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Abstract

It is rarely possible to use an optimal classifier. Often the clas-
sifier used for a specific problem is an approximation of the op-
timal classifier. Methods are presented for evaluating the perfor-
mance of an approximation in the model class of Bayesian Networks.
Specifically for the approximation of class conditional independence
a bound for the performance is sharpened.

The class conditional independence approximation is connected
to the minimum description length principle (MDL), which is con-
nected to Jeffreys’ prior through commonly used assumptions. One
algorithm for unsupervised classification is presented and compared
against other unsupervised classifiers on three data sets.
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1 Introduction

1.1 Summary

There is no complete answer on why models based on independent features
work well for unsupervised classification so far. In fact even for the problem
of supervised classification the literature is far from complete.

Rish et al in [59] suggest that highly concentrated discrete distribu-
tions are almost independent, and hence it is safe to use the independence
assumption in the context of classification. Sometimes only part of a class
conditional distribution is not independent. In [29] it is demonstrated that
if this is true, we only need to measure the effect of the independence ap-
proximation with reduced dimension. When we are considering general
model approximations in the context of classifiers, simplifications such as
the one in [62] can be used to evaluate the performance of the model based
approximations.

The first part of this work presents a unified way to use general approx-
imations for (possibly parts) of a Bayesian network. Apart from connecting
the work in [29], [59] and [62], the results are improved. Our bound for the
performance of independence with respect to concentration is sharper than
the one in [59]. Furthermore the result of [62] is extended to the multiclass
case, and the result in [29] is clearly formulated.

One of the hard problems in unsupervised classification is to determine
the number of classes. When we interpret the unsupervised classification
problem as the problem of finding a concise description of data, the Min-
imum Description Length principle (MDL) gives us a score that can be
used to construct a classification of data. We provide a result, theorem 2.6,
linking the approximation by Naive Bayes and MDL in some cases.

A common way to model joint distributions in classification is Bayesian
Networks (BN’s), which can be used for unsupervised classification. How-
ever, the unsupervised classification problem with respect to Bayesian Net-
works and Minimum Description Length will be more difficult than for the
Naive Bayes classifier. In other words it will be more difficult to make
inference analytically as shown in [50], and as for almost all Bayesian Net-
work problems, it will be potentially computationally hard to search for
an optimal classification. To avoid computational problems it is common
to make a simplifying assumption that is computationally feasible, while
being more descriptive than independence.

A supervised classifier augmented by first order dependency was done
by [15] (more extensive in [31]). Here we deal with a procedure for unsuper-
vised classification that augments by first order dependency the classifiers
of binary multidimensional domains as in [35], [37], [38] and [39].

The second part of this thesis solves the analytical problems in [50] in
the sense that it shows that certain commonly used assumptions lead to
simpler calculations. We continue with the work in [35] by constructing an
augmented unsupervised classifier that is guaranteed to find no worse class
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conditional models (with respect to a certain score) than the independent
classifier (and often finds better class conditional models) for all samples
sizes. Hence we extend the asymptotic results in [35].

Finally we test the classifier constructed from a model based on tree
augmentation using first order dependency against some other classifiers
on three real world microbial data sets.

In this thesis clustering and unsupervised classification are used more
or less synonymously.

1.2 Notation

In the context of classification we think that samples (or data) have a
source, one of a family of entities called class, denoted by c ∈ {1, . . . , k}.
In a classification setting it is very common to assume that the space
{1, . . . , k} has no structure except that two elements from it are equal or
not. Complete data from the classification model is a sample of the type
(x, c). In unsupervised classification we only have access to samples of type
x, which are discrete sample vectors with d elements, i.e., x = (xi)

d
i=1 ∈ X .

When referring to the feature space X =
⊗d

i=1 Xi will be used, where
Xi = {1, . . . , ri}. When referring to a discrete stochastic variable, s.v. the
notation

ξi : Ωi → Xi, ri ∈ �+, i ∈ {1, . . . , d}, d ∈ �+ ∩ [2,∞)

will be used, vectors will be written in bold as for example ξ. The clas-
sification problem we are trying to solve is: given an observation x we try
to estimate the class from x. As with x we use ς to denote the s.v. for c.

Definition 1.1 A classifier ĉ(ξ) is an estimator of c based on ξ. �

As we see from definition 1.1 we seldom deal with the whole sample
directly, or the joint probability of a sample, Pς,ξ(c,x). One thing we will
deal with is Pξ|ς(x|c), the probability of a sample x given the map function
(class) c. We also encounter Pς|ξ(c|x), the posterior probability of the class
c given the sample x. Pς|ξ(c|x) can be used to define a classifier which is
the cornerstone of probabilistic classification.

Definition 1.2 Bayes classifier for a sample x is

ĉB(x) = arg max
c∈{1,...,k}

Pς|ξ(c|x).

�

This posterior Pς|ξ(c|x) might be difficult to calculate directly. We in-
troduce other ways to calculate it (or something equivalent to it). First out
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is Bayes rule, which according to [66] first appeared in [51]. The posterior
probability

Pς|ξ(c|x) =
Pξ|ς(x|c)Pς(c)∑k

c=1 Pξ|ς(x|c)Pς(c)
. (1)

The denominator in Bayes rule can be difficult to calculate; hence the
following simplification is often useful.

Pς|ξ(c|x) ∝ Pξ|ς(x|c)Pς(c) (2)

We can base Bayes classifier on Pξ|ς(x|c) (the probability of sample x given
class c) as well as Pς(c), the prior probability of class c.

Pξ|ς(x|c) allows us to specify a model for how each class generates
x, thus overcoming some of the problems with calculating the posterior
probability directly.

This thesis discusses three kinds of models. First in subsection 1.3
the ’Naive’ model that all ξi’s are independent given class c is presented
(definition 1.4, equation (3)).

The second type of model is introduced in subsection 1.7, where we dis-
cuss the concept of modeling Pξ|ς(x|c)’s conditional independencies through
a Bayesian Network. Section 2 continues the discussion of model selection.

In section 4 the third model type will be presented when we use a type
of forest to restrict the expressiveness of a Bayesian Network for computa-
tional reasons.

1.3 Probability of correct classification

One way of evaluating a classifier is by the probability of correct classifica-
tion.

Definition 1.3 For a classifier ĉ(ξ) the probability of correct classification
is P (ĉ(ξ) = ς) �

As we will see in the next theorem there is a good reason for using
Bayes classifier (definition 1.2) when maximizing the probability of correct
classification.

Theorem 1.1 For all ĉ(ξ) it holds that P (ĉ(ξ) = ς) � P (ĉB(ξ) = ς)

Proof One of the clearest proofs is found in [25]. �

Definition 1.4 A Naive Bayes classifier is a classifier that assumes that
the features of ξ are independent given c,

Pξ|ς(x|c) =
d∏

i=1

Pξi|ς(xi|c) (3)

�
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Even though the assumption might not be valid it has been reported
that Naive Bayes classifiers perform well in some empirical studies like [9],
[40] and [58]. One theoretical reason why Naive Bayes classifiers work well
is presented in [59], in which it is argued that in some cases of strong
dependency the naive assumption is optimal. This line of reasoning will be
expanded in subsection 1.6. Other theoretical ways of giving rationale for
Naive Bayes include [42], where one assumes the factorization

Pξ|ς(x|c) = f(x)
d∏

i=1

Pξi|ς(xi|c), (4)

where f(x) is some function of x. We will not discuss this model here
however, since its practical applicability is unclear.

This section will be as follows. First subsection 1.4 will present pos-
sible reasons why you might want to make an approximation of Pξ|ς(x|c)
using the Naive Bayes assumption. Then subsection 1.6 will present ways
to bound

∣∣∣Pξ(x)−∏d
i=1 Pξi(xi)

∣∣∣ from the above. This is followed by sub-
section 1.5 that presents the optimal classifier and combine this with the
results in subsection 1.6. Finally subsection 1.8 will interpret the implica-
tions of the results in subsection 1.6 and 1.5.

1.4 Advantages of Naive Bayes

A practical advantage of Naive Bayes is that low dimensional discrete
densities require less storage space. That is for each class we only need∑d

i=1 (ri − 1) table entries to store an independent distribution compared
to
∏d

i=1 ri − 1 entries for the full distribution.

1.4.1 Number of samples affects the bound(s) for the decrease
in probability of correct classification

In a supervised learning setting we have n samples of type (x, c)(n) =
{(x, c)l}nl=1 ∈

⊗
(X , C) = (X , C)(n). These n samples are i.i.d. samples of

(ξ, ς). We also separately refer to x(n) = {xl}nl=1 ∈
⊗X = X (n), where

x(n) are n i.i.d. samples of ξ, that is its s.v. is ξ(n) = {ξl}nl=1. The vector
c(n) := (c(n)

j )k
j=1 ∈ C denotes the whole classification.

Given these n samples (x, c)(n) we estimate the optimal classifier for
new samples of type x. One way of estimating the optimal classifier is to
use the classifier that minimizes the empirical error restricted to a class of
decisions B.

Definition 1.5 Let B be a class of functions of the form
φ :

∏d
i=1{1, . . . , ri} → {0, 1}. Then the empirical risk minimizing
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(ERM) classifier for n samples with respect to I{φ(ξl) �=cl} is

ĉERM (ξ|ξ(n)) = argmin
φ∈B

n∑
l=1

I{φ(ξl) �=cl}

�

We bound the performance of ĉERM (ξ|ξ(n)) in class B using n samples.
When we do not make any assumption on P (x, ς) (such as Naive Bayes)
we can construct bounds such as the following. ERMB1(n, d, r1, . . . , rd) :=

min

⎛⎝√ ∏d
i=1 ri

2(n+ 1)
+
∏d

i=1 ri
e ∗ n , 1.075

√∏d
i=1 ri
n

⎞⎠
Theorem 1.2 [26] E

[
P
(
ĉERM

(
ξ|(ξ, ς)(n)

) �=ς|(ξ, ς)(n)
)]

� P (ĉB(ξ) �= c) + ERMB 1(n, d, r1, . . . , rd)

�

Bounds such as this will not be of much use if not

P (ĉB(ξ) �= c) + ERMB1(n, d, r1, . . . , rd) <
1
k
, (5)

since this performance can be achieved by choosing a class according to the
classifier ĉ = arg maxc∈C Pς(c), which does not depend on the sample x at
all. The bound in equation (5) does not hold for theorem 1.2 when applied
to the data in section 7. However the Naive Bayes assumption improves
these (conservative) bounds somewhat

ERMB2(n, d) := min

(
16

√
(d+ 1) log (n) + 4

2n
,

16 +

√
1013 (d+ 1) log (1012 (d+ 1))

n
, 2

√
1 + log

(
4
(

2d

d

))
√

2n

⎞⎟⎟⎟⎟⎠ (6)

ERMB3(n, d) := min

(
16

√
(d+ 1) log (n) + 4

2n
,

16 +

√
1013 (d+ 1) log (1012 (d+ 1))

n
, 2
d+ 1√

2n

)
(7)
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Theorem 1.3 [27] [28]For the Empirical risk minimization classifier, used
on independent data from the binary hypercube

E
[
P
(
ĉERM

(
ξ|(ξ, ς)(n)

)
�=ς|(ξ, ς)(n)

)
− P (ĉB(ξ) �= c)

]
� ERMB2(n, d)

� ERMB 3(n, d). �

For the data in section 7 we have tabulated the result below. As for the
bound in theorem 1.2 it is not obvious that these results are useful either.
We also tabulate a simulated data, with the same properties as the Enter-
obacteriace data except that it has 100 times more samples, here the bound
in theorem 1.3 can be used.

Data n d ERMB2(n, d)
Enterobacteriace 5313 47 0.725

simulation 531300 47 0.0725
Vibrionaceae 507 994 40.0 (using equation (7))

Table 1: Illustrating the bounds in equation (6) and equation (7)

Finally we note that these are worst case bounds that are based on the
theory known to the author at the time of writing, saying nothing about
the expected number of samples to achieve a certain accuracy for a certain
distribution, or proving that the bounds cannot be sharpened.

1.5 Maximizing the probability of correct classifica-
tion

We now continue to develop tools for evaluating different classifiers. As
mentioned in the introduction we study the probability of correct classifi-
cation, trying to find a classifier maximizing this using an approximation.

1.5.1 The effect of classifying with suboptimal models

The question studied in this subsection is thus to find the penalty of choos-
ing the wrong model, for example to choose an overly simple model when
it is not feasible to work with the model that generates data.

Definition 1.6 ĉB̂(ξ) is an approximation (plug-in decision) of ĉB(ξ) with

respect to the pair
(
P̂ξ|ς(x|c), P̂ς(c)

)
defined by

ĉB̂(x) = arg max
c∈C

P̂ξ|ς(x|c)P̂ς(c).

�
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Here we derive the decrease in probability of correct classification when
taking suboptimal decisions, in the sense that we take optimal decisions
with respect to the plug-in decision P̂ξ|ς(x|c)P̂ς(c). The sharpest result we
are aware of for the specific case of k = 2 is presented in [62].

