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Chapter 1

Introduction

In this chapter the background and definition of the problem investigated in this
thesis is described. A reading instruction for the chapters in this thesis is also
provided.

1.1 Background

Error correcting codes and cryptography are often used for reliable and secure
transmission of data. In both disciplines finite fields may be used. Often the field
Zo is used since 0 and 1 are easy to represent in digital circuits.

Some problems are best solved in fields Z, where p is a prime not equal to
2. For example use of the so called residue number system, cryptography using
elliptic curves and discrete logarithms [5] and error correcting codes [3].

It is important that the calculations done in finite fields can be performed
fast and with little power consumption and that the arithmetic operations can be
implemented using as few logic gates as possible.

1.2 Problem Definition

In this thesis it will be investigated if it is possible to use less logic gates in a
circuit by representing a finite field Z,, where p is a prime, as another finite field,
Z[i]) < a+ bi > where p = a® + b? and a,b € Z, over the gaussian integers. The
finite field Z,, can only be represented in this way if p =1 (mod 4).

In this thesis only two arithmetic operations will be considered, addition and
multiplication. All architectures considered will be bit parallel.

1.3 Reading Instructions

Chapter 1 describes the background and problem definition. The necessary math-
ematics about fields and the construction of the representation used in this thesis
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is described in Chapter 2. The heuristic algorithms used for minimization of the
architectures in this thesis are described in Chapter 3.

In Chapter 4 architectures for addition and multiplication in both Z, and
Z[i]/ < a+ bi > are presented. Gate counts for these architectures and estimates
for the gate count is also presented. Chapter 5 contains a comparison between the
two representations and some ideas for further research.



Chapter 2

Mathematical Background

The work in this thesis is built upon the following field isomorphism
Zy = 7)) < a+bi > (2.1)

where p is a prime and a? + b2 = p. This chapter will describe what is meant by
this. For a more thorough description as well as important theorems and their
proofs see [8].

2.1 Groups and Rings

In this section the definitions of groups and rings are stated as well as some ex-
amples.

Definition 2.1 (Group) A group G is a set A and an operation * which is sub-
ject to the following axioms.

1. A must be closed under *, that is for all a,b € A, it is the case that also
axbe A

2. Associativity, that is (a xb) x ¢ = a * (b*¢) for all a, b and ¢ € A.

3. Existence of an identity element, that is exa = a* e = a for some e € A and
for all a € A.

4. Inverses that is for all a € A there exists an element b € A such that

axb=0bxa=e. The inverse of an element a is written a 1.

If additionally the commutative law also holds, that is for all elements a and b € A
it is the case that a * b = b x a, the group is said to be Abelian or commutative.

To denote that an element a € A, where A together with an operation * forms
a group G, a € G is used.

By introducing an equivalence relation = the integers, Z, are partitioned in
equivalence classes. Let a,b and n € Z, then a = b (mod n) & a—b = mn

3
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for some m € Z. This relation can be shown to be an equivalence relation. It
partitions Z into equivalence classes denoted [a] = {...,—2n + a,—n + a,a,n +
a,2n+a,...}. In [8 p. 39] the relation is shown to satisfy a number of rules, like
the associative and commutative laws for both addition and multiplication, the
distributive law and the existence of identity elements, 0 and 1, for addition and
multiplication respectively. There exists a multiplicative inverse to every class [a]
whenever (a,n)=L.

The set of all equivalence classes modn is denoted Z,,. This leads to an exam-
ple of a group.

—— Example 2.1

The set A = {1,2,3,4} together with multiplication modulo 5 forms a group as
can be seen from the table below. The associative law holds, the identity element
is given by 1 and there exists an inverse for every element (for example 2-3 =1
(mod 5) so 2 and 3 are each others inverses). Since the table is symmetric, the
group is also commutative.

|1 2 3 4
11 2 3 4
2|12 4 1 3
313 1 4 2
414 3 2 1

In a group only one operation is defined. The next definition is a ring, which
is a structure with two operations.

Definition 2.2 (Ring) A ring R is a set A and two operations, + and -, which
are subject to the following axioms.

1. The set A together with the + operation forms an abelian group.

2. For alla,be A alsoa-be A.

3. For all a,b and ¢ € A it holds that (a-b)-c=a- (b c).

4. a-(b+c¢)=a-b+a-cand (a+b)-c=a-c+b-cforalla,bandce A

If additionally a - b = b - a for all a,b € A, the ring is said to be commutative. If
there exists an element, f, such that f-a=a- f = a for all a € A, the ring is said
to have a unit element.

Since the - operation is an analogy of multiplication for ordinary multiplication
in for example Z, a - b will hereafter be written ab with the - omitted.
An example of a ring to illustrate the definition.
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—— Example 2.2
The set A = {0,1, 2,3}, together with addition and multiplication modulo 4 forms
a ring as can be seen from the tables below. The addition table shows that A
together with addition modulo 4 forms an abelian group, where 0 is the identity
element. The multiplication table shows that there exists a unit element 1 and
that multiplication modulo 4 is commutative. The distribution laws can be verified
by calculation. This ring, called Z4, is therefore a commutative ring with a unit
element.

+]/0 123 -J0o1 23
0[0 1 23 0[00 00
11230 1]01 23
212301 2020 2
33 01 2 3[03 21

In the previous example 2 -2 = 0 although 2 # 0. This is an example of a zero
divisor.

Definition 2.3 (Zero divisor) R ring, a € R. If b- a = 0 for some b # 0 then a
is said to be a zero divisor.

Definition 2.4 (Integral domain) A commutative ring with unit element and
no zero divisors is called an integral domain.

An example of an integral domain is Z, where the unit element is 1. The only
invertible elements are -1 and 1.

2.2 Ring Homomorphisms, Ideals and Fields

The concepts of homomorphisms, ideals and fields are very important in showing
the isomorphism in Equation 2.1.

Definition 2.5 (Ring homomorphism) Let R and S be two rings. A ring ho-
momorphism is a map ¢ : R — S, with the following properties.

1. p(a+0b) =p(a)+ (b) for all a,b € R.
2. p(ab) = p(a)p(d) for all a,b € R.

The mapping ¢ : Z — Zs given by ¢(a) = a (mod 5) is an example of a
homomorphism. There are several important special cases of homomorphisms.

Definition 2.6 (Surjective) Let ¢ : R — S be a homomorphism. It is said to
be surjective if for every a € S there is at least one b € R such that ¢(b) = a.
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Definition 2.7 (Injective) Let ¢ : R — S be a homomorphism. Then ¢ is said
to be injective if for all a,b € R such that a # b= ¢(a) # ¢(b).

Definition 2.8 (Ring isomorphism) If a homomorphism between two rings R
and S is injective and surjective it is called an isomorphism. This is written R =2 S.

All elements that are mapped to 0 by a homomorphism belongs to a set called
the kernel of that homomorphism.

Definition 2.9 (Kernel) Let ¢ : R — S be a ring homomorphism. Its kernel is
defined as the set ker o = {r € R: ¢(r) = 0}

Take the same homomorphism as above, that is ¢(a) = a (mod 5). Its kernel are
all @ € Z such that a = 5b for some b € Z.

Definition 2.10 (Ideal) Let R be a ring and I a subring of R. If both rs and
sr €l for everyr € R and s € I, then I is called an ideal in R.

In Z all ideals can be shown to be expressible in a certain form.

Definition 2.11 (Principal ideal) Let R be a commutative ring with identity
and I an ideal. If I is of the form < a >= {ar : r € R} then I is said to be a
principal ideal.

Definition 2.12 (Principal ideal domain) A principal ideal domain is an in-
tegral domain where every ideal is a principal ideal.

