft, further described in Chapter 4. The problem
can be separated into three objectives:

1. For a given manoeuvre, search for the worst case of flight condition, i.e. the
worst Mach number and altitude. The given manoeuvre is executed from
flight conditions where the aircraft is in equilibrium. The worst case is
defined as one of these flight conditions where the manoeuvre makes the
aircraft exceed the flight ability limits most. A manoeuvre is defined by the
pilot’s control stick.

5



6 Thesis Outline

2. For a given flight condition where the aircraft is in equilibrium, search for
the manoeuvre which result in exceeding the flight ability limits most.

3. Include parameter uncertainties for the aerodynamic stability derivatives
CMα

and CNβ
and the parameter variability of the centre of gravity position

Xcg in the search for the worst flight condition for a given manoeuvre. See
Chapter 2 for description of the uncertainties and variability. The objective is
to search for the worst flight condition combined with one of the uncertainty
parameters or variability parameter at a time, and to search for the worst
flight condition combined with both of the aerodynamic uncertainties.

The second step of each objective is to find all dangerous cases, i.e. all cases that
result in exceeding the flight ability limits. The third step is to evaluate the
optimization-based methods used in this thesis with a traditional flight clearance
method.

1.3 Delimitations and Limitations

Delimitation of this thesis is the number of evaluated optimization methods. Two
optimization methods are chosen after discussing possible candidates, see Chapter
6. The possible candidates of global optimization methods in Section 5.3.3 are
picked due to their earlier results in flight clearance and should therefore be suitable
for the objectives of this thesis. Global optimization methods which have not been
used in flight clearance are not considered.

The given manoeuvres and flight conditions mentioned in the problem formu-
lation of this thesis are delimited to one specific manoeuvre or flight condition
for each objective and criterion. A larger number of given manoeuvres and flight
conditions are not evaluated.

The aim to "find all dangerous cases" is for natural reasons delimited. All
dangerous cases is an infinite number of cases and the task therefore is delimited
to try to find all dangerous surroundings of the parameter space or all dangerous
local optima.

Simulations take time and are therefore expensive. The number of simulations
used by the algorithms in this thesis has to be kept as low as possible. This is
considered to be a limitation.

This thesis is also limited by the access of free available optimization algo-
rithms. "Free algorithms" includes optimization methods in Matlab. Only free
algorithms are considered in this thesis.

In this thesis a single type of aircraft is considered for the flight clearance
process. The aircraft is a single-seat JAS 39 Gripen not carrying any external
stores.
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1.4 Thesis Structure

This thesis contains the following chapters:

Chapter 1 introduces the reader to the objectives of this thesis and its delimita-
tions. The structure of this thesis is presented to give the reader an overview.

Chapter 2 describes the basic static stability and control theory of an aircraft.
Flight nomenclature important for this thesis is also found in Chapter 2.

Chapter 3 presents the simulation model used in this thesis.

Chapter 4 discusses the flight clearance problem and introduces the clearance
criteria and parameter uncertainties used in this thesis.

Chapter 5 introduces the reader to the optimization theory, explains the general
optimization problem and presents possible optimization methods for this
thesis.

Chapter 6 describes the choice of optimization methods used in this thesis.

Chapter 7 describes the implementation of the algorithms using the optimization
methods from the previous chapter.

Chapter 8 presents the simulation results of this thesis’s objectives.

Chapter 9 discusses and presents the conclusions of this thesis. Suggestions for
future work are described.
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Chapter 2

Basic Flight Control

This chapter contains the basic flight nomenclature necessary to understand this
thesis. It also describes the basic stability and control problem of an aircraft. For
a more thorough survey on flight mechanics and control Kermode [10] or Nelson
[15] are recommended. An overall but shorter description of flight mechanics and
control can be found in Härkegård [7].

2.1 Nomenclature

Two very important definitions in this thesis are the angle of attack, α, and the
angle of sideslip, β. They are defined in terms of the velocity vector, ṽ, relative to
the fixed axes of the aircraft, see Figure 2.1 from Härkegård [7].

A way of expressing load on an aircraft is with the term load factor. The load
factor

nz = − Z
mg

is defined as the negative aerodynamic force Z divided by the force of gravity. See
Figure 2.2 for an illustration of Z.

A very common used definition of aircraft speed is the Mach number. It is
determined by the ratio of an aircraft’s speed, V , to the speed of sound, a.

Orientation of an aircraft can be represented by the Euler angles (φ, θ, ψ),
where φ = roll angle, θ = pitch angle and ψ = yaw angle, see Figure 2.1. The
corresponding angular velocities are defined as (p, q, r).

2.2 Static Stability and Control

Two conditions are important for the aircraft to fly successfully. First the aircraft
must be able to achieve equilibrium flight, second it must be able to manoeuvre
for a wide range of flight conditions. For an unstable aircraft the aircraft must be

11



12 Basic Flight Control

φ

p

α

γ

θ

q
β

ψ

r

ṽ

ṽ

Figure 2.1. Angles and angular velocities [7]

equipped with a control system to achieve equilibrium and perform manoeuvres.
Therefore, design and performance of control systems are a critical part of the
aircraft’s stability and control.

2.2.1 Meaning of Static Stability and Control

If an aircraft is to remain in equilibrium, the resultant force as well as the resultant
moment about the centre of gravity must both be equal to zero. An aircraft
satisfying these requirements is said to be in a trimmed condition. Static stability
is the initial tendency of an aircraft to return to its equilibrium state after a
disturbance. In Figure 2.2 from Härkegård [7] the forces and moments of an
aircraft are illustrated.

Y

M

N

L

X Z

Figure 2.2. Aerodynamic forces and moments [7]
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Control means the ability of the pilot to manoeuvre the aircraft into any desired
position. An aircraft with a high level of stability will be more difficult to move
away from a trimmed condition than one with low stability. With a high level
of stability the aircraft will be more difficult for the pilot to manoeuvre. Thus,
manoeuvrability and stability are in direct conflict with each other. The desired
level of stability will depend on the mission of the aircraft. A fighter must have
high manoeuvrability and may therefore be designed with low stability or even
with instability.

Aircraft control is provided by deflections of the control surfaces of the aircraft.
In traditional aircraft configurations the motion in pitch, roll and yaw are governed
by elevators, ailerons and rudder, respectively. Modern delta canard fighters have
a different configuration compared to traditional aircraft and therefore a different
control, more described in the following three sections. Figure 2.3 from Härkegård
[7] shows the configuration of a delta canard fighter.

Canards

Leading-edge flaps

Elevons
Rudder

Engine thrust

Figure 2.3. Actuators of a modern delta canard fighter [7]

2.2.2 Longitudinal Stability and Control

Stability or control of an aircraft which concerns the movements in pitch is called
longitudinal stability or control. To obtain static longitudinal stability the air-
craft’s pitching moment M must decrease when a disturbance makes the angle of
attack increase. This in order to take the aircraft back to the equilibrium point.
This can be obtained if the aerodynamic stability derivative of pitching moment,
CMα

, is negative. The effect from an increased angle of attack is that the aircraft
develops a negative pitching moment which tends to rotate the aircraft back to
the equilibrium point. If CMα

instead is positive, the effect is a positive pitching
moment which tends to rotate the aircraft away from the equilibrium point. For
an aircraft fighter like JAS 39 Gripen this is the case since it is designed to be
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unstable in pitch for Mach less than one to achieve higher manoeuvrability. The
control system of the aircraft is designed to take care of instability. The result is
a stable aircraft with higher manoeuvrability.

Another definition of importance for longitudinal stability is the aerodynamic
centre. The aerodynamic centre is the location where the moments acting on a
surface remain constant for changes in angle of attack. Using the aerodynamic
centre as the location where the aerodynamic forces are applied, simplifies aerody-
namic analysis. The aerodynamic centre of the whole aircraft is called the neutral
point. The aircraft’s centre of gravity position, Xcg, shall be located ahead of the
neutral point to achieve longitudinal stability.

Longitudinal control of a delta canard fighter is provided by combining sym-
metric elevon deflections with symmetric deflections of the canards.

2.2.3 Directional Stability and Control

Directional stability and control concerns the motion of an aircraft in yaw. If a
disturbance takes place in yaw, the aircraft develops a sideslip angle. To be able
to restore the aircraft back to the equilibrium point, i.e. a zero sideslip angle,
the aircraft must develop a restoring moment in yaw. This is possessed if the
aerodynamic stability derivative of yawing moment, CNβ

, is positive. If CNβ
is

negative, the yawing moment N developed by the aircraft tends to increase the
sideslip angle away from the equilibrium point. The aircraft’s control in yaw is
achieved by the rudder of the aircraft. By rotating the rudder, a yawing moment
around the centre of gravity is created.

2.2.4 Lateral Stability and Control

Stability or control which concerns rolling is called lateral stability or control. An
aircraft is in static lateral stability if a restoring moment is developed when a
slight roll takes place. The restoring moment can be shown to be a function of the
angle of sideslip. When an aircraft rolls it will begin to sideslip. If the aircraft is
laterally stable, the sideslip results in a rolling moment L that tries to bring the
wing back to a wings-level attitude. Lateral control of a delta canard fighter is
achieved by deflecting the elevons differentially.



Chapter 3

Simulation Model

This chapter presents the simulation tool and aircraft model used in this thesis.
Due to reasons of confidentiality only a general presentation will be made. The
information is gathered from Backström [2].

3.1 ARES

ARES, or Aircraft Rigid-body Engineering Simulation, is the simulation tool used
for evaluation of flight dynamics, development and verification of flight control
systems at Saab. ARES has been developed in-house at Saab.

In ARES fully developed nonlinear state-space aircraft models are implemented
where all states during the simulation are saved. This enables the possibility to
post process data. ARES has an internal Matlab interface which provides the
opportunity to run Matlab scripts without exiting ARES. In this thesis ARES is
used to get information from simulations of an aircraft model.

3.2 Aircraft Model

The aircraft model used in this thesis is a nonlinear simulation model of JAS 39
Gripen, ARES39. The aircraft is a single-seat aircraft and it is not carrying any
external stores. According to Backström [2], it has been proved that simulations
of ARES39 and flight test results for JAS 39 Gripen are almost identical. JAS 39
Gripen is a delta canard winged aircraft fighter which for Mach less than one is
unstable in pitch.

Simulations made in this thesis use the model signals Mach, altitude and control
stick deflections in pitch and roll as inputs. The control stick enables movements
in pitch and roll. Deflection of the control stick in pitch is limited to minimum
−7 degrees and maximum 11 degrees, and deflection of the control stick in roll to
minimum −7.8 and maximum 7.8 degrees. Possible directions of the control stick
in pitch and roll are illustrated by a box in Figure 3.1. A positive stick deflection

15



16 Simulation Model

in pitch commands positive angle of attack or normal load factor and a positive
stick deflection in roll commands positive roll rate.

Another opportunity used in this thesis is to insert parameter uncertainties
and variabilities as input signals to the model. Possible outputs of the simulation
model used in this thesis are for example the angle of attack, angle of sideslip and
normal load factor.

Possible 
movements

7.8−7.8

11.0

−7.0

Pitch

Roll

Figure 3.1. Possible deflections of the control stick



Chapter 4

Flight Clearance

In this chapter the clearance criteria for the flight clearance problem and the
parameter uncertainties used in this thesis are defined. The traditional flight
clearance process and optimization-based process are also described.

4.1 Clearance Criteria

Modern aircraft fighters are highly nonlinear and often aerodynamically unstable
in pitch for Mach less than one to achieve higher manoeuvrability. To achieve
equilibrium and perform manoeuvres the aircraft must be equipped with a control
system. Most control design methods require approximations as linearization of
aerodynamics. Thus, a clearance process to evaluate the control system is nec-
essary. The control system must pass several clearance criteria to be certified as
cleared. The basic aim of the clearance process considered in this thesis is to
search for possible departures of the aircraft. Loss of stability or controllability,
or both, is termed as an aircraft departure. Departure resistance testing is one of
the most difficult tasks to accomplish when testing highly nonlinear systems, such
as modern aircraft fighters. In this thesis two clearance criteria are studied, one
departure criterion based on the angle of attack and angle of sideslip and another
criterion based on the normal load factor. Both criteria describe the possible loss
of stability, since the aircraft is designed to act on the limit of stability to achieve
as much manoeuvrability as possible.

4.1.1 Clearance Criterion of Angle of Attack and Angle of

Sideslip

The angle of attack and angle of sideslip are of high importance of an aircraft’s
flight control and stability. Because of this they are suitable control objectives for
the control system and in this thesis a criterion based on the values of the aircraft’s
angle of attack and angle of sideslip is used. A departure takes place for high angle
of attack and/or high angle of sideslip. The limits of angle of attack and angle
of sideslip are not independent of each other since high angle of attack can turn

17



18 Flight Clearance

into sideslip and vice versa. The clearance criterion of angle of attack and angle of
sideslip computes the distance to the combined limit of angle of attack and angle
of sideslip.

Below in Figure 4.1 the criterion of angle of attack and angle of sideslip is
illustrated. The upper limit of angle of attack is lowered when the aircraft is
carrying heavy external stores, but the limit is also lowered some for increasing
Mach and altitude.

0

0

Angle of sideslip

A
ng

le
 o

f a
tta

ck
Possible
departure,
negative value

Cleared,
positive value

Figure 4.1. Illustration of the criterion of AoA and AoS

4.1.2 Clearance Criterion of Load Factor

Another criterion of high importance used in this thesis is the value of the normal
load factor. A high value of the normal load factor means that the aircraft is
exposed to longitudinal forces that highly reduce the lifetime of the aircraft. Hence,
in longitudinal direction the normal load factor is a suitable control objective for
the control system. A departure takes place for a large normal load factor.

4.2 Parameter Uncertainties

Building a model of the reality is always an approximation. Due to this, it is not
good enough using only the nominal model in the clearance process. The model
has to be extended with inclusions of possible variabilities and uncertainties. How
these parameter uncertainties affect the stability, handling and performance differs
with aircraft type, store configuration, control laws and flight condition. Many of
the variabilities are well known, but some are only known within confidence levels.

Four sets of variabilities and uncertainties can be identified.



4.2 Parameter Uncertainties 19

Configuration dependent variabilities. Includes variabilities such as cen-
tre of gravity position, mass and inertia, which for example differs with amount
of fuel.

Aerodynamic uncertainties. Stability derivatives and damping derivatives
belong to this set.

Hardware dependent variabilities. These variabilities are for example
changes of actuator and sensor dynamics and delays.

Air data system dependent tolerances. Signal measurement errors in for
example Mach number, altitude or angle of attack.

For more information about parameter uncertainties and variabilities please
read Fielding [4].

When using several aerodynamic uncertainties in an analysis a reduction factor
is applied to the absolute values of the uncertainties. The cause is to avoid un-
necessary pessimistic conditions and this is based on a probability argument, see
Fielding [4] and Lowenberg [12]. Table 4.1 shows the reduction factor for different
number of aerodynamic uncertainties.

Number of aerodynamic uncertainties 2 3 4 ≥ 5
Reduction factor 0.62 0.46 0.37 0.31

Table 4.1. Reduction factor for different number of aerodynamic uncertainties

Below follows a presentation of the uncertainties and variability to be studied
in this thesis.

4.2.1 Shift of Longitudinal Centre of Gravity Position Xcg

This parameter variability belongs to the configuration dependent variabilities.
The centre of gravity position Xcg directly influences the static stability of an
aircraft and is therefore a dominant parameter for the longitudinal characteristics,
see Section 2.2.2. Moving Xcg backward reduces the longitudinal stability of the
aircraft and when Xcg is moved behind the neutral point the aircraft becomes
unstable.

With respect to feedback gains of a controller which are designed for a givenXcg

a true behind Xcg will result in higher gains than needed, over-gearing. Feedback
gains designed for a true before Xcg will result in lesser gains than needed, under-
gearing. Therefore a true behind Xcg will result in less stability and a true before
Xcg will result in less manoeuvrability.

The shifts of the centre of gravity position, δXcg
, considered in this thesis are

from −0.1 metres to 0.1 metres1. This is a range good enough to cover the possible
values of the variability.

1For the aircraft model used in this thesis a shift of 0.1 metres moves the Xcg backward and

opposite for a shift of −0.1 metres.
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4.2.2 Changes of Stability Derivative CMα

The stability derivative CMα
defines static stability around the pitch axis of the

aircraft, see Section 2.2.2, and this parameter uncertainty belongs to the aerody-
namic uncertainties. If designing a controller for a CMα

higher than the true CMα
,

the aircraft will become less manoeuvrable in pitch. When designing a controller
for a CMα

lower than the true one, the aircraft will become too fast and react too
quickly in pitch and risks to exceed the criteria. The uncertainty range in δCMα

to be studied in this thesis is from −0.065 to 0.065. Also this range is considered
to be well dimensioned to cover the possible values of δCMα

.

4.2.3 Changes of Stability Derivative CNβ

The second aerodynamic uncertainty to be studied in this thesis is the stability
derivative CNβ

. A negative CNβ
causes directional instability, see Section 2.2.3.

Opposite to the case with the stability derivative CMα
, a control system designed

for a lower CNβ
than the true one makes the aircraft less manoeuvrable, while a

control system designed for higher CNβ
makes the aircraft less stable. This can

cause the criteria to be exceeded. The uncertainty range to be studied, δCNβ
, is

from −0.04 to 0.04. This range is chosen to cover the possible values of δCNβ
.

4.3 Traditional Flight Clearance

The current flight clearance process relies mostly on an exhaustive search for the
dangerous cases and worst case based on a grid for both flight condition and
parameter uncertainties. Applied to the grid, a set of highly dynamic manoeuvres
such as rapid inputs are simulated and evaluated. Two main difficulties with the
traditional search are evident. First, there are tremendous costs of simulating all
cases. Second, there is no guarantee that the worst case is found, since an infinite
number of possible combinations of flight condition, uncertainties and manoeuvres
exist. A presentation of this is written by Ryan [17].

4.4 Optimization-Based Flight Clearance

The general idea behind optimization-based flight clearance is to take a robust
stability or performance problem and reformulate it as an optimization problem.
It is based upon the assumption that an optimization algorithm will find the
combination of parameters which causes the largest violation for a given stability
or performance criterion, faster and with higher accuracy than a traditional grid-
based search will do. This is discussed in for example Forsell [6].