Theorem 1.4

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) �
k∑

c=1

∑
x∈X

∣∣∣Pξ|ς(x|c)Pς(c)− P̂ξ|ς(x|c)P̂ς(c)
∣∣∣

(8)
�

When k = 2, 3, . . . this result can be found inside another proof by [32].
We will also prove this, but in another way. For the specific approximation
where P̂ξ|ς and P̂ς are the maximum likelihood estimators and x is discrete,
rates of convergence are provided in [33]. We want a way to calculate
P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) in terms of (only) P̂ξ|ς(x|c)P̂ς(c). A natural
way to measure this error is to use∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)

∣∣∣ .
We will generalize the result in [32] in the sense that it can be used when
only parts of P̂ξ|ς(x|c) are approximated. We will specify exactly what
we mean by ’parts’ later. It is also important to be able to compute the
exact difference P (ĉB(ξ) = ς) − P (ĉB̂(ξ) = ς), rather than approximating
it from above since the type of approximation in theorem 1.4 tends to
be large for high-dimensional problems. For typographical and readability
reasons we will use the notation ĉB(x) = b as well as ĉB̂(x) = b̂ so that
{x|ĉB(x) = ĉB̂(x)} = {x|b = b̂}.
Theorem 1.5

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) =
∑

{x|b̂�=b}

(
Pς(b)Pξ|ς(x|b)− P̂ς(b)P̂ξ|ς(x|b)

)

−
∑

{x|b̂�=b}

(
Pς(b̂)Pξ|ς(x|b̂)− P̂ς(b̂)P̂ξ|ς(x|b̂)

)
−

∑
{x|b̂�=b}

(
P̂ξ|ς(x|b̂)P̂ς(b̂)− P̂ξ|ς(x|b)P̂ς(b)

)
. (9)

Proof Let D = {x|Pξ(x) > 0}. We start by looking at P (ĉB(ξ) = ς|ξ =
x)− P (ĉB̂(ξ) = ς|ξ = x)

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) =

February 13, 2006 (13:19)
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D

[
P (ĉB(ξ) = ς|ξ = x)− P (ĉB̂(ξ) = ς|ξ = x)

]
Pξ(x). (10)

Then we continue by reformulating
P (ĉB(ξ) = ς|ξ = x) − P (ĉB̂(ξ) = ς|ξ = x) in terms of posterior

probabilities

P (ĉB(ξ) = ς|ξ = x)− P (ĉB̂(ξ) = ς|ξ = x) = Pς|ξ(b|x)− Pς|ξ(b̂|x). (11)

Now we rearrange Pς|ξ(b|x)− Pς|ξ(b̂|x) as

Pς|ξ(b|x)− Pς|ξ(b̂|x) + P̂ς|ξ(b̂|x)− P̂ς|ξ(b|x)−
(
P̂ς|ξ(b̂|x)− P̂ς|ξ(b|x)

)
=(

Pς|ξ(b|x)− P̂ς|ξ(b|x)
)
−
(
Pς|ξ(b̂|x)− P̂ς|ξ(b̂|x)

)
−
(
P̂ς|ξ(b̂|x)− P̂ς|ξ(b|x)

)
.

Here b̂ is by (definition 1.6) equivalent to

b̂ := arg max
c∈C

P̂ξ|ς(x|c)P̂ς(c)
Pξ(x)

(see equation (2)). A combination of the results so far and equation (10)
entail

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) =∑
D

[(
Pξ|ς(x|b)Pς(b)

Pξ(x)
− P̂ξ|ς(x|b)P̂ς(b)

Pξ(x)

)

−
(
Pξ|ς(x|b̂)Pς(b̂)

Pξ(x)
− P̂ξ|ς(x|b̂)P̂ς(b̂)

Pξ(x)

)

−
(
P̂ξ|ς(x|b̂)P̂ς(b̂)

Pξ(x)
− P̂ξ|ς(x|b)P̂ς(b)

Pξ(x)

)]
Pξ(x). (12)

Pξ(x) cancels in all the denominators and we can simplify further. We
finish by removing (not integrating) x such that b̂ = b. We can do this
since, if we see the right hand side of equation (12) as

∑
D a, b̂ = b implies

that a = 0.
=

∑
{x|b̂�=b}

(
Pς(b)Pξ|ς(x|b)− P̂ς(b)P̂ξ|ς(x|b)

)
−

∑
{x|b̂�=b}

(
Pς(b̂)Pξ|ς(x|b̂)− P̂ς(b̂)P̂ξ|ς(x|b̂)

)
−

∑
{x|b̂�=b}

(
P̂ξ|ς(x|b̂)P̂ς(b̂)− P̂ξ|ς(x|b)P̂ς(b)

)
.

�
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While theorem 1.5 is an exact function of the plug-in decision we might
not be able to calculate it in practice. Thus we want to extend the the-
ory by introducing a more easily computable bound in theorem 1.1. To
avoid making this upper approximation too loose we also want to take into
account the case where we have not approximated all of Pς|ξ(c|x). This
presupposes some factorization on Pς|x.

If the part of Pς|ξ(c|x) that is not approximated is independent of
the part that is approximated we can improve the bound somewhat. [29]
used this trick in the specific case that the approximation was actually
approximation by independence.

Here we consider a more general class of approximations on Bayesian
networks [22]. In order to explain what a Bayesian network is we use some
standard definitions from graph theory (see appendix B). New notation
includes Πi as the set of parents of ξi. πi is the parent’s states.

Definition 1.7 Given a DAG G = (ξ, E) a Bayesian Network B = (G,P )
where the DAG describes all conditional independencies in the distribution
P, i.e

Pξ(x) =
d∏

i=1

Pξi|Πi
(xi|πi, G) (13)

�

When the graph (and/or) s.v’s are clear from the context we will use
the short notation Pξi|Πi

(xi|πi, G) = Pξi|Πi
(xi|πi) = P (xi|πi). Some exam-

ples of the factorizations induced by three graphs are displayed in figures
1(a)-1(c).

�������	ξ1

��

��
��

�������	ξ2

����
��

��
��

�
���������	ξ3

�������	ξ4

(a)
P (x1)P (x2|x1)P (x3|x1, x2)P (x4|x1, x2)

�������	ξ1 ���������	ξ2 ���������	ξ3

(b) P (x1)P (x2|x1)P (x3|x2)

�������	ξ1 ���������	ξ2 �������	ξ3

(c) P (x1)P (x2|x1)P (x3)

Figure 1: Pξ(x) =
∏d

i=1 Pξi|Πi
(xi|πi)

We will use the form in Definition 1.7, equation (13) to express partial
approximations.
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Let S = (S1, . . . , S4) be a partition of {ξi}di=1, where s = (s1, . . . , s4)
denotes the resulting partition of x. We use the notation PSi|ς(si|c) as the
joint probability of all s.v.’s that are in Si. When referring to the range
of Si we use Si. The actual structure of S is constructed to fit a coming
theorem. To describe this we need new definitions.

ξi is an ancestor of ξj in G and ξj is a descendant of ξi in G if there
exist a path from ξi to ξj in G. For G = (V,E) and A ⊆ V we call GA

the vertex induced subgraph of G, that is GA = (A,E
⋂

(A×A)). Given a
Bayesian Network (G,P ) the partition S is defined for a class conditional
density as follows

• ξi ∈ S1 if Pξi|Πi,ς(xi|πi, c) �= P̂ξi|Πi,ς(xi|πi, c).

• ξi ∈ S2 if for all xi, πi Pξi|Πi,ς(xi|πi, c) = P̂ξi|Πi,ς(xi|πi, c) and for all
j �= i such that ξj ∈ S1 and ξi �∈ πj .

• ξi ∈ S3 if for all xi, πi Pξi|Πi,ς(xi|πi, c) = P̂ξi|Πi,ς(xi|πi, c), there exists
j �= i such that ξj ∈ S1 and ξi ∈ πj . Furthermore no ancestor ξk of
ξi in GS1

S

S3
S

S4 is such that ξk ∈ S1.

• ξi ∈ S4 if ξi �∈ S1, ξi �∈ S2 and ξi �∈ S3.

When we need to partition the set πi according to s we use the notation
πi,s1

S

s4 to denote the set πi

⋂
(s1
⋃
s4) . In the same manner, when refer-

ring to part of Πi according to S we use the notation Πi,S3 to denote the
set Πi

⋂
S3.

Example 1.1 Let P̂ξ|ς(x|c) be approximation by class conditional inde-
pendence

S2 = {ξi| there is no edge between ξi and ξj , ∀ξj ∈ V }.
�

Example 1.2 Context-Specific Independence in Bayesian Networks
[8]. In this example ξi ∈ {0, 1} and the graph for the Bayesian Network is
pictured in figure 2.

Then ξ9 is a context in the sense that we are making the context
specific assumption that

Pξ1|ξ5,...,ξ9(x1|x5, . . . , x9) =
{
Pξ1|ξ5,ξ6(x1|x5, x6) x9 = 0
Pξ1|ξ7,ξ8(x1|x7, x8) x9 = 1 . (14)

To encode this in a Bayesian network we transform the original Bayesian
Network into something like figure 3, which looks like figure 4 if the assump-
tion in equation (14) is correct, where Pξ10|ξ5,ξ6(x10|x5, x6) = Pξ1|ξ5,ξ6(x1|x5, x6),
Pξ11|ξ7,ξ8(x11|x7, x8) = Pξ1|ξ7,ξ8(x1|x7, x8) and

Pξ1|ξ9,ξ10,ξ11(x1|x9, x10, x10) =
{
I(x10) x9 = 0
I(x11) x9 = 1 .
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ξ1

ξ2 ξ3 ξ4

ξ5 ξ6 ξ7 ξ8 ξ9

Figure 2: Original Bayesian Network

ξ1

ξ2 ξ3 ξ4

ξ5

ξ10ξ11

ξ6ξ7 ξ8

ξ9

Figure 3: Transformed Bayesian Network

ξ1

ξ2 ξ3 ξ4

ξ5

ξ10

ξ6 ξ7

ξ11

ξ8

ξ9

Figure 4: CSI Bayesian Network
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Here I is the indicator function. If the context specific assumption is
introduced as an approximation this would yield⎧⎪⎪⎨⎪⎪⎩

S1 = {ξ10, ξ11}
S2 = {ξ1, ξ2, ξ3, ξ4, ξ9}
S3 = {ξ5, ξ6, ξ7, ξ8}
S4 = {∅}

.

�

Example 1.3 In this example we depict a graph G given a partition s,
with some abuse of notation. In figure 5 if ξi ∈ S1 we label the vertex ξi
as S1

S1

S4

S1

S2

S1

S1

S2

S1

S4S2

S3

S4

S1

S3

S3

S2

S1

Figure 5: Bayesian network

�

Lemma 1.1
∑

x∈X
∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)

∣∣∣ =

=
∑
S3

∏
{i|ξi∈S3}

Pξi|Πi,ς(xi|πi, c, GS1
S

S3
S

S4) [

∑
S1

S S4

∣∣∣∣∣∣Pς(c)
∏

{i|ξi∈S1
S

S4}
Pξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)
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−P̂ς(c)
∏

{i|ξi∈S1
S

S4}
P̂ξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

∣∣∣∣∣∣
⎤⎦ .

�

The next definition will allow us to use a more compact notation in the
proof the last lemma. g(c, s1, G) :=∣∣∣∣∣∣Pς(c)

∏
{i|ξi∈S1}

Pξi|Πi,ς(xi|πi, G)− P̂ς(c)
∏

{i|ξi∈S1}
P̂ξi|Πi,ς(xi|c, πi, G)

∣∣∣∣∣∣ .
Proof We use S to rewrite

∑
x∈X

∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)
∣∣∣ as

=
∑
x∈X

⎡⎣ 4∏
j=2

∏
{i|ξi∈Sj}

Pξi|Πi,ς(xi|πi, c, G)

⎤⎦

·
∣∣∣∣∣∣Pς(c)

∏
{i|ξi∈S1}

Pξi|Πi,ς(xi|πi, c, G)− P̂ς(c)
∏

{i|ξi∈S1}
P̂ξi|Πi,ς(xi|πi, c, G)

∣∣∣∣∣∣ .
(15)

Now we use the definition of g, S2 and the Fubini theorem to write equation
(15) as

=
∑

S1
S S3

S S4

g(c, s1, G)
∑
S2

⎡⎣ 4∏
j=2

∏
{i|ξi∈Sj}

Pξi|Πi,ς(xi|πi, c, G)

⎤⎦ . (16)

We can express the innermost integral as∑
S2

PS2,S3,S4|S1,ς(s2, s3, s4|s1, c, G) = PS3,S4|S1,ς(s3, s4|s1, c, GS1
S

S3
S

S4).

=

⎡⎣ 4∏
j=3

∏
{i|ξi∈Sj}

Pξi|Πi,ς(xi|πi, c, GS1
S

S3
S

S4)

⎤⎦ .
We continue with equation (16). Since for all ξi ∈ S3 there exists no
ξj ∈ S1

⋃
S4 such that ξj ∈ πi we can write this as

=
∑
S3

∏
{i|ξi∈S3}

Pξi|Πi,ς(xi|πi, c, GS1
S

S3
S

S4)

·
∑

S1
S S4

g(c, S1, G)
∏

{i|ξi∈S4}
Pξi|Πi,ς(xi|πi, c, GS1

S

S3
S

S4).
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This can be interpreted as an expectation over S3. When we write out the
definition of g we get

=
∑
S3

∏
{i|ξi∈S3}

Pξi|Πi,ς(xi|πi, c, GS1
S

S3
S

S4) [

∑
S1

S S4

∣∣∣∣∣∣Pς(c)
∏

{i|ξi∈S1
S

S4}
Pξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

−P̂ς(c)
∏

{i|ξi∈S1
S

S4}
P̂ξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

∣∣∣∣∣∣
⎤⎦ .

�
Now we can extend the result in [32] by specifying the difference spe-

cific to the partial structure. The following theorem is a generalization,
since it does not only deal with sample based estimation of the joint dis-
tribution, which is the topic in [32]. Our proof is different than the one in
[32] since avoid the somewhat unnatural assumption that {x|ĉB(x) = c} =
{x|ĉB̂(x) = c} present in [32].

Theorem 1.6

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) �
k∑

c=1

∑
S3

∏
{i|ξi∈S3}

Pξi|Πi,ς(xi|πi, c, GS1
S

S3
S

S4) [

∣∣∣∣∣∣Pς(c)
∏

{i|ξi∈S1
S

S4}
Pξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

−P̂ς(c)
∏

{i|ξi∈S1
S

S4}
P̂ξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

∣∣∣∣∣∣
⎤⎦ . (17)

Proof From theorem 1.5, (equation (9)), we have that P (ĉB(ξ) = ς) −
P (ĉB̂(ξ) = ς) = ∑

{x|b̂�=b}

(
Pς(b)Pξ|ς(x|b)− P̂ς(b)P̂ξ|ς(x|b)

)

−
∑

{x|b̂�=b}

(
Pς(b̂)Pξ|ς(x|b̂)− P̂ς(b̂)P̂ξ|ς(x|b̂)

)
−

∑
{x|b̂�=b}

(
P̂ξ|ς(x|b̂)Pς(b̂)− P̂ξ|ς(x|b)Pς(b)

)
.
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Definition 1.6 implies that P̂ξ|ς(x|b̂)P̂ς(b̂) � P̂ξ|ς(x|b)P̂ς(b), hence

�
∑

{x|b̂�=b}

(
Pς(b)Pξ|ς(x|b)− P̂ς(b)P̂ξ|ς(x|b)

)

−
∑

{x|b̂�=b}

(
Pς(b̂)Pξ|ς(x|b̂)− P̂ς(b̂)P̂ξ|ς(x|b̂)

)
.

