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Abstract

Differential-algebraic equations (DAEs) form the natural way in which models of physical
systems are delivered from an object-oriented modeling tool like Modelica. Differential-
algebraic equations are also known as descriptor systems, singular systems, and implicit
systems. If some constant parameters in such models are unknown, one might need to
estimate them from measured data from the modeled system. This is a form of system
identification called gray box identification. It may also be of interest to estimate the
value of time-varying variables in the model. This is often referred to as state estimation.
The objective of this work is to examine how gray box identification and estimation of
time-varying variables can be performed for models described by differential-algebraic
equations.

If a model has external stimuli that are not measured or uncertain measurements, it
is often appropriate to model this as stochastic processes. This is called noise model-
ing. Noise modeling is an important part of system identification and state estimation,
so we examine how well-posedness of noise models for differential-algebraic equations
can be characterized. For well-posed models, we then discuss how particle filters can
be implemented for estimation of time-varying variables. We also discuss how constant
parameters can be estimated.

When estimating time-varying variables, it is of interest to examine if the problem is
observable, that is, if it has a unique solution. The corresponding property when estimat-
ing constant parameters is identifiability. In this thesis, we discuss how observability and
identifiability can be determined for DAEs. We propose three approaches, where one can
be seen as an extension of standard methods for state-space systems based on rank tests.

For linear DAEs, a more detailed analysis is performed. We use some well-known
canonical forms to examine well-posedness of noise models and to implement estimation
of time-varying variables and constant parameters. This includes formulation of Kalman
filters for linear DAE models. To be able to implement the suggested methods, we show
how the canonical forms can be computed using numerical software from the linear alge-
bra package LAPACK.
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1
Introduction

Modeling of physical systems is a fundamental problem within the engineering sciences.
Examples of physical systems that can be modeled are the weather, a human cell and an
electrical motor. Models of these systems can differ greatly in complexity. For example,
a model of the weather could be everything from a statement like “if it is sunny today, it is
probably sunny tomorrow too” to a complex mathematical model used by meteorologists.
Although models differ greatly in complexity, they have in common that they can be used
to make predictions. A model of the weather could be used to make weather forecasts,
a model of a human cell could be used to predict how it will react to different drugs,
and a model of an electrical motor could be used to predict the effect of applying a certain
voltage. In this thesis we will discuss mathematical models, that is equations that describe
the behavior of a system. Such models can be constructed in different ways. One method
is to use well-known physical relations, such as Newton’s and Kirchhoff’s laws. We will
call this physical modeling. Another way is to estimate a model using measurements
from the system. This is called system identification. For the electrical motor, we could
for example measure the applied voltage and the resulting angle on the axis of the motor
and estimate a model from that. A third case, which is a combination of the two previous
modeling methods, is when we have constructed a model using physical relations but do
not know the values of certain parameters in the model. These parameters could then be
estimated using measurements from the system even if we cannot measure them directly.
We will refer to this as gray-box identification.

Traditionally, physical modeling has been performed by manually writing down the
equations that describe the system. If gray-box identification is necessary, the equations
must be transformed manually into a suitable form. The manual modeling has today
partly been replaced by tools that automate the physical modeling process. They both
include tools for modeling systems within a certain domain, such as electrical systems,
and general modeling tools that allow modeling of systems that contain components from
different domains. An example of an object-oriented modeling language for multi-domain
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2 1 Introduction

modeling is Modelica (Fritzson, 2004; Tiller, 2001). These tools can greatly simplify the
modeling task. In this thesis we will examine how gray-box identification in models
generated by a modeling tool can be automated.

When a model has been constructed, it can be used to predict the future behavior of
the modeled system and to estimate the values of variables that are not measured. We
will thus also examine how models created using tools such as Modelica can be used for
estimation and prediction.

1.1 Problem Formulation

In the most general setting, we would like to estimate parameters or unmeasured variables
in a collection of equations that has been created by a modeling tool. These equations
relate a vector of internal variables, x(t), that vary with time, and their derivatives with
respect to time, ẋ(t), to inputs to the system u(t). Here t denotes dependence on time.
In the equations, there may be some unknown parameters θ that are to be estimated.
An output y(t) from the system is measured. The relationships can be described by the
equations

F
(
ẋ(t), x(t), u(t), t, θ

)
= 0 (1.1a)

y(t) = h
(
x(t), θ

)
. (1.1b)

This is called a differential-algebraic equation, or DAE (Brenan et al., 1996; Dai, 1989b;
Kunkel and Mehrmann, 2001, 2006). DAEs are also known as descriptor systems, singu-
lar systems, and implicit systems. The discussion in this thesis concerns how the unknown
constant parameters θ and unknown time-dependent variables x(t) can be estimated us-
ing measurements of the input u(t) and the output y(t). Special attention will be given to
how these problems can be approached by modeling disturbances acting on the system as
stochastic processes.

Below we provide an example of a DAE. For this example it would be possible to
transform the system into a form suitable for identification and estimation manually, but
it would be much more convenient if the identification software could handle the DAE
system directly. A form suitable for system is for example a state-space model, where
(1.1a) takes the form ẋ(t) = f

(
x(t), u(t), t, θ

)
.

Example 1.1: DAE model

Consider a cart which is driven forward by an electrical motor connected to one pair of
the wheels. The parameters of a model of the system are the mass m, the radius of the
wheels r, the torque constant of the motor k, the resistance R, the inductance L of the
motor coil, and the coefficient b representing resistance caused by the air. The internal
variables describing the system are the velocity of the cart v(t), the acceleration of the
cart a(t), the force between the wheels and the ground F (t), the torque from the motor
M(t), the angular velocity of the motor axis ω(t), some voltages in the motor, uL(t),
uR(t), and ug(t), and the current I(t). The input to the system is the voltage u(t). If
this system is modeled with a modeling tool such as in Figure 1.1, we get a collection of
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Figure 1.1: A model produced using the modeling tool Modelica.

equations describing the system, e.g.:

F (t) = ma(t)
dv(t)
dt

= a(t)− bv2(t)

F (t) = rM(t) rω(t) = v(t)
M(t) = kI(t) ug(t) = kω(t)
uR(t) = RI(t) u(t) = uL(t) + ug(t) + uR(t)

uL(t) = L
dI(t)
dt

(1.2)

These equations could automatically be rewritten in the form (1.1). However, it would
be tedious work to transform the equations into a form suitable for identification and
estimation if we wanted the estimate one or more of the parameters or internal variables.
How this process can be automated is one of the problems discussed in this thesis. Another
problem which is discussed is how stochastic processes can be included in the equations
to model disturbances acting on the system.

An important special case is when F and h in the DAE (1.1) are linear functions:

E(θ)ẋ(t) = J(θ)x(t) +K(θ)u(t) (1.3a)
y(t) = L(θ)x(t) (1.3b)

where E(θ), J(θ), K(θ), and L(θ) are matrices that contain unknown parameters θ that
are to be estimated. The linear DAE (1.3) is also referred to as a linear descriptor system,
a linear singular system and a linear implicit system. In the case with linear equations,
analysis of system properties and other methods are better developed and easier to imple-
ment. The discrete-time counterpart of (1.3), where ẋ(t) is replaced by x(t+1), will also
be discussed.



4 1 Introduction

1.2 Outline

The purpose of this thesis is to describe how unknown parameters and time-dependent
variables in DAE models can be estimated from measurement data. A background on the
models and modeling techniques that are used in the thesis is provided in Chapter 2 and
necessary background information on system identification is presented in Chapter 3. In
the first part of the thesis, nonlinear DAE models are considered. Here noise modeling
and estimation are discussed in Chapter 4 and the system properties identifiability and
observability for DAE models are discussed in Chapter 5, 6, and 7. In the second part of
the thesis, linear DAE models are considered. Noise modeling and estimation is discussed
in Chapters 8, 9, and 10. Following that, implementation of estimation methods for linear
DAE models is discussed in Chapter 11. Initialization of parameter estimates is discussed
in Chapter 12.

The discussion in the thesis is concentrated on continuous-time DAE models, but it is
described how most of the results for linear DAE models can be extended to the discrete-
time case.

1.3 Contributions

The main contributions of the thesis are:

• The results on noise modeling in nonlinear DAE models and the discussion on how
DAE models can be used in nonlinear particle filtering in Chapter 4.

• The application of the DAE theory by Kunkel and Mehrmann (2001) to examine
observability and identifiability in Chapter 5.

• The results in Chapter 6 concerning how identifiability can be examined in two
stages. If identifiability of the components of a model have been determined, iden-
tifiability of the complete model can be examined using a reduced number of equa-
tions.

• The results on how identifiability can be examined using DAE solvers in Chapter 7.

• The idea to redefine the input of a linear descriptor system to allow a state-space
description for sampling (Chapter 2).

• The results on noise modeling for linear DAE models and how the noise model can
be used for Kalman filtering and parameter estimation in Chapters 8, 9, and 10.

• The discussion on how the canonical forms for linear DAE models can be computed
with the linear algebra package LAPACK (Chapter 11).

• The result that the parameter initialization problem under certain conditions can be
transformed to the minimization of a biquadratic polynomial (Chapter 12).

The main results in Chapter 4 have been developed in cooperation with Johan Sjöberg
and submitted as
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M. Gerdin and J. Sjöberg. Nonlinear stochastic differential-algebraic equa-
tions with application to particle filtering. In Proceedings of 45th IEEE Con-
ference on Decision and Control, San Diego, CA, USA, 2006. Accepted for
publication.

The main results in Chapter 5 have been published in

M. Gerdin. Local identifiability and observability of nonlinear differential-
algebraic equations. In Proceedings of the 14th IFAC Symposium on System
Identification, Newcastle, Australia, March 2006a,

the results in Chapter 6 have been published in

M. Gerdin and T. Glad. On identifiability of object-oriented models. In Pro-
ceedings of the 14th IFAC Symposium on System Identification, Newcastle,
Australia, March 2006,

and the results in Chapter 7 have been published in

M. Gerdin. Using DAE solvers to examine local identifiability for linear and
nonlinear systems. In Proceedings of the 14th IFAC Symposium on System
Identification, Newcastle, Australia, March 2006b.

The main results in Chapter 8 have been developed in cooperation with Dr. Thomas Schön
and Prof. Fredrik Gustafsson and have previously been published in

T. Schön, M. Gerdin, T. Glad, and F. Gustafsson. A modeling and filter-
ing framework for linear differential-algebraic equations. In Proceedings of
the 42nd IEEE Conference on Decision and Control, pages 892–897, Maui,
Hawaii, USA, December 2003.