Let R be a ring and I an ideal of R. Define a multiplication.
(r+D(s+1)=rs+1

And an addition.
r+D+(s+1)=r+s+1

These definitions, together with the fact that I is a subring, give rise to a ring
denoted by R/I. The elements of the ring are given by r 4+ I where r € R.

Addition is well defined because a € 7+ I and b € s+ I implies that a =r 4+ ¢
and b = s+d for some c¢,d € I. Thena+b=r+c+s+d=r+s+c+d,r+s€R
and c+d € I. Since 1, s € R, addition is commutative and inverse to every element
exists. The identity element is given by 0 + I = I.

To see that this multiplication is well defined consider a € r + I and b € s + I.
This implies that a = r + ¢ and b = s + d for some ¢,d € I. Because r,s €
R then rs € R. Since ¢,d € I which is an ideal in R it is the case that
ab= (r+c¢)(s+d)rd + cs + ed € I. Next the axioms of a ring must be verified.

Let r+1I,s+Tandt+1¢c R/I.

(r+D(s+D)t+D)=@s+DHt+I)=rst+1
r+D((s+DHt+D)=@+D(st+I)=rst+1
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Thus the associative law holds. Also the distributive law holds.

(r+D(s+I+t+1) = (r+D)(s+t+1)
= r(s+t)+I=rs+rt+I=rs+I+rt+1
r+I+s+DHt+1) = (r+s+DHEt+1)

= (r+s)t+I=rt+st+I=rt+1+st+1

These facts together implies that R/I, where R is a ring and I an ideal, is a ring.
This ring is called a quotient ring.

Theorem 2.1 If [ is an ideal in a ring R then the map ¢ : R — R/I given by
o(r) =r+ I is a surjective ring homomorphism and ker o = I.

Another theorem related to quotient rings is the following.

Theorem 2.2 R, S are two rings. Let ¢ : R — S be a ring homomorphism and
set I =ker . Define v : R — R/I as(r) =r -+ I. Then there exists an injective
homomorphism 7 : R/I — S such that ¢ = 7.

For proofs of both theorems see [8, pp. 254-255]. If ¢ in the above theorem is
surjective then 7 is an isomorphism.

The next definition states the necessary properties needed for a ring to have a
division algorithm and unique factorization.

Definition 2.13 (Euclidean domain) An integral domain D is said to be a
euclidean domain if there exists a function v : D\ {0} — {a € Z : a > 0} with the
following properties.

1. v(a) < v(ad) for all a,b € D \ {0}

2. If a,b € D\ {0} then there exists q,r € D such that a = bq + r where r is
either 0 or v(r) < v(b)

In [8, pp. 298-301] it is shown that every euclidean domain is a principal ideal
domain and that every principal ideal domain is a unique factorization domain. It
is also shown that the ring of gaussian integers Z[i] = {a + bi : a,b € Z} (where
i =+/—1) is a euclidean domain. The valuation is given by v(a+bi) = a®+b2. The
ring of integers, Z, is also a euclidean domain with the absolute value as valuation.

If a ring, R, is a euclidean domain it has a division algorithm and the euclidean
algorithm can be used to compute the greatest common divisor, (a,b), of two
numbers a,b € R.

— Example 2.3
Division in Z[i].
5+1 17 -7 4 61

= =l4+=—-i+—==
3+ 2 13 BT RETE

S+io= (1)@ 20+ L2

= (1 —i)(3+26) + 2
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Thus 54 i = 2i (mod 3 + 2i).
Also the greatest common divisor can be calculated. For example to calculate
(54 14,3 + 2i) euclids algorithm is used.
1-(54+1)+0-(3+2i) = 5+1
0-b+4)+1-3+2i) = 3+2¢

As the division suggests.
1-(544)—(1—4)(3+2i)=2i

New division.
34+2¢ 2-31 .4 . e
5~ 5 717175 =34+2i=(1—-14)2i+1
Then the calculation is almost finished. Because 3 4+ 2i — (1 —4)2i = 1.
—(1-6B+)+Q+1-9)(1-4)B+2) =1

Thus (5 + i,3 + 2i) = 1. By the calculation it is also clear that (3 4 2i)~! =
1+(1—-4)?=1-2i (mod 5+1i). And (5+4)"! = (2i)"' = -1 +i (mod 3 + 2i).

The last main concept needed is the concept of a field.

Definition 2.14 (Field) A field is an integral domain, D, where all nonzero
a € D has a multiplicative inverse.

An example of a field is Z,, where p is prime. If p is a prime (p, 1) = 1, (p,2) = 1,
..., (p,p—1) =1. Thus every a € Z,,a # 0 has a multiplicative inverse and hence
Z, is a field.

2.3 Description of Z, = Z[i|/ < a+ bi >

Let a,b € Z such that (a,b) = 1. Then there exists m,n such that am + bn = 1.
This may be written in the following way.

(am+bn)am +bn=1=
(am)? + (bm)? + abmn + bn — (bm)? = 1 =
(a® 4+ b2)m? + b(amn +n — bm?) =1

Thus a multiplicative inverse of b (mod a? + b?) exists such that
b'=amn+n—bm? (mod a®+ b?).
Then there is a solution to 2 = —1 (mod a? + b?).

a?+v*=0 (mod a®+ b?) =
a?=-b> (mod a® + b?) =
(£b71a)? = -1 (mod a® + b?)
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Define a map ¢ : Z[i] — Z/ < a® + b* > by
olc+di) =c+ (=b"ra)d+ < a® + b >
This map is a homomorphism because
o((c+di)e+ fi)) = @(ce —df + (cf + de)i)

= ce—df + (cf +de)(=b"ra)+ < a®+b* >
= (c+d(=bra)+ <a®+b* >)(e+ f(=bta)+ < a® + b >)

and

plc+di + e+ fi) plc+e+ (d+ f)i)
cte+(=bla)(d+ f)
c+ (=bra)d+ < a® +b* > te+ (—b ta)f

p(c+di) + ¢(e + fi).

The homomorphism ¢ is also surjective because

0(0) = 0+ <a®+b*>
o(1) = 1+<a®+b*>
ea®+b2—1) = a®>+b -1+ <a®+b*>.
Since
ola+bi) = a+(=b ta)b+ <a®+b* >

= a—a+<d®+>=0+<a®+b >

it is the case that ¢+ di €< a + bi >= c+ di € ker .
Now assume that ¢ + di € ker ¢. This means that

olc+di) = 0+<a®+b*>=c+(-bla)d+ <a®+b* >=
be—ad = 0+ <a®+b>=ab’c—a’bd =0+ < a? + b >=
ac+bd = 0+<a?2+b>

Since
c+di ac+bd+ (ad — be)i
a+bi a?+ b2
¢+ di =0 (mod a+ bi) because ac + bd and ad — be has been shown to have zero
residue. Thus ¢+ di € kerp = ¢+ di €< a+ bi >. Then it has been shown that
ct+die<a+bi >& c+di € kero.
Define a homomorphism

¥ Z[i) — Z[i]) < a+bi >
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by
Yle+di)=c+di+<a+bi>.

According to Theorem 2.1 1) is surjective. Theorem 2.2 says that there exists an
injective homomorphism

7 Zl)) <a+bi>— Z/ <a®+b*>

such that ¢ = mp. But ¢ is surjective so then also m must be surjective and thus
7 is an isomorphism.

Let p be a prime such that p=1 (mod 4). Then p = a?+ b? for some a,b € Z.
For proof see [7, p. 152]. Since p is a prime then Z, is a field then also Z/ < a+bi >
is a field due to the isomorphism.