To simplify further we can use that
∑

(a−e) � |∑(a−e)| � |∑ a|+|∑ e| �∑ |a|+∑ |e|, resulting in

�
∑

{x|b̂�=b}

∣∣∣Pς(b)Pξ|ς(x|b)− P̂ς(b)P̂ξ|ς(x|b)
∣∣∣

−
∑

{x|b̂�=b}

∣∣∣Pς(b̂)Pξ|ς(x|b̂)− P̂ς(b̂)P̂ξ|ς(x|b̂)
∣∣∣ .

To be able to use lemma 1.1 we need to keep b as well as b̂ constant (they
both depend on x)

=
k∑

c=1

⎡⎢⎣ ∑
{x|b�=b̂

T

b=c}

∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)
∣∣∣

+
∑

{x|b�=b̂
T

b̂=c}

∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)
∣∣∣
⎤⎥⎦ .

Now b �= b̂
⋂
b = c and b �= b̂

⋂
b̂ = c are disjoint sets so we can write both

integrals as one sum,

=
k∑

c=1

∑
{x|b�=b̂

T(b=c
S

b̂=c)}

∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)
∣∣∣

We want an approximation that does not depend on b, b̂, such as

�
k∑

c=1

∑
x∈X

∣∣∣Pς(c)Pξ|ς(x|c)− P̂ς(c)P̂ξ|ς(x|c)
∣∣∣ . (18)

The result now follows from lemma 1.1. �
The bound in theorem 1.6 is good in the sense that it does not require

us to calculate b and b̂ for every possible x. Unfortunately it might not
be computationally feasible to calculate even theorem 1.6. One way of
simplifying the bound in theorem 1.6 even further is to approximate in the
following sense
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Definition 1.8

ε(c) := max
s1,s3,s4

∣∣∣∣∣∣Pς(c)
∏

{i|ξi∈S1
S

S4}
Pξi|Πi,ς(xi|πi, c, GS1

S

S3
S

S4)

−P̂ς(c)
∏

{i|ξi∈S1
S

S4}
P̂ξi|Πi,ς(xi|πi, c, GS1

S

S3
S

S4)

∣∣∣∣∣∣ .
�

With definition 1.8 we can simplify the computation of the bound in
theorem 1.6.

Theorem 1.7

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) �
k∑

c=1

ε(c)
∏

ξi∈S1×S4

ri. (19)

Proof From theorem 1.6, equation (17), we have that P (ĉB(ξ) = ς) −
P (ĉB̂(ξ) = ς) �

k∑
c=1

∑
S3

∏
{i|ξi∈S3}

Pξi|Πi,ς(xi|πi, c, GS1
S

S3
S

S4)

⎡⎣ ∑
S1×S4

∣∣∣∣∣∣Pς(c)
∏

{i|ξi∈S1
S

S4}
Pξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

−P̂ς(c)
∏

{i|ξi∈S1
S

S4}
P̂ξi|Πi,ς(xi|πi,s1

S

s4 ,Πi,S3 , c, GS1
S

S3
S

S4)

∣∣∣∣∣∣
⎤⎦ .

�
k∑

c=1

max
s3

⎡⎣ ∑
S1×S4

∣∣∣∣∣∣Pς(c)
∏

{i|ξi∈S1
S

S4}
Pξi|Πi,ς(xi|πi, c, GS1

S

S3
S

S4)−

P̂ς(c)
∏

{i|ξi∈S1
S

S4}
P̂ξi|Πi,ς(xi|πi, c, GS1

S

S3
S

S4)

∣∣∣∣∣∣
⎤⎦ .

We finish by using the definition of ε(c), resulting in

�
k∑

c=1

ε(c)
∑

S1×S4

=
k∑

c=1

ε(c) |S1 × S4| .

�
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1.5.2 Approximating Pξ|ς(x|c) to classify optimally

Sometimes it is easy to approximate Pξ|ς(x|c)Pς(c) because the classes are
well separated, in the sense that

Pξ|ς(x|c)Pς(c)− Pξ|ς(x|c̃)Pς(c̃)

is large for all x ∈ X and all c, c̃ ∈ C such that c �= c̃. Here we present a
sufficient condition for the ’distance’ between classes so that the probability
of correct classification does not decrease by approximating Pξ|ς(x|c)Pς(c).
The question is how close P̂ξ|ς(x|c)P̂ς(c) must be to Pξ|ς(x|c)Pς(c), so that
there should be no decrease in the probability of correct classification.

Definition 1.9 Let ε2(c) be any bound such that for all x∣∣∣Pξ|ς(x|c)Pς(c)− P̂ξ|ς(x|c)P̂ς(c)
∣∣∣ � ε2(c)

�

We start with a lemma that deals with closeness in an appropriate
manner.

Lemma 1.2 If Pς|ξ(c|x) > Pς|ξ(c̃|x) and

|Pξ|ς(x|c)Pς(c)− Pξ|ς(x|c̃)Pς(c̃)| � ε2(c) + ε2(c)

then P̂ς|ξ(c|x) � P̂ς|ξ(c̃|x).

Proof We prove this by contradiction. First we assume that P̂ς|ξ(c|x) <
P̂ς|ξ(c̃|x), simplify using equation (2), hence

P̂ξ|ς(x|c)P̂ς(c) < P̂ξ|ς(x|c̃)P̂ς(c̃).

Now we continue by increasing margin in the inequality, which results in
the desired contradiction

⇒ Pξ|ς(x|c)Pς(c)− ε2(c) < Pξ|ς(x|c̃)Pς(c̃) + ε2(c̃)

⇔ Pξ|ς(x|c)Pς(c)− Pξ|ς(x|c̃)Pς(c̃) < ε2(c) + ε2(c̃).

�
Lemma 1.2 can be connected with theorem 1.6 to state sufficient con-

ditions such that Pξ|ς(x|c) can be approximated without affecting the prob-
ability of correct classification.

Theorem 1.8 If for all c, c̃ ∈ C
|Pξ|ς(x|c)Pς(c)− Pξ|ς(x|c̃)Pς(c̃)| � ε2(c) + ε2(c)

then P (ĉB(ξ) = ς) = P (ĉB̂(ξ) = ς).
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Proof From equation (10) and (11) from the proof of theorem 1.5 we have
that

P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) =
∑
x∈X

[
Pς|ξ(b|x)− Pς|ξ(b̂|x)

]
Pξ(x)

Now the result follows since lemma 1.2 implies (through equation (2)) that
Pς|ξ(b|x) = Pς|ξ(b̂|x). �

1.6
∣∣∣Pξ(x)−∏d

i=1 Pξi
(xi)

∣∣∣
As seen in previous subsections (subsection 1.5.1 theorem 1.7, subsec-
tion 1.5.2 theorem 1.8) we can measure the performance of the Naive
Bayesian classifier by the effect it has on

∣∣∣Pξ|ς(x|c)−
∏d

i=1 Pξi|ς(xi|c)
∣∣∣. In

this subsection we develop tools for doing so, although we drop the con-
ditioning on c to simplify notation. We present first in subsection 1.6.1,∣∣∣Pξ(x)−∏d

i=1 Pξi(xi)
∣∣∣ as a function maxx∈X Pξ(x), and then in the fol-

lowing subsection (1.6.2) as a function of the marginal distribution in the
binary case.

1.6.1 The effect of high probability points in the complete dis-
tribution

The most general result the author is aware of, that states the condi-
tions for when the Naive Bayesian classifier perform well, is the finding
in [59]. In [59] there is a theorem stating, that if a discrete distribution
has a point with very high probability, then for all points the difference
between the joint probability (Pξ(x)) and the product of marginal distri-
butions is small (Pξ(x) ≈

∏d
i=1 Pξi(xi)). In this section we will improve

the result, in the sense that we will construct a tighter upper bound for∣∣∣Pξ(x)−∏d
i=1 Pξi(xi)

∣∣∣ than the one in [59] (theorem 1.10). Here and in the
sequel to this theorem we will use y to denote the mode of the distribution

y := argmax
x∈X

Pξ(x)

Theorem 1.9 [59] For all x ∈ X
∣∣∣Pξ(x)−∏d

i=1 Pξi(xi)
∣∣∣ � d(1 − Pξ(y))

�

To get a feeling of how sharp the bound in theorem 1.9 is we can plot
maxx∈X

∣∣∣Pξ(x)−∏d
i=1 Pξi(xi)

∣∣∣ as function of maxx∈X Pξ(x) in two and
tree dimensions.
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Figure 6: Worst case state wise probabilistic difference
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To give a simple structure to the improvement of theorem 1.9 we first
state some facts. By the chain rule

Pξ(x) = Pξi(xi)Pξ1,...,ξi−1,ξi+1,...,ξd
(x1, . . . , xi−1, xi+1, . . . , xn|xi)

� Pξi(xi), for all i, (20)

which implies that

Pξ(x)d =
d∏

i=1

Pξ(x) �
d∏

i=1

Pξi(xi). (21)

We continue with the improvement of theorem 1.9.

Theorem 1.10 For all x ∈ X∣∣∣∣∣Pξ(x)−
d∏

i=1

Pξi(xi)

∣∣∣∣∣ � max
(
Pξ(y)− Pξ(y)d, 1− Pξ(y)

)
Proof is divided into three cases

• x = y.

1. If Pξ(y) �
∏d

i=1 Pξi(yi) ⇒ Pξ(y)−∏d
i=1 Pξi(yi) � Pξ(y) −

Pξ(y)d by equation (21).

2. If Pξ(y) <
∏d

i=1 Pξi(yi)⇒
∏d

i=1 Pξi(yi)− Pξ(y) � 1− Pξ(y).

• x �= y. We have
∣∣∣Pξ(x)−∏d

i=1 Pξi(xi)
∣∣∣

= max

(
Pξ(x),

d∏
i=1

Pξi(xi)

)
−min

(
Pξ(x),

d∏
i=1

Pξi(xi)

)
.

Since max and min are positive functions of Pξi(xi) � 1

� max

(
Pξ(x),

d∏
i=1

Pξi(xi)

)
� max

(
Pξ(x), Pξj (xj)

)
,

where Pξ(x) �
∑

z �=y Pξ(z) = 1 − Pξ(y). Here j is chosen so that
xj �= yj , which exists since x �= y. By equation (20), Pξj (yj) � Pξ(y)

Pξj (xj) �
∑

xi �=yj

Pξj (xi) = 1− Pξj (yj) � 1− Pξ(y)

�
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To compare the bounds in theorem 1.9 and theorem 1.10, let us note
that the left part of the maximum in theorem 1.10 can be compared with
theorem 1.9 using lemma 9.1 (equation (63)).

Pξ(y)− Pξ(y)d = Pξ(y)− (1− (1− Pξ(y)))d �
Pξ(y)− (1 − d (1− Pξ(y))) � d (1− Pξ(y))

An interpretation of the bounds in theorem 1.10 is that if a probability
distribution is very concentrated the error introduced by approximating by
independence is small.

However, the bounds in theorem 1.10 are not the tightest possible. As
with theorem 1.9 we can plot maxx∈X

∣∣∣Pξ(x)−∏d
i=1 Pξi(xi)

∣∣∣ as function
of maxx∈X Pξ(x) in two and three dimensions and compare the maximal
difference with the bounds in theorem 1.9 and 1.10.

From the three dimensional case in Figure 7 we see that theorem 1.10
is sharp enough if the probability distribution is concentrated, that is p is
close to 1.

Example 1.4 We present two examples of bounds on the error caused by
independence assumption. We try to present an example that fits the
theory in theorem 1.9 and a dataset to be analyzed in section 7. We
construct a scenario having a very concentrated probability distribution,
by setting maxx∈X Pξ(x) = n−1

n . In the following examples (and in our
datasets) the data is binary, i.e. ri = 2.

d n error bound using theorem 1.9 theorem 1.10
47 5313 0.0088 0.0086
994 507 1.9606 0.8575

Illustrating the difference between the bound in theorem 1.9 and the
bound in theorem 1.10 �

We now finish by combining the results from the previous subsections
with theorem 1.10. Theorem 1.7 (equation (19)) can be combined with
theorem 1.10 as in the following corollary.

Corollary 1.1 Letting Pς(c) = P̂ς(c), P (ĉB(ξ) = ς)− P (ĉ(ξ) = ς)

�
k∑

c=1

Pς(c)max
(
Pξ|ς(y|c)− Pξ|ς(y|c)d, 1− Pξ|ς(y|c)

) ∏
ξi∈S1×S4

ri (22)

�

As with corollary 1.1 we can combine theorem 1.8 with theorem 1.10.

Corollary 1.2 ε2(c) = max
(
Pξ|ς(y|c)− Pξ|ς(y|c)d, 1− Pξ|ς(y|c)

)
and

|Pς|ξ(c|x)Pς(c)− Pς|ξ(c̃|x)Pς(c̃)| � ε(c)Pς(c) + ε(c̃)Pς(c̃) then
P (ĉB̂(ξ) �= ς) = P (ĉB(x) �= ς). �
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1.6.2 The effect of marginal distributions for binary data

For binary data (ri = 2) knowing the maximum probability and know-
ing the marginals (Pξi(xi)) is equivalent. This is because knowing the
marginals implies knowing (Pξi(0), Pξi(1)) and knowing the maximal prob-
ability implies knowing (Pξi(0), 1 − Pξi(0)) or (1 − Pξi(1), Pξi(1)). In this
subsection we try to use the knowledge of the maximum probability of the
marginal’s to bound the error introduced by the independence assump-
tion. To do this we will use a well known theorem commonly accredited to
Bonferroni.

Theorem 1.11 [6] Pξ(x) � 1− d+
∑d

i=1 Pξi(xi) �

By Bonferroni’s inequality we can bound the error in the following sense.

Theorem 1.12 ∣∣∣∣∣Pξ(x)−
d∏

i=1

Pξi(xi)

∣∣∣∣∣ �

max

(
Pξj (xj)− 1 + d−

d∑
i=1

Pξi(xi),min
j
Pξj (xj)−

d∏
i=1

Pξi(xi)

)
(23)

Proof Split into two cases

1. Pξ(x) �
∏d

i=1 Pξi(xi)⇒ |Pξ(x)−∏d
i=1 Pξi(xi)| =

∏d
i=1 Pξi(xi)−Pξ(x).

