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Abstract

The solid oxide fuel cell (SOFC) technology has been under research since the
late 1950s, and most of the research has been on designs utilizing yttria stabilized
zirconia (YSZ) as the electrolyte of choice. However, the SOFC technology has
the major drawback of requiring high operation temperatures (up to 1000 degrees
Celcius), so research of alternative materials have come into interest that would
possibly require a lower working temperature without any significant loss of con-
ductivity. One such material of interest for the electrolyte is compounds of cerium
dioxide (ceria). Ceria is well known for its ability to release oxygen by forming
oxygen vacancies under oxygen-poor conditions, which increases its oxygen ion
conductivity, and works at a lower temperature than the YSZ compounds when
properly doped. Conversely, ceria is also able to absorb oxygen under oxygen-rich
conditions, and those two abilities make it a very good material to use in catalytic
converters for reduction of carbon monoxide and nitrogen oxide emission. The
ability for the oxygen ions to easily relocate inbetween the different lattice sites is
likely the key property of oxygen ion transportation in ceria. Also, in oxygen-rich
conditions, the absorbed oxygen atom is assumed to join the structure at either the
roomy octrahedral sites, or the vacant tetrahedral sites. Following that, the oxy-
gen atom may relocate to other vacant locations, given it can overcome a possible
potential barrier.

This thesis studies how those interstitial oxygen vacancies (defects) affect the
energy profile of ceria-based supercells by first principles calculations. The system
is modeled within the density functional theory (DFT) with aid of (extended)
local density approximation (LDA+U) using the software VASP. Furthermore,
it is studied how those vacancies affect neighbouring oxygen atoms, and wether
or not it is energetically benificial for the neighbouring atoms to readjust their
positions closer or further away from the vacancy. The purpose of this thesis is to
analyze wether or not it is theoretically possible that interstitial oxygen vacancies
may cause neighbouring oxygen atoms to naturally relocate to the octahedral site
in ceria, and how this affects the overall energy profile of the material.
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Chapter 1

Introduction

1.1 Background

In an ideal solid, atoms are arranged in symmetrical structures, where they ap-
pear in a periodic manner. The solid can be narrowed down to be described as a
structure of multiple unit cells, where each cell is no different from the others and
all unit cells combined will build up the bulk of the solid. This is not entirely true
to mother nature, as there may always be deviations or defects in materials, for
good and bad. For example, atom vacancies should always be present in materials,
and they change the properties of its host in different ways, possibly by improving
ionic conductivity in oxides. In ceria such vacancies can be generated by exposing
the crystal to reducing (oxygen-poor) conditions, which will cause it to release
oxygen atoms.
This is a property that makes ceria a prime candidate for an electrolyte in solid
oxide fuel cells, but it is also a feature utilized in catalythic converters where the
released oxygen may bind to toxic gases such as NOx and CO to reduce air pol-
lution.
Recent experiments performed by E. Mamontov and T. Egami [1] suggested that
interstitial oxygen defects, where oxygen ions occupied the octahedral positions
instead of the standard tetrahedral positions, may occur naturally in ceria (see
Fig. 1.1). The possible existence of the interstitial defects were first suggested
when X-ray diffraction experiments concluded that some electron density existed
in the insterstitial sites.
Mamontov and Egami examined these anomalies further in pulsed neutron diffrac-
tion experiments, which all pointed towards some nuclei located in the octahedral
sites, although there is also the possibility that just an electron may be occupying
the site. It was also noticed that those defects disappeared during high temper-
ature treatment. This suggests that there could be an oxygen ion in the studied
area which would relocate into occupying a regular oxygen vacancy in the flourite
structure when heated, and thus further assuming that the octahedral position
may be delimited by a potential barrier preventing the ions from relocating spon-
taneously.

1



2 Introduction

This assumed ability to rather easily relocate inbetween different lattice sites is
likely the key property of the oxygen ion transportation ability in ceria, and prob-
ably important for its oxygen storage capacity.

Figure 1.1. The blue spheres indicate the oxygen ion positions of an unperturbed
system, resting in the tetrahedral sites. The green spere indicates the octahedral site.
One of the blue speres may be able to leave its location to relocate to the green site.
Cerium ions sitting in the corners and faces of the external cube are suppressed in this
image for visibility.

1.2 Problem definition

Similiar defects to those in the experiments mentioned above have been verified
in other compounds with the same flourite structure, but previously not in ceria
outside of this experiment. The purpose of this thesis is thus to study wether
these Frenkel defects mentioned above can be explained by means of theoretical
simulations. The outcome of these simulations may further support the conclu-
sions made from the previous experiments, which could serve as a proof of their
existence, or if the reason they have previously been undiscovered is that they
cannot appear spontaneously.

1.3 Common abbreviations

The following abbreviations are occuring from time to time in this thesis. The
first time any of these are listed, they will be described in its full name with the
abbreviation following immediately in parenthesis. After their first occurence, the
abbreviation will be used exclusively through the rest of the thesis.
Example: Density functional theory (DFT).
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DFT Density functional theory

DOS Density of states

LDA Local density approximation

PAW Projector augmented wave

VASP Vienna ab-initio simulation package1

CeO2 Ceria, Cerium dioxide

1.4 Thesis outline

In Chapter 2 there will be an explanation of a basic approach to first-principles
calculations and density functional theory. Chapter 3 covers how to set up the
simulation software VASP and how the simulations are performed. Results coupled
with analysis are presented in chapter 4 and final discussions will be covered by
chapter 5.

1Software used to perform all simulations in this thesis. For more information, visit
http://cms.mpi.univie.ac.at/vasp/
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Chapter 2

First-principles calculations

To approach a problem with the only tools available being the fundamental laws of
physics, without any fitting to certain experimental data or adjustable parameters
is often referred to as ab initio, or first-principles calculations. With the help of
approximate methods, we are able to obtain some fundamental understanding of
materials and their behaviour without the need for expensive experiments.