2.3.1 Representations

The residue classes in Z[i]/ < a + bi > can have different representatives. In this
thesis two different representations will be used.

The first representation is to use the value with minimum valuation. This is
simply achieved by using the division algorithm. Another variant is to represent
the residue classes with numbers where both the real part and the imaginary part
are positive and with minimal valuation. This representation is given by points in
the complex number plane which covers a? points nearby the origin and b? points
next to this square of points, here it is assumed that a > b. The geometric shape
of this is shown in Figure 2.1 and the numbers are shown in the following table.

(@a—1)i 1+(@—1)i ... a—1+(a—1)i
(@—2)i 1+(@—2)i ... a—1+(a—2)i
bi 1+ co.oa—14+bi
(b—1)i 1+(B-1)i ... a+b—1+(b—1)i
(b—2)yi 1+(b—-2)i ... atb—1+(b—2)i
i 1+ . at+b—1+14

0 1 ceooa+b—1

This representation give the complete set of residues. Because as in the table the
residue classes, 0,1,...,p — 1, in Z,, can be partitioned as 0,1,...,a+b— 1 and
then a+b,a+b+1,...,2a+2b—1 and so forth b—1 times with the last partition
b—1(a+0b),(b—1)a+b)+1,...,b(a+b) — 1. The next partition is given by
bla+b),bla+b)+1,...,b(a+b)+a—1 and the next b(a + b) + a, b(a +b) + a + 1,
.., bla+b)+2a—1 and so forth a — b times with the last partition given by
bla+b)+(a—b—1)a=a*>+b*>—a,a®>+b>—a+1,...,a°> +b> — 1 thus all p
residue classes are given in this form.



2.3 Description of Z, = Z[i]/ < a + bi >

11

Im

b2

Re

Figure 2.1. Geometry of the positive representation of residue classes in Z[i]/ < 2+14 >

Since p is a prime also a has an inverse in Z,. Because

a+b

a— (bila)a

(~b+a)(~b"a)

and b(a+b)+ca = b(a—b—c)(—b"ta) (mod p) for c =1,2,...,
case that.

—ba~

—b-
—b-

1

a
1a

(mod p)

a—b—11t1is the

1. The first partition is represented as it is via the isomorphism.

2. The next b—1 partitions can be represented as (a —b)i, (a — b+ 1)1,

b+ b— 1)i via the isomorphism.

3. The other a—b partitions can be represented as b(a—b)i, b(a—b—1)3,

b—a+b+1)i = bi.

Thus all residue classes in Z are represented by a residue class in Z[i] in the same
way as the table.
To illustrate the ideas, an example of an isomorphism and two of its represen-

tations, will be given.

—— Example 2.4

S (a—

., bla—

This example illustrate Z5 =

parts tables are shown.

Z[i]/ < 24 i >. The isomorphism is given by
o(c+di) = ¢+ 3d+ < 5 >. First addition and multiplication tables for the mini-
mum valuation representation are shown and then the positive real and imaginary
In the tables it can for example be seen that 2 = —i

(mod 2 +4) and that —1 =144 (mod 2+ ).

+ 0 1 2 1 i+1 . 0 1 2 v i+l
0 0 1 2 1 i+l 0 |0 0 0 0 0

1 1 2 vt +1 0 1 {0 1 2 v i+l
2 2 1 i+ 0 1 2 |10 2 + 1 1

1 T +1 0 1 2 i |0 1 1 i+ 2
t+1 ] i+ 0 1 2 T +110 i+1 3 2 1
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+ 0 1 - ¢ -1 O 1 - 1+ -1
0 0 Y A A | 010 O 0 0 0
1 1 - ¢ =1 0 110 1 —¢ ¢ =1
-2 | -t ¢ -1 0 1 - |0 - -1 1 )
) i —1 0 1 — i |0 2 1 -1 —3
—1]1-1 0 1 —i 4 -1{0 -1 ¢« —1 1

In Figure 2.2 the minimum valuation representation and the positive real and
imaginary part representation are shown.

Im

1 Re

Figure 2.2. On the left minimum valuation representation of residue classes in
Z[i]/ < 2+ >. On the right positive representation of residue classes in Z[i]/ < 2+1i >.

2.3.2 (Generalization

There is a generalization of the above isomorphism. According to [6, Ch. 12] Z[s]
is a euclidean domain for both s = i and s = €'5. If s = ¢!5 = p the ring
Zlp] ={a+bp:a,be Z} is called the ring of eisensteinian integers. The valuation
is given by v(a +bp) = a? — ab+ b?. A prime p € Z can be written as a? — ab + b?
whenever p =1 (mod 3).

Let p=1 (mod 3) be a prime then 23 =1 (mod p) has a solution, r # 1. The
solution is given by 7 = —b~!a (mod p). Since (x—1)(x?+2+1) = 23—1 this is also
a solution to 22 + x + 1 = 0 (mod p). Thus (=b~'a)? = -1 — (=b~ta) (mod p).
There is a similar expression for p since p> =1 but p # 1. Then p> +p+1=0
and thus p? = —1 — p.

Define a mapping

©:Z[p| = Z] < a® +b* —ab >

by
ola+bp) =a+b(—b"ta)+ < a® +b* —ab>.
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Since
plc+dp+e+gp) =
plct+et(d+ flp) =
cted(d+ f)(=bta)+ < a® +b* —ab>=
c+d(=b"ra) + e+ f(=b"1a) = p(c+dp) + ple + fp)
and

p((c+dp)e+ fp)) =
p(ce —df + (cf +de —df)p) =
ce —df + (cf +de — df)(—b"ta)+ < a® +b* — ab >

plc+dp)ple+ fp) =
(c+d(=b"ta))(e+ f(—=bra))+ < a® + b — ab >=
ce —df + (cf +de — df)(—b"ta)+ < a® +b* — ab >,

© is a homomorphism.
Since
ola+bp)=a+b(-bta)+ <a®+b*—ab>=0+ < a®+b* —ab>

it is the case that if c +dp €< a+bp >= c+ dp € ker p. Assume ¢+ dp € ker .
Then

olc+dp) = c+d(—bta)+<a®+b*—ab>=
0+ < a® +b* —ab >=
be — ad+ < a® +b* — ab >= 0.
Multiplying with ba gives
ab’c — a?bd+ < a®> +b% —ab >=0,
then multiplying with b=2 gives
ac— (b~ ta)*bd+ < a® + b* — ab >,

since
(=b7'a)® = 1 (mod a®+b*—ab) =
(b7 ta)® = -1 (moda®+b*—ab) =
(b 'a)?> = b la—1 (mod a®+ b* — ab),

and hence ac — ad + bd+ < a® + b> — ab >= 0. Thus the residue of ¢ + dp when
divided by a + bp is zero (see [6, p. 188]). This means that

ct+dp€ekerp=c+dpe<a+bp>

Then it has been shown that ¢+ di €< a+bp >& ¢+ di € ker .

As was the case with the isomorphism in the previous section, the conclusion
is that Z[p]/ < a +bp >= Z, when p = a® + b? — ab. When p is a prime this is a
field isomorphism.
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Chapter 3

Logic Circuits and
Minimization

In the following chapter the general problem of logic minimization and the SIS
program will be described. The complexity measures used in this thesis for com-
parison between different circuits will also be described, as well as the different
formats to describe boolean functions and circuits. Some basic logic circuits will
be defined finally.

3.1 Minimization Algorithms

A boolean function with n input signals and m output signals is a mapping
f:{0,1}" — {0,1,*}™ (* means don’t care). This can be seen as m functions
fi,-.., fm of n variables each. If there are no don’t cares the function is said to
be completely specified and if there are don’t cares it is incompletely specified.