By theorem 1.11

�
d∏

i=1

Pξi(xi)− 1 + d−
d∑

i=1

Pξi(xi) � Pξj (xj)− 1 + d−
d∑

i=1

Pξi(xi).

2. Pξ(x) >
∏d

i=1 Pξi(xi)⇒ |Pξ(x)−∏d
i=1 Pξi(xi)| = Pξ(x)−∏d

i=1 Pξi(xi).
By equation (20)

� min
j
Pξj (xj)−

d∏
i=1

Pξi(xi).

�

1.7 Naive Bayes and Bayesian Networks

We have now encountered two ways of modeling the joint probability of
s.v’s. Either by independence (which in the context of classification is
called the Naive Bayes assumption), or through the more general model
of a Bayesian Network (definition 1.7). In this section we will not use the
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Naive Bayes assumption (definition 1.4, equation (3)). We are choosing
between models where every class j has it is own graphical model Gj of
the data in class j. This section will deal with these (class conditional)
graphical models Gj . We want to use the theory developed in subsection
1.6.1 to compare the effect of the different approaches of modeling the class
conditional distributions (Pξ|ς(x|c)). For this we can combine definition 1.7
(equation (13)) and theorem 1.10.

Corollary 1.3 For a Bayesian Network where y = argmaxx∈X Pξ(x)∣∣∣∣∣
d∏

i=1

Pξi|Πi
(xi|πi)−

d∏
i=1

Pξi(xi)

∣∣∣∣∣ � max
(
Pξ(y)− Pξ(y)d, 1− Pξ(y)

)
(24)

�

The theoretical worst case comparisons (corollary 1.1, equation (19)
and corollary 1.2) do require that we know something about the maximal
probability of at least part of a BN. It is possible to find the point with
maximal probability for quite general BN’s, and methods for doing so can
be found in textbooks such as [47].

But to describe how to find the maximal probability in a BN in its
full generality would require quite a few new definitions. So to reduce the
(already large) number of definitions used we will describe an algorithm for
finding the maximal probability only for the class of BN’s we are actually
using, which will be done in subsection 4.3.

1.8 Concluding discussion of Naive Bayes

As shown in corollary 1.2 Naive Bayes will not lead to a decrease in the
probability of correct classification if maxx∈X Pξ|ς(x|c) is large enough for
each class c. So if we can estimate maxx∈X Pξ|ς(x|c) (from data, expert
opinion) we can directly assess the worst case quality of Naive Bayes.

If corollary 1.2 does not hold we can estimate the decrease in probabil-
ity of correct classification from corollary 1.1 (equation (22)), and we have
to decide from that if we are satisfied with Naive Bayes performance. The
theorems are bounds from above however, so they should not be taken as
a guarantee that Naive Bayes will actually perform this badly.
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2 Model selection

As mentioned previously (subsection 1.4) it is not really realistic to work
with the complete distribution (storage is difficult, many samples are re-
quired for guaranteed good estimation accuracy). We can choose a model
that overcomes the difficulties in inference and estimation and still allows
for less ’naive’ assumptions than Naive Bayes. But there are many models
consistent with data so we need a principle such that we can choose a single
model. One principle is the minimum description length principle (MDL),
which can be formulated in English as in [4].

“If we can explain the labels of a set of n training examples by a hypoth-
esis that can be described using only k � n bits, then we can be confident
that this hypothesis generalizes well to future data.”

We recall the notation x(n) = {xl}nl=1 is n i.i.d. samples of ξ, that is
its s.v. is ξ(n), and continue to introduce some notation that will allow us
to handle the MDL concepts.

Definition 2.1 ĉ
(
ξ|x(n)

)
is an estimator of c based on ξ and x(n). �

Definition 2.2 [5] An Occam-algorithm with constant parameters c � 1
and 0 � α < 1 is an algorithm that given

1. a sample (xl, cB(xl))n
l=1.

2. That cB(ξ) needs n2 bits to be represented and

3. cB(ξ) a.s.= ς.

produces

1. a ĉ
(
ξ|x(n)

)
that needs at most nc

2n
α bits to be represented and

2. ĉ
(
ξ|x(n)

)
that is such that for all xl ∈ x(n) we have ĉ

(
xl|x(n)

)
= cl

3. Runs in time polynomial in n.

�

Theorem 2.1 [5] Given independent observations of (ξ, cB(ξ)), where
cB(ξ) needs n2 bits to be represented, an Occam-algorithm with parameters
c � 1 and 0 � α < 1 produces a ĉ

(
ξ|x(n)

)
such that

P
(
P
[
ĉ
(
ξ|x(n)

)
�= cB (ξ)

]
� ε

)
� 1− δ (25)

using sample size

O

(
ln
(

1
δ

)
ε

+
(
nc

2

ε

) 1
1−α

)
. (26)

�

February 13, 2006 (13:19)



31

Thus for fixed α, c and n a reduction in the bits needed to represent
ĉ
(
ξ|x(n)

)
from l1 = nc

2(l1)nα to l2 = nc
2(l2)nα bits implies that nc

2(l1) >
nc

2(l2), essentially we are reducing the bound on nc
2, thus through equation

(26) that the performance in the sense of equation (25) can be increased (ε
or δ can be reduced).

Theorem 2.1 and the description of it in [4] are interpretations of Oc-
cam’s razor. According to [20] what Occam actually said can be translated
as “Causes shall not be multiplied beyond necessity”.

Definition 2.3 LC(x(n)) is the length of a sequence x(n) described by code
C. �

Definition 2.4 Kolmogorov Complexity, K for a sequence x(n), relative to
a universal computer U is

KU (x(n)) = min
p:U(p)=x(n)

|LU (x(n))|

�

In this context we optimize a statistical model with respect to the
minimum description length MDL principle.

Definition 2.5 Stochastic complexity, SC is defined as

SC(x(n)) =
⌈
−2 logPξ(n)(x(n))

⌉
. (27)

�

In other words, we try to find the model that has the smallest SC.
We use the notation Pξ(n)(x(n)) = P (ξ(n) = x(n)) for the probability that
ξ(n) = x(n). Our use of SC can be seen as a trade off between predictive
accuracy and model complexity. This will be further explained in section
3. When minimizing SC(x(n)) we also minimize KU (x(n)), summarized the
following theorem

Theorem 2.2 [21] There exists a constant c, for all x(n)

2−KU (x(n)) � Pξ(n)(x(n)) � c2−KU (x(n)) (28)

�

Assume now that ξ has probability Pξ(n)|Θ(x(n)|θ) where θ ∈ Θ is
an unknown parameter vector and Θ is the corresponding s.v. With this
assumption it is not possible to calculate Pξ(n)|Θ(x(n)|θ) directly since we
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do not know θ. This can be partially handled by taking a universal coding
approach, i.e., by calculating

Pξ(n)(x(n)) =
∫
Θ

Pξ(n),Θ

(
x(n),θ

)
dθ =

∫
Θ

Pξ(n)|Θ(x(n)|θ)gΘ(θ)dθ (29)

Pξ(n)|Θ
(
x(n)|θ) is integrated over all parameters avoiding the problem with

choosing a suitable θ.
Now gΘ(θ) has to be chosen somehow. gΘ(θ) is the density function

describing our prior knowledge of Θ.
That gΘ(θ) has a Dirichlet distribution follows by assuming sufficient-

ness (proposition 10.1). See corollary 10.2 for the exact assumptions made.
It remains to choose the hyperparameters for the Dirichlet distribution.

The next theorem will help to choose this specific gΘ(θ). The theorem
will use the notation P̂ , as an estimator of P in the sense that

P̂ξ(n)(x(n)) =
∫
Θ

Pξ(n)|Θ(x(n)|θ)ĝΘ(θ)dθ. (30)

Reasons for choosing a specific prior ĝΘ(θ) can be found in textbooks such
as [11]. Before motivating the choice of prior through theorems 2.4 and 2.5
the notation used in these results are presented.

Definition 2.6 If the Fisher information regularity conditions (definition
9.11) hold the Fishers information matrix is defined as the square matrix

I(θ) = −EΘ

[
∂2

∂θi∂θj
logPξ|Θ(x|θ)

]
. (31)

�

We let |I(θ)| denote the determinant of the matrix I(θ).

Definition 2.7 [46] Jeffreys’ prior

If
∫
|I(θ)| 12 dθ exists, then gΘ(θ) =

|I(θ)| 12∫ |I(θ)| 12 dθ ∝ |I(θ)| 12 . (32)

When we want to emphasize that we are using Jeffreys’ prior we write
P̂ξ(n)(x(n)) as P̂ (J)

ξ(n)(x(n)). �

Theorem 2.3 [72] If P �= P̂

EP̂

[
− log

(
P̂ξ(n)

(
ξ(n)

))]
< EP̂

[
− log

(
Pξ(n)

(
ξ(n)

))]
. (33)

�
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Theorem 2.4 [71] Jeffreys’ prior ĝΘ(θ) is such that

EP

[
− log2

(
P̂

(J)
ξ (ξ)

)]
� EP [− log2 (Pξ(ξ))]+

( |X |+ 1
2

log(n) + log(|X |)
)

(34)
�

Theorem 2.5 [60]

lim sup
n→∞

1
log2(n)

EP̂
ξ(n) (ξ

(n))

[
log

(
P̂ξ(n)(ξ(n))

Pξ(n)(ξ(n))

)]
� d

2
(35)

�

Theorem 2.5 can be interpreted as: We cannot do better than log2(n)
asymptotically, which is what Jeffreys’ prior achieves in equation (34).

Why is minimizing EP̂

[
− log

(
Pξ(n)

(
ξ(n)

))]
even relevant? What

should be minimized is − log
(
Pξ(n)(x(n))

)
. A motivation is the divergence

inequality (theorem 2.3). I.e. if it is possible to find a unique distribution
P̂ that minimizes EP̂

[
− log

(
Pξ(n)

(
ξ(n)

))]
it will be P .

Previously when we have studied the probabilistic difference between
the complete distribution and the product of the marginal distributions we
have seen bounds depending on Pξ(y). In theory we can use bounds like
the one in theorem 1.9 in combination with bounds like the lemma below.

Lemma 2.1 [16]

1− Pξ(y) � Eξ [− logPξ(ξ)]
2 log 2

�

Theorem 2.6

1− Pξ(y) �
Eξ(n)

[
− log P̂ξ(n)(ξ(n))

]
n · 2 log 2

(36)

Proof We start by proving that

1− Pξ(y) �
Eξ(n)

[
− logPξ(n)(ξ(n))

]
n · 2 log 2

(37)

1. 1− Pξ(y) � Eξ[− log Pξ(ξ)]
2 log 2 by lemma 2.1.
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2. We assume that the assumption holds for n = j, and show that it holds
for n = j + 1. Eξ(n)

[
− logPξ(n)(ξ(n))

]
= −

∑
x1,...,xj

∑
xj+1

Pξj+1|ξ(j)(xj+1|x1, . . . ,xj)Pξ(j)(x1, . . . ,xj)

· log2(Pξj+1|ξ(j)(xj+1|x1, . . . ,xj)Pξ(j)(x1, . . . ,xj))

= −
∑

x1,...,xj

Pξ(j)(x1, . . . ,xj)
∑
xj+1

Pξj+1|ξ(j)(xj+1|x1, . . . ,xj)

· log2(Pξj+1|ξ(j)(xj+1|x1, . . . ,xj))

−
∑

x1,...,xj

Pξ(j)(x1, . . . ,xj) log2(Pξ(j) (x1, . . . ,xj))

·
∑
xj+1

Pξj+1|ξ(j)(xj+1|x1, . . . ,xj)

=
∑

x1,...,xj

Pξ(j)(x1, . . . ,xj)Eξj+1|ξ(j)

[
− logPξj+1|ξ(j)(ξj+1|x(j))

]

+Eξ(j)

[
− logPξ(j)(ξ(j))

]
Now we use lemma 2.1 and the induction assumption

� 1
2 log 2

∑
x1,...,xj

(1− Pξj+1|ξ(j)(y|x(j)))Pξ(j)(x1, . . . ,xj)−
j(1− Pξ (y))

2 log 2

=
(j + 1)(1− Pξ(y))

2 log 2
.

3. By 1, 2 and the induction axiom equation (37) holds.

When we combine the results so far with theorem 2.3

1− Pξ(y) �
Eξ(n)

[
− logPξ(n)(ξ(n))

]
n · 2 log 2

�
Eξ(n)

[
− log P̂ξ(n)(ξ(n))

]
n · 2 log 2

.

�

Thus there is a connection between theorem 1.9, theorem 1.10 and
Eξ(n)

[
− log P̂ξ(n)(ξ(n))

]
.
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2.1 Inference and Jeffreys’ prior with Bayesian Net-
works

In this section we will explain how we calculate the SC (definition 2.5) for a
Bayesian Network. As seen in the end of section 2 the SC will be minimized
with Jeffreys’ prior. Jeffreys’ prior for a Bayesian Network is calculated in
[50]. To present the result some notation (mostly from [41]) are introduced.

• qi =
∏

a∈Πi
ra

• θΠ(i,j) = P (Πi = j)

• θijl = P (ξi = l|Πi = j)

• Let α be the hyper-parameters for the distribution of Θ.

• αijl corresponds to the l’th hyper parameter for θijl.

• nijl corresponds to the number of samples where xi = l given that
πi = j.

• xi,l is element i in sample l.

Assumption 2.1 The probability for a sample xi from s.v. ξi is assumed
to be given by

Pξi|Πi
(xi|Πi = j) = θ

nij 1
ij 1 θ

nij 2
ij 2 . . . θ

nij(d−1)

ij(d−1) (1−
d−1∑
l=1

θijl)nijd . (38)

Theorem 2.7 [50] When Pξi|Πi
(xi|Πi = j) is as in assumption 2.1 then

Jeffreys’ prior on a Bayesian Network is

gΘ(θ) ∝
d∏

i=1

qi∏
j=1

[θΠ(i,j)]
ri−1

2

ri∏
l=1

θ
− 1

2
ijl (39)

�

We might have to calculate the terms θ
ri−1

2
Π(i,j) in equation (39), that is we

need to calculate marginal probabilities in a Bayesian Network. This is NP-
hard [17] (definition 9.13). And even if we can do that it is not immediately
obvious how to calculate the posterior with the prior in equation (39).

One common approach to solve this is to assume local parameter in-
dependence as in [23], [65]. Local parameter independence is a special case
of parameter independence (as defined in [41]).