While a perfect model for a system would indeed give us very precise results,
the computing power required to complete such calculations would be tremendous
due to the huge amount of variables present, hence some approximations will have
to be taken into consideration. The prime source of potentially large amounts of
variables that will need such treatment is the Scrödinger equation.

2.0.1 The Schrödinger equation

The Schrödinger equation describes the space and time dependence of particles
in quantum mechanical systems, and is a central tool in understanding atomic
size systems. The particles are here described as waves, and these wave functions
contain both the location and time evolution properties of the particles. This leads
to the general Schödinger equation in the form

H ·Ψ(r1, ...rNe
,R1, ...RNI

, t) = i~
δ

δt
Ψ(r1, ...rNe

,R1, ...RNI
, t), (2.1)

where H is the Hamiltonian operator which describes the potential and kinetic
energy of the system, Ψ is the wave function of the system, r1...rNe

are the coor-
dinates of all the Ne different electrons and R1...RNI

as the coordinates of the NI

different ions in the system, ~ is Planck’s constant divided by 2π, and t denotes
time. Due to the vast difference in mass of the nuclei and the electrons, we assume
that the electrons respond to any change in location for the nuclei almost instantly
and consequently we apply the Born-Oppenheimer approximation. This approxi-
mation percieves the nuclei as static objects in relation to the electrons, and thus
only the electrons possess kinetic energy. This way we reduce the Schrödinger
equation to its time-independent form, where electrons and the nuclei coordinates

5



6 First-principles calculations

are unrelated, and where the nuclei are treated as stationary:[
− ~2

2mi
∇2

i + V (r1, ...rNe)
]
·Ψi(r1, ...rNe) = E ·Ψi(r1, ...rNe) (2.2)

In equation 2.2 mi denotes the electron mass, V is the potential energy operator
and E is the total energy of the system. While the quantum mechanical system
is now reduced to a function of the electrons only, there is still a huge amount
of input required since the potential energy of the system is determined from the
interaction inbetween all the particles in the system. The amount of input data
required for just this potential quickly scales out of hand for systems larger than
just a few electrons, and thus additional measures must be taken to reduce the
complexity of the equations.

This chapter will explain a basic approach to the theory behind the software
mentioned in the following chapter which is used in all the simulations, along with
necessary simplifications to make simulation times feasible.

2.0.2 Density Functional Theory

A first step towards a simpler way to describe the complex system in (2.2) is to
apply the so called density functional theory (DFT). DFT is a theory to investigate
the ground state properties of a system, and its main quality is a way to describe
the many body wave function from the Schrödinger equation in a simpler form by,
instead of looking at each individual electron, replacing all electrons with a single
electron particle density n(r). Through this feat the problem is reduced from 3Ne

variables (one for each spatial direction per electron) down to a function with only
3 varibales [2]. This scales down the complexity of the problem immensely and
problems that would be impossible to solve in a feasible time frame are, with a
few further modifications, now doable.

The major remaining problem is to model the potential that the electrons move
in. This potential partly comes from the external potential generated by the nuclei,
but also from the interaction inbetween the electrons themselves, the exchange
and correlation potentials. In the predecessor of DFT, the Thomas-Fermi model1,
the authors attempted to calculate the total energy by approximating the kinetic
energy from a statistical distribution of electrons. Thomas and Fermi did not
consider exchange or correlation effects in this model, however the former was soon
implemented by an extension of the theory formulated by Dirac. The correlation
part was never taken into consideration within this model, and combined with the
kinetic energy only being approximated, this was not a fully satisfying theory [2].
A more rigorous and accurate approach was proposed by Hohenberg and Kohn in
1964 [4].

1See [3], p 120-121 for a short review.
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2.1 The Hohenberg-Kohn theorems

The works by Hohenberg and Kohn laid ground to what today is the modern for-
mulation of DFT. They sought a way to simplify the many-body problem without
losing accuracy on the electron interaction, as was the case in the previous works
on DFT within the Thomas-Fermi model. They considered a system where an ar-
bitrary amount of interacting particles are moving in an external potential Vext(r)
and where the Hamiltonian can be written as

H = T + Vee + Vext(r). (2.3)

Here T is the kinetic energy operator

T =
−~2

2me

N∑
i=1

∇2
i (2.4)

and Vee is the electron-electron interaction potential operator

Vee =
1
2

N∑
i 6=j

e2

‖ri − rj‖
. (2.5)

The external potential Vext is denoted as:

Vext =
N∑

i=1

v(ri) (2.6)

and N is the amount of electrons Ne in the system, with

N =
∫
n(r)dr. (2.7)

Their results are the Hohenberg-Kohn theorems, which can be formulated as fol-
lows [3]:

1. For any system of interacting particles in an external potential Vext, this
potential is a unique functional of the ground state particle density n0(r).
In a mathematic formula this theorem can be formulated as:

E[n(r)] =
∫
v(r)n(r)dr + F [n(r)] (2.8)

where F [n] is the sum of the kinetic and electron-electron repulsion energies,

F [n] = min
Ψ→n
〈Ψ|T + Vee|Ψ〉 (2.9)

where the minimum part should be interpreted as the minimum over all
wavefunctions Ψ that yield the electron density n [13].
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2. The ground state density, n0, is the density that minimizes the total energy
of the system E[n]. Thus the ground state energy of the system can be found
by taking the energy of the ground state density, E[n0]. It follows that, by
minimizing the total energy, one would find the ground state density and
energy. Knowledge of the functional E[n] alone is sufficient to find the exact
ground state density and energy. This can be expressed in mathematics as:

E[n0(r)] =
∫
v(r)n0(r)dr + F [n0(r)] ≤ E[n(r)]. (2.10)

Since the Hamiltonian is uniquely determined by the ground state density, the
ground and excited states of the many-body wave functions are determined by
solving the Schrödinger equation for this Hamiltonian, and thus the whole system
is determined if n0(r) is known. A significant problem at this stage is to calculate
the kinetic energy, since there is no known trivial relation between kinetic energy
and the particle density. This problem is circumvented with help of the methods
developed by Kohn and Sham in 1965 [5].