There are three sets associated with each output function f; of a boolean
function f. First it is the on set, X", which is the set of input signal combinations
x =x1,...,&, such that f;(x) = 1. Similarly the off set, Xfﬁ, is the set of input
signal combinations, x, such that f;(x) = 0. Finally the don’t care set, X idc, is the
set of input signal combinations, z, such that f;(z) = *.

An incompletely specified function f : {0,1}" — {0, 1, *}™ can be uniquely rep-
resented using three completely specified functions, called r : {0,1}™ — {0,1}™, s :
{0,1}™ — {0,1}"™ and ¢ : {0,1}"™ — {0,1}™. For r; the on set is X?™ and the off
set is X7 U X, For s; the on set is X7 and the off set is X" U X 2. For t;
the on set is Xidc and the off set is X" U Xioﬁ.

Boolean functions can be specified as a truth table with r rows where each row
consists of an input = € {0,1}" and an output y € {0,1,*}™. For a completely
specified function the number of rows must be equal to 2" and y € {0, 1} instead.
In [1, p. 19] an algorithm to form an algebraic description of f from a truth table
description is given. The algebraic description is in sum of product form. It is
given in pseudo code below.

15
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for each y;
for each row
if y; = 1 on current row

product = 1
for each x; on current row
if ,CCj =1
product = product - z;
else
product = product -
end if
end for
fi = fi + product
end if
end for
end for

Every uncomplemented or complemented variable is called a literal. Since the
equations only include the terms under which the function is 1 all other terms
give the value 0 and thus eventual don’t care conditions are not visible in this
representation.

— Example 3.1

T2 T1 To | Y1 Yo
0 0 0 0 1
0O O 1 |0 1
0O 1 0 |0 1
0 1 1 1 1
1 0 0 1 0
1 1 1 0 O

The truth table gives an example of an incompletely specified boolean function
with three input signals and two output signals. Its algebraic representation is
given by y1 = zhz1x0 + x22i ) and yo = abal ) + whalixo + vhrix) + x22 2]

Definition 3.1 (Cube) Let p be a product term in the algebraic representation
of a boolean function f with n input signals and m output signals. Then the cube
associated with p is a pair of row vectors of dimensions n and m respectively, such
that the i:th entry, 1 < i < n, in the first vector is 0, 1 or * depending on if x;
appears in p complemented, uncomplemented or does not appear at all, and the
j:th entry, 1 < j < m in the second vector is 0 or 1 depending on if p does not
occur in f; or if it does.
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The two vectors in this definition is referred to as the input part and the output
part respectively.

— Example 3.2
From example 3.1 an example of a cube is.

(011), (11)
Another example is the following.

(0 % %), (01)

Definition 3.2 (Minterm) A minterm, €', associated with a product term e, is
a cube where the input part is not * anywhere and where the output part contain
1 on entry i and 0 everywhere else.

The intersection, e, of two cubes ¢ and d is written e = ¢ d. The i:th entry
of the input part of e is given by 0 if both corresponding entries of ¢ and d are 0
or if one entry is 0 and the other one *. The entry is 1 if both ¢ and d are 1 or if
just one of them is 1 and the other *. The entry is given by * if both ¢ and d are
*. When one of ¢ and d is 0 but the other one is 1 then e is said to be the empty
cube. The i:th entry of the output part of e is given by 1 if both the corresponding
entries of ¢ and d are 1. If one of ¢ and d is 0 then e is 0. If the output part of e
consists only of zeroes then e is the empty cube.

—— Example 3.3
The intersection between the cubes given in Example 3.2 is the following.

(011), (01)

Definition 3.3 (Implicant) Given a boolean function f represented as com-
pletely specified functions r, s and t as described on page 15. Then an implicant of
f is a cube p which has an empty intersection with the cubes of a representation
of s.

A cube ¢ contains another cube d, written d C c if for every entry in the input
part, the entries of ¢ and d are equal or if the entry in ¢ is * then the entry in d
can be either 0 or 1. For the output part the entries can either be equal or if a
entry is 1 in ¢ it can be 0 in d.
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— Example 3.4
Taking two cubes from Example 3.1, it is the case that

(100), (10) C (1 0), (10).

Definition 3.4 (Prime implicant) Let p and ¢ be two implicants such that
p C q. If this implies that p = q for every such implicant q, then p is called a
prime implicant.

Definition 3.5 (Cover) A cover for a boolean function f : {0,1}" — {0, 1, x}™
is a set of cubes where for every output function f; the set of input parts for
fi includes X?™ but contains no element from Xioﬁ . It may of course contain
elements from X .

—— Example 3.5
A cover for the boolean function in Example 3.1 is

(0% %), (01)
(011), (10)
(1x0),(10)

Definition 3.6 (Prime cover) A cover where all cubes are prime implicants is
called a prime cover.

Definition 3.7 (Irredundant cover) A cover, ¢, for a boolean function f is said
to be irredundant if there is no d C ¢ such that d is also a cover for f.

The minimization problem is now solved by generating all prime implicants
and all minterms and arrange them in a matrix, A, called the prime implicant
matrix. Each implicant corresponds to a column and each minterm corresponds
to a row in A. An element, a;;, in the matrix is 1 if the ¢:th minterm is covered
by the j:th implicant and 0 otherwise. Then the minimized function is given by
the following expression where z is a binary vector with dimension equal to the
number of implicants and 1 is also a vector with the dimension equal to the number
of minterms and with 1’s in every position.

Az >1 (3.1)
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When this expression is minimized then each minterm is covered by at least one
prime implicant. Which implies that f is minimized. The boolean expression is
deduced by just taking each prime implicant belonging to the cover and write it
out as an expression.

—— Example 3.6
In the previous example the 7, s and ¢ sets are given by the following tables.

T T2 T1 o | Y1 Yo
0 0 0|0 1
0 0 1|0 1
0 1 0|0 1
o 1 1 |1 1
1 0 0|1 O
1 0 1 |0 O
1 1 0|0 O
1 1 1 |0 O

S T2 X1 To | Y1 Yo
0 0 0|1 O
0 0 1 |1 0
0 1 0|1 0
0 1 110 O
1 0 00 1
1 0 1 |0 O
11 0|0 O
1 1 1 1 1

t w2 x1 To | Y1 Yo
0 0 0 (0 O
0 0 1 |0 O
0 1 010 O
0 1 110 O
1 0 0 ]0 O
1 0 1 |1 1
1 1 0 |1 1
1 1 1 (0 O

The implicants are the following.
(0 % %), (01)
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The minterms.

The prime implicant matrix is the following.

0 0

O O =
= -0 O
OO = O
_ o O O oo
S oo oo
S OO OO

0 0

For example ags = 1 since the implicant (10%), (11) contains the minterm (100), (10).
By inspection of A it is seen that the first implicant must be included in the cover
since the two first minterms are only covered by that implicant. Also the second
implicant must be included since the fifth minterm is only covered by this one.
Finally the fourth implicant must be included since the sixth minterm is only
covered by that implicant. In matrix form this can be seen to fulfill inequality 3.1.

O = O = =
— = NP =

0

Thus the first, second and fourth (from left) prime implicants are sufficient to
cover the boolean function. Hence by just converting the included implicants to
algebraic form the minimized boolean function is y; = abaix0+ z2x) and yo = .

3.1.1 Heuristic Algorithms

Since the problem of minimizing boolean functions is NP-complete [1, p. 8] the
time to solve an instance of the problem grows exponentially with the number of
input signals. Therefore heuristic methods are used instead. They are methods
that in polynomial time finds a solution that may be far away from the minimal
solution but performs reasonably well in practice.