Definition 2.8 Local parameter independence

gΘ(θ) =
d∏

i=1

qi∏
j=1

gΘi|Πi
(θi|j)

�
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With the local parameter independence assumption we can calculate
Jeffreys’ prior. Before doing that we introduce some notation.

Definition 2.9 The indicator function

Ii(x) =
{

1 i = x
0 i �= x

(40)

�

Theorem 2.8 For Jeffreys’ prior on a Bayesian Network under local pa-
rameter independence

gΘ(θ) ∝
d∏

i=1

qi∏
j=1

ri∏
l=1

θ
− 1

2
ijl (41)

Proof for all j ∈ Πi, Pξi|Πi
(l|j) ∝ ∏ri

l=1 θ
Ii(l)
ijl , by assumption 2.1, where

θijri
= 1−∑ri−1

l=1 θijl. This yields

δ

δθijlδθijm
logPξi|Πi

(l|j) ∝
⎧⎨⎩ −

Ii(l)
θ2
ijl
− Ii(ri)

θ2
ijri

when l = m

− Ii(ri)
θ2
ijri

otherwise

Now letting | ( . . . ) | denote the determinant of a matrix I(θ) =∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−EΘ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ii(1)
θ2ij 1

+
Ii(ri)
θ2ijri

Ii(ri)
θ2ijri

. . .
Ii(ri)
θ2ijri

Ii(ri)
θ2ijri

. . .
...

...
Ii(ri)
θ2ijri

. . .
Ii(ri − 1)
θ2ij(ri−1)

+
Ii(ri)
θ2ijri

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Since

−EΘ

[
Ii(l)
θ2ijl

]
= −

ri∑
l=1

P (ξi = l|Πi = j)
−Ii(l)
θ2ijl

=
P (ξi = l|Πi = j)

θ2ijl
=

1
θijl

,

I(θ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
θij 1

+
1
θijri

1
θijri

. . .
1
θijri

1
θijri

. . .
...

...
1
θ2ijri

. . .
1

θij(ri−1)
+

1
θijri

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (42)
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We evaluate equation (42) using lemma 9.2 (equation (66)), which gives

=
ri∏

l=1

θ−1
ijl .

Jeffreys’ prior for P (ξi = l|Πi = j) is

|I(Θi|j)| 12∫ |I(θi|j)| 12 dθ
=

∏ri

fi=1 θ
− 1

2
ijl∫ ∏ri

fi=1 θ
− 1

2
ijl dθ

.

The integral in the denominator is a Dirichlet integral, yielding that the
whole prior becomes Dirichlet, i.e

gξi|Πi
(θi|j) is Dirichlet

(
1
2

)
.

Hence we get the result as claimed

gΘ(θ) =
d∏

i=1

qi∏
j=1

gξi|Πi
(θi|j) ∝

d∏
i=1

qi∏
j=1

ri∏
l=1

θ
− 1

2
ijl .

�
Now we return to the problem of calculating SC for a Bayesian Network

(equation (29)).

Theorem 2.9 [18]Let B = (G,Θ) be a Bayesian Network with distribution
Pξ(x|G, θ) according to Assumption 2.1 (equation (38)). If

Θ ∈ Dirichlet(α) then

Pξ(n)(x(n)|G) =
d∏

i=1

qi∏
j=1

Γ(
∑ri

l=1 αijl)
Γ(nijl +

∑ri

l=1 αijl)

ri∏
l=1

Γ(nijl + αijl)
Γ(αijl)

. (43)

�
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3 SC for unsupervised classification of binary

vectors

From this point on ξ is considered to be a binary s.v. unless stated other-
wise. Classification of a set of binary vectors x(n) = (xl)n

l=1 will be the par-
titioning of x(n) into k disjoint nonempty classes c(n)

j ⊆ x(n), j = 1, . . . , k.
The number of classes, k, is not given in advance but is also learned from
data. We use the notation c(n) := (c(n)

j )k
j=1 to denote the whole classifica-

tion and C(n) to denote the space of all possible classifications. Samples
in x(n) will be independent given the BN, but not necessarily identically
distributed unless they are in the same class. We start with subsection 3.1,
which derives the complete SC for both classes and the samples given the
class models. The derivations are similar to the ones performed on class
conditional models in subsection 2.1. Then in subsection 3.2 we will dis-
cuss the computational complexity of finding the SC optimal model for a
Bayesian Network.

3.1 SC for a given number of classes, k

In this subsection we will explain how SC is calculated for a given classifi-
cation of size k. Letting cl be the class of sample l the prevalence of class
index j is

λj = Pς(cl).

We try to find the most probable classification in the sense

arg max
c(n)∈C(n),G∈G(k),k∈{2,...,kmax}

Pξ(n),ςn

(
x(n), c(n)|G, k

)
, (44)

where G is the set of all possible DAG’s with d vertices and G(k) = ⊗k
i=1Gi.

kmax is a parameter that describes the maximum number of classifications
we can look through in practice. Equation (44) is to be maximized through
minimizing

− logPξ(n),ςn

(
x(n), c(n)|G, k

)
. (45)

Using Jeffreys’ prior is as good as minimizing equation (45) in the sense of
section 2, summarized in theorem 2.3 (equation (33)), theorem 2.4 (equa-
tion (34)) and theorem 2.5 (equation (35)). We separate c(n) from the rest
of the model parameters θ etc.

SC(x(n)|k) ∝ − logPξ(n),ςn(x(n), c(n)|G, k)

= − logPςn(c(n)|k)− logPξ(n)|ςn(x(n)|G, c(n), k) (46)

With some assumptions we get the prior on c(n) is Dirichlet (see theorem
10.2). We expand the first part using properties of the Dirichlet integral

February 13, 2006 (13:19)



39

and using nj as the number of vectors in class j.

− logPςn(c(n)|k) = − log
∫

Λ

2∏
j=1

λ
nj

j ψ(λ)dλ

= − log
Γ(
∑2

j=1 αj)∏2
j=1 Γ(αj)

∫
Λ

2∏
j=1

λnj+αj−1dλ

Then inserting Jeffreys’ prior (αj = 1
2 for all j)

= log
Γ
(∑2

j=1 nj +
∑2

j=1 αj

)
Γ
(∑2

j=1 αj

) 2∏
j=1

Γ (αj)
Γ (nj + αj)

= log Γ

⎛⎝ 2∑
j=1

nj +
1
2

⎞⎠ 2∏
j=1

Γ
(

1
2

)
Γ
(
nj + 1

2

) . (47)

− logPξ(n)|ςn(ξ(n)|G, c(n), k) will be expanded first by class and sample
number. |Πi| is the number of parents for ξi.

Theorem 3.1

− logPξ(n)|ςn(x(n)|G, c(n), k) =
k∑

c=1

d∑
i=1

2| Q

i |∑
j=1

lg
Γ(nij 0c + nij 1c + 1)π

Γ(nij 0c + 1
2 )Γ(nij 1c + 1

2 )

(48)

Proof − logPξ(n)|ςn(x(n)|G, c(n), k)

= − log
∫
Θ

Pξ(n)|ςn,Θ(x(n)|G, c(n),θ)gΘ(θ)dθ

= − log
∫
Θ

⎡⎣ k∏
j=1

n∏
l=1

Pξ|Θ(xl|Gj ,θj)Ij(cl)

⎤⎦ gΘ(θ)dθ.

As in theorem 2.9 (equation (43)) the class conditional dependencies are as
in Assumption 2.1 (equation (38)). If xi ∈ {0, 1} instead of xi ∈ {1, 2} as
in this work, we could write Pξi (xi|Πi = j) = θxi

ij 1(1 − θij 1)1−xi .
Let nijlc be the number of samples in class c where ξi = l and Πi = j.

Similarly θijlc is P (ξi = l|Πi = j,x ∈ cnc ), qi,c is the cardinality of the
parent set of ξi in class c.

= − log
∫
Θ

⎡⎣ k∏
c=1

d∏
i=1

qi,c∏
j=1

2∏
l=1

θ
nijlc

ijlc

⎤⎦ gΘ(θ)dθ.
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We assume local parameter independence, use Jeffreys’ prior (theorem 2.8,
equation (41))

= − log
∫
Θ

k∏
c=1

d∏
i=1

qi,c∏
j=1

2∏
l=1

θ
nijlc+ 1

2−1

ijlc

Γ(1
2 )

dθ.

Then we simplify, since in this section every ξi is binary and obtain

= − log
∫
Θ

k∏
c=1

d∏
i=1

2|Πi|∏
j=1

1
π

2∏
l=1

θ
nijlc+ 1

2−1

ijlc dθ.

As in theorem 2.9 (equation (43)) all θijlc are independent of all θijlc not
having the same i, j or c.

= − log
k∏

c=1

d∏
i=1

2|Πi|∏
j=1

1
π

∫
Θ

2∏
l=1

θ
nijlc+ 1

2−1

ijlc dθ.

We note that all integrals are Dirichlet integrals (theorem 9.1, equation
(62)).

= − log
k∏

c=1

d∏
i=1

2|Πi|∏
j=1

∏2
l=1 Γ(nijlc + 1

2 )
Γ(nij 0c + nij 1c + 1)π

=
k∑

c=1

d∑
i=1

2|Πi|∑
j=1

log
Γ(nij 0c + nij 1c + 1)π

Γ(nij 0c + 1
2 )Γ(nij 1c + 1

2 )

�

Thus combining equation (47) and theorem 3.1 (equation (48)) using
equation (46) we have a way to calculate − logPξ(n)|ςn(x(n), c(n)|G).

Corollary 3.1

− logPξ(n),ςn(x(n), c(n)|G) = − logPςn(c(n))− logPξ(n)|ςn(x(n)|G, c(n))

= log Γ

⎛⎝ 2∑
j=1

nj +
1
2

⎞⎠ 2∏
j=1

Γ
(

1
2

)
Γ
(
nj + 1

2

)
+

k∑
c=1

d∑
i=1

2| Q

i |∑
j=1

log
Γ(nij 0c + nij 1c + 1)π

Γ(nij 0c + 1
2 )Γ(nij 1c + 1

2 )
(49)

�
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3.2 Finding the structure dependent SC part

We now turn our attention to the problem of minimizing equation (48)
(Theorem 3.1), which is an optimization problem. We cannot optimize
by exhaustive search since even for small d there are many DAG’s with d
variables. The exact number is given by [61] as a recursion (here ad is the
number of DAG’s with d variables).

ad =
d∑

i=1

(−1)i+1

(
d
i

)
2i(d−i)ad−i

This is a function that grows fast as exemplified in Table 2.

d 0 1 2 3 4 5 6 7 8
ad 1 1 3 25 543 29281 381503 1.1388E9 7.8370E11

Table 2: nr of DAG’s with d variables

In subsection 3.2.1 we present a way to simplify the optimization prob-
lem.

3.2.1 Optimization by mutual information approximation

To relate SC to something that can be optimized with reasonable efficiency
we use another theorem. Before presenting that we define the mutual in-
formation used in the theorem.

Definition 3.1 The mutual information I(ξi, ξj), between two s.v’s ξi and
ξj are

I(ξi, ξj) =
∑
xi,xj

Pξi,ξj (xi, xj) log
Pξi,ξj (xi, xj)
Pξi(xi)Pξj (xj)

(50)

�

We note the notational difference between the mutual information
I(ξi, ξj) and the indicator function Ii(x) (definition 2.9).

Theorem 3.2 [36] For binary data using Jeffreys’ prior

− logPξ(n)(x(n)|G) = −
d∑

i=1

[
n · I(ξi, ξΠi)−

1
2

[log (nj1) + log (nj0)]
]

+ ε

(51)
ε does not depend on the structure and is bounded for finite n. ε can be
expressed as

ε = log
n!

Γ
(∑n

l=1 I0(x1,l) + 1
2

)
Γ
(∑n

l=1 I1(x1,l) + 1
2

)
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+n
d∑

i=2

h

(∑n
l=1 I1(xi,l)

n

)
+ C.

Where C is bounded in n and h(a) := −a · log(a)− (1− a) log(1− a). �

How we actually use theorem 3.2 to optimize efficiently will be explained
in section 4.
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4 ChowLiu dependency trees

When we approximate Pξ(x) by a Bayesian Network we need to choose
the network architecture. One way of finding an approximation of Pξ(x)
fast is to restrict the number of parents for each s.v. to a maximum of
one. This is not completely unmotivated, since if we restrict the number
of parents to be � 2 the problem of finding the highest scoring network is
NP-hard [14] in a setting that can be viewed as an approximation of the
calculation of the Pξ(x) we use here. There exists heuristics for finding
Bayesian Networks using various other restrictions also, for example [70].
To describe the resulting structure when we restrict the number of parents
to be one we need some additional notations to those in section 1.7.

A graph G is a tree if (and only if) replacing all directed edges with
undirected in G does not introduce any cycles (definition 9.3) and there is
an undirected path between all vertices in the graph (definition 9.2).

We call the graph a forest if (and only if) replacing all directed
edges with undirected does not introduce any cycles, but there is not an
undirected path between all vertices in the graph.

To restrict the number of parents for each variable to a maximum of one
in conjunction with optimizing for maximal mutual information was first
done in [15]. [15] reduced the problem to an undirected minimum spanning
tree problem (MST), thereby requiring that Score(xi|xj) = Score(xj |xi).
This property does not hold for the score in theorem 3.2 (equation (51)), but
we can use mutual information in [15] as an approximation of equation (51)
and then use MST. How such an approximation will be done is discussed
in subsection 4.2.

4.1 MST

The Minimum Spanning Tree (MST) problem is as follows:

Problem 1 G = (V, E) where V is finite, a weight function w : E → �. Find

G = (V, F ) , F ⊂ E so that F is a tree and
P

l∈F w(l) is minimal.

There are many ways to solve problem 1 so we turn to the procedure
of which turns out to be best in this context. The earliest known algorithm
for solving problem 1 was given by [7]. However, a provable time optimal
algorithm remains to be found. One needs to check every edge to see if it
should be present in the MST, so an algorithm solving the problem must
take at least linear, Ω(|E|) time (definition 9.9). A history of the problem
as well as an English translation of [7] can be found in [56].

One can note that the fastest deterministic algorithm [12] for sparse
graphs is very near optimal with execution time that can be described as

O(|E| · α(|V |, |E|) · log (α(|V |, |E|))) (definition 9.8). α is a very slow
growing function (see definition 9.7, equation (65)).