2.2 Kohn-Sham equations

A good feature of the Kohn-Sham approach is that it does not rely on parti-
cle density or potentials explicitly, but instead uses single-particle orbitals. This
makes it look like a single particle theory, with all the complicated many-body
effects hidden in the exchange correlation functional Exc [2]. The key element
in the Kohn-Sham approach is to replace the real interacting many-body system
within the Schrödinger equation with a simpler non-interacting system, in which
the ground state density is assumed to be the same.

2.2.1 Finding the total energy E[n]

The ultimate goal is to find a simple way to describe the total energy E[n]. The
problem inherited from the Hohenberg-Kohn theorems is that the correlated ki-
netic energy functional T [n] is unknown as a function of the particle density n. A
first step in circumvening this issue is to substitute the functional with the cor-
responding functional of a non-interacting system, Ts[n], and add a correlation
functional Tc[n].

The functional Ts[n] can then be expressed in terms of single-particle orbitals
φi(r) as

Ts[n] =
−~2

2me

N∑
i=1

∫
φ∗i (r)∇2φi(r)dr (2.11)

since the kinetic energy for non-interacting particles is just the sum of the indi-
vidual contributions [2].

Furthermore, the classical Coulomb interaction energy of the electrons is de-
fined as the Hartree energy EH [n] such that

EH [n] =
e2

2

∫ ∫
n(r)n(r′)
|r− r′|

dr′dr. (2.12)
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This gives us the total energy in the form

E[n] = Ts[n] + EH [n] +
∫
n(r)v(r)dr + Exc[n] (2.13)

where Exc[n] is the exchange-correlation energy functional [6]

Exc[n] = F [n]− (Ts + EH) = 〈Ψ|T + Vee|Ψ〉 − (Ts + EH). (2.14)

Through the relation

n(r) =
Occ∑
i=1

|φi(r)|2 (2.15)

(where Occ is the highest occupied state), it is now possible to express the electron
density as a function of the single-particle orbitals.
To find the ground state particle density n0 we now seek to minimize E[n], since
the 2nd HK theorem states that the minimum energy of the system is the ground
state energy, which in turn is the energy of the ground state particle density. To
reach this goal we start by taking the variation of (2.13) to retrieve the Euler
equation

µ =
δE[n]
δn

= v(r) +
δTs[n]
δn

+
δEH [n]
δn

+
δExc[n]
δn

(2.16)

which can expressed in a more lucid way as

µ = vKS(r) +
δTs[n]
δn

, (2.17)

where

vKS(r) = v(r) + vH(r) + vxc(r) (2.18)

is the Kohn-Sham potential consisting of the external potential v, the Hartree
potential vH and the exchange correlation potential vxc [6]. Comparing this with
the Euler equation for a non-interacting system in an effective potential V (r):

µ =
δE[n]
δn

= V (r) +
δTs[n]
δn

(2.19)

one can conclude that the problems are equivalent if we put vKS(r) = V (r).
By applying the variational principle on the total energy, expressed in terms of

the single-particle orbitals φi by means of (2.15) and with ortonormality contraints
on the orbitals, we eventually end up with the Kohn-Sham equations:

[− ~2

2me
∇2 + vKS(r)]φi(r) = εiφi(r), (2.20)

with εi as the energy eigenvalue for the single particle. This is one of the most
important equations in DFT, where it tells us that our interacting system can be
treated exactly as a system of independent particles [6].
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2.2.2 Find the particle density

It is now possible to find the solution to the Kohn-Sham equations (and thus also
the initial problem to estimate the energy) through an iterative process [3, 7]:

1. Start by putting a trial density ñ(r) into (2.18) and calculate vKS(r).

2. Insert vKS(r) into (2.20) and find φi(r).

3. Calculate a new density from n(r) =
∑Occ

i=1 |φi(r)|2

4. If n(r) has converged we have found a solution, else start over by inserting
the new density into (2.18) in step 1.

The original many-body problem with interacting electrons has been transformed
into solving the Kohn-Sham equations, and expressing the electron density in terms
of the one-electron orbitals. The only problem is that we do not yet have a good
approximation for vxc in (2.18), all the other terms can be calculated exactly. It
is however possible to find vxc from Exc, which itself has to be approximated.

2.2.3 Finding the exchange correlation energy Exc

The exchange correlation functional Exc contains all many-body effects in the sys-
tem and cannot be calculated exactly. Fortunately the Kohn-Sham approach is so
brilliant in that it separates the kinetic and long range Hartree terms out, so the
remaining exchange-correlation functional Exc(n) can be approximated as a local
functional of the density. This is simplest approximated with the method of local
density approximation (LDA) [5].
In one of the most commonly used LDA-methods, one approximates Exc by as-
suming that the exchange-correlation energy of a homogenous electron gas with
the same particle density as the system, εhom

xc , is equal to that of the exchange-
correlation energy per electron in the sought system, εxc. This way, the exchange-
correlation functional is given by

ELDA
xc =

∫
εhom
xc (n(r))n(r)dr (2.21)

where εhom
xc is a known quantity derived from quantum Monte Carlo calculations

by Ceperley and Alder [2, 7].
While many systems are quite different from the homogenous electron gas that
LDA is based upon, this approximation is not always the best choice and several
other approximations are available such as the generalized gradient approximation
(GGA).

2.2.4 LDA+U

The approximations within the exchange-correlation energy in the LDA-method
require some special attention when dealing with certain systems with correlated
electrons, such as metal oxides or rare-earth compounds. The strong on-site
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Coulomb repulsion of the d and f states in these systems prevents electrons from
localizing properly, and they cannot be treated as a homogenous electron gas [8].
To remedy this problem, the energy functional is altered for these states by sub-
tracting the Coulomb energy term E = UN(N − 1)/2, where N =

∑
i 6=j ni is the

amount of electrons in all the d or f orbitals, ni are the orbital occupancies for the
state in question and U is the Coulomb energy parameter which determines the
energy separation. Furthermore, an orbital-dependent energy Hubbard-like term
is added, so that we get

ELDA+U = ELDA − UN(N − 1)/2 +
U

2

∑
i 6=j

ninj (2.22)

which shifts the LDA orbital energy by -U/2 for occupied orbitals (ni = 1) and by
+U/2 for unoccupied orbitals (ni = 0) [9].

