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Abstract

We study the problem of list decoding with focus on the case when we have a
list size limited to two. Under this restriction we derive general lower bounds
on the maximum possible size of a list-of-2-decodable code. We study the
set of correctable error patterns in an attempt to obtain a characterization.
For a special family of Reed-Solomon codes—which we identify and name
class-I codes—we give a weight-based characterization of the correctable
error patterns under list-of-2 decoding. As a tool in this analysis we use the
theoretical framework of Sudan’s algorithm. The characterization is used in
an exact calculation of the probability of transmission error in the symmetric
channel when list-of-2 decoding is used. The results from the analysis and
complementary simulations for QAM-systems show that a list-of-2 decoding
gain of nearly 1 dB can be achieved.

Further we study Sudan’s algorithm for list decoding of Reed-Solomon codes
for the special case of the class-I codes. For these codes algorithms are
suggested for both the first and second step of Sudan’s algorithm. Hardware
solutions for both steps based on the derived algorithms are presented.
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Chapter 1

Introduction

Error-correcting codes are widely used in telecommunication systems today
as an effective way of increasing the throughput of information in a com-
munication channel, while still preserving a tolerable probability of error. It
was the pioneering work of Claude Shannon [1] in 1948, very soon followed
by the papers of Golay [2] in 1949, and Hamming [3] in 1950, that paved the
way for the development of the special branch of telecommunication theory
known as coding theory. It is the theory encompassing all things concerning
the representation of information in a robust way to protect it from being
distorted when transmitted over a communication channel.

Coding theory is basically divided into two main areas of research: code
construction and algorithm construction. The aim of the code construction
research is to find good codes, such that the redundancy in information
representation they introduce is used as effectively as possible for error cor-
rection purposes. The aim of the research on algorithms is more towards the
practical solutions involved in a coding-decoding scheme. The algorithms
implemented in the encoder and the decoder have to be effective from a
complexity standpoint in order to be useful in a practical application. The
harder problem in a coding-decoding scheme is generally the decoding part
and much research effort has gone into this area over the years.

1.1 The basic communication situation

The basic model of a communication system using error-correction coding
based on block codes is that of a single sender that transmits information

1



2 Chapter 1. Introduction

Source Encoder Channel Decoder Sink

Figure 1.1: The basic model of a communication system employing error-correction
coding.

over a communication channel to a single receiver. In Figure 1.1 the basic
setting is given a pictorial description.

The transmission is considered on a symbol by symbol level where the sender
transmits a sequence of time-separated symbols from a predefined finite al-
phabet. This symbol stream is divided into blocks, message words, which
then are fed to an encoder one-by-one. The encoder maps a message word
into another sequence of symbols, called a codeword, introducing a controlled
redundancy to be used for error correction. The codeword is then transmit-
ted, symbol-by-symbol over the channel. The alphabet used for the channel
symbols is the same as the alphabet for the message symbols in our ver-
sion of this model. The complete collection of possible codewords which the
encoder can output is referred to as a code.

We model the channel as a stationary discrete memoryless system. It is
characterized by the transition probabilities for the different symbols. Each
symbol has a certain probability to be corrupted into an other symbol by
the interference of noise and other disturbances in the channel. These prob-
abilities are the same for a symbol sent over the channel regardless of what
position the symbol has in the data stream. They are also independent of
what symbols are sent over the channel before and after the current symbol.
The complete collection of these probabilities describes the channel in this
model.

At the other end of the communication channel the possibly corrupted ver-
sion of the codeword, called the received word, appears as a sequence of
symbols from the symbol alphabet and is fed to the decoder. If the num-
ber of symbols received in error is small enough, the decoder will use the
redundancy in the representation to successfully correct these errors and
produce the transmitted codeword at its output. The message word sent by
the sender is then obtained from the codeword.

An important special case for this model of a communication system is that
when the symbol alphabet has a cardinality which is equal to a prime power.
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The symbol alphabet is then often taken as a finite field and a code is viewed
as a set of points in the vector space over this finite field of dimension equal
to the codeword length. The received word is also viewed as a vector in this
vector space. This setting allows for the definition of the important family
of codes known as linear codes. A linear code is a linear subspace of the
ambient vector space.

The highly simplified model presented above leaves out many important
aspects of a communication system such as modulation and demodulation,
detection, synchronization. More intricate channel properties such as fading
or inter-symbol interference are also neglected by this model. It is, however,
still a useful analysis tool since it captures the core essence of the problem
of point-to-point communication with error-correction coding.

1.2 Decoding

The task of the decoder is to make as good a guess as possible on which
codeword was sent into the channel. We want the decoder to output the
most probable codeword sent by the transmitter given the circumstances. In
the model presented above, the decoder in general needs to take into account
the probability for any given codeword to be transmitted, the transition
probabilities of the channel, the structure of the code and the received word
in order to make this maximum a posteriori probability decision.

If the codewords are all equally likely to be transmitted and the channel has
symmetric transition probabilities we have a situation where the optimal
strategy of the decoder is easily described in principle. It is a well known
fact that the best choice for the decoder in this situation is to choose the
codeword which differs from the received word in as few symbols as possible,
that is the codeword that has the smallest Hamming distance to the received
word. This is known as minimum distance decoding. If there are more than
one codeword that fits the criterion the decoder may—without increasing
the probability of erroneous decision—use some arbitrary rule to pick one of
the possible candidates.

The above described situation is seldom the actual case in practice. We
usually do not know for sure that all codewords are equally likely and the
transition probabilities of the channel are usually not symmetric. Never-
theless, decoders are still most often designed according to the principle of
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minimum distance decoding. Although it is not always the optimal approach
it has proven to be a robust approach in practice with a very useful, intuitive
geometrical interpretation.

Given this framework we may state our version of the decoding problem.

The Decoding Problem

Given a code and a received word find a codeword on minimum
Hamming distance from the received word.

If more than one codeword solves the decoding problem then the decoder can
choose arbitrarily which one to produce as result. For every received word
the solution of the decoding problem will thus result in a single codeword.
This type of decoding is also known as complete decoding.

The minimum distance of a code is the smallest distance between two code-
words in the code. A code of minimum distance dmin is said to have an
error-correction capability t equal to half the minimum distance, or more
precisely t = �(dmin − 1)/2�. If the number of errors in a received word
is less than or equal to t the solution to the decoding problem is of course
unique. This fact has influenced the design of decoding algorithms greatly.
Most decoding algorithms will only correct up to t errors and declare a decod-
ing failure if no solution is found fulfilling this criterion. We will henceforth
refer to this type of decoding as traditional decoding or unique decoding.

Effective decoding algorithms following this decoding strategy has been de-
veloped for most good error-correcting codes. Relevant examples for our
treatment here are the decoding algorithms for Reed-Solomon codes, in-
cluding the Peterson-Gorenstein-Zierler algorithm, the Berlekamp-Massey
algorithm and the Euclidean algorithm.

1.3 List decoding

List decoding is a form of decoding for block codes introduced by Elias in
1957 [4] as an alternative way of approaching the decoding problem. The
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idea was also independently investigated by Wozencraft in 1958 [5]. In con-
junction with random coding arguments both used list decoding to explore
the average decoding error probability of block codes at low rates. After its
introduction the idea was mostly used as an analysis tool in connection with
random coding arguments to study the capacity of various channels. Such
approaches are used in the work of Ahlswede [6] or Csiszar and Körner [7]
or indeed the continued work of Elias [8],[9].

The practical use of list decoding as an actual decoding strategy in a commu-
nication situation was obscured by the fact that construction of a non-trivial,
efficient list decoder proved to be a hard task. Some results on the struc-
tural limitations of codes imposed by their performance under list decoding
did, however, surface during the period 1980-1995, for instance the work of
Zyablov and Pinsker [10], Blinovskii [11], Elias [12] and Wei and Feng [13].

Things changed radically in 1998 when Sudan presented [14] an effective
algorithm to perform list decoding of the commonly used Reed-Solomon
codes. The original algorithm was soon given an alternative formulation for
Algebraic Geometric codes by Shokrollahi and Wasserman in [15]. Sudan
and Guruswami presented an extended version of the algorithm viable for
both Reed-Solomon as well as Algebraic Geometric codes in [16]. When
the research community refers to Sudan’s algorithm it is usually the final
extended version which is intended.

The research field of list decoding was refueled by the introduction of these
algorithms and has since then seen a steady stream of publications. Results
pertaining to the refinement of Sudan’s original work have been published in
great numbers, see for instance [17],[18],[19],[20],[21],[22],[23],[24],[25]. Con-
catenated coding schemes used in conjunction with list decoding have also
been given attention from the research community [26],[27],[28]. The study
of the structural properties of codes important for their performance un-
der list decoding is another field of research that has seen an increase in
research activities [29],[30],[31],[32],[33]. The design of new codes for which
effective list decoding algorithms can be designed is a research branch with
some interesting results. Such new codes are sometimes derivatives of Reed-
Solomon codes or Algebraic Geometric codes such that Sudan’s algorithm
may be used in some manner to achieve efficient list decoding [34]. In other
cases new types of codes have been constructed with easy list decoding as
an explicit goal [35].
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The basic concept

The fundamental concept of list decoding is that of a decoder which when
given a received word, lists all codewords within a given Hamming distance
from this word. The given distance is called the list decoding radius. The
output from a list decoder is thus a list of codewords instead of a single
codeword, which is the common decoding practice.

In our previously presented framework we may state our version of the list
decoding problem.

The List Decoding Problem

Given a code, a list decoding radius and a received word find
those codewords which are within the list decoding radius from
the received word in terms of Hamming distance.

In mathematical notation we can describe the list decoding problem as fol-
lows. Let Aq be a finite symbol alphabet of cardinality q and denote by An

q

the set of all n-length sequences of symbols from Aq. Given a code C ⊆ An
q ,

a list decoding radius τ and a received word r ∈ An
q a list decoder should

produce the list Lτ (r) defined by

Lτ (r) = {c ∈ C : dH(c, r) ≤ τ}.

The use of the output list from the decoder may vary with application.
The information the list provides with not only the closest codeword but
also those which lie slightly further away, is of value in applications such as
decoding of concatenated codes or in traitor tracing schemes, see for instance
[36],[37].

Since the list decoding radius is typically larger than t a list decoder will
in many cases output codewords even if the received word lies between the
spheres of radius t surrounding the codewords, the traditional decoding re-
gions. This opens up a possibility to correct errors of weight greater than
t and thus salvage even more corrupt received words. We will focus mainly
on the use of list decoding as a tool to achieve such error correction beyond
the normal error correction bound of half the minimum distance of the code.
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With this application in mind it is usually only the closest codeword or code-
words on the list that are of interest but one should bear in mind that the
fundamental concept of list decoding involves a list being produced by the
decoder.

Effective decoding algorithms which in a first step list a small number of
potential candidates among the codewords and then use a second step to
decide among these, have been envisioned earlier. One important example
of this is in connection with so called generalized minimum distance decod-
ing introduced by Forney [38]. See for instance the Blokh-Zyablov decoder
for concatenated codes [39] or [40], or the Chase-algorithm [41]. In these
applications the lists used are not viable outputs from a list decoder. They
are created using quality measurements on each symbol in the received word
and give a nice average error-correcting behavior. No such soft decoding in-
formation is included in our basic definition of list decoding above. Another
example of producing a list as a first step is the Reed-algorithm for the bi-
nary Reed-Muller codes. This highly effective complete decoding algorithm
given by Reed in [42] utilizes a majority voting system based on a short list
of candidates.

List size and list decoding radius

There is another important parameter pertaining to the list decoding prob-
lem, namely the size of the output list. Its size will vary depending on the
received word since there can be a different number of codewords within the
list decoding radius for different received words. For a given list decoding
radius there is of course a maximum, worst case, list size. A decoder must
be able to accommodate this maximum list size in order to solve the list
decoding problem properly. The nature of the list decoding problem is such
that increasing the list decoding radius increases the needed size of the list.
Figure 1.2 illustrates this for a small Reed-Solomon code which allows for
brute force analysis. For these codes the growth of the needed list size is
typically exponential in the list decoding radius.

This exponential growth poses a grave problem for any practical device aimed
at performing list decoding with a substantial list decoding radius. It trans-
lates directly into increased complexity of the algorithms and engineering
solutions needed.
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Figure 1.2: Graph and table of the number of codewords of a (10, 5)-Reed-Solomon
code that lie within a certain Hamming radius from a received word cor-
responding to an arbitrarily chosen error pattern of weight 3.

The traditional decoding policy of outputting only one single codeword can
be seen as a special case of list decoding. Using a list decoding radius of t and
a maximum list size of only one we end up with the traditional decoding
problem. We will focus mainly on the first interesting relaxation of this
situation. We will study the case when we allow our list decoder to use a
list of size two and a list decoding radius greater than half the minimum
distance of the code.



Chapter 2

Bounds for list decoding

The maximum number of codewords that may lie within an arbitrary sphere
with a specified radius in the ambient space of a code, is characterized by
the list-decodability of the code. Codes may have a structure that allows
for these spheres to have a large radius and still contain a small number of
codewords. Such codes will typically also be of small size. We wonder how
large can a code of certain list-decodability be, given a list size and a list
decoding radius? This leads us naturally into the study of bounds for codes
of a certain list-decodability.

2.1 List-decodability

For any integer q ≥ 2, let Aq denote a finite alphabet of cardinality q. A q-ary
code C of length n is a subset of the sequence space An

q . The cardinality
M = |C| is called the size of the code. For two sequences x and y of the
sequence space An

q let dH(x, y) denote the Hamming distance between them,
that is, the number of coordinates in which x and y differ. Furthermore, for
a non-negative integer τ and for any x ∈ An

q , let S(x, τ) denote the sphere
of radius τ around x, that is,

S(x, τ) = {y ∈ An
q : dH(x, y) ≤ τ}.

9
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Definition 1 Let τ and L be non-negative integers. A code C ⊆ An
q is said

to be (τ, L)-list-decodable if the following holds:

|S(x, τ) ∩ C| ≤ L, ∀x ∈ An
q .

The parameter τ is called the list decoding radius and the parameter L is
called the list size.

The content of the concept is that any sphere of radius τ centered at any
point in the ambient space An

q is guaranteed to contain at most L codewords.

Knowing that a code C is (τ, L)-list-decodable is of great value when we
wish to construct a list decoder for C with list decoding radius τ . We then
have a limit for the worst case scenario for the number of codewords on the
output list. The codewords on the list have to be dealt with in some manner
depending on the application. For any practical circuitry performing the
list decoding, at least storing the list is a basic demand. Most often some
kind of post processing of the list will be desirable as part of the overall
application. In order to keep these trailing operations easy to implement we
wish to obtain a list of relatively small size. This motivates keeping the list
size, L, on a moderate scale.

A larger list decoding radius for the decoder will—in comparison with a
smaller list decoding radius—potentially give us an improvement in error-
correction performance of the code-decoder combination. We thus basically
would like our list decoding radius, τ to be as large as possible.

The list decoding radius τ and the needed list size L are of course dependent
of each other for any given code C ⊆ An

q . For a (τ, L)-list-decodable code
we have that the list size L must satisfy

L ≥ max
{|{c ∈ C : dH(c, r) ≤ τ}| : r ∈ An

q

}
.

Our two wishes of large list decoding radius and small list size are obviously
in conflict. We are interested in exploring what combinations of list size L
and list decoding radius τ can be achieved by a code with given parameters
q, n and M . We will approach this question by studying the maximum
possible size M of a q-ary, (τ, L)-list-decodable code of length n.

Rather than the size M of the code we may as well study its rate R =
logq(M)/n. This is the parameter most often used by the research com-
munity when discussing list-decodability as it allows for a meaningful com-
parison between codes of different lengths. We define a notation for the
maximum rate of a code C ⊆ An

q given the parameters q, n, τ and L.
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Definition 2 Let Φ(q, n, τ, L) denote the maximum rate of an (τ, L)-list-
decodable q-ary code of length n.

It is difficult to determine the exact value of Φ(q, n, τ, L) in general. Upper
and lower bounds on Φ(q, n, τ, L) are thus of interest.

As previously mentioned we will focus on the case where L equals 2. Using
list decoding radius τ = t and list size L = 1 is equivalent to the traditional
decoding strategy. Increasing the list size to 2 is the first natural relaxation
of the traditional decoding strategy.

2.2 Known bounds

Several authors have given asymptotic bounds for the rate of a (τ, L)-list-
decodable binary code. We have the early works of Zyablov and Pinsker [10]
with random coding lower bounds for binary linear codes and [11] by Bli-
novskii for the binary non-linear case. Elias studied both asymptotic and
non-asymptotic upper and lower bounds for linear and non-linear binary
codes in [12]. His asymptotic bounds are improved by Wei and Feng in [13].
The non-linear binary case is studied by Ashikhim, Barg and Litsyn in [29].
They make improvements on Blinovskii’s work for the case when L = 2. Gu-
ruswami, H̊astad, Sudan and Zuckerman continue to investigate the binary
case in [33]. Guruswami also studies these bounds in [43, Ch. 5].

After the introduction of Sudan’s algorithm, non-asymptotic upper bounds
for list decoding of Reed-Solomon codes have been presented by Justesen
and Høholdt in [30]. They prove the existence of a family of Reed-Solomon
codes for which the list decoding capacity of Sudan’s algorithm is maximal.
Their results are extended to an even larger family of Reed-Solomon codes
by Ruckenstein and Roth in [31].

Apart from the results for Reed-Solomon codes there appear to be few results
pertaining to the list-decodability of q-ary codes in general. We will in the
following section contribute to this area with some general lower bounds
on the maximum achievable rate for the q-ary case with L = 2. For this
case we first recognize some basic lower bounds and then we present a more
complicated bound which improves on the basic bounds for some cases.
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2.3 Basic Gilbert-Varshamov type bounds

General lower bounds on Φ(q, n, τ, 2) can be obtained from known bounds on
the maximum size Aq(n, d) of a q-ary code of length n and minimum distance
d. The generalization of the known bounds to our problem originates from
the fact that we have

Φ(q, n, τ, 2) ≥ Φ(q, n, τ, 1) =
1
n

logq Aq(n, 2τ + 1).

Any lower bound on Aq(n, 2τ + 1) is thus a lower bound for Φ(q, n, τ, 2).
The natural restriction of this bounding technique is of course that the in-
equality 2τ + 1 ≤ n is fulfilled. Any explicit code construction with correct
parameters is a lower bound on Aq(n, 2τ + 1) for those specific parameter
values. Considering general lower bounds we have the well known Gilbert-
Varshamov bound, which actually is two different bounds coinciding asymp-
totically. The Varshamov bound [44] states that for any n ≥ d ≥ 2 and q
equal to a prime power we have

Aq(n, d) ≥

qn−1

(
d−2∑
i=0

(
n − 1

i

)
(q − 1)i

)−1

 .

The Gilbert bound [45] is slightly weaker than the Varshamov bound but
has no restriction on the alphabet size q. It states that for any n ≥ d ≥ 1
we have

Aq(n, d) ≥

qn

(
d−1∑
i=0

(
n

i

)
(q − 1)i

)−1

 .

We can thus formulate the following theorems concerning the maximum rate
Φ(q, n, τ, 2) of a (τ, 2)-list-decodable q-ary code of length n.

Theorem 1 For any n ≥ 2τ + 1 ≥ 2 and q equal to a prime power we have

Φ(q, n, τ, 2) ≥ 1
n

logq


qn−1

(
2τ−1∑
i=0

(
n − 1

i

)
(q − 1)i

)−1

 .

Theorem 2 For any n ≥ 2τ + 1 ≥ 2 we have

Φ(q, n, τ, 2) ≥ 1
n

logq


qn

(
2τ∑
i=0

(
n

i

)
(q − 1)i

)−1

 .
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2.4 A packing bound

We derive a non-asymptotic general lower bound on the rate of a (τ, 2)-
list-decodable q-ary code, using a probabilistic method to make a non-
constructive existence proof. The bound typically improves on the Gilbert-
Varshamov type bound of Theorem 2 for values on τ in a region slightly
below n/2. It apparently does not improve on the bound of Theorem 1,
hence its potential use is limited to cases with an alphabet size not equal to
a prime power.

We will occasionally make use of the convenient notation dH(x, I) for the
minimum of the pairwise distances between a sequence x ∈ An

q and the
members of a set I ⊆ An

q .

As a tool in our analysis we will use two bivariate set functions Aτ (x, y)
and Bτ (x, y). Given two sequences x, y ∈ An

q and a non-negative integer τ ,
the set Aτ (x, y) is simply the intersection between the two spheres both of
radius τ centered at x and y respectively,

Aτ (x, y) = S(x, τ) ∩ S(y, τ).

Using Aτ (x, y) we now define Bτ (x, y).

Definition 3 Given a pair of sequences x, y in An
q and a non-negative in-

teger τ we associate with this pair a subset of An
q , Bτ (x, y), defined in the

following way:

Bτ (x, y) =

{
{v ∈ An

q : dH(v, Aτ (x, y)) ≤ τ}, if Aτ (x, y) 
= ∅,
{x, y}, if Aτ (x, y) = ∅.

As long as the spheres S(x, τ) and S(y, τ) have common points the set
Aτ (x, y)is non-empty and the set Bτ (x, y) is the set of all sequences in An

q

within Hamming distance τ from any point in Aτ (x, y). If S(x, τ) and S(y, τ)
are disjunct then Aτ (x, y) is empty. In that case we define Bτ (x, y) = {x, y}.
The definition is given a pictorial presentation in figure 2.1.

We continue with two simple observations. The first is that both x and
y always belong to Bτ (x, y). The second is the well known fact that the
intersection of two spheres of equal radius in Hamming space is empty if and
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Aτ

Bτ

τ

τ

τ

x y

Figure 2.1: The set functions Aτ (x, y) and Bτ (x, y).

only if the distance between their center points is larger than twice their
radius. In our current setting this translates to

Aτ (x, y) = ∅ if and only if dH(x, y) > 2τ.

As a tool in our analysis we will use a base matrix to define codes. We
wish to randomly generate q-ary codes without any restrictions other than
in length and maximum size. A q-ary base matrix B of length n and size M
is simply an M × n matrix with entries from Aq, indexed in the following
way:

B =




c1,0 c1,1 · · · c1,n−1

c2,0 c2,1 · · · c2,n−1
...

...
. . .

...
cM,0 cM,1 · · · cM,n−1


 .

Let ci denote the row-sequence (ci,0, ci,1, . . . , ci,n−1) ∈ An
q obtained from row

i of the base matrix.

The set of row-sequences {ci : i = 1, 2, . . . , M} of a q-ary base matrix B of
length n and size M , defines a q-ary code C of length n. If the row-sequences
of the base matrix are all distinct then the code C is of size M .
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The code defined by the set of row-sequences of a base matrix will under
certain circumstances be a (τ, 2)-list-decodable code. Using the set function
Bτ defined earlier the following lemma gives a condition under which this
is the case. Henceforth we will use the notation [M ] for the set of integers
{1, 2, . . . , M}. We will also use the notation

(
[M ]
2

)
for the set of all subsets

of [M ] of cardinality 2.