When restricting the attention to complete directed graphs, which is
the problem at hand, (where E contains (d − 1)2 elements, d = |V |), the
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problem can be solved linearly (O(|E|)) using [7] as well as [12] but in this
case [7] has a lower actual running time.

We will solve MST on a complete graph with a version of Prim’s al-
gorithm, since it is easier to create an implementation of this with efficient
memory access than the algorithm in [7]. Prim’s algorithm seems to have
been first presented in [45].

Algorithm 1 DynamicMst(E, size)
1: FindMin(E, cache)
2: for ndone = 1 to d− 1 do
3: min edge’s weight ←∞
4: for i = 1; i < d− ndone; i = i+ 1 do
5: cache[i+ndone]= edge with min weight of

(ndone,i+ndone),cache[i+ndone]
6: min edge = edge with min weight of cache[i+ndone],min edge
7: end for
8: F ← F ∪min edge
9: SwitchVertex(ndone+1,min edge’s vertex)

10: end for
11: return F

FindMin is a special case of lines 2-10 for the first vertex (when the
cache is empty). SwitchVertex switches places between [the vertex in min
edge not previously in F] and [the next vertex to be considered in the outer
for loop (line 2) next iteration].

Example 4.1 Here each matrix represents one ’step’, i.e line 2 or 2-10.
Cellij in the matrix is the weight i↔ j. With visited cells marked gray and
the light edge as bold in the cache.

31 95 61
0 50

38

cache: 31 95 61

84 95 61
0 50

38

cache: 31 0 50

84 95 61
186 50

38

cache: 31 0 38
In the first step all edges to and from vertex 0 is checked. Those with

the smallest weight to each remaining vertex are stored in the cache and
the smallest (31) is added to F. In step 2 and 3 the cache is updated with
new lower weights from and to vertex {1, 2}. The smallest in the remaining
cache is added to F. �

4.1.1 Running time

FindMin needs to check all outgoing and in-going edges to vertex 0, taking
O(2(d − 1)) = O(d) time. SwitchVertex needs only to switch the edges
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from one vertex to vertexes not already in F, taking O(2*(d-(ndone+1)-
1))=O(d − ndone) time. Inside the inner loop (line 5-6) everything takes
constant time, so the inner loop takes O(d − ndone) time. Hence one
execution of the outer loop takes O(d− ndone) time. Finally for lines 2-10∑d−1

ndone=1O(d − ndone) = O(d2) time. In combination with the fact that
the problem must take Ω(d2) algorithm takes Θ(d2) (definition 9.10) time.

4.1.2 Tests

The algorithm has been tested using 20000 randomly generated complete
graphs against boost’s C++ implementation of MST [64]. All random
numbers were from the discrete uniform distribution (for # vertices [2,50],
edge weights [0,RAND MAX]). When we tested the completion time for
the test program 95.92 % was spent in boost’s MST versus 0.23 % was
spent in DynamicMst.

Two practical tests have also been performed to reduce chance that
DynamicMst is implemented wrong. Both the Enterobacteriace 47bit data
with up to 100 classes and the Vibrionaceae 994bit data with up to 5 classes
have yielded the same result for the boost and dynamic version of MST.

4.2 First order approximation algorithm

In [15] an algorithm is presented for constructing a first order approximat-
ing tree. [36] extended the algorithm in [15] to include the possibility for
searching for an optimal forest rather than an optimal tree. Here is an
extension of [36], an algorithm that is guaranteed to find a first order ap-
proximation with no higher stochastic complexity than the Naive Bayesian
model (definition 1.4, equation (3)).

Algorithm 2 SCApprox(G)
1: set G’s weight such that w(vi, vj) = −H(ξi, ξj)
2: ei ←DynamicMst(G)
3: result← root← argmini∈[1,...,d]SC(ξi)
4: set the direction of all the edges in ei outwards from the root
5: for i = 1 to d− 1 do
6: (ξi, ξj)← ei

7: if SC(ξi|ξj) > SC(ξi) then
8: result← result ∪ vi

9: else
10: result← result ∪ ei

11: end if
12: end for
13: return result

It is important that the result from the approximation is checked
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against the actual SC calculated under the locally independent parame-
ter assumption. The difference in SC is illustrated in example 8.1.

4.2.1 Running time

At line 1 d2 weights have to be calculated. Line 2 takes O(d2) time by
subsection 4.1.1. At line 3 d possible roots have to be checked.

Line 4 is implemented as follows. Put all edges in a search friendly
structure (taking O(d · log(d))) time. Start with the root and recursively
change all edge directions (taking O(d · log(d))) time.

Lines 5-12 take O(d) time since it is a for loop where each iteration
takes constant time. All times in the algorithm add up so the total time
is O(d2), with line 2 or 3 taking most time depending on factors not
analyzable with O notation.

4.3 Maximum probability

To be able to compare the forest structures developed in section 4 and
subsection 4.2 with other models (such as the Naive Bayes in definition
1.4) we need to complete the theory in subsection 1.7 with a technique of
finding the state with maximal probability in a forest distribution of the
type produced in subsection 4.2.

A binary d-dimensional vector x can have 2d different states, and it
is not realistic to find the maximum probability by inspecting 2d differ-
ent values. We use this subsection to explain how to find the state with
maximum probability in an efficient manner.

SCApprox produces a forest, where we denote the number of trees in
the forest as t. Let Ti be the i’th tree. Let Vi be the set of s.v’s that are
in the i’th tree. Let vi denote the subset of a sample x that is included in
the i’th tree, with Vi as the set all possible values of vi.

For the purpose of finding the point with maximal probability the
distributive law will be useful.

Proposition 4.1 The distributive law for arg max

argmax
Z

f(X,Y )g(Y, Z) = f(X,Y ) arg max
Z

g(Y, Z) (52)

�

Theorem 4.1 When G is a forest

arg max
x∈X

Pξ(x|G) =
{

arg max
v1∈V1

PV1(v1|G)
}⋃

. . .
⋃{

arg max
vt∈Vt

PVt(vt|G)
}

(53)
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Proof This follows since Pξ(x|G) = PV1(v1|G) · . . . ·PVt(vt|G) and by the
distributive law (Proposition 4.1, equation (52)) �

So if we can compute argmaxvi∈Vi PVi(vi|G) effectively we can also
compute arg maxx∈X Pξ(x|G) effectively. A root of a tree is a designated
vertex that has no parents. Since the trees produced by SCApprox only
have one parent there is only one possible choice as root for each tree in
the forest. Finally we can use the distributive law to help us with effective
computing of argmaxvi∈Vi PVi(vi|G).

Theorem 4.2 Let G = (V,E) be a tree with root vu where each vertex that
is not root has exactly one parent. Then

arg max
v∈V

PV (v|G) = arg max
vu∈Vu

⎡⎣PR(r) arg max
v\{vu}

⎡⎣ ∏
i∈V \{u}

Pξi(xi|Πi)

⎤⎦⎤⎦ .
(54)

Proof By expressing PV (v)’s factorization according to the graphG (using
theorem 4.1, equation (53))

arg max
v∈V

PV (v|G) = arg max
vi∈Vi

∏
i∈V

Pξi(xi|Πi)

= arg max
vi∈Vi

PR(r)
∏

i∈V \{u}
Pξi(xi|Πi).

Then using the distributive law (equation (52))

= arg max
vu∈Vu

⎡⎣PR(r) arg max
v\{vu}

⎡⎣ ∏
i∈V \{u}

Pξi(xi|Πi)

⎤⎦⎤⎦ .
�

Theorem 4.1 and 4.2 (equation (53) and (54)) can be used to construct
a recursive algorithm for finding the x with maximal probability recursively.
Here ch(ξi) denotes the children of ξi, i.e. all the s.v’s ξj such that ξi ∈ Πj .
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Algorithm 3 FindMax(ξi)
1: for theCh = 1 to |ch(ξi)| do
2: (values[theCh], labels[theCh])← FindMax(ξtheCh)
3: end for
4: for j = 1 to max

(∏
g∈Πi

rg, 1
)

do

5: max[j]← 0
6: for l = 1 to ri do
7: if Pξi|Πi

(l|j)∏|ch(ξi)|
theCh=1 values[theCh][l] ≥ max[j] then

8: max[j]← Pξi|Πi
(l|j)∏|ch(ξi)|

theCh=1 values[theCh][l]

9: newlabels[j] =
[⋃|ch(ξi)|

theCh=1 labels[theCh][l]
]⋃

(i, l)
10: end if
11: end for
12: end for
13: return (max, newlabels)

5 Algorithms for SC

5.1 Optimizing the unsupervised classification SC

In section 3 we established how to calculate SC for a specific classifica-
tion c(n). This was followed by section 4 dealing with how to minimize
− logP(x(n)|c(n),G, k). Now we continue with how to actually reduce SC
for the whole classification.

No optimal algorithm for unsupervised classification is known to us,
thus we will try a greedy algorithm. In other words we will calculate the
difference in SC when moving a vector from one class to another and stop
when no movement gives us a reduction in SC. This will in general only
give us a local optimum, but it will be reasonably efficient to implement.

Since the algorithm will only evaluate the difference when moving an
element from one class to another we will have to evaluate an expression
for the effect of inserting the element into a class. Then we can model a
move from class c(n)

i to class c(n)
j as an inverted insertion from class c(n)

i

and an insertion to class c(n)
j . π(i, n + 1) is the value of the parents of

sample xi,n+1.

InsertDiff(xl, cj) = SC(c(n))− SC(c(n) with xn+1 in cj) = (55)

We calculate SC(c(n)) ∝ − logPξ(n),ςn(x(n), c(n)|G, k)

= − logPςn(c(n)|k)− logPξ(n)|ςn(x(n)|c(n),G, k)

using corollary 3.1 (equation (49)). We start calculating− logPξ(n)|ςn(x(n)|c(n),G, k)
in equation (55), which is

− logPξ(n)|ςn(x(n)|c(n),G, k)+ logPξ(n)|ςn(x(n+1)|c(n) withxn+1 in cj ,G, k).
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This can be expressed explicitly through theorem 3.1, equation (48) (note
that only one term in the outer sum is actually changed)

=
d∑

i=1

2|Πi|∑
f=1

[
log

πΓ(nif 0cj + nif 1cj + 1)
Γ(nif 0cj + 1

2 )Γ(nif 1cj + 1
2 )
− log (

πΓ(nif 0cj + nif 1cj + If (π(i, n+ 1)) + 1)
Γ(nif 0cj + I0(xi,l)If (π(i, n+ 1)) + 1

2 )Γ(nif 1cj + I1(xi,l)If (π(i, n+ 1)) + 1
2 )

)]
Here niπ(i,n+1)l equals nijlcj

with j = π(i, n + 1) (the value of the parents
of sample xi,n+1).

=
d∑

i=1

log
gj(x, i)

niπ(i,n+1)0 + niπ(i,n+1)0 + 1
,where

gj(x, i) :=
{
niπ(i,n+1)0 + 1

2 if xi,n+1 = 0.
niπ(i,n+1)1 + 1

2 otherwise.

To this one must add the change in SC for − logPςn(c(n)|k) also. If xn+1

is in class j

log

∏2
j=1 Γ (αj)

Γ
(∑2

j=1 αj

) · Γ
(∑2

j=1 nj +
∑2

j=1 αj

)
∏2

j=1 Γ (nj + αj)
−

log

∏2
j=1 Γ (αj)

Γ
(∑2

j=1 αj

) · Γ
(∑2

j=1 nj + 1 +
∑2

j=1 αj

)
∏2

j=1 Γ
(
nj + Inj (xl) + αj

) =

log
Γ
(∑2

j=1 nj +
∑2

j=1 αj

)
Γ (nj + 1 + αj)

Γ
(∑2

j=1 nj + 1 +
∑2

j=1 αj

)
Γ (nj + αj)

= log

(
nj + αj∑2

j=1 nj +
∑2

j=1 αj

)
.

Minimizing the increase in SC when adding element xl will be equivalent
to maximizing the negative increase.

arg max
j

d∑
i=1

log
gj(x, i, f)

niπ(i,n+1)0 + niπ(i,n+1)0 + 1
+ log

(
nj + αj∑2

j=1 nj +
∑2

j=1 αj

)
.

5.2 Algorithm

Since this algorithm will search through a number of different unsupervised
classifications we use c(n)(w) to denote the classification at step w of the
algorithm.
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Algorithm 4 FindCluster(kmin, kmax)
1: for k = kmin to kmax do
2: set w = 0 and store a random clustering cn(w) of size k
3: while cn(w) �= cn(w − 1) do
4: modify pairwise SC where necessary to apply changes between

cn(w) and cn(w − 1) in parallel (see Section 4.2)
5: find class conditional structures G(w) using SCApprox(Gj) for all

j (see Section 4.2)
6: for l = 1 to n do
7: given c(n)(w) and G(w) determine c(n)(w + 1) by first removing

xl from its cluster and then reinserting it where it increases SC
the least

8: end for
9: end while

10: if
(
w = 0‖ − lg(Pς(n),ξ(n)(c(n)(w + 1),x(n))) < SC[c(n)(w)]

)
then

11: Cmax ← c(n)(w + 1)
12: end if
13: end for
14: return Cmax

5.2.1 Running time

Line 2 takes O(n) time to assign each vector to a random class, and O(d2 ·
n) time to initialize all k classes d2 sufficient statistic nij and calculate
additions to nij by vectors.

At line 4 we try to save all sufficient statistics, so only the change due to
vectors moving between classes need to be recalculated. Totaling O(n1 ·d2)
where n1 is the number of vectors changing class in line 6 (n1 = n in the
first iteration). Line 5 need to run k SCApprox(Gj) taking O(k · d2) time
since SCApprox(Gj) takes O(d2) time (subsection 4.2.1). Line 6 evaluates
all n vectors against k classes, each evaluation checking d variables totaling
O(n ·k ·d). If the iteration stops at w = g the total time is O(g ·n ·d(d+k)),
with the most time spent in 6 or 3 depending on data/constant terms.

The loop 3-6 will stop in finite time given that the value of SC is stored
in finite precision, and the value of SC must decrease at each run of line 6
or the algorithm will stop the while loop at line 3-7.