2.3 Simplifying the electron wave functions

While we now can theoretically solve the system, it is very time consuming consid-
ering the vast amount of electrons present in a solid. The Kohn-Sham equations
require one particle wave function for each electron, and making calculations on
bulk materials is thus unfeasible when the amount of electrons will easily exceed2

ranges of 1023.

2.3.1 Supercells

By restricting our solid to obey the rules of a periodic system we can let a limited
amount of unit cells represent our crystalline bulk, implying that a repeated struc-
ture of these unit cells would with sufficient accuracy be able to rebuild a good
representation of the solid (see Fig. 2.1).

By implementing Bloch functions [7, 10] to our unit cells, we can rewrite the
wave functions for the system in the special form

Ψjk(r) = ujk(r)eik·r (2.23)

where ujk is an arbitrary function with the period of the lattice: ujk(r) = ujk(r + T),
where T is a translation vector and k is a wave vector. The function ujk(r) can
be Fourier expanded to

ujk(r) =
∑
G

cjk,Ge
iG·r (2.24)

with G being the reciprocal lattice vectors defined by G ·T = 2πn where n is an
integer. By inserting (2.24) into (2.23), we can now rewrite the equation to

Ψjk(r) =
∑
G

cjk,Ge
i(k+G)·r. (2.25)

2The amount would be in size of the Avogadro number when considering bulk materials.



12 First-principles calculations

−1 −0.5 0 0.5 1 1.5 2 2.5 3 3.5 4
−1

−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

−1 0 1 2 3 4 5 6 7 8
−1

0

1

2

3

4

5

6

7

8

Figure 2.1. Left image: Let the unit cell be 2-dimensional with 2x2 atoms, with one
location vacant. Without using supercells, the vacancy will interact with itself in a
neighbouring unit cell under periodic boundary conditions.
Right image: By surrounding the defect unit cell with ideal unit cells we create a supercell.
By extending the 2x2 unit cell to a 4x4 supercell, we decrease self interaction from the
Bloch functions by increasing the distance inbetween the defects so their interaction is
negligible.

For a crystal consisting of N cells we get a k-point for each cell, thus for an
infinite crystal we get an infinite number of k-point locations to calculate the
wave functions. However, the wave functions for k-points close to each other are
almost identical so the number of k-points can be reduced. By keeping the k-
points sufficiently many and spaced out, one can approximate the wave functions
at nearby k-points with the remaining k-point wave functions. The amount of
k-points necessary to get a good representation varies between different materials,
and should be chosen large enough to get converged results [13].

The sum in equation (2.25) yields an infinite number of plane waves, but the
coefficients cjk,G diminish with increasing kinetic energy of the waves, equal to
~2

2m |k + G|2. By implementing a cutoff, jmax, we stay at a finite number of plane
waves and keeping the system soluble.

While the Bloch functions hold for similiar unit cells, we run into problems
when the bulk contains defects. By building the solid with small unit cells, this
defect will appear in each and every unit cell and due to the generally small size
of the unit cell, it will be subject to self interaction if the periodicity condition
in the Bloch theorem is to hold (see Fig. 2.1). To get around this problem, we
apply the concept of supercells, meaning we take a certain number of (possibly
different) unit cells and combine those into a larger structure. These supercells
would generate our bulk complete with all impurities that may be present, and
the Bloch theorem still holds if we impose the periodic boundary conditions on
the much larger supercell. By limiting ourselves to use as few unit cells for the
supercell as possible, while still staying large enough not to introduce boundrary
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effects from possible defects affecting themselves, we should be able to speed up
calculations vastly without losing much accuracy.

Figure 2.2. The structure to the right is the 96 atom supercell. Blue spheres indicate
oxygen ions, while the green spheres represent cerium ions. The left structure is the
part of the supercell that is perturbed by removing one oxygen atom and adjusting the
position for another.

In this thesis, all simulations are performed with supercells consisting of 96
atoms, which is sufficiently large for single point defects treated in the thesis (see
Fig. 2.2).

There are some difficulties left in describing the wave functions of the system:
the wave functions oscillate rapidly close to the nucleus due to Coulomb effects
and the Pauli principle, whereas in the bonding region the wave function is rather
smooth. This would require a very large set of plane waves to cover, but is cir-
cumvented with the projector augmented wave (PAW) method.

2.3.2 Projector augmented wave method

The PAW method describes the core region and the bonding region of the nuclei in
separate functions. The core wave functions and valence electron wave functions
are unaffected by each other and separated by a truncation radius.

The frozen-core approximation is used so the energy of the core electrons are
identical to those of the corresponding isolated atoms. Through transformation
the valence electron states gain wave functions ortogonal to the core state wave
functions. This approximation is based on assumption that the valence electrons
having the major impact on the interaction between particles, wereas the core
electrons can be treated as not being as important for material properties. From
this it is assumed that the accuracy on the wave function describing the core region
is lower than that of the valence region.

Our demands on the representation of the true wave function is that it coincides
with the true wave function on a certain distance from the core, hence the real
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wave function and the auxilliary wave function will only differ close to the nuclei
which is expected with the approximations in the current method. The true wave
function is expressed as

|Ψ′〉 = |Ψ̃′〉+
∑

i

(|ψi〉 − |ψ̃i〉)〈p̃i|Ψ̃〉 (2.26)

where ψi and ψ̃i is the partial waves and their auxiliary counterparts, p̃i is a
projection operator, which obeys the relation 〈p̃i|ψ̃j〉 = δi,j , as explained further
in [11, 12].

Due to truncation, we will not have perfectly defined core and valence regions
and thus the plane waves of the valence region also contribute to the true wave
function inside the atomic region. Luckily, the missing terms we lose from trun-
cating the wave expansion for the atomic region now partly become accounted for
by those plane waves, with a faster convergence as a result.