Lemma 1 The set of row-sequences {ci : i ∈ [M ]} in a q-ary base matrix B
of length n and size M > 2 defines a q-ary (τ, 2)-list-decodable code of length
n and size M if for all {i, j} ∈ ([M ]

2

)
cl /∈ Bτ (ci, cj), for all l ∈ [M ] \ {i, j}.

Proof: First we show that a base matrix B meeting the conditions of the
lemma actually defines a code of size M . We thus need to show that the row-
sequences of the base matrix are all distinct. Assume the row-sequences of
the two rows i and j to be equal. Let l be any other row of the base matrix.
By construction the row-sequences ci and cl are members of Bτ (ci, cl). Since
cj is equal to ci by the assumption we conclude that also cj is a member of
Bτ (ci, cl), thus violating the conditions of the lemma. We conclude that all
row sequences of the base matrix are distinct.

It remains to be shown that the code defined by the set of row sequences in
the base matrix is (τ, 2)-list-decodable. By the definition of list-decodability
of a code we have that any sphere of radius τ in An

q should contain at most
2 codewords. In other words: any sphere of radius τ containing at least two
codewords should contain exactly two codewords.

We note that a complete listing of all spheres containing at least two code-
words can be made by listing for each pair of codewords, all spheres contain-
ing that pair. If none of these spheres contains more than 2 codewords the
code is (τ, 2)-list-decodable.

All that remains is to note that for any row-sequence pair ci, cj of the base
matrix the set Bτ (ci, cj) is by definition precisely the union of all spheres
of radius τ containing that row-sequence pair, and the pair itself. The con-
ditions of the lemma states that within this volume there can be no other
row-sequences except those in the pair and that this is true for all row-
sequence pairs of the code matrix. This then implies (τ, 2)-list-decodability
of the code defined by the set of row-sequences of the base matrix. �
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Let us now consider the following random experiment. Let us create a base
matrix B of length n and size M by randomly choosing its nM entries from
Aq. Each entry is independently drawn from Aq according to a uniform
distribution. This will create one of qnM possible matrices as outcome of
the experiment and the probability of creating one specific matrix is q−nM .
Each time we repeat this experiment we will create a base matrix whose
set of rows defines a code. The code may or may not have cardinality M
depending on whether all row-sequences of the base matrix are distinct or
not.

Consider the random experiment of creating a base matrix as discussed
above. Given a pair of rows {i, j} ∈ ([M ]

2

)
of the code matrix let Ei,j be

the event that the created base matrix is such that Bτ (ci, cj) contains at
least one other row-sequence except ci and cj . By E�

i,j we mean the comple-
ment of the event Ei,j .

In accordance with Lemma 1 we have that the event⋂
{i,j}∈

(
[M ]
2

)E�
i,j

is the event that our random experiment produces a base matrix B which
by its set of row-sequences defines a (τ, 2)-list-decodable code of size M . If
this event has a nonzero probability of occurring, that is if

Pr


 ⋂
{i,j}∈

(
[M ]
2

)E�
i,j


 > 0, (2.1)

then the set of possible outcomes of our random experiment, that is the set
of M × n q-ary code matrices, must contain at least one matrix that fulfills
the conditions of Lemma 1. This in its turn implies the existence of a q-ary,
(τ, 2)-list decodable code of length n and size M .

We now wish to find conditions for the parameters q, τ , n and M which will
guarantee that inequality (2.1) holds.

Since each entry of the base matrix is drawn independently according to a
uniform distribution over Aq, each row-sequence of the code matrix can be
seen as drawn independently according to a uniform distribution over An

q .
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Thus the probability of a row-sequence ending up in an arbitrary subset of
An

q depends only on the cardinality of the subset. Thus we have

Pr [{cl ∈ Bτ (cj , ci)}] =
|Bτ (ci, cj)|

qn
,

for all l ∈ [M ]\{i, j} and all {i, j} ∈ ([M ]
2

)
. Since the event Ei,j accounts for

any of M − 2 randomly and independently created row-sequences ending up
within the set Bτ (ci, cj) defined by the row-sequence pair {ci, ci} we have by
the union bound

Pr [Ei,j ] ≤ (M − 2)
|Bτ (ci, cj)|

qn
, for all {i, j} ∈

(
[M ]
2

)
.

The expression on the right is a function of the cardinality of the set Bτ (ci, cj)
which in its turn is subject to the random choice of of the row-sequences ci

and cj . The quantity |Bτ (ci, cj)| is hard to find a general expression for. We
do, however, have the following.

Lemma 2 Given a sequence pair x, y in An
q the cardinality |Bτ (x, y)| of the

set Bτ (x, y) depends only on the Hamming distance between the sequences,
dH(x, y), and not the specific sequences x, y themselves.

Proof: The lemma is a consequence of the fact that the Hamming space
(An

q , dH(·, ·)) is two-point homogeneous [46] (or distance transitive [47]). This
fact is pointed out in for instance [48, Ch.9]. This means that for every set
of sequences x, y, x′, y′ ∈ An

q such that dH(x, y) = dH(x′, y′) there exists
a distance preserving mapping f from An

q to An
q such that f(x) = x′ and

f(y) = y′.

Since our set functions Aτ and Bτ are defined using the Hamming distance
operator the cardinality of Bτ (x, y) for any x, y ∈ An

q is invariant under the
action of a distance preserving mapping acting on the set Bτ (x, y). More
formally: if f is a distance preserving mapping from An

q to An
q then for all

x, y ∈ An
q

|Bτ (x, y)| = |Bτ (f(x), f(y))| .

For any pair of sequences x, y ∈ An
q introduce two sequences x′ = (0, 0, . . . , 0)

and y′ = (1, 1, . . . , 1, 0, . . . , 0) such that dH(x, y) = dH(x′, y′). In light of the
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first part of the proof there exists a distance preserving mapping f such that
f(x) = x′ and f(y) = y′. We thus have

|Bτ (x, y)| =
∣∣Bτ (x′, y′)

∣∣ , for all x, y ∈ An
q : dH(x, y) = dH(x′, y′)

and the lemma follows. �

Instead of trying to find an exact expression for the cardinality of Bτ we
shall proceed by bounding it from above.

Lemma 3 For any pair of sequences x, y in An
q and a non-negative integer

τ we have

|Bτ (x, y)| = 2, if dH(x, y) > 2τ, (2.2)
|Bτ (x, y)| ≤ |A2τ (x, y)| , if dH(x, y) ≤ 2τ. (2.3)

Proof: The first part of the lemma is a simple consequence of the definition
of the set function Bτ and the fact that a set of two non-equal sequences has
cardinality 2.

For the second part let x, y be a codeword pair in An
q such that dH(x, y) ≤ 2τ .

We then have by the definition of Bτ (x, y) and Aτ (x, y), that there exists for
each sequence v in Bτ (x, y) at least one sequence u such that dH(x, u) ≤ τ ,
dH(y, u) ≤ τ and dH(v, u) ≤ τ . Since dH(·, ·) is a metric in An

q , by the
triangle inequality we have

dH(x, v) ≤ dH(x, u) + dH(u, v) ≤ τ + τ = 2τ,

dH(y, v) ≤ dH(y, u) + dH(u, v) ≤ τ + τ = 2τ.

This leads us to conclude that each sequence v ∈ Bτ (x, y) is also a member
of A2τ (x, y), that is Bτ (x, y) ⊆ A2τ (x, y) and the correctness of the lemma
follows. �

Thus we have managed to bound |Bτ (x, y)| by |A2τ (x, y)|. Our next step
will be to find an expression for |A2τ (x, y)|. For this we will use the concept
of intersection numbers from the theory of association schemes [47].
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Definition 4 For any pair of sequences x, y ∈ An
q with dH(x, y) = δ we

define their intersection number as

λi,j(δ) =
∣∣{v ∈ An

q : dH(x, v) = i and dH(v, y) = j}∣∣ .
That is λi,j(δ) counts the number of sequences in An

q which are at distance
i from the sequence x and at the same time distance j from y.

It is a well known fact from the theory of association schemes [47] that this
quantity is a function only of the distance between the two sequences and
not the actual appearance of the two sequences. Hence the suppression of
the sequence dependence in the notation.

Lemma 4 For any pair of sequences x, y ∈ An
q with dH(x, y) = δ we have

λi,j(δ) =
min(n−δ,i,j)∑

m=max(0,i−δ,j−δ)

(
n − δ

m

)(
i − m

δ + m − j

)(
δ

i − m

)
(q − 1)m(q − 2)i+j−δ−2m,

if q > 2 and

λi,j(δ) =
(

δ
δ+i−j

2

)(
n − δ
i+j−δ

2

)
,

if q = 2.

In the above expression the binomial coefficients should be interpreted as

(
x

m

)
=




x(x−1)···(x−m+1)
m! , if m is a positve integer,

1, if m = 0,
0, otherwise,

where x is any real number, and m! = 1 · 2 · 3 · . . . · (m − 1) · m, 0! = 1.

The proof of lemma 4 is not complicated but somewhat lengthy and requires
some combinatorial patience. It can be found in Appendix A.1.

Using the intersection number λi,j we may now express |A2τ (x, y)| for any
sequence pair x, y in An

q such that dH(x, y) = k ≤ 2τ . For such sequences
we have

|A2τ (x, y)| =
2τ∑
i=0

2τ∑
j=0

λi,j(k).
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Definition 5 We define the bounding function Λ as

Λ(k, τ) =

{
2, if k > 2τ,∑2τ

i=0

∑2τ
j=0 λi,j(k), if k ≤ 2τ.

Now returning to the probability of the event Ei,j we can note the following.

Theorem 3 For any M ≥ 2, q ≥ 2, n > 0 and τ > 0 we have

Pr[Ei,j ] ≤ (M − 2)
q2n

n∑
k=0

(
n

k

)
(q − 1)kΛ(k, τ), for all {i, j} ∈ ([M ]

2

)
.

Proof: Using conditional probabilities we may write

Pr [Ei,j ] =
n∑

k=0

Pr [Ei,j |dH(ci, cj) = k] Pr [dH(ci, cj) = k] .

For the latter part of the expression we have that

Pr [dH(ci, cj) = k] = q−n

(
n

k

)
(q − 1)k,

since it is a matter of choosing the k disagreeing positions of the row-sequence
pair out of n possible and then assigning them any of (q−1) ways of choosing
symbols to cause the disagreement.

For the first part of the expression we have

Pr [Ei,j |dH(ci, cj) = k] ≤ (M − 2)
qn

|Bτ (ci, cj)|
∣∣∣
dH(ci,cj)=k

,

which in light of Lemma 3 gives us

Pr [Ei,j |dH(ci, cj) = k] ≤




(M − 2)
qn

· 2, if k > 2τ,

(M − 2)
qn

· |A2τ (ci, cj)|
∣∣∣
dH(ci,cj)=k

, if k ≤ 2τ.

Remembering the expression for |A2τ (ci, cj)| in terms of the intersection
number and Definition 5 this can be written as

Pr [Ei,j |dH(ci, cj) = k] ≤ (M − 2)
qn

Λ(k, τ),

which completes the proof. �
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For the probability of the event that our random experiment produces a
(τ, 2)-list-decodable code we note that

Pr


 ⋂
{i,j}∈

(
[M ]
2

)E�
i,j


 = 1 − Pr


 ⋃
{i,j}∈

(
[M ]
2

)Ei,j


 .

So an equivalent existence condition for at least one base matrix that defines
a (τ, 2)-list-decodable code is

Pr


 ⋃
{i,j}∈

(
[M ]
2

)Ei,j


 < 1.

By the union bound and Theorem 3 we have

Pr


 ⋃
{i,j}∈

(
[M ]
2

)Ei,j


≤ ∑

{i,j}∈
(
[M ]
2

)Pr [Ei,j ] ≤

≤
(

M

2

)
(M − 2)

q2n

n∑
k=0

(
n

k

)
(q − 1)kΛ(k, τ).

This leads us to the following conclusion.

Theorem 4 For parameters q, n, τ , M satisfying

(
M

2

)
(M − 2)

q2n

n∑
k=0

(
n

k

)
(q − 1)kΛ(k, τ) < 1,

there exists a q-ary (τ, 2)-list-decodable code of length n and size M .

Since we wish to study the rate of the code we proceed a bit further. We
relax the condition of Theorem 4 slightly to turn it into a bound on the rate
of the code. We have(

M

2

)
(M − 2) =

1
2
M(M − 1)(M − 2) <

1
2
(M − 1)3,
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for all M > 1. Remembering that the rate R is defined as R = logq(M)/n
and considering the fact that M is an integer we can say that for any com-
bination of parameters q, n, R, τ satisfying

R ≤ 1
n

logq

1 + 2
1
3 q

2n
3

(
n∑

k=0

(
n

k

)
(q − 1)kΛ(k, τ)

)− 1
3

 ,

there exists a q-ary (τ, 2)-list-decodable code of length n and rate R. This
leads us to the following bound on the maximum achievable rate Φ(q, n, τ, 2).

Corollary 1 For any q ≥ 2, n > 0, τ > 0 we have

Φ(q, n, τ, 2) ≥ 1
n

logq

1 + 2
1
3 q

2n
3

(
n∑

k=0

(
n

k

)
(q − 1)kΛ(k, τ)

)− 1
3

 .

The general behavior of the bound of Corollary 1 is illustrated by the ex-
amples in Figure 2.2 and Figure 2.3. Also included in the graphs are the
Gilbert-Varshamov type bounds of Theorem 1 and Theorem 2 when applica-
ble.

The bound of Corollary 1 typically improves on the Gilbert bound of Theo-
rem 2 for values on τ slightly less than n/2. When the alphabet size q is not
a prime power this means an overall improvement. When the alphabet size q
is a prime power and the Varshamov type bound of Theorem 1 is applicable
it appears to be stronger than the bound of Corollary 1. For large values
of τ the bound of Corollary 1 recognizes a truly trivial bound. It is always
possible to have two codewords in a (τ, 2) list-decodable code.
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Theorem 2.



24 Chapter 2. Bounds for list decoding



Chapter 3

List decoding of
Reed-Solomon codes

An important and popular class of q-ary error-correcting codes is the class
of Reed-Solomon codes. These codes are optimal in the sense that they meet
the Singleton bound on the minimum distance. Codes with this property are
also said to be maximum distance separable or MDS. Reed-Solomon codes
are widely used in telecommunication systems. It is therefore very interesting
that there is an efficient way of performing list decoding of these codes.

3.1 Reed-Solomon codes

We will study the properties of Reed-Solomon codes under list decoding
and we will start by defining what we mean by a Reed-Solomon code. In
our setting we are interested only in q-ary Reed-Solomon codes of length
n = q − 1. We will thus not treat any of the extended or shortened versions
of these codes. Nor will we study the generalized Reed-Solomon codes. We
will give a stand-alone definition of the Reed-Solomon codes but we will also
recognize them as a special case of the BCH codes. This is because our
treatment is made easier if we allow two different viewpoints.

For the definition of the Reed-Solomon codes we introduce the concept of
an evaluation map. For a finite field Fq let F denote the set of all functions
from Fq to Fq.

25
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Definition 6 For any primitive element α in Fq and any positive integer n
we define the evaluation map of degree n as the function

Evn : F −→ F
n
q

f −→ Evn(f) =
(
f(α0), f(α1), . . . , f(αn−1)

)
.

We note that all functions in F can be represented as polynomials in Fq[x]
of degree less than q. Let us use Fk as the notation for those polynomials in
F which have degree less than k.

We now have the tool needed in order to give a succinct definition of the
Reed-Solomon codes. It is basically the original definition by Reed and
Solomon from 1960 [49], but in a slightly more compact formulation.

Definition 7 A Reed-Solomon code of length n and dimension k is the
code CRS ⊂ F

n
q defined by

CRS(n, k) = Evn(Fk),

where n = q − 1, and where Evn(Fk) denotes the set of all evaluations,
Evn(f), of functions f ∈ Fk.

This first definition highlights the fact that a codeword in a Reed-Solomon
code is a collection of evaluations of a polynomial of degree at most k− 1 in
n distinct points. The polynomials defining the code are sometimes referred
to as message polynomials. The set {αi : i = 0, 1, . . . , n − 1} of n distinct
points used in the evaluation map is sometimes referred to as the location
set of the code.

The evaluation map view of Reed-Solomon codes provides an intuitive un-
derstanding of the redundancy built into the code. Any polynomial of degree
less than k over a field is completely determined by its evaluation in k dis-
tinct points. Since a codeword contains n > k such evaluations we can
tolerate that some of these evaluations are distorted and still retain enough
information to determine which polynomial generated the evaluations.

The choice of primitive element from Fq used for defining a Reed-Solomon
code is arbitrary. Different choices may generate inequivalent codes though.
The ordering of the location set used in the evaluation map cannot be ar-
bitrarily chosen if a cyclic code is desired. Our Definition 7 implies that
Reed-Solomon codes are linear cyclic codes.
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Another way of looking at Reed-Solomon codes is to recognize them as a
special case of BCH codes. The BCH codes were independently discovered
by Bose and Ray-Chaudhuri [50],[51] and A. Hocquenghem [52]. We confine
ourselves to the special case of the so called narrow sense BCH codes.

Definition 8 A narrow sense BCH code of length n is a cyclic, linear,
q-ary code CBCH ⊂ F

n
q with a generator polynomial

g(x) = LCM(M1(x), M2(x), . . . , Mδ(x)).

Here δ is an integer with 1 ≤ δ ≤ n + 1, m is an integer such that n|qm − 1,
and β is an element of Fqm of order n. Mi(x) is the minimal polynomial of
βi with respect to Fq

The elements {βi}δ
i=1 defining the generator polynomial of a BCH code are

referred to as the consecutive roots of the generator polynomial. The gen-
erator polynomial will, for each βi, have its whole corresponding conjugacy
class as roots. If β is a primitive element of Fqm the code will have length
n = qm − 1 and is said to be a primitive BCH code or a BCH code of prim-
itive length. It is a well known fact that the minimum distance of a BCH
code is always greater than or equal to the designed distance δ + 1, the so
called BCH-bound.

Those Reed-Solomon codes we are interested in can be seen [53],[54] as a
special case of BCH codes: a Reed-Solomon code is a primitive, narrow
sense, q-ary BCH code of length n = q−1. This means that we have m = 1,
so the element β of Definition 8 is actually an element of Fq. The Mi:s in
this case are polynomials of degree one. The conjugacy classes are all of
cardinality one and only the chosen consecutive roots defining the code will
appear as roots of the generator polynomial.

Reed-Solomon codes are MDS codes with a minimum distance of n− k + 1.
Their weight distribution is known [54] and their covering radius is n−k [55].

3.2 Traditional list decoding approaches

There were no known efficient list decoding algorithms for Reed-Solomon
codes until Sudan’s algorithm [14] was presented in 1997. However, in con-
nection with the theories on complete minimum distance decoding of BCH
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codes, list decoding-like problems have been addressed. A complete mini-
mum distance decoder must tackle the problem of two or more codewords
being on equal distance from the received word. From a maximum likeli-
hood perspective any one of these codewords would do as an estimate of the
transmitted codeword. One way of finding at least one of these codewords
is of course to produce a list of all of them. This approach formulates a
problem similar to the list decoding problem.

One suggested method for complete decoding of BCH codes embracing this
idea is due to Hartman [56],[57], refining the original work by Berlekamp
[58],[53]. Hartmann’s approach uses a form of list decoding as a crucial
step in the complete decoding algorithm, though this is not emphasized in
his papers. His treatment is not very explicit as to how this step should
be realized but his formulation goes as far as to give some insight into the
complexity of the problem. We will give a brief review of his algorithm for
the special case of Reed-Solomon codes.

Using polynomial notation we let c(x) be a codeword polynomial of a BCH
code C and e(x) an error polynomial. The received polynomial is then

r(x) = c(x) + e(x).

The generator polynomial of C is defined by 2t consecutive roots in ac-
cordance with Definition 8. Evaluating the received polynomial in these
zeros of the generator polynomial, say β, β2, . . . , β2t, we generate syndromes
S1, S2, . . . , S2t depending only on the error polynomial

Sj = r(βj) = e(βj) =
n−1∑
i=0

ei(βj)i, for j = 1, . . . , 2t.

Let ν denote the unknown number of errors. The unknown positions are
denoted i1, i2, . . . , iν . Defining the error magnitudes Yl = eil and the error
locators Xl = βil for l = 1, . . . , ν we get the set of equations

Sj = Y1X
j
1 + Y2X

j
2 + · · · + YνX

j
ν , for j = 1, . . . , 2t.

This system of nonlinear equations is to be solved for the unknowns (the
Xl:s, Yl:s and ν) given the syndromes. There are in general |C| solutions to
this system, corresponding to the different error patterns of the same coset
of the code. A standard decoder tries to find the solution with the smallest
number of errors, ν. This means that the decoding problem is a kind of
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minimization problem. By definition a list decoder will list all solutions
such that the number of errors ν is less than a specified value.

Peterson [59], for the binary case, and later Gorenstein and Zierler [60],
for the q-ary case, showed that solving the nonlinear minimization problem
in general is equivalent to solving two matrix equations if the problem is
attacked in a special way. Berlekamp[53] reformulated their approach and
gave it a compact formulation. He showed that the problem was equivalent
to the solving of the key equation

(1 + S(z))σ(z) ≡ ω(z) mod z2t+1,

where

S(z) =
∞∑

k=1

Skz
k,

σ(z) =
ν∏

i=1

(1 − Xiz) = 1 + σ1z + · · · + σdz
ν

and

ω(z) = σ(z) +
ν∑

i=1

zXiYi

∏
j �=i

(1 − Xjz).

The roots of σ(z), the error-locator polynomial, yield the error locators
{Xl}ν

l=1 since the inverse of any error locator is a root by definition. Having
found all the error locators the error-evaluator polynomial, ω(z), yields the
error magnitudes {Yl}ν

l=1. The explicit solutions are

Yl =
ω(X−1

l )∏
j �=l(1 − XjX

−1
l )

, l = 1, . . . , ν.

We note that the key equation is formulated modulo z2t+1. This is because
the decoder only has information of the first 2t coefficients of the generating
function S(z), namely those given by the calculated syndromes.

Berlekamp [58],[53] gave an iterative algorithm for solving the key equa-
tion. His solution was later given an elegant formulation by Massey [61] who
recognized BCH decoding as a problem in the design of linear-feedback shift
registers. The algorithm is now referred to as the Berlekamp-Massey algo-
rithm. An intermediate step σ(k), ω(k), ν(k) of the solution in the iterative
algorithm can, for iteration step k, be written as a solution to the equation

(1 + S(z))σ(k)(z) ≡ ω(k)(z) mod zk+1.
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The algorithm successively adjusts the solutions to accommodate for the 2t
known syndromes S1, S2, . . . , S2t and terminates with a final solution σ(z) =
σ(2t), ω(z) = ω(2t) and ν = ν(2t).

Berlekamp showed that if the number of occurred errors is at most t, then

i) ν(2t) ≤ t,

ii) all the ν(2t) roots of σ(2t) are distinct n-th roots of unity,

iii) all error magnitudes given by ω(2t) will be in Fq.

This corresponds to a successful decoding of the received polynomial.