The clearance analysis problem can be formulated as a nonlinear programming
problem and in most cases there are only simple bounds on variables and linear
constraints. The NLPs arising in clearance problems have several particular fea-
tures which are described below. These features can be read about in Fielding [4]
or in Ryan [17].
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Low order. In a flight clearance problem the optimization variables are the
parameter uncertainties, flight condition parameters and control input parameters.
Thus, the order of the optimization is relatively small.

Multiple local minima. It can always be expected that functions expressing
the clearance criteria have several local minima. It follows from the complexity of
the problem.

Expensive computation. Computations of the criteria based on nonlinear
models involve simulations and therefore the computations of the clearance criteria
are very time consuming.

Discontinuous derivatives. Discontinuities in derivatives of functions arise
from several sources. If table-driven linear interpolations are present, discontinu-
ities lie in the model itself.

Noisy function. Noisy functions come from computations such as trimming,
linearization, numerical evaluation of gradients and simulation.
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Chapter 5

Optimization

This chapter introduces the reader to the optimization problem and definitions
and methods regarding the flight clearance optimization problem. The purpose of
the chapter is to give the reader basic knowledge of optimization.

5.1 Optimization Problem

Before choosing an adequate optimization method, there is a need to have an
understanding of the optimization problem. Optimization is about finding the
best, or in other words, the optimal solution to a problem.

A general optimization problem can be formulated as follows:

min f(x)

x ∈ R

subject to

x ∈ X

The general optimization problem above is a problem of minimizing but can easily
be formulated as a problem of maximizing,

max f(x) ⇔ min − f(x).

Because of this, only the problem of minimizing will be discussed.
f(x) is the objective function and x the optimization variables. All allowed

solutions are defined by the set X. Usually X is expressed in constraints of x and
this gives a new formulation of the problem:

min f(x)

x ∈ R
n

subject to

gj(x) ≤ 0, j ∈ [1,m]

gj(x) = 0, j ∈ [m+ 1, p]

xmin ≤ x ≤ xmax

23
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The functions

g1(x) . . . gp(x)

of the variables x express the constraints together with the simple bounds of the
variables,

xmin ≤ x ≤ xmax.

An optimization problem can have a global optimum and several local optima. An
allowed solution xk is a global optimum if no other allowed solution with a better
objective function value exists, i.e. f(xk) ≤ f(x), for all x ∈ X. A local optimum
is an allowed solution xk in the neighborhood N(xk) of xk where no other allowed
solution with a better objective function value exists, i.e. f(xk) ≤ f(x), for all
x ∈ N(xk) and x ∈ X.

In Figure 5.1 an illustration of a one variable function with its global and local
optima can be seen.

local optima

global optimum

x

f(x)

Figure 5.1. Function with global and local optima

Three characteristics of the optimization problem are to be studied: linearity,
continuity and convexity.

Linearity. If the objective function and all constraints are linear functions
and the variables are continuous, the optimization problem is a linear program. A
linear program is relatively easy to solve. An optimization problem is nonlinear
if either the objective function or at least one of the constraints is a nonlinear
function. Unlike to a linear program there is no general solver for a nonlinear
program. The choice of method depends on the properties of the specific problem.

Continuity. If the optimization problem has a continuous first derivative the
possibility to use gradient-based optimization algorithms appears. In some cases
these algorithms will perform well regarding the number of objective function
computations needed to solve the problem.

Convexity. A program is considered being convex if the objective function is
convex and the set of variables is convex. A function is convex in the allowed set
X if it for every selection of x1, x2 ∈ X and 0 ≤ λ ≤ 1 fulfils

f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2).
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This means that for a convex function in one dimension, a line between to arbitrary
points of the curve will never go below the curve. If the line goes below, it is a
nonconvex function. See Figure 5.2 from Eklund [3].

x

f(x)

x

f(x)

Convex function Nonconvex function

Figure 5.2. Convex and nonconvex functions [3]

A similar definition is used for convex sets. A set X ∈ R
n is convex if it for

every selection of x1, x2 ∈ X and 0 ≤ λ ≤ 1 fulfils

x = λx1 + (1 − λ)x2 ∈ X.

In two dimensions, a line between two arbitrary points of the set will never leave
the set. If the line leaves the set, it is a nonconvex set. See Figure 5.3 from Eklund
[3].

Convex set Nonconvex set

Figure 5.3. Convex and nonconvex sets [3]

If the optimization problem is convex, every local optimum will always be a
global optimum. This is of great importance since most optimizations algorithms
generate local optima.

For a more thorough presentation of the optimization problem consult for ex-
ample Lundgren [13].

5.2 Simulation Optimization

Simulation based optimization addresses problems where the objective and/or con-
straint functions are not expressed with closed form analytical equations, but with
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so called "black box" computer simulations. Simulation optimization methods use
responses generated by the simulation model to make the decision regarding the
selection of the next trial solution. In that way simulation optimization methods
only need simulated values to express the objective function. To be able to use
gradient-based algorithms, simulation optimization methods typically approximate
simpler algebraic models of the black box simulation model from the responses.
Suggestions for further reading are April [1] and Sasena [18].

5.3 Optimization Methods

To solve the optimization problem an optimization method is needed. There
are several methods to choose among. To simplify the choice, the optimization
methods can be divided into groups according to their properties. In this case
the methods are divided into three groups: gradient-based local search methods,
gradient-free local search methods and global search methods. This division is the
same as in Fielding [4].

5.3.1 Gradient-Based Local Search Methods

To achieve fast convergence, gradient-based local search methods use local infor-
mation of the objective function via the function’s gradient. A basic requirement
is continuity of the gradient with respect to the optimization variables. For a
satisfactory performance, it is of importance that an analytical expression of the
gradient exists. For complex functions no analytic expressions usually are avail-
able. Therefore numerical approximations of the gradients need to be calculated,
which results in slower convergence.

SQP. One of the most widely used nonlinear optimization method is the Se-
quential Quadratic Programming algorithm. After a starting point is chosen some-
how, e.g. by the user, the algorithm makes a local quadratic polynomial approxi-
mation of the true objective function, i.e. a second order Taylor series expansion,
and a linear approximation of the constraints. This is mostly done by using finite
differencing to approximate the gradients and a quasi-Newton1 approximation of
the Hessian of the Lagrangian. The SQP method iterates from the current point
by minimizing the quadratic program. Further information about SQP can be
found in Sasena [18].

5.3.2 Gradient-Free Local Search Methods

Derivative-free optimization methods using only function simulations are useful
when the objective function is noisy or when the truthful derivatives are difficult
to determine numerically, according to Fielding [4]. Derivative-free methods are
typically designed to solve optimization problems whose objective function is com-
puted by a black box, as described in Section 5.2. Each call to the black box is

1Quasi-Newtion is the term of several methods where the Hessian is approximated by using

the changes in the gradient and parameters from the preceding iterations.
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often expensive, so estimating derivatives may be too costly. However, it is the
noise which creates most difficulties in applying gradient-based methods to these
problems. There are two classes of derivative-free methods, direct-search methods
which include the common simplex and pattern search methods, and trust-region
methods.

DFO. The Derivative-Free Optimization trust-region method uses quadratic
interpolation to approximate the objective function. Given a current iterate, the
method builds a good local approximation with responses from the simulation
model. The second step of the method is to minimize the model in a "trusted"
neighbourhood and compare the result to the true simulated value. If the step is
successful the method chooses a new iterate and repeats until convergence.

Nelder-Mead. A popular direct-search algorithm is the Nelder-Mead simplex
algorithm. The Nelder-Mead method attempts to minimize a scalar-valued non-
linear unconstrained function using only objective function values, without any
derivative information. A presentation of the Nelder-Mead algorithm is found in
Lagarias [11] and The MathWorks user’s guide [20].

Each iteration of a simplex-based direct-search method begins with a simplex.
If the dimension is n, the simplex is specified by n + 1 distinct vertices. In two
dimensional space a simplex is a triangle, in three dimensional space it is a tetra-
hedron. The picture below, 5.4 from Weisstein [21], illustrates the simplexes with
variable space two and three.

Figure 5.4. Simplexes with variable space two and three [21]

The Nelder-Mead algorithm searches after a new point by reflecting the simplex
away from the worst vertex. In the two dimensional case, the new point R is
computed by reflecting the triangle through the side of the best and the second
best vertex. If R creates better objective function value than the worst vertex, the
new simplex replaces the worst vertex with R. Though, if R also is better than
the best vertex, R is extended further away to the point E, see Figure 5.5. Instead
the new simplex replaces the worst vertex with the best of E and R.

In case the objective function value at R is not better than the objective
function value at the worst vertex, either a new point with better objective function
value is generated, or the simplex is shrunken together towards the best vertex.
For more information about derivative-free methods read Scheinberg [19]. For
information specific about Nelder-Mead is Mathews [14] recommended.
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Second best vertex

Best vertex

Worst vertex R E

Two−space simplex Reflected and 
extended simplex

Figure 5.5. Reflected and extended simplex

5.3.3 Global Search Methods

A global search method should reject the local optimum and find the global opti-
mum. A global search method is preferably used when the objective function has
many local minima and finding a local minimum is just not good enough, e.g. in
safety verification problems. As Neumaier [16] says, treating non-global extremes
as worst cases, severe underestimation may be done of the true risk. There exist
several popular search methods for solving global optimization problems, here are
three popular simulation optimization methods presented.

ASA. Adaptive Simulated Annealing belongs to the Simulated Annealing
methods. The algorithm is based on imitating annealing for a gas in a multidi-
mensional space. ASA is developed in C-language code to statistically find global
optimum of a nonlinear constrained nonconvex objective function. ASA has over
a hundred options to tune which is a great disadvantage for beginners. Advan-
tages of ASA is the non-existing demand for an objective function, only objective
function values are needed, and the ASA algorithm has proven to be relatively
fast due to the implementation in C-language. For a thorough survey of ASA read
Ingber [9].

MCS. Another popular method is the Multilevel Coordinate Search algorithm
which combines global search and local search. The algorithm tries to find the
global minimum by splitting the search area into smaller sections before the local
search takes place. Before splitting the search area the algorithm initializes by
examining a few points of optimization space. The splitting process both splits
sections with large unexplored area and sections with good objective function
values. When the sections are too small to be split, the local search starts a Se-
quential Quadratic Programming algorithm to find minimum in sections with low
objective function values. The local search algorithm first builds a local quadratic
model, second defines a search direction by minimize the model in the small section
and third makes a line search. In theory MCS is guaranteed to converge to the
globally optimal objective function value if the objective function is continuous in
a surrounding of the global solution, according to Huyer [8]. MCS also has the
advantage of only requiring objective function values. MCS algorithm used on clas-
sical test functions with bound constraints show good performance in number of
objective function computations. For unconstrained problems of dimension n ≥ 4
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and problems with very large number of local minima, the performance are of less
satisfaction. In cases when the global minimum for these problems actually are
found, the number of objective function computations needed is relatively small.
MCS is a deterministic optimization algorithm, which means the method will find
a minimum up to a specified accuracy. Optimizing the same problem with the
same tuning parameters several times will give the same result. The originators of
the MCS method have implemented the algorithm in Matlab. More information
about the MCS algorithm is found in Huyer [8].

GA. A third popular global method is the Genetic Algorithms. GA are evo-
lutionary methods. The main idea behind evolutionary methods is an attempt
to mimic the fact that in nature the most fit individuals tend to survive. The
search procedure uses this idea and uses structured random information exchange
among a population of chromosomes with genetic operators. The chromosomes
are binary strings built of coding the variables. The outcome of the GA is much
dependent on the size of the initial population, the bigger the more reliable result.
But with a large population the objective function computations grows rapidly,
and so does the time to solve the problem. It is also of importance to notice that
the optimization variables need to be translated into binary strings, which also
grows rapidly with more accurate translation. GA is a stochastic method which
means that it will find a minimum up to a certain probability. Read GARTEUR
[5] or Ryan [17] for further information.
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Chapter 6

Optimization Methods

This chapter first discusses and identifies the behaviour of the optimization prob-
lem of this thesis. Test functions used in this thesis and the choices of optimization
methods are thereafter presented.

6.1 Identification of Optimization Problem

The objectives of this thesis are not only to find the worst cases since also dangerous
cases defined in Section 1.2 are of interest. This has to be considered when using
the optimization methods which only search for the global optimum or one local
optimum. A critical limitation, as mentioned in Section 1.3, is the access of free
available algorithms. Only free algorithms are considered in this thesis.

In the previous chapter, the optimization methods were divided into three
groups: gradient-based local search, gradient-free local search and global search.
The choice of optimization method is therefore also a choice of group. In this
thesis, one local method and one global method are evaluated and compared to
each other and to the traditional grid-based search. To take into consideration are
the accuracy and the cost of objective function simulations.

Simulation optimization. In the choice of optimization methods this thesis
has to consider the objective function not being an analytical function. Optimiza-
tion methods based on simulation are required, see Section 5.2 for presentation
of simulation optimization. To compute objective function values time consuming
simulations are required. Therefore, the number of objective function computa-
tions needs to be kept low.

Minimizing optimization. The optimization problem of this thesis is defined
as a minimizing problem. The optimal solution is the worst case, or the minimum,
of the problem. The angle of attack and angle of sideslip criterion calculates
the distance to the limit and returns a negative value for a crossing, see Section
4.1.1, and no modification is necessary. For the load factor criterion the limit is
subtracted from the normal load factor value retrieved from simulation and after
that the result is negated. This gives the result of a criterion which decreases when
the limit crossing increases.

33
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Nonlinear. Studying the optimization problem of this thesis with respect to
the characteristic linearity it is assumed that the problem is a nonlinear program.
The model of JAS 39 Gripen and its flight control laws are too complicated to
form a linear program.

Nonconvex with multiple local minima. To examine whether the opti-
mization problem of this thesis is convex or not the objective function with the
criterion of angle of attack and angle of sideslip is calculated in several points
over the envelope. The grid and a contour drawn on the basis of the grid can be
seen in Figure 6.1. Studying the sparse contour indicates that the optimization
problem with criterion of angle of attack and angle of sideslip over the envelope is
a nonconvex problem with multiple local minima. This supports the assumption
of a nonlinear program since linear programs are always convex problems. Based
on this result all optimization problems of this thesis are assumed not to be of any
easier character. All optimization objectives are treated as nonlinear nonconvex
programs with multiple optima.
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Figure 6.1. Sparse grid and contour of the objective function with criterion of AoA and
AoS

6.2 Test Functions

In this chapter and in Chapter 7 two test functions are used.

f1(x1, x2) = 3(1 − x1)
2e−x2

1
−(x2+1)2 − 10

(x1

5
− x3

1 − x5
2

)

e−x2

1
−x2

2 −

−
1

3
e−(x1+1)2−x2

2 (6.1)

f2(x1, x2) = x2
1 + x2

2 + 20 − 10(cos 2πx1 + cos 2πx2) (6.2)

As can be seen in Table 6.1, the first test function (6.1) has its global optimum
−6.5511 at (x1, x2) = (0.2282, 1.6256). The second test function (6.2) is called the
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Rastrigin function. It has its global optimum 0 at (x1, x2) = (0, 0). In Figure 6.2
the surface of test function (6.1) can be seen and in Figure 6.3 the surface of the
Rastrigin function (6.2). The test function (6.1) consists of three local minima
and three local maxima. The Rastrigin function (6.2) is not that nice with a dense
terrain of optima.

Optimum
Test function (6.1) -6.5511 x1 = 0.2282

x2 = 1.6256
Rastrigin function (6.2) 0 x1 = 0

x2 = 0

Table 6.1. Global optima for the two test functions
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Figure 6.2. Test function (6.1)
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Figure 6.3. Rastrigin function (6.2)

6.3 Local Methods

When a local method is to be used the first approach is to investigate the ability
to locate local minima and the global minimum. Because not only the worst case
of this thesis’s objectives is of interest, the ability to find local minima is of use
when to locate dangerous cases. The idea is to start local searches from several
different locations to be able to find more than just one local minima.

To be able to choose a local method, the first step is to decide whether a
gradient-based or gradient-free method is to prefer, i.e. to investigate the conti-
nuity of the optimization problem. This thesis’s first approach is to evaluate a
gradient-based algorithm. One of the most popular gradient-based optimization
algorithms is SQP. The SQP algorithm has the advantage of already be imple-
mented in Matlab’s fmincon and is therefore easily evaluated. The first case is
to find global minimum and local minima of test function (6.1). The second case
is to search for global minimum and local minima of this thesis’s first objective of
finding the worst flight condition. The criterion considered is the criterion of angle
of attack and angle of sideslip. The searches with fmincon are made from each
point in a sparse grid over the optimization space of the two problems. With this
approach, the hope is to find the local minima and the global minimum among
the local. For this second case the grid only covers Mach 0.4 to 0.6 and altitude
3.0 km to 5.0 km.

Figure 6.4 illustrates the result from the searches for the global minimum and
local minima of test function (6.1): the first case. A triangle marks a grid point
and asterisks mark the results from the searches with fmincon. To achieve better
illustration a contour of the test function (6.1) is also seen in the figure. For this
case fmincon succeeds to find the global minimum and one local minimum. The
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area around the third minimum is too small to be found with this method.
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Figure 6.4. fmincon applied to test function (6.1)

For the second case to find the worst flight condition, the searches with fmincon

do not succeed to find any local minimum at all. In fact, fmincon does not leave
the initial grid points. Table 6.2 lists the results from the searches. The number of
iterations is one, which means that only the initialization is made. The searches are
terminated with the message of "completed the search successfully", even though
fmincon has not iterated.

Init. fmincon Result fmincon

Mach h [km] Mach h [km] Func. Func. Iter- Completed
value [◦] calls ations successfully?

0.400 3.000 0.400 3.000 0.3832 7 1 yes
0.400 4.000 0.400 4.000 -0.0536 8 1 yes
0.400 5.000 0.400 5.000 -0.5226 8 1 yes
0.500 3.000 0.500 3.000 1.5317 7 1 yes
0.500 4.000 0.500 4.000 1.1039 7 1 yes
0.500 5.000 0.500 5.000 0.5839 7 1 yes
0.600 3.000 0.600 3.000 1.4084 7 1 yes
0.600 4.000 0.600 4.000 1.1517 7 1 yes
0.600 5.000 0.600 5.000 0.8517 7 1 yes

Table 6.2. Worst flight condition with fmincon

The searches with fmincon turn out to work good on a test function but unfor-
tunately not at all on this thesis’s objective of finding the worst flight condition.
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The results of the two cases imply the existence of discontinuities in the gradients
of the problem of this thesis, since continuity of the gradient is a basic requirement
for a gradient-based method like fmincon, see Section 5.3.1.