Part of the results in Chapter 9 and 11 have been submitted as

M. Gerdin, T. B. Schön, T. Glad, F. Gustafsson, and L. Ljung. On parameter
and state estimation for linear differential-algebraic equations. Automatica,
2006. To appear,

and part of the results in Chapter 9 have been published in

M. Gerdin, T. Glad, and L. Ljung. Parameter estimation in linear differential-
algebraic equations. In Proceedings of the 13th IFAC Symposium on System
Identification, pages 1530–1535, Rotterdam, the Netherlands, August 2003.

The results in Chapter 11 have also been published as

M. Gerdin. Computation of a canonical form for linear differential-algebraic
equations. In Proceedings of Reglermöte 2004, Göteborg, Sweden, May
2004.
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2
Modeling

In this chapter, we will introduce the models and modeling techniques that are discussed
in the thesis. We will also discuss general theory about these models and modeling tech-
niques.

2.1 Introduction: Component-Based Modeling

By modeling, we mean the production of equations that can predict the behavior (or some
part of the behavior) of a system. One way to model a physical system is to write down
all equations describing the physics of a system. For larger systems this is of course a
cumbersome approach. However, if parts of the system have been modeled previously,
the work required can be reduced by reusing these parts. This leads to component-based
modeling.

Component-based modeling is based on the need to combine models of different parts
of a system to form a model of the complete system. The idea is that models of common
parts, or components, are created once and for all, and stored in model libraries. They can
then be reused when modeling larger systems. The components can typically be tuned for
the application at hand by changing the value of parameters.

Consider for example electrical circuits. Typically, the equations describing com-
ponents like resistors, capacitors, inductors, and voltage sources are stored in model li-
braries. The parameters of these components are the resistance, capacitance, inductance,
and voltage respectively. When modeling a complete electrical circuit, the included com-
ponents (including parameter values) and their interconnections are specified.

The modeling process can be simplified further by using modeling software with a
graphical user interface where components can be selected and connected graphically.
This makes it possible for a user to build complex models without having to deal with any
equations. An example of a graphical model of an electrical circuit is shown in Figure 2.1.

7



8 2 Modeling

L


R
o



G

C
1



C
2



Figure 2.1: A component-based model consisting of one linear resistor, one induc-
tor, two capacitors, one conductor, one nonlinear resistor, and a ground point.

The most wide-spread language for component-based modeling is Modelica (Fritz-
son, 2004; Tiller, 2001). Modelica is a language for component-based modeling. This
is defined as a programming language specifically designed for component-based model-
ing. It includes constructs for example for defining equations and components (which can
be connected with other components to create larger models) and possibilities to define
graphical representations for the components. To use Modelica for modeling and simula-
tion, an implementation of the language is necessary. Two implementations are Dymola
and OpenModelica. The commercial product Dymola (Mattsson et al., 1998) is the most
complete implementation available at the time of writing. OpenModelica (Fritzson, 2004,
Chapter 19) is a free implementation with source code available. Modelica is often re-
ferred to as a language for object-oriented modeling. This concept includes the principles
of component-based modeling, and also programming specific concepts such as classes
and inheritance.

The main interest in this thesis is to examine how unknown parameters and internal
variables in component-based models can be estimated. To do this, we will need to ex-
amine the structure of the equations that component-based modeling results in. This will
be done in the following sections. We will also discuss how stochastic processes can be
used to model disturbances.

2.1.1 Deterministic Models

By deterministic models, we mean models that do not include any stochastic variables or
processes. Models that include stochastic processes or variables will be called stochastic
models and are discussed in Section 2.1.2.
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As discussed above, a component-based model consists of a number of components
that each has a number of equations associated with it, and also equations describing how
the components are connected. Each component i is described by equations fi and the
connections are described by equations g. To describe the behavior of the components, in-
ternal variables may be necessary. The internal variables of component i will be denoted
li. The internal variables li are not involved in connections with other components. To de-
scribe connections with other components external variables wi are used. These variables
are used when describing how the components interact. The differentiation operator with
respect to time is denoted p, px(t) = d

dtx(t). The components may also contain constant
unknown parameters θi. The collected parameters,

θ =

 θ1
...
θm

 (2.1)

are assumed to lie in a set DM ⊆ Rnθ , θ ∈ DM. Furthermore, known external stimuli
on the system are denoted u(t) and measured outputs are denoted y(t).

Example 2.1: Component-based model
Consider the component-based model in Figure 2.1. It consists of seven components:
two resistors, one conductor, two capacitors, one inductor, and one ground point. Let the
inductor be component number 1. The external variables for this component are the po-
tentials at the endpoints, v1(t) and v2(t), and the currents at the endpoints, i1(t) and i2(t).
The internal variables are the voltage over the inductor uL(t) and the current through the
inductor, iL(t). We thus have

w1(t) =


v1(t)
v2(t)
i1(t)
i2(t)

 and l1(t) =
(
uL(t)
iL(t)

)
. (2.2)

The equations describing the inductor are
uL(t)−

(
v1(t)− v2(t)

)
i1(t)− iL(t)
i2(t)− iL(t)

uL(t)− L · piL(t)


︸ ︷︷ ︸

f1

= 0. (2.3)

Let the potential and current at the top endpoint of the resistor R0 be denoted v3 and i3
respectively. The equations (

v2(t)− v3(t)
i2(t)− i3(t)

)
︸ ︷︷ ︸

part of g

= 0 (2.4)

would then be included in g to describe the connection between the inductor and the
resistor R0.



10 2 Modeling

To summarize, the following parameters, variables, and equations are involved in a
component-based model with m components.

• Internal variables li for each component i = 1, . . . ,m.

• External variables wi for each component i = 1, . . . ,m. These are grouped as

w(t) =


w1(t)
w2(t)

...
wm(t)

 . (2.5)

• Unknown constant parameters θi for each component i = 1, . . . ,m. These are
grouped as

θ(t) =


θ1(t)
θ2(t)

...
θm(t)

 . (2.6)

• Equations
fi

(
li(t), wi(t), θi, p

)
= 0 i = 1, . . . ,m, (2.7)

describing each component. Note that this could be written without the differentia-
tion operator p as

fi

(
li(t), l̇i(t), l̈i(t), . . . , wi(t), ẇi(t), ẅi(t), . . . , θi

)
= 0 i = 1, . . . ,m. (2.8)

• Equations
g
(
u(t), w(t)

)
= 0 (2.9)

describing the connections. Some of the wi(t) may be external stimuli, such as the
voltage of a voltage source. This is specified through the known input function u(t)
in g.

• Variables y(t) that are measured, are defined through the equation

y(t) = h
(
w(t), θ

)
(2.10)

where y(t) is a measured signal. No li are included in this equation, since all signals
that are visible to the outside of the component are included in wi.

Collecting the equations gives the following model.

Model 1: Component-Based Model

fi

(
li(t), wi(t), θi, p

)
= 0 i = 1, . . . ,m (2.11a)

g
(
u(t), w(t)

)
= 0 (2.11b)

y(t) = h
(
w(t), θ

)
(2.11c)

Note that fi, g, li, wi, θi, u, h, and y all may be vector valued.
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Model 1 explicitly shows the structure of the equations that component-based model-
ing leads to. For example, the variables li are local for each component since only the wi

are involved in the connections. The equations g = 0 are typically simple equations like
a−b = 0 or a+b+c = 0 and each equation normally only includes a small number of the
w. This makes the system sparse, i.e., only a few variables are included in each equation.
This special structure is utilized for example by the solvers for component-based models
included in modeling environments like OpenModelica and Dymola. This is discussed
further in Section 2.5. In Chapter 6 it is discussed how the structure can be used when
examining identifiability of component-based models.

The equations can all be grouped together into one large system of equations to form a
nonlinear differential-algebraic equation (DAE). DAE models are also known as descrip-
tor systems, singular systems, and implicit systems.

Model 2: Nonlinear DAE

F
(
ẋ(t), x(t), θ, u(t)

)
= 0 (2.12a)

y(t) = h
(
x(t), θ

)
(2.12b)

In comparison with Model 1, the variables l(t) and w(t) have been grouped to form the
vector of internal variables x(t), the unknown parameters have been collected into one
vector θ, and all equations have been included in the DAE F = 0. The equations are also
written using only first order derivatives, ẋ(t) = d

dtx(t). This is not a limitation, since
higher derivatives can be specified by including additional variables. For example, ẍ(t)
can be replaced by ż(t) by including the equation z(t) = ẋ(t). Nonlinear DAE models
are further discussed in Section 2.2.

In the special case when all equations in Model 2 are linear in x(t), ẋ(t), and u(t), we
get a linear DAE.

Model 3: Linear DAE

E(θ)ẋ(t) = A(θ)x(t) +B(θ)u(t) (2.13a)
y(t) = C(θ)x(t) (2.13b)

The reason to separate the linear DAE from its nonlinear counterpart, is that it is easier to
analyze. For example, it is possible to reduce it to state-space form (an ordinary differen-
tial equation) explicitly under mild conditions. An analysis of linear DAEs is performed
in Section 2.3.

An important special case of DAE models is when the derivative ẋ(t) can be explicitly
solved from the equations. The equations then form a state-space model,

ẋ(t) = f
(
x(t), θ, u(t)

)
(2.14a)

y(t) = h
(
x(t), θ

)
. (2.14b)
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If the equations are linear we have a linear state-space model,

ẋ(t) = A(θ)x(t) +B(θ)u(t) (2.15a)
y(t) = C(θ)x(t). (2.15b)

Since state-space models are well examined in the literature, the techniques for state-space
models will form the foundation for some of our discussion for DAE systems.

It can be noted that the idea to model a system by writing down all equations de-
scribing it, is related to the behavioral approach to modeling discussed by Polderman and
Willems (1998).

2.1.2 Stochastic Models

In practice, mathematical models of physical systems cannot predict the exact behavior
of the system, for example because of disturbances acting on the system. Disturbances
can for example be wind acting on an aircraft or measurement noise in an electrical sys-
tem. This motivates the introduction of stochastic models where such disturbances are
modeled explicitly as stochastic processes. We will call disturbances that act on a system
noise and we will make a distinction between process noise and measurement noise. Pro-
cess noise is disturbances that affect the behavior of the system while measurement noise
is disturbances that affect the measurements made on the system. Measurement noise
is often modeled as additive on the measurement, and we will adopt this practice here.
Denoting the process noise with v1(t) and the measurement noise with v2(t), a stochastic
component-based model can be written as shown below.

Model 4: Stochastic Component-Based Model

fi

(
li(t), wi(t), θi, p, v1,i(t)

)
= 0 i = 1, . . . ,m (2.16a)

g
(
u(t), w(t)

)
= 0 (2.16b)

y(t) = h
(
w(t), θ

)
+ v2(t) (2.16c)

The process noise has been divided into m parts, v1,i i = 1, . . . ,m to make explicit the
fact that the different components typically are affected by different noise sources. As
with deterministic models, the special structure of the component-based model may not
always be possible to utilize. The equations and variables can then be grouped to form a
nonlinear stochastic differential-algebraic equation (nonlinear SDAE).