Both Berlekamp [53] and Hartmann [56],[57] noted that if there is no code-
word polynomial within Hamming distance t from the received polynomial,
the solution produced by the algorithm will be inadequate for at least one
of the following reasons.

i) Not all of the roots of σ(2t) will be n-th roots of unity.

ii) σ(2t) will have repeated roots.

iii) Not all error magnitudes given by ω(2t) will be in Fq.

The third reason is not applicable in the case of a Reed-Solomon code since
the possible location of the error magnitudes in Fqm is restricted to Fq since
m = 1 in this case.

Berlekamp [53] suggested a way of finding codeword polynomials further
away than Hamming distance t from the received polynomial. He intro-
duced unknown syndromes into the iterative algorithm and let it generate
formal solutions that were functions of these unknown syndromes. Hartman
took this approach further and sorted out what was needed to create a com-
plete minimum distance decoding algorithm in this fashion. If the closest
codeword polynomial is at distance t+s, s > 0 from the received polynomial
one must, in the Reed-Solomon case, introduce 2s unknown syndromes. The
Berlekamp-Massey algorithm is then continued until one has acquired the
formal solutions σ(2t+2s) and ω(2t+2s). The degree, ν(2t+2s), of σ(2t+2s) will
at this stage be t + s.
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Berlekamp [53] showed that the coefficients of the generating function S(z)
have to fulfill both cyclic and conjugate constraints to ensure that the roots
of σ(2t+2s) are distinct n-th roots of unity and that the error magnitudes
given by ω(2t) will all be in Fq. For Reed-Solomon codes the cyclic and
conjugate constraints are equivalent and the relations

S
(2t+2s)
j = S

(2t+2s)
j+n , for j = 1, . . . , t + s

are enough to ensure a well behaved solution. The coefficients S
(2t+2s)
j are

generally defined by the relations

S
(2t+2s)
j = Sj , (calculated syndromes) for j = 1, . . . , 2t,

S
(2t+2s)
j = xj−2t, (unknown syndromes) for j = 2t + 1, . . . , 2t + 2s,

and recursively by

S
(2t+2s)
j + σ

(2t+2s)
1 S

(2t+2s)
j−1 + · · · + σ

(2t+2s)
d−1 S

(2t+2s)
j+1−t−s + σ

(2t+2s)
d S

(2t+2s)
j−t−s = 0,

for j > 2t + 2s.

The unknown syndromes needed to perform the iteration are thus intro-
duced as the variables x1, . . . , x2s. Since the σ

(2t+2s)
i :s are functions of these

variables so are in general the coefficients Sj , for j > 2t+2s. Hartmann’s ap-
proach [56],[57] in its simplest form and in the special case of Reed-Solomon
codes, defines the following functions:

fj(x1, . . . , x2s) = S
(2t+2s)
j − S

(2t+2s)
j+n , for j = 1, . . . , t + s.

Hartmann noted that the common solutions of the equations

fj(x1, . . . , x2s) = 0, for j = 1, . . . , t + s,

all yield a well behaved error locator polynomial. He also noted that each
such error locator polynomial corresponds to an error pattern of weight t+s
belonging to the coset indicated by the known syndromes.

This fact—that we allow more than one solution—is typical of a list decoder.
The result is in a way equivalent with a list decoding were the list decoding
radius is precisely equal to the distance from the received polynomial and
the closest codeword polynomial. In an actual list decoder, however, the list
decoding radius is not dependent of the received polynomial.
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In order to accomplish Hartmann’s type of decoding one has to find the
common solutions to t+s non-linear equations in 2s variables. This turns into
a hard task very quickly with increasing values on s. Hartmann leaves this
problem open when he formulates his complete minimum distance decoding
algorithm.

Hartmann’s algorithm starts with a normal decoding procedure for decod-
ing up to t = �(d − 1)/2�. For this the iterative algorithm suggested by
Berlekamp is used. If this fails the algorithm proceeds by assuming that the
closest codeword polynomial is at Hamming distance t + 1 and with s = 1
produces the appropriate set of t + s non-linear equations in 2s variables.
If there exists solutions to these equations then normal decoding proceeds
based on each of the corresponding error-locator polynomials produced by
the different solutions. The algorithm has then found the set of codeword
polynomials at distance t + s from the received polynomial. If no solution
exists then s is increased by one and the process starts over again. This con-
tinues until the value of t + s corresponds to the actual Hamming distance
between the received polynomial and the closest codeword polynomial.

The algorithm proposed by Hartmann is not a list decoding algorithm ac-
cording to our definition. Although it is a complete minimum distance de-
coding algorithm there is no description of what operations are needed in
order to solve the non-linear equations involved. It does, however, indicate
that the problem of decoding Reed-Solomon codes beyond half the minimum
distance, or to perform list decoding of these codes, is highly complex. It
also indicates that the complexity grows rapidly with the distance we try to
push further beyond half the minimum distance of the code.

3.3 Sudan’s algorithm

In 1998 Sudan presented an algorithm for list decoding of Reed-Solomon
codes [14]. A version including the wider class of Algebraic Geometry codes
was given by Shokrollahi and Wasserman [15] in 1999. A stronger version
allowing an extended list decoding radius for both Reed-Solomon and Alge-
braic Geometry codes was presented by Guruswami and Sudan [16] the same
year and is now known as Sudan’s extended algorithm. We will present the
Guruswami-Sudan algorithm and give a proof of its correctness.
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The key feature of Sudan’s approach to the list decoding of Reed-Solomon
codes is the existence of a certain bivariate polynomial. Given the parame-
ters of a Reed-Solomon code, its location set and a received word, there exists
a bivariate polynomial Q(x, y) ∈ Fq[x, y] with a helpful algebraic structure.
This bivariate polynomial is sometimes called the explaining polynomial or
the interpolating polynomial or just the Sudan polynomial. Among the irre-
ducible factors of this polynomial there are certain ones which are of special
interest from a list decoding point of view. They are linked to the codewords
which are to appear on the output list of a list decoder with a certain list
decoding radius. Specifically, each codeword within the list decoding radius
from the received word corresponds to a factor of the type y−f(x) in the Su-
dan polynomial. The function f(x) is a polynomial of degree less than k. It
is the message polynomial which under the evaluation map Evn(f) generates
the codeword in question. The list decoding radius, τs, for which Sudan’s
approach is valid, is not arbitrarily large. It’s value is directly connected
to the existence of a Sudan polynomial for the specific combination of code
parameters n and k, list decoding radius τs and a parameter s. The integer
parameter s can be seen as a strain parameter and introduces a degree of
freedom which to some extent trades larger list decoding radius versus higher
degree of the Sudan polynomial. A higher degree on the Sudan polynomial
translates into more complex calculations. The strain parameter thus gives
us a design choice for our list decoding algorithm. We can to some extent
trade complexity versus performance.

Before continuing any further we will introduce some useful shorthand no-
tations for some quantities derived from the code parameters and the strain
parameter. These shorthands are commonly used in texts pertaining to Su-
dan’s algorithm. The names we have given them are not standard but of our
own device. They try to illuminate what role the derived quantities play in
Sudan’s algorithm.

Definition 9 For a Reed-Solomon code of length n and dimension k ≥ 2
define for integer s ≥ 1 the following quantities:

• List size limit: rs =
⌊

1
2 +
√

1
4 + 2n

k−1

(
s+1
2

)⌋
,

• Weighted degree limit: ls =
⌊

n
rs

(
s+1
2

)
+ (rs−1)(k−1)

2

⌋
.
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Figure 3.1: List decoding radius τs for a (63, k)-Reed-Solomon code plotted versus
the strain parameter s. The displayed curves are for k equal to 5, 10, 25,
35, 50 and 55.

We will later see that the list decoding radius τs achieved by Sudan’s algo-
rithm can be written as

τs = n −
⌊

ls
s

⌋
− 1.

Its behavior as a function of the code parameters n, k and the strain para-
meter s is not that obvious. In Figure 3.1 we see the list decoding radius
plotted versus the strain parameter s for some different code parameters.

The list decoding radius is a nondecreasing bounded function in s. The
following asymptotic result holds:

lim
s→∞ τs = n − �

√
n(k − 1)� − 1.

This maximum attainable list decoding radius is compared to the radius of
the standard decoding sphere in Figure 3.2. There one can see that low rate
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Figure 3.2: Normalized maximum attainable list decoding radius with Sudan’s algo-
rithm plotted versus the code rate R. A plot of the normalized error-
correction capability of traditional decoding is also included for compari-
son.

codes are those which allow a greater list decoding radius using the Sudan
approach. These codes are less densely packed so the size of the output list
from the list decoder grows less rapidly with increasing list decoding radius.

In order to achieve this maximum possible list decoding radius, however, we
do not need an infinitely large s. In Figure 3.3 the value of s needed to
achieve the maximum list decoding radius in Sudan’s algorithm is plotted
for some different code parameters. One can clearly see that for some code
parameters the needed value of s is quite extreme.

Turning out attention back to the Sudan polynomials we will study them
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Figure 3.3: Value of strain parameter s needed to achieve maximum attainable list
decoding radius with Sudan’s algorithm, plotted versus the code dimen-
sion k. The displayed curves are for Reed-Solomon codes of length 25,
26, 31, 62, 63 and 255. Results obtained through computer search.
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more closely. Specifically we are interested in what properties a bivariate
polynomial must have in order to be a Sudan polynomial. We will also
consider the question of existence of such polynomials. First we introduce the
concept of weighted degree of a bivariate polynomial and define the coefficient
operator for such polynomials.

Definition 10 For a bivariate polynomial Q(x, y) =
∑

a,b qa,bx
ayb ∈ Fq[x, y]

we define its (i, j)-weighted degree as

deg(i,j) Q(x, y) = max
a,b:qa,b �=0

{ia + jb}.

Definition 11 For a bivariate polynomial Q(x, y) =
∑

a,b qa,bx
ayb ∈ Fq[x, y]

we define the coefficient operator as

coeff(Q(x, y), xayb) = qa,b.

Now we define the set of Sudan polynomials connected to a specific combi-
nation of a Reed-Solomon code CRS ⊆ F

n
q with code parameters n and k, a

received word w, and the strain parameter s.

Definition 12 Let C ⊆ F
n
q be a Reed-Solomon code, defined using the

primitive element α ∈ Fq, of length n and dimension k ≥ 2. Further let
w = (w0, w1, . . . , wn−1) ∈ F

n
q be a received word and let s be a positive inte-

ger. We denote by S(C, s, w) the set of nonzero bivariate polynomials Q(x, y)
in Fq[x, y] such that

1. deg(1,k−1) Q(x, y) ≤ ls,

2. coeff(Q(x + αi, y + wi), xayb) = 0 for all a, b ∈ N such that a + b < s
and for i = 0, . . . , n − 1.

The first condition for a polynomial in the set S(C, s, w) puts a restriction
on the (1, k− 1)-weighted degree of the polynomial. This in effect limits the
number of monomials xiyj which can be a part of a polynomial in S(C, s, w).
Table 3.1 shows an example of how the monomials of different weighted
degrees may look. A value of ls = 10 would permit only the monomials
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i = deg(1,k−1) �i/(k − 1)� + 1 Monomial
0 1 1
1 1 x
2 1 x2

3 1 x3

4 2 x4, y
5 2 x5, xy
6 2 x6, x2y
7 2 x7, x3y

8 3 x8, x4y, y2

9 3 x9, x5y, xy2

10 3 x10, x6y, x2y2

11 3 x11, x7y, x3y2

12 4 x12, x8y, x4y2, y3

13 4 x16, x9y, x5y2, xy3

14 4 x17, x10y, x6y2, x2y3

15 4 x18, x11y, x7y2, x3y3

Table 3.1: Example of grouping of bivariate monomials according to their (1, k − 1)-
weighted degree when k = 5.
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found on the first 11 rows in the table to possibly be part of any polynomial
in S(C, s, w).

The second condition is actually a condition which forces the members of
S(C, s, w) to have zeros of order s in the points {(αi, wi)}n−1

i=0 .

We thus demand of the nonzero bivariate polynomials in S(C, s, w) that they
consist of monomials of limited degree and have n stipulated zeros of order
s. These demands may seem hard to meet but, as the following theorem will
show, the weighted degree limit ls is of course carefully selected.

Theorem 5 For any Reed-Solomon code C of length n and dimension k ≥ 2
we have

S(C, s, w) 
= ∅.
The relation holds for any received word w and any positive integer s.

Proof: For a bivariate polynomial

Q(x, y) =
∑

a≥0,≥0

qa,bx
ayb

and its shifted version

Q′(x, y) = Q(x + αi, y + wi) =
∑

ξ≥0,η≥0

q′ξ,ηx
ξyη,

we note—via some straightforward calculations—the following relation be-
tween their coefficients:

q′ξ,η =
∑

a≥ξ,b≥η

(
a

ξ

)(
b

η

)
qa,bα

i(a−ξ)wb−η
i .

Since q′ξ,η = coeff(Q(x + αi, y + wi), xξyη) the above relation implies that
condition 2 from the definition of S(C, s, w) yields n

(
s+1
2

)
linear constraints

on the qa,b:s. The qa,b:s are, however, infinitely many so essentially we have
a homogeneous system of n

(
s+1
2

)
linear equations with infinitely many un-

knowns. By stipulating that only n
(
s+1
2

)
+ 1 of the qa,b:s are allowed to

be nonzero we have created a homogeneous system of n
(
s+1
2

)
linear equa-

tions with n
(
s+1
2

)
+ 1 unknowns. Such a system has at least one nonzero

solution. As the unknowns chosen to be included into the system we pick
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the n
(
s+1
2

)
+1 coefficients qa,b corresponding to monomials xayb with lowest

(1, k − 1)-weighted degree. How high will the (1, k − 1)-weighted degree of
the last monomial thus included into the equation system be?

Partitioning the monomials according to their (1, k − 1)-weighted degree
yields partitions of sizes �i/(k − 1)� + 1, where i is the (1, k − 1)-weighted
degree of the members of the partition. See table 3.1 for an example.

Using the monomials in the ls + 1 lowest degree partitions we are sure to
have enough unknowns if

ls∑
i=0

(�i/(k − 1)� + 1) > n

(
s + 1

2

)
.

In order to find an explicit expression for ls we count the monomials in
another way as well.

A grouping of the partitions based on their sizes yields (k − 1)-sized groups
of partitions. The first group is made up by the partitions corresponding to
the (1, k − 1)-weighted degrees 0, 1, . . . , (k − 1)− 1. The next group is made
up by partitions of (1, k − 1)-weighted degrees k − 1, . . . , 2(k − 1) − 1, etc.
See Table 3.1 for an example.

Denote by rs the smallest number of such groups needed in order to obtain
at least the correct number of unknowns. That is rs = � ls

k−1� + 1. We then
have

rs−1∑
i=0

(k − 1)(i + 1) > n

(
s + 1

2

)

or equivalently
k − 1

2
rs(rs + 1) > n

(
s + 1

2

)
.

Since rs must be a positive integer we conclude

rs =

⌊
1
2

+

√
1
4

+
2n

k − 1

(
s + 1

2

)⌋
.

Thus we have determined the value of � ls
k−1�. For the exact value of ls

we continue by noting that the last (k − 1)-sized group of partitions is not
necessarily completely used up. It only contributes with ls+1−(rs−1)(k−1)
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partitions. Those partitions are all of size rs. In light of this we write in
order to find an expression for ls,

rs−2∑
i=0

(k − 1)(i + 1) + (ls + 1 − (rs − 1)(k − 1))rs > n

(
s + 1

2

)

or

ls >
n

rs

(
s + 1

2

)
+

(rs − 1)(k − 1)
2

− 1.

Since ls has to be an integer we thus conclude

ls =
⌊

n

rs

(
s + 1

2

)
+

(rs − 1)(k − 1)
2

⌋
.

The last monomial whose corresponding coefficient is included into the equa-
tion system is thus guaranteed to have a (1, k− 1)-weighted degree less than
or equal to ls. Thus we have proved the existence of a nonzero bivariate poly-
nomial Q(x, y) fulfilling the conditions 1 and 2 in the definition of S(C, s, w).

�

It is worth noting for future use that rs − 1 is the maximum degree of the
variable y which may be found in any polynomial in S(C, s, w). The quantity
rs − 1 thus limits the number of factors of the type y − f(x) which may be
present in the Sudan polynomial. This implies—as we will see—that the size
of the output list from a list decoder using Sudan’s approach is always less
than the list size limit rs.

Now we are ready for the theorem which shows how useful the Sudan poly-
nomials are from a list decoding perspective. It shows how the fact that
a Reed-Solomon codeword, c = Evn(f), lies within a certain list decoding
radius from a received word implies that the Sudan polynomial has a factor
of the type y − f(x), where f(x) is the message polynomial corresponding
to the codeword.

Theorem 6 For any polynomial Q(x, y) ∈ S(C, s, w) and any codeword
c = Evn(f) ∈ C we have that the inequality

dH(c, w) ≤ τs

implies
y − f(x)|Q(x, y),

where τs = n − ⌊ ls
s

⌋− 1.



42 Chapter 3. List decoding of Reed-Solomon codes

Proof: Let Q(x, y) be any polynomial in S(C, s, w). Let g(x) = Q(x, f(x))
where f ∈ Fq[x] such that deg f < k. We will start by showing that if
f(αi) = wi for some i ∈ {0, . . . , n − 1} then

(x − αi)s|g(x).

Let p(x) = f(x+αi)−wi. Then p(0) = 0 so x|p(x). Furthermore let h(x) =
Q(x+αi, p(x)+wi). Note that h(x) has no terms of degree less than s since
x divides p(x). This means that xs|h(x) or equivalently (x − αi)s|h(x − αi)
or (x − αi)s|g(x).

Thus for each of at least n−τs values of i, for which the condition dH(c, w) ≤
τs guarantees equality between f(αi) and wi, we have (x − αi)s|g(x). This
means that g(x) is divisible by a polynomial of degree at least

s(n − τs) = s(n − (n −
⌊

ls
s

⌋
− 1)) = s(

⌊
ls
s

⌋
+ 1) > ls.

But since deg(1,k−1) Q(x, y) ≤ ls we have deg g(x) ≤ ls and we conclude that
g(x) is the zero polynomial. This implies

y − f(x)|Q(x, y),

which completes the proof. �

Sudan’s algorithm for list decoding of Reed-Solomon codes utilizes the con-
sequences of Theorem 6 in a straightforward manner. For a specific Reed-
Solomon code, a given strain parameter s and a received word w it produces
the output list—corresponding to a list decoder with list decoding radius
τs—using the following three steps.

1. Find a bivariate polynomial Q(x, y) ∈ S(C, s, w).

2. Find all factors of Q(x, y) of the type y − f(x) where f(x) is a poly-
nomial of degree less than k.

3. For those f(x) found in the previous step include on the output list
the corresponding codewords, c = Evn(f), which have dH(c, w) ≤ τs.
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The two fundamental steps in Sudan’s algorithm are those of finding a Su-
dan polynomial Q(x, y) and then finding all polynomials f(x) such that
y − f(x)|Q(x, y). Sudan noted that both of these steps can be accomplished
with the use of more or less brute force methods. The problem of finding
a Q(x, y) polynomial can be solved by solving the homogeneous system of
n
(
s+1

s

)
linear equations in n

(
s+1

s

)
+ 1 unknowns. Further since Fq[x, y] is a

unique factorization domain [62] a complete factorization of Q(x, y) into irre-
ducible factors can be used to find the factors of type y−f(x). The two steps
are sometimes referred to as the interpolation step and the factorization step.

Since Sudan’s original work, a number of authors have presented improve-
ments of the algorithm with regards to the complexity of performing these
two tasks. Gao and Shokrollahi in [18] presented an algorithm for finding
roots of polynomials over the fields of rational functions on plane curves.
In [19], Høholdt and Refslund Nielsen studied fast list decoding algorithms
for the Hermitian class of Algebraic Geometric codes. They transformed the
bivariate root-finding problem to a problem of factoring a univariate poly-
nomial over a large field. This approach was also used by Refslund Nielsen
in [63] and [28]. His work includes presentations of fast algorithms for the
interpolation step. Augot and Pecquet in [20] and [21] study alternatives for
the factorization part using Hensel lifting via Newton’s method. Roth and
Ruckenstein made contributions on both the first and second step of the al-
gorithm in [17]. They used the special properties of the homogeneous system
of equations that occur in the first step in order to speed it up. The second
step was improved by the introduction of an efficient algorithm for finding
roots of univariate polynomials over polynomial rings. This algorithm was
later extended by Wu and Siegel in [22] to an algorithm for finding roots
of univariate polynomials over function fields, making it possible to use for
Algebraic Geometric codes.

Sudan’s algorithm has lately been used as a base for an algorithm for soft-
decision decoding of Reed-Solomon codes in [64] by Kötter and Vardy.
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Chapter 4

Correctable error patterns

The set of error patterns which a given code-decoder combination is able to
correct is what decides its overall error-correction performance. For a linear
code decoded with a decoder based on the principle of minimum distance
decoding, we have a special situation. The set of error patterns which such
a code-decoder combination corrects is independent of which codeword was
sent. We say that the decoding regions of that code-decoder combination
are congruent. We adopt the notion of the set of correctable error patterns
of that code-decoder combination. We note as a clarification that an error
pattern which is not correctable can still be decodable in the sense that the
decoder does not declare a decoding failure and produces a faulty codeword
as output.

A complete characterization of the set of correctable error patterns entails
a precise description of exactly which symbol patterns in F

n
q it contains.

Such a characterization is hard to accomplish and one often has to settle
for something more manageable. We want the characterization to allow
for some sort of analysis of the total probability of error for the encoder-
channel-decoder system. A useful characterization of the set of correctable
error patterns is based on the weight of its error patterns. More specifically
we would like to know how many error patterns of a given weight can be
corrected by the code-decoder combination.

The aim of the following treatment is to produce such a weight-based char-
acterization of the set of correctable error patterns of a list decoder used to
decode certain Reed-Solomon codes beyond half the minimum distance of
the code.

45
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4.1 Error correction beyond half the minimum dis-
tance

A traditional decoding algorithm corrects error patterns of weight less than
or equal to t = �(d − 1)/2�, the error-correction capability of the code C.
The decoding problem under the restriction that the error pattern weight is
less than or equal to t has a unique solution or no solution at all. We will
never be faced with the situation of several valid solutions, corresponding to
two or more different possible occurred error patterns of equal weight. If the
error pattern e is of weight less than or equal to t the received word r = c+e
has a single codeword as its closest codeword. This condition simplifies the
treatment of the problem. If a traditional decoding algorithm cannot find a
codeword c ∈ C within distance t or less from the received word r = c + e it
declares a decoding failure and halts.

A minimum distance decoding algorithm outputs the codeword closest to a
given received vector regardless of the weight of the error pattern involved.
This algorithm is also known as complete decoding. For most codes complete
decoding is an extremely hard task to accomplish. What if we could use an
intermediate decoding strategy which ends up somewhere in between the
traditional and the complete decoder? Such a strategy would correct some
error patterns of weight greater than t but not all. The structural properties
of a code are in many cases such that there still exists a unique solution
to the decoding problem for many error patters with weight greater than t.
Correcting errors outside half the minimum distance utilizes more of a code’s
true error-correcting capacity. This leads to a lower probability of error at
the same rate.