With all simplifications presented, theory can now be put into practice in the
following chapter. The methods actually used in the software differ in some details
from what is discussed in this section, but the main ideas are still the same3.

3For more information on the software, visit http://cms.mpi.univie.ac.at/vasp/



Chapter 3

Method

The search for a local interstitial minimum energy level is performed by creating
oxygen vacancies in a homogenous CeO2 supercell, made from 32 cerium and 64
oxygen atoms (see Fig. 2.2). By removing an oxygen atom, the 2 electrons needed
to fill its p-shell are left behind, and localizes onto the f-orbitals of neighbouring
cerium ions [14].

Symmetry inbetween the oxygen atoms in the CeO2 supercells yields 3 different
kinds of vacancies with respect to a selected oxygen atom that will later on be the
subject of manipulation: on the 3D space diagonal, on the 2D layer diagonal and
on the 1D line (see Fig. 3.1).

Figure 3.1. The different kinds of vacancies, with respect to the grey oxygen atom
(enlarged and recoloured for visibility). This oxygen atom will later on propagate towards
the octahedral [ 1

2
1
2

1
2
] position:

Left image: 3D space diagonal vacancy.
Middle image: 2D layer diagonal vacancy.
Right image: 1D line vacancy.

Every oxygen atom in the structure possess 4 cerium atoms as their nearest
neighbours and when an oxygen atom is removed, 2 electrons will remain in the
structure to localize onto nearby cerium atoms. The cerium atoms can accomo-
date 1 electron each in their f-orbitals and the lowest energy solution is with the 2
electrons localizing on 2 of the 4 neighbouring cerium ions. The electron localizing
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on the f-orbital gives rise to a magnetic moment of 1µB . This yields 6 different
configurations of electron placement and consequently 4 different combinations for
each configuration of spin up-spin down pairs of the magnetic momentum, with a
total of 24 different magnetic moment alignments (spin up-up, down-down, down-
up and up-down). This makes it somewhat tedious to simulate, so we initially
assume from symmetry that up-up is equivalent to down-down (there is no pre-
ferred spin axis) and accordingly up-down is equivalent to down-up (with only
a change of sign, which is of no importance). While this reduces the problem
to 12 different alignments, this is still far too much to be feasible in a limited
time frame. Therefore, and as we shall see is sufficient in the results, we only
simulate for the case of up-up and only for a single configuration of momentum
placement per vacancy structure which reduces the problem down from 24 to only
1 alignment configuration. This simplification is plausible since the DFT calcula-
tions lead to the ground state configuration and therefore converge to the ”right”
solution, regardless of the starting configuration.

To find an energy miminum, a neighbouring oxygen atom is moved towards
the octrahedral position, step by step. For every step, the equilibrium state of the
system is calculated, with the moved particle being prohibited to change position
in the space diagonal direction to prevent it from going back to its initial position
(which is assumed to be the ground state energy position), or directly to the
octahedral position (the possible new minimum energy level). The assumed travel
path is always in the (1 1 1) orientation of the structure.

The system energies obtained yield an energy curve which would reveal wether
or not there is a local minimum when approaching the octahedral site and conse-
quently reveal any potential energy barrier.

3.1 Setting up VASP

All the simulations are performed in the software VASP using the PAW method
within the LDA+U formalism with a Hubbard U parameter setting of 6 eV [15].
Hubbard U is applied to the f-orbital electrons on the cerium atoms only.

The system is relaxed under the effect of Gaussian smearing to quick get a rea-
sonably accurate electronic structure. Once a good structure is obtained, density
of states (DOS) and total energy is calculated with the tetrahedron method with
Blöchl’s correction using a mesh of 3x3x3 k-points. The k-points are placed using
the Monkhorst-Pack scheme with no shift of the k-mesh. The supercell consists of
32 cerium atoms and 64 oxygen atoms, with one oxygen atom being removed in
the later simulations. All simulations are performed at a temperature of 0 degrees
Kelvin, and as of such, no atomic vibrations are taken into account. While atomic
vibrations may be of significant importance, those are out of the scope of this
thesis.

From a plot of the density of states, it is possible to determine wether or not the
magnetic moments have aligned themselves in a feasible manner with the system’s
current magnetization1.

1Ideally this would not be required if the magnetic moments would align properly.
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3.2 Data treatment

Once the system has converged during relaxation, the energy is obtained for every
position of the adjusted oxygen atom. These will be inserted into a table from
which an energy curve for each type of vacancy is yielded from the values.

If the hypothesis that there is no local minimum when the oxygen atom rests
in the octahedral position holds, then this energy curve should contain no local
minima at this position, and the miminum energy is found on the tetrahedral
positions only (see Fig. 3.2).
On the other hand, if we would indeed find a local minimum at the octahedral
position, then this would support the suggestion made by E. Mamontov et. al.
based on the experimental data [1], as mentioned in the introduction.

Figure 3.2. The (green) oxygen atom in the tetrahedral (left) and octahedral (right) site.
Any of the three grey, enlarged atoms will be excusively vacant during the simulations,
as in Fig 3.1.

3.3 Simulations

In order to find the sought energy within a feasible amount of time, simulations
will be performed at five carefully selected positions for the moving oxygen atom.
The positions are the initial tetrahedral position, the octahedral position and 3
points inbetween those (see Fig. 3.3). These positions are assumed to be equal
to those ranging from the octahedral position to the initially vacant tetrahedral
position and the required amount of simulations is effectively halved. We note that
in the course of simulations the oxygen ion moving from the tetrahedral into the
octahedral site is allowed to freely relax its own position in the plane orthogonal
to the line connecting the tetrahedral and octahedral sites. All other atoms are
allowed to freely relax their positions.

With the energy from these positions, it will be possible to fit a curve that
shows a profile over the total energy of the system, and wether or not there actually
exists a local minimum. If the profile suggests that there may exist anomalies in
the energy curve, then also a simulation where the oxygen atom is located in this
position may be performed.
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Figure 3.3. All the different simulation sites. Only one of the green coloured atoms
are present in each simulation. Any of the three grey, enlarged atoms will be exclusively
vacant.