Based on the results from the searches with fmincon, the second approach is
to evaluate a gradient-free optimization method. The Nelder-Mead algorithm is
free available in Matlab’s fminsearch and is therefore chosen to be evaluated.
fminsearch are evaluated for the same test function (6.1) and the same flight
envelope for the problem of finding the worst flight condition as fmincon. Figure
6.5 shows that the searches with fminsearch from the grid points find all local
minima and the global minimum among them for test function (6.1).
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Figure 6.5. fminsearch applied to test function (6.1)

In the case of finding the worst flight condition the searches with fminsearch

clearly differ from fmincon. In Table 6.3 it can be seen that the searches with
fminsearch iterate to two local minima, where the worst minimum is around Mach
0.4 and altitude 5.8 km and the other minimum around Mach 0.7 and altitude 5.1
km. The results agree with the contour plot of the problem in Figure 6.1.

The results show the existence of local minima in the flight envelope and the
importance of different initial values for a local search method as fminsearch.
A study of fminsearch is also performed with the Rastrigin function (6.2). As
before, a sparse grid is applied to the optimization space to try to find the global
minimum and the local minima. Figure 6.6 and 6.7 illustrate the importance of a
well suited grid. There is a need of great understanding of the objective function
to increase the chance of locating all local minima and the global minimum.

This thesis’s choice of local method is to use fminsearch combined with a
sparse grid. The hope is to find the global minimum and all dangerous local
minima.
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Init. fminsearch Result fminsearch

Mach h [km] Mach h [km] Func. Func. Iter- Completed
value [◦] calls ations successfully?

0.400 3.000 0.4079 5.7885 -0.8858 42 21 yes
0.400 4.000 0.4102 5.7395 -0.8814 33 16 yes
0.400 5.000 0.4137 5.8096 -0.8836 23 11 yes
0.500 3.000 0.4074 5.7843 -0.8873 48 26 yes
0.500 4.000 0.4107 5.8132 -0.8839 37 18 yes
0.500 5.000 0.4168 5.7871 -0.8865 23 11 yes
0.600 3.000 0.6857 5.1635 0.3086 35 18 yes
0.600 4.000 0.6895 5.1656 0.3051 25 13 yes
0.600 5.000 0.6956 5.0938 0.3087 14 7 yes

Table 6.3. Worst flight condition with fminsearch
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6.4 Global Methods

A more reliable method concerned to find the global minimum may be a global
optimization algorithm. All global methods mentioned in Section 5.3.3 have the
advantage of being free downloaded from the internet. The binary method GA
grows a large number of objective function calls rapidly with accuracy and is
therefore not to prefer because of the importance to keep the simulation time down.
The annealing method ASA relies on well tuned parameters and is therefore neither
preferable because of the different objectives of this thesis. Unlike the others, MCS
has proved to be a relatively fast, easy tuned and reliable global method.

Before choosing MCS as the global method for this thesis the use of SQP in
MCS must be studied. Since the implementation of SQP in Matlab’s fmincon

failed in the searches for worst flight condition, see Section 6.3, there is a risk
the implementation of SQP in MCS also will fail due to the discontinuities. As
mentioned in Section 5.3.3, MCS splits the space to be searched and starts local
searches in small spaces with good function values. If there are a small number
of discontinuities or non at all of the objective function around the local mini-
mum, a quadratic model in the small space is after all useful in the optimization.
Discontinuities outside the space with the local minimum do not affect the local
search.

To study the effectiveness of SQP in MCS, tests are carried out where the
ordinary MCS algorithm is compared with a modified MCS algorithm. In the
modified algorithm, SQP is exchanged for Matlab’s fminsearch. In the tests the
same accuracy of the stopping criterion of the objective function value is applied,
0.0001. This means the local search stops if the objective function value is not
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improved with at least this number. The tests are applied to the search for the
worst flight condition with a given manoeuvre and with the criterion of angle of
attack and angle of sideslip. The modified MCS algorithm returned the objective
function value -0.8944 at Mach 0.4113 and altitude 5.7861 km, using 78 objective
function calls. The ordinary MCS returned with a slightly less worse objective
function value, -0.8625 at Mach 0.4121 and altitude 5.6957 km, with 53 objective
function calls. See the values in Table 6.4.

Modified MCS Ordinary MCS
Mach 0.4113 0.4121
h [km] 5.7861 5.6957

Obj. func. value [◦] -0.8944 -0.8625
Obj. func. calls 78 53

Table 6.4. Comparison between modified MCS and ordinary MCS

The differences in the results and number of objective function calls are not
large in this example. The idea is to use one of the variants of MCS in an algorithm
searching for cleared and not cleared areas of the optimization space. With this
idea the optimization space are split into smaller sub-spaces and MCS applied to
each sub-space. This in order to also find the dangerous local minima and not
only the global minimum. Because of this a large number of calls are made to
MCS and the small difference in number of objective function calls in one call to
MCS may grow to a large difference.

Since ordinary MCS in earlier studies showed a problem with multiple local
minima, a test with ordinary MCS applied to the Rastrigin function (6.2) is per-
formed. The test use non-symmetric boundaries because MCS initializes by inves-
tigating the objective function value in the midpoint of the optimization space. In
that way the global minimum is not used as initial point. The result of the search
is that MCS found the global optimum at (0,0), despite the many local minima
surrounding the optimum.

The global method of this thesis is chosen to be the ordinary MCS, considering
the lower number of objective function calls and that the global optimum of the
Rastrigin function (6.2) is found.
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Chapter 7

Implementation

This chapter describes the implementation of the algorithms used in this thesis.
Common for both algorithms are that they use optimization methods already im-
plemented in Matlab code. The chapter describes how the optimization methods
are modified to fit this thesis’s problems to find the worst case and dangerous cases
in an optimization space with boundaries.

To make the searches more interesting, the original clearance criteria used in
Saab have been modified. Else, if unmodified criteria were to be used, there would
hardly be any possible departures to find. The values of the criteria will not be
discussed in this thesis because of confidentiality.

The algorithms designed in this thesis are implemented in Matlab environ-
ment. The objective functions designed in this thesis call the simulation tool and
model ARES39 with UNIX commands and macros. To be able to achieve results
from the ARES39 simulations, a command to load the simulated data to Matlab

environment already exists and are used by the objective functions. The objec-
tive functions use simulated data to call a clearance criterion and return modified
clearance results.

7.1 Algorithm Using fminsearch

The local search method fminsearch does not consider any optimization variable
boundaries. To overcome this problem, the objective functions are designed to
return a large objective function value if one or more of the optimization variables
exceeds the boundaries. The initialization process of fminsearch is also modified
to make sure the first simplex is inside the boundaries. The modified fminsearch

is like the ordinary fminsearch in Section 6.3 evaluated for the problem of finding
the worst flight condition and for the Rastrigin function (6.2). For the problem
of finding the worst flight condition the ordinary fminsearch finds an optimum
outside the grid, see Table 6.3. For the modified fminsearch the boundaries in
this example are put to the lower and upper grid points of the same grid used
by the ordinary fminsearch. The results from the simulation optimizations are

43
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in Table 7.1. Now, all optima found by the modified fminsearch are inside the
borders.

Init. fminsearch Result fminsearch

Mach h [km] Mach h [km] Func. Func. Iter- Completed
value [◦] calls ations successfully?

0.4000 3.0000 0.4003 4.9860 -0.5136 46 22 yes
0.4000 4.0000 0.4040 4.9928 -0.4910 36 17 yes
0.4000 5.0000 0.4000 5.0000 -0.5226 36 17 yes
0.5000 3.0000 0.4001 3.0640 0.3558 37 18 yes
0.5000 4.0000 0.4009 4.5956 -0.3165 32 15 yes
0.5000 5.0000 0.4012 4.9991 -0.5137 38 18 yes
0.6000 3.0000 0.5993 4.9898 0.8634 39 19 yes
0.6000 4.0000 0.5986 4.9759 0.8584 45 20 yes
0.6000 5.0000 0.6000 5.0000 0.8517 33 15 yes

Table 7.1. Worst flight condition with modified fminsearch

Figure 7.1 and 7.2 show the results from the simulation optimizations with the
Rastrigin function (6.2). For a problem with as many local optima as the Rastrigin
function (6.2), different initializations for the modified fminsearch and ordinary
fminsearch can lead to different results even for cases inside the borders. When
starting from the same grid point, the two searches may not find the same local
optimum. As with the ordinary fminsearch the modified fminsearch relies on
the grid size to find the global optimum. From now on, fminsearch refers to the
modified fminsearch used in this thesis.
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Figure 7.2. Preferably grid for the Rastrigin function (6.2) for the modified fminsearch

There is a possibility to tune tolerance parameters in fminsearch. In this thesis
a termination tolerance of the optimization variables and a termination tolerance
of the objective function value are used. To keep the simulation time down, the
objective function value tolerance and variable tolerance are kept high.

At each grid point the objective function value is simulated with the the opti-
mization variables as input parameters to ARES39. If the objective function value
exceeds the clearance criterion limit, fminsearch is called with the grid point as
start point. When the searches are completed, the worst case and dangerous cases
are selected from the local search results and the grid point values.

The algorithm using fminsearch can be described in following steps:

1. Define grid points over the optimization space.

2. Set current point to the first grid point.

3. Compute the objective function value for current point.

4. If the objective function value is worse than the limit of the criterion, go to
step 5, else go to step 6.

5. Start a local search from current point over the optimization space with
fminsearch.

6. If finished with all grid points in the optimization space, go to step 8, else
go step 7.

7. Set current point to the next grid point. Go to step 3.

8. Has any local search with fminsearch been made? If so, go to step 10, else
go to step 9.
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9. Start a local search with fminsearch from the worst grid point.

10. Stop the analysis.
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Figure 7.3. Flowchart of the algorithm using fminsearch

7.2 Algorithm Using MCS

The optimization method MCS searches globally and returns what the method
considers to be the worst case in the whole optimization space. To be able to locate
possible departures in different parts of the space and not only the worst case, an
algorithm using MCS is written. This algorithm separates the optimization space
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into cleared and not cleared areas. The algorithm starts with letting MCS search
the whole optimization space. If the result from this search is not classified as a
possible departure, the entire optimization space can be declared as a cleared space
and no more searches are needed. When the result from the search is classified as
a possible departure the optimization space is divided into 2n sub-spaces, where
n is the number of optimization variables. In each sub-space a new search with
MCS is begun. On basis of the results of these searches, sub-spaces without
possible departures are declared as cleared. Sub-spaces with possible departures
are declared as not cleared and divided into 2n new sub-spaces where new searches
are begun. The process of searching for departures, declaring sub-spaces as cleared
and not cleared continues until the sub-spaces reaches a level defined by the user.
Searching the entire optimization space without splitting the space is level one,
splitting the optimization space once is level two and so on. The splitting process
is limited to the principle of halve.

To illustrate the algorithm using MCS it is applied to test function (6.1). For
this test function a departure is defined as objective function values less than −1.
Cleared areas are marked grey and in the not cleared areas the departure of the
area is marked with an asterisk. The worst case in the entire optimization space
is also marked with a square around the asterisk and the value of the crossing. To
better illustrate the functionality of the algorithm the results after searching with
different levels are displayed with the contours of the test function, see Figure 7.4.
Four levels are used in this example.
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Figure 7.4. Clearance result using test function (6.1)

Since the number of objective function calls needs to be kept low, the searches
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made before reaching the maximum level only search for a possible departure and
not the worst case. This is possible by using different settings for MCS. MCS
can search for the worst case or search for a value below a specific value. The
algorithm using MCS sets the specific value to a critical value which defines a
possible departure. Before starting these searches for possible departures a check
is made. If a known possible departure from an earlier search in the algorithm
exists in the sub-space there is no need for another search.

The flowchart of the algorithm using MCS is found in Figure 7.5 and the
algorithm could be described as follows:

1. Define the maximum level of sub-spaces to be searched and set the current
level to one. Define dangerous case.

2. Search the entire optimization space for a departure.

3. If a departure is found go to step 4, else go to step 14.

4. Split the not cleared spaces into sub-spaces and increase current level with
one.

5. If current level is lower than the maximum level, go to step 6, else go to step
10.

6. Search those sub-spaces without any known departures for departures.

7. If there exist sub-spaces without departures go to step 8, else go to step 9.

8. Declare the sub-spaces without departures as cleared.

9. Declare the sub-spaces with departures as not cleared, and go to step 4.

10. Search the sub-spaces for the worst cases.

11. If there exist sub-spaces without departures go to step 12, else go to step 13.

12. Declare the sub-spaces without departures as cleared.

13. Declare the sub-spaces with departures as not cleared.

14. Stop the analysis.

To verify the choice in Chapter 6 of using ordinary MCS instead of the modified
MCS the algorithm is test run with the two variants of MCS. To more clearly show
any differences the tests always search for the worst case in all sub-spaces, and
not only a possible departure. The modified MCS algorithm shows a slightly
better result, compare Figure 7.6 with 7.7, but the difference is small: only 0.0016
degrees. Though the better result is much more expensive, number of objective
function calls is 3223 compared with the ordinary MCS’s 1257 calls.

Applying the algorithm using MCS to Rastrigin function (6.2), the result is not
satisfying. Just a small modification of the boundaries and the algorithm declares
areas as cleared which should have been declared not cleared. Compare Figure 7.8
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Figure 7.6. Clearance result with the algorithm using modified MCS
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Figure 7.7. Clearance result with the algorithm using ordinary MCS

with 7.9 where four levels are used and values below 5.5 are regarded as dangerous
cases. In Figure 7.9 MCS is obviously stopped in local minima and incorrectly
cleared areas. To handle this problem step 2 and step 6 in the algorithm need to
be extended. Instead of making one search in the current space, several searches
with MCS are done. Each one uses a different initialization and when all searches
are done the worst case of the results is chosen to represent the worst case of
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the optimization space. MCS uses the initialization to initiate the first splitting
of the area and how the first splitting is done affects the result when multiple
local minima are present. This idea is applied to Rastrigin function (6.2) and the
satisfying result can be seen in Figure 7.10. All areas of the Rastrigin function
(6.2) that should be declared as not cleared are now correctly declared by the
algorithm. Seven different initializations are used in each sub-space.
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Figure 7.8. Clearance result for Rastrigin function (6.2) with algorithm using MCS
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Figure 7.9. Clearance result for Rastrigin function (6.2) with changed boundaries with
algorithm using MCS
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Figure 7.10. Clearance result using Rastrigin function (6.2) with several initializations
with algorithm using MCS

The extension of step 2 and 6 can be described as follows. A new variable is
introduced, init, which can be set to one of the number of 0 − 4. init tells which
kind of initialization MCS is going to use. If init has a value of 0 − 3 one of the
default initializations of MCS is used. Otherwise MCS is run with maximum k = 8
different initializations for each optimization space.

a. If init ≤ 3, search current space with MCS in order to find a departure and
go to the next step. Else, set k = 1 and go to step b.

b. If k ≤ 8 and no known departure exists in the current space, search current
space with MCS, increase k with 1 and go to step b. Else go to the next
step in the algorithm.
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Chapter 8

Simulations

This chapter presents the simulation optimizations done in this thesis. Results in
form of figures and tables of data are found in Appendix B and C. In Appendix
B and C different situations are used in the captions of figures and tables. These
situations contain which criterion and algorithm used in the searches. In some
situations parameter uncertainties are included. The reason for this division is to
achieve clearness. The situations are listed in Table A.1 in Appendix A.

Since both the algorithm using fminsearch and the algorithm using MCS
are deterministic methods they always give the same results. Therefore it is not
necessary to verify the results with repeated simulations. Common for all cases of
searches are that objective function values less than zero are regarded as dangerous
cases. For each simulation of ARES39 the maximum simulation time is set to ten
seconds. The lowest aircraft speed in the simulations is limited to 0.138 Mach.

8.1 Search for Worst Case of Flight Condition

In the search for worst and dangerous cases of flight conditions the specific ma-
noeuvre is defined as maximum positive deflection of the control stick in pitch for
both criteria, see Table 8.1. The boundaries of the flight envelope for the two
criteria are listed in Table 8.2.

Manoeuvre
Criterion Pitch [◦] Roll [◦]

AoA and AoS 11.0 0.0
Load factor 11.0 0.0

Table 8.1. Manoeuvres for worst case of FC
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Boundary
Criterion Lower Upper

AoA and AoS Mach 0.3 Mach 0.8
h [km] 1.0 h [km] 7.0

Load factor Mach 0.5 Mach 0.9
h [km] 1.0 h [km] 7.0

Table 8.2. Boundaries for worst case of FC

8.1.1 Traditional Flight Clearance

The grid for the traditional flight clearance method is very sparse with step sizes
of 0.2 in Mach and 2.0 km in altitude. This is realistic since large steps are today
taken in the flight envelope when the belief is there are no probable departures in
the area. Dangerous flight conditions as result from the traditional flight clearance
method are seen in Table C.1 and C.2 in Section C.1.1. Only one dangerous case is
found for each criterion: −0.4903 degrees at Mach 0.3 and altitude 1.0 km for the
angle of attack and angle of sideslip criterion and −0.2904 at Mach 0.9 and altitude
1.0 km for the load factor criterion. The total number of objective function calls
for each criterion is 12.

8.1.2 Algorithm Using fminsearch

The grid step sizes in the flight envelope for algorithm using fminsearch are 1.0 km
in altitude and 0.1 in Mach. The termination criterion of fminsearch is declared
with an accuracy of 0.01 for the objective function value and with an accuracy
of 0.1 for the optimization variables. The search is terminated when both these
accuracies are achieved.

Figure 8.1 and 8.2 show the results from the optimizations over the flight
envelope for each criterion. Dots show the iterations of fminsearch and asterisks
the dangerous cases, i.e. the dangerous final iterations after local searches and the
dangerous grid points where local searches have started. A square illustrates the
worst case of all local searches and grid cases.

Figure 8.1 and 8.2 show that the flight envelope with criterion of angle of attack
and angle of sideslip and with criterion of load factor have the character of few
local optima like the test function (6.1). The traditional method missed the worst
case found with the algorithm using fminsearch for the angle of attack and angle
of sideslip criterion and only finds the dangerous case in the bottom left corner.