Model 5: Nonlinear SDAE

F
(
ẋ(t), x(t), θ, u(t), v1(t)

)
= 0 (2.17a)

y(t) = h
(
x(t), θ

)
+ v2(t) (2.17b)

If all equations are linear, we get a linear SDAE.
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Model 6: Linear SDAE

E(θ)ẋ(t) = A(θ)x(t) +B(θ)u(t) +K(θ)v1(t) (2.18a)
y(t) = C(θ)x(t) + v2(t) (2.18b)

Special care must be taken when including stochastic processes in DAE models to make
sure that the variables of interest are well-defined. For nonlinear SDAEs this will be
discussed in Chapter 4, and for linear SDAEs it will be discussed in Chapters 8, 9, and 10.

The properties of stochastic models that will be used in the thesis are discussed in
Section 2.7. As we will see, the stochastic state-space model is an important special case
of stochastic DAE models. In the nonlinear case it can be written as

ẋ(t) = f
(
x(t), θ, u(t)

)
+ g
(
x(t), θ, u(t)

)
v1(t) (2.19a)

y(t) = h
(
x(t), θ

)
+ v2(t). (2.19b)

We will limit the discussion to the case when the noise enters affinely according to the
term g

(
x(t), θ, u(t)

)
v1(t). We will discuss this further in Section 2.7. In the linear case a

stochastic state-space model can be written as

ẋ(t) = A(θ)x(t) +B(θ)u(t) +K(θ)v1(t) (2.20a)
y(t) = C(θ)x(t) + v2(t). (2.20b)

These models are called stochastic differential equations (SDEs). As for the determin-
istic case, the theory for state-space models is well developed, and will be used when
examining SDAE models.

2.2 Nonlinear DAE Models

As discussed above, a (deterministic) differential-algebraic equation (DAE) is a set of
equations that can be written in the form

F
(
ẋ(t), x(t), u(t)

)
= 0. (2.21)

DAE models are also known as descriptor systems, singular systems, and implicit sys-
tems. In this section we will review some of the theory available for such models. Since
properties connected to unknown parameters and measured outputs are not discussed
in this section, we omit these in the notation. Some general references on nonlinear
DAEs are Brenan et al. (1996) that mainly discuss solution techniques and Kunkel and
Mehrmann (2001) that discuss general properties of DAEs. The book by Kunkel and
Mehrmann (2006) is also a good reference.

DAE models are in several ways more difficult to handle than state-space models. The
difficulties center around the fact that it generally is not possible to solve (2.21) for ẋ(t).
If this was possible, the DAE could be written as a state-space system,

ẋ(t) = f
(
x(t), u(t)

)
(2.22)
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so that methods for state-space models could be used. To make it possible to transform a
DAE into a state-space system (or similar description) it is usually necessary to differen-
tiate the equations several times with respect to time. The following example illustrates
this.

Example 2.2: Solving for ẋ(t)
Consider the DAE (

ẋ1(t) + x1(t)
x2(t)− x2

1(t)

)
︸ ︷︷ ︸

F

= 0. (2.23)

It is not possible to directly solve for

ẋ(t) =
(
ẋ1(t)
ẋ2(t)

)
(2.24)

as a function of x(t). However, if the second equation of (2.23) is differentiated with
respect to time we get (

ẋ1(t) + x1(t)
ẋ2(t)− 2x1(t)ẋ1(t)

)
= 0. (2.25)

which can be solved for ẋ(t) to give(
ẋ1(t)
ẋ2(t)

)
=
(

−x1(t)
2x1(t)ẋ1(t)

)
=
(
−x1(t)
−2x2

1(t)

)
. (2.26)

The number of times a DAE must be differentiated in order to solve for ẋ(t) is called the
differential index or just the index of the system. The following definition is by Brenan
et al. (1996).

Definition 2.1 (Differential index). The differential index of a DAE,

F
(
ẋ(t), x(t), u(t)

)
= 0, (2.27)

is the smallest ν such that the system of equations

F
(
ẋ(t), x(t), u(t)

)
= 0

d

dt
F
(
ẋ(t), x(t), u(t)

)
= 0

...
dν

dtν
F
(
ẋ(t), x(t), u(t)

)
= 0

(2.28)

uniquely determines the variable ẋ(t) as a function of x(t), u(t), and derivatives of u(t).

There are also other index concepts defined in the literature, but the differential index
is the most common one. When the term index is used without specification, this typically
refers to the differential index.

It is possible to form DAE systems that do not have a solution. Consider for example
the following DAE.



2.2 Nonlinear DAE Models 15

Example 2.3: DAE without solution
The DAE

ẋ1(t) + x2(t) = 0 (2.29a)

x3(t)− t2 = 0 (2.29b)
x3(t) + 5 = 0 (2.29c)

does not have any solutions.

We will call those DAE systems where the corresponding initial value problem has at least
one solution solvable DAEs.

Definition 2.2 (Solvable DAE). A DAE is called solvable if the corresponding initial
value problem has at least one solution.

However, even if a DAE is solvable, it will in general not have solutions for all initial
conditions x(0). Consider the following example.

Example 2.4: Consistent initial conditions
The DAE

ẋ1(t) + x1(t) = 0 (2.30a)

x1(t)− x3
2(t) = 0 (2.30b)

has solutions only for initial conditions satisfying x1(0)− x3
2(0) = 0.

Those initial conditions for which the initial value problem has a solution will be called
consistent initial conditions.

Definition 2.3 (Consistent initial conditions). The consistent initial conditions of a
DAE are the initial conditions such that the corresponding initial value problem has at
least one solution.

Kunkel and Mehrmann’s Analysis

One method to examine DAE systems in presented by Kunkel and Mehrmann (2001), and
these results are summarized in this section. For proofs and a complete discussion, the
reader is referred to Kunkel and Mehrmann (2001). A slightly modified presentation of
the results is included in the book by Kunkel and Mehrmann (2006). The results are based
on rank tests and the implicit function theorem, and are therefore only valid locally.

Their most important result for the purpose of this thesis is that, provided a number
of conditions are satisfied, it is possible to view the DAE as a combination of ordinary
differential equations that determine one part of the variables (denoted x1) and algebraic
equations determining another part of the variables (denoted x3). If some variables are
not determined by the equations, then these are denoted x2. For a control engineer, the
x2 variables can often be seen as inputs to the system or external stimuli. This division of
the variables is illustrated by the following example.
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Example 2.5: Separating the internal variables

Consider the DAE (
ẋ1 − x2

3

x3 − x3
2 − t

)
︸ ︷︷ ︸

F

= 0. (2.31)

This DAE can be written as

ẋ1 = x2
3 (2.32)

x3 = x3
2 + t (2.33)

where we see that x1 is determined by an ordinary differential equation, x3 is determined
by a static relationship, and x2 can be seen as an external stimulus. Note that it would be
possible to exchange the roles of x2 and x3 in this example. Also note that x1, x2, and x3

are scalars in this example, but generally they are vectors.

This example will be used throughout this section to illustrate the concepts discussed.
To simplify notation, we let the DAE depend directly on the time variable t instead of

an input signal u(t),
F
(
ẋ(t), x(t), t

)
= 0 (2.34)

where

F ∈ Rm (2.35a)
x ∈ Rn (2.35b)
t ∈ I (2.35c)

where I ⊆ R is a compact interval. Kunkel and Mehrmann’s analysis is based on succes-
sive differentiations of the DAE. Therefore define a nonlinear derivative array

Fl(t, x, ẋ, . . . , xl+1) = 0 (2.36)

which stacks the original equations and all their derivatives up to level l:

Fl(t, x, ẋ, . . . , xl+1) =


F (ẋ, x, t)
d
dtF (ẋ, x, t)

...
dl

dtlF (ẋ, x, t)

 (2.37)

Example 2.6: Derivative array

For the DAE in Example 2.5 we have

F0 = F =
(

ẋ1 − x2
3

x3 − x3
2 − t

)
(2.38)
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and

F1 =
(
F
d
dtF

)
=


ẋ1 − x2

3

x3 − x3
2 − t

ẍ1 − 2x3ẋ3

ẋ3 − 3x2
2ẋ2 − 1

 . (2.39)

Partial derivatives of Fl with respect to selected variables p from (t, x, ẋ, . . . , x(l+1))
are denoted by Fl;p, e.g.,

Fl;ẋ,...,x(l+1) =
(

∂
∂ẋFl

∂
∂ẍFl · · · ∂

∂x(l+1)Fl

)
. (2.40)

A corresponding notation is used for partial derivatives of other functions.

Example 2.7: Notation for partial derivatives

For the DAE in example in Example 2.5 we have

F0;x,ẋ =
(

0 0 −2x3 1 0 0
0 −3x2

2 1 0 0 0

)
, (2.41)

F0;x =
(

0 0 −2x3

0 −3x2
2 1

)
, (2.42)

and

F0;ẋ =
(

1 0 0
0 0 0

)
. (2.43)

The solution of the derivative array Fµ for some integer µ is denoted

Lµ = {zµ ∈ I× Rn × · · · × Rn |Fµ(zµ) = 0} . (2.44)

Example 2.8: Lµ — solution of the derivative array

For the DAE in example in Example 2.5 we have, with µ = 0,

L0 =
{
z0 ∈ I× R3 × R3

∣∣∣∣( z0,5 − z2
0,4

z0,4 − z3
0,3 − z0,1

)
= 0

}
(2.45)

where z0,i represents the i:th element of the vector z0. We thus have z0,1 representing the
time t, z0,2 representing x1, z0,3 representing x2, z0,4 representing x3, z0,5 representing
ẋ1 and so on. The set L0 is shown in Figure 2.2.
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Figure 2.2: The set L0 in Example 2.8. For the variables in z0 that are not shown,
we have that z0,4 = z3

0,3 + z0,1 and that z0,2, z0,6, and z0,7 can take arbitrary values
in R.

To present the main results, the corank of a matrix must be defined (Kunkel and
Mehrmann, 2005, page 374).

Definition 2.4 (Corank). The corank of a matrix is the rank deficiency with respect to
rows. The convention that corankF−1;x = 0 is used.

For example, if a matrix has 5 rows and rank 3, the corank is 2. The following prop-
erty, Hypothesis 1 by Kunkel and Mehrmann (2001), which describes the basic require-
ments on DAE models handled by the theory can now be formulated.