Espresso

The first of the heuristic algorithms used in this thesis is Espresso [1]. Espresso
takes as input the on set and the don’t care set or the off set of a boolean function
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f. Then it tries to minimize three metrics, the number of product terms in the
cover, the number of literals and the number of outputs. Finally it returns the
minimized cover. The basic algorithm in espresso is a loop which iterates until
none of the three metrics has decreased since the last iteration. Espresso uses a
number of algorithms called expand, essential primes, irredundant cover, reduce
and last gasp in its main loop.

In what follows a short description of each of algorithms will be given. For
more details see [1, Ch. 4] and [9, pp. 304-318].

e Expand

An expansion of a cube p is a new cube ¢ where some 0 in the input part
has been changed to a 1. Thus ¢ contains p but it also covers more cubes
than p. That is p C ¢. In expanding a cube it is important that the new
cube still is a cube. Thus every expansion requires an intersection test with
the off set of the boolean function in question.

Given a cover ¢ of the boolean function f, expand produces a new cover, g
which is a prime cover. This is done by, for every cube p € ¢ expand p so
that it covers as many other cubes as possible and subsequently delete these
other cubes. Thus every cube will be a prime implicant and therefore g will
be a prime cover. The prime cover also has the property that a € b for all
cubes a,b € g such that a # b. A cover with this property is said to be
minimal with respect to single cube containment.

Expand is a heuristic algorithm, and the number of cubes, contained in g,
depends on in which order the cubes of ¢ are expanded.

e Essential primes

A prime implicant, p, is called an essential prime implicant if there is a
minterm which is only contained in p and no other cube covering f. All
essential prime implicants must be contained in a cover of f. Thus they need
not be processed in the other algorithms. Hopefully saving some memory
and computation time.

e Irredundant cover

Given a cover ¢ which is the output from the expand algorithm, the irre-
dundant cover algorithm produces a cover g which is irredundant and where
gCe

The irredundant cover g should also contain as few cubes as possible. There-
fore the cubes in ¢ are partitioned into two classes. One class where remov-
ing one cube results in a set which is not a cover. These cubes are called
relatively essential. The second class consists of the other cubes, called re-
dundant cubes. The redundant cubes can be partitioned further into totally
redundant and partially redundant cubes. The totally redundant cubes can
be removed since they are covered by the relatively essential cubes. Finally
a subset is chosen from the partially redundant cubes such that a cover of
f is obtained. This cover should contain as few cubes as possible but the
selection is done heuristically.
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e Reduce

Given a cube p a reduction of that cube is a new cube p’ which is contained
in p. That is p’ C p.

Given a prime cover c¢ of a boolean function f, reduce produces a new cover,
g which is not necessarily a prime cover by reducing each cube p € c.

The purpose of running reduce is, if possible, to find a smaller cover than
the one already found. Thus moving from one cover, that may or may not
be the optimal cover, to a cover from which another perhaps better cover
can be found by using expand.

e Last gasp

Last gasp is run as a final step when the cover size of f is no longer decreasing
when running reduce, expand and irredundant cover. The algorithm use
modified versions of expand and reduce to be able to minimize f further.

SIS

The second of the heuristic algorithms used in this thesis is SIS. Its predecessor
MIS is described in [2] and SIS is described in [11]. The first paper describes many
of the algorithms used both in SIS and MIS while the second paper is more of a user
guide to SIS. SIS is an interactive system in which you can run several different
algorithms and also read and write different circuit and logic description formats,
do technology mapping with different circuit libraries and simulate the behavior of
circuits. SIS includes the espresso program and uses it for minimization and uses
other commands to do common subexpression elimination (missing in espresso)
and do other operations related to logic simplification like removing redundancy
and do substitutions.

Many of the algorithms in SIS use an algebraic model where some of the prop-
erties of a boolean algebra are removed. A boolean function is considered as an
ordinary polynomial in these algorithms. To illustrate this restriction consider
(a + b)(a + d), which would equal aa 4+ ad + ab + bd as an algebraic expression
but as a boolean expression it would equal a + bd. Such a restricted representa-
tion makes it possible to run different search algorithms in a reasonable time and
yet with an acceptable result. An example of the searches done is searching for
common subexpressions. See [2] and [9, Ch. 8] for more information.

In SIS a boolean function f is represented as a boolean network. A boolean
network is a directed acyclic graph where each node corresponds to a boolean
expression or variable. There is an edge from a node u to a node v if the expression
associated with u occurs in the expression associated with v.

Scripts with certain combinations of commands are included in SIS to be used
for minimization. In this thesis the script rugged is used. The contents of rugged
is the following.

1. sweep; eliminate -1

2. simplify -m nocomp
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9.

10.

eliminate -1

sweep; eliminate 5
simplify -m nocomp
resub -a

fx

resub -a; sweep
eliminate -1; sweep

full _simplify -m nocomp

Each of the algorithms above are described in the following.

e Sweep

Eliminates all constant nodes (no incoming edges) and all nodes that do not
have any effect on the output signal.

Eliminate

When a node in a boolean network is used in more than one place, i.e. it
has more than one outgoing edge, it saves literals in the network. Eliminate
removes nodes which do not save more literals than a threshold. When
removing a node its boolean expression replaces the occurrence of the node
in other nodes to which this node is connected by an outgoing edge. The
threshold value is given as a parameter to the algorithm. For example the
eliminate command on line 4 in rugged will eliminate all nodes which do not
save more than b literals. The call on line 1, where the threshold parameter
is -1, means that all nodes are eliminated. Thus the boolean function is
written in its sum of products form. No common subexpressions are reused.

Simplify

Run the espresso algorithm on each node in the network. Simplify does not
provide the whole don’t care set as input to espresso.

Resub

Let f, g be two expressions seen as algebraic expressions. If ¢ is the largest
set of cubes such that f = qg + r then ¢ is called the quotient and r the
remainder of f/g.

The algorithm resub performs resubstitution of every node in the network
by using an algebraic model of the boolean expressions. This is done by
running an algorithm called algebraic divide where the ¢ and r values are
found. By the resub algorithm new nodes are created containing such com-
mon subexpressions.
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o fx

The fx algorithm is similar to the resubstitution algorithm. Resub finds
common nodes in a network by dividing the expression in one node by ex-
pressions in other nodes. Fx finds expressions common to one or two cubes,
such cubes are divided by a common divisor.

e full simplify

Almost the same algorithm as simplify but it uses the don’t care set as well.

Technology mapping is the process of transforming a logic expression into hard-
ware. Hardware is described on gate level in different library files. The technology
mapping algorithm tries to minimize both area and delay. For technology map-
ping in this thesis the gate library called minimal is used. Minimal consists of only
three gates: NAND, NOR and inverter. Information about every gate is given in
the genlib format described in [11]. Each gate has information about the area
occupied by a gate, the time it takes for the output signal to change when a input
signal has changed, the maximal output load driven and the load of the input pins.
The values used in this particular gate library can be seen in Table 3.1. According
to [11] the area given is a relative cost measure and the rise and fall times are
given in nanoseconds.

Gate | Area Load Rise time Fall time
Input  Output | Input  Output | Input Output
Inverter 1 1 999 0.9 0.3 0.9 0.3
NAND 2 1 999 1.0 0.2 1.0 0.2
NOR 2 1 999 1.0 0.3 1.0 0.2

Table 3.1. Technology parameters in gate library minimal.

The map command is used to do the actual mapping. The result of the map-
ping may be seen by the print_gates -s command. Different technology mapping
algorithms are described in [9, Ch. 10].

Simulating the behavior of a circuit in SIS is done by the simulate command.

The input signal values are specified by the user and the output signals are calcu-
lated and printed on the screen.