One way of correcting errors outside half the minimum distance is to use a list
decoder with a simple post processing of the list produced. Our treatment
will assume the following strategy.

A list decoder with list decoding radius τ is used to produce a list of candi-
date codewords. If the list contains a codeword which is uniquely closest to
the received word we output it as the solution to the decoding problem. If
not we declare a decoding failure.

This strategy yields error correction beyond half the minimum distance and
utilizes more of the code’s true error-correcting capacity. We will now study
the properties of the set of correctable error patterns of such a decoder in
more detail.
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4.2 Correctable error patterns under list decoding

The set of correctable error patterns of a minimum distance decoder for a
linear code is the set of error patters which the decoder will handle correctly.
Uncorrectable error patterns are of two types: those which cause the decoder
to declare a decoding failure and those which cause an incorrect decoding
into a codeword other than the sent one.

For a traditional decoder the set of correctable error patterns consists of all
error patterns of weight less than or equal to t. It is the sphere, S(0, t) of
radius t in F

n
q centered about the all-zero codeword.

For a complete decoder the set of correctable error patterns is the Voronoi
region of the all-zero codeword.

Definition 13 The Voronoi region V (c) of a codeword c in a code C ⊆ F
n
q

is defined as
V (c) = {x ∈ F

n
q : dH(x, C) = dH(x, c)}.

The set of correctable error patterns of a complete decoder is thus the set
V (0) of points in F

n
q which have the all-zero codeword as one of their closest

codewords. A consequence of this viewpoint is that in general the decoding
regions may overlap on their boundaries. If we want congruent decoding
regions we have to continue a bit further in our reasoning.

The Voronoi region of the all-zero codeword, V (0) can also be seen as the
collection of coset leaders, L(C), if we define any minimum weight vector of
a coset of the code as being a coset leader.

Definition 14 Given a linear code C ⊆ F
n
q the set

x + C = {x + c : c ∈ C}, x ∈ F
n
q ,

is called a coset of C. A vector of minimum weight in a coset is called
a coset leader. The collection of all coset leaders of a code C is denoted
L(C).
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For most cosets there will be only one coset leader but some will have multiple
coset leaders.

Consider received words on the boundary between two Voronoi regions, be-
ing on equal distance from two or more codewords. A complete decoder
would typically handle this situation by stipulating which codeword each
such received word belongs to. This means that we have removed some
error patterns from L(C) so that we for each coset only keep one of its
coset leaders. We have obtained non-overlapping, congruent decoding re-
gions. We have, from the set of coset leaders, picked a set of elected coset
leaders, EL(C). This is the most appropriate characterization of the set of
correctable error patterns for a complete decoder.

Our proposed list decoding strategy has a set of correctable error patterns
of an intermediate type. For facilitating its characterization we introduce
the concept of an inner Voronoi region.

Definition 15 The inner Voronoi region I(c) of a codeword c in a code
C ⊆ F

n
q is defined as

I(c) = {x ∈ F
n
q : dH(x, C \ {c}) > dH(x, c)}.

This is the set of points in F
n
q which has the codeword c as its uniquely

closest codeword. For the all-zero codeword we recognize I(0) as the set of
coset leaders for those cosets which have a single minimum weight vector,
i.e. a single coset leader.

A general characterization of the set of correctable error patterns for our list
decoding approach for error correction beyond half the minimum distance,
can be done using the concept of an inner Voronoi region.

The set of correctable error patterns in this case is the intersection of the in-
ner Voronoi region of the all-zero codeword and a sphere of radius τ centered
around the all-zero codeword, S(0, τ)∩I(0). This is illustrated in Figure 4.1.
If the list decoding radius τ is equal to t we obtain a traditional decoder and
if it is set to the covering radius R of the code we obtain a decoder which is
very similar to a complete decoder. It differs from a complete decoder since
in our approach we will declare a decoding failure if there is not a uniquely
closest codeword on the output list from the list decoder. This could easily
be changed by stipulating that in such a case the codeword which comes first
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τ

t

R

Figure 4.1: Illustration of the set of correctable error patterns under list decoding
with list decoding radius τ . The dots represent different codewords. The
triangular shaped central region is the Voronoi region of the zero codeword
and the shaded area is the set of correctable error patterns. Also included
are the error-correction capability t and the covering radius R.

in the list should be chosen. We will, however, focus on the case of unique
decoding.

We have the following inclusive relations for the traditional decoding sphere
S(0, t), the set of correctable error patterns under list decoding S(0, τ)∩I(0),
the inner Voronoi region of the all-zero codeword I(0), the set of elected coset
leaders EL(C), the coset leaders L(C) and the Voronoi region for the all-zero
codeword V (0):

S(0, t) ⊆ S(0, τ) ∩ I(0) ⊆ I(0) ⊆ EL(C) ⊆ L(C) = V (0).

The general characterization of the set of correctable error patterns under
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list decoding as the set S(0, τ)∩ I(0) is correct but perhaps not that useful.
It is on a very abstract level. The set I(0) is not easily obtained for most
codes. As mentioned before we would at least like to have a count of how
many error patterns of a given weight there are in the set of correctable
error patterns. Such information enables calculation of error probabilities in
a symmetric channel. This type of characterization is also hard to accomplish
in the general case since it involves knowledge of the weight distributions of
the cosets of the code in question. We will, however, make such a weight-
based characterization of the set of correctable error patterns for certain
Reed-Solomon codes under list-of-2 decoding.

4.3 Correctable error patterns for certain Reed-
Solomon codes

We will now characterize the set of correctable error patterns of a certain
family of Reed-Solomon codes suitable for list-of-2 decoding. This is the
first relaxation of the traditional unique decoding where our list decoder can
output up to two codewords. This approach will of course limit us to codes
which are (τ, 2)-list-decodable for some τ .

We start with the identification of the special family of Reed-Solomon codes
which allows this type of decoding.

Definition 16 An (n, k)-Reed-Solomon code defined over a finite field, Fq,
of cardinality q = n + 1 is said to be a class-I code if it has the following
properties:

• Its dimension k satisfies n/6 + 1 < k ≤ n/3 + 1,

• Its Sudan list decoding radius τ1 satisfies τ1 ≥ t + 1.

A few examples of class-I codes are given in table 4.1 along with their error-
correction capability and relevant values for the list-decoding radius τ1. We
note that the class-I codes are low rate codes for which Sudan’s algorithm
can potentially handle a large list decoding radius under the assumption that
the strain parameter s is allowed to be large. This leads to the fact that
even at s = 1 the list decoding radius τ1 is still interestingly large.
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[n, k, d] t τ1 R

[8, 3, 6] 2 3 5
[15, 4, 12] 5 6 11
[31, 7, 25] 12 14 24
[63, 12, 52] 25 30 51
[100, 19, 82] 40 48 81
[255, 44, 212] 105 126 211

Table 4.1: A few examples from the class-I family of Reed-Solomon codes.

The following lemma shows the fundamental property which make the class-I
Reed-Solomon codes interesting to us. It concerns the value for the list size
limit in Sudan’s algorithm presented in Chapter 3.

Lemma 5 Class-I Reed-Solomon codes have list size limit r1 = 3.

Proof: By definition we have

rs =

⌊
1
2

+

√
1
4

+
2n

k − 1

(
s + 1

2

)⌋
.

From this formula one easily concludes that r1 = 3 holds if and only if k
satisfies

n

6
+ 1 < k ≤ n

3
+ 1.

This is in agreement with the constraints on k in the definition of the class-I
codes and thus completes the proof. �

Lemma 5 allows us to state a theorem about the list-decodability of class-I
codes.

Theorem 7 Class-I Reed-Solomon codes are (τ1, 2)-list-decodable. In other
words: If C ⊆ F

n
q is a class-I Reed-Solomon code we have

|{c ∈ C : dH(c, x) ≤ τ1}| ≤ 2, for all x ∈ F
n
q .
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Proof: For the proof we use the correctness of Sudan’s algorithm as a tool.
Specifically we note that the quantity rs−1 gives us the maximum degree in
y of the bivariate polynomial Q(x, y) produced by the first step of Sudan’s
algorithm. This is thus the limit for the number of codewords that can occur
on the list when performing list decoding with the list decoding radius τs

since each code word corresponds to a factor of the type y− f(x) in Q(x, y).
Since we have r1 = 3 for the class-I Reed-Solomon codes by Lemma 5, we
can have at most two codewords on the output list when performing list
decoding with radius τ1. This completes the proof. �

The class-I codes thus have the nice property of allowing list decoding with
a fairly large list decoding radius but at a maximum needed list size of
only 2. These codes have low rate and the nice behavior is of course a
direct consequence of their low density. Furthermore the value of the strain
parameter s is only 1 when achieving this fairly large list decoding radius
with Sudan’s algorithm. This means that list-of-2 decoding of the class-I
codes is a relatively easy task.

In order to utilize more of the true error-correcting capacity of Reed-Solomon
codes under list decoding with Sudan’s algorithm we would like to maximize
the list decoding radius. The list decoding radius, τs, is an increasing func-
tion of the strain parameter s. It is thus tempting to increase s. How would
such a strategy affect the list-of-2-decodability? We note a few more things
concerning the possibilities for a Reed-Solomon code having list size limit
rs = 3 in Sudan’s algorithm.

We start with the case s = 2 and note that for an (n, k)-Reed-Solomon
code having r2 = 3 the corresponding list decoding radius τ2 is equal to the
error-correction capability t. This follows from the fact that by definition
we have

ls =
⌊

n

rs

(
s + 1

2

)
+

(rs − 1)(k − 1)
2

⌋

and

τs = n −
⌊

ls
s

⌋
− 1.

With s = 2 and r2 = 3 we obtain

τ2 =
⌊

n − k

2

⌋
,
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which is precisely equal to t since the minimum distance of the Reed-Solomon
code is n − k + 1. The case s = 2 is thus uninteresting from a list decoding
point of view since we cannot expect to correct more errors than an ordinary
traditional decoder.

Increasing the strain parameter s to a value greater than 2 can increase the
list decoding radius but will a list size of 2 be enough for this case? We note
that since

rs =

⌊
1
2

+

√
1
4

+
2n

k − 1

(
s + 1

2

)⌋
,

a value of s greater than 2 will force the list size limit rs to be strictly greater
than 3 regardless of the values on the code parameters n and k. The fact
that the list limit rs exceeds 3 does, however, not necessarily imply that
the code in question is not list-of-2-decodable. The list size limit is only a
derived parameter for Sudan’s algorithm. The integer rs−1 is a limit for the
y-degree of the Sudan polynomial produced by the algorithm and indicates
that the algorithm allocates room for three codewords on the output list.
This could in principle be an over-allocation by the algorithm. The code’s
structure could be such that a list size of only 2 is needed. This leads us
to the question of the optimality of Sudan’s algorithm. For a given list size,
does the algorithm achieve the maximum possible list decoding radius? This
is a question to which the answer is slightly complicated. Several authors
have taken an interest in bounds for list decoding of Reed-Solomon codes, for
instance Justesen and Høholdt in [30] and Ruckenstein and Roth in [31],[32].
They prove the existence of families of Reed-Solomon codes for which the list
decoding capacity of Sudan’s algorithm is optimal. However, Ruckenstein
and Roth also point to families of codes where Sudan’s algorithm is subopti-
mal. There are also many cases still open. For the case of list-of-2 decoding
of Reed-Solomon codes of dimension k ≥ n/3 + 1 a theorem by Ruckenstein
and Roth has some relevance to us. They show that if such codes in addition
have the property that �(n−k)/2� divides either n or n+1 the list decoding
radius cannot exceed t. That is, we need a list size greater than 2 if we
use a list decoding radius greater than t. We will not pursue the topic of
optimality of Sudan’s algorithm any further than this.

We conclude that of the Reed-Solomon codes having rs = 3—implying list-
of-2-decodability via Sudan’s algorithm—for some value of s, it is only the
class-I codes that are of interest to us. The definition of the class-I codes
also demands that τ1 > t. The reason for this is to exclude some codes which
fulfills the condition for the code dimension k but does not have τ1 > t.
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We will now study the set of correctable error patterns for the class-I codes
under list-of-2 decoding. As shown above, this type of decoding can readily
be accomplished for these codes by use of Sudan’s algorithm with the strain
parameter s set to unity. The case we study is that of list decoding used
to correct errors of weight greater than t, using our simple post processing
of the output list. We study the case of unique decoding so the decoder
declares a decoding failure if there is not a uniquely closest codeword on the
list.

One could also consider the case of a decoder that chooses randomly between
two non-uniquely closest code words on the list. This would lead to only
minor adjustments in the following treatment.

We will now introduce a parameter β
(τ)
i . We use it to characterize the set of

correctable error patterns of a list decoder with list decoding radius τ , based
on error pattern weight. For a specific code it counts the number of error
patterns of weight i which the list decoder will not be able to correct. That is,
those error patterns of weight i outside the set of correctable error patterns.
We note that these error patterns cause a list decoder to produce an output
list on which the sent codeword is not the uniquely closest codeword.

We will refer to the sequence β
(τ)
i , i = 0, 1, . . . , n as the distribution of elusive

error patterns. Since we know the total number of possible error patterns of
a given weight, we also know the number of error patterns of a given weight
within the set of correctable error patterns given β

(τ)
i .

Definition 17 For a given linear q-ary code of length n with error-correction
capability t, combined with a list decoder using a list decoding radius τ ≥ t,
let β

(τ)
i , i ∈ {0, 1, . . . , n}, denote the number of error patterns of weight i

not included in the set of correctable error patterns.

The βi:s of course tell us something about the complete coset weight distri-
bution of the code, i.e. the listing of the weight distributions of all cosets.
We note that for a linear q-ary code of length n we have

β
(τ)
i =

(
n

i

)
(q − 1)i − |{v ∈ I(0) : wt(v) = i}| , for i ∈ {0, 1, . . . , n}.

Knowledge of the βi:s thus gives us partial knowledge about the weight dis-
tribution of the unique coset leaders of the code. As mentioned earlier,
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minor adjustments in the following treatment could accommodate for the
non-unique case as well. Calculation of the complete coset weight distribu-
tion of a code is generally a hard task, so any information provided by the
βi:s is of course valuable.

The βi:s display some more or less straightforward properties worth noting.
For any linear q-ary code of length n and error-correction capability t we
have

β
(τ)
i = 0 for i ∈ {0, 1, . . . , t}

and

β
(τ)
i =

(
n

i

)
(q − 1)i for i ∈ {τ + 1, τ + 2, . . . , n}.

The first part is a consequence of the definition of the error-correction capa-
bility t. All error patterns of weight less than or equal to t are correctable.
The second part is due to the fact that no list decoder can be expected to
find the correct codeword if the error pattern is of weight greater than the
list decoding radius.

What remains to be determined is thus β
(τ)
i for i = t + 1, t + 2, . . . , τ . This

is what the remainder of this chapter is devoted to in the case of our class-I
Reed-Solomon codes.

For the continuation we introduce the weight distribution of a linear q-ary
code C of length n as the collection of integers

Ai = |{c ∈ C : wt(c) = i}| , for i = 0, 1, . . . , n.

From for instance [54, Ch.11, Th.6] we have the following well known theo-
rem, slightly reformulated to fit the current context.

Theorem 8 (Weight distribution of Reed-Solomon codes)
The weight distribution of any (n, k)-Reed-Solomon code over F

n
q , where

n = q − 1 is

Ai = n

(
n

i

) i−n+k−1∑
j=0

(−1)j

(
i − 1

j

)
(n + 1)i−j−n+k−1, for i = 1, 2, . . . , n.
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We will also use the concept of intersection numbers defined in Chapter 2.
We said that for any pair of vectors x, y ∈ F

n
q with dH(x, y) = δ their

intersection number is

λi,j(δ) =
∣∣{v ∈ F

n
q : dH(x, v) = i and dH(v, y) = j}∣∣ .

That is λi,j(δ) counts the number of vectors in F
n
q which are at distance

i from the vector x and at the same time distance j from y. We note
once again that the intersection number is only dependent of the Hamming
distance between the two vectors x and y and not the actual appearance of
each vector.

We also noted earlier that for any pair of vectors x, y ∈ F
n
q with dH(x, y) = δ

we have

λi,j(δ) =
min(n−δ,i,j)∑

m=max(0,i−δ,j−δ)

(
n − δ

m

)(
i − m

δ + m − j

)(
δ

i − m

)
(q − 1)m(q − 2)i+j−δ−2m,

if q > 2, and if q = 2 we have

λi,j(δ) =
(

δ
δ+i−j

2

)(
n − δ
i+j−δ

2

)
.

As before the binomial coefficients should be interpreted as

(
x

m

)
=




x(x−1)···(x−m+1)
m! , if m is a positve integer,

1, if m = 0,
0, otherwise,

where x is any real number, and m! = 1 · 2 · 3 · . . . · (m − 1) · m, 0! = 1.

We will now use the intersection numbers and the weight distribution to
formulate a theorem. It is a theorem concerning the weight-based character-
ization of the set of correctable error patterns for the class-I Reed-Solomon
codes under list-of-2 decoding with list decoding radius τ1 as given by Su-
dan’s algorithm.

Theorem 9 For any class-I (n, k)-Reed-Solomon code we have

β
(τ1)
i =

i+τ1∑
δ=d

Aδ

i∑
j=d−i

λi,j(δ), for i ∈ {t + 1, t + 2, . . . , τ1},

where d = n − k + 1 is the minimum distance of the code.
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Proof: We may assume with no loss of generality that the sent codeword is
the all-zero codeword. This makes the received word r equal to the occurred
error pattern e and the problem is, assuming list decoding with list decoding
radius τ1 ≥ t+1, to count the number of received words of weight i : t+1 ≤
i ≤ τ1, such that the all-zero codeword is not the uniquely closest codeword
on the list.

We note that since we are studying received words of weight i ≤ τ1 the
all-zero codeword will always be on the list. Since we are studying a class-I
code we know that there can be at most 2 codewords on the list produced by
the list decoder and that all code words within distance τ1 of the received
word will be on the list. The cases we wish to count are of course among
those where there are two words on the list.

Assuming this situation, let c denote the nonzero codeword on the list. By
the triangle inequality and the list decoding assumption we have

dH(0, c) ≤ dH(0, r) + dH(r, c) = i + dH(r, c) ≤ i + τ1.

Since the code has minimum distance d the inequality

dH(0, c) ≥ d,

must hold. This leads us to conclude that any nonzero codeword c on the
list has to be of weight wt(c), where d ≤ wt(c) ≤ i + τ1. Further we have

d − i ≤ dH(r, c) ≤ τ1.

So for a given codeword c of weight δ : d ≤ δ ≤ i + τ1 we know that those
received words of weight i which place this codeword on the list are those that
obey the constraints dH(r, 0) = i and d − i ≤ dH(r, c) ≤ τ1. But we are not
just interested in placing c on the list, we want to count those received words
which causes dH(c, r) ≤ dH(r, 0) = i. Thus a more appropriate constraint is

d − i ≤ dH(r, c) ≤ i.

Thus the number of weight i words which place the codeword c on our list
is given by

i∑
j=d−i

λi,j(δ).

The beauty of the class-I codes is that since the list size is limited to 2
codewords—and one slot is always occupied by the all-zero codeword—these
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received words cannot cause any other nonzero codeword than c to appear
on the list. Since c is an arbitrary codeword of weight δ : d ≤ δ ≤ i + τ1 we
conclude that to each such codeword is uniquely associated a similar set of
received words of weight i. The codeword dependency of the cardinality of
such a set is, as described above, only in the weight of the codeword. Since
the weight distribution of the code counts the number of codewords of a
specific weight we arrive at

β
(τ1)
i =

i+τ1∑
δ=d

Aδ

i∑
j=d−i

λi,j(δ).

�

We note that the only property of the class-I codes that enters our argument
above is the fact that the class-I codes are (τ1, 2)-list-decodable, so we may
generalize the theorem as follows.

Corollary 2 For any (τ, 2)-list-decodable linear code, C ∈ F
n
q , of minimum

distance d and weight distribution {Ai}n
i=0 we have

β
(τ)
i =

i+τ∑
δ=d

Aδ

i∑
j=d−i

λi,j(δ).

In Chapter 7 we will use Theorem 9 to study the consequences of using list
decoding on performance for communication over a symmetric channel.



Chapter 5

Construction of Sudan
polynomials

We will now study the first step of Sudan’s algorithm for list decoding of
Reed-Solomon codes when limited to list-of-2 decoding. This special case
is the first relaxation from the classical or unique decoding of errors up to
half the minimum distance. We thus assume an (n, k)-Reed-Solomon code
with error-correction capability t = �(n − k)/2� and structural properties
such that it is (τ, 2)-list-decodable, where τ > t. In Chapter 4 we identified
the class-I codes as a large class of Reed-Solomon codes of this type. Our
treatment of the first step of Sudan’s algorithm will be restricted to these
class-I codes.

We will construct an algorithm for finding a Sudan polynomial based on the
Fundamental Iterative Algorithm. We will use the special structure of the
problem to make some adjustments from the original algorithm.

5.1 The interpolation equations

In the case of list-of-2 decoding the nonzero bivariate polynomial Q(x, y)
we wish to produce in the first step in Sudan’s algorithm has the following
general form:

Q(x, y) = Q2(x)y2 + Q1(x)y + Q0(x),

59
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where Qi(x) ∈ Fq[x] and deg Qi(x) ≤ ls− i(k−1), i = 0, 1, 2. The parameter
ls denotes the weighted degree limit in Sudan’s algorithm.

Given this general form the (1, k − 1)-weighted degree of the polynomial is
within the allowed limit of ls, which is the first desired property of the Sudan
polynomial to be produced.

The remaining property is the interpolation property. Given the primitive
element α ∈ Fq defining the location set of the code and the received word
w = (w0, w1, . . . , wn−1) ∈ F

n
q we want coeff(Q(x + αi, y + wi), xayb) = 0 for

all a, b ∈ N such that a+ b < s and for i = 0, . . . , n−1. We confine ourselves
to the case of class-I Reed-Solomon codes as identified in Chapter 4. Those
are (τ1, 2)-list-decodable Reed-Solomon codes, where τ1 is the list decoding
radius in Sudan’s algorithm when the strain parameter s satisfies s = 1. For
this case the interpolation property simplifies to

coeff(Q(x + αi, y + wi), x0y0) = 0, for i = 0, . . . , n − 1. (5.1)

Define

Q2(x) =
l1−2(k−1)∑

j=0

ajx
j , (5.2)

Q1(x) =
l1−(k−1)∑

j=0

bjx
j , (5.3)

Q0(x) =
l1∑

j=0

cjx
j . (5.4)

Plugging this into the interpolation property (5.1) we obtain the following
set of interpolation equations

w2
i

l1−2(k−1)∑
j=0

ajα
ij + wi

l1−(k−1)∑
j=0

bjα
ij +

l1∑
j=0

cjα
ij = 0,

i = 0, 1, . . . , n − 1.