5.2.2 Memory consumption

The most memory consuming part is the sufficient statistics nijl for each
class (this makes line 6 run faster). There are d2 possible ways to create
a pair between 2 variables (including to (i,i), the empty pair). Each pair
has 22 possible combinations, which alone takes d2 · k · 22 · sizeof(integer)
bytes. On a 32bit computer, such as the nodes at NSC sizeof(integer)=4.
This means that 994 bit Vibrionaceae data will consume at least 15Mb of
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memory/class. For searching 1-200 possible classes that means ∼ 3Gb of
memory.

5.2.3 Optimization

Optimization is performed with respect to the 994bit Vibrionaceae data
set described in subsection 7.3. The Vibrionaceae data would have taken
unreasonable amount of time to execute. Unreasonable meaning the first
time it was tried it took more than a month to test with 1-40 classes.
The unsupervised classification program has been compiled with profiling
support, which reports the actual amount of time spent in each function.
Then we have measured the time it took to cluster the Vibrionaceae 994bit
data by FindCluster (with up to 20 classes). First the boost implementation
of the MST algorithm accounted for 57.8 % of the time. When it got
replaced by DynamicMst it went down to 6.3 % .

5.2.4 Parallel algorithm

Here we explain how FindCluster is parallelized. The things that cannot be
easily parallelized are placed in one program (called the manager process).
It runs line 1-3 and 6-10 of FindCluster. The rest of the processes are
running line 4-5, dividing the number of classes between them. While the
computation processes are running 4-5 the manager is waiting. The loss
of a single process to 4-5 is not critical by any measure. But keeping
the manager as simple as possible reduces implementation time significant.
Here is a graphical representation of the execution
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Figure 8: Program execution

An actual execution of the program can be pictured as this
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Figure 9: Time measurements

There were three computation processes (1-3) and one manager pro-
cess (0) finding the best classification starting with the 507 vectors 994bit
Vibrionaceae data uniformly randomized over 128 classes.

The green part is the FindCluster algorithm running, while the red
code is the processes waiting for each other. The waiting in this example is
mainly because process 0 is waiting for 1-3 and 1-3 are waiting for 0. But
that is not always the case. In a more realistic execution, i.e. a 994bit, 513
sample 1-200 class search load balancing may be an issue also. This means
that it is not possible to divide the structure calculation evenly over the
processors. The execution of such a search is pictured below.
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Figure 10: Time measurements
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Figure 11: Time measurements
The current execution time is < 9h if one has 20 processors of the type

used for this execution (that is 2.4Ghz Intel Xeon processors with 2Gb of
memory). The program can also be made to run faster if one increases
the number of processors. If one should only have one 2.4Ghz Intel Xeon
processors with > 3Gb of memory the execution would take at least 5 days.
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6 Evaluating classifications

In this section evaluate will mean evaluate in respect to another classifica-
tion. This can be done in several ways.

6.1 Probability of correct classification

There has been quite extensive research in the probability of correct clas-
sification for Bayes classifier when xi ∈ � and c ∈ {1, 2}, although it is
more common to focus on the equivalent problem of minimizing the proba-
bility of misclassification. Here well known upper bounds include Chernoff
[13] and Bhattacharyya [3] bounds. But there are also bounds based on
generalized entropy [2] as well as sharper bounds [1]. Unfortunately these
bounds do not address the problem with multiclass discrete data.

In the multiclass case we try to maximize the probability of correct
classification for a classifier (P (ĉ(ξ) = ς)). The probability of correct clas-
sification can be calculated if we know the generating distribution. By
equation (10) P (ĉB(ξ) = ς)− P (ĉ(ξ) = ς)

=
∑
D

(P (ĉB(ξ) = ς|ξ = x)− P (ĉ(ξ) = ς|ξ = x))P (ξ = x),

which can be calculated directly, if we know both P (ĉB(ξ) = ς|ξ = x) and
P (ξ = x). But since x ∈ ∏d

i=1{1, . . . , ri} and
∏d

i=1 |{1, . . . , ri}| =
∏d

i=1 ri
it may be time consuming to calculate P (ĉB(ξ) = ς)− P (ĉ(ξ) = ς).

When no obvious way to solve this problem is at hand, we can resort
to Monte Carlo methods. In other words we generate n samples (x, c)n

l=1

and calculate∑n
l=1 Itrue(ĉB(ξl) = ς)

n
−
∑n

l=1 Itrue(ĉ(ξl) = ς)
n

. (56)

Then the s.v. Itrue(ĉB(ξ) = ς) and Itrue(ĉ(ξ) = ς) have expected values
E [Itrue(ĉB(ξ) = ς)] = P (ĉB(ξ) = ς) as well as

E [Itrue(ĉ(ξ) = ς)] = P (ĉ(ξ) = ς). We want to bound the probability
that our estimation (equation (56)) differs from P (ĉB(ξ) = ς)−P (ĉ(ξ) = ς)
by some ε > 0.

P

(∣∣∣∣[∑n
l=1 Itrue(ĉB(ξl) = ςl)

n
−
∑n

l=1 Itrue(ĉ(ξl) = ςl)
n

]
−

[P (ĉB(ξ) = ς)− P (ĉ(ξ) = ς)]| � ε) (57)

This we can do by Hoeffding’s inequality.

Theorem 6.1 [43] Hoeffding’s inequality
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Let ξ(1), . . . , ξ(n) be n independent s.v. such that ξ(i) ∈ [ai, bi]. Let
Sn =

∑n
i=1 ξ(i). Then for ε > 0 we have

P (Sn − E [Sn] � ε) � e
−2ε2

Pn
i=1(bi−ai)

2

as well as

P (Sn − E [Sn] � −ε) � e
−2ε2

Pn
i=1(bi−ai)

2
.

Hence

P (|Sn − E [Sn] | > ε) � 2e
−2ε2

Pn
i=1(bi−ai)

2
. (58)

�

When we apply equation (58) to equation (57) we get

P

(∣∣∣∣[∑n
l=1 Itrue(ĉB(ξl) = ς)

n
−
∑n

l=1 Itrue(ĉ(ξl) = ςl)
n

]
−

[P (ĉB(ξ) = ς)− P (ĉ(ξ) = ς)]| � ε) � 2e−2nε2
. (59)

6.2 Unknown number of classes

In the case where the unsupervised classification algorithm searches the
exact number of classes the probability of correct classification will decrease
with the same amount whether we split a class in the middle or misclassify
half of its components.

One measure that has a direct probabilistic interpretation while not
penalizing class splits as hard as the number of misclassifications is Rand’s
index [57], described at least as early as 1970 in [54] as the probability of
disagreement and more extensively in [44].

Definition 6.1 Rand’s index

R(c(n), ćn) = P (c(n) and ćn agree on : ξi and ξj are in the same class)

=

∑n
l=1

∑l−1
g=1 γij(

n
2

) (60)

, where γij =⎧⎪⎨⎪⎩
1 For i, j such thatxl ∈ c(n)

j ,xl ∈ ćni wehavexg ∈ c(n)
j ,xg ∈ ćni

1 For i, j such thatxl ∈ c(n)
j ,xl ∈ ćni wehavexg �∈ c(n)

j ,xg �∈ ćni
0 otherwise

(61)

�
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Example 6.1 We have 4 samples classified into two classes with 2 sam-
ples/class by two idential classifiers. If one of the classes for one of the
classifier is split in two the empirical probability of correct classification
with respect to the other goes down from 1.0 to 0.75. The empirical rand
index on the other goes down from 1.0 to 5

6 .
On the other hand if we take one classifier and move one sample from

class 1 to class 2 we get a relative empirical probability of correct classifi-
cation reduction from 1.0 to 0.75, but the rand index goes down from 1.0
to 0.5. �
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7 Applications

7.1 47 bit Enterobacteriace data

The Enterobacteriace data describes 5313 bacteria’s from the family En-
terobacteriace where d = 47. Here FindCluster been tested against the
two other classifications. First against the golden standard biological clas-
sification in [30] and the classification made by Binclass [53], which is a
Naive Bayes classifier approach to minimizing SC based on the multivari-
ate Bernoulli distribution. When we set θi,c = Pξi|ς(1|c) and xi ∈ {0, 1}
the Naive Bayes assumption can be written as

Pξ|ς(x|c) =
d∏

i=1

θxi

i,c(1− θi,c)1−xi

SC
1 golden standard 74348.10
2 Baps 74070.89
3 FindCluster (20 trials/class size) 71347.22
4 Binclass (50 trials/class size) 71341.46
5 Binclass → FindCluster 70814.38
6 Ksvm [49] 88693.07

Table 3: SC values

Rand index (definition 6.1, equation (60) and (61))
1 2 3 4 5

1 1.0000 .89377 .90229 .89671 .89687
2 .89377 1.0000 .96504 .98546 .98529
3 .90229 .96504 1.0000 .96639 .96665
4 .89671 .98546 .96639 1.0000 .99674
5 .89687 .98529 .96665 .99674 1.0000
6 .80992

Table 4: Rand values

For FindCluster SCApprox finds structures that give better SC than
independence. We are not interested in find a clustering that has lower SC
because the internal structure gives better SC, but rather that the cluster-
ing in it self allows for reduced SC. Hence for both the golden standard and
Binclass classifications FindCluster has found structures in their respective
clustering’s while keeping the clustering’s fixed.

It is possible to reduce SC found by Binclass. That is by using the
approach in FindCluster and starting the unsupervised classification on the
Binclass result.
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By FindCluster and FindCluster (20 trials/class size) in Table 3 Find-
Cluster has been executed literally as described in subsection 5.2, by search-
ing 1-200 class sizes from 20 different random starting points.

Ksvm ([49]) has been trained using all data with labels as in the golden
standard. This has been done using the default kernel SVM method in the
Kernlab package. Then the labels for the same data have been predicted.
Since the result is not as good as for the other methods there is no reason
to further investigate SVM methods at this time.

We generate data from the model constructed by Binclass → Find-
Cluster to estimate P̂ (ĉB(ξ) = ς) ≈ 0.1796318 (obtained through Monte
Carlo sampling with 108 samples). Here ĉB(ξ) is Bayes classifier as in defi-
nition 1.2. When we generate data from the model constructed by Binclass
→ FindCluster, the Bayes classifier with the Naive Bayes assumption (def-
inition 1.4, equation (3)) leads to an estimated P̂ (ĉB̂(ξ) = ς) ≈ 0.1602884
(obtained through Monte Carlo sampling with 108 samples). For the Bin-
class → FindCluster model P̂ (ĉB(ξ) = ς)− P̂ (ĉB̂(ξ) = ς) ≈ 0.019343. We
use equation (59) to see that

P
(∣∣0.019343− (P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς)

)∣∣ � 0.001
)

� 3 · 10−87
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7.2 Graphs for FindCluster 30 trials/ class size

Figure 12: SC graph
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Figure 13: SC graph
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Figure 14: SC graph
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Figure 15: SC graph

7.3 994 bit Vibrionaceae data

SC
1 Binclass (50 trials/class size) 158365.4
2 Thompson’s classification in [68] 147960.1
3 FindCluster (5trials/class size) 121021.2
4 Ksvm
5 Binclass→FindCluster 157244.9

Table 5: SC values
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Rand index (definition 6.1, equation (60) and (61))
1 2 3 4 5

1 1.0000 .99128 .77212 .99993
2 .99128 1.0000 .78031 .96640 .99135
3 .77212 .78031 1.0000 .77760
4 .96640
5 .99993 .99135 .77760

Table 6: Rand values

The binarization of the data used by FindCluster, Binclass and Ksvm
were constructed as described in [24]. We generate data from the model
constructed by Binclass → FindCluster to estimate P̂ (ĉB(ξ) = ς) ≈ 1.0
(obtained through Monte Carlo sampling with 107 samples). Here ĉB(ξ) is
Bayes classifier as in definition 1.2. Then we generate data from the model
constructed by Binclass→ FindCluster, the Bayes classifier with the Naive
Bayes assumption (definition 1.4, equation (3)) leading to the estimation
P̂ (ĉB̂(ξ) = ς) ≈ 0.982633 (obtained through Monte Carlo sampling with
107 samples). For the Binclass → FindCluster model P̂ (ĉB(ξ) = ς) −
P̂ (ĉB̂(ξ) = ς) ≈ 0.01737. We use equation (59) to see that

P
(∣∣0.01737− (P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς)

)∣∣ � 0.001
)

� 5 · 10−9

Here are plots of the SC found when scanning 1-200 classes using Find-
Cluster.
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Figure 16: SC graph

In the figure above all the ending SC values are represented using a
box plot.

February 13, 2006 (13:19)



67

Figure 17: SC graph

7.4 10 bit Sinorhizobium Meliloti data

This data set consists of different Sinorhizobium Meliloti strains whose
DNA has been hybridized to cDNA microarrays, processed by Ilana Saarikko
into a 10 dimensional 5325 genes dataset.

We generate data from the model with lowest SC (FindCluster (10000
trial/class size 1-10 classes)) to estimate P̂ (ĉB(ξ) = ς) ≈ 0.9974958 (ob-
tained through Monte Carlo sampling with 109 samples). Here ĉB(ξ) is
Bayes classifier as in definition 1.2. Then we generate data from the model
with lowest SC, the Bayes classifier with the Naive Bayes assumption (def-
inition 1.4, equation (3)) leading to P (ĉB̂(ξ) = ς) ≈ 0.8943098 (obtained
through Monte Carlo sampling with 109 samples). For the model with low-
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Label Algorithm SC
1 Binclass (50 trial/class size) 21501.4
2 FindCluster (50 trial/class size 1-10 classes) 21469.0
3 FindCluster (100 trial/class size 1-50 classes) 21465.7
4 FindCluster (10000 trial/class size 1-10 classes) 21380.6
5 FindCluster (10000 trial/class size 1-10 classes) 21348.4
6 Binclass→FindCluster 21475.2

Table 7: SC values

Rand index
Label 2 3 4 5 6
1 0.4534784 0.74900 0.79157 0.71733 0.99898
2 0.54036 0.56156 0.66061 0.45378
3 0.72064 0.62777 0.74897
4 0.83103 0.79131
5 0.71739

Table 8: Rand values

est SC P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς) ≈ 0.103186. We use equation (59) to
see that

P
(∣∣0.10319− (P (ĉB(ξ) = ς)− P (ĉB̂(ξ) = ς)

)∣∣ � 0.0001
)

� 5 · 10−9

Here are plots of the SC found when scanning 1−10 classes using Bincluster
(10000 trial/class).
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Figure 18: SC graph
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Figure 19: SC graph
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8 Appendix A, examples

Example 8.1 Let the s.v’s ξ0, ξ1 ∈ {0, 1}. If SC were independence equiv-
alent for the model ξ0 → ξ1 then ξ1 → ξ0 would have the same SC. Dirichlet
assumption, Jeffreys’ prior and local parameter independence gives a prior
with parameters (αi|j = 1

2 ) by theorem 2.8 (equation (41)). Using theorem
9.1 (equation (62)) to calculate SC

SC(ξ0 → ξ1) ∝ log2

[
πΓ(n+ 1)

Γ(n100 + n101 + 1
2 )Γ(n110 + n111 + 1

2 )
·

πΓ(n100 + n101 + 1)
Γ(n100 + 1

2 )Γ(n101 + 1
2 )

πΓ(n110 + n111 + 1)
Γ(n110 + 1

2 )Γ(n111 + 1
2 )

]
where the three terms are SC for ξ0,ξ1|ξ0 = 0 and ξ1|ξ0 = 1.