Figure B.1 in Section B.1.1 shows the motion of the aircraft for the worst case
of the angle of attack and angle of sideslip criterion. The trace follows the aircraft’s
flight conditions during the manoeuvre. It starts from the worst trimmed flight
condition, i.e. the worst case of flight condition marked with a square in Figure 8.1,
and ends after maximum simulation time of ten seconds. The square in Figure B.1
shows where the worst case occurs during the manoeuvre, i.e. the worst motion,
and the diamond marks the start trimmed flight condition. It can be seen that the
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Figure 8.1. Search result over flight envelope with criterion of AoA and AoS with the
algorithm using fminsearch
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Figure 8.2. Search result over flight envelope with criterion of load factor with the
algorithm using fminsearch

worst motion occurs last in the simulation. If a longer simulation time is used it
might result in an even more dangerous case. However, the limitation of the lowest
speed of 170 km/h, or 0.138 Mach, would be a limit with a longer simulation time.

An illustration of the locations of the dangerous angles of the angle of attack
and angle of sideslip criterion is found in Figure B.2 in Section B.1.1. The illus-
tration shows that the locations are the same for all dangerous cases. Only the
limitation of the angle of attack is exceeded, while the angle of sideslip is near zero
degrees. This is natural since the manoeuvre is the same for all cases, a maximum
deflection of the control stick in pitch.

In Figure B.3 in Section B.1.1 the trace of the worst case for the load factor
criterion is illustrated. Here the worst motion occurs at the beginning of the
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manoeuvre when the loads acting on the aircraft are highest.
In Table 8.3 and 8.4 the values of the worst case and the total number of

objective function calls are listed. The algorithm using fminsearch uses about
ten times more objective function calls than the traditional method. With the
algorithm using fminsearch almost a twice as dangerous objective function value
is found for the angle of attack and angle of sideslip criterion. For the load factor
criterion the objective function value is not much more dangerous.

Worst Worst Worst Object.
object. flight motion func.

value [◦] condition calls
-0.8920 Mach 0.4094 Mach 0.2032 182

h [km] 5.7789 h [km] 6.0189

Table 8.3. Worst search result over flight envelope with criterion of AoA and AoS with
the algorithm using fminsearch

Worst Worst Worst Object.
object. flight motion func.
value condition calls

-0.3169 Mach 0.8782 Mach 0.7963 136
h [km] 1.0027 h [km] 1.2805

Table 8.4. Worst search result over flight envelope with criterion of load factor with the
algorithm using fminsearch

8.1.3 Algorithm Using MCS

For both of the two criteria, the algorithm using MCS uses the same level of
sub-spaces to be searched, four, and is set to use a default initialization. Test
runs show that the optimization problems of finding the worst flight conditions
are not highly complex with many local minima and therefore one of the default
initializations is chosen. The termination criterion is set to terminate the local
searches for changes less than 0.01 in the objective function value.

The search with the angle of attack and angle of sideslip criterion uses the total
number of objective function calls 1250 to find the worst case of −0.8933 degrees.
Figure 8.3 shows the result with cleared and not cleared areas. Table 8.5 lists
the worst values of objective function value, trimmed flight condition where the
motion begins and flight condition in the motion where the worst case happens.

When using the objective function with criterion of load factor, the algorithm
needs 1349 objective function calls to find the worst objective function value of
-0.3170. See Figure 8.4 for the cleared and not cleared areas and Table 8.6 for the
values of the worst case and flight conditions.

The movements of the aircraft for the worst case with the angle of attack
and angle of sideslip criterion are shown in Figure B.4 in Section B.1.2. The
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Figure 8.3. Clearance result over flight envelope with criterion of AoA and AoS with
the algorithm using MCS
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Figure 8.4. Clearance result over flight envelope with criterion of load factor with the
algorithm using MCS

motion starts with the worst trimmed flight condition and the trace shows how
the aircraft moves. As before, a square marks the flight condition where the
criterion is exceeded by the most, i.e. worst motion, and a diamond marks the
trimmed start flight condition. As with algorithm using fminsearch the worst
motion occurs last in the simulation. In Figure B.5 in Section B.1.2 all the angles
of the dangerous cases are displayed. Only the angle of attack is exceeding the
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Worst Worst Worst Object.
object. flight motion func.

value [◦] condition calls
-0.8933 Mach 0.4136 Mach 0.2020 1250

h [km] 5.7798 h [km] 6.0288

Table 8.5. Worst search result over flight envelope with criterion of AoA and AoS with
the algorithm using MCS

Worst Worst Worst Object.
object. flight motion func.
value condition calls

-0.3170 Mach 0.8815 Mach 0.7945 1349
h [km] 1.000 h [km] 1.3019

Table 8.6. Worst search result over flight envelope of with criterion of load factor with
the algorithm using MCS

criterion.
In Figure B.6 in Section B.1.2 the motion of the aircraft for the worst case

of flight condition with the load factor criterion is seen. As for algorithm using
fminsearch the worst case occurs early in the simulation.

The algorithm using MCS approximately finds the same worst case as the algo-
rithm using fminsearch for both criteria. The trace and angles of the dangerous
flight conditions therefore show the same behaviour. The differences are the num-
ber of objective function calls used and dangerous cases found. The algorithm
using MCS uses about ten times more objective function calls than the algorithm
using fminsearch and 100 times more objective function calls than the traditional
method. The effects of large numer of objective function calls and conclusions of
the two algorithms and the traditional method are discussed in Chapter 9.

8.2 Search for Worst Case of Manoeuvre

The second objective of this thesis is to find the worst manoeuvre of the aircraft
from a trimmed flight condition. The trimmed flight condition for each criterion
is defined as the results of the search for worst flight condition with the algorithm
using MCS in the previous section, see Table 8.7. The boundaries of the manoeuvre
are defined by the possible deflections of the control stick mentioned in Chapter 3
and illustrated by Figure 3.1 in the same chapter.

The problem of finding the worst manoeuvre is a much more complex problem
than the previous of finding the worst flight condition. The dimension is larger,
and test runs for both the algorithm using fminsearch and the algorithm using
MCS show the existence of many more local optima. The comparisons between test
function (6.1) and Rastrigin function (6.2) in Chapter 6 and 7 show the difficulties
with a large number of local optima for the optimization methods.
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Flight Condition
Criterion Mach h [km]

AoA and AoS 0.41 5.78
Load factor 0.88 1.00

Table 8.7. Trimmed start FCs for worst case of manoeuvre

To decrease the complexity of the problem, a manoeuvre is defined as two
instantaneous deflections of the control stick in pitch and roll at simulation time
1.0 and 4.5 seconds. Hence, the dimension of the optimization variable space is
four.

8.2.1 Traditional Flight Clearance

In the traditional flight clearance process the grid covers maximum positive deflec-
tion, zero deflection and maximum negative deflection of the control stick in pitch
and roll. The clearance process of today uses several different types of manoeu-
vres, but mainly with different combinations of maximum deflections. The worst
case found with the traditional method for criterion of angle of attack and angle of
sideslip is −0.8896 degrees and the manoeuvre is only maximum positive deflection
in pitch. For load factor criterion the worst case is −0.4776 and the manoeuvre is
maximum negative deflection in pitch at 1.0 seconds and at 4.5 seconds the control
stick is moved to maximum positive deflection in pitch. The dangerous cases as
results from the two criteria are found in Table C.3 and C.4, Section C.2.1. The
total number of objective function calls for each criterion is 81.

8.2.2 Algorithm Using fminsearch

One approach for the algorithm using fminsearch to reduce the nonlinearities
of the optimization problem which may lead to a simplification, is to define the
optimization variables as linear variables,

X =

2
∑

j=1

xjθj

xj = (xpitch,j , xroll,j)
T

where xpitch,j and xroll,j are the optimization variables in pitch and roll and θj

is a unit step at simulation time 1.0 and 4.5 seconds. This means the deflections
of the control stick at simulation time 4.5 seconds are defined as deflections from
the previous position of the control stick. Hence, the position of the control stick
at simulation time 4.5 seconds is the sum of the deflections at simulation time 1.0
and 4.5 seconds.

A variable space of dimension four requires a very sparse grid to keep the cost
of objective function calls low. On the other hand, many local minima make it
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difficult to find the worst manoeuvre with a sparse grid. Therefore a compromise
of the two demands is made with the hope to find the worst case. The benefit is
that the worst manoeuvre may possibly be close to maximum deflections in one
or more variables. In Table 8.8 the grid points for the total deflection in pitch
and roll at simulation time 1.0 and 4.5 seconds are listed. The grids for the roll
variables are defined as zero, maximum and half maximum deflections in positive
and negative directions. The grids for the pitch variables are almost defined as the
roll variables except in positive directions. Two other points are chosen instead
of only half maximum deflection, since the positive deflection space for pitch is
wider. Hence, the total number of grid points in the manoeuvre space is 900.

xpitch,1 [◦] -7, -3.5, 0, 3.5, 7, 11
xroll,1 [◦] -7.8, -3.9, 0, 3.9, 7.8

xpitch,1 + xpitch,2 [◦] -7, -3.5, 0, 3.5, 7, 11
xroll,1 + xroll,2 [◦] -7.8, -3.9, 0, 3.9, 7.8

Table 8.8. Variable grid in manoeuvre space

As in the search for worst flight condition, fminsearch is applied to dangerous
cases of objective function values. The termination criterion of fminsearch is also
declared as in the search for worst flight condition, with accuracy of 0.01 for the
objective function value and with accuracy of 0.1 for the optimization variables.
The results of the searches for worst case of manoeuvre with criterion of angle of
attack and angle of sideslip and criterion of load factor can been seen in Table
8.9 and 8.10 respectively. The worst manoeuvres for the two criteria are also
illustrated in Figure 8.5 and 8.6.

Worst Worst Worst Object.
object. value [◦] manoeuvre motion func. calls

-1.9252 xpitch,1 [◦] 10.4803 Mach 0.2607 2015
xroll,1 [◦] 2.8755

xpitch,1 + xpitch,2 [◦] 9.9873 h [km] 5.8505
xroll,1 + xroll,2 [◦] 7.7763

Table 8.9. Worst search result of manoeuvre with criterion of AoA and AoS with the
algorithm using fminsearch

Compared with the worst case found in the search for worst flight condition,
see Table 8.3 and 8.4, the worst objective function value is more than twice as
dangerous for both criteria with the new manoeuvres. These searches have cost
over ten times more objective function calls for the angle of attack and angle of
sideslip criterion and over 70 times more objective function calls for the load factor
criterion. Of interest is the kind of manoeuvres found for the two criteria from the
expensive searches. For the different deflections in roll, only one is a maximum
deflection.

Algorithm using fminsearch finds approximately a twice as dangerous object
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Worst Worst Worst Object.
object. value manoeuvre motion func. calls

-0.8122 xpitch,1 [◦] 9.5928 Mach 0.6999 9885
xroll,1 [◦] -4.0200

xpitch,1 + xpitch,2 [◦] 10.9864 h [km] 1.3248
xroll,1 + xroll,2 [◦] 5.4495

Table 8.10. Worst search result of manoeuvre with criterion of load factor with the
algorithm using fminsearch
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Figure 8.5. Worst manoeuvre with criterion of AoA and AoS with the algorithm using
fminsearch

function value than the traditional method for both criteria. The cost is around
20 times more objective function calls for the angle of attack and angle of sideslip
criterion and 100 times more objective function calls for the load factor criterion.
Still, the traditional method was not close to find the worst manoeuvre found with
algorithm using fminsearch.

In Section B.2.1 the motion of the aircraft for the angle of attack and angle
of sideslip criterion and the dangerous distances to the limit of the angles are
illustrated in Figure B.7 and B.8. Also for this case only dangerous angles of
attack are found, despite the different manoeuvres. In Figure B.9 in the same
section the trace for the load factor criterion is illustrated.

The dangerous cases for both criteria are listed in Table C.5 and C.6 in Section
C.2.2. The tables show the existence of many local minima in the optimization
space. As discussed in Chapter 6, the algorithm using fminsearch is much depen-
dent on a well dimensioned grid for such optimization problems. The tables show
that algorithm using fminsearch only finds the worst case of manoeuvre for one
of the local searches. All of the other local searches iterate to local minima. It is
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Figure 8.6. Worst manoeuvre with criterion of load factor with the algorithm using
fminsearch

obvious that the result depends on the size of the grid. Hence, a denser grid may
lead to another more worse case found. However, a denser grid rapidly increases
the already large number of objective function calls.

8.2.3 Algorithm Using MCS

For the algorithm using MCS it is not possible to implement the linearized opti-
mization variables used by the algorithm using fminsearch. Therefore the opti-
mization variables represent the position of the control stick in pitch and roll at
simulation time 1.0 and 4.5 seconds.

As mentioned before, test drives show the existence of many local minima
for the problem of finding the worst manoeuvre. For the algorithm using MCS,
ten test drives with different initializations and tuning parameters returned ten
different manoeuvres. It is necessary to use the extended version of the algorithm
using MCS and search the same optimization space several times. Hence, the
initialization variable init is set to four.

To keep the number of objective function calls down, the maximum level of
sub-spaces to be searched is set to two. A low value is necessary since the number
of sub-spaces to be searched with MCS increases with 2n each split, where n is
the number of optimization variables. When n = 4, level two results in maximum
1+24 = 17 searches with MCS, but level three results in maximum 1+24+24 ·24 =
273 searches. The first search is the search made in the entire optimization space
for a possible departure. If a possible departure is found the optimization space
is split into 24 new sub-spaces where new searches are begun. If all these sub-
spaces are declared as not cleared they are all split into 24 new sub-spaces. The
termination criterion is set as in the search for worst flight condition, 0.01.



8.2 Search for Worst Case of Manoeuvre 65

Table 8.11 shows the result of the search with criterion of angle of attack and
angle of sideslip. The large number of objective function calls is explained by using
the extended algorithm using MCS and the number of optimization variables. The
worst manoeuvre is seen in Figure 8.7, the motion trace of the aircraft and the
dangerous angles exceeding the criterion are seen in Figure B.10 and B.11, both
in Section B.2.2. The worst case in the motion trace does not occur at the end of
the simulation time. Studying the dangerous angles in Figure B.11 shows that not
all dangerous angles are the angle of attack, one is the angle of sideslip. In Table
C.7 in Section C.2.3 the dangerous cases are listed.

The result for load factor criterion can be seen in Table 8.12. In Figure 8.8
the worst manoeuvre is illustrated and in Figure B.12 in Section B.2.2 the motion
trace of the aircraft in the flight envelope is illustrated. As above, the worst case
does not occur in the end of the simulation. The dangerous cases are listed in
Table C.8 in Section C.2.3.

Also for this objective of finding the worst manoeuvre, the worst cases are
approximately the same as for the algorithm using fminsearch. The algorithm
uses a much higher number of objective function calls than the algorithm using
fminsearch but other dangerous cases found due to the different behaviours of
the algorithms.

Comparing the results from the search for worst flight condition in Section
8.1.3 to these results, show that with these manoeuvres the worst cases are twice
as dangerous but required about 20 times more objective function calls. The
results from the traditional method compared to the results from the algorithm
using MCS show there are differences in worst case found and number of objective
function calls. Algorithm using MCS finds twice as dangerous worst cases but
the cost is huge, 280 to 365 times more objective function calls than with the
traditional method.

Worst Worst Worst Object.
object. value [◦] manoeuvre motion func. calls

-1.9297 pitch1 [◦] 11.0000 Mach 0.2614 22754
roll1 [◦] 2.9052
pitch2 [◦] 11.0000 h [km] 5.8489
roll2 [◦] 7.8000

Table 8.11. Worst search result of manoeuvre with criterion of AoA and AoS with the
algorithm using MCS
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Worst Worst Worst Object.
object. value manoeuvre motion func. calls

-0.7243 pitch1 [◦] 9.3729 Mach 0.6991 29544
roll1 [◦] -3.6399
pitch2 [◦] 10.8808 h [km] 1.4331
roll2 [◦] 5.3146

Table 8.12. Worst search result of manoeuvre with criterion of load factor with the
algorithm using MCS
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Figure 8.7. Worst manoeuvre with criterion of AoA and AoS with the algorithm using
MCS
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Figure 8.8. Worst manoeuvre with criterion of load factor with the algorithm using
MCS

8.3 Search for Worst Case of Flight Condition

with Uncertainties

The third part of this thesis’s problem is to include parameter uncertainties in
the search for worst flight condition. Uncertainties of the parameters CMα

, CNβ

and Xcg described in Chapter 2 and 4, are first applied one by one to the opti-
mization variables in the search for worst flight condition. Secondly, the problem
is expanded to find the worst case of flight condition with combinations of pa-
rameter uncertainties of CMα

and CNβ
. The parameter uncertainty boundaries

are ±0.1 for δXcg
, ±0.065 for δCMα

and ±0.04 for δCNβ
. When including both

the aerodynamic uncertainties δCMα
and δCNβ

the reduction factor from Section
4.2 is applied. That means the boundaries are reduced to ±0.0403 for δCMα

and
±0.0248 for δCNβ

. The boundaries of the flight envelope are the same as in the
previous searches, see Table 8.2.

The specified manoeuvres for each criterion are in Table 8.13. These manoeu-
vres were found to be dangerous in the test runs of the search for worst manoeuvre
mentioned in the previous section. Since the manoeuvres are in both pitch and
roll they are sensitive for all three uncertainties.

No searches for the worst flight condition with parameter uncertainty δCNβ
and

criterion of load factor are made. The cause is the criterion of load factor only
concerns longitudinal stability and the uncertainty δCNβ

affects the directional
stability. There would be no greater difference between the search in the nominal
case and the search with parameter uncertainty δCNβ

. The same reasoning applies
for the combination of the uncertainties δCMα

and δCNβ
. Only searches with the
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angle of attack and angle of sideslip criterion are made.

Manoeuvre
Criterion Pitch 1 [◦] Roll 1 [◦] Pitch 2 [◦] Roll 2 [◦]

AoA and AoS 10.18 2.90 10.33 7.72
Load factor 9.37 -3.64 10.88 5.31

Table 8.13. Manoeuvres for worst case of FC with uncertainties

8.3.1 Traditional Flight Clearance

The clearance process of today only uses uncertainties at the boundaries. Therefore
the traditional method in this thesis uses the steps of maximum, minimum and
zero value of the uncertainties, except when including δCNβ

. Due to trim problems
half maximum and minimum value of the interval and zero value of the interval
are used instead. For some cases ARES39 cannot bring the aircraft to equilibrium
and for these cases the objective function is designed to return a large value. The
trim problems indicate that the interval of uncertainty δCNβ

was chosen a bit too
large. The grid in Mach and altitude are the same as before. The dangerous cases
found by the traditional method are in Table C.9 to C.14 in Section C.3.1. The
worst cases for the two criteria are in Table 8.14 and 8.15. The large exceeding of
the clearance criterion confirm that the uncertainty interval of δCNβ

was chosen
too large.