Property 2.1
Consider the general nonlinear DAE (2.34). There exist integers µ, r, a, d, and v such
that the following conditions hold:

1. The set Lµ ⊆ R(µ+2)n+1 forms a manifold of dimension (µ+ 2)n+ 1− r.

2. We have
rankFµ;x,ẋ,...,x(µ+1) = r (2.46)

on Lµ.
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3. We have
corankFµ;x,ẋ,...,x(µ+1) − corankFµ−1;x,ẋ,...,x(µ) = v (2.47)

on Lµ.

4. We have
rankFµ;ẋ,...,x(µ+1) = r − a (2.48)

on Lµ such that there are smooth full rank matrix functions Z2 and T2 defined on
Lµ of size

(
(µ+ 1)m,a

)
and (n, n− a), respectively, satisfying

ZT
2 Fµ;ẋ,...,x(µ+1) = 0 (2.49a)

rankZT
2 Fµ;x = a (2.49b)

ZT
2 Fµ;xT2 = 0 (2.49c)

on Lµ.

5. We have
rankFẋT2 = d = m− a− v (2.50)

on Lµ.

One of the more restrictive assumptions of Property 2.1 is that all ranks are constant. This
for example rules out models where the number of states changes over time. Apart from
that, the assumptions of Property 2.1 are not very restrictive and are satisfied for many
physical models.

The property makes it possible to define a new index concept, the strangeness index
(Kunkel and Mehrmann, 2001, 2006).

Definition 2.5 (Strangeness index). The strangeness index of the DAE system (2.34) is
the smallest µ such that Property 2.1 is satisfied.

Example 2.9: Verifying Property 2.1

In this example, we show that the system in Example 2.5 fulfills Property 2.1 with µ = 0,
and thus has strangeness index 0. Note that the dimension of x is n = 3 and the dimension
of F is m = 2. Take µ = 0. The parts of Property 2.1 can now be verified as follows.

1. From (2.45) and Figure 2.2 we get that L0 forms a manifold of dimension 5. We
must thus have

r = (µ+ 2)n+ 1− 5 = 2. (2.51)

2. From (2.41) we get that
rankF0;x,ẋ = 2 (2.52)

which is consistent with r = 2.

3. F0;x,ẋ has full row rank, so v = 0.
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4. From (2.43) we get that
rankF0,ẋ = 1 (2.53)

which gives
a = r − 1 = 1. (2.54)

The matrices Z2 and T2 can be taken as

Z2 =
(

0
1

)
(2.55)

and

T2 =

1 0
0 1
0 3x2

2

 . (2.56)

5. We have

rankFẋT2 = rank
(

1 0 0
0 0 0

)1 0
0 1
0 3x2

2

 = rank
(

1 0
0 0

)
= 1. (2.57)

This is consistent with

m− a− v = 2− 1− 0 = 1, (2.58)

so we have a well-defined d = 1.

For DAE models that satisfy the property it is, as mentioned in the beginning of the
section, possible to divide the equations into one part that (locally) forms an ordinary
differential equation for one part of the variables (denoted x1), and one part that locally
forms static equations that determine another part of the variables (denoted x3). If any
variables still are undetermined, then they can be chosen freely. These variables are de-
noted x2. Note that no variable transformation is necessary, only a reordering of the
variables needs to be done. This means that we can write

x(t) = Q

x1(t)
x2(t)
x3(t)

 , Q permutation matrix. (2.59)

This transformation is performed by first defining the m × d matrix Z1 (which can be
chosen constant) such that

rankZT
1 FẋT2 = d (2.60)

and then forming

F̂1 = ZT
1 F (2.61a)

F̂2 = ZT
2 Fµ. (2.61b)
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This gives the equations

F̂1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0 (2.62a)

F̂2(t, x1, x2, x3) = 0. (2.62b)

Example 2.10: Computing F̂1 and F̂2

For the DAE in example 2.5 we can take

Z1 =
(

1
0

)
(2.63)

and we thus get

F̂1 =
(
1 0

)︸ ︷︷ ︸
ZT

1

(
ẋ1 − x2

3

x3 − x3
2 − t

)
︸ ︷︷ ︸

F

= ẋ1 − x2
3 (2.64a)

F̂2 =
(
0 1

)︸ ︷︷ ︸
ZT

2

(
ẋ1 − x2

3

x3 − x3
2 − t

)
︸ ︷︷ ︸

F0

= x3 − x3
2 − t. (2.64b)

F̂2 = 0 can (locally) be solved for x3 to give the equations

F̂1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0 (2.65a)
x3 = R(t, x1, x2). (2.65b)

After using (2.65b) to eliminate x3 and ẋ3 in (2.65a), (2.65a) can be locally solved for ẋ1

to give

ẋ1 = L(t, x1, x2, ẋ2) (2.66a)
x3 = R(t, x1, x2). (2.66b)

Example 2.11: Separating the internal variables
For the DAE in Example 2.5 we can solve F̂1 = 0 and F̂2 = 0 for ẋ1 and x3:

ẋ1 = x2
3 (2.67a)

x3 = x3
2 + t. (2.67b)

Eliminating x3 in (2.67a) using (2.67b) gives

ẋ1 = (x3
2 + t)2︸ ︷︷ ︸
L

(2.68a)

x3 = x3
2 + t︸ ︷︷ ︸
R

. (2.68b)
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The above discussion can be summarized by the following theorem, which is a version
of Theorem 3 by Kunkel and Mehrmann (2001).

Theorem 2.1
Let F in (2.34) satisfy Property 2.1 with µ, a, d, v. Then every solution of (2.34) solves a
reduced problem,

ẋ1 = L(t, x1, x2, ẋ2) (2.69a)
x3 = R(t, x1, x2) (2.69b)

consisting of d differential and a algebraic equations. The elements of x1 ∈ Rd, x2 ∈
Rn−a−d, and x3 ∈ Ra together make up the elements of x.

Proof: See Theorem 3 in Kunkel and Mehrmann (2001).

Note that it is typically not possible to solve for ẋ1 and x3 explicitly (the existence of
the transition is proved using the implicit function theorem). Instead it is usually necessary
to work with F̂1 and F̂2 and solve for ẋ1 and x3 numerically. However, it is possible to
solve explicitly for ẋ3. This can be seen by differentiating (2.62b) with respect to time,

d

dt
F̂2 = F̂2;t + F̂2;x1 ẋ1 + F̂2;x2 ẋ2 + F̂2;x3 ẋ3. (2.70)

Since F̂2 can be solved locally for x3, F̂2;x3 is non-singular. This means that ẋ3 can be
written as

ẋ3 = −F̂−1
2;x3

(
F̂2;t + F̂2;x1 ẋ1 + F̂2;x2 ẋ2

)
(2.71)

where F̂−1
2;x3

is the inverse of the matrix F̂2;x3 . We can thus expect to work with equations
like

F̃1(t, x1, x2, x3, ẋ1, ẋ2) = 0 (2.72a)

F̂2(t, x1, x2, x3) = 0 (2.72b)

where F̃1 is F̂1 with ẋ3 eliminated using (2.71).
The theorem above states that every solution of the DAE also solves the reduced sys-

tem. To show that the solutions of the reduced systems solve the original DAE, additional
requirements must be fulfilled as stated by the following theorem. In this theorem, Prop-
erty 2.1 must be satisfied for two successive values of µ with the other constants in the
property unchanged.

Theorem 2.2
Let F in (2.34) be sufficiently smooth and satisfy Property 2.1 with µ, a, d, v and with
µ + 1 (replacing µ), a, d, v. Let the initial condition z0

µ+1 ∈ Lµ+1 be given and let
the parameterization of the solution of Fµ+1 include ẋ2. Then, for every function x2 ∈
C1 · (I,Rn−a−d) that satisfies z0

µ+1, the reduced system

ẋ1 = L(t, x1, x2, ẋ2) (2.73a)
x3 = R(t, x1, x2) (2.73b)

has unique solutions x1 and x3 where x1 satisfies the initial condition z0
µ+1. Moreover,

these together locally solve the original problem.
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Proof: See Theorem 4 in Kunkel and Mehrmann (2001).

The term “locally solves” in this theorem refers to the fact that solutions to (2.73) only
represents one set of solutions to the original DAE. There could possibly be solutions with
other properties. For example, the equation x =

√
y “locally solves” x2−y = 0 for y > 0.

It is possible to select the initial value x1(0) freely in a neighborhood of each possible
value as noted by the following proposition.

Proposition 2.1
Let F in (2.34) satisfy the conditions of Theorem 2.2. Let x10 be the part of z0

µ+1 ∈ Lµ+1

belonging to x1. If x̃10 is sufficiently close to x10, it is part of a z̃0
µ+1 ∈ Lµ+1 close to

z0
µ+1 and Theorem 2.2 can be applied with z0

µ+1 replaced by z̃0
µ+1. The same holds for

x2.

Proof: It follows from the proof of Theorem 4 in Kunkel and Mehrmann (2001) that
Lµ+1 locally can be parameterized by t, x1, x2, and p where p is chosen from ẋ . . . xµ+2.
x̃10 can thus be chosen freely if it is sufficiently close to x10. The same holds for x2.

If there are no free parameters x2, Theorem 2.2 simplifies to the following corollary.

Corollary 2.1
Let F in (2.34) be sufficiently smooth and satisfy Property 2.1 with µ, a, d, v and with
µ + 1 (replacing µ), a, d, v, and assume that a + d = n. Fore every z0

µ+1 ∈ Lµ+1 the
reduced problem

ẋ1 = L(t, x1) (2.74a)
x3 = R(t, x1) (2.74b)

has a unique solution satisfying the initial value given by z0
µ+1. Moreover, this solution

locally solves the original problem.

Proof: See Corollary 5 in Kunkel and Mehrmann (2001).

The forms discussed here will be important tools when examining noise modeling,
identifiability, and observability for nonlinear DAE models. The transformation is typi-
cally not unique, for example there may be different possible choices of state variables x1.
It is also common that the DAE is well determined so that x2 has size zero, as for example
in Corollary 2.1. This is defined as regularity.

Definition 2.6 (Regularity). The DAE

F
(
ẋ(t), x(t), u(t)

)
= 0 (2.75)

is called regular if it satisfies Property 2.1 and n− a− d = 0 or, equivalently, the size of
x2 is equal to zero.

When using the method discussed in this section, it is usually necessary to succes-
sively increase µ until the property is true. The property could for example be verified
by numeric rank tests at a certain value of x(t), see further Remark 1 by Kunkel and
Mehrmann (2001). The practical implementation of methods related to the property is
also discussed in a more recent paper by Kunkel and Mehrmann (2004).
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2.3 Linear DAE Models

In this section we will discuss some concepts concerning linear DAE systems that will be
needed to motivate or develop the theory discussed in later chapters. The theory for linear
DAE systems is presented separately since the linear structure allows a detailed analysis
than for the nonlinear case. Linear DAEs are also known as linear descriptor systems,
linear singular systems, and linear implicit systems.