All simulations are performed on the supercomputers Green (NSC), Mozart
(NSC), Neolith (NSC) and Milleotto (LUNARC).



Chapter 4

Results

The results are presented from 4 different simulated unit cell arrangements: the
3D space diagonal vacant, the 2D layer diagonal vacant, the nearest neighbour
line vacant and a structure without any vacancy (for comparison purposes). Any
other arrangement of one vacant oxygen site is assumed to be applicable to any
of these 3 presented vacancies by rotational symmetry, hence these are the only
interesting configurations of vacancies.

Once a vacancy is present in the system, a Frenkel defect is introduced by
moving an oxygen ion from its tetrahedral position towards the octahedral site
of the unit cell, simulating this process in 5 different simulation positions. The
simulations are performed on the initial tetrahedral site, the octahedral site and 3
locations distributed with equal spacing on the line connecting the initial (tetra-
hedral) and final (octahedral) position.

Once at the octahedral position it would be interesting to further move the
oxygen ion towards the initially vacant site. It is assumed that the problem to
travel from the octahedral site to the initially vacant tetrahedral site is symmetric
to the problem of travelling from the initial tetrahedral site to the octahedral site,
and thus will be superfluous. Table 4.1 shows a list of all the different simulation
points with the resulting system energies of the system with respect to the lowest
total energy configuration.

Table 4.1. The energy deviation in the different locations and structures (measured in
meV).

Position 1D vacancy 2D vacancy 3D vacancy No vacancy
Tetrahedral 0.00 0.00 0.00 0.00

1st step 8.01 484.16 474.32 987.27
2nd step 35.78 365.51 365.84 2778.05
3rd step 35.73 365.25 368.37 4426.44

Octahedral 23.16 17.28 36.04 6085.23

A spline function is fitted to the different values and a graph over the energy for
the separate configurations can be found in figures 4.2, 4.3, 4.6 and 4.9 respectively,

19
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along with its structure. A comparison between the energy barriers can be seen
in Fig. 4.1. An interesting detail here is that 2 of the simulations yield close to
identical results, while the last third is not even remotely close to the others. The
curve with immediate rapid increase is of course the case without any vacancies
in the system (as seen in Fig. 4.2).
Each section in this chapter will analyze one of each vacancy setup by studying
the energy profile curve and a brief analysis of the magnetic moments to follow up
the assumptions in the previous section about how to select the initial magnetic
moments.

One (Corner) Two Three Four Five (Center)
0

100

200

300

400

500

600

Simulation point

E
ne

rg
y 

de
vi

at
io

n 
[m

eV
]

Figure 4.1. The energy barriers of all different configurations, as listed in Table 4.1.
Location one (corner) is also known as the tetrahedral site, and location five (center) is
also referred to as the octahedral site.
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4.1 No vacant locations

With no vacancies in the system, the oxygen ion is moved towards the octahedral
position as its final location. This way we check how the suggestion by Mamontov
and Egami works in the case of pure ceria without defects.
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Figure 4.2. Left: With no vacancy, the particle moves along the path described by the
green spheres, starting in the corner and ending in the central site.
Right: Measured energies at different simulation points marked with circles. Each circle
corresponds to one green sphere in the left image.

The energy curve for the structure lacking vacancies displays no sign of an
interstitial energy mimimum at the octahedral site. The total energy does seem
to have its maximum here, roughly 6.1 eV above the minimum located in the
tetrahedral site. This site is characterized by no less than 7 nearest neighbours
at rougly the same distance, along with a vacant position on the 8th nearest
neighbour oxygen site (the initial position). A maximum energy in the octahedral
site may seem intuitive, considering that the atom is in fact approaching a position
with 7 nearest neighbours, whereas the initial tetrahedral position only contained
6 nearest neighbours so Coulomb repulsion alone will account for this result.
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4.2 Vacancy in the 1D line nearest neighbour lo-
cation

The curve for the surface vacancy in the nearest neighbour location found in the
[1 0 0] direction indicates a slight increase in energy while approaching the octahe-
dral site, peaking between the third and the fourth simulation site (see Fig. 4.3).
After this peak the energy decreases again when the oxygen particle gets closer
to the octahedral site. With an energy minimum in the tetrahedral site, the peak
energy is approximately 40 meV above the minimum energy in the system. This
gives us an energy barrier of only 40 meV, making the energy curve virtually flat.

Worth to note for the discussion is that the oxygen ion leaves a site with 5 near-
est neighbour oxygen ions in the tetrahedral site and approach a position with 6
nearest neighbours in the octrahedral site. This is an increase in neighbouring
ions and initially act with a greater repulsion on the particle, and thus suggesting
that there should be at least a local minimum found in the tetrahedral site, while
the octahedral site remains uncertain. The small increase in energy and rather
insignificant barrier makes this site be prone to lose any contained ions, however
there is still a barrier present so we can assume that this site acts as a local min-
imum, or is at least not at a significant energetical disadvantage with respect to
the tetrahedral site.
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Figure 4.3. Left: The different simulation sites for the oxygen ion, with the correspond-
ing vacancy. The green simulation spheres all relate to one of the circles to the right.
Right: The energy barrier in this system is rather insignificant compared to those of
Fig. 4.6 and Fig. 4.9.

At our energy peak we could expect the Coulomb repulsion to reach its peak,
and after passing this barrier, the neighbours exerts their force in the opposite
direction and forcing the particle towards the middle of the cell to the octahedral
position.
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Figure 4.4. Indexing of the neighbouring
cerium atoms (green) for the oxygen atom
(blue) being removed in the simulations.

A possible cause of this feature may be that after reaching the peak energy, the in-
creased distance to the neighbouring oxygen ions cancels out some of the Coulomb
force acting on the particle and it becomes energetically favourable to relocate to
the octahedral site where this distance is maximized.