Uncer- Worst Worst Object.
tainty object. variable func.

value [◦] value calls

δXcg
-3.8311 Mach 0.7000 36

h [km] 5.0000
δXcg

[m] 0.1000

δCMα
-3.2053 Mach 0.7000 36

h [km] 3.0000
δCMα

0.0650

δCNβ
-6.8595 Mach 0.3000 36

h [km] 1.0000
δCNβ

0.0200

δCMα
-13.2037 Mach 0.3000 108

& h [km] 1.0000
δCNβ

δCMα
0.0403

δCNβ
0.0248

Table 8.14. Worst search result over flight envelope with criterion of AoA and AoS with
traditional flight clearance for δXcg , δCMα

, δCNβ
and δCMα

& δCNβ
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Uncer- Worst Worst Object.
tainty object. variable func.

value value calls

δXcg
-1.7963 Mach 0.9000 36

h [km] 1.0000
δXcg

[m] 0.1000

δCMα
-1.7823 Mach 0.9000 36

h [km] 1.0000
δCMα

0.0650

Table 8.15. Worst search result over flight envelope with criterion of load factor with
traditional flight clearance for δXcg and δCMα

8.3.2 Algorithm Using fminsearch

First a study of the search for worst flight condition without parameter uncer-
tainties must be performed. A grid similar to the grid for the search of worst
flight condition in Section 8.1.2 is used. In Table 8.16 and 8.17 the results of the
nominal case for the angle of attack and angle of sideslip criterion and the load
factor criterion are shown. In Figure 8.9 and 8.10 the grids over the flight envelope
and the contours based on the grids are illustrated. In Section B.3.1 Figure B.13
illustrates the motion of the aircraft for the worst case with the angle of attack
and angle of sideslip criterion and Figure B.14 illustrates the dangerous angles.
Figure B.15 in the same section illustrates the motion for the load factor criterion.

Worst Worst Worst Object.
object. flight motion func.

value [◦] condition calls
-2.4953 Mach 0.5000 Mach 0.1766 1210

h [km] 1.0000 h [km] 1.3531

Table 8.16. Worst search result of nominal case with criterion of AoA and AoS with
algorithm using fminsearch

Worst Worst Worst Object.
object. flight motion func.
value condition calls

-0.7679 Mach 0.8850 Mach 0.7963 224
h [km] 1.0781 h [km] 1.2805

Table 8.17. Worst search result of nominal case with criterion of load factor with
algorithm using fminsearch

For the angle of attack and angle of sideslip criterion Figure 8.9 over the flight
envelope shows that almost all grid points are dangerous cases. Hence, searches
with fminsearch are done from many flight conditions over the flight envelope.
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Figure 8.9. Search result of nominal case with criterion of AoA and AoS with algorithm
using fminsearch
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Figure 8.10. Search result of nominal case with criterion of load factor with algorithm
using fminsearch

Both for the angle of attack and angle of sideslip criterion and the load factor
criterion the searches iterate to the worst case or to a few local optima. The
behaviour of the searches is similar to the behaviour of the search for the worst
flight condition in Section 8.1.2, except for lower objective function values. The
already large number of dangerous grid points indicates that the searches with
uncertainties will result in many local searches over the flight envelope with a high
number of objective function calls as result.
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Including variability δXcg

To keep the number of objective function calls down, the grid of the variability
parameter δXcg

only is maximum positive, maximum negative and zero variability.
Figure B.16 and B.20 in Section B.3.1 illustrate the grid and contour over the flight
envelope with dangerous and worst flight conditions for each criterion. Since the
problem is of three dimensions and the figures only show the two dimensional flight
conditions, more than one search from each grid point in the figures can be done.
One grid point in the figures illustrates the three dimensional case with the three
grid points for δXcg

. The value at each grid point in the figures is the worst of the
three grid points. The same values are used to calculate the contour.

An illustration of the frequency of the dangerous cases of δXcg
for the angle of

attack and angle of sideslip criterion is found in the histogram in Figure B.17 in
Section B.3.1. The grid of δXcg

in maximum positive, maximum negative and zero
variability affects the histogram with high frequency at these values since danger-
ous cases includes dangerous grid points. In the same section Figure B.18 shows
the trace of the worst flight condition and Figure B.19 illustrates the dangerous
angles of the angle of attack and angle of sideslip criterion.

For the load factor criterion the histogram is found in Figure B.21 and the
trace of the worst motion in Figure B.22. Both figures are in Section B.3.1.

Studying the histograms of the dangerous cases for δXcg
it is clear that a higher

value of the variability parameter results in a higher amount of dangerous flight
conditions. It is not surprising, since a true backward position of Xcg results in
less stability, mentioned in Section 4.2.1. It is clear that most searches iterate
to the maximum value of the variability parameter. When comparing the figures
over the envelope for the angle of attack and the angle of sideslip criterion for the
nominal case and this case, Figure 8.9 and Figure B.16 in Section B.3.1, it can be
seen that for this case the dangerous minima have been dislocated to higher Mach
numbers. For the load factor criterion, the location of the dangerous minima is
still in the bottom right corner of the envelope.

The worst case for each criterion can be found in Table 8.18 and 8.19.

Including uncertainty δCMα

As for δXcg
, the grid of uncertainty δCMα

is maximum positive, maximum negative
and zero uncertainty. Figure B.23 in Section B.3.1 shows the search results over
the flight envelope for the angle of attack and angle of sideslip criterion. Compared
to the nominal case, see Figure 8.9, there are completely different local optima as
it was for δXcg

.
Figure B.24 illustrates the dangerous cases for the angle of attack and angle of

sideslip criterion with a histogram. The motion trace of the worst case is found
in Figure B.25 and the dangerous angles in Figure B.26. All figures are in Section
B.3.1. In the same section the search result over the envelope for the load factor
criterion is in Figure B.27, the histogram in Figure B.28 and the motion trace in
Figure B.29.

The dangerous cases as result of uncertainty of CMα
are not as clear as the

result of δXcg
. It is not obvious that a higher value of δCMα

leads to less stability
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for the angle of attack and angle of sideslip criterion, as mentioned in Section
4.2.2. The reason is that the manoeuvre is in both pitch and roll which means
that both longitudinal and lateral stability are affected. In a such manoeuvre it is
not clear what the effect is from a change in CMα

. The difference from δXcg
is that

δXcg
is a configuration dependent variability and affects the aircraft different than

the aerodynamic uncertainty δCMα
. Still, the dangerous cases are mostly when

δCMα
is around 0.065. An interesting part of the result is that the worst case

of δCMα
is 0.0488 for the angle of attack and angle of sideslip criterion and not

maximum of δCMα
. Also of great interest is that for the first time dangerous angles

of sideslip are found and not only dangerous angles of attack with the algorithm
using fminsearch.

The worst case for each criterion is listed in Table 8.18 and 8.19.

Including uncertainty δCNβ

Due to trim problems, the grid of the uncertainty δCNβ
is not the same as for

the other uncertainties. Only half of maximum and minimum boundaries of the
uncertainty are used as grid points together with zero uncertainty, as for the
traditional search. Figure B.30 in Section B.3.1 shows the grid and contour over
the flight envelope with dangerous and worst flight conditions for the angle of
attack and angle of sideslip criterion. The histogram of dangerous cases for δCNβ

is in Figure B.31 and the trace of the worst case in Figure B.32 in Section B.3.1.
Figure B.33 in the same section shows the dangerous angles of the angle of attack
and angle of sideslip criterion.

In Table 8.18 the worst case is found. For the uncertainty of CNβ
the worst

case and the dangerous cases implies that a higher value of δCNβ
leads to less

stability. This is not always true, as in Section 4.2.3 a lower value of δCNβ
leads to

less directional stability. But with this specific manoeuvre the worst case is when
δCNβ

is 0.0328. As for δCMα
the worst case is not at the boundary.

The histogram over the dangerous cases shows that for this specific case the
highest number of dangerous manoeuvres is when δCNβ

is positive. The highest
bar is for zero uncertainty, but the total sum of dangerous cases when δCNβ

is
positive is higher.

Like δCMα
also dangerous angles of sideslip are found but this time for positive

angles instead of negative. Finally Figure B.30 over the flight envelope shows new
locations of the dangerous minima.

Including uncertainties δCMα
and δCNβ

When including both the uncertainties δCMα
and δCNβ

with the criterion of angle
of attack and angle of sideslip, the grid is specified as maximum positive, maximum
negative and zero uncertainty for each δCMα

and δCNβ
when the reduction factor

is applied.
In Figure B.34 in Section B.3.1 the grid and contour over the flight envelope

with dangerous and worst flight conditions are illustrated. Since the problem is
now of four dimensions, one grid point in the two dimensional figure illustrates
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nine grid points in the four dimensional case. The nine grid points come from the
combinations of δCMα

and δCNβ
. The value at each grid point in the figure is the

worst of the nine grid points. Same values are used to calculate the contour.
The histogram of the dangerous cases for δCMα

and δCNβ
is in Figure B.35 in

Section B.3.1. In the same section the motion trace of the worst case and the
dangerous angles of the angle of attack and angle of sideslip criterion are in Figure
B.36 and B.37. The worst case is listed in Table 8.18.

When including both δCMα
and δCNβ

to the optimization problem the worst
combination of δCMα

and δCNβ
was not far away from the earlier results when

searching with one uncertainty at a time. The values of the worst δCMα
and δCNβ

are the maximum uncertainties after the reduction factor. The worst Mach and
altitude found are near the worst flight condition found with only the parameter
uncertainty δCNβ

. Most of the dangerous cases are when δCMα
and δCNβ

are the
maximum uncertainties after the reduction factor, as can be seen in Figure B.35.

Figure B.34 over the envelope is more similar to Figure B.30 over the envelope
for δCNβ

than Figure B.23 for δCMα
. Also only positive dangerous angles of sideslip

are found, precisely as the case for δCNβ
, compare Figure B.37 with Figure B.26

and B.33.

Uncer- Worst Worst Worst Object.
tainty object. variable motion func.

value [◦] value calls

δXcg
-4.0851 Mach 0.5713 Mach 0.1658 7814

h [km] 1.0012 h [km] 1.4723
δXcg

[m] 0.0985

δCMα
-4.3137 Mach 0.7096 Mach 0.2603 6042

h [km] 4.3957 h [km] 4.9570
δCMα

0.0488

δCNβ
-13.7115 Mach 0.3000 Mach 0.1729 6955

h [km] 1.0068 h [km] 1.0358
δCNβ

0.0328

δCMα
-15.0565 Mach 0.3735 Mach 0.1681 27261

& h [km] 1.0005 h [km] 1.1375
δCNβ

δCMα
0.0403

δCNβ
0.0248

Table 8.18. Worst search result over flight envelope with criterion of AoA and AoS with
algorithm using fminsearch for δXcg , δCMα

, δCNβ
and δCMα

& δCNβ

Summarized remarks

The searches for all uncertainties compared with the nominal case show the exis-
tence of more local minima for the angle of attack and angle of sideslip criterion.
Still, there are relatively few local optima and the algorithm finds the same worst
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Uncer- Worst Worst Worst Object.
tainty object. variable motion func.

value value calls

δXcg
-1.8088 Mach 0.8967 Mach 0.7000 906

h [km] 1.0132 h [km] 1.5136
δXcg

[m] 0.0999

δCMα
-1.8975 Mach 0.8810 Mach 0.6997 861

h [km] 1.0293 h [km] 1.5190
δCMα

0.0650

Table 8.19. Worst search result over flight envelope with criterion of load factor with
algorithm using fminsearch for δXcg and δCMα

case for each uncertainty more than once. The worst case of flight condition differs
highly for the different uncertainties for the angle of attack and angle of sideslip
criterion. It is obvious that the parameter uncertainties have an important effect
on the result. Unfortunately the results with uncertainty δCNβ

are difficult to
evaluate properly due to that the chosen interval is too large. A smaller interval
would still have covered the possible values of the uncertainty. For the load factor
criterion the worst flight conditions are approximately the same as for the nominal
case but the worst objective function values are more dangerous.

As expected, the cost of objective function calls is high for the angle of attack
and angle of sideslip criterion. Here a more appropriate method could have been
to start local searches with fminsearch from fewer grid points. The limit of zero
for objective function values where searches have begun should therefore have been
lowered. Compared with the traditional flight clearance method around 200 times
more objective function calls is used for each search for the angle of attack and
angle of sideslip criterion. For the cases of including δCNβ

and δCMα
together with

δCNβ
the results do not differ much compared to the traditional method except for

the much higher numbers of objective function calls.

8.3.3 Algorithm Using MCS

As for algorithm using fminsearch, the first to be studied is the nominal case for
each criterion. The nominal case does not include any parameter uncertainties.
The searches are set to use level four and one of the default initializations with
the hope that this problem is not too complex with many local minima. The
termination criterion is also here set as in the search for worst flight condition,
0.01. When using the criterion of angle of attack and angle of sideslip the result can
be seen in Table 8.20 and in Figure 8.11 the clearance result is displayed. Very few
areas are declared as cleared which is a forewarning of large numbers of objective
function calls to come when including parameter uncertainties. Figure B.38 shows
the motion trace of the aircraft and Figure B.39 the dangerous angles, both in
Section B.3.2. The worst case occurs last in the simulation and all dangerous
angles are angle of attack.
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The result for the nominal case when using criterion of load factor is seen
in Table 8.21 and in Figure 8.12. The motion trace for the aircraft is seen in
Figure B.40 in Section B.3.2. Here the worst case happens about midpoint of the
simulation.

Worst Worst Worst Object.
object. flight motion func.

value [◦] condition calls
-2.4943 Mach 0.4995 Mach 0.1767 2918

h [km] 1.0000 h [km] 1.3521

Table 8.20. Worst search result of nominal case with criterion of AoA and AoS with
algorithm using MCS

Worst Worst Worst Object.
object. flight motion func.
value condition calls

-0.7684 Mach 0.8858 Mach 0.7000 1006
h [km] 1.1066 h [km] 1.5755

Table 8.21. Worst search result of nominal case with criterion of load factor with
algorithm using MCS
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Figure 8.11. Clearance result of nominal case with criterion of AoA and AoS with
algorithm using MCS
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Figure 8.12. Clearance result of nominal case with criterion of load factor with algo-
rithm using MCS

Including variability δXcg

The searches for worst cases of flight condition including the parameter variability
δXcg

are first performed. First the criterion of angle of attack and angle of sideslip
is used. The result is shown in Figure B.41, Section B.3.2. Comparing the cleared
and not cleared areas with the result in Figure 8.11 show that the entire flight
envelope is now declared as not cleared. The worst case from the nominal case is
not as dangerous as the one found when including the parameter variability δXcg

,
compare Table 8.20 for the nominal result and Table 8.22 for the result including
δXcg

.
In Figure B.42, Section B.3.2, a histogram of δXcg

for the dangerous cases is
displayed. Studying the histogram it is seen that most of the dangerous cases
occur for a positive δXcg

, when the aircraft is over-gearing and shoots over the
limit of angle of attack and angle of sideslip. This is the same result as with the
algorithm using fminsearch in Section 8.3.2. The main cause for the differences
between this histogram and the histogram in Figure B.17 from the algorithm using
fminsearch, is that the algorithm using MCS only searches for the worst case in
the sub-spaces of maximum level. For sub-spaces at a lower level the searches are
terminated when a possible departure is found. This is explained in Section 7.2.

Figure B.43 displays the motion of the aircraft in the envelope. The worst case
occurs last in the simulation. Comparing for which angle of attack and angle of
sideslip the worst and dangerous cases occur for this case and the nominal case,
Figure B.39 and B.44 show that it is the same kind of angle causing the possible
departures: the angle of attack. These figures are seen in Section B.3.2.

The same search but using criterion of load factor with variability δXcg
has

declared more not cleared areas than in the nominal case, compare Figure B.45 in
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Section B.3.2 and Figure 8.12. The worst case including δXcg
is more than twice

as dangerous as the one found in the nominal case. Compare Table 8.21 for the
nominal case with Table 8.23 for the search with δXcg

.
The histogram of the variability for the dangerous cases seen in Figure B.46,

shows there are mostly dangerous cases with positive δXcg
. The motion of the

aircraft is displayed in Figure B.47. As in the nominal case the worst case occurs
after approximately half the simulation time. Both these figures are in Section
B.3.2.

For the angle of attack and angle of sideslip criterion the worst case found with
algorithm using MCS is 0.25 degrees more dangerous than the worst case from the
traditional method and only 0.015 more dangerous for the load factor criterion. A
drawback for the algorithm using MCS is the huge numbers of objective function
calls: about 1000 times more for the angle of attack and angle of sideslip criterion
and 262 times more for the load factor criterion than for the traditional method.

Including uncertainty δCMα

When searching for worst flight condition including the uncertainty δCMα
with

criterion of angle of attack and angle of sideslip, the result is likewise as with the
variability δXcg

. The entire flight envelope is declared as not cleared, see Figure
B.48 in Section B.3.2. The worst case found is more dangerous than the worst case
found in the nominal case, compare Table 8.22 with 8.20. Notice that the value
of the uncertainty in the worst case is not a maximum or minimum value of the
uncertainty interval. Besides that, the uncertainty values of the dangerous cases,
see the histogram in Figure B.49 in Section B.3.2, are difficult to evaluate since
the manoeuvre affects more than only longitudinal stability. See also Section 8.3.2
and the result of the algorithm using fminsearch.

The trace of the motion is seen in Figure B.50. The worst case occurs last in
the simulation. Studying for which angle of attack and angle of sideslip the worst
and dangerous cases happen shows that it is still angle of attack that causes the
possible departures as in the nominal case, see Figure B.51. All these figures are
found in Section B.3.2.

The large amount of objective function calls seen in Table 8.22 are explained by
that almost every sub-space is declared as not cleared and split into new sub-spaces
to be searched. The given manoeuvre is considered to be a dangerous manoeuvre
and would require further analysis before flight.

The traditional method found a worst case of 1.1 degrees less dangerous for
the angle of attack and angle of sideslip criterion, but as for δXcg

the algorithm
using MCS uses about 1000 times more objective function calls.