2.3.1 Introduction

A linear DAE is a system of equations in the form

Eẋ(t) = Jx(t) +Ku(t) (2.76a)
y(t) = Lx(t). (2.76b)

In this description E and J are constant square matrices and K and L are constant ma-
trices. Note that E may be a singular matrix. This makes it possible to include a purely
algebraic equation in the description for example by letting a row of E be equal to zero.
The vectors u(t) and y(t) are the input and the measured output respectively. Finally, the
vector x(t) contains the internal variables that describe the current state of the system.

It is also possible to form a discrete-time counterpart of the linear DAE (2.76).

Ex(t+ 1) = Jx(t) +Ku(t) (2.77a)
y(t) = Lx(t) (2.77b)

This model is called a system of difference-algebraic equations or a discrete-time descrip-
tor system.

Two references on linear DAE systems are the book by Dai (1989b) and the survey
by Lewis (1986). They discuss both general properties of linear DAE systems such as
regularity and canonical forms, as well as controllability, observability, and different con-
trol and estimation strategies. They are both focused on the continuous-time case, but also
treat discrete-time systems. Many references to earlier work are provided by both authors.
Within the numerical analysis literature, Brenan et al. (1996) is worth mentioning. The
main topic is the numerical solution of nonlinear DAEs, but linear DAE systems are also
treated. One can also note that linear DAE systems are special cases of the general linear
constant differential equations discussed by Rosenbrock (1970). Rosenbrock’s analysis
is mainly carried out in the frequency domain. Linear DAE systems are also special cases
of the general differential systems discussed by Kailath (1980, Chapter 8). Linear DAE
models are also discussed in the book by Kunkel and Mehrmann (2006).

The main topics of this section is to describe how the linear DAE system (2.76) can
be transformed into different canonical forms (Section 2.3.3), and how it can be further
transformed into a state-space system with a redefined input (Section 2.3.5). It is also
discussed how a linear DAE system can be sampled by first transforming it to state-space
form in Section 2.3.6. In Section 2.6 the results for the continuous-time case are extended
to the discrete-time case.

Before proceeding into details of the canonical forms it may be worthwhile to note
that (2.76) has the transfer function

G(s) = L(sE − J)−1K. (2.78)
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A difference between G(s) in (2.78) and the transfer function of a state-space system is
that G(s) in (2.78) may be non-proper (have higher degree in the numerator than in the
denominator) in the general case. This can be realized from the following example:s

(
0 1
0 0

)
︸ ︷︷ ︸

E

−
(

1 0
0 1

)
︸ ︷︷ ︸

J


−1

= −
(

1 s
0 1

)
(2.79)

It can be noted that the transfer function in (2.78) only is well-defined if (sE − J)
is non-singular. In Section 2.3.2 we will define the non-singularity of this matrix as reg-
ularity of the system (2.76). We will also see that regularity of a linear DAE system is
equivalent to the existence of a unique solution.

2.3.2 Regularity

A basic assumption which is made throughout this thesis is that the inverse in (2.78) is
well-defined, and therefore we formalize this with a definition.

Definition 2.7 (Regularity). The linear DAE system

Eẋ(t) = Jx(t) +Ku(t) (2.80a)
y(t) = Lx(t) (2.80b)

is called regular if
det(sE − J) 6≡ 0, (2.81)

that is the determinant is not zero for all s.

This definition is the same as the one used by Dai (1989b). The reason that regularity
of a linear DAE system is a reasonable assumption, is that it is equivalent to the exis-
tence of a unique solution, as discussed by Dai (1989b, Chapter 1). To illustrate this, we
examine the Laplace transformed version of (2.80a):

sEL [x(t)]− Ex(0) = JL [x(t)] +KL [u(t)] (2.82)

where L[·] means the Laplace transform of the argument. Rearranging this, we get

(sE − J)L [x(t)] = KL [u(t)] + Ex(0) (2.83)

If the system is regular, we get that L [x(t)] is uniquely determined by

L [x(t)] = (sE − J)−1 (
KL [u(t)] + Ex(0)

)
. (2.84)

If, on the other hand, the system is not regular, there exists a vector α(s) 6≡ 0 such
that

(sE − J)α(s) ≡ 0. (2.85)

We get that if the system is not regular and a solution of (2.83) is L [x(t)], then so is
L [x(t)] + kα(s) for any constant k. A solution is consequently not unique. It is also
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obvious that a solution may not even exist if the system is not regular, for example if
(sE − J) ≡ 0.

To draw conclusions about x(t) from the existence of L [x(t)], we should examine if
the inverse Laplace transform exists. We do not go into these technicalities here. However,
in the next section we will see how a regular linear DAE system can be transformed into
a form where the existence of a solution is obvious.

It is usually a reasonable assumption that a system has an input which uniquely de-
termines the value of the internal variables for each consistent initial condition. With this
motivation, it will be assumed throughout this thesis that the systems encountered are
regular.

We conclude this section with a small example to illustrate the connection between
solvability and regularity.

Example 2.12: Regularity

m

F (t)

x2(t)

x1(t)

Figure 2.3: A body affected by a force.

Consider the body with mass m in Figure 2.3. The body has position x1(t) and ve-
locity x2(t) and is affected by a force F (t). The equations describing the system are

ẋ1(t) = x2(t) (2.86a)
mẋ2(t) = F (t) (2.86b)

which also can be written as(
1 0
0 m

)
︸ ︷︷ ︸

E

(
ẋ1(t)
ẋ2(t)

)
=
(

0 1
0 0

)
︸ ︷︷ ︸

J

(
x1(t)
x2(t)

)
+
(

0
1

)
︸︷︷︸

K

F (t) (2.87)

which is a linear DAE system (without output equation). We get that

det(sE − J) = ms2 (2.88)

and the system is regular if and only if m 6= 0. According to the discussion earlier this
gives that there exists a unique solution if and only if m 6= 0. This is also obvious from
the original equations (2.86). In this example we also see that regularity is a reasonable
requirement on the system.
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2.3.3 A Canonical Form

In this section we examine how a linear DAE system can be rewritten in a form which
resembles a state-space system and explicitly shows how the solution of the DAE system
can be obtained. This transformation will later play an important role in the development
of the identification algorithms. Similar transformations have been considered earlier in
the literature (see e.g., Dai, 1989b), but the proofs which are presented in this section have
been constructed so that the indicated calculations can be computed by numerical software
in a reliable manner. How the different steps of the proofs can be computed numerically
is studied in detail in Chapter 11. It can be noted that the system must be regular for the
transformation to exist, but as discussed in Section 2.3.2 regularity is equivalent to the
existence of a unique solution.

The main result is presented in Theorem 2.3, but to derive this result we use a series
of lemmas as described below. The first lemma describes how the system matrices E and
J simultaneously can be written in triangular form with the zero diagonal elements of E
sorted to the lower right block.

Lemma 2.1
Consider a system

Eẋ(t) = Jx(t) +Ku(t) (2.89a)
y(t) = Lx(t). (2.89b)

If (2.89) is regular, then there exist non-singular matrices P1 and Q1 such that

P1EQ1 =
(
E1 E2

0 E3

)
and P1JQ1 =

(
J1 J2

0 J3

)
(2.90)

where E1 is non-singular, E3 is upper triangular with all diagonal elements zero and J3

is non-singular and upper triangular.

Note that either the first or the second block row in (2.90) may be of size zero.

Proof: The Kronecker canonical form of a regular matrix pencil which is discussed by,
e.g., Kailath (1980, Chapter 6) immediately shows that it is possible to perform the trans-
formation (2.90).

In the case when the matrix pencil is regular, the Kronecker canonical form is also
called the Weierstrass canonical form. The Kronecker and Weierstrass canonical forms
are also discussed by (Gantmacher, 1960, Chapter 12). The original works are by Weier-
strass (1868) and Kronecker (1890).

Note that the full Kronecker form is not computed by the numerical software discussed
in Chapter 11. The Kronecker form is here just a convenient way of showing that the
transformation (2.90) is possible.

The next two lemmas describe how the internal variables of the system can be sepa-
rated into two parts by making the system matrices block diagonal.
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Lemma 2.2
Consider (2.90). There exist matrices L and R such that(

I L
0 I

)(
E1 E2

0 E3

)(
I R
0 I

)
=
(
E1 0
0 E3

)
(2.91)

and (
I L
0 I

)(
J1 J2

0 J3

)(
I R
0 I

)
=
(
J1 0
0 J3

)
. (2.92)

Proof: See Kågström (1994) and references therein for a proof of this lemma.

Lemma 2.3
Consider a system

Eẋ(t) = Jx(t) +Ku(t) (2.93a)
y(t) = Lx(t). (2.93b)

If (2.93) is regular, there exist non-singular matrices P and Q such that the transforma-
tion

PEQQ−1ẋ(t) = PJQQ−1x(t) + PKu(t) (2.94)

gives the system (
I 0
0 N

)
Q−1ẋ(t) =

(
A 0
0 I

)
Q−1x(t) +

(
B
D

)
u(t) (2.95)

where N is a nilpotent matrix.

Proof: Let P1 and Q1 be the matrices in Lemma 2.1 and define

P2 =
(
I L
0 I

)
(2.96a)

Q2 =
(
I R
0 I

)
(2.96b)

P3 =
(
E−1

1 0
0 J−1

3

)
(2.96c)

where L and R are from Lemma 2.2. Also let

P = P3P2P1 (2.97a)
Q = Q1Q2. (2.97b)

Then

PEQ =
(
I 0
0 J−1

3 E3

)
(2.98)

and

PJQ =
(
E−1

1 J1 0
0 I

)
(2.99)

Here N = J−1
3 E3 is nilpotent since E3 is upper triangular with zero diagonal elements

and J−1
3 is upper triangular. J−1

3 is upper triangular since J3 is. Defining A = E−1
1 J1

finally gives us the desired form (2.95).
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We are now ready to present the main result in this section, which shows how the
solution of linear DAEs can be obtained. We get this result by observing that the first
block row of (2.95) is a normal state-space description and showing that the solution of
the second block row is a sum of the input and some of its derivatives.