The class-I codes have list size limit parameter r1 = 3 resulting in a weighted
degree limit l1 = �n/3� + k − 1.
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Let us consider a small example. Consider the case of a bivariate polynomial
Q(x, y) produced by the first step of Sudan’s algorithm when a (10, 3)-Reed-
Solomon code is decoded with s = 1. The symbol field is F11 and we have
l1 = 5 and the relevant interpolation equations take the form

w2
i

1∑
j=0

ajα
ij + wi

3∑
j=0

bjα
ij +

5∑
j=0

cjα
ij = 0,

i = 0, 1, . . . , 9.

This system of interpolating equations can be presented as a matrix equation,
MvT = 0 as

�
������������������������������������

1 1 1 1 1 1 w0 w0 w0 w0 w2
0 w2

0

1 α α2 α3 α4 α5 w1 w1α w1α2 w1α3 w2
1 w2

1α

1 α2 α4 α6 α8 α10 w2 w2α2 w2α4 w2α6 w2
2 w2

2α2

1 α3 α6 α9 α12 α15 w3 w3α3 w3α6 w3α9 w2
3 w2

3α3

1 α4 α8 α12 α16 α20 w4 w4α4 w4α8 w4α12 w2
4 w2

4α4

1 α5 α10 α15 α20 α25 w5 w5α5 w5α10 w5α15 w2
5 w2

5α5

1 α6 α12 α18 α24 α30 w6 w6α6 w6α12 w6α18 w2
6 w2

6α6

1 α7 α14 α21 α28 α35 w7 w7α7 w7α14 w7α21 w2
7 w2

7α7

1 α8 α16 α24 α32 α40 w8 w8α8 w8α16 w8α24 w2
8 w2

8α8

1 α9 α18 α27 α36 α45 w9 w9α9 w9α18 w9α27 w2
9 w2

9α9
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c0

c1

c2

c3

c4

c5

b0

b1

b2

b3

a1

a2

�
����������������������������������������

= 0.

Any non-zero solution vector v = (c0, . . . , c5, b0, . . . , b3, a1, a2) is a suitable
solution to the problem of finding a Sudan polynomial. We note that this is—
as expected—an underdetermined homogeneous linear system of equations.
There is always a non-zero solution. With our assumption on the form of
Q(x, y) we have 3l1−3k+6 unknowns in general or—using l1 = �n/3�+k−1
for the class-I codes—3�n/3� + 3 unknowns. This means that in general we
have n+1, n+2 or n+3 unknowns when studying the interpolation property
for class-I codes. The number of equations is in general n for the case of
class-I codes. Having more unknowns than equations is thus not a specific
property of our chosen small example, but something always to be expected.
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For an underdetermined system of equations we typically have several pos-
sible solutions. Which type should we favor? We suggest favoring solutions
which keep the y-degree of the corresponding bivariate polynomial as low as
possible. This is because in the next step of Sudan’s algorithm we are going
to look for factors of the type y−f(x). We thus would like to favor solutions
which have their non-zero values primarily among the ci:s, secondly among
the bi:s and finally among the ai:s. In our current example—expressed as
a matrix equation—this means favoring solution vectors which have their
support packed towards the top.

Finding a non-zero solution to a homogeneous linear system of equations
under the restriction of packing the solution towards one end, is a job well
suited for the Fundamental Iterative Algorithm.

5.2 The Fundamental Iterative Algorithm

The Fundamental Iterative Algorithm (FIA) was presented by Feng and
Tzeng in [65]. It is an algorithm for finding special non-zero solutions to
homogeneous linear systems of equations. Such systems of equations can
be identified with a matrix equation of the type MvT = 0 where M is the
matrix defining the coeffcients of the linear equations and v is the vector
containing the unknowns. The solutions to such equations produced by FIA
are minimal in the sense that the support of the solution vector is located
as far as possible towards one end of the vector. In our case the location is
towards the top end.

We will not examine the inner workings of FIA but simply give a general
explanation of the different phases of the algorithm. It starts by assuming a
non-zero solution vector with a one in its topmost position and zeros in the
remaining positions. This candidate vector is then tested as a solution for
the first row in the matrix. This is done by calculating the inner product
between the first row of the matrix and the candidate vector. If this test
yields a zero then the candidate vector is tested against the next row. This
process then continues until all rows have been tested and have been found
to yield zero and we have our solution. If a test at some row does not yield
zero we say we have a discrepancy equal to the non-zero value and we need
to adjust our candidate vector. This is done in two ways.

The first time a certain row i is inflicted with a discrepancy the candidate
vector and the discrepancy is stored in a memory specific for that row. We
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call the stored vector for the discrepancy vector of row i and we refer to the
stored discrepancy together with the discrepancy vector as the discrepancy
information for row i. After storage the candidate vector is shifted one
step downwards to form a new candidate vector. A zero is shifted into its
topmost position. This operation opens the possibility of including another
column of the matrix into the solution. The test cycle for discrepancies
is then restarted at the first row and continued downward until we have a
discrepancy or a solution.

The other way of dealing with a discrepancy is used when we get a discrep-
ancy on a row for which we have previously stored discrepancy information.
The candidate vector is then adjusted by a subtraction of the discrepancy
vector multiplied by the current discrepancy divided by the stored discrep-
ancy. This creates a new candidate vector as a linear combination of two
vectors which each caused discrepancies on the current row. The linear com-
bination is such that their respective discrepancies on the current row cancel
out. For the preceding rows both vectors have passed the discrepancy test
and their linear combination is thus also cleared for these rows. The test
cycle for discrepancies is continued with the next row in the matrix.

If the homogeneous matrix equation does not have any non-zero solution
this will be detected by FIA. It will be apperant in the phase where we
adjust the candidate vector by shifting it one step. If we previously have
made too many shifts when we enter this phase this indicates that the matrix
equation has no non-zero solution. Specifically, if we have already shifted
our candidate vector a number of times equal to the number of columns in
the matrix minus one. Performing a shift of the candidate vector in this
situation would mean including a non-existent column of the matrix into
the solution. This means that the problem has no non-zero solution. This
will of course never occur for a matrix corresponding to a underdetermined
linear system of equations which always have a non-zero solution.

We summarize the Fundamental Iterative Algorithm in pseudo code in Al-
gorithm 1. The input is a matrix M over some field corresponding to the
linear system of equations. The indexing of rows and columns of the matrix
as well as positions in vectors start from 0.
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Algorithm 1 FIA Fundamental Iterative Algorithm

Input: A matrix M .
Output: A non-zero vector v which is a minimal solution to MvT = 0.
Error: An error message is given if no non-zero solution exists.

r = number-of-rows(M)
c = numver-of-columns(M)
v = zerovector-of-length(c)
v0 = 1
i = 0
j = 0
S = ∅
loop

mvi = M [i, :]vT

while mvi = 0 do
i = i + 1
if i = r then

return(v)
STOP

end if
mvi = M [i, :]vT

end while
if ∃s ∈ S : s[1] = i then

v = v − mvi/s[2] · s[3]
i = i + 1

else
S = S ∪ {< i, mvi, v >}
i = 0
j = j + 1
if j > c − 1 then

error(’No Non-Zero Solution!’)
STOP

end if
v =shift(v)

end if
end loop
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5.3 An interpolation algorithm

We have shown that our problem of constructing a Sudan polynomial is
equivalent to solving a homogeneous linear system of equations. We can
thus in principle use FIA in its original form in order to attack our problem.
But we can make some observations which can further simplify the solving
of the problem.

FIA starting state

We observe that FIA traverses the matrix from the upper left corner of the
matrix towards—but perhaps not all the way to—the lower right corner of
the matrix. It tries to go downward first, but if forced by discrepancies it
successively adjusts the candidate vector to include more and more columns
of the matrix, thereby moving right. In our setting the matrix defining the
problem to be solved has a structure such that the leftmost part of the
matrix is independent of the received word w. This means that FIA will do
exactly the same calculations to start with regardless of the received word.
Therefore we can make a precalculation and start the algorithm in a fixed
state corresponding to these calculations. This fixed initial state concerns
the contents of the memory holding discrepancy information for some of the
topmost rows of the matrix.

We can make some useful observations concerning the initial, precalculated
memory-state based on the special structure of the matrix defining the linear
system of equations. Let Di(v) denote the inner product between the vector
v = (v0, v1, . . . , v3l1−3(k−1)+2) and row i (i = 0, 1, . . . , n − 1). We note that
as long as a shifted candidate vector v′ has a support entirely within the
column region of the matrix which is independent of the received word w,
the inner product Di(v′) is equal to αiDi(v) where v is the unshifted version
of v′. This means that when we get a discrepancy Di(v) for the first time
on row i and shift the candidate vector and start over with discrepancy
checking from the first row (after having stored the candidate vector and its
discrepancy in memory) we will pass through all rows down to row i, the one
which caused the discrepancy. There it will cause the discrepancy αiDi(v)
and we will want to adjust the candidate vector using the stored discrepancy
information of row i. From the candidate vector we subtract the discrepancy
vector times the current discrepancy divided by the stored discrepancy. This
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means subtracting the discrepancy vector times αi. After this adjustment
FIA will proceed to the next row.

We also note that every time FIA enters a row i (i = 0, 1, . . . , n−1) which it
has never visited before it does so with a candidate vector with a support that
is confined to the i + 1 first or topmost positions. The candidate vector has
cleared the discrepancy test for the preceding rows and the discrepancy test
for row i is thus a test for a non-zero solution for the homogeneous system of
linear equations, defined by the square (i+1)× (i+1) sub-matrix consisting
of the upper left corner of the matrix. This sub-matrix is a Vandermonde
matrix as long as the support of the candidate vector is solely within the
column region of the matrix which is independent of the received word w. A
square Vandermonde matrix is a classic example of a non-singular matrix,
so the corresponding homogeneous linear system of equations does not have
any non-zero solutions. This means that FIA must obtain a discrepancy
on row i—and indeed on every row it visits for the first time during the
precalculation—as long as the support of the candidate vector is confined to
the column region of the matrix which is independent of the received word
w. This is thus true for rows 0 through l1.

In other words, the fixed discrepancy vectors in memory for row i, i =
0, 1, . . . , l1 have the following recursive relationship:

v(i) = shift(v(i−1)) − α(i−1)v(i−1),

where v(0) = (1, 0, . . . , 0). The corresponding stored discrepancies are

Di =
i∑

j=0

αijv
(i)
j .

The precalculation of the fixed memory contents corresponding to rows
0, 1, . . . , l1 leaves the candidate vector in a specific state when the algorithm
moves to row 0 and starts to deal with the part of the matrix dependent of
the received word w. FIA does, however, not need this specific vector as a
starting point for the following calculations. It is apparent from the work of
Feng and Tzeng in [65] and more explicitly stated in the work of Kötter [66],
that whenever the algorithm returns to the first row we have a great deal of
freedom how to construct a new candidate vector. The only conditions to be
met by the new vector are that if column j (j = 0, 1, . . . , 3l1 − 3(k − 1) + 2)
of the matrix is on turn to be included into the solution, the candidate vec-
tor should have vj 
= 0 and its support should be confined to the (j + 1)
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first positions. We use this freedom to adopt a very simple starting vector
for our interpolation algorithm. We assume an initial candidate vector with
vl1+1 = 1 and zeros everywhere else.

First row simplification

We observe that the first candidate vector to be stored in memory is the
initial starting vector v(0), since we immediately get a discrepancy of 1 on the
first row when performing the precalculation mentioned above. This will be
the discrepancy vector which we will use to cancel out any new discrepancies
found on the first row later on. This means that such discrepancies will only
affect the first position of the candidate vector. Furthermore we can get a
simple expression for the discrepancy in these cases. If we are returned to
the first row it is because we got a discrepancy on a row for which we had
no stored vector. The candidate vector v = (v0, v1, . . . , v3l1−3(k−1)+2) which
caused this discrepancy causes no discrepancy on the first row. But when we
are returned to the first row it is a shifted version of this candidate vector
which is to be checked to see if it causes a discrepancy. The discrepancy
D0(v′) caused by the shifted version v′ on the first row can be written as

D0(v′) =
l1∑

j=0

v′j +
2l1−(k−1)+1∑

j=l1+1

w0v
′
j +

3l1−3(k−1)+2∑
j=2l1−(k−1)+2

w2
0v

′
j .

Using the fact that v′j = vj−1 for j = 1, 2, . . . , 3l1 − 3(k − 1) + 2 and v′0 = 0,
v3l1−3(k−1)+2 = 0 and D0(v) = 0 we may write this as

D0(v′) =
l1−1∑
j=0

vj +
2l1−(k−1)∑

j=l1

w0vj +
3l1−3(k−1)+2∑

j=2l1−(k−1)+1

w2
0vj =

=
l1∑

j=0

vj +
2l1−(k−1)+1∑

j=l1+1

w0vj +
3l1−3(k−1)+2∑

j=2l1−(k−1)+2

w2
0vj

− vl1 + w0vl1 − w0v2l1−(k−1)+1 + w2
0v2l1−(k−1)+1 =

= D0(v) + (w0 − 1)vl1 + (w2
0 − w0)v2l1−(k−1)+1 =

= (w0 − 1)vl1 + (w2
0 − w0)v2l1−(k−1)+1.
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Given the candidate vector v that gave us a discrepancy which forced FIA
to move up to the first row, we can directly calculate the discrepancy of row
one for our new, shifted vector. If this is non-zero we should update the
candidate vector by subtracting the value of the discrepancy from the first
position of the vector and then continue with row two. If the discrepancy is
zero we should just go on directly and test row two. Since when we go to the
first row we shift in a zero in the first position of the candidate vector, we
may instead always shift in the quantity (1−w0)vl1 + (w0 −w2

0)v2l1−(k−1)+1

and go straight for the second row.

We also note that for our chosen initial vector—with vl1+1 = 1 and zeros
everywhere else—we obtain a discrepancy equal to w0 on the first row. In
analogy with the above treated case we realize that we can start FIA directly
on the second row if we adjust the initial vector to so that v0 = −w0.

Since we always start FIA on the second row we will never use the stored
information corresponding to the first row. This means that we may exclude
this from the precalculated memory state.

Formulating an algorithm

Given the above observations we reformulate the Fundamental Iterative Al-
gorithm to suit our problem more directly in Algorithm 2 below. In the
algorithm we have taken into account the special structure of the matrix
which FIA is working with. We also assume the precalculation presented
above and we make use of our observation about the simplification of the
treatment of the first row.

The first step of Sudan’s algorithm for list decoding of Reed-Solomon codes
has been treated by several authors. Roth and Ruckenstein [17] identified the
problem with that of solving an extended key equation and gave an efficient
algorithm for doing this. Sakata et al. [24] studied fast interpolation methods
based on Groebner bases and Refslund Nielsen [28] has also suggested a
FIA-based algorithm. Recently the first step of Sudan’s algorithm has been
given a formulation based on a system-theoretic approach by Kuijper and
Polderman [67].
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Algorithm 2 Interpolation algorithm for list-of-2 decoding of class-I Reed-
Solomon codes
Input: Code parameters n, k, the primitive element α defining the location

set of the code and the received word w.
Output: A non-zero vector v containing the coefficients

{ai}l1−2(k−1)
i=0 , {bi}l1−(k−1)

i=0 and {ci}l1
i=0 in the order

v = (c0, c1, . . . , cl1 , b0, b1, . . . , bl1−(k−1), a0, a1, . . . , al1−2(k−1)).

l1 = �n/3� + k − 1
v = zerovector-of-length(3�n/3� + 3)
vl1+1 = 1
v0 = −w0

i = 1
S = precalculated-memory-state
loop

mvi =
l1−2(k−1)∑

j=0

w2
i α

ijvj+2l1−(k−1)+2 +
l1−(k−1)∑

j=0

wiα
ijvj+l1+1 +

l1∑
j=0

αijvj

while mvi = 0 do
i = i + 1
if i = n then

return(v)
STOP

end if

mvi =
l1−2(k−1)∑

j=0

w2
i α

ijvj+2l1−(k−1)+2 +
l1−(k−1)∑

j=0

wiα
ijvj+l1+1 +

l1∑
j=0

αijvj

end while
if ∃s ∈ S : s[1] = i then

v = v − mvi/s[2] · s[3]
i = i + 1

else
S = S ∪ {< i, mvi, v >}
i = 1
v =shift(v)
v0 = (1 − w0)vl1 + (w0 − w2

0)v2l1−(k−1)+1

end if
end loop
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5.4 An architecture

We will now suggest a hardware implementation for our interpolation algo-
rithm. We will do this at the abstraction level of basic operations in the
symbol field, Fq. We thus assume the existence of hardware modules for
the different basic arithmetic operations such as addition, multiplication, in-
version and squaring in the symbol field. We also assume the existence of
multiplexers and a hardware module for fixed base exponentiation.

We consider from now on the case where the symbol field is of character-
istic 2 since this most certainly would be the case in an actual hardware
implementation.

Basic design idea

The hardware design is a fairly straightforward implementation of FIA where
a shift-register approach is used for the calculation of inner products. The
entries of the matrix defining the linear system of equations are produced
sequentially by a simple structure of basic arithmetic operators according to
the row number in question. There is a shift-register based memory bank
for storing necessary discrepancy information. The design differs from a
pure FIA implementation in the sense that we use the fixed initial state
and that we treat the first row calculations in the simplified way described
above. We also assume that we make an optimization regarding the number
of unknowns wherever possible. This means that when we have a situation
where our initial assumption of the general structure of the Sudan polynomial
yields n+2 or n+3 unknowns we remove 1 or 2 unknowns. Further we suggest
using the recursive relationship for the fixed discrepancy vectors of the initial
state, thus not storing them at all but instead make them available to FIA
successively as the algorithm proceeds. This enables us to keep a smaller
memory bank in our architecture. Concerning the fixed discrepancies for the
initial state we suggest, however, that they are stored from the beginning
and not calculated during operation. Since we only have use of their inverses
these will be the ones stored.

Our design idea points towards an architecture of the type depicted schemat-
ically in Figure 5.1. The figure is specific for the case of a (15, 4)-Reed-
Solomon code with a location set defined by the primitive element α ∈ F16,
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a root of the irreducible polynomial x4+x+1. We have assumed an optimiza-
tion of the unknowns by the removal of a1 and a2 from the initial assumption
of the general structure of the Sudan polynomial, thus only leaving a0 as the
remaining coefficient for y2 monomial. This gives us a total of 16 unknowns
for our 15 equations. The architecture for other class-I Reed-Solomon codes
display the same basic structure although the possibility of optimization of
the unknowns may differ. We will use the (15, 4)-Reed-Solomon code special
case as a basis for our discussion without any loss of generality.

Architecture structure

For this survey of the architecture we refer to Figure 5.1. The central feature
of the architecture is the shift-register V , used for storing and updating the
candidate vector v, as well as in calculation of the inner product between
the candidate vector and a row in the matrix. On its input end there is
a multiplexer with seven inputs used for initiation of the initial candidate
vector, shift of the candidate vector—via use of the flip-flop S—and adjust-
ment of the candidate vector according to stored discrepancy information.
It also includes the possibility of closed loop operation of the shift-register
V in order to maintain the candidate vector v unaltered. On the output
end of the shift-register V we have a structure of basic arithmetic operators
in combination with a flip-flop D, which is used for calculation of the inner
product between the vector v stored in V and a row of the matrix. The flip-
flop D takes its input from a three-way switch, which allows the contents of
D to be reset, consecutively incremented or conserved. The matrix entries
needed for the inner product calculation are produced by the lower right
part of the architecture. Specifically the consecutive powers of αi character-
istic for a row of the matrix are produced by a fixed base exponentiator and
the flip-flop A in intermittent closed loop operation. The correct coefficient
wi—or its squared version—needed for a specific row is served up via a three
way multiplexer fed from a simple structure including an array of flip-flops,
W , for storing the received word w. The flip-flops in this array are assumed
to be initiated in parallel.

The small structure of basic arithmetic operators in the lower right corner
of the architecture is responsible for the calculations needed in connection
with the first row simplification.

The upper part of the architecture is concerned with the storing of discrep-
ancy information. There is a set of 6 shift-registers M i, (i = 9, 10, . . . , 14))
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constituting the memory bank used for storing the discrepancy information
for rows 9 to 14 of the matrix. At the input end of each shift-register there is
a switch regulating whether the memory bank should maintain its contents or
be updated with the contents of V , scaled with the inverse of the discrepancy
held in the flip-flop D. The shift-register R is used to recursively construct
the fixed discrepancy vectors corresponding to the precalculated initial state
of the algorithm. It is complemented with a multiplier and a multiplexer
serving up the corresponding inverted fixed discrepancies, to produce the
proper vectors to be used for discrepancy cancellation on rows 0 through
8. The input end of shift-register R is also equipped with a switch which is
used for regulating whether R should be run in a recursive configuration or
if it should be reinitiated with its initiation vector.

Omitted in the figure is the outline of the control logic, including a simple
flag register for keeping track of for which rows we have stored discrepancy
information.

Description of operation

We use the architecture for the (15, 4)-Reed-Solomon code to illustrate the
method of operation of our suggested hardware realization. We once again
refer to Figure 5.1.

A cycle of operation is started with an initiation of the array of flip-flops
Wj , j = 0, 1, . . . , 14 with a received word w. The shift-register V is initiated
serially as we clock out the result from the previous operation cycle. The
multiplexer at the input end of V feeds a sequence of symbols starting with
w0 followed by eight zeros, a one and then six zeros. At the same time the
control signal i is set to 1 to indicate that we will start FIA on row 1 (the
clever initiation of V took care of row 0) and the shift-register R is fed with
a sequence starting with a one followed by 15 zeros. The flag register is reset
so that it indicates that we have stored discrepancy information for rows 1
through 8 but none for the remaining rows. The contents of flip-flop D is
set to zero and the contents of flip-flop A is set to 1.

The next phase that follows is the first inner product calculation. We will
describe a general inner product calculation for row i (i = 1, 2, . . . , 14). In
the following the first inner product calculation thus corresponds to i = 1.
The shift-register V is set in a closed loop configuration and clocked one full
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lap, feeding the vector-coefficients to the multiplier where they are multiplied
with the corresponding matrix row element. The matrix row elements are
produced by the multiplication of either 1, wi or w2

i —from the three-way
multiplexer—and a suitable power of αi. For the first 9 vector-coefficients
the multiplexer serves up a 1, for the next 6, wi and for the final 1, w2

i .
During this operation the switch on the input end of flip-flop A is set in
closed loop operation so that A for each clock cycle contains a new power
of αi. After 9 cycles it is restarted from 1 again and finally again after the
following 6. It is then held in this state until the start of the next inner
product calculation.

While an inner product calculation is under way the shift-register R is put
into closed loop operation as to produce the fixed discrepancy vector for
row i.

The next step depends on whether we obtained a discrepancy or not. If the
inner product in D is zero then the counter i is increased by one and another
inner product calculation as described above takes place. This is repeated
until we have no discrepancy and i = 14 when we have our solution.