When removing the oxygen atom in this setup, we also breach the ionic bonds
with 2 of the neighbouring cerium atoms, which are indexed as 1, 2, 3 and 4 (see
Fig. 4.4). In the simulations atom number 1 and 2 are arbitrarily chosen to carry
the magnetic moment resulting from the breached bonds. They are given an ini-
tial magnitude of 3 µB and are also both defined to have a spin-up alignment.
Although not completely obvious in table 4.2, this appears to have no impact on
the results, as can be seen in the following simulation setups. The table suggests
that the magnetic moment is located on different cerium ions in each simulation
step, keeping their up-up configuration in all simulations and yielding ferromag-
netic solutions. The total magnetic moment sums up to roughly 1.9 ≈ 2µB as
expected [16].

Table 4.2. The relative magnitude of magnetic moments on each cerium ion neighbour-
ing the vacancy. The magnetic moment is that of the f-orbital electrons, while the total
magnetic moment is the sum over all orbitals.

Position 1 2 3 4 total
Tetrahedral 0.001 0.946 0.943 0.001 1.899

1st step 0.946 0.001 0.001 0.946 1.901
2nd step 0.943 0.001 0.945 0.001 1.899
3rd step 0.947 0.001 0.001 0.946 1.901

Octahedral 0.943 0.941 0.002 0.002 1.897

As seen in Fig. 4.5 there are only 2 electrons occupying the f-orbitals. The DOS
plots shows a ferromagnetic solution in all sites. The DOS plot is under Gaussian
smearing which likely plays a major role in the different height of the peaks. The
f-state electrons are artificially added from the integrated DOS since they are not
seen in the actual DOS obtained within the tetrahedron method for integration
over the Brillouin zone, due to their atomic-like shape (a very narrow peak). The
results here correspond well to what was suggested in the previous chapter.
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Figure 4.5. Density of states for the simulation path of the oxygen ion. The graphs span
from the top being the tetrahedral configuration and the bottom being in the octahedral
configuration. The filled areas represent ground state occupancy. The upper part of each
graph shows the spin up channel of the DOS and the lower part shows the spin down
channel correspondingly.
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4.3 Vacancy in the 2D flat surface diagonal loca-
tion

With a vacancy located in the surface diagonal site in the [1 1 0] direction, the
particle starts off at a site with 6 nearest oxygen neighbours in the tetrahedral site
and ends up in a octahedral site with also 6 nearest oxygen neighbours.
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Figure 4.6. Left: The green spheres mark locations on the diffusion path where simu-
lations are performed.
Right: Each circle in the graph over the energy corresponds to one of the green spheres
in the left figure.

While intuition cannot tell if this may be a local or global minimum, our en-
ergy curve tells us that we do in fact have a local minimum in the octahedral site,
making this a possible place to find atoms in a relaxed system. The difference
in energy compared to the tetrahedral site is just about 20 meV, so with such a
small margin this could be the global minimum as well, although the tetrahedral
site seems to be at a small energetic advantage. We find an energy barrier peak-
ing around the second simulation site, with a height of just above 500 meV. We
also find something resembling a local minimum at simulation point three. This
minimum is separated by a barrier of just about 35 meV from relocating to the
octahedral site, so its significance is minimal as any atom resting in this site should
likely relocate to the octahedral site with just a slight addition of energy, possibly
from thermal activity in a real world setting.

When removing the oxygen atom on this surface diagonal, the neighbouring
cerium atoms of the vacancy are again getting additional magnetic moment applied
(indexed as in Fig. 4.7). All simulations started off with a magnetic moment
magnitude of 3 on cerium ion 2 and 3 in a spin up-up alignment.
As seen in table 4.3, the moments here not necessarily stay at the initial atoms,
but may move to others instead. The magnetic moment is located on 2 atoms.
No other atoms had any significant magnetic moment that would alter the results,
and thus they are excluded from the table comparison.
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Figure 4.7. Indexing of the neighbouring
cerium atoms (green) for the oxygen atom
(blue) being removed in the simulations.

Table 4.3. The relative magnitude of magnetic moments on each cerium ion neighbour-
ing the vacancy. The magnetic moment is that of the f-orbital electrons, while the total
is the sum over all orbitals. Here the magnetic moments seems to be located on generally
only two electrons, which is desired.

Position 1 2 3 4 total
Tetrahedral 0.001 0.946 0.946 0.001 1.901

1st step 0.491 0.028 0.807 0.588 1.858
2nd step 0.031 0.891 0.889 0.031 1.863
3rd step 0.035 0.893 0.874 0.036 1.858

Octahedral 0.001 0.945 0.943 0.001 1.899

The total magnetization in the system sums up to roughly 2 µB in each case
which is expected, and it is heavily concentrated on 2 atoms only except in the
first step, suggesting these 2 hold the localized electrons from the missing oxygen.
By comparing the total magnetization with the 2 main carriers, we note that these
almost contribute to the total magnetization alone, and it is also confirmed from
data files that no other particles have any significant impact on this result (no
other particles had magnetization values above 0.01 and very few were even above
0.001, most remaining at 0.000). In the first step however, the electrons do not
properly localize on only 2 cerium atoms, which may explain the calculated local
minimum at simulation point 3 in Fig. 4.6. A possible cause may be that the
energy at simulation point 2 is higher due to this partially delocalized solution.

By taking a look at the density of states in Fig. 4.8, we take note that all
the simulations end up ferromagnetic, in accordance with table 4.3. Although the
f-orbital states are somewhat different in magnitude, there are only 2 electrons
present here (confirmed by studying the integrated density of states).
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Figure 4.8. Density of states for the simulation path of the oxygen ion. The graphs span
from the top being the tetrahedral configuration and the bottom being in the octahedral
configuration. The filled areas represent ground state occupancy. As previously, the top
part shows the spin up channel of the DOS, whereas the lower part shows the spin down
channel. All the graphs indicate a ferromagnetic solution, in accordance with table 4.3.
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4.4 Vacancy in the 3D space diagonal location

Regarding the case of a vacant site on the space diagonal neighbour found in the
[1 1 1] direction, the oxygen atom starts off in a location with 6 nearest neighbours
in the tetrahedral site. While propagating the oxygen ion towards the octahedral
site, we notice that this site also possesses 6 nearest oxygen neighbours thus being
a possible candidate for a local (or global) minimum.
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Figure 4.9. Left: The particle is simulated in the sites described by the green spheres.
Right: Energy plotted against the moving oxygen ion position. Each circle corresponds
to one of the green spheres in the left figure.