3.2 Complexity Measures

To compare different circuits and different representations of the elements of a
prime field as described in chapter 2 a complexity measure is introduced. In this
thesis the gate count, as reported by SIS, is used as a complexity measure.
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3.3 Data Formats

Circuits can be described in many different ways. For example as boolean equa-
tions, truth tables or in the blif format.
An example of a truth table.

—— Example 3.7

The following truth table describes a full adder. The columns in order is input bit
one, input bit two, input carry, output sum and finally output carry. The type
command is used for telling SIS that both the on set and off set are given.

.13

.0 2

.type fr

000(00

001[10

010(10

01101

100(10

101]01

110]01

111111

A circuit is described in a format called Berkeley Logic Interchange Format
(blif), see [11] for a full description. A model is described as a simple text format
which describes the structure of a logic circuit by models and one model can be
used in another. Each model has output and input signals. It is possible to connect
models to each other by specifying how the input and output signals are connected.
Each signal can have a symbolic name and intermediate signals can be used. A
specification of the conditions for a 1 output, for each output signal, is given as a
truth table. It is also possible to specify the don’t care conditions as a separate
truth table.

— Example 3.8

A blif model describing a three bit adder (given in Figure 3.1) where no values
greater than 5 are expected as input.

ag bo ay by ag by

Figure 3.1. Three bit adder circuit.
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.model adder
.inputs a2 al a0 b2 bl b0
.ouputs c3 c2 cl c0

Here the name of the circuit model is given and also the input and output
signals of the circuit.

.subckt half_adder p=a0 gq=b0 c=carry0 r=cO
.subckt full_adder p=al gq=bl ci=carry0 c=carryl r=cl
.subckt full_adder p=a2 q=b2 ci=carryl c=c3 r=c2

The second part describes the structure of the circuit. How it is composed
of one half adder connected to a full adder which is connected to another full
adder. The input and output signals to and from the sub circuits are specified and
whenever a name is not an input or output signal it is an intermediate signal. For
example carry0 is an intermediate signal connecting the carry out signal from the
half adder to the carry in signal at the first full adder.

.exdc
.names a2 al a0 cO
110 1
111 1
.names a2 al a0 ci
110 1
111 1
.names a2 al a0 c2
110 1
111 1
.names a2 al a0 c3
110 1
111 1
.exdc
.names b2 bl b0 cO
110 1
111 1
.names b2 bl b0 ci
110 1
111 1
.names b2 bl b0 c2
110 1
111 1
.names b2 bl b0 c3
110 1
111 1
.end

In this part the don’t care set is given. Since no values greater than 5 are
expected, these values as input give a don’t care output. In the .names construction
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only the last is an output signal, when specified as 1 inside a .exdc construction it
means don’t care. The .end command marks the end of a model specification.

.model half_adder
.inputs p q
.outputs r c¢
.names p q r

011

10 1

.names p q C

111

.end

.model full_adder
.inputs p q ci
.outputs r ¢
.names p q cir
001 1

010 1

100 1

111 1

.names p q ¢i ¢
011 1

101 1

110 1

111 1

.end

In the last part the sub circuits used earlier are specified. Here by the use of
truth tables.

3.4 Logic Circuits

Graphical representations of the basic logic gates, NAND, NOR and inverter, are
shown in Figure 3.2. Frequently, more advanced circuits such as full and half
adders, full and half subtracters will be used. They are defined by truth tables in
Table 3.2. Their graphical symbols are shown in Figure 3.3.

Multiplexers will also be used in the architectures, its graphical symbol is shown
in Figure 3.4.
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!
ab a+b a

Figure 3.2. AND gate, OR gate and inverter

a b cin | s cout a bl s cou
0 0 O 0 0 0 0|0 O
0 0 1 1 0 0 1|1 0
0 1 0 1 0 1 0|1 O
0 1 1 0 1 1 1/0 1
1 0 O 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1
a b borrow, | d  borrow gy a b |d borrowy:
0 0 O 0 0 0 0|0 O
0 0 1 1 1 0O 1)1 1
0 1 0 1 1 1 0|1 O
0 1 1 0 1 1 1({0 O
1 0 0 1 0
1 0 1 0 0
1 1 0 0 O
1 1 1 1 1

Table 3.2. Truth tables defining from left to right, full and half adder, full and half
subtracter.

a0 bo ag bg co do co do
S0 S0 dg do

Figure 3.3. Basic circuits for addition and subtraction.
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Figure 3.4. A multiplexer.
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Chapter 4

Addition and Multiplication

In this chapter architectures for the two arithmetic operations, addition and mul-
tiplication in Z, and Z[i]/ < a + bi > will be given.

Gate counts of the different architectures will be given both as diagrams and
tables. The results have been calculated using SIS, following the steps below.

1. Load an architecture.

2. Run full simplify which minimizes the architecture using a variant of the
espresso algorithm.

3. Run source script.rugged.

4. Load a gate library with only inverters and nand and nor gates. Using the
command read_library minimal.genlib.

5. Run the technology mapping with map.
6. Count the gates with print_gate -s.

The gate count for the unminimized circuits are calculated by omitting step 2 and
3 in the list above.

Throughout the chapter it is assumed that the input signals are always reduced
mod p and mod a + bi before entering the circuit.

The estimates given for some of the architectures, use AND, OR and inverters
as gate count.

4.1 Bit Representations

There are different ways of representing the elements of a field using binary values.
In this thesis the normal binary representation is used. Thus in Z,, each residue
0,...,p—1is represented as a number in base 2. For example 5 is represented by
101. The complex numbers of Z[i]/ < a+bi > are represented as two components,
the real part and the imaginary part, each using base 2. For example 3+2i is

31
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cn dp Cn—1dp_1 c1 dp
1 1 1 1 L 1
FAH—FA |---q4HA
— |
|"'| i cpn| 1 CPn1 l —P1
>p FSFFS - HS
- 9] |
en en—1 eq

Figure 4.1. Architecture for addition in Z,

represented as 11, 10. Negative numbers are represented using two complement
representation see [4, p. 11]. For example -5 is represented as 011 using 3 bits and
as 1011 using 4 bits.

4.2 Addition in Z,

When adding two numbers c,d € Z, the result ¢ +d < 2p — 2. Therefore it is
sufficient to test if ¢ +d > p and in that case subtract p. The resulting number
e will always be less than p. In figure 4.1 this architecture is shown as a circuit
diagram.

Let n be the number of bits needed to represent the p residue classes then,
n = [logy p]. One full adder and one two-input multiplexer, with 15 and 4 gates
respectively, is needed per bit. Then in worst case a full subtracter with 4 gates
per bit. Finally there should be a compare circuit, this takes approximately n
gates. Thus an estimate on the number of gates in this architecture is given by
24n.

When minimizing this architecture in SIS there are two alternative methods of
representing the circuit.

1. Build a truth table.
2. Build a blif model.

The first alternative has not the structure of the architecture above while the sec-
ond follow the architecture. Minimization with SIS for the two different approaches
show very different results in gate count as shown in Figure 4.2. There are also
great differences in running time of the minimization, alternative 1 is much more
time consuming. Numerical results are shown in table 4.1.

4.3 Addition in Z[i]/ < a4+ bi >

Different representations of the residue classes in Z[i]/ < a + bi > give rise to dif-
ferent architectures. When b = a—1 (as for example 5 =4+1 and 13 = 16 + 9) an
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Figure 4.2. Gate count for addition in Z,. The p values are on the x-axis and the gate

count is on

the y-axis.