If, however, we get a discrepancy we are faced with two different scenarios.
The first occurs if we get a discrepancy on a row for which our discrepancy
flag register indicates that we have stored discrepancy information. This
is always true for rows 0 through 8 where we have our fixed discrepancy
information. The contents of V is then adjusted by the following sequence
of events. The seven-way multiplexer at the input end of V is set to receive
input from the upper feed-back loop. The shift-register V is clocked one
full lap through this loop and the vector-coefficients it holds are modified
in the adder in this branch. The contents of memory bank i is clocked out
through the multiplexer and multiplied by the discrepancy stored i D before
being fed to the adder where its adjusts the contents of V . Note that if
i is less than 9 it will be the shift-register R followed by its multiplier for
inverted discrepancies that serves up the fixed memory contents. After this
adjustment of the contents of V the counter i is incremented by one and a
new inner product calculation starts.

The second scenario occurs if we get a discrepancy on a row i for which our
discrepancy flag register indicates that we do not have stored discrepancy
information. We then wish to store the current contents of V in memory
along with the contents of D. Furthermore we wish to return to the first
row of the matrix with a shifted candidate vector. This is accomplished by
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setting the shift-register V into a closed loop configuration including the flip-
flop S. Then V is clocked one full lap and during this cycle its contents is fed
to the memory banks via a multiplier. The vector-coefficients are multiplied
by the inverse of the discrepancy before being clocked into memory bank M i.
When all the coefficients are in place in the memory bank the flag register
is updated to indicate that we now have stored discrepancy information
for row i. The adjustment of the contents of V includes a right shift—
performed by the introduction of the flip-flop S into the loop—but also the
performing of the calculations associated with our first row simplification.
As the clocking of V starts and the contents of V0 is clocked into S, the
seven-way multiplexer feeds a new value to V15 corresponding to the first
row simplification. The needed value is produced by the small structure
of basic arithmetic operators just below the seven-way multiplexer. The
counter i is set to 1 and a new inner product calculation starts.

When we have i = 14 and we are one clock-cycle from completing the inner
product calculation of this row, the signal d tells us if we have found a
solution or not. If d = 0 then the array of flip-flops W are initiated on the
final clock-cycle with the next received word to be processed. We can then
restart with the next cycle of operation as indicated above, including the
clever initiation of the contents of V performed as we clock out the result
from the just completed operation cycle.

5.5 Complexity

We will now comment on the complexity of our interpolation algorithm in
terms of the needed number of basic arithmetic operations in the symbol
field, Fq. We will count additions, squarings, inversions and multiplications.
We consider how the complexity behaves as a function of increasing codeword
length n. We assume a fixed code rate k/n. That is the code dimension, k,
increases essentially as the codeword length n.

Our suggested algorithm for construction of Sudan polynomials is based
on the Fundamental Iterative Algorithm. This is essentially a specific way
of performing Gaussian elimination. We thus expect the needed number
of basic arithmetic operations in the symbol field Fq for our interpolation
algorithm to grow as O(n3). Our modifications to the original algorithm
are such that they do not lower the complexity by any order of n. For any
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Figure 5.1: Architecture for the first step of Sudan’s algorithm for list-of-2 decoding
of a (15, 4)-Reed-Solomon code.
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given code length n, they do, however, give a nice reduction in the actual
number of operations needed compared to a pure FIA solution. A worst case
comparison gives a reduction ranging from roughly 20 percent for the low
rate class-I codes to 40 percent for the high rate class-I codes.



Chapter 6

Partial factorization of
bivariate polynomials

We will now study the second step of Sudan’s algorithm for list decoding of
Reed-Solomon codes when limited to list-of-2 decoding. This special case is
the first relaxation from the classical or unique decoding of errors up to half
the minimum distance. We thus assume an (n, k)-Reed-Solomon code with
error-correction capability t = �(n − k)/2� and structural properties such
that it is (τ, 2)-list-decodable, where τ > t. The class-I Reed-Solomon codes
identified in Chapter 4 is the obvious example of a family of such codes.

We note that in the context of Sudan’s algorithm we are not really inter-
ested in a complete factorization of the bivariate polynomial Q(x, y) into
irreducible factors. We only need to find all factors of the type y − f(x),
where f(x) is a polynomial in x of degree at most k − 1. We are thus only
interested in a partial factorization. Furthermore we know the bivariate
polynomial Q(x, y) to be non-zero due to the nature of the first step of Su-
dan’s algorithm. Finally we note that the partial factorization of Q(x, y)
need not be completely correct. In the setting of Sudan’s algorithm we have
to check the solutions of the list-decoding problem as an intrinsic part of the
algorithm (step 3). We can thus allow our partial factorization to include
some false solutions to the factorization problem as long as it always includes
all the true solutions as well.

We will construct an algorithm for the specific purpose of finding factors of
the desired type in a nonzero bivariate polynomial. Thus we will gain some

77
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improvement in terms of complexity as compared to using an algorithm for
complete factorization. In the case of list-of-2 decoding the number of factors
of the desired type is naturally limited to 2.

6.1 The factorization equations

In the case of list-of-2 decoding the nonzero bivariate polynomial Q(x, y)
produced by the first step in Sudan’s algorithm has the following general
form:

Q(x, y) = Q2(x)y2 + Q1(x)y + Q0(x),

where Qi(x) ∈ Fq[x] and deg Qi(x) ≤ ls− i(k−1), i = 0, 1, 2. The parameter
ls denotes the weighted degree limit in Sudan’s algorithm.

We wish to find factors of Q(x, y) of the form y − f(x), where f(x) is a
polynomial of degree at most (k − 1). This means finding f(x) such that

Q2(x)f(x)2 + Q1(x)f(x) + Q0(x) = 0. (6.1)

Define

Q2(x) =
ls−2(k−1)∑

i=0

aix
i, (6.2)

Q1(x) =
ls−(k−1)∑

i=0

bix
i, (6.3)

Q0(x) =
ls∑

i=0

cix
i, (6.4)

f(x) =
k−1∑
i=0

fix
i.

By plugging these definitions into equation (6.1) and identifying terms we
obtain the following set of factorization equations

min(ν,ls−2k+2)∑
j=max(0,ν−2k+2)

aj


 min(ν−j,k−1)∑

i=max(0,ν−j−k+1)

fifν−j−i


 +

min(ν,ls−k+1)∑
i=max(0,ν−k+1)

bifν−i + cν = 0,

ν = 0, . . . , ls.
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Let us consider a small example. Consider the case of a bivariate polynomial
Q(x, y) produced by the first step of Sudan’s algorithm when a (10, 3)-Reed-
Solomon code is decoded with s = 1. The symbol field is F11 and we have
l1 = 5 and the relevant factorization equations take the form

min(ν,1)∑
j=max(0,ν−4)

aj


 min(ν−j,2)∑

i=max(0,ν−j−2)

fifν−j−i


+

min(ν,3)∑
i=max(0,ν−2)

bifν−i + cν = 0,

ν = 0, . . . , 5.

In an expanded version aligned along the coefficients depending on the values
of the fi:s we have

a0f
2
0 +b0f0 +c0 = 0,

a1f
2
0 +a02f0f1 +b1f0+b0f1 +c1 = 0,
+a12f0f1+a0(f2

1 + 2f0f2) +b2f0+b1f1+b0f2+c2 = 0,
+a1(f2

1 + 2f0f2)+a02f1f2 +b3f0+b2f1+b1f2+c3 = 0,
+a12f1f2+a0f

2
2 +b3f1+b2f2+c4 = 0,

+a1f
2
2 +b3f2+c5 = 0.

Any collection of coefficients {fi}2
i=0 solving this set of equations defines a

factor of the type y − f(x) in Q(x, y).

6.2 A partial factorization algorithm

We observe that given a value for the coefficient f0 the factorization equations
for ν = 1, . . . , k − 1 allow us to consecutively obtain fi, for i = 1, . . . , k − 1
by a simple division provided the dividend b0 +2f0a0 is non-zero. The value
of f0 can be obtained by solving the equation for ν = 0, which is a second
degree equation over Fq. If the dividend is zero the equations transform into
a new set of equations with a similar structure for fi, i = 2, . . . , k − 1 for
known f0 and f1.

We now wish to analyze the above idea in more detail. We will use it to
construct an algorithm and suggest an architecture for partial factorization
in a list decoding application.

We consider from now on the case where the symbol field, Fq, is of charac-
teristic 2. This restriction is mostly due to convenience of notation but also
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a consideration towards the typical practical situation. The following treat-
ment, however, can in principal be performed with an arbitrary finite field.
It builds only on the consequences of the observation made at the beginning
of this section, which is valid for fields of arbitrary characteristic.

For a symbol field, Fq, of characteristic 2 the general expressions for the
factorization equations transform into the following:

min(�ν/2�,k−1)∑
j=max(0,	(ν−ls)/2
+k−1)

aν−2jf
2
j +

min(ν,k−1)∑
i=max(0,ν−ls+k−1)

bν−ifi + cν = 0,

ν = 0, . . . , ls.

A small relevant example in order to illustrate the relations above would
be the case of a (15, 4)-Reed-Solomon code which has F16 as its symbol
field. Consider the case of a bivariate polynomial Q(x, y) produced by the
first step of Sudan’s algorithm when a (15, 4)-Reed-Solomon code is decoded
with s = 1. This means that we have l1 = 8. The factorization equations
are

a0f
2
0 +b0f0 +c0 = 0,

a1f
2
0 +b1f0 +b0f1 +c1 = 0,

a2f
2
0 +a0f

2
1 +b2f0 +b1f1 +b0f2 +c2 = 0,

a1f
2
1 +b3f0 +b2f1 +b1f2 +b0f3 +c3 = 0,

a2f
2
1 +a0f

2
2 +b4f0 +b3f1 +b2f2 +b1f3 +c4 = 0,

a1f
2
2 +b5f0 +b4f1 +b3f2 +b2f3 +c5 = 0,

a2f
2
2 +a0f

2
3 +b5f1 +b4f2 +b3f3 +c6 = 0,

a1f
2
3 +b5f2 +b4f3 +c7 = 0,

a2f
2
3 +b5f3 +c8 = 0.

In this setting the dividend used for obtaining fi, i = 1, . . . , k − 1, is simply
b0. The possible values for f0 can be found by solving the second degree
equation corresponding to ν = 0. For each of possibly two roots of this
equation we can consecutively obtain the remaining fi:s corresponding to
each root respectively by calculating

fν = b−1
0


 min(�ν/2�,k−1)∑

j=max(0,	(ν−ls)/2
+k−1)

aν−2jf
2
j +

ν−1∑
i=0

bν−ifi + cν


 ,

for ν = 1, . . . , k − 1. The two collections of coefficients {fi}k−1
i=0 obtained in

this manner could correspond to factors of the desired type, y − f(x), in
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Q(x, y). They need to be checked if they fulfill the remaining equations for
ν = k, . . . , ls, if we were to be sure. We omit this check from our algorithm
since a screening for false solutions will be performed in the final step of
Sudan’s algorithm.

A key for the above approach to work is that the leading equation

a0f
2
0 + b0f0 + c0 = 0,

corresponding to ν = 0 is non-degenerate. Furthermore our dividend b0 has
to be nonzero.

Zero dividend

There are some well defined cases where we can show that b0 will be zero
in our list decoding application. A zero value for b0 corresponds to a root
of multiplicity 2 in the leading equation since the assumed symbol field
is of characteristic 2. This means that the two potential solutions to the
factorization equations would share a common value for f0.

In Definition 7 a codeword in an (n, k)-Reed-Solomon code is defined as the
evaluation of a message polynomial of degree at most k − 1 in n distinct
points. The fi:s which we try to find by solving the factorization equations
are the coefficients of such message polynomials. The situation b0 = 0 thus
could occur whenever our received word lies within Hamming distance τ of
two codewords generated by two distinct message polynomials which share
the same constant coefficient, f0. Is this a possible scenario for a Reed-
Solomon code?

For a list decoding radius, τ , which is just slightly greater than the traditional
error-correction radius of half the minimum distance, t, the above scenario
can occur for all Reed-Solomon codes, regardless of the characteristic of their
symbol field. In fact we have the following.

Theorem 10 Let C be an (n, k)-Reed-Solomon code, (2 ≤ k < n), defined
according to Definition 7. For any integer γ such that 0 ≤ γ ≤ k − 2 there
exists at least one pair of distinct codewords in C on Hamming distance
n − k + 1 + γ generated by message polynomials which have their γ lowest
degree coefficients in common.
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Proof: Let C be an (n, k)-Reed-Solomon code (2 ≤ k < n) generated
according to Definition 7 using a primitive element α ∈ Fq.

Let γ be an integer such that 0 ≤ γ ≤ k−2. We define two polynomials over
Fq of degree k − 1 which have their γ lowest degree coefficients in common,

m1(x) = xγ
k−2−γ∏

i=0

(x − αi) +
γ−1∑
i=0

ξix
i,

m2(x) = ηxγ
k−2−γ∏

i=0

(x − αi) +
γ−1∑
i=0

ξix
i,

where η ∈ Fq is nonzero and not equal 1. These polynomial are distinct and
valid as message polynomials for generating the codewords c1 and c2 in C.
The difference vector between c1 and c2 then has the following form:

c1 − c2 = (m1(1) − m2(1), m1(α) − m2(α), . . . , m1(αn−1) − m2(αn−1)).

Since the polynomial m1(x) − m2(x) has the form

m1(x) − m2(x) = (1 − η)xγ
k−2−γ∏

i=0

(x − αi),

we know that it has exactly k − 1 − γ distinct zeros among the elements
{αi}n−1

i=0 . This implies that the Hamming weight of the difference vector
c1 − c2 is exactly n − k + 1 + γ. �

By straightforward application of Theorem 10 we obtain the following simple
corollary.

Corollary 3 Let C be an (n, k)-Reed-Solomon code, (2 ≤ k < n), defined
according to Definition 7. Let γ and τ be integers such that

γ ≤ 2τ − n + k − 1.

Then there exists at least one pair of distinct codewords in C on Hamming
distance less than or equal to 2τ , generated by message polynomials which
have their γ lowest degree coefficients in common.
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The implications of Corollary 3 for our partial factorization idea are the
following. Given τ ≥ t+1—which is the interesting case from a list decoding
point of view—we have

2τ − n + k − 1 ≥ 2(�(n − k)
2

� + 1) − n + k − 1 =

{
1 if n − k even,

−1 if n − k odd,

where we have used the fact that for a Reed-Solomon code we have t =
�(dmin − 1)/2� = �(n − k)/2�.

The right hand side of the inequality of Corollary 3 is thus always greater
than or equal to 1 if n − k is even. For τ ≥ t + 2 it is always greater
than or equal to 1 regardless of n and k. All in all this means that for
list decoding radii which are of any real interest there is always at least one
received word such that there are two codewords within Hamming distance τ ,
whose corresponding message polynomials have equal constant coefficients.
In the case of a symbol field of characteristic 2 this translates to the leading
equation having b0 equal to zero.

Dealing with problems in the leading equation

Turning our attention back to our suggested approach for solving the partial
factorization problem, we have to deal with the problems induced by either
an improper leading equation or a zero dividend. The first type of problem
can be divided into two different situations depending on the reason for the
equation not being proper.

If we have a situation where the equation corresponding to ν = 0 has no so-
lution, we conclude that there exists no factor of the desired type in Q(x, y).
In view of our list decoding application we conclude that the received word
does not lie within the list decoding radius τ from any codeword and our
decoding process halts with the declaration of a decoding error.

If a0, b0 and c0 are all zero we have that all elements of Fq are solutions to the
equation. We could in principle carry on and solve the rest of the equations
for each of these values, but it is better to use the implications brought by
the situation and rewrite the equation system. If a0, b0 and c0 are all zero
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the equation corresponding to ν = 0 becomes trivial. For ν = 1, . . . , k−1 we
end up with the following general expression for the factorization equations:

min(�(ν−1)/2�,k−1)∑
j=max(0,	(ν−ls)/2
+k−1)

aν−2jf
2
j +

min(ν−1,k−1)∑
i=max(0,ν−ls+k−1)

bν−ifi + cν = 0.

By changing the numbering of the factorization equations from being num-
bered by ν to being numbered by γ = ν − 1 (which simply reflects the
triviality of the equation corresponding to ν = 0) and renaming the vari-
ables ai, bi, ci to a′i = ai+1, b′i = bi+1, c′i = ci+1 this can also be written
as

min(�γ/2�,k−1)∑
j=max(0,	(γ−(ls−1))/2
+k−1)

a′γ−2jf
2
j +

min(γ,k−1)∑
i=max(0,γ−(ls−1)+k−1)

b′γ−ifi + c′γ = 0,

for γ = 0, . . . , ls − 1. This means quite simply that we are faced with the
same type of problem as before but with a value for ls which is decreased by
one. Thus we can attack this new problem in the same way as we did with
the original one, including down-sizing it if the coefficients a′0, b′0 and c′0 all
happen to be zero. Since Q(x, y) is nonzero we will, using this approach, end
up in a situation where at least one of the coefficients ai, bi and ci is nonzero.
We now continue our analysis assuming—with no loss of generality—that we
have a problem at hand where this is true for i = 0.

For the problems arising from the dividend being zero we observe the fol-
lowing. If b0 is zero the factorization equation for ν = 1 does not tell us
anything about the value for f1, even if we have solved the leading equation
for f0. We could, however, use the factorization equation for ν = 1 to check
if f0 corresponds to a false solution by checking if the left hand side sums to
zero or not. In this situation there is no factorization equation from which
f1 can be calculated by a simple division with knowledge of only f0. The
equation corresponding to ν = 2 is now, with knowledge of f0, a second de-
gree equation in f1 which we can solve. Generally we can say that if bi = 0
for i = 0, . . . , m − 1 (m ≤ k − 1) we can obtain fm by solving the second
degree equation

a0f
2
m + bmfm +

m−1∑
j=max(0,	(2m−ls)/2
+k−1)

a2m−2jf
2
j +

m−1∑
i=max(0,2m−ls+k−1)

b2m−ifi + c2m = 0,

in which the fi:s, i = 0, . . . , m − 1, are known constants. It is worth noting
that a0 will always be nonzero in this situation since we know that not all
of a0, b0 and c0 are zero and that the leading equation is solvable for f0.
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If bm = 0 we see that fm is a solution of multiplicity 2. In the case bm 
= 0
we will have zero or two distinct solutions, and a dividend which is nonzero.
If we do not have any solutions we conclude that there are no factors of the
desired type in Q(x, y).

If we have bm = 0 then we use the same approach once again in order to
obtain fm+1 and so forth.

The case with bm 
= 0 and two distinct solutions makes it possible for
us to split the calculations into two branches, one branch for each solu-
tion. Since our dividend bm is nonzero we can obtain—in each branch—
the remaining fµ:s for µ = m + 1, m + 2, . . . , k − 1 using the factorization
equations for ν = 2m + 1, 2m + 2, . . . , 2m + 1 + (k − (m + 1) − 1) or equiv-
alently ν = m + µ. We end up with

fµ = −b−1
m


 min(�(m+µ)/2�,k−1)∑

j=max(0,	(m+µ−ls)/2
+k−1)

am+µ−2jf
2
j +

µ−1∑
i=max(0,m+µ−ls+k−1)

bm+µ−ifi + cm+µ


 ,

for µ = m + 1, . . . , k − 1, where the respective value for fm is used in each
branch.

In terms of our small example, assuming b0 = 0 and b1 
= 0, we obtain the
following system of equations:

a0f
2
0 +c0 = 0,

a1f
2
0 +b1f0 +c1 = 0,

a2f
2
0 +a0f

2
1 +b2f0 +b1f1 +c2 = 0,

a1f
2
1 +b3f0 +b2f1 +b1f2 +c3 = 0,

a2f
2
1 +a0f

2
2 +b4f0 +b3f1 +b2f2 +b1f3 +c4 = 0,

a1f
2
2 +b5f0 +b4f1 +b3f2 +b2f3 +c5 = 0,

a2f
2
2 +a0f

2
3 +b5f1 +b4f2 +b3f3 +c6 = 0,

a1f
2
3 +b5f2 +b4f3 +c7 = 0,

a2f
2
3 +b5f3 +c8 = 0.

We use the first equation to obtain f0, which is a solution of multiplicity
two. Our two possible solutions for f(x) in the task of finding factors of the
type y − f(x) thus share the value for their respective f0. Since b0 = 0 we
are forced to solve the third equation in order to obtain the two possible
values for f1. These will indeed be distinct since b1 
= 0. Branching of
in two separate tracks for each such distinct value on f1, we obtain f2 for
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respective value on f1 by using the fourth equation. Finally we use the fifth
equation to obtain f3 for respective value on f1. Then we have found our
two polynomials which form factors of the type y − f(x) found in Q(x, y).
Note that we have not used the sixth through ninth equation at all. One or
even both of the solutions may thus be false.

Formulating an algorithm

We have thus outlined an algorithm for partial factorization of Q(x, y) with
the specific aim of finding factors of the type y−f(x). The algorithm consists
of two stages. Stage one is the solution of a low number of second degree
equations with varying coefficients until a nonzero dividend is obtained. This
process yields the first values for the fi:s. The second stage is the consecutive
calculation of the remaining fi:s by division with a fix denominator and a
varying numerator. This is done in two branches when needed, using the
respective values for the last of the fi:s determined by the first stage. Some
of the solutions may be false but if there are any true solutions to the partial
factorization problem they will always be found.

To summarize we express the algorithm in pseudo code in Algorithm 3. The
input is the parameter ls and the coefficient vectors a, b, c from the definitions
of the polynomials Q2(x), Q1(x), and Q0(x) in equations (6.2)(6.3)(6.3). The
algorithm outputs a set F of coefficient vectors for those f(x) which form
factors of the desired type. There is a possibility of false solutions but these
solutions will not prevent any true solution from being included in F . If
F = ∅ no factors of the desired type were found.

The core idea of the algorithm has also been studied by Høholdt and Elbrønd
Jensen in [23]. They used the structure of the problem in a similar fashion to
obtain fi:s by a simple division. They studied the more general problem of
list decoding with Sudan’s algorithm. List sizes were not limited to 2 and the
characteristic of the symbol field was not limited to 2. Their presentation
of their algorithm thus naturally stops at a more abstract level than our
presentation above. Specifically the work-around for the equivalent of an
improper leading equation is presented as the transformation of a bivariate
polynomial with no algorithmic pointers. This leads to a recursive approach
similar to the one investigated in [17] by Roth and Ruckenstein. In [22]
Wu and Siegel refine the work of Roth and Ruckenstein and present an
algorithm for finding roots of univariate polynomials over functions fields.
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Algorithm 3 Partial factorization algorithm
f = (0, 0, . . . , 0), g = (0, 0, . . . , 0)
while a0 = b0 = c0 = 0 do

ai = ai+1, bi = bi+1, ci = ci+1

ls = ls − 1
end while
Z = {x ∈ Fq : a0x

2 + b0x + c0 = 0} //// (Z = ∅, {z1} or {z1, z2})
if |Z| = 0 then

F = ∅, STOP
end if
f0 = z1

g0 = z|Z|
m = 0
while bm = 0 do

m = m + 1
jl = max(0, �(2m − ls)/2� + k − 1)
il = max(0, 2m − ls + k − 1)

Z = {x ∈ Fq : a0x
2 + bmx +

m−1∑
j=jl

a2m−2jf
2
j +

m−1∑
i=il

b2m−ifi + c2m = 0}

if |Z| = 0 then
F = ∅, STOP

end if
fm = z1

gm = z|Z|
end while
for µ = m + 1 to k − 1 do

fµ = b−1
m


 min(�(m+µ)/2�,k−1)∑

j=max(0,	(m+µ−ls)/2
+k−1)

am+µ−2jf
2
j +

µ−1∑
i=max(0,m+µ−ls+k−1)

bm+µ−ifi + cm+µ




gµ = b−1
m


 min(�(m+µ)/2�,k−1)∑

j=max(0,	(m+µ−ls)/2
+k−1)

am+µ−2jg
2
j +

µ−1∑
i=max(0,m+µ−ls+k−1)

bm+µ−igi + cm+µ




end for
F = {f, g}, STOP
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Their algorithm displays a similar type of splitting and branching of the
calculations as we have suggested for our algorithm.