When instead using criterion of load factor with the uncertainty δCMα
the result

is also this time likewise as with the variability δXcg
. More areas are declared as

not cleared than in the nominal case, see Figure B.52, Section B.3.2, and Figure
8.12. But, the worst case found is not more dangerous than the one found in the
nominal case, compare Table 8.23 with 8.21. MCS has clearly stopped in local
minima, since the result is not as dangerous as the traditional method’s result
or as the result from the algorithm using fminsearch. Here the opportunity of
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using the extended version of algorithm using MCS has not been chosen, since the
already huge number of objective function calls makes it unrealistic.

In Figure B.53 the histogram for the uncertainty of the dangerous cases is seen
and Figure B.54 shows the trace of the motion, all figures in Section B.3.2.

Including uncertainty δCNβ

When including the uncertainty δCNβ
in the search for worst flight condition with

criterion of angle of attack and angle of sideslip the entire flight envelope is also here
declared as not cleared, see Figure B.55. As mentioned before, the given manoeu-
vre is considered dangerous. The worst case is listed in Table 8.22, to be compared
with the nominal case in Table 8.20. Notice that also here the uncertainty value
in the worst case is not a maximum or minimum value of the uncertainty interval.
As with δCMα

the histogram in Figure B.56 of the uncertainty for the dangerous
cases is difficult to evaluate because of the effects of the manoeuvre and the large
uncertainty interval. See Section 8.3.2 for the similar results of algorithm using
fminsearch. The clearance result and histogram are found in Section B.3.2.

The motion trace of the aircraft is seen in Figure B.57, and the worst case
occurs at the end of the simulation. The dangerous angles in Figure B.58 are
almost of the same kind as in the nominal case, mostly large angle of attack but
for some dangerous angles there is a combination of angel of attack and angle of
sideslip. The figures are found in Section B.3.2.

The worst objective function value found is 6.9 degrees more dangerous than
with the traditional method, but the cost is a very large number of objective
function calls.

Including uncertainties δCMα
and δCNβ

When searching with criterion of angle of attack and angle of sideslip and both the
aerodynamic uncertainties δCMα

and δCNβ
, the level of sub-spaces to be searched

is reduced to three. The cause is to keep the number of objective function calls
low. Since both the uncertainties are aerodynamic the reduction factor from Table
4.1, Section 4.2, is applied.

The result is seen in Figure B.59. The entire flight envelope is of course declared
as not cleared this time too. The worst case is also seen in Table 8.22. The three
dimensional histogram in Figure B.60 shows the distribution of the uncertainties
for the dangerous cases. Most of the dangerous cases occur for positive values of
uncertainties. Both figures are seen in Section B.3.2

Figure B.61 and B.62 show the motion trace and dangerous angles, both figures
are in Section B.3.2. The trace shows that also this time the worst motion occurs
last in the simulation. The dangerous angles are almost of the same kind as in the
nominal case. The angle of attack dominates, but there are also combinations of
angle of attack and angle of sideslip.

Notice that this time the uncertainty values of the worst case are at the max-
imum of the uncertainty intervals. The same result as with the algorithm using
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fminsearch, see Section 8.3.2. As with the other searches including one uncer-
tainty with the criterion of angle of attck and angle of sideslip, algorithm using
MCS finds a more dangerous result than the traditional method but with the cost
of many more objective function calls. For this case the worst case is 1.9 degrees
more dangerous and the objective function calls 200 times more.

Uncer- Worst Worst Worst Object.
tainty object. variable motion func.

value [◦] value calls

δXcg
-4.0857 Mach 0.6843 Mach 0.2393 35982

h [km] 4.4638 h [km] 5.0059
δXcg

[m] 0.1000

δCMα
-4.3059 Mach 0.7094 Mach 0.2602 37536

h [km] 4.4128 h [km] 4.9744
δCMα

0.0488

δCNβ
-13.7716 Mach 0.3000 Mach 0.1728 40807

h [km] 1.0000 h [km] 1.0289
δCNβ

0.0328

δCMα
-15.0734 Mach 0.3740 Mach 0.1680 21869

& h [km] 1.0000 h [km] 1.1378
δCNβ

δCMα
0.0403

δCNβ
0.0248

Table 8.22. Worst search result over flight envelope with criterion of AoA and AoS with
algorithm using MCS for δXcg , δCMα

, δCNβ
and δCMα

& δCNβ

Uncer- Worst Worst Worst Object.
tainty object. variable motion func.

value value calls

δXcg
-1.8110 Mach 0.8964 Mach 0.7000 9448

h [km] 1.0000 h [km] 1.4998
δXcg

[m] 0.1000

δCMα
-0.7283 Mach 0.9000 Mach 0.7798 13347

h [km] 4.4494 h [km] 4.7313
δCMα

0.0650

Table 8.23. Worst search result over flight envelope with criterion of load factor with
algorithm using MCS for δXcg and δCMα

Summarized remarks

The results from algorithm using MCS when including uncertainties are similar to
the results from algorithm using fminsearch, except for one case. For the case
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of including δCMα
for the load factor criterion, algorithm using MCS fails to even

find the worst case from the nominal search. Also, even if the objective function
values are similar the flight conditions are for some cases not. The two algorithms
have found that for including δXcg

with criterion of angle of attack and angle of
sideslip the worst cases are not unique. Two flight conditions returned the same
objective function value.

Even though the algorithm using MCS uses very large numbers of objective
function calls, the results are not significant better than the results from the tra-
ditional method. However, since the traditional method is very dependent on size
and position of the grid the results could have been much different just moving
the grid a bit.

Algorithm using MCS, as well as algorithm using fminsearch, locates worst
cases inside the uncertainty intervals. This shows that the worst cases are not
always on the borders of the uncertainty intervals.



Chapter 9

Conclusions

This chapter discusses the simulation results of this thesis’s objectives in the pre-
vious chapter. The purpose is to make conclusions about the effectiveness of the
optimization algorithms. Finally suggestions for future work are presented.

9.1 Discussion and Conclusions

The first objective of this thesis to search for the worst case of flight condition has
a large advantage of only being a two dimensional optimization problem with few
local minima. Both the algorithm using fminsearch and the algorithm using MCS
found the same worst case with reasonable number of objective function calls.

The algorithm using MCS has the benefit to declare areas to be cleared or
not cleared in the flight envelope. A disadvantage with the algorithm using MCS
compared to the algorithm using fminsearch was the larger number of calls to
the objective function. This has to be considered before using the algorithm in
the flight clearance procedure. Each call to the objective function lasts for 10-60
seconds and this is expensive.

The results from the optimization algorithms can also be compared with the
results from the traditional flight clearance method, where only a sparse grid was
used. The traditional method was not only unable to find the worst case, it was
also unable to find all local dangerous minima found by fminsearch or to declare
sub-spaces as cleared like MCS. Only assumptions can be made of how the aircraft
behaves between the grid points with the traditional method. It is impossible to
know when the grid is dense enough to find all dangerous local minima and the
worst case, or to declare sub-spaces as cleared. The conclusion is that using only a
grid is not good enough when validating flight control laws over the flight envelope.

The choice between the algorithm using fminsearch and the algorithm using
MCS is controlled by the need of information and the limit of maximum time
spent on simulations. If dangerous local minima in the flight envelope are of
interest the algorithm using fminsearch should be used, since it is much faster
than the global method and more reliable than the traditional method. But when
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further information about the the flight envelope is required it is favourable to
choose algorithm using MCS.

When the objective is to search for worst case of manoeuvre the optimization
variables and the complexity of the problem increase. The complexity is not only
increased due to the larger dimension but also because of the existence of many
close local optima. This caused difficulties for both of the optimization algorithms.
They found approximately the same worst cases. Nevertheless it is not sure that
the worst case found is the true worst case, since the algorithms’ previous result of
having problems with many local optima. Not surprisingly the traditional method
did not succeed to find a worst case nowhere near the worst case found by the
algorithm using fminsearch and the algorithm using MCS. The grid was not
good enough for this optimization problem either.

Studying the worst manoeuvres found by the optimization algorithms shows
there exist highly dangerous manoeuvres which are not at the maximum deflec-
tions of the control stick. With a clearance process that only examines maximum
deflections and zero deflections these dangerous manoeuvres can never be found.
Again, it is important to examine as many solutions as possible to find the worst
and dangerous cases and using an optimization algorithm is a good alternative.

Because of the many local minima, the extended version of algorithm using
MCS was used. Since the extended version brings a larger number of objective
function calls, a low level of maximum searched sub-spaces was forced to be used.

In the search for worst manoeuvre the algorithm using fminsearch is to prefer
to the algorithm using MCS. With a more dense grid the probability to find the
true worst manoeuvre increases. The increasing number of objective function calls
would still be significant less than the number of calls made by the algorithm using
MCS. The grid in the traditional method would have to be extremely dense to find
the worst case.

The objective to search for worst case of flight condition including parameter
uncertainties is less complex than the search for worst manoeuvre. The cause is
a smaller number of local minima in the optimization space. That makes it a
suitable optimization problem for the algorithms used in this thesis. The number
of objective function calls was very high due to the dangerous manoeuvres used in
the search and the fact that the criteria have been modified. This case shows the
importance of first study the optimization problem before starting the optimiza-
tion. For this dangerous manoeuvre and criteria it would have been appropriate
to search for dangerous cases less than for example minus one than the used zero,
to limit the optimization problem to more dangerous cases.

With a problem of this nature it is easy to assume the worst case includes the
uncertainty to be at the boundary. The results show that this is not always the
case. A traditional method with grid points only at the boundaries and at zero
uncertainty would therefore not only miss the global optimum but also make the
wrong assumption that the worst case found is the true worst case.

For the case when the combination of δCMα
and δCNβ

was applied to the search,
the result did not differ much from the earlier results with only the uncertainty
δCNβ

. The reason to the domination of δCNβ
is that the uncertainty range was

choosen too large. Not surprisingly a more dangerous objective function value
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was found with the two uncertainties, but the values of the uncertainties was the
maximum uncertainties and close to the earlier result.

The conclusions about the most appropriate flight clearance method of the
three examined for this problem are the same as for the searches for worst flight
condition. If the most important thing is to find the worst case and local dangerous
minima with as few number of objective function calls as possible, the algorithm
using fminsearch is the first-hand choice. It is fast and reliable and finds local
and global minima which the traditional method was unable to find. On the other
hand, if the interest is to clear sub-spaces of the optimization space and the number
of calls to the objective functions does not matter, the algorithm using MCS is to
prefer. This assumes the optimization problem first has been studied to make the
most appropriate definitions to keep the number of objective function calls down.

Finally the overall impression is that the need of information and the behaviour
of the problem define which method that is most suitable to use. The information
required must be weighed against the cost of objective function calls. Unlike
the traditional flight clearance method, the optimization methods used in this
thesis give extended information about the problems examined and are better to
locate the worst and dangerous cases. There are still no guarantees that the worst
case found is for true the worst case, or that all dangerous cases are found. But
the probability is for certain higher than for the traditional method. The search
with the optimization algorithms for worst flight condition with, or without, the
specified uncertainties considers to be successful, while the search for the worst
manoeuvre is in need of better methods. If not other optimization methods should
be used the problem has to be rephrased. For example other optimization variables
or a few linearizations of the optimization problem could reduce the number of
local minima.

9.2 Future Work

Since this thesis has evaluated two algorithms using two different optimization
methods an interesting comparison with other optimization methods could be
done. Not only optimization methods used earlier in flight clearance should be
considered. Research in optimization progresses and new methods are published,
which could be used in flight clearance. Among the existing optimization methods
not earlier used in flight clearance, which are many, it is almost for certain that
some methods should be discussed for flight clearance.

This thesis has not tried to combine the first two objectives: search for worst
flight condition and worst manoeuvre, or to include uncertainties to other cases
than the search for worst flight condition. Searching for these combinations de-
mands better optimization methods or approximations of the simulation model to
be able to deal with the large number of local minima. The two algorithms evalu-
ated in this thesis cannot handle large number of local minima and therefore should
new optimization methods be evaluated, the optimization problem rephrased or
the simulation model approximated to reduce the number of local minima.
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Appendix A

Situations

In this appendix the different situations used in Appendix B and C are presented.
The situations contain which criterion and algorithm used, and for some situations
which parameter uncertainty used in the searches.

Situation number Situation Description
One Criterion of AoA and AoS with algorithm using

fminsearch

Two Criterion of load factor with algorithm using fminsearch

Three Criterion of AoA and AoS with algorithm using MCS
Four Criterion of load factor with algorithm using MCS
Five Uncertainty δXcg

and criterion of AoA and AoS with
algorithm using fminsearch

Six Uncertainty δXcg
and criterion of load factor with

algorithm using fminsearch

Seven Uncertainty δCMα
and criterion of AoA and AoS with

algorithm using fminsearch

Eight Uncertainty δCMα
and criterion of load factor with

algorithm using fminsearch

Nine Uncertainty δCNβ
and criterion of AoA and AoS with

algorithm using fminsearch

Ten Uncertainties δCMα
and δCNβ

and criterion of AoA and
AoS with algorithm using fminsearch

Eleven Uncertainty δXcg
and criterion of AoA and AoS with

algorithm using MCS
Twelve Uncertainty δXcg

and criterion of load factor with
algorithm using MCS

Thirteen Uncertainty δCMα
and criterion of AoA and AoS with

algorithm using MCS
cont. next page
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Situation number Situation Description
Fourteen Uncertainty δCMα

and criterion of load factor with
algorithm using MCS

Fifteeen Uncertainty δCNβ
and criterion of AoA and AoS with

algorithm using MCS
Sixteen Uncertainties δCMα

and δCNβ
and criterion of AoA and

AoS with algorithm using MCS
Seventeen Criterion of AoA and AoS with traditional flight

clearance
Eighteen Criterion of load factor with traditional flight clearance
Nineteen Uncertainty δXcg

and criterion of AoA and AoS with
traditional flight clearance

Twenty Uncertainty δXcg
and criterion of load factor with

traditional flight clearance
Twenty-one Uncertainty δCMα

and criterion of AoA and AoS with
traditional flight clearance

Twenty-two Uncertainty δCMα
and criterion of load factor with

traditional flight clearance
Twenty-three Uncertainty δCNβ

and criterion of AoA and AoS with
traditional flight clearance

Twenty-four Uncertainties δCMα
and δCNβ

and criterion of AoA and
AoS with traditional flight clearance

Table A.1. Situations used in this thesis



Appendix B

Figures from Simulations

In this appendix the result in form of figures is found.

B.1 Search for Worst Case of Flight Condition

B.1.1 Algorithm Using fminsearch
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Figure B.1. Trace of worst FC of situation one

90



B.1 Search for Worst Case of Flight Condition 91

0

0

Angle of sideslip [°]

A
ng

le
 o

f a
tta

ck
 [°

]

Figure B.2. Angles of dangerous FCs of situation one
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Figure B.3. Trace of worst FC of situation two
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B.1.2 Algorithm Using MCS
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Figure B.4. Trace of worst FC of situation three
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Figure B.5. Angles of dangerous FCs of situation three
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Figure B.6. Trace of worst FC of situation four
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B.2 Search for Worst Case of Manoeuvre

B.2.1 Algorithm Using fminsearch
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Figure B.7. Trace of worst manoeuvre of situation one
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Figure B.8. Angles of dangerous manoeuvres of situation one
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Figure B.9. Trace of worst manoeuvre of situation two
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B.2.2 Algorithm Using MCS
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Figure B.10. Trace of worst manoeuvre of situation three
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Figure B.11. Angles of dangerous manoeuvres of situation three
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Figure B.12. Trace of worst manoeuvre of situation four
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B.3 Search for Worst Case of Flight Condition

with Uncertainties

B.3.1 Algorithm Using fminsearch
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Figure B.13. Trace of worst nominal case of situation one
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Figure B.14. Angles of dangerous nominal cases of situation one



96 Figures from Simulations

0.55 0.6 0.65 0.7 0.75 0.8 0.85
1000

1100

1200

1300

1400

1500

1600

1700

1800

1900

2000

−0.76785

Mach [−]

A
lti

tu
de

 [m
]

Figure B.15. Trace of worst nominal case of situation two

Including variability δXcg
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Figure B.16. Search result over flight envelope of situation five
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Figure B.17. Histogram of dangerous FCs of situation five
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Figure B.18. Trace of worst FC of situation five
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Figure B.19. Angles of dangerous FCs of situation five
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Figure B.20. Search result over flight envelope of situation six
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Figure B.21. Histogram of dangerous FCs of situation six
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Figure B.22. Trace of worst FC of situation six

Including uncertainty δCMα
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Figure B.23. Search result over flight envelope of situation seven
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Figure B.24. Histogram of dangerous FCs of situation seven
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Figure B.25. Trace of worst FC of situation seven
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Figure B.26. Angles of dangerous FCs of situation seven
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Figure B.27. Search result over flight envelope of situation eight
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Figure B.28. Histogram of dangerous FCs of situation eight
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Figure B.29. Trace of worst FC of situation eight
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Including uncertainty δCNβ
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Figure B.30. Search result over flight envelope of situation nine
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Figure B.31. Histogram of dangerous FCs of situation nine
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Figure B.32. Trace of worst FC of situation nine
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Figure B.33. Angles of dangerous FCs of situation nine

Including uncertainties δCMα
and δCNβ
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Figure B.34. Search result over flight envelope of situation ten

Figure B.35. Histogram of dangerous FCs of situation ten



B.3 Search for Worst Case of Flight Condition with Uncertainties 103

0.16 0.2 0.24 0.28 0.32 0.36
1000

1020

1040

1060

1080

1100

1120

1140

1160

1180

−15.0565

Mach [−]

A
lti

tu
de

 [m
]

Figure B.36. Trace of worst FC of situation ten

0

0

Angle of sideslip [°]

A
ng

le
 o

f a
tta

ck
 [°

]

Figure B.37. Angles of dangerous FCs of situation ten

B.3.2 Algorithm Using MCS
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Figure B.38. Trace of worst nominal case of situation three
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Figure B.39. Angles of dangerous nominal cases of situation three
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Figure B.40. Trace of worst nominal case of situation four

Including variability δXcg
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Figure B.41. Clearance result over flight envelope of situation eleven
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Figure B.42. Histogram of dangerous FCs of situation eleven
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Figure B.43. Trace of worst FC of situation eleven
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Figure B.44. Angles of dangerous FCs of situation eleven
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Figure B.45. Clearance result over flight envelope of situation twelve
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Figure B.46. Histogram of dangerous FCs of situation twelve
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Figure B.47. Trace of worst FC of situation twelve
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Including uncertainty δCMα
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Figure B.48. Clearance result over flight envelope of situation thirteen
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Figure B.49. Histogram of dangerous FCs of situation thirteen
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Figure B.50. Trace of worst FC of situation thirteen
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Figure B.51. Angles of dangerous FCs of situation thirteen
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Figure B.52. Clearance result over flight envelope of situation fourteen
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Figure B.53. Histogram of dangerous FCs of situation fourteen
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Figure B.54. Trace of worst FC of situation fourteen

Including uncertainty δCNβ
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Figure B.55. Clearance result over flight envelope of situation fifteen
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Figure B.56. Histogram of dangerous FCs of situation fifteen
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Figure B.57. Trace of worst FC of situation fifteen
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Figure B.58. Angles of dangerous FCs of situation fifteen

Including uncertainties δCMα
and δCNβ
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Figure B.59. Clearance result over flight envelope of situation sixteen
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Figure B.60. Histogram of dangerous FCs of situation sixteen
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Figure B.61. Trace of worst FC of situation sixteen
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Figure B.62. Angles of dangerous FCs of situation sixteen



Appendix C

Tables from Simulations

In this appendix the result from the traditional flight clearance method and the
search for the worst manoeuvre in form of tables of data is found.