P Gate count
Minimized Not minimized | Minimized Not minimized
5 42 68 53 77
13 72 96 112 496
17 87 126 137 611
29 91 124 191 1603
37 106 148 353 1922
41 108 153
61 115 146
73 129 185
113 131 181
181 162 213
313 169 238
421 175 238
2113 222 318
3121 227 318
4513 247 344
525313 | 373 542
Table 4.1. Gate counts for different architectures for addition in Z,. On the left is data

for blif models and on the right truth tables has been used.
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architecture with three reductions can be devised when using the positive repre-
sentation. Adding two numbers in this representation will give the elements shown
below.

(2a—2)i ... 2a—2+4 (2a — 2)i

(2a—3)i ... 3a—3+4 (2a — 3)i

(a+1)i ... 3a—3+ (a+1)i

at ... 3a—3+az

(a—1)i coooa—14(a—1)i ... 4da—4+ (a—1)
(a—2)i oo 2a—24(a—2)i :

% . 2a—2+41

0 . 2a—2 ... 4a—14

The elements in bold face are elements that must be reduced to the original rep-
resentation. Since

20—1 = 2a—1-(a+(a—1)i)+ (a+ (a—1)i)i
= 20a—1—-2a+1+1
¢ (mod a+ (a—1)i)

the first reduction is given by adding 1—2a-+: to all elements, z, with Re x > 2a—1.
No new elements that needs to be reduced are added because, there are no element
with an imaginary part greater than 2a — 3, and a real part greater or equal to
2a — 1. Thus adding i yields an imaginary part which is at most 2a — 2. Since
there are no element with real part greater than 3a — 3 being reduced, this gives
a real part after reduction less or equal to 2a — 3. Which is less than 2a — 2 in the
upper right corner. This means that all elements left has a real part less or equal
to 2a — 2.

The next reduction is to subtract a + (a — 1)i from all elements z such that
Rex>aand Im x > a— 1. Since Re x < 2a — 2 and Im = < 2a — 2, the element
with greatest valuation reduced will be reduced to a — 2 + (a — 1)i. This is inside
the residue set because, a —2 < a—1and a —1 = a — 1. The element with least
valuation reduced will be reduced to 0.

Now the only elements left that must be reduced are elements, z, such that
Rex > a—1and Im = > a. Since all elements x where Im = > a already have
a real part less or equal to a — 1, the first condition is unnecessary. By adding
a—1—ai these elements are reduced to elements, x, such that a—1 < Re x < 2a—2
and 0 < Im z < a—2. This is due to that no element have imaginary part greater
than 2a — 2 and the real part of the elements reduced were less than a. It has been
shown that all elements, x + y, where z,y are in the residue set, are reduced to
elements in the residue set by these three reductions.

— Example 4.1
Here follows an example of the above reasoning for the field Z[i]/ < 3+ 2i >.
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Figure 4.3. Positive real and imaginary part representation of residue classes in
Zi]] < 3+ 2i >.

In Figure 4.3 the three reductions are illustrated. The dots represent the
gaussian integers used to represent the residue classes in Z[i]/ < 3+ 2i > and the
crosses represents the gaussian integers that must be reduced when adding two of
the numbers represented as dots. The first reduction is indicated by a rectangle
with solid lines. The second reduction is indicated by a rectangle with dashed
lines. Finally the third reduction is indicated by a rectangle with dotted lines.

An architecture using the above reductions is shown in Figure 4.4. It has
almost the same structure as the circuit for addition in Z,. Addition of 4 in the
first reduction, is implemented by letting the first adder of the complex addition,
be a full adder. With its carry set to the first compare of the added real part.

Let n,e, be the number of bits needed to represent the real part and ngn,
be the number of bits needed to represent the imaginary part. Given by n,, =
[logy(2a — 1)] and ngy, = [logg a] respectively. Then there are ng,. + ni, full
adders with 15 gates in the architecture. In the first reduction step there are n.
full subtracters and multiplexers, 8 gates all together. In the second reduction
step there are n.,. + ng, + 1 full subtracters, where one input is constant, and
multiplexers. In the third reduction step there are n,. full adders with one constant
input, 7 gates, and multiplexers. There are also n;,, + 1 full subtracters with one
constant input and multiplexers, 8 gates in total. Finally there are four compare
circuits, two with n,. gates and two with n;,, +1 gates. There is also one AND gate
in the second reduction step. Thus an estimate on the number of gates required
is 33(nre + Nim ) + TN + 19.

Minimization is done in the same way, using SIS, as for addition in Z,. Two
representations of the circuit are used, truth table and blif model. Gate count
before and after minimization, for the blif model, is shown in Figure 4.5 together
with the estimate for the architecture in Figure 4.4.

Blif models has only been developed for the case when p = a? + (a — 1)? (for
example 5, 13 and 41). In Table 4.2 numerical data is shown. The differences in
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Figure 4.4. Architecture for addition in Z[i]/ < a + bi >
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Figure 4.5. Gate count for addition in Z[i]/ < a + (a — 1)i >. The p values are on the
x-axis and the gate count is on the y-axis.
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P a+ bi Gate count
Minimized Not minimized | Minimized Not minimized
5 2+i 45 77 53 77
13 3+2i 121 210 257 638
17 441 307 895
41 5+4i 166 299
61 6451 191 317
113 84Ti 154 262
181 10491 237 444
313 13+12i 238 424
421 15414 239 447
2113 33+32i 297 598
3121 404-39i 335 599
4513 484471 324 561
525313 513+512i | 474 1043

Table 4.2. Gate counts for different architectures for addition in Z[i]/ < a +bi >. On
the left is data for blif models and on the right truth tables has been used.

number of gates in the minimized architecture, between the two representations

of the circuit, are very large.

4.4 Multiplication in Z,

Architectures for multiplication in Z are given in [10, p. 589-591], one of these
architectures is called the array multiplier. The array multiplier uses the same
method as the algorithm used when multiplying by hand. There exists versions
both for unsigned and signed numbers. The proposed architecture for multiplica-
tion in Z, is based on the array multiplier but with some reduction steps added.
The array multiplier is shown in Figure 4.6.

A multiplication of two numbers x,y € Z, can be written as

Every partial product

n—1 n—1
Ty = Z 2t Z TiYj .
i=0  j=0

n—1
E TilYj
J=0

is less than or equal to p — 1. Thus, the following holds

ry< (" 4224 28+ D)(p - 1),

Then by subtracting 2p for 0 < i < n — 1 from xy when zy > 2%p, the product is

reduced to a number in the complete residue set 0 < zy < p — 1.
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Figure 4.6. Architecture for the array multiplier.

The architecture consists of an array multiplier and n reduction steps with
subtracters, multiplexers and compare circuits. An n bit array multiplier has n?
AND gates for partial product generation. For addition of partial products it has
n(n — 1) adders with 15 gates in each. The n reduction steps has 2n subtracters,
with one constant input, and multiplexers. In total 8 gates. Finally there are
n — 1 compare circuits with 2n gates in each. Thus an estimation on the number
of gates is given by 34n? — 17n.

In Figure 4.7 the gate count from the blif model both before and after mini-
mization using SIS is shown. There are large differences between the blif model
and the truth table also in this case. In Table 4.3, numerical data is shown.

4.5 Multiplication in Z[i]/ < a + bi >

For multiplication, no general architecture for any class of primes, has been found.
Architectures have only been developed for each of the three special cases, 5,
13 and 17. All three implementations have been done for the least valuation
representation. Negative numbers have been represented as bit arrays using 2-
complement representation. For the case of p = 5 the truth table representation
had the smallest gate count. While a blif model was appropriate for p = 13 and
p=17.
Since a complex multiplication can be written as

(c+di)(e+ fi) =ce—df + (cf + de)i,

the blif architecture implements four ordinary real valued signed multiplications.
Some multiplications result in numbers already in the residue set but some multi-
plications need to be reduced. This is done by comparing each case and reducing
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Figure 4.7. Gate count for multiplication in Z,. The p values are on the x-axis and the
gate count is on the y-axis.