Theorem 2.3
Consider a system

Eẋ(t) = Jx(t) +Ku(t) (2.100a)
y(t) = Lx(t). (2.100b)

If (2.100) is regular, its solution can be described by

ẋ1(t) = Ax1(t) +Bu(t) (2.101a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(i)(t) (2.101b)(
x1(t)
x2(t)

)
= Q−1x(t) (2.101c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (2.101d)

Proof: According to Lemma 2.3 we can without loss of generality assume that the system
is in the form (

I 0
0 N

)(
ẋ1(t)
ẋ2(t)

)
=
(
A 0
0 I

)(
x1(t)
x2(t)

)
+
(
B
D

)
u(t) (2.102a)(

x1(t)
x2(t)

)
= Q−1x(t) (2.102b)

y(t) = LQ

(
x1(t)
x2(t)

)
(2.102c)

where (
x1(t)
x2(t)

)
(2.103)

is partitioned according to the matrices.
Now, if N = 0 we have that

x2(t) = −Du(t) (2.104)

and we are done. If N 6= 0 we can multiply the second block row of (2.102a) with N to
get

N2ẋ2(t) = Nx2(t) +NDu(t). (2.105)

We now differentiate (2.105) and insert the second block row of (2.102a). This gives

x2(t) = −Du(t)−NDu̇(t) +N2ẍ2(t) (2.106)
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If N2 = 0 we are done, otherwise we just continue until Nm = 0 (this is true for some
m since N is nilpotent). We would then arrive at an expression like

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(i)(t) (2.107)

and the proof is complete.

Note that the internal variables of the system, and therefore also the output, may
depend directly on derivatives of the input. In the case of no dependence on the derivative
of the input, we will have

ND = 0. (2.108)

This relation will also play an important role in Chapter 8 where it is examined how
noise can be added to the system without having to accept derivatives of the noise in the
solution.

We conclude the section with an example which shows what the form (2.101) is for a
simple electrical system.

Example 2.13: Canonical form

Consider the electrical circuit in Figure 2.4. With I1(t) as the output and u(t) as the input,

u(t)

I1(t)

I2(t) I3(t)

R L

Figure 2.4: A small electrical circuit.

the equations describing the systems are0 0 L
0 0 0
0 0 0

İ1(t)İ2(t)
İ3(t)

 =

0 0 0
1 −1 −1
0 −R 0

I1(t)I2(t)
I3(t)

+

1
0
1

u(t) (2.109a)

y(t) =
(
1 0 0

)I1(t)I2(t)
I3(t)

 . (2.109b)
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Transforming the system into the form (2.95) gives

1 0 0
0 0 0
0 0 0

0 0 1
0 1 0
1 0 −1

İ1(t)İ2(t)
İ3(t)

 =

0 0 0
0 1 0
0 0 1

0 0 1
0 1 0
1 0 −1

I1(t)I2(t)
I3(t)

+

 1
L
− 1

R
− 1

R

u(t) (2.110a)

y(t) =
(
1 0 0

)I1(t)I2(t)
I3(t)

 . (2.110b)

Further transformation into the form (2.101) gives

ẋ1(t) =
1
L
u(t) (2.111a)

x2(t) = −
(
− 1

R
− 1

R

)
u(t) (2.111b)

(
x1(t)
x2(t)

)
=

0 0 1
0 1 0
1 0 −1

I1(t)I2(t)
I3(t)

 (2.111c)

y(t) =
(
1 0 0

)1 0 1
0 1 0
1 0 0

(x1(t)
x2(t)

)
. (2.111d)

We can here see how the state-space part has been singled out by the transformation.
In (2.111c) we can see that the state-space variable x1(t) is equal to I3(t). This is natural,
since the only dynamic element in the circuit is the inductor. The two variables in x2(t)
are I2(t) and I1(t)− I3(t). These variables depend directly on the input.

2.3.4 Alternative Canonical Forms

The transformations presented above are the ones that will be used in this thesis, mainly
because they clearly show the structure of the system and because they can be computed
with numerical software as will be discussed in Chapter 11. Several other transformations
have been suggested in the literature, so we will review some alternative transformations
here. All methods discussed assume that the linear DAE system is regular.

Shuffle Algorithm

The shuffle algorithm, which was suggested by Luenberger (1978), was as the name sug-
gests presented as an algorithm to reach a certain canonical form. The non-reduced form
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of the shuffle algorithm applied to the DAE system (2.76) gives the canonical form

ẋ(t) = Ē−1

(
J̄x(t) +

m∑
i=0

K̄iu
(i)(t)

)
. (2.112)

We show below how to calculate the matrices Ē, J̄ , and K̄i. The shuffle algorithm has the
advantage that no coordinate transformation is necessary. However, in (2.112) it looks as
if the initial condition x(0) can be chosen arbitrarily, which normally is not the case. It is
instead partly determined by u(0) and its derivatives. There is also a reduced form of the
shuffle algorithm which explicitly shows how the initial conditions can be chosen.

The form (2.112) is computed by first transforming the matrix(
E J K

)
(2.113)

by row operations (for example Gauss elimination) into the form(
E1 J1 K1

0 J2 K2

)
(2.114)

where E1 has full row rank. We now have the system(
E1

0

)
ẋ(t) =

(
J1

J2

)
x(t) +

(
K1

K2

)
u(t). (2.115)

By differentiating the second row (this is the “shuffle” step) we get(
E1

−J2

)
︸ ︷︷ ︸

Ē

ẋ(t) =
(
J1

0

)
︸ ︷︷ ︸

J̄

x(t) +
(
K1

0

)
︸ ︷︷ ︸

K̄0

u(t) +
(

0
K2

)
︸ ︷︷ ︸

K̄1

u̇(t). (2.116)

Note that we through this differentiation loose information about the connection between
the initial conditions x(0) and u(0). If Ē is non-singular, we just multiply by Ē−1 from
the left to get (2.112). If it is singular, the process is continued until we get a non-
singular Ē.

SVD Coordinate System

The SVD coordinate system of the DAE system (2.76) is calculated by taking the singular
value decomposition (SVD) of E,

UEV T =
(

Σ 0
0 0

)
(2.117)

where Σ contains the non-zero singular values ofE and U and V are orthogonal matrices.
The transformation

UEV TV −T ẋ(t) = UJV TV −Tx(t) + UKu(t) (2.118)
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then gives the system(
Σ 0
0 0

)
V −T ẋ(t) =

(
J11 J12

J21 J22

)
V −Tx(t) +

(
K1

K2

)
u(t). (2.119)

Here, V −T is the inverse of V T . Note that V −T = V since V is an orthogonal matrix.
It can be noted that the block rows here do not need to have the same size as the

block rows in the canonical form (2.95). The SVD coordinate system was discussed by
Bender and Laub (1987) who use it to examine general system properties and to derive
a linear-quadratic regulator for linear DAE systems. This transformation cannot imme-
diately be used to get a state-space-like description, but it is used as a first step in other
transformations (e.g., Kunkel and Mehrmann, 1994).

Triangular Form

We get the triangular form if we stay with the description in Lemma 2.1. The transformed
system is then(

E1 E2

0 E3

)
Q−1

1 ẋ(t) =
(
J1 J2

0 J3

)
Q−1

1 x(t) +
(
K1

K2

)
u(t) (2.120)

where E1 is non-singular, E3 is upper triangular with all diagonal elements zero and J3 is
non-singular and upper triangular. Using this form we could derive an expression similar
to (2.101). A drawback is that here both x1(t) and x2(t) would depend on derivatives
of u(t), which can be verified by making calculations similar to those in the proof of
Theorem 2.3. A good thing about this form is that the matrices L and R of Lemma 2.2 do
not have to be computed.

2.3.5 State-Space Form

Within the control community, the theory for state-space systems is much more devel-
oped than the theory for DAE systems. For state-space systems there are many methods
available for control design, state estimation and system identification, see e.g., Glad and
Ljung (2000), Kailath et al. (2000), and Ljung (1999). For linear state-space systems it is
also well established how the systems can be sampled, that is how an exact discrete-time
counterpart of the systems can be calculated under certain assumptions on the input (e.g.,
Åström and Wittenmark, 1984). To be able to use these results for linear DAE systems,
we in this section examine how a linear DAE system can be transformed into a linear
state-space system. We will see that a linear DAE system always can be transformed to a
state-space system if we are allowed to redefine the input as one of its derivatives.

What we will do is to transform a linear DAE system

Eẋ(t) = Jx(t) +Ku(t) (2.121a)
y(t) = Lx(t) (2.121b)

into state-space form,

ż(t) = Az(t) +Bũ(t) (2.122a)
y(t) = Cz(t) + ũ(t). (2.122b)
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Here we have written ũ(t) in the state-space form to point out the fact that the input might
have to be redefined as one of its derivatives. We will assume that the DAE system is
regular. This implies, according to Theorem 2.3, that the system can be transformed into
the form

ẋ1(t) = Ax1(t) +Bu(t) (2.123a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(i)(t) (2.123b)(
x1(t)
x2(t)

)
= Q−1x(t) (2.123c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (2.123d)

Ifm = 1 no derivatives of u(t) occur in the description and we directly get that (2.123)
is equivalent to the state-space description

ẋ1(t) = A︸︷︷︸
Ã

x1(t) + B︸︷︷︸
B̃

u(t) (2.124a)

y(t) = LQ

(
I
0

)
︸ ︷︷ ︸

C̃

x1(t) + LQ

(
0
−D

)
︸ ︷︷ ︸

D̃

u(t). (2.124b)

Ifm > 1, the idea is to redefine the input as itsm−1:th derivative, so the original input
and some of its derivatives need to be included as state variables in the new description.
We therefore define a vector with the input and some of its derivatives,

x3(t) =


u(t)
u̇(t)

...
u(m−2)(t)

 . (2.125)

This vector will be part of the state vector in the transformed system. To be able to include
x3(t) in the state vector, we need to calculate its derivative with respect to time:

ẋ3(t) =


u̇(t)
ü(t)

...
u(m−1)(t)

 =


0 I . . . 0
...

...
. . .

...
0 0 . . . I
0 0 . . . 0

x3(t) +


0
...
0
I

u(m−1)(t) (2.126)

We can now rewrite (2.123) to depend on x3(t) instead of depending directly on the
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different derivatives of u(t). The new description will be

ẋ1(t) = Ax1(t) +
(
B 0 . . . 0

)
x3(t) (2.127a)

x2(t) = −
(
D ND . . . Nm−2D

)
x3(t)−Nm−1Du(m−1)(t) (2.127b)

ẋ3(t) =


0 I . . . 0
...

...
. . .