C.1 Search for Worst Case of Flight Condition

C.1.1 Traditional Flight Clearance

Dangerous Dang.
flight condition object.
Mach h [km] value [◦]
0.3000 1.0000 -0.4903

Table C.1. Dangerous FCs of situation seventeen

Dangerous Dang.
flight condition object.
Mach h [km] value
0.9000 1.0000 -0.2904

Table C.2. Dangerous FCs of situation eighteen
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C.2 Search for Worst Case of Manoeuvre 113

C.2 Search for Worst Case of Manoeuvre

C.2.1 Traditional Flight Clearance

Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value [◦]
11.0000 0.0000 0.0000 -7.8000 -0.6110
11.0000 0.0000 0.0000 0.0000 -0.8896
11.0000 0.0000 0.0000 7.8000 -0.1784

Table C.3. Dangerous manoeuvres of situation seventeen

Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 0.0000 -18.0000 -7.8000 -0.2868
11.0000 0.0000 -11.0000 -7.8000 -0.2868
11.0000 0.0000 0.0000 -7.8000 -0.2954
11.0000 0.0000 -18.0000 0.0000 -0.2868
11.0000 0.0000 -11.0000 0.0000 -0.2868
11.0000 -7.8000 0.0000 7.8000 -0.0690
-7.0000 0.0000 18.0000 0.0000 -0.4776
0.0000 0.0000 11.0000 0.0000 -0.3028
11.0000 0.0000 0.0000 0.0000 -0.3205
11.0000 7.8000 0.0000 -7.8000 -0.1891
11.0000 0.0000 -18.0000 7.8000 -0.2868
11.0000 0.0000 -11.0000 7.8000 -0.2868
11.0000 0.0000 0.0000 7.8000 -0.2961

Table C.4. Dangerous manoeuvres of situation eighteen
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C.2.2 Algorithm Using fminsearch

Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value [◦]
11.0000 -3.9000 0.0000 -3.9000 -1.2509
10.8710 -3.0966 0.0504 -4.4069 -1.5919
7.0000 0.0000 4.0000 -7.8000 -0.1140
7.3163 0.0527 3.5076 -7.8093 -0.2092
11.0000 0.0000 0.0000 -7.8000 -0.6081
10.5704 -0.0398 0.3850 -6.9303 -0.8544
7.0000 3.9000 4.0000 -11.7000 -0.1567
8.2311 3.2527 2.1498 -10.1948 -0.6181
11.0000 3.9000 0.0000 -11.7000 -0.2998
10.6891 1.3395 0.0966 -8.2763 -0.8800
7.0000 0.0000 4.0000 -3.9000 -0.4494
10.8023 0.1969 -0.2827 -4.9409 -0.5856
11.0000 0.0000 0.0000 -3.9000 -0.5795
10.6417 0.1941 0.2078 -1.8712 -0.9360
11.0000 -3.9000 0.0000 3.9000 -0.1038
8.7400 -0.5203 1.9460 -0.6395 -0.8993
7.0000 0.0000 4.0000 0.0000 -0.4044
10.5414 0.1211 -0.1008 -0.0397 -0.8916
11.0000 0.0000 0.0000 0.0000 -0.8916
11.0000 0.0000 0.0000 0.0000 -0.8916
7.0000 0.0000 4.0000 3.9000 -0.1235
10.4977 0.3009 0.0815 1.2328 -0.8824
11.0000 0.0000 0.0000 3.9000 -0.4194
10.9112 0.3740 -0.4858 -1.5870 -0.9356
11.0000 -3.9000 0.0000 11.7000 -0.2851
10.5770 -4.6616 0.4207 12.4604 -0.6288
7.0000 0.0000 4.0000 7.8000 -0.4401
6.9521 -0.0052 3.9972 7.8026 -0.4465
11.0000 0.0000 0.0000 7.8000 -0.1652
10.7319 -0.0167 0.2568 6.9402 -0.3720
7.0000 3.9000 4.0000 3.9000 -0.0042
10.4803 2.8755 -0.4930 4.9008 -1.9252
11.0000 3.9000 0.0000 3.9000 -1.6117
10.4658 2.9470 0.3864 4.7616 -1.9015

Table C.5. Dangerous manoeuvres of situation one
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 -3.9000 -18.0000 -3.9000 -0.1130
10.8503 0.9843 -12.0211 -7.4330 -0.2885
11.0000 0.0000 -18.0000 -7.8000 -0.2854
11.0000 0.0000 -18.0000 -7.8000 -0.2854
11.0000 3.9000 -18.0000 -11.7000 -0.1767
10.9073 3.7879 -17.7733 -11.5685 -0.1840
11.0000 -3.9000 -14.5000 -3.9000 -0.1130
10.9605 0.9901 -16.2242 -6.6661 -0.2885
11.0000 0.0000 -14.5000 -7.8000 -0.2854
11.0000 0.0000 -14.5000 -7.8000 -0.2854
11.0000 3.9000 -14.5000 -11.7000 -0.1767
10.6023 0.9929 -10.9863 -8.4045 -0.2885
11.0000 -3.9000 -11.0000 -3.9000 -0.1130
10.8742 -0.1716 -17.2260 -6.5195 -0.2854
11.0000 0.0000 -11.0000 -7.8000 -0.2854
11.0000 0.0000 -11.0000 -7.8000 -0.2854
11.0000 3.9000 -11.0000 -11.7000 -0.1767
10.6023 0.9929 -8.2384 -8.4045 -0.2885
11.0000 -3.9000 -7.5000 -3.9000 -0.1130
10.8613 0.9929 -13.0564 -7.3110 -0.2885
11.0000 0.0000 -7.5000 -7.8000 -0.2854
11.0000 0.0000 -7.5000 -7.8000 -0.2854
11.0000 3.9000 -7.5000 -11.7000 -0.1767
10.6023 0.9929 -5.4906 -8.4045 -0.2885
11.0000 -3.9000 -4.0000 -3.9000 -0.1130
10.8613 0.9929 -6.8987 -7.3110 -0.2885
11.0000 0.0000 -4.0000 -7.8000 -0.2854
11.0000 0.0000 -4.0000 -7.8000 -0.2854
11.0000 3.9000 -4.0000 -11.7000 -0.1767
10.6023 0.9929 -2.7427 -8.4045 -0.2885
11.0000 -3.9000 0.0000 -3.9000 -0.1188
10.9387 1.1422 -0.4244 -5.5566 -0.3259
11.0000 0.0000 0.0000 -7.8000 -0.2941
10.5681 -0.1043 0.4278 -5.9637 -0.3229
11.0000 3.9000 0.0000 -11.7000 -0.1863
9.7371 4.3016 1.1068 -9.3827 -0.6636
11.0000 -3.9000 -18.0000 0.0000 -0.1130
10.6163 0.9886 -10.5680 -4.4977 -0.2885
11.0000 0.0000 -18.0000 -3.9000 -0.2854
11.0000 0.0000 -18.0000 -3.9000 -0.2854

cont. next page



116 Tables from Simulations

Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 3.9000 -18.0000 -7.8000 -0.1767
10.9613 3.7888 -17.7293 -7.7010 -0.1839
11.0000 -3.9000 -14.5000 0.0000 -0.1130
10.5650 0.9840 -17.3161 -4.2135 -0.2885
11.0000 0.0000 -14.5000 -3.9000 -0.2854
11.0000 0.0000 -14.5000 -3.9000 -0.2854
11.0000 3.9000 -14.5000 -7.8000 -0.1767
10.6873 0.9965 -9.8841 -4.2434 -0.2885
11.0000 -3.9000 -11.0000 0.0000 -0.1130
10.6163 0.9886 -14.9235 -4.4977 -0.2885
11.0000 0.0000 -11.0000 -3.9000 -0.2854
11.0000 0.0000 -11.0000 -3.9000 -0.2854
11.0000 3.9000 -11.0000 -7.8000 -0.1767
10.6873 0.9965 -7.4228 -4.2434 -0.2885
11.0000 -3.9000 -7.5000 0.0000 -0.1130
10.6163 0.9886 -10.0530 -4.4977 -0.2885
11.0000 0.0000 -7.5000 -3.9000 -0.2854
11.0000 0.0000 -7.5000 -3.9000 -0.2854
11.0000 3.9000 -7.5000 -7.8000 -0.1767
10.6873 0.9965 -4.9615 -4.2434 -0.2885
11.0000 -3.9000 -4.0000 0.0000 -0.1130
10.6163 0.9886 -5.1825 -4.4977 -0.2885
11.0000 0.0000 -4.0000 -3.9000 -0.2854
11.0000 0.0000 -4.0000 -3.9000 -0.2854
11.0000 3.9000 -4.0000 -7.8000 -0.1767
10.6873 0.9965 -2.5002 -4.2434 -0.2885
-7.0000 -7.8000 18.0000 3.9000 -0.0714
-6.9636 -7.7907 17.9174 3.4324 -0.2121
-3.5000 -7.8000 14.5000 3.9000 -0.1894
-3.7434 -7.3953 14.6335 3.9088 -0.4102
7.0000 -7.8000 4.0000 3.9000 -0.1404
7.5038 -7.0872 3.2330 3.4227 -0.3607
-7.0000 -3.9000 18.0000 0.0000 -0.2239
-6.7968 -3.7640 17.4935 -0.0976 -0.3238
-3.5000 -3.9000 14.5000 0.0000 -0.0274
-3.5829 -3.8383 14.3869 -0.0392 -0.4037
0.0000 -3.9000 11.0000 0.0000 -0.0601
-0.0136 -4.3313 10.5124 0.3828 -0.3781
11.0000 -3.9000 0.0000 0.0000 -0.1770
10.6751 1.1721 0.0834 -3.8435 -0.3248

cont. next page
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
-7.0000 0.0000 18.0000 -3.9000 -0.0477
-6.9982 0.5257 17.9652 -0.3104 -0.4780
-3.5000 0.0000 14.5000 -3.9000 -0.1649
-6.9952 0.4858 17.5714 0.5728 -0.4788
0.0000 0.0000 11.0000 -3.9000 -0.1628
0.2272 0.7481 10.6912 -1.2255 -0.3056
3.5000 0.0000 7.5000 -3.9000 -0.1055
0.1977 0.4944 10.7787 0.7675 -0.3048
11.0000 0.0000 0.0000 -3.9000 -0.3217
11.0000 0.0000 0.0000 -3.9000 -0.3217
-7.0000 3.9000 18.0000 -7.8000 -0.4029
-6.9979 2.7231 17.7665 -4.3574 -0.4772
-3.5000 3.9000 14.5000 -7.8000 -0.3916
-3.7071 3.6810 14.4708 -7.1048 -0.4085
3.5000 3.9000 7.5000 -7.8000 -0.0337
3.7328 3.3030 7.0335 -7.2695 -0.3747
7.0000 3.9000 4.0000 -7.8000 -0.2638
7.2509 3.9234 3.7174 -8.4102 -0.5389
11.0000 3.9000 0.0000 -7.8000 -0.2620
10.7325 1.3701 0.2062 -3.5251 -0.3248
-3.5000 7.8000 14.5000 -11.7000 -0.1960
-3.0732 6.8100 13.8586 -3.5584 -0.4321
0.0000 7.8000 11.0000 -11.7000 -0.1723
-0.0196 7.4074 10.8816 -11.1823 -0.3958
3.5000 7.8000 7.5000 -11.7000 -0.3616
3.2886 7.7889 7.5338 -11.6635 -0.3694
7.0000 7.8000 4.0000 -11.7000 -0.1836
4.4923 6.8200 6.1917 -3.9928 -0.3680
11.0000 7.8000 0.0000 -11.7000 -0.3145
10.8961 7.7856 0.0973 -12.4218 -0.5200
11.0000 -3.9000 -18.0000 3.9000 -0.1130
10.6163 0.9886 -10.5680 -2.5129 -0.2885
11.0000 0.0000 -18.0000 0.0000 -0.2854
11.0000 0.0000 -18.0000 0.0000 -0.2854
11.0000 3.9000 -18.0000 -3.9000 -0.1767
10.9613 3.7888 -17.7293 -3.7949 -0.1839
11.0000 -3.9000 -14.5000 3.9000 -0.1130
10.5650 0.9840 -17.3161 -3.5991 -0.2885
11.0000 0.0000 -14.5000 0.0000 -0.2854
11.0000 0.0000 -14.5000 0.0000 -0.2854
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 3.9000 -14.5000 -3.9000 -0.1767
10.6873 0.9965 -9.8841 -0.6700 -0.2885
11.0000 -3.9000 -11.0000 3.9000 -0.1130
10.6163 0.9886 -14.9235 -2.5129 -0.2885
11.0000 0.0000 -11.0000 0.0000 -0.2854
11.0000 0.0000 -11.0000 0.0000 -0.2854
11.0000 3.9000 -11.0000 -3.9000 -0.1767
10.6873 0.9965 -7.4228 -0.6700 -0.2885
11.0000 -3.9000 -7.5000 3.9000 -0.1130
10.6163 0.9886 -10.0530 -2.5129 -0.2885
11.0000 0.0000 -7.5000 0.0000 -0.2854
11.0000 0.0000 -7.5000 0.0000 -0.2854
11.0000 3.9000 -7.5000 -3.9000 -0.1767
10.6873 0.9965 -4.9615 -0.6700 -0.2885
11.0000 -3.9000 -4.0000 3.9000 -0.1130
10.6163 0.9886 -5.1825 -2.5129 -0.2885
11.0000 0.0000 -4.0000 0.0000 -0.2854
11.0000 0.0000 -4.0000 0.0000 -0.2854
11.0000 3.9000 -4.0000 -3.9000 -0.1767
10.6873 0.9965 -2.5002 -0.6700 -0.2885
-3.5000 -7.8000 14.5000 7.8000 -0.3544
-3.8027 -7.7497 14.2972 8.1728 -0.4024
3.5000 -7.8000 7.5000 7.8000 -0.0451
3.6471 -6.5769 7.0227 6.7290 -0.3711
7.0000 -7.8000 4.0000 7.8000 -0.3267
7.3569 -7.6296 3.5831 7.4275 -0.3471
11.0000 -7.8000 0.0000 7.8000 -0.0660
10.5501 -6.8049 0.3723 6.9426 -0.3002
11.0000 -3.9000 0.0000 3.9000 -0.2104
10.8803 1.1664 -0.2534 -3.9414 -0.3248
-7.0000 0.0000 18.0000 0.0000 -0.4774
-7.0000 0.0000 18.0000 0.0000 -0.4774
-3.5000 0.0000 14.5000 0.0000 -0.3997
-3.7567 -0.0017 14.5596 -0.0276 -0.4057
0.0000 0.0000 11.0000 0.0000 -0.3026
0.0000 0.0000 11.0000 0.0000 -0.3026
3.5000 0.0000 7.5000 0.0000 -0.1983
-6.9930 -0.4838 17.9466 -0.3852 -0.4745
7.0000 0.0000 4.0000 0.0000 -0.0319
-6.9430 0.0887 17.3690 -1.2923 -0.4599
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 0.0000 0.0000 0.0000 -0.3199
11.0000 0.0000 0.0000 0.0000 -0.3199
11.0000 3.9000 0.0000 -3.9000 -0.2532
10.9763 1.3690 -0.1473 -1.1948 -0.3234
-3.5000 7.8000 14.5000 -7.8000 -0.3556
-4.0009 7.7835 14.8405 -6.4134 -0.4070
3.5000 7.8000 7.5000 -7.8000 -0.2248
3.8152 6.9657 6.8939 -6.9402 -0.3406
7.0000 7.8000 4.0000 -7.8000 -0.3264
5.9113 7.1182 4.5529 -4.0760 -0.3656
11.0000 7.8000 0.0000 -7.8000 -0.1879
10.4962 6.9458 0.4839 -6.4496 -0.3020
11.0000 -3.9000 -18.0000 7.8000 -0.1130
10.6163 0.9886 -10.5680 -0.1372 -0.2885
11.0000 0.0000 -18.0000 3.9000 -0.2854
11.0000 0.0000 -18.0000 3.9000 -0.2854
11.0000 3.9000 -18.0000 0.0000 -0.1767
10.9613 3.7888 -17.7293 0.1128 -0.1839
11.0000 -3.9000 -14.5000 7.8000 -0.1130
10.5650 0.9840 -17.3161 -2.3142 -0.2885
11.0000 0.0000 -14.5000 3.9000 -0.2854
11.0000 0.0000 -14.5000 3.9000 -0.2854
11.0000 3.9000 -14.5000 0.0000 -0.1767
10.6873 0.9965 -9.8841 2.8198 -0.2885
11.0000 -3.9000 -11.0000 7.8000 -0.1130
10.6163 0.9886 -14.9235 -0.1372 -0.2885
11.0000 0.0000 -11.0000 3.9000 -0.2854
11.0000 0.0000 -11.0000 3.9000 -0.2854
11.0000 3.9000 -11.0000 0.0000 -0.1767
10.6873 0.9965 -7.4228 2.8198 -0.2885
11.0000 -3.9000 -7.5000 7.8000 -0.1130
10.6163 0.9886 -10.0530 -0.1372 -0.2885
11.0000 0.0000 -7.5000 3.9000 -0.2854
11.0000 0.0000 -7.5000 3.9000 -0.2854
11.0000 3.9000 -7.5000 0.0000 -0.1767
10.6873 0.9965 -4.9615 2.8198 -0.2885
11.0000 -3.9000 -4.0000 7.8000 -0.1130
10.6163 0.9886 -5.1825 -0.1372 -0.2885
11.0000 0.0000 -4.0000 3.9000 -0.2854
11.0000 0.0000 -4.0000 3.9000 -0.2854
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 3.9000 -4.0000 0.0000 -0.1767
10.6873 0.9965 -2.5002 2.8198 -0.2885
-7.0000 -7.8000 18.0000 11.7000 -0.1716
-6.9174 -7.3539 17.8688 11.0898 -0.4461
-3.5000 -7.8000 14.5000 11.7000 -0.2320
-1.9895 -7.7551 12.6632 11.4153 -0.4287
0.0000 -7.8000 11.0000 11.7000 -0.0274
0.0183 -7.3958 10.9391 11.4645 -0.4169
3.5000 -7.8000 7.5000 11.7000 -0.4011
3.0085 -7.7856 7.6928 11.9743 -0.4141
7.0000 -7.8000 4.0000 11.7000 -0.2766
7.4043 -7.6019 3.0552 6.2960 -0.3520
11.0000 -7.8000 0.0000 11.7000 -0.3137
10.1116 -7.7991 0.8277 12.6823 -0.6657
-7.0000 -3.9000 18.0000 7.8000 -0.4385
-6.9978 -3.5157 17.9602 6.4119 -0.4812
-3.5000 -3.9000 14.5000 7.8000 -0.4177
-3.5905 -3.9428 14.4742 7.9070 -0.4220
7.0000 -3.9000 4.0000 7.8000 -0.1406
6.3999 -3.3842 4.3564 7.8093 -0.3676
11.0000 -3.9000 0.0000 7.8000 -0.2411
9.5928 -4.0200 1.3936 9.4695 -0.8122
-7.0000 0.0000 18.0000 3.9000 -0.0068
-6.9932 -0.5198 17.7765 1.0784 -0.4789
-3.5000 0.0000 14.5000 3.9000 -0.2201
-3.2177 -0.4860 13.9424 1.0210 -0.3993
0.0000 0.0000 11.0000 3.9000 -0.2255
-0.0074 -0.1630 10.6121 1.1299 -0.3051
3.5000 0.0000 7.5000 3.9000 -0.1503
-6.9976 -0.1416 17.9626 -0.0538 -0.4774
7.0000 0.0000 4.0000 3.9000 -0.0086
-6.9651 -1.6248 17.4782 4.0777 -0.4709
11.0000 0.0000 0.0000 3.9000 -0.3140
10.9916 0.3275 -0.5776 -2.5745 -0.3218
-7.0000 3.9000 18.0000 0.0000 -0.2381
-6.8083 3.9378 17.6939 -0.0372 -0.3178
-3.5000 3.9000 14.5000 0.0000 -0.3031
-3.6049 3.9401 14.3752 -0.0565 -0.3910
0.0000 3.9000 11.0000 0.0000 -0.0051
0.0073 4.3896 10.4201 -0.4149 -0.4077
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 3.9000 0.0000 0.0000 -0.2356
10.6970 1.2122 0.2843 2.3951 -0.3182
-7.0000 7.8000 18.0000 -3.9000 -0.2772
-6.9060 7.7938 17.6196 -3.4239 -0.3946
-3.5000 7.8000 14.5000 -3.9000 -0.2338
-3.4449 7.0665 14.0197 -3.4455 -0.4320
7.0000 7.8000 4.0000 -3.9000 -0.2466
7.1048 7.0866 3.8506 -3.5268 -0.3784
11.0000 7.8000 0.0000 -3.9000 -0.0106
9.5041 5.6102 1.3187 -1.6399 -0.3432
11.0000 -3.9000 -18.0000 11.7000 -0.1130
10.8503 0.9843 -12.0211 2.7618 -0.2885
11.0000 0.0000 -18.0000 7.8000 -0.2854
11.0000 0.0000 -18.0000 7.8000 -0.2854
11.0000 3.9000 -18.0000 3.9000 -0.1767
10.9073 3.7879 -17.7733 4.0056 -0.1840
11.0000 -3.9000 -14.5000 11.7000 -0.1130
10.9605 0.9901 -16.2242 0.4380 -0.2885
11.0000 0.0000 -14.5000 7.8000 -0.2854
11.0000 0.0000 -14.5000 7.8000 -0.2854
11.0000 3.9000 -14.5000 3.9000 -0.1767
10.6023 0.9929 -10.9863 6.6776 -0.2885
11.0000 -3.9000 -11.0000 11.7000 -0.1130
10.8742 -0.1716 -17.2260 4.6451 -0.2854
11.0000 0.0000 -11.0000 7.8000 -0.2854
11.0000 0.0000 -11.0000 7.8000 -0.2854
11.0000 3.9000 -11.0000 3.9000 -0.1767
10.6023 0.9929 -8.2384 6.6776 -0.2885
11.0000 -3.9000 -7.5000 11.7000 -0.1130
10.8613 0.9929 -13.0564 2.3617 -0.2885
11.0000 0.0000 -7.5000 7.8000 -0.2854
11.0000 0.0000 -7.5000 7.8000 -0.2854
11.0000 3.9000 -7.5000 3.9000 -0.1767
10.6023 0.9929 -5.4906 6.6776 -0.2885
11.0000 -3.9000 -4.0000 11.7000 -0.1130
10.8613 0.9929 -6.8987 2.3617 -0.2885
11.0000 0.0000 -4.0000 7.8000 -0.2854
11.0000 0.0000 -4.0000 7.8000 -0.2854
11.0000 3.9000 -4.0000 3.9000 -0.1767
10.6023 0.9929 -2.7427 6.6776 -0.2885