SC(ξ1 → ξ0) = log2

[
πΓ(n+ 1)

Γ(n000 + n001 + 1
2 )Γ(n010 + n011 + 1

2 )
·

πΓ(n000 + n001 + 1)
Γ(n000 + 1

2 )Γ(n001 + 1
2 )

πΓ(n010 + n011 + 1)
Γ(n010 + 1

2 )Γ(n011 + 1
2 )

]
Now evaluating SC(ξ0 → ξ1) − SC(ξ1 → ξ0), writing them as one log
expression and eliminating common terms using n100 = n000, n101 = n010,
n110 = n001, n111 = n011.

log
[

Γ(n100 + n101 + 1)Γ(n110 + n111 + 1)
Γ(n100 + n101 + 1

2 )Γ(n110 + n111 + 1
2 )

·Γ(n000 + n001 + 1
2 )Γ(n010 + n011 + 1

2 )
Γ(n000 + n001 + 1)Γ(n010 + n011 + 1)

]
Given an sample

n000 = n100 = n101 = n010 = 2, n011 = n111 = n001 = n110 = 1

⇒ SC(ξ0 → ξ1)− SC(ξ1 → ξ0)=− 0.0704

�

Example 8.2 Let the s.v’s ξ0, ξ1 ∈ {0, 1}. If SC is independence equiv-
alent the model ξ0 → ξ1 and ξ1 → ξ0 would have the same SC. Jeffreys’
prior can be evaluated using theorem 2.7 (equation (39)). For ξ1 → ξ0

π(Θ) ∝
d∏

i=1

qi∏
j=1

θ
ri−1

2
Π(i,j)

ri∏
l=1

θ
− 1

2
ijl

= θ
2−1
2

10 θ
−1
2

000θ
−1
2

001θ
2−1
2

11 θ
−1
2

010θ
−1
2

011θ
−1
2

10 θ
−1
2

11 = θ
−1
2

000θ
−1
2

001θ
−1
2

010θ
−1
2

011
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Using theorem 9.1 (equation (62))to calculate SC

SC(ξ0 → ξ1) = log2

[
πΓ(n)

Γ(n00)Γ(n01)
πΓ(n100 + n101 + 1)

Γ(n100 + 1
2 )Γ(n101 + 1

2 )
·

πΓ(n110 + n111 + 1)
Γ(n110 + 1

2 )Γ(n111 + 1
2 )

]
where the three terms are SC for ξ0,ξ1|ξ0 = 0 and ξ1|ξ0 = 1.

SC(ξ1 → ξ0) = log2

[
πΓ(n)

Γ(n10)Γ(n11)
πΓ(n000 + n001 + 1)

Γ(n000 + 1
2 )Γ(n001 + 1

2 )
·

πΓ(n010 + n011 + 1)
Γ(n010 + 1

2 )Γ(n011 + 1
2 )

]
Now evaluating SC(ξ0 → ξ1) − SC(ξ1 → ξ0), writing them as one log
expression and eliminating common terms one gets

log
[
Γ(n10)Γ(n11)Γ(n100 + n101 + 1)Γ(n110 + n111 + 1)
Γ(n00)Γ(n01)Γ(n000 + n001 + 1)Γ(n010 + n011 + 1)

]
Given the same sample as in example 8.1

n000 = n100 = n010 = n101 = 2, n011 = n111 = n001 = n110 = 1

⇒ SC(ξ0 → ξ1)− SC(ξ1 → ξ0)=− 0.1699

�
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9 Appendix B, some standard notation

Definition 9.1 G := (V := {ξ1, . . . , ξd}, E). If (ξi, ξj) ∈ E but (ξj , ξi) �∈
E there is a directed edge from ξi to ξj, written as ξi → ξj. If (ξi, ξj) ∈ E
and (ξj , ξi) ∈ E there is an undirected edge between ξi and ξj, written as
ξi − ξj. �

Definition 9.2 If there exists a sequence ξa(1), . . . , ξa(n) such that ξa(f) ∈
V and (ξa(g), ξa(g+1)) ∈ E for all a(g) then there exists a directed path from
ξi to ξj in G = (V,E), (written ξi �→ ξj). �

Definition 9.3 A directed path whose start and end points are identical is
called a directed cycle. �

Definition 9.4 A directed acyclic graph (DAG) is a graph where every
edge is directed that does not contain any directed cycles. �

Definition 9.5 When ξi → ξj we label ξi a parent of ξj and similarly ξj
is called a child of ξi. �

Theorem 9.1 Dirichlet integral
If xi > 0 for all i = 1, . . . , n,

∑
xi = 1 , αi ∈ � and for all i, αi > 0∫

· · ·
∫
xα1−1

1 xα2−1
2 · · ·xαn−1

n dx =
∏n

i=1 Γ(αi)
Γ(
∑
αi)

(62)

Proof The simplest proof is perhaps Liouville’s [52] work (by induction)
�

Lemma 9.1 [10] Bernoulli’s inequality
For all δ � −1,n � 0

(1 + δ)n � 1 + nδ (63)

�

Definition 9.6 For any positive integers i,j Ackermanns function is

A(i, j) =

⎧⎨⎩
2j if i = 1, j � 1
A(i− 1, 2) if i � 2, j = 1
A(i− 1, A(i, j − 1)) if i, j � 2

(64)

�
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Definition 9.7 The so called inverse of Ackermann’s function is defined
as in [67]

α(m,n) = min {i � 1 : A(i, �m/n�) > lg n} (65)

�

This function is somewhat unfortunately named since it is not the
mathematical inverse of Ackermann’s function (definition 9.6).

Definition 9.8 O(g(n)) = {f(n) : there exists c, n0 > 0
such that 0 � f(n) � c · g(n) for alln � n0} �

Definition 9.9 Ω(g(n)) = {f(n) : there exists c, n0 > 0
such that 0 � c · g(n) � f(n) for alln � n0} �

Definition 9.10 Θ(g(n)) = {f(n) : there exists c1, c2, n0 > 0
such that 0 � c1 · g(n) � f(n) � c2 · g(n) for alln � n0} �

Lemma 9.2 If 1
a1

+ 1
a2

+ . . .+ 1
an

= 1 then∣∣∣∣∣∣∣∣∣∣

⎛⎜⎜⎜⎜⎝
a1 + an an . . . an

an a2 + an

...
...

. . . an

an · · · an an−1 + an

⎞⎟⎟⎟⎟⎠
∣∣∣∣∣∣∣∣∣∣
=

n∏
i=1

ai. (66)

Proof This particular proof is due to Pontus Andersson and Martin Ohls-
son. Subtracting the upper row from all the lower other rows we get∣∣∣∣∣∣∣∣∣∣

⎛⎜⎜⎜⎜⎝
a1 + an an . . . an

an a2 + an

...
...

. . . an

an · · · an an−1 + an

⎞⎟⎟⎟⎟⎠
∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣

⎛⎜⎜⎜⎜⎜⎝
a1 + an an . . . an

−a1 a2 0 . . . 0
... 0

. . .
...
0

−a1 0 . . . 0 an−1

⎞⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣
.

To get an upper triangular matrix we subtract
∑n−1

i=2
−an

a2
· i′ th row from

the first row and use a standard formula for upper triangular matrixes

=

∣∣∣∣∣∣∣∣∣∣∣

⎛⎜⎜⎜⎜⎜⎝
a1 + an + a1

a2
+ . . . a1

an−1
0 . . . 0

−a1 a2 0 . . . 0
... 0

. . .
...
0

−a1 0 . . . 0 an−1

⎞⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣
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=
(
a1 + an +

a1 · an

a2
+ . . .+

a1 · an

an−1

) n−1∏
i=2

ai.

We end by factoring out a1 · an from the left (...)

=
(

1
a1

+ . . .+
1
an

) n∏
i=1

ai.

�

Definition 9.11 [63] Fisher information regularity conditions
Let f(x|θ) be the density of X w.r.t to measure v.

1. there exists B, v(B) = 0 such that for all θ,i and for allx �∈ B ∂f(x|θ)
∂θi

exists.

2.
∫
f(x|θ)dv(x) can be differentiated under the integral sign

3. The set C = {x : f(x|θ) > 0} is the same for all θ

�

Definition 9.12 [19] A language L1 ⊆ {0, 1}∗ is NP-complete if

1. L1 ∈ NP

2. L2 �P L1 for every L2 ∈ NP .

�

Definition 9.13 [19] A language L1 ⊆ {0, 1}∗ is NP-Hard if L2 �P L1

for every L2 ∈ NP . �

Definition 9.14 [19] If L1, L2 ⊆ {0, 1}∗ are languages such that L1 �P

L2, then L2 ∈ P implies L1 ∈ P. �

Definition 9.15 [19] L ∈ NP if and only if there exists a two-input polynomial-
time algorithm A and constant c such that L =

{x ∈ {0, 1}∗| there existsa certificate ywith |y| = O(|x|c) such thatA(x, y) = 1}
�

Definition 9.16 [19] P =
{L ⊆ {0, 1}∗| there exists an algorithmA that decidesL in polynomial time}.

�
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10 Appendix C, Dirichlet distribution

In section 2 we used a measure of model goodness named stochastic com-
plexity (SC). From this we need to calculate SC(x(n)) = − lg

⌈
Pξ(n)(x(n))

⌉
.

Thus it is useful to know Pξ(n)(x(n))’s distribution. In this section we
motivate the choice of Dirichlet distribution.

Definition 10.1 {ξ1, . . . ξn} is finitely exchangeable iff every permuta-
tion of (ξ1, . . . , ξn) has the same joint distribution. A countable set of s.v’s
{ξ1, . . .} is infinite exchangeable iff every finite subset is finitely exchange-
able. �

Given exchangeability we can specify that some of our prior distri-
butions should be Dirichlet. Here θi is the i’th component of the vector
θ.

Definition 10.2 [69]Dirichlet distribution
Let S = {{θi} : θi � 0,

∑r
1 θi = 1} , αi ∈ � and for all i αi > 0, then

Γ(
∑r

i=1 αi)∏r
i=1 Γ(αi)

θα1−1
1 θα2−1

2 · · · θαn−1
n

such that θ ∈ S is a proper density function, and θ have a Dirichlet distri-
bution. �

Now we continue to explain the theory that will motivate the use of
the Dirichlet distribution.

Theorem 10.1 [73] ξ1, . . . is an infinitely exchangeable sequence of dis-
crete random variables, which are not independent, such that for all n there
exists constants a1, . . . , ar � 0 and b such that for all x(n) of the s.v. ξ(n).

P (ξn+1 = i|xn) = ai + b ·
[
#ξ = i inx(n)

]
If P (ξi = i|θi) = θi for all 0 � θi � 1, then the distribution of the Θi’s is
Dirichlet. �

Corollary 10.1 [34] In the binary case r=2, the prior must be Dirichlet
from definition 10.1, theorem 10.1 and linearity. �

In the special case when r = 2 the distribution is also called the Beta
distribution. If r > 2 we need another assumption (apart from definition
10.1).
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Proposition 10.1 [48] Johnson’s sufficientness postulate
ξ1, . . . , ξn, ξn+1 is a sequence of random variables with space {1, . . . , r}.

ξ(n) = {ξ1, . . . , ξn} Johnson’s sufficientness postulate is that for all x(n)

there should exist functions hi depending only on #ξ = i in x(n) and n such
that

P (ξn+1 = i|xn) = hi(#ξ = i inxn, n).

�

Theorem 10.2 [73] If Proposition 10.1 holds and r > 2 there exists con-
stants a1, . . . , ar � 0 and b such that for all x(n) values from ξ(n) =
{ξ1, . . . , ξn}

P (ξn+1 = i|x(n)) = ai + b ·
[
#ξ = i inx(n)

]
�

Corollary 10.2 [55] If r > 2 and Proposition 10.1 holds, the density
gΘ(θ) is Dirichlet. �

A specific choice for the hyperparameters in the Dirichlet distribution
is presented in section 2.

February 13, 2006 (13:19)



78

11 Appendix D, partial list of results

I. Improvement of the bounds for functional dependence described in
[59] (theorem 1.10).

II. Explaining what high probability margins corresponds to in terms of
difference in probability (theorem 1.12, equation (23)).

III. Multiclass bound of approximations of class conditional densities (the-
orem 1.7, corollary 1.1).

IV. Sufficient conditions such that there are no increase in the probability
of error using independence assumption (theorem 1.8,corollary 1.2).

V. A link between approximation by Naive Bayes and MDL (theorem
2.6).

VI. Calculation of Jeffreys’ prior for a BN using local parameter indepen-
dence (theorem 2.8).

VII. An unsupervised classification algorithm (subsection 5.2).
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child, 73
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classification problem, 7
classifier, 7
code C, 31

d, 7
DAG, 73
determinant, 36
directed path, 73
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directed cycle, 73
directed edge, 73
Dirichlet integral, 73
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divergence inequality, 32

E, 73
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forest, 43

G, 73

indicator function, 36
inverse of Ackermann’s function, 74

Jeffreys’ prior, 32
Jeffreys’ prior on a Bayesian Net-

work, 35

K, 31
k, 7
Kolmogorov Complexity, 31

Local parameter independence, 35

parent, 73
probability of correct classification,

8

Rand’s index, 57
root, 47

s.v., 7
Stochastic complexity, 31

tree, 43

U, 31
undirected edge, 73
universal coding, 32
universal computer, 31

V, 73
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