...
0 0 . . . I
0 0 . . . 0

x3(t) +


0
...
0
I

u(m−1)(t) (2.127c)

y(t) = LQ

(
x1(t)
x2(t)

)
(2.127d)

The final step to obtain a state-space description is to eliminate x2(t) from these equations.
The elimination is performed by inserting (2.127b) into (2.127d):

(
ẋ1(t)
ẋ3(t)

)
=


A B 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I
0 0 0 . . . 0


︸ ︷︷ ︸

Ã

(
x1(t)
x3(t)

)
+


0
0
...
0
I


︸ ︷︷ ︸

B̃

u(m−1)(t) (2.128a)

y(t) = LQ

(
I 0 0 . . . 0
0 −D −ND . . . −Nm−2D

)
︸ ︷︷ ︸

C̃

(
x1(t)
x3(t)

)

+ LQ

(
0

−Nm−1D

)
︸ ︷︷ ︸

D̃

u(m−1)(t)
(2.128b)

If we let

z(t) =
(
x1(t)
x3(t)

)
(2.129)

this can be written in the compact form

ż(t) = Ãz(t) + B̃u(m−1)(t) (2.130a)

y(t) = C̃z(t) + D̃u(m−1)(t). (2.130b)

The main purpose of this thesis is to examine how unknown parameters and internal
variables in DAE systems can be estimated, and this is what the state-space system will
be used for in the following. However, as pointed out in the beginning, it may be useful
to do the conversion in other cases as well, for example when designing controllers. The
controller would then generate the control signal u(m−1)(t). In order to obtain the actual
control signal u(t) we have to integrate u(m−1)(t). For a further discussion on this, see
e.g., the paper by Müller (2000).

We conclude the section by continuing Example 2.13 and writing the system in state-
space form.
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Example 2.14: State-space form
In Example 2.13 we saw that the equations for the electrical circuit could be written as

ẋ1(t) =
1
L
u(t) (2.131a)

x2(t) = −
(
− 1

R
− 1

R

)
u(t) (2.131b)

(
x1(t)
x2(t)

)
=

0 0 1
0 1 0
1 0 −1

I1(t)I2(t)
I3(t)

 (2.131c)

y(t) =
(
1 0 0

)1 0 1
0 1 0
1 0 0

(x1(t)
x2(t)

)
. (2.131d)

Since m = 1 (no derivatives of u(t) occur in the description), x3(t) is not necessary
and (2.124) can be used. This gives us the state-space description

ż(t) =
1
L
u(t) (2.132a)

y(t) = z(t) +
1
R
u(t). (2.132b)

For this simple case, the state-space description could have been derived manually from
the original equations, but the procedure in the example shows how we can compute the
state-space description automatically. For larger systems it may be more difficult to derive
the state-space description manually.

2.3.6 Sampling

As discussed earlier, the theory for state-space systems is much more developed than the
theory for DAE systems. In the previous section, we showed how a linear DAE system can
be transformed into a continuous-time state-space system, which gives us the possibility
to use theory for continuous-time state-space systems. However, in many cases measured
data from a system is available as sampled data. This could be the case both for control,
for estimation, and for system identification. To handle such cases for continuous-time
state-space systems, one common approach is to sample the state-space system, that is to
calculate a discrete-time counterpart of the state-space system. In this section we examine
how a linear DAE system can be sampled.

The basic result for sampling of state-space systems with piecewise constant input is
given in Lemma 2.4 below. The main result of this section is the extension of this lemma
to linear DAE systems.

Lemma 2.4
Consider the state-space system

ż(t) = Az(t) +Bu(t) (2.133a)
y(t) = Cz(t) +Du(t). (2.133b)
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If u(t) is constant for Tsk ≤ t < Tsk + Ts for constant Ts and k = 0, 1, 2, ..., then
z(Tsk) and y(Tsk) are exactly described by the discrete-time state-space system

z(Tsk + Ts) = Φz(Tsk) + Γu(Tsk) (2.134a)
y(Tsk) = Cz(Tsk) +Du(Tsk), (2.134b)

where

Φ = eATs (2.135)

Γ =

Ts∫
0

eAτdτB. (2.136)

Proof: See, for example, the book by Åström and Wittenmark (1984).

Now, if we assume that u(m−1)(t) is piecewise constant, Lemma 2.4 can be applied
to (2.124) or (2.130) to give an exact discrete-time description of the original linear DAE
system. We have thus arrived at the following theorem:

Theorem 2.4
Consider the regular linear DAE system

Eẋ(t) = Jx(t) +Ku(t) (2.137a)
y(t) = Lx(t) (2.137b)

with the canonical form

ẋ1(t) = Ax1(t) +Bu(t) (2.138a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(i)(t) (2.138b)(
x1(t)
x2(t)

)
= Q−1x(t) (2.138c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (2.138d)

If u(m−1)(t) is constant for Tsk ≤ t < Tsk + Ts for constant Ts and k = 0, 1, 2, ...,
then y(Tsk) is exactly described by the discrete-time state-space system

z(Tsk + Ts) = Φz(Tsk) + Γu(m−1)(Tsk) (2.139a)

y(Tsk) = C̃z(Tsk) + D̃u(m−1)(Tsk). (2.139b)

where

Φ = eÃTs (2.140)

Γ =

Ts∫
0

eÃτdτB̃ (2.141)

and Ã, B̃, C̃, and D̃ are defined in (2.124) or (2.128).
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Note that there are other assumptions on the behavior of u(m−1)(t) between the sam-
ple points which also will allow us to calculate an exact discrete-time description. One
such assumption is that it is piecewise linear.

If the internal variables do not depend on derivatives of the input, we will haveND =
0 in the equations above. The derivations in this section are of course valid also for this
case, although many of the formulas can be written in a simpler form. For example, we
will have m = 1, so we do not need to redefine the input. However, note that the matrix
E in the linear DAE system may very well be singular even if there is no dependence on
derivatives of the input, so it is still advantageous to use the formulas above to write the
system in state-space form and sample it.

For state-space systems, it is typically assumed that the input (and not one of its
derivatives) is piecewise constant when sampling a system. For DAEs where the inter-
nal variables depend on derivatives of the input, this is not a realistic assumption since the
internal variables would be derivatives of a step function.

2.4 Linear Time-Varying DAE Models

A more general form of the linear DAE is the linear time-varying DAE,

E(t)ẋ(t) = A(t)x(t) + f(t) (2.142a)
y(t) = C(t)x(t). (2.142b)

E(t) and A(t) are square time-varying matrices and C(t) is a rectangular time-varying
matrix. The external function f(t) typically represents an input signal which for example
can enter the equations as f(t) = B(t)u(t) where u(t) is an input signal. We will stick
with the notation f(t) in this section to be consistent with the notation by Kunkel and
Mehrmann (1994) from which we will present some results. (Time-varying linear DAE
models are also discussed in the book by Kunkel and Mehrmann, 2006). The results
from Kunkel and Mehrmann (1994) which we will review here treat canonical forms for
linear time-varying DAE systems. The canonical forms of are, not surprisingly, similar to
the time-invariant case. The main difference is that time-varying transformations are used,
that is (2.142a) is multiplied from the left with a matrix P (t) and a variable transformation
x(t) = Q(t)x̃(t) is made. Since

ẋ(t) = Q̇(t)x̃(t) +Q(t) ˙̃x(t) (2.143)

the transformed system is

P (t)E(t)Q(t) ˙̃x(t) =
(
P (t)A(t)Q(t)− P (t)E(t)Q̇(t)

)
x̃(t) + P (t)f(t) (2.144a)

y(t) = C(t)Q(t)x(t). (2.144b)

We see that there is an extra term P (t)E(t)Q̇(t) in (2.144a) compared to the time-
invariant case. This makes the transformations somewhat more involved.

First we will need to define a few quantities related to the n × n matrices E(t)
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and A(t). Let

T (t) basis of kernelE(t) (2.145a)
Z(t) basis of corangeE(t) (2.145b)
T ′(t) basis of cokernelE(t) (2.145c)

V (t) basis of corange
(
Z∗(t)A(t)T (t)

)
. (2.145d)

A∗ is the conjugate transpose of the matrix A. The kernel (or null space), range, corange,
and cokernel of an n× n matrix A are defined as

kernelA = {y ∈ Rn|Ay = 0}
rangeA = {y ∈ Rn|y = Ax, x ∈ Rn}

corangeA = kernelA∗

cokernelA = rangeA∗.

Now, let

r(t) = rankE(t) (2.146a)

a(t) = rank
(
Z∗(t)A(t)T (t)

)
(2.146b)

s(t) = rank
(
V ∗(t)Z∗(t)A(t)T ′(t)

)
(2.146c)

d(t) = r(t)− s(t) (2.146d)
b(t) = n− r(t)− a(t)− s(t). (2.146e)

The quantities r(t), a(t), s(t), d(t), and b(t) are called rank, algebraic part, strangeness,
differential part, and undetermined part respectively. We can now state the main transfor-
mation theorem from Kunkel and Mehrmann (1994).

Theorem 2.5
Let the matrices E(t) and A(t) be sufficiently smooth and let

r(t) ≡ r (2.147a)
a(t) ≡ a (2.147b)
s(t) ≡ s. (2.147c)

Then there exist non-singular transformation matrices P (t) and Q(t) such that

P (t)E(t)Q(t) =


Is 0 0 0 0
0 Id 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (2.148)

and

P (t)A(t)Q(t)− P (t)E(t)Q̇(t) =


0 A12(t) 0 A14(t) A15(t)
0 0 0 A24(t) A25(t)
0 0 Ia 0 0
Is 0 0 0 0
0 0 0 0 0

 . (2.149)



40 2 Modeling

Im is an identity matrix of size m ×m. The sizes of the block rows are s, d, a, s, and b
respectively.

Proof: See Kunkel and Mehrmann (1994).

Note that this transformation means that the system in the transformed variables
x1(t)
x2(t)
x3(t)
x4(t)
x5(t)

 = Q(t)x(t) (2.150)

can be written as

ẋ1(t) = A12(t)x2(t) +A14(t)x4(t) +A15(t)x5(t) + f1(t) (2.151a)
ẋ2(t) = A24(t)x4(t) +A25(t)x5(t) + f2(t) (2.151b)

0 = x3(t) + f3(t) (2.151c)
0 = x1(t) + f4(t) (2.151d)
0 = f5(t) (2.151e)

where 
f1(t)
f2(t)
f3(t)
f4(t)
f5(t)

 = P (t)f(t). (2.152)

The form (2.151) can be further transformed by differentiating (2.151d) and inserting into
(2.151a). We then get

0 = A12(t)x2(t) +A14(t)x4(t) +A15(t)x5(t) + f1(t) + ḟ4(t) (2.153a)
ẋ2(t) = A24(t)x4(t) +A25(t)x5(t) + f2(t) (2.153b)

0 = x3(t) + f3(t) (2.153c)
0 = x1(t) + f4(t) (2.153d)
0 = f5(t). (2.153e)

This form can the be further transformed by applying Theorem 2.5 again. Repeating this
process until s = 0 for the transformed system (or equivalently, the size of x1(t) is equal
to zero) leads to the following theorem (Kunkel and Mehrmann, 1994).