cont. next page
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Dangerous manoeuvre Dang.
object.

xpitch,1 [◦] xroll,1 [◦] xpitch,2 [◦] xroll,2 [◦] value
11.0000 -3.9000 0.0000 11.7000 -0.1201
9.4990 -3.9517 1.3835 9.3686 -0.8103
11.0000 0.0000 0.0000 7.8000 -0.2948
10.7747 -0.0084 0.2126 6.7938 -0.3097
11.0000 3.9000 0.0000 3.9000 -0.1841
11.0000 3.7050 0.0000 4.0950 -0.1906

Table C.6. Dangerous manoeuvres of situation two

C.2.3 Algorithm Using MCS

Dangerous manoeuvre Dang.
object.

pitch1 [◦] roll1 [◦] pitch2 [◦] roll2 [◦] value [◦]
11.0000 -6.1907 11.0000 7.0200 -0.1563
10.5007 -1.6272 -4.6904 -7.8000 -1.2357
10.8285 -2.9375 10.7160 -7.8000 -1.6002
10.8387 0.0000 10.5778 -1.8220 -0.9378
10.8495 0.0000 10.8030 0.0000 -0.8938
11.0000 2.9052 11.0000 7.8000 -1.9297

Table C.7. Dangerous manoeuvres of situation three

Dangerous manoeuvre Dang.
object.

pitch1 [◦] roll1 [◦] pitch2 [◦] roll2 [◦] value
11.0000 1.4040 -6.1000 -7.0200 -0.2871
10.8003 -0.2108 -7.0000 -7.8000 -0.2854
10.9102 0.9270 -7.0000 -7.8000 -0.2885
10.9020 -3.9913 10.9020 -5.7249 -0.6352
3.1611 6.6722 10.9757 -0.0807 -0.3451
-7.0000 0.0000 10.8645 -0.1840 -0.4776
-7.0000 -0.4529 10.7292 -0.0000 -0.4776
10.8003 -0.2108 -7.0000 0.0000 -0.2854
10.9102 0.9270 -7.0000 0.0000 -0.2885
9.3729 -3.6399 10.8808 5.3146 -0.7243
10.5673 1.2228 10.5213 0.0000 -0.3237
-7.0000 0.3841 11.0000 0.9394 -0.4791
-7.0000 -2.7965 10.5469 2.3867 -0.4809

Table C.8. Dangerous manoeuvres of situation four
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C.3 Search for Worst Case of Flight Condition

with Uncertainties

C.3.1 Traditional Flight Clearance

Dangerous flight Dang. Dangerous flight Dang.
condition object. condition object.

Mach h [km] δXcg
[m] value [◦] Mach h [km] δXcg

[m] value [◦]
0.3000 1.0000 -0.1000 -1.2093 0.5000 1.0000 -0.1000 -0.8076
0.3000 3.0000 -0.1000 -0.2891 0.5000 3.0000 -0.1000 -1.1373
0.3000 5.0000 -0.1000 -0.4676 0.5000 5.0000 -0.1000 -1.0728
0.3000 1.0000 0.0000 -0.6338 0.5000 1.0000 0.0000 -2.4952
0.3000 3.0000 0.0000 -0.1336 0.5000 3.0000 0.0000 -1.9661
0.7000 3.0000 0.0000 -0.5321 0.3000 5.0000 0.0000 -0.3619
0.5000 5.0000 0.0000 -2.0995 0.7000 5.0000 0.0000 -1.1478
0.5000 7.0000 0.0000 -0.5984 0.7000 7.0000 0.0000 -1.2360
0.3000 1.0000 0.1000 -0.5586 0.5000 1.0000 0.1000 -1.8112
0.7000 1.0000 0.1000 -1.0894 0.3000 3.0000 0.1000 -1.0407
0.5000 3.0000 0.1000 -1.5272 0.7000 3.0000 0.1000 -3.2307
0.3000 5.0000 0.1000 -0.9675 0.5000 5.0000 0.1000 -2.0635
0.7000 5.0000 0.1000 -3.8311 0.3000 7.0000 0.1000 -0.4771
0.5000 7.0000 0.1000 -1.0265 0.7000 7.0000 0.1000 -1.6125

Table C.9. Dangerous FCs of situation nineteen

Dangerous flight Dang. Dangerous flight Dang.
condition object. condition object.

Mach h [km] δXcg
[m] value Mach h [km] δXcg

[m] value
0.9000 1.0000 0.0000 -0.7113 0.9000 3.0000 0.0000 -0.2995
0.9000 1.0000 0.1000 -1.7961 0.9000 3.0000 0.1000 -0.9018

Table C.10. Dangerous FCs of situation twenty
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Dangerous flight Dang. Dangerous flight Dang.
condition object. condition object.

Mach h [km] δCMα
value [◦] Mach h [km] δCMα

value [◦]
0.3000 1.0000 -0.0650 -1.7446 0.5000 1.0000 -0.0650 -1.3790
0.3000 3.0000 -0.0650 -0.6637 0.5000 3.0000 -0.0650 -1.6424
0.3000 5.0000 -0.0650 -0.7149 0.5000 5.0000 -0.0650 -1.4920
0.5000 7.0000 -0.0650 -0.5844 0.3000 1.0000 0.0000 -0.6341
0.5000 1.0000 0.0000 -2.4950 0.3000 3.0000 0.0000 -0.1336
0.5000 3.0000 0.0000 -1.9662 0.7000 3.0000 0.0000 -0.5321
0.3000 5.0000 0.0000 -0.3619 0.5000 5.0000 0.0000 -2.0995
0.7000 5.0000 0.0000 -1.1479 0.5000 7.0000 0.0000 -0.5983
0.7000 7.0000 0.0000 -1.2359 0.3000 1.0000 0.0650 -2.3898
0.5000 1.0000 0.0650 -0.5737 0.7000 1.0000 0.0650 -1.8546
0.3000 3.0000 0.0650 -2.4437 0.5000 3.0000 0.0650 -1.8578
0.7000 3.0000 0.0650 -3.2053 0.3000 5.0000 0.0650 -2.3267
0.5000 5.0000 0.0650 -2.5354 0.7000 5.0000 0.0650 -2.7384
0.3000 7.0000 0.0650 -1.8071 0.5000 7.0000 0.0650 -1.9681
0.7000 7.0000 0.0650 -1.4037

Table C.11. Dangerous FCs of situation twenty-one

Dangerous flight Dang. Dangerous flight Dang.
condition object. condition object.

Mach h [km] δCMα
value Mach h [km] δCMα

value
0.9000 1.0000 0.0000 -0.7112 0.9000 3.0000 0.0000 -0.2995
0.7000 1.0000 0.0650 -0.1701 0.9000 1.0000 0.0650 -1.7823
0.9000 3.0000 0.0650 -1.1659 0.9000 5.0000 0.0650 -0.4833

Table C.12. Dangerous FCs of situation twenty-two

Dangerous flight Dang. Dangerous flight Dang.
condition object. condition object.

Mach h [km] δCNβ
value [◦] Mach h [km] δCNβ

value [◦]
0.7000 5.0000 -0.0200 -0.2758 0.3000 1.0000 0.0000 -0.6341
0.5000 1.0000 0.0000 -2.4950 0.3000 3.0000 0.0000 -0.1336
0.5000 3.0000 0.0000 -1.9662 0.7000 3.0000 0.0000 -0.5321
0.3000 5.0000 0.0000 -0.3619 0.5000 5.0000 0.0000 -2.0995
0.7000 5.0000 0.0000 -1.1479 0.5000 7.0000 0.0000 -0.5983
0.7000 7.0000 0.0000 -1.2359 0.3000 1.0000 0.0200 -6.8595
0.5000 1.0000 0.0200 -1.2526 0.7000 1.0000 0.0200 -0.0106
0.3000 3.0000 0.0200 -2.6713 0.5000 3.0000 0.0200 -2.2240
0.7000 3.0000 0.0200 -0.7921 0.3000 5.0000 0.0200 -1.9095
0.5000 5.0000 0.0200 -3.2425 0.7000 5.0000 0.0200 -1.0127
0.3000 7.0000 0.0200 -0.8598 0.5000 7.0000 0.0200 -1.7172
0.7000 7.0000 0.0200 -0.8560

Table C.13. Dangerous FCs of situation twenty-three
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Dangerous flight condition Dang.
object.

Mach h [km] δCMα
δCNβ

value [◦]
0.3000 5.0000 0.0000 -0.0248 -0.0635
0.3000 1.0000 0.0403 -0.0248 -1.0732
0.3000 3.0000 0.0403 -0.0248 -1.1791
0.3000 5.0000 0.0403 -0.0248 -1.0878
0.3000 7.0000 0.0403 -0.0248 -0.8188
0.5000 7.0000 0.0403 -0.0248 -0.2498
0.3000 1.0000 -0.0403 0.0000 -1.2276
0.5000 1.0000 -0.0403 0.0000 -1.6538
0.3000 3.0000 -0.0403 0.0000 -0.3548
0.5000 3.0000 -0.0403 0.0000 -1.5604
0.3000 5.0000 -0.0403 0.0000 -0.5203
0.5000 5.0000 -0.0403 0.0000 -1.5092
0.5000 7.0000 -0.0403 0.0000 -0.3667
0.7000 7.0000 -0.0403 0.0000 -0.1268
0.3000 1.0000 0.0000 0.0000 -0.6341
0.5000 1.0000 0.0000 0.0000 -2.4950
0.3000 3.0000 0.0000 0.0000 -0.1336
0.5000 3.0000 0.0000 0.0000 -1.9662
0.7000 3.0000 0.0000 0.0000 -0.5321
0.3000 5.0000 0.0000 0.0000 -0.3619
0.5000 5.0000 0.0000 0.0000 -2.0995
0.7000 5.0000 0.0000 0.0000 -1.1479
0.5000 7.0000 0.0000 0.0000 -0.5983
0.7000 7.0000 0.0000 0.0000 -1.2359
0.3000 1.0000 0.0403 0.0000 -0.1506
0.5000 1.0000 0.0403 0.0000 -2.2021
0.7000 1.0000 0.0403 0.0000 -0.9365
0.3000 3.0000 0.0403 0.0000 -0.8442
0.5000 3.0000 0.0403 0.0000 -0.9120
0.7000 3.0000 0.0403 0.0000 -2.8976
0.3000 5.0000 0.0403 0.0000 -0.9611
0.5000 5.0000 0.0403 0.0000 -2.0228
0.7000 5.0000 0.0403 0.0000 -3.6692
0.3000 7.0000 0.0403 0.0000 -0.3901
0.5000 7.0000 0.0403 0.0000 -1.1843
0.7000 7.0000 0.0403 0.0000 -1.9049
0.3000 1.0000 -0.0403 0.0248 -4.3389
0.3000 3.0000 -0.0403 0.0248 -1.8372
0.5000 3.0000 -0.0403 0.0248 -0.6567
0.3000 5.0000 -0.0403 0.0248 -1.4537

cont. next page
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Dangerous flight condition Dang.
object.

Mach h [km] δCMα
δCNβ

value [◦]
0.5000 5.0000 -0.0403 0.0248 -1.3403
0.5000 7.0000 -0.0403 0.0248 -0.9313
0.7000 7.0000 -0.0403 0.0248 -0.3102
0.3000 1.0000 0.0000 0.0248 -8.4376
0.5000 1.0000 0.0000 0.0248 -0.7156
0.3000 3.0000 0.0000 0.0248 -3.4946
0.5000 3.0000 0.0000 0.0248 -2.1951
0.7000 3.0000 0.0000 0.0248 -0.5943
0.3000 5.0000 0.0000 0.0248 -2.1380
0.5000 5.0000 0.0000 0.0248 -3.4160
0.7000 5.0000 0.0000 0.0248 -0.8197
0.3000 7.0000 0.0000 0.0248 -0.9003
0.5000 7.0000 0.0000 0.0248 -1.8509
0.7000 7.0000 0.0000 0.0248 -1.0087
0.3000 1.0000 0.0403 0.0248 -13.2037
0.3000 3.0000 0.0403 0.0248 -4.9718
0.5000 3.0000 0.0403 0.0248 -5.6295
0.7000 3.0000 0.0403 0.0248 -3.3985
0.3000 5.0000 0.0403 0.0248 -3.2944
0.5000 5.0000 0.0403 0.0248 -10.2565
0.7000 5.0000 0.0403 0.0248 -3.8386
0.3000 7.0000 0.0403 0.0248 -2.1710
0.5000 7.0000 0.0403 0.0248 -6.4232
0.7000 7.0000 0.0403 0.0248 -4.0709

Table C.14. Dangerous FCs of situation twenty-four
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