P Gate count

Minimized Not minimized | Minimized Not minimized
5 52 201 36 63
13 | 219 417 296 450
17 | 276 703 542 867
29 | 415 701 1682 2529
37 | 522 1059
41 | 559 1058
61 | 629 1059
73 | 773 1485
89 | 858 1488
97 | 836 1491

Table 4.3. Gate counts for different architectures for multiplication in Z,. On the left
is data for blif models and on the right truth tables has been used.



40 Addition and Multiplication

1200 T T
+ Truth table not min +
X Truth table min

1000

T
+
1

600 - 1

400 | .

200 b,

X +

0 1 1
22 23 24 25

Figure 4.8. Gate count for multiplication in Z[i]/ < a + bi >. The p values are on the
x-axis and the gate count is on the y-axis.

it individually for p = 13 and in clusters of four values when p = 17. For p = 13
there were 8 reductions and for p = 17 there were 5 reductions.

The gate counts are shown in figure 4.8 and in table 4.4. Both before and after
minimization.

p a-+bi Gate count
Minimized Not minimized | Minimized Not minimized
5 241 29 68
13 3+2i | 238 996 335 687
17 4+i 274 1169 551 948

Table 4.4. Gate counts for different architectures for multiplication in Z[i]/ < a+bi >.
On the left is data for blif models and on the right truth tables has been used.



Chapter 5

Conclusions

In the following chapter the conclusions of this thesis and some ideas for further
work are described.

It has been shown that the representation of elements in Z, as elements in
Zi]/ < a4+ bi > results in hardware with a gate count comparable to the gate
count in Z,. It has also been shown that boolean function minimization depends
to a great extent on the structure of the input boolean function.

5.1 Addition

For addition the Z, representation is generally better. In Table 5.1 the gate count
(both before and after minimization) for both representations are displayed along
with the difference between the two representations. The differences are also shown
in Figures 5.1 and 5.2.

For p = 5 and p = 113 the two representations have the smallest difference.
For 5 even the truth table architecture is not too far away from the blif model
architecture. Probably the p = 5 case is small enough to be minimized well in both
cases. It can also be noted that the difference between the two representations
are less in the blif model architecture than when using a truth table. For example
when p = 13 the difference is 145 in the truth table architecture but only 49 using
a blif model. When considering the not minimized architectures this difference is
not so large, 114 and 142.

The difference between blif model and truth table is shown in Table 5.2. It can
be seen that using a structured architecture yields a great difference in minimized
gate count. For example it can be seen that the unminimized blif model architec-
ture has less gates than the minimized truth table architecture for all cases but
p=3.

41
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P Gate count
Minimized Not minimized
Z, Zi]/ <a+bi> Difference | Z, Zi]/ <a+bi> Difference
5 42 45 3 68 77 9
13 72 121 49 96 210 114
17 87 126
29 91 124
37 106 148
41 108 166 58 153 299 146
61 115 191 76 146 317 171
113 131 154 23 181 262 81
181 162 237 75 213 444 231
313 169 238 69 238 424 186
421 175 239 64 238 447 209
2113 222 297 75 318 598 280
3121 227 335 108 318 599 281
4513 247 324 77 344 561 217
525313 | 373 474 101 542 1043 501
P Gate count
Minimized Not minimized
Z, Z[i]/ <a+bi> Difference | Z, Zi]/ < a+bi > Difference
5 |53 53 0 77 77 0
13 | 112 257 145 496 638 142
17 | 137 307 170 611 895 284
29 | 191 1603
37 | 353 1922

Table 5.1. Comparison for addition, upper table shows blif model and lower table shows
truth table architecture.
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Figure 5.1. Blif architectures for addition. The p values are on the x-axis and the gate
count is on the y-axis.
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Figure 5.2. Truth table architectures for addition. The p values are on the x-axis and
the gate count is on the y-axis.
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5.2 Multiplication

The least valuation representation of the residue classes in Z[i]/ < a + bi > use
less gates than the corresponding architecture for Z, for p = 5 and p = 17. Since
only the cases 5, 13 and 17 have been investigated more cases need to be done
before any conclusion about which representation is the best can be made.

In [5] different multiplication architectures for Z, based on different encodings
of the bit vectors representing the residue classes are investigated. Their architec-
tures have gate counts similar to the truth table architectures in this thesis. For
example in the case p = 17 their architecture give a gate count of 542, in case of
p = 13 their architecture give a gate count of 301.

For integers on the form m = 2™ + 1, a special architecture for multiplication
in Z,, is given in [12]. This architecture has 184 gates for the case p = 17 = 2 + 1
compared to 274 gates in this thesis. For the case p = 5 = 22 4 1 the architecture
in [12] has 60 gates compared to 29 gates in this thesis.

In Table 5.3 all the data is summarized and in Figures 5.3 and 5.4 the differences
are illustrated.

5.3 Further Research

Many aspects of the work in this thesis can be further investigated and better
understood. Here some examples on interesting questions are listed.

The isomorphism between Z, and Z[i]/ < a + bi > for p prime such that
p =1 (mod 4) is only one of many isomorphisms between Z,, and other fields. An-
other example mentioned in Chapter 2 is the isomorphism Z, = Z[p]/ < a + bp >
for p prime such that p =1 (mod 3). It would be interesting to investigate archi-
tectures based on this and other isomorphisms.

Only normal binary representation and two complement has been used in this
thesis to represent the residue classes in Z[i]/ < a + bi >. It is possible that other
binary representations give better architectures.

Residue classes may be represented in many ways, here only two different
complete residue systems have been used. It is possible that other complete residue
systems yields better architectures.

Minimization with the algorithms in SIS show very data dependent behavior.

P Gate count
Blif Truth table Difference | Blif  Truth table Difference
5 | 42 53 11 68 77 9
13 | 72 112 40 96 496 400
17 | 87 137 50 126 611 485
29 | 91 191 100 124 1603 1479
37 | 106 353 247 148 1922 1774

Table 5.2. Difference between, minimized to the left and unminimized to the right, blif
model and truth table.
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P Gate count
Minimized Not minimized
Z, Z[i]/ <a+bi> Difference | Z, Z[i]/ <a+bi> Difference
5 |52 201
13219 238 19 417 996 579
17| 276 274 -2 703 1169 466
P Gate count
Minimized Not minimized
Z, Z[i]/ <a+bi> Difference | Z, Z[i]/ <a+bi> Difference
5 136 29 -7 63 68 5
13 ] 296 335 39 450 687 237
17 | 542 551 9 867 948 81

Table 5.3. Comparison for multiplication, upper table shows blif model and lower table

shows truth table architecture.
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Figure 5.3. Blif architectures for multiplication.
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It would be interesting to see exactly in what way it is better to use a blif model
than a truth table, and also how a model should be constructed to best utilize the
minimization algorithms.

There are other minimization tools than espresso and SIS. Use of other algo-
rithms more suited for arithmetic circuits may give better results. Also new use of
the algorithms in SIS could be investigated. In this thesis only standard script has
been used and tested, maybe using other algorithms in different order give better
results.

For multiplication no general structure could be found. If a structure could be
found more data on gate count could be generated to see if multiplication really
has lower gate count in Z[i]/ < a + bi >.

Also for addition only a subset of the primes were covered by the architecture
proposed. There can be similar or better architectures covering all interesting
primes.
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Figure 5.4. Truth table architectures for multiplication. The p values are on the x-axis
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