6.3 An architecture

We will now suggest a hardware implementation for our algorithm for partial
factorization. We will do this at the abstraction level of basic operations in
the symbol field, Fq. We thus assume the existence of hardware modules
for the different basic arithmetic operations such as addition, multiplication,
inversion and squaring in the symbol field. We also assume the existence
of multiplexers and a hardware module for solving second degree equations
over the symbol field.

Basic design idea

We note that the factorization equations are generated via the consecutive
shifting of the ai:s, bi:s and ci:s through the equations from left to right as
the equation number ν increases. At shift position j, j ∈ {0, 1, . . . , k − 1},
the bi:s are always multiplied by a factor fj . The ai:s are shifted at half
the rate of the bi:s. Introducing hidden, dummy shift positions between
each true shift position of the ai:s in the equations is a way of modeling
this. With these dummy shift positions at hand we can say that at shift
position 2j, j ∈ {0, 1, . . . , k−1}, the ai:s are always multiplied by a factor f2

j .
For these observations to hold true for the equations corresponding to high
equation number ν, we also need to introduce trailing zeros in the sequences
of ai:s and bi:s shifted into the architecture. This structure of the system
of factorization equations and the fact that we want to use the equations
consecutively in our algorithm, point towards an architecture of the type
depicted schematically in Figure 6.1. The figure is specific for the case of
a (31, 7)-Reed-Solomon code. The architecture for other list-of-2-decodable
Reed-Solomon codes display the same basic structure and we will use this
special case as a basis for our discussion without any loss of generality.

Architecture structure

For this survey of the architecture we refer to Figure 6.1. The architecture
consists of three shift-registers A, B and C for the polynomial coefficients
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{ai}ls−2(k−1)
i=0 , {bi}ls−(k−1)

i=0 and {ci}ls
i=0. These are clocked consecutively into

the architecture. There are two arrays of flip-flops, F and G, for storing the
polynomial coefficients {fi}k−1

i=0 and {gi}k−1
i=0 corresponding to two possible

solutions of the partial factorization problem. There is a solver for second
degree equations and finally there is a structure of basic arithmetic oper-
ators performing the necessary calculations according to the factorization
equations, a multiplexer and some control logic.

The flip-flops in the two arrays F and G, used for storing the fi:s and gi:s, are
each equipped with a four-way switch. The first position of the switch resets
the stored value in the flip-flop to zero at the start of a new factorization
attempt. The second position is used for storing values for the specific fi or
gi obtained via the solving of a second degree equation. The third position
is used for storing values for the specific fi or gi obtained via the simple
division part of the algorithm. The fourth position is used for maintaining
a stored value in the flip-flop for future use.

The architecture contains a solver for second degree equations which as its
input takes the coefficients for the polynomial defining the equation. If
the coefficients are all zero the solver signals this, otherwise it outputs the
solutions of the equation or signals if there are none.

The structure of basic arithmetic operators in the inner part of the architec-
ture has the essential task of forming the factorization equations. It produces
squared versions of the fi:s and gi:s and multiplies these squared versions as
well as the original versions with the correct polynomial coefficient and adds
these together in accordance with the factorization equations.

Description of operation

We use the architecture for a (31, 7)-Reed-Solomon code to illustrate the
method of operation of our suggested hardware realization. We once again
refer to Figure 6.1.

Register positions Aj , j = 1, 2, . . . , 5 are initiated with coefficients ai, i =
4, 3, . . . , 0. Register positions Bj , j = 1, 2, . . . , 11 are initiated with coeffi-
cients bi, i = 10, 9, . . . , 0. Register positions Cj , j = 1, 2, . . . , 17 are initiated
with coefficients ci, i = 16, 15, . . . , 0.
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At the first clock cycle the A, B and C registers are shifted once and the
F and G arrays are initiated with 0. M1 and M2 are thus loaded with a0

and b0 respectively. Since C18 is loaded with c0 we have the coefficients of
the leading equation at the inputs of the second degree solver. If all of these
inputs are zero the flag az signals this and triggers another clock cycle of
the above type. This continues until not all inputs are zero. At that time
the loop of M1 is closed and its value is kept for the rest of this factorization
attempt.

For the rest of this discussion we assume with no loss of generality that
we have a favorable situation right from the beginning in order to keep the
notation understandable. If the inputs to the second degree solver does not
correspond to a solvable second degree equation the flag ns signals this. In
such a case a decoding failure is declared and the factorization attempt is
aborted. If the inputs of the solver correspond to a solvable second degree
equation its solutions are produced by the second degree solver and can be
found at its output as the signals x1 and x2. In the next clock cycle these
solutions will be loaded into F0 and G0 respectively and are stored there for
the rest of the factorization attempt.

If the content of M2 is non-zero M2 is set into a closed loop configuration
retaining its value for the rest of the factorization attempt. We now enter
the final phase of our factorization attempt. When the clock pulse is given,
shift-registers A, B and C are shifted once more. At the rightmost end
of the architecture we now have—with the values for f0 and g0 at hand in
F0 and G0—the values for f1b0 and g1b0. These values are obtained from
the structure of basic arithmetic operations with the values for a1, b1, c1

and f0 or g0 as inputs according to the factorization equations. The values
f1b0 and g1b0 are both multiplied with b−1

0 , held in M2, to obtain f1 and g1

respectively. These are then clocked into F1 and G1 respectively and stored
there for the rest of the factorization attempt. As the clocking proceeds
under these conditions we find the remaining fi:s and gi:s consecutively and
our partial factorization is complete.

If the content of M2 is zero we need to perform some additional calculations
before we can enter the final phase of the factorization as described above.
The architecture is clocked twice without any updating of the arrays of flip-
flops F and G. This is the equivalent of skipping ahead two steps in the list of
factorization equations. After the first clock cycle the signal fs contains the
evaluation of the left hand side of factorization equation ν = 1 and should
thus be zero if the value already obtained for f0 is correct. If fs is not zero
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at this stage we declare a decoding failure. At the second clock pulse M2 is
loaded with b1 via the multiplexer. At the inputs of the second degree solver
we now have the coefficients corresponding to the second degree equation in
f1 formed by factorization equation ν = 2 when f0 is known and b0 is zero.
We now basically proceed as above. If the solver signals that no solution
exists we declare a decoding failure, otherwise we clock the solutions into F1

and G1 respectively. If the content of M2 is non-zero we enter the final phase
of our factorization attempt as described above and obtain the remaining fi:s
and gi:s consecutively and our partial factorization is complete. If M2 is zero
we are forced to go through the skipping process of clocking the architecture
twice once more. This is repeated until a non-zero content is obtained in M2

or until all fi:s and gi:s are found or a decoding failure is detected. In the
first case we enter the final phase described above in order to complete the
partial factorization attempt.

6.4 Complexity

We will now comment on the complexity of our partial factorization algo-
rithm in terms of the needed number of basic arithmetic operations in the
symbol field, Fq. We will count additions, squarings, inversions and multipli-
cations. We consider how the complexity behaves as a function of increasing
codeword length n. We assume the case of a fixed code rate k/n. That is
the code dimension, k, increases essentially as the codeword length n.

The factorization process is made up by two phases. During the first phase
the task is to solve a number of second degree equations with varying linear
and constant terms. The calculation of the constant terms and the actual
solving of the equations are the two tasks characterizing this phase. The
final phase is characterized by the repeated calculation of numerators to be
divided with a fixed denominator.

To solve the second degree equation we would use algorithms based on the
specific representation used for the symbol field, Fq, as an extension field
of F2. There are several different approaches one could consider, see [68] or
[69]. We will not study this in detail. For our purposes it will be enough
to notice that for a solvable second degree equation ax2 + bx + c = 0 the
solutions can be calculated with 1 inversion and 1 multiplication in Fq if
c = 0 or a = 0. If b = 0 it takes 1 inversion, 1 multiplication and 1 square
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Figure 6.1: Architecture for the final step of Sudan’s algorithm for list-of-2 decoding
of a (31, 7)-Reed-Solomon code.
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rooting in Fq to calculate the solutions. If all coefficients are non-zero we
observe that if we set

u(x) = ax2 + bx + c,

we can transform our original equation into the equation

(a/b2)u(by/a) = y2 + y + ε = 0, where ε = ac/b2,

to solve instead. We note that if y1 is a solution we have the second solution
y2 = y1+1. Also we note that the equation is solvable if and only if the trace
Tr(ε) equals 0, see for instance [70]. Using a vector representation of y say ȳ
in a suitable basis over F2, the combined operation y2 + y can be described
as a matrix multiplication Aȳ. The matrix A is a fix matrix independent
of y. By adjusting A slightly, assuming that we are looking for only one of
the solutions, say y1, we can obtain a matrix Ã of full rang. The solution of
the above equation can then be obtained as ȳ1 = Ã−1ε̄. Such an operation
is essentially equal to the operation of multiplication with a constant in Fq.
We recognize that it takes 4 operations to calculate ε, 1 operation to produce
one of the solutions, 1 operation to calculate the other solution and then 4
operations for the inverse transform of the solutions. We thus conclude that
we can solve the equation using in total 10 operations in Fq.

The number of second degree equations we need to solve in the first phase
before entering the final phase is hard to determine. We note, however, that
regardless of how many second degree equations we need to solve we will use
in total k factorization equations for our factorization attempt. Whether
we use them in the first phase for calculation of the constant term of a
second degree equation or in the final phase for calculation of a numerator
is of small consequence. In terms of basic arithmetic operations needed the
two tasks are virtually the same. It is evident from the structure of the
factorization equations that the number of operations needed to manipulate
them in accordance to our algorithm grows as k2. The number and size of
the equations needed to be used increases linearly in two dimension with
increasing k. Since we are studying the case of fixed rate k/n we conclude
that the number of basic arithmetic operations in the symbol field, Fq, needed
for our partial factorization algorithm grows as O(n2).
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Chapter 7

Performance gain using list
decoding

Using list decoding to perform decoding beyond half the minimum distance of
an error-correcting code is a way of better utilizing its true error-correction
potential. The performance measure of a code-decoder combination can
generally be taken as the probability of erroneous transmission of a message
across a given channel in comparison to the rate of the code. We wish
to study how well a code performs under list decoding in comparison with
traditional decoding. We have a special focus on list decoding of Reed-
Solomon codes with a list size limited to only 2. Does list decoding have
anything to offer in performance gain even under this severe restriction?

We know that Reed-Solomon codes have a large covering radius compared
to their minimum distance. This indicates that their decoding regions are
highly aspherical and that we thus can expect there to be a lot of space
outside the traditional decoding sphere of half the minimum distance but
still within the inner Voronoi region. We thus expect a list decoder—even
with the very modest list size of 2—to achieve significant improvement over
the traditional decoder.

7.1 Probability of error

For a code, channel and decoder combination we may talk about the prob-
ability of error in terms of not receiving the correct codeword at the output

95
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from the decoder. The reasons for not receiving the correct codeword can
be divided into two cases. First we can have a decoding failure when the
decoder admits to not being able to reconstruct a valid codeword from the
received word. Second we have the possibility of a decoding error where the
decoder makes a correct decision on which codeword to output given the
received word, but this is not equal to the sent codeword. We adopt the
notion of transmission error for the event that the decoder does not output
the sent codeword. This definition of error thus merges the decoding failures
with the decoding errors. From a system theoretic perspective it is perhaps
the most relevant measure. We want to know the probability of not receiv-
ing correct information over our communication channel, regardless of what
kind of error is involved. This is the definition of error which we will use
throughout this chapter.

7.2 Channel types

We will study the effects of list decoding on error-correction performance
in two different types of channels subject to additive white Gaussian noise
(AWGN).

First we will study the q-ary symmetric channel. This is the relevant model
for a PPM system or an FSK system or indeed any signaling scheme using
orthogonal signaling. In Chapter 3 we made a weight-based characterization
of the set of correctable error patterns for certain Reed-Solomon codes under
list-of-2 decoding. Such a characterization makes it possible to calculate the
exact error probability for such coding schemes over the q-ary symmetric
channel.

The second type of channel we will study is the QAM channel. The list
decoding gain for such a channel does not allow for exact calculations using
the weight-based characterization of the decoding region. Our study of this
channel type is motivated by the fact that QAM systems are far more likely
to appear as building blocks in an actual communication system today than
FSK or PPM systems. The study of the QAM channel is based on computer
simulations. The aim of this study is to show that the performance gain from
using list-of-2 decoding indicated by the analytic results concerning the q-ary
symmetric channel is also present in the QAM systems. Further we wish to
investigate whether the gain is of relevant magnitude for the QAM systems.
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7.3 Performance gain in the symmetric channel

In a symmetric channel with transition probability ε the probability of it
corrupting the sent codeword, c, with a certain error pattern, e, making us
receive the word r = c + e, is only dependent of the weight of e. Let E
denote the stochastic error vector added to the codeword by the channel.
The probability of the event E = e, where wt(e) = i, can be expressed in a
familiar manner as

Pr[E = e] = εi(1 − (q − 1)ε)n−i,

where n is the codeword length and q is the size of the alphabet as usual.

We will analyze the probability of erroneous transmission when we use list
decoding. The assumed list decoding approach is the one defined in Chap-
ter 4 with a post-processing of the list which allows only unique solutions to
the decoding problem. The list decoding radius is τ . Under these circum-
stances we may with the help of the distribution of elusive error patterns
{β(τ)

i }n
i=0 of Definition 17 express the probability of error Pe,list. For a given

code, β
(τ)
i is by definition the number of error patterns of weight i which are

uncorrectable by the list decoder.

Assuming a transition probability ε for the symmetric channel we can express
the probability of error Pe,list as follows:

Pe,list =
n∑

i=0

β
(τ)
i εi(1 − (q − 1)ε)n−i.

This should of course be compared to the corresponding expression for
Pe,trad, the probability of erroneous transmission under traditional decod-
ing, where only error patterns of weight less than or equal to t are corrected.
We have

Pe,trad =
n∑

i=t+1

(
n

i

)
(q − 1)iεi(1 − (q − 1)ε)n−i.



98 Chapter 7. Performance gain using list decoding

Small examples

Finding the distribution of elusive error patterns for an arbitrary code is
a non-trivial task. It is basically the same as determining the coset leader
weight distribution of the code. This is a problem within coding theory
which is known to be hard and remains open for many codes. The brute fore
approach of simply testing all error patterns of a given weight can be done
using computational software tools, but only for small codes. We have made
a brute force study of the elusive distribution for some small codes to get a
feeling for what list decoding has to offer in terms of lowered probability of
error in the symmetric channel. We have produced figures for Reed-Solomon
codes of the parameters (8, k), k = 2, 3, . . . , 7 and (10, k), k = 2, 3, . . . , 9. It
turns out that for these small code lengths only the n = 8, k = 2 and
k = 3 cases and the n = 10, k = 2, 3, 4, 5 are of any interest from a list
decoding perspective. This is due to the fact that these codes are the only
ones of those studied which display coset properties that our list decoder can
benefit from. These codes have some coset leaders of weight greater than
t which are unique minimum weight vectors in their corresponding coset.
They thus have an inner Voronoi region which is larger than the decoding
sphere of radius t of a traditional decoder. They allow unique solutions to
the decoding problem when we have error patterns of weight greater than t.

It should be duly noted that some of the codes studied are definitely small
enough for allowing a complete search of all codewords as a feasible decoding
strategy. Our interest of these small codes are on a theoretical plane only.

The resulting β
(τ)
i from the computer searches are tabulated below in Ta-

bles 7.1, 7.2 and 7.3 for the interesting values of parameters n and k. The
value used for the list decoding radius τ in these cases are the relevant values
between t+1 and the highest weight of a uniquely correctable error pattern,
the Newton radius of the code. In some cases we have only one relevant
value for τ . This is due to the fact that there are no uniquely correctable
error patterns of weight greater than t + 1. In the table is also included for
comparison the total number of error patterns of a given weight i, given by(
n
i

)
(q − 1)i, with q = n + 1 since we are studying Reed-Solomon codes.

Given the tabulated values for the codes studied we can calculate the proba-
bility of error in the q-ary symmetric channel. The cross-over probability, ε,
of the channel subject to additive white Gaussian noise can be numerically
calculated as a function of the signal energy per transmitted information
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[n, k, d] [8, 3, 6] [8, 2, 7]
t 2 3
τ 3 4
R 5 6

i β
(τ)
i

(
n
i

)
(q − 1)i

0 0 0 1
1 0 0 64
2 0 0 1792
3 4480 0 28672
4 286720 66080 286720
5 1835008 1835008 1835008
6 7340032 7340032 7340032
7 16777216 16777216 16777216
8 16777216 16777216 16777216

Table 7.1: The elusive distribution of small Reed-Solomon codes obtained via brute
force analysis.

[n, k, d] [10, 5, 6] [10, 4, 7] [10, 3, 8]
t 2 3 3
τ 3 4 4
R 5 6 7

i β
(τ)
i

(
n
i

)
(q − 1)i

0 0 0 0 1
1 0 0 0 100
2 0 0 0 4500
3 40800 0 0 120000
4 2100000 1353600 31500 2100000
5 25200000 25200000 25200000 25200000
6 210000000 210000000 210000000 210000000
7 1200000000 1200000000 1200000000 1200000000
8 4500000000 4500000000 4500000000 4500000000
9 10000000000 10000000000 10000000000 10000000000
10 10000000000 10000000000 10000000000 10000000000

Table 7.2: The elusive distribution of small Reed-Solomon codes obtained via brute
force analysis.
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[n, k, d] [10, 3, 8] [10, 2, 9] [10, 2, 9]
t 3 4 4
τ 5 5 6
R 7 8 8

i β
(τ)
i

(
n
i

)
(q − 1)i

0 0 0 0 1
1 0 0 0 100
2 0 0 0 4500
3 0 0 0 120000
4 31500 0 0 2100000
5 18075360 584640 584640 25200000
6 210000000 210000000 121597800 210000000
7 1200000000 1200000000 1200000000 1200000000
8 4500000000 4500000000 4500000000 4500000000
9 10000000000 10000000000 10000000000 10000000000
10 10000000000 10000000000 10000000000 10000000000

Table 7.3: The elusive distribution of small Reed-Solomon codes obtained via brute
force analysis.

bit, Eb, and the spectral power density of the additive white Gaussian noise
process, N0, via the following well known [71] expression:

ε =
1

q − 1

(
1 −
∫ ∞

−∞
p(x −

√
Es)
[∫ x

−∞
p(y)dy

]q−1

dx

)
,

with
p(x) =

1√
πN0

e−x2/N0 ,

where Es = Ebk log2(q)/n is the signal energy.

In Figures 7.1, 7.2 and 7.3 the probability of error for our small examples
is plotted as a function of the signal-to-noise ratio (SNR), Eb/N0. Both
the case with list decoder and the case with traditional decoder is plotted.
As expected the error probability decreases when we use a list decoder and
utilize more of the true error-correction capacity of the code. From the
graphs it is apparent that a gain of about 0.8 to 1.0 dB can be expected in
the most favorable cases when using list decoding on these small codes.

Of those codes studied above it is only the (8, 3), (10, 3) and (10, 4) codes
that are members of the class-I family of codes. This code family has the
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Figure 7.1: Error probability versus SNR in the symmetric AWGN channel for small
Reed-Solomon codes.

advantage of being list-decodable with list decoding radius τ1 larger than t,
but with a maximum needed size on the output list of only 2. Concerning
the error probability over the symmetric channel under list-of-2 decoding for
the class-I codes, we can handle arbitrarily large code lengths in contrast to
the brute force approach.
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Figure 7.2: Error probability versus SNR in the symmetric AWGN channel for small
Reed-Solomon codes.
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Figure 7.3: Error probability versus SNR in the symmetric AWGN channel for small
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On the performance of the class-I codes

For the class-I Reed-Solomon codes under list decoding with radius τ1 we
have closed form expressions for the β

(τ1)
i :s. We have

β
(τ1)
i =




0 for i ∈ {0, 1, . . . , t},
i+τ1∑
δ=d

Aδ

i∑
j=d−i

λi,j(δ) for i ∈ {t + 1, t + 2, . . . , τ1},(
n

i

)
(q − 1)i for i ∈ {τ1 + 1, τ + 2, . . . , n}.

In the above expression Ai is the weight distribution of the class-I (n, k)-
Reed-Solomon code over F

n
q where n = q − 1. That is:

Ai = n

(
n

i

) i−n+k−1∑
j=0

(−1)j

(
i − 1

j

)
(n + 1)i−j−n+k−1, i ∈ {0, 1, . . . , n}.

Also appearing is the intersection number λi,j(δ) which we have noted earlier
in Chapter 2 has the following form:

λi,j(δ) =
min(n−δ,i,j)∑

m=max(0,i−δ,j−δ)

(
n − δ

m

)(
i − m

δ + m − j

)(
δ

i − m

)
(q−1)m(q−2)i+j−δ−2m,

if q > 2 and

λi,j(δ) =
(

δ
δ+i−j

2

)(
n − δ
i+j−δ

2

)
,

if q = 2.

As before the binomial coefficients should be interpreted as

(
x

m

)
=




x(x−1)···(x−m+1)
m! , if m is a positve integer,

1, if m = 0,
0, otherwise,

where x is any real number, and m! = 1 · 2 · 3 · . . . · (m − 1) · m, 0! = 1.

We may thus calculate the exact error probability over the q-ary symmetric
channel for arbitrary class-I codes under list decoding with list decoding
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Figure 7.4: Error probability versus SNR in the symmetric AWGN channel for various
class-I codes.

radius τ1. As noted earlier, this type of decoding requires a list size of only
two and can be accomplished efficiently using Sudan’s algorithm.

Figures 7.4, 7.5 and 7.6 present graphs of the error probability versus the
signal-to-noise ratio Eb/N0 in the q-ary symmetric channel for our class-I
example codes. These codes all have dimensions k close to the lower limit
for class-I codes, namely n/6 + 1. This means that they have a large list
decoding radius τ1 and we expect the list decoding gain to be significant
in these codes. The graphs show the benefits of list decoding even with a
very limited list size for these members of the class-I code family. From the
graphs it is apparent that a gain of about 0.8 to 1.0 dB can be expected
when using list-of-2 decoding on these class-I codes.
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Figure 7.5: Error probability versus SNR in the symmetric AWGN channel for various
class-I codes.
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Figure 7.6: Error probability versus SNR in the symmetric AWGN channel for various
class-I codes.
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Figure 7.7: Mapping of finite field elements of F16 into signal points in 16QAM. The
primitive element α is a root of x4 + x + 1.