From studying the energy curve, we notice a barrier peaking at roughly 500
meV above the ground state energy close to the second simulation point, roughly
the same position as for the barrier peak in the previous vacancy simulation. Con-
tinuing towards the octahedral site, we again find something that could be a local
minimum around the third simulation point. As in the previous case, the barrier
is just about 35 meV, so it is not expected that the oxygen ions would ever rest
in this location while in non-theoretical environments. There is also a chance that
more simulation sites would remove this feature.
The graph further suggests that there is indeed a local minimum in the octahedral
position even in this setup. By comparing the energy at the octahedral site with
the energy at the tetrahedral site, we find the octahedral site being 35 meV above
the energy minimum at the tetrahedral site. From this we can conclude that the
global minimum is found in the tetrahedral site in this structure and resulting in
this being the preferred position for the oxygen atom, but it is still possible to find
atoms resting in the octahedral site.

The neighbouring cerium atoms to the vacancy are in this configuration indexed
as shown in Fig. 4.10. The initial magnetic moments are placed on atom number 1
and 2, however after relaxation they relocate onto other atoms as seen in table 4.4.
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Figure 4.10. Indexing of the neighbouring
cerium atoms (green) for the oxygen atom
(blue) being removed in the simulations.

Table 4.4. The relative magnitude of magnetic moments on each cerium ion neigh-
bouring the vacancy. As in previous cases, the magnetic moment is that of the f-orbital
electrons, while the total is the sum over all orbitals.

Position 1 2 3 4 total
Tetrahedral 0.001 0.001 0.946 0.946 1.901

1st step 0.887 0.044 0.836 0.066 1.855
2nd step 0.856 0.006 0.300 0.752 1.880
3rd step 0.038 0.038 0.879 0.879 1.855

Octahedral -0.947 0.962 0.001 0.001 0.018

All simulations but the octahedral case result in ferromagnetic solutions with
the magnitude summing up roughly equal to 2, whereas the moments in the oc-
tahedral simulation sums to 0, this from a spin up-down alignment of the atoms
and resulting in an antiferromagnetic solution. Although this solution was not
the initial one, which was ferromagnetic, trial simulations on the case showed that
the energy difference between ferromagnetic and antiferromagnetic solution is very
small1, so this is likely to originate from a software deviation rather than physical
properties. Such anomalies are therefore prone to vanish when the system is ex-
posed to an environment above 0 degrees Kelvin. Also, the second step simulation
indicates a partially delocalized solution. As with the simulation in the previous
section, this could explain the unexpected local minimum appearing at this posi-
tion.

While studying Fig. 4.11, the graphs show ferromagnetic solutions in all but the
octahedral configuration, as suggested by the magnetization above. As previously,
the DOS plot is under Gaussian smearing, where the f-state electron values are
artificially added from the integrated DOS since they vanished in the actual DOS
data file.

1The difference showed to be in the range of 1 meV.
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Figure 4.11. Density of states for the simulation path of the oxygen ion. The graphs
span from the top being the tetrahedral configuration and the bottom being in the
octahedral configuration. The filled areas represent ground state occupancy. The upper
part of each graph shows the spin up channel of the DOS and the lower part shows the
spin down channel correspondingly.



Chapter 5

Discussion

5.1 Areas of improvement

The simulations only include 3 of the possible diffusion paths. This would be
perfectly fine in a system with only oxygen ions to cover, however the system also
contains cerium ions. The cerium ions cause new levels of symmetries, so there
may be more diffusion paths for the oxygen ions not taken into account.

The reason those other paths are not included in the simulations is that the
contributions from the cerium ions in other positions would not have a significant
impact on the general results. To increase the accuracy of the results, those new
paths could be taken into account as well, while at the same time simulate the
whole diffusion path, not only from the initial tetrahedral site to the octahedral
site. Furthermore, more simulation points inbetween could be inserted, where the
energy graph shows interesting features. Finally one could simulate the whole
process with inclusion of thermal vibrations, as the compound will never be used
in a 0 degrees Kelvin environment.

Somewhere in the middle of all the works, a new version of VASP was released
and installed, which from other persons been reported causing different results to
the previous version. Thus half the simulations are run with an older software
version which may or may not have an impact on the results. One would also
preferrably want the magnetic moment to align so that it was only present on 2
ions, instead of spread on several as was the case in a few occurances. And just
like in nature, randomness (in this case random number generators) may always
cause interesting twists to the creation.

5.2 Conclusion

In this thesis we have studied how defects in forms of monovacancies affect the
energy properties of ceria. Different vacancy structures have been investigated
by means of first-principles calculations to confirm that the oxygen ions in ceria
have a local minimum located in the octahedral lattice site, separated from the
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tetrahedral site by an energy barrier.
While the barrier differs from each other in the different considered cases, it

is easily distinguishable, suggesting that Mamontov and Egami were right in their
assumptions about an interstitial ions residing at the octahedral site. The energy
barrier also indicates that these structural defects may dissappear with additional
energy provided through high temperatures, as was indicated by the experiments.

The ability of these oxygen ions to easily relocate inbetween the different lattice
sites is likely the key property of oxygen ion transportation in ceria. While under
oxidizing conditions the absorbed oxygen ions probably thus first enter the roomy
octahedral sites, to later try to relocate to the vacant tetrahedral sites, given it can
overcome the potential barrier1. It is quite possible that these defects are crucial
to the oxygen storage capacity of ceria, and thus also the oxygen ion conductivity
as a fuel cell electrolyte. It is also interesting to note that since cerium is readily
available on the market (as it is used in automotive catalysts), it should not be
too expensive to implement if the fuel cell technology would lean towards using
ceria as the primary electrolyte.

1As hinted in the conclusion of [17]
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