7.4 Performance gain in the QAM channel

In order to verify that the gain in error-correction performance induced by
the introduction of list-of-2 decoding in the symmetric channel is present
also in a more practically relevant channel model, we have performed sim-
ulations for QAM systems. We have studied the behavior of three different
systems namely 16QAM, 64QAM and 256QAM, all with a rectangular sig-
nal constellation subject to additive white Gaussian noise. Three different
class-I Reed-Solomon codes with alphabet sizes matching the different QAM
constellations were evaluated under traditional decoding as well as under
list-of-2 decoding. The assumed list decoding approach is the one defined in
Chapter 4 with a post-processing of the list which allows only unique solu-
tions to the decoding problem. The codes used where the (15, 4)-, (63, 12)-
and (255, 44)-Reed-Solomon codes.

The finite field elements in each codeword position was mapped to the symbol
points of the QAM constellation in a row/column increasing fashion based
on the exponentiation of a primitive element. The idea is exemplified in
Figure 7.7 for the 16QAM case. The primitive elements used were roots of
x4 + x + 1, x6 + x4 + x3 + x + 1 and x8 + x4 + x3 + x2 + 1 respectively.

The simulation results are presented in Figure 7.8 below. The graphs show
that the gain from using list-of-2 decoding displayed in the symmetric chan-
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Figure 7.8: Simulation results for QAM systems. The plot shows the error rate versus
the SNR in three different QAM AWGN channels.

nel is present also in the QAM channel. The gain is nearly 1 dB in the
presented cases.

The codes studied are all low rate codes and if chosen for a practical appli-
cation it is probably their large minimum distance and high error-correction
capability under traditional decoding that is the key reason. Such an ap-
plication has probably severe restrictions on the available transmitter power
such as in the case of a space application. In such a case the extra work of
performing list-of-2 decoding via Sudan’s algorithm may well be worth the
1 dB gain in needed signal power.
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Chapter 8

Conclusions

List decoding is a strategy which potentially offers improved performance
for a communication system utilizing error-correction coding. Producing a
list of all codewords within a certain Hamming distance from the received
word allows us to correct some error patterns outside the traditional decod-
ing sphere. The size of the output list increases, however, with increasing
list decoding radius and results in growing computational complexity in the
decoder. Requiring a limit for the size of the output list is a natural ap-
proach to try and tackle this problem. Despite the complexity drawback
list decoding is still an attractive approach. This fact is emphasized by the
existence of Sudan’s algorithm, which performs efficient list decoding for the
popular family of Reed-Solomon codes.

The restrictions on the structural properties of a code when we want it to
be list-decodable with a certain list decoding radius and a certain list size
are intriguing. We have studied general lower bounds on the maximum
size of list-of-2-decodable codes over alphabets of arbitrary sizes. Bounds
were formed by generalizations of the well known general lower bounds of
Gilbert and Varshamov for the maximum size of a code of a given length
and minimum distance. The Gilbert generalization is valid for all alphabet
sizes but the Varshamov generalization is limited to alphabet sizes equal
to a prime power. Using a probabilistic approach a more intricate lower
bound was derived. The new bound improves on the Gilbert generalization
for certain parameter values and is thus useful for cases when we have an
alphabet size which is not a prime power.
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There is a fundamental reason for using list decoding instead of traditional
unique decoding. List decoding opens up the possibility of correcting error
patterns of greater weight than half the minimum distance of the code. This
leads to better error-correction performance in terms of lower probability of
transmission error. That said an underlying question is of course how much
better? To answer this question one needs some form of characterization
of the set of correctable error patterns. Producing useful characterizations
for the general case is a very hard task and applying some restrictions is a
natural way to proceed. The class-I codes is a specific sub-family of list-of-
2-decodable Reed-Solomon codes. For the case of list-of-2 decoding of these
class-I codes we have characterized the set of correctable error patterns.
The characterization is weight-based and is thus a count of how many error
patterns of a given weight that can be corrected. The characterization shows
that even under a limitation of the list size to two, there is a substantial
number of error patterns of weight greater than half the minimum distance
of the code that can be corrected.

The improvement in error performance can be quantified by exact calcula-
tions of the probability of error in the symmetric channel, subject to additive
white Gaussian noise. Such calculations yield the probability of error as a
function of the signal-to-noise ratio. For the class-I codes the characteri-
zation of the set of correctable error patterns enables us to perform these
calculations for arbitrary code lengths. For codes not of this type one is
limited to small code lengths which allow brute force analysis. The im-
provement in error performance has further been verified by simulations of
several QAM-systems, also subject to additive white Gaussian noise. Both
these approaches show that list decoding gives a significant improvement
in error performance. Specifically the low rate class-I codes under list-of-2
decoding display a list decoding gain of nearly 1 dB.

Sudan’s algorithm for list-decoding of Reed-Solomon codes has received
much attention from the research community. From its original formula-
tion by Sudan several authors have made contributions to improvements of
the two fundamental steps of the algorithm. We have joined this effort by
studying the special case of list-of-2 decoding of the class-I codes from an
algorithmic view-point. From fairly straightforward approaches we have for-
mulated algorithms for both the first and second step of the algorithm. Our
approaches are such that they allow us to suggest nicely structured hardware
solutions for performing the calculations.

We have seen that even under severe limitation of the list size, list decoding
can increase the efficiency of a coded system significantly. We feel that list
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decoding—not necessarily with a list size limited to two—should be taken
into serious account for actual implementation in communication systems.
We have pointed out some implementational directions which could be pur-
sued in such an effort.
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Appendix A

Proof of some statements

A.1 Intersection numbers

Here we prove Lemma 4 of Chapter 2. It is a lemma concerning the inter-
section numbers. We restate Definition 4.

Definition 4 For any pair of sequences x, y ∈ An
q with dH(x, y) = δ we

define their intersection number as

λi,j(δ) =
∣∣{v ∈ An

q : dH(x, v) = i and dH(v, y) = j}∣∣ .
That is λi,j(δ) counts the number of sequences in An

q which are at distance
i from the sequence x and at the same time distance j from y.

It is a well known fact from the theory of association schemes [47] that this
quantity is a function only of the distance between the two sequences and
not the actual appearance of the two sequences. Hence the suppression of
the sequence dependence in the notation.

We restate Lemma 4 and prove it.
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Lemma 4 For any pair of sequences x, y ∈ An
q with dH(x, y) = δ we have

λi,j(δ) =
min(n−δ,i,j)∑

m=max(0,i−δ,j−δ)

(
n − δ

m

)(
i − m

δ + m − j

)(
δ

i − m

)
(q − 1)m(q − 2)i+j−δ−2m,

if q > 2 and

λi,j(δ) =
(

δ
δ+i−j

2

)(
n − δ
i+j−δ

2

)
,

if q = 2.

In the above expression the binomial coefficients should be interpreted as

(
x

m

)
=




x(x−1)···(x−m+1)
m! , if m is a positve integer,

1, if m = 0,
0, otherwise,

where x is any real number, and m! = 1 · 2 · 3 · . . . · (m − 1) · m, 0! = 1.

Proof: Given an integer δ, 0 ≤ δ ≤ n, let x, y ∈ An
q be such that dH(x, y) =

δ. Since λi,j(δ) is only dependent of δ and not the actual appearance of x or y
we may assume—with no loss of generality—that An

q = Z
n
q and that x is the

all zero sequence in Z
n
q and that y has the form y = (1, 1, . . . , 1, 0, 0, . . . , 0) ∈

Z
n
q with δ leading ones and n − δ trailing zeros.

Let z denote a sequence in Z
n
q such that dH(x, z) = i and dH(z, y) = j.

Further let z1 denote the subsequence formed by the first δ positions of z.
Let z2 denote the remaining n − δ positions of z.

First we consider the case q = 2. Let k denote the number of ones in z1. We
then have i−k ones in z2 since the total number of ones in z is dH(x, z) = i.
The distance between z and y is δ − k + i − k, the number of zeros in z1

plus the number of ones in z2. We thus have dH(z, y) = j = δ − k + i− k or
k = (i−j+δ)/2 and i−k = (i+j−δ)/2. We note that k has to be an integer
fulfilling 0 ≤ k ≤ δ and i− k has to be an integer fulfilling 0 ≤ i− k ≤ n− δ.
Any combination of i, j and δ forcing k or i − k to violate these criteria
implies λi,j(δ) = 0. On the other hand if the criteria are fulfilled we know
that in any sequence z to be counted by λi,j(δ) we have (i − j + δ)/2 ones
in z1 which can be arbitrarily placed in

(
δ

(i−j+δ)/2

)
ways. Further we have
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(i + j − δ)/2 ones in z2 which can be arbitrarily placed in
(

n−δ
(i+j−δ)/2

)
ways.

We thus conclude

λi,j(δ) =
(

δ

(i − j + δ)/2

)(
n − δ

(i + j − δ)/2

)

and note that with our definition of the binomial coefficients this expression
is valid also in the degenerated cases discussed above.

Now we consider the case q > 2. Let m denote the number of non-zero
elements in z2. We then have i − m non-zero symbols in z1 since the total
number of non-zero symbols in z is dH(x, z) = i. Let k denote the number
of ones in z1. The distance between z and y is δ − k + m, the number of
symbols in z1 not equal to one plus the number of non-zero elements in z2.
We thus have dH(z, y) = j = δ − k + m or k = δ − j + m. We note that k
has to fulfill 0 ≤ k ≤ δ, i−m has to fulfill 0 ≤ i−m ≤ δ and m has to fulfill
0 ≤ m ≤ n − δ. To summarize these criteria we may write

max(0, i − δ, j − δ) ≤ m ≤ min(n − δ, i, j).

Any combination of i, j, δ for which there is no m fulfilling the inequalities
implies λi,j(δ) = 0. On the other hand for any m full filing the inequalities
we there is a sequence z to be counted by λi,j(δ) with m non-zero symbols
in z2 which can be arbitrarily placed in

(
n−δ
m

)
ways and each symbol can

be any of the q − 1 non-zero symbols in Zq. This means a total number of
combinations for z2 equaling(

n − δ

m

)
(q − 1)m.

Further we have i−m non-zero symbols in z1 which can be arbitrarily placed
in
(

δ
i−m

)
ways. Among these i−m non-zero symbols we have δ− j +m ones

which can be arbitrarily placed in
(

i−m
δ−j+m

)
ways. The remaining i+j−δ−2m

non-zero symbols which do not equal one can be any of the q − 2 non-zero
symbols in Zq \ {1}. This means a total number of combinations for z1

equaling (
i − m

δ + m − j

)(
δ

i − mm

)
(q − 2)i+j−δ−2m.

For each m fulfilling the inequalities above we thus have(
n − δ

m

)(
i − m

δ + m − j

)(
δ

i − m

)
(q − 1)m(q − 2)i+j−δ−2m
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z:s to be counted by λi,j(δ). We thus conclude

λi,j(δ) =
min(n−δ,i,j)∑

m=max(0,i−δ,j−δ)

(
n − δ

m

)(
i − m

δ + m − j

)(
δ

i − m

)
(q − 1)m(q − 2)i+j−δ−2m,

which completes the proof. �



Bibliography

[1] C. E. Shannon. A Mathematical Theory of Communication. Bell System
Technical Journal, 27:379–423,623–656, Jul., Oct. 1948.

[2] M. J. E. Golay. Notes on Digital Coding. Proceedings of the IRE, 37:657,
1949.

[3] R. W. Hamming. Error Detection and Error Correcting Codes. Bell
System Technical Journal, 29:147–160, 1950.

[4] P. Elias. List decoding for noisy channels. In IRE WESCON convention
record, pages 94–104, 1957.

[5] J. M. Wozencraft. List decoding. Quarterly Progress Report, 48:90–95,
Jan. 1958. Research Laboratory of Electronics, MIT.

[6] R. Ahlswede. Channel capacities for list codes. Journal of Applied
Probability, 10:824–836, 1973.

[7] I. Csiszar and J. Körner. Information Theory: Coding Theorems for
Discrete Memoryless Systems, page 196. Academic Press, New York,
1981.

[8] P. Elias. Zero error capacity for list detection. Quarterly Progress
Report, 48:88–90, Jan. 1958. Research Laboratory of Electronics, MIT.

[9] P. Elias. Zero error capacity under list decoding. IEEE Transactions
on Information Theory, 34:1070–1074, Sep. 1988.

[10] V. V. Zyablov and M. S. Pinsker. List cascade decoding. Problemy
Peredachi Informatsii, 17(4):29–34, 1981. (In Russian, English transla-
tion: Problems of Information Transmission, pp. 236-240, 1982).

119



120 Bibliography

[11] V. M. Blinovskii. Bounds for codes in the case of list decoding of fi-
nite volume. Problemy Peredachi Informatsii, 22(1):11–25, 1986. (In
Russian, English translation: Problems of Information Transmission,
pp. 7-19, 1986).

[12] P. Elias. Error-Correcting Codes for List Decoding. IEEE Transactions
on Information Theory, 37(1):5–12, Jan. 1991.

[13] V. K. Wei and G. L. Feng. Improved lower bounds on the sizes of error-
correcting codes for list decoding. IEEE Transactions on Information
Theory, 40:559–563, Mar. 1994.

[14] M. Sudan. Decoding of Reed Solomon Codes Beyond the Error-
Correction Bound. Journal of Complexity, 13:180–193, 1998.

[15] M. Shokrollahi and H. Wasserman. List Decoding of Algebraic-
Geometric Codes. IEEE Transactions on Information Theory, 45:432–
437, Mar. 1999.

[16] V. Guruswami and M. Sudan. Improved Decoding of Reed Solomon
and Algebraic Geometric Codes. IEEE Transactions on Information
Theory, 45:1757–1767, Sept. 1999.

[17] R. Roth and G. Ruckenstein. Efficient Decoding of Reed-Solomon Codes
Beyond Half the Minimum Distance. IEEE Transactions on Informa-
tion Theory, 46(1):246–257, Jan. 2000.

[18] S. Gao and A. Shokrollahi. Computing roots of polynomials over func-
tion fields of curves. In David Joyner, editor, Proceedings of the Annapo-
lis Conference on Number Theory, Coding Theory, and Cryptography,
pages 114–228. Springer-Verlag, 1999.

[19] T. Høholdt and R. Refslund Nielsen. Decoding Hermitian codes with
Sudan’s algorithm. In M. Fossorier, H. Imai, S. Lin, and A. Pole, editors,
Applied Algebra, Algebraic Algorithms and Error-Correcting Codes, Lec-
ture Notes in Computer Science 1719, pages 260–270. Springer-Verlag,
1999.

[20] D. Augot and L. Pecquet. An Alternative to Factorization: A Speedup
for SUDAN’s Decoding Algorithm and its Generalization to Algebraic-
Geometric Codes. Rapport de recherche no, 3532, INRIA, France, 1998.

[21] D. Augot and L. Pecquet. A Hensel lifting to replace factorization in
list-decoding of algebraic-geometric and Reed-Solomon codes. IEEE
Transactions on Information Theory, 46(7):2605–2614, Nov. 2000.



Bibliography 121

[22] X.-W. Wu and P. H. Siegel. Efficient Root-Finding Algorithm with Ap-
plication to List Decoding of Algebraic-Geometric Codes. IEEE Trans-
actions on Information Theory, 47(6):2579–2587, Sept. 2001.

[23] H. Elbrønd Jensen and T. Høholdt. On the second step in Sudan’s list
decoding algorithm. Preprint, to be published.

[24] S. Sakata, Y. Numakami, and M. Fujisawa. A fast interpolation method
for list decoding of RS and algebraic-geometric codes. In IEEE Inter-
national Symposium on Information Theory, 2000. Proceedings., page
479, 2000.

[25] S. Sakata. Efficient factorization methods for list decoding of codes
from curves. In IEEE International Symposium on Information Theory,
2003. Proceedings., page 363, 2003.

[26] V. Guruswami and M. Sudan. List decoding algorithms for certain
concatenated codes. In Proceedings of the Thirty-Second Annual ACM
Symposium on Theory of Computing, pages 181–190, 2000.

[27] R. Refslund Nielsen. Decoding concatenated codes with Sudan’s algo-
rithm. Preprint, to be published.

[28] R. Refslund Nielsen. List decoding of linear block codes. PhD thesis,
Department of Mathematics, Technical University of Denmark, 2001.

[29] A. Ashikhim, A. Barg, and S. Litsyn. A new upper bound on codes de-
codable into size-2 lists. In I. Althofer and et al., editors, Numbers, In-
formation and Complexity, pages 239–244. Kluwer, Boston, MA, 2000.

[30] J. Justesen and T. Høholdt. Bounds on List Decoding of MDS Codes.
IEEE Transactions on Information Theory, 47(4):1604–1609, May 2001.

[31] G. Ruckenstein and R. M. Roth. Upper bounds on the List-Decoding
radius of Reed-Solomon codes. In ISIT 2001, page 85, 2001.

[32] G. Ruckenstein and R. M. Roth. Bounds on the List-Decoding Radius
of Reed-Solomon Codes. SIAM J. Discrete Math., 17(2):171–195, 2003.

[33] V. Guruswami, J. H̊astad, M. Sudan, and D. Zuckerman. Combinatorial
Bounds for List Decoding. IEEE Transactions on Information Theory,
48(5):1021–1034, May 2002.

[34] R. Refslund Nielsen. A Class of Sudan-Decodable Codes. IEEE Trans-
actions on Information Theory, 46(4):1564–1572, Jul. 2000.



122 Bibliography

[35] V. Guruswami. Error-correcting codes and expander graphs. SIGACT
News, 35(3):25–41, Sep. 2004.

[36] A. Silverberg, J. Staddon, and J. L. Walker. Efficient traitor tracing
algorithms using list decoding. In C. Boyd, editor, Advances in Cryp-
tology - ASIACRYPT 2001, Lecture Notes in Computer Science 2248,
pages 175–192, 2001.

[37] A. Silverberg, J. Staddon, and J. L. Walker. Applications of List De-
coding to Tracing Traitors. IEEE Transactions on Information Theory,
IT-49(5):1312–1318, May 2003.

[38] G. D. Forney, Jr. Generalized Minimum Distance Decoding. IEEE
Transactions on Information Theory, IT-12:125–131, Apr. 1966.

[39] E. L. Blokh and V. V. Zyablov. Coding of generalized concatenated
codes. Probl. Inform. Transm., 10:218–222, 1974.

[40] T. Ericson. A simple analysis of the Blokh-Zyablov decoding algo-
rithm. In Th. Beth and M. Clausen, editors, Applicable Algebra, Error-
Correcting Codes, Combinatorics and Computer Algebra. 4th Interna-
tional Conference, AAECC-4. Proceedings, Lecture Notes in Computer
Science 307, pages 43–57, 1986.

[41] D. Chase. A Class of Algorithms for Decoding Block Codes With Chan-
nel Measurement Information. IEEE Transactions on Information The-
ory, IT-18(1):170–182, Jan. 1972.

[42] I. S. Reed. A class of multiple-error-correcting codes and the decoding
scheme. IEEE Transactions on Information Theory, 4:38–49, 1954.

[43] V. Guruswami. List Decoding of Error-Correcting Codes. Phd thesis,
MIT, 2001.

[44] R. R. Varshamov. Estimate of the Number of Signals in Error Correcting
Codes. Dokl. Akad. Nank SSSR, 117:739–741, 1957.

[45] E. M. Gilbert. A Comparison of Signaling Alphabets. Bell systems
technical journal, 31:504–522, 1952.

[46] H. Wang. Two-point homogeneous spaces. Annals of Mathematics,
55:177–191, 1952.



Bibliography 123

[47] P. Delsarte and V. I. Levenshtein. Association Schemes and Coding
Theory. IEEE Transactions on Information Theory, 44(6):2477–2504,
Oct. 1998.

[48] J. H. Conway and N. J. A. Sloane. Sphere packings, lattices and groups,
volume 290 of Grundlehren der Mathematischen Wissenschaften [Fun-
damental Principles of Mathematical Sciences]. Springer-Verlag, New
York, 1988. With contributions by E. Bannai, J. Leech, S. P. Norton,
A. M. Odlyzko, R. A. Parker, L. Queen and B. B. Venkov.

[49] I. S. Reed and G. Solomon. Polynomial Codes Over Certain Finite
Fields. Journal of the Society for Industrial and Applied Mathematics,
8(2):300–304, Jun. 1960.

[50] R. C. Bose and D. K. Ray-Chaudhuri. On a Class of Error Correcting
Binary Group Codes. Information and Control, 3:68–79, Mar. 1960.

[51] R. C. Bose and D. K. Ray-Chaudhuri. Further Results on Error Cor-
recting Binary Group Codes. Information and Control, 3:279–290, Sep.
1960.

[52] A. Hocquenghem. Codes Correcteurs d’Erreurs. Chiffres, 2:147–156,
1959.

[53] E. R. Berlekamp. Algebraic Coding Theory. Systems Science. McGraw-
Hill, New York, 1968.

[54] F. J. MacWilliams and N. J. A. Sloane. The Theory of Error-Correcting
Codes. North-Holland publishing company, 1977.

[55] G. Cohen, I. Honkala, S. Litsyn, and A. Lobstein. Covering Codes.
North-Holland publishing company, 1997.

[56] C. R. P. Hartmann. A Note on the Decoding of Double-Error-Correcting
Binary BCH Codes of Primitive Length. IEEE Transactions on Infor-
mation Theory, pages 765–766, Nov. 1971.

[57] C. R. P. Hartmann. Decoding Beyond the BCH Bound. IEEE Trans-
actions on Information Theory, pages 441–444, May 1972.

[58] E. R. Berlekamp. Nonbinary BCH decoding. In 1967 International
Symposium on Information Theory, San Remo, Italy, 1967.



124 Bibliography

[59] W. W. Peterson. Encoding and Error-Correction Procedures for the
Bose-Chaudhuri Codes. IRE Transactions on Information Theory, IT-
6:459–470, Sep. 1960.

[60] D. Gorenstein and N. Zierler. A class of error-correcting codes in pm

symbols. Journal of the Society for Industrial and Applied Mathematics,
9(2):207–214, Jun. 1961.

[61] J. L. Massey. Shift-Register Synthesis and BCH Decoding. IEEE Trans-
actions on Information Theory, IT-15(1):122–127, Jan. 1969.

[62] R. Lidl and H. Niederreiter. Finite Fields, chapter 1, Algebraic Foun-
dations. Cambridge University Press, 1984.

[63] R. Refslund Nielsen. Decoding AG-codes beyond half the minimum
distance. Master’s thesis, Department of Mathematics, Technical Uni-
versity of Denmark, Aug. 1998.

[64] R. Koetter and A. Vardy. Algebraic Soft-Decision Decoding of
Reed-Solomon Codes. IEEE Transactions on Information Theory,
49(11):2809–2825, Nov. 2003.

[65] G.-L. Feng and K. K. Tzeng. A Generalization of the Berlekamp-Massey
Algorithm for Multisequence Shift-Register Synthesis with Applications
to Decoding of Cyclic Codes. IEEE Transactions on Information The-
ory, 37(5):1274–1287, Sep. 1991.

[66] R. Kötter. On Algebraic Decoding of Algebraic-Geometric and Cyclic
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