Theorem 2.6
Let Ei(t), Ai(t) be the sequence of matrices that is obtained by repeatedly applying
Theorem 2.5 and differentiating to obtain the form (2.153) for a linear time-varying DAE
(2.142a). Let si(t) be the strangeness for each pair of matrices. Let the strangeness index
defined by

m = min{i|si = 0} (2.154)
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be well determined. Let the function f(t) be sufficiently differentiable. Then (2.142a) is
equivalent to a differential-algebraic equation in the form

ẋ1(t) = A13(t)x3(t) + f1(t) (2.155a)
0 = x2(t) + f2(t) (2.155b)
0 = f3(t). (2.155c)

Here, f1(t) is determined by the function f(t), and f2(t) and f3(t) are determined by
f(t), ḟ(t), . . . , f (m)(t).

Proof: See Kunkel and Mehrmann (1994).

Equivalence here means that there is a one-to-one relationship between the solutions.
The fact that f1(t) does not depend on derivatives of f(t) is not directly stated by Kunkel
and Mehrmann (1994), but it is given by the transformations involved. Each transforma-
tion has matrices Qi(t) and Pi(t) such that

x(t) = Q1(t)Q2(t) · · ·Qm(t)

x1(t)
x2(t)
x3(t)

 (2.156)

and f1(t)f2(t)
f3(t)

 = Pm+1(t)P̃m(t, d
dt ) · · · P̃1(t, d

dt )f(t) (2.157)

where

P̃i =


I 0 0 d

dtI 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I

Pi(t). (2.158)

The matrix containing d
dt represents the differentiation that took us to the form (2.153).

Note that no differentiation is performed in the final transformation Pm+1(t) since si = 0.
It is not apparent from this notation that f1(t) does not depend on derivatives of f , but
this is given by the proofs in Kunkel and Mehrmann (1994) where block rows contain-
ing differentiated variables ẋ(t) are not mixed with rows not containing differentiated
variables.

Theorem 2.6 makes it possible to define regularity for linear time-varying DAEs as
the absence of undetermined variables x3(t).

Definition 2.8 (Regularity). The linear time-varying DAE is said to be regular if there
are no undetermined variables, or equivalently, x3(t) in (2.155) is of size zero.

2.5 DAE Solvers

This section introduces the basic functionality of DAE solvers, and assumptions about
the solver that will be needed to derive some of the results in the thesis. The basic func-
tionality that is assumed is that given a nonlinear DAE, F (ẋ(t), x(t), t) = 0, the solvers
produce x(t) for a desired time interval.
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Purely numeric solvers for DAEs only handle limited classes of DAEs, usually sys-
tems with differential index 1, or limited classes of higher index systems. One common
numerical solver is DASSL (Brenan et al., 1996). For component-based models, it is not
sufficient to treat lower index problems, so instead the kind of solvers that are used to
simulate component-based models, such as Modelica models, are used. Such solvers are
included in, e.g., Dymola and OpenModelica. These solvers typically reduce the index
to 1 by differentiating equations that are chosen using Pantelides’s algorithm (Pantelides,
1988) and structure the equations so that large DAE systems can be simulated efficiently.
Then a numerical solver is used. The number of times that

Pantelides’s algorithm (Pantelides, 1988) is an important tool for finding which equa-
tions to differentiate when reducing the index of large-scale higher index DAE systems.
This is a graph-theoretical algorithm that originally was developed to find conditions that
consistent initial values must satisfy. It has later been used by others to find differentia-
tions to reduce the index of DAE systems to 1 or 0 in DAE solvers. The algorithm only
uses structural information about which variables that are included in which equations.
While the algorithm works well for index reduction in most cases, it can sometimes give
incorrect results (Reißig et al., 2000).

Structuring of the equations to achieve efficient simulation can be performed by trans-
forming the equations into block lower triangular (BLT) form. This means that the equa-
tions are sorted so that the equations can be solved stepwise for a few variables at a time.
An implementation of the BLT algorithm (not in connection with equation solving) is
discussed by Duff and Reid (1978).

During the index reduction process, some of the variables x(t) are selected as states.
For the user, this means that initial values of these variables can be selected independently
of each other. The initial values of the remaining variables are computed from the initial
values of the states so that the initial value is consistent. It is possible for the user to
influence the state selection process by indicating that some variables are preferred as
states.

The solver typically also structures the equations as

F̃1(t, x1, x3, ẋ1) = 0 (2.159a)

F̂2(t, x1, x3) = 0 (2.159b)

where x3 can be solved from (2.159b) and ẋ1 can be solved from (2.159a). This means
that an approximation of the transformations discussed in Section 2.2 is computed.

One method to combine these methods into an index reducing pre-processing algo-
rithm is suggested by Mattsson and Söderlind (1993). We summarize this algorithm here.

1. Differentiate the equations using Pantelides’s algorithm to achieve an index 1 sys-
tem.

2. Permute the equations and variables into BLT form.

3. Select state variables using the dummy derivatives method (Mattsson and Söder-
lind, 1993).

To derive some of the identifiability results later in the thesis, some assumptions on
the DAE solver are needed:
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• If locally unique solutions to the DAE exist, one of them is given. Otherwise the
user is notified, e.g., through an error message. There are different error messages
for the cases when no solution exists and when existing solutions are not locally
unique.

• Some of the variables that appear differentiated are selected as states by the solver.
The initial values of these variables can be selected freely by the user, and the initial
values of the remaining variables are computed from the initial values of the state
variables.

• The number of unknowns must be the same as the number of equations. (The
derivative of a variable does not count as an unknown of its own.)

These assumptions represent a kind of ideal DAE solver, but existing DAE solvers such
as the one in Dymola come quite close to satisfying them.

2.6 Linear Difference-Algebraic Equations

In this section the difference-algebraic system

Ex(t+ 1) = Jx(t) +Ku(t) (2.160a)
y(t) = Lx(t) (2.160b)

will be treated. Difference-algebraic equations are also known as discrete-time descriptor
systems. Since the sampled version of a linear DAE system can be written as a discrete-
time state-space system (see Section 2.3.6), there are probably fewer applications for
discrete-time descriptor systems than for discrete-time state-space systems. However,
applications could be found among truly discrete-time systems such as some economical
systems. Discrete-time and continuous-time descriptor systems can be treated in a similar
fashion, so the discussion here will be rather brief.

We will show how (2.160) can be written in different canonical forms and then trans-
formed into state-space form, but we can directly note that (2.160) is a discrete-time linear
system with the transfer function

G(z) = L(zE − J)−1K. (2.161)

A difference betweenG(z) and the transfer function of a discrete-time state-space system
is that G(z) here may be non-proper, that is have higher degree in the numerator than in
the denominator. This corresponds to a non-causal system. For an example of matrices E
and J that give a non-proper system, see (2.79).

Similarly to the continuous-time case, the transfer function is only well-defined if
(zE−J) is non-singular. In the next section we will define non-singularity of this matrix
as regularity for the corresponding system and show that the system is solvable if the
system is regular.



44 2 Modeling

2.6.1 Regularity

A basic assumption that will be made about the discrete-time descriptor systems is that
the inverse in (2.161) is well-defined, and below this is formalized with a definition.

Definition 2.9 (Regularity). The discrete-time descriptor system

Ex(t+ 1) = Jx(t) +Ku(t) (2.162a)
y(t) = Lx(t) (2.162b)

is called regular if
det(zE − J) 6≡ 0, (2.163)

that is the determinant is not zero for all z.

This definition is the same as the one used by Dai (1989b). As in the continuous-
time case, regularity is equivalent to the existence of unique solution. This is discussed
by for example Luenberger (1978) and Dai (1989b). To illustrate this we examine the z
transform of equation (2.162a):

(zE − J)Z [x(t)] = KZ [u(t)] + zEx(0) (2.164)

Z[·] represents the z transform of the argument. From this equation we can draw the
conclusion that there exists a unique solution Z[x(t)] almost everywhere if and only if
the system is regular.

2.6.2 A Canonical Form

In this section we present a transformation for discrete-time descriptor systems, which
gives a canonical form similar to the one for the continuous-time case presented in Sec-
tion 2.3.3. The only difference between the two forms is actually that the derivatives in
the continuous-time case are replaced by time shifts in the discrete-time case.

Theorem 2.7
Consider a system

Ex(t+ 1) = Jx(t) +Ku(t) (2.165a)
y(t) = Lx(t). (2.165b)

If (2.165) is regular, its solution can be described by

x1(t+ 1) = Ax1(t) +Bu(t) (2.166a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(t+ i) (2.166b)(
x1(t)
x2(t)

)
= Q−1x(t) (2.166c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (2.166d)
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The proof is the same as the one for Theorem 2.3 with all derivatives replace with
time shifts (also in the required lemmas), so it is omitted.

Note that the system is non-causal in the general case as the output can depend on
future values of the input. However, if

ND = 0 (2.167)

the system is causal.

2.6.3 State-Space Form

As mentioned earlier, state-space systems are much more thoroughly treated in the lit-
erature than descriptor systems are. This is also true for the discrete-time case, so in
this section we examine how a discrete-time descriptor system can be transformed to a
discrete-time state-space system.

We assume that the system has been converted into the form

x1(t+ 1) = Ax1(t) +Bu(t) (2.168a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(t+ i) (2.168b)(
x1(t)
x2(t)

)
= Q−1x(t) (2.168c)

y(t) = LQ

(
x1(t)
x2(t)

)
, (2.168d)

which according to Theorem 2.7 is possible if the system is regular. Ifm = 1, we directly
get the state-space description

x1(t+ 1) = A︸︷︷︸
Ã

x1(t) + B︸︷︷︸
B̃

u(t) (2.169a)

y(t) = LQ

(
I
0

)
︸ ︷︷ ︸

C̃

x1(t) + LQ

(
0
−D

)
︸ ︷︷ ︸

D̃

u(t). (2.169b)

If m > 1 we begin by defining a vector with time shifted inputs, corresponding to Equa-
tion (2.125):

x3(t) =


u(t)

u(t+ 1)
...

u(t+m− 2)

 (2.170)

To include x3(t) in the state vector, the time shifted version of it must be calculated:

x3(t+1) =


u(t+ 1)
u(t+ 2)

...
u(t+m− 1)

 =


0 I . . . 0
...

...
. . .

...
0 0 . . . I
0 0 . . . 0

x3(t)+


0
...
0
I

u(t+m−1) (2.171)
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Now (2.168) can be rewritten to depend on x3(t) instead of depending directly on the
time shifted versions of u(t). The new description of the solutions will be

x1(t+ 1) = Ax1(t) +
(
B 0 . . . 0

)
x3(t) (2.172a)

x2(t) = −
(
D ND . . . Nm−2D

)
x3(t)

−Nm−1Du(t+m− 1)
(2.172b)

x3(t+ 1) =


0 I . . . 0
...

...
. . .

...
0 0 . . . I
0 0 . . . 0

x3(t) +


0
...
0
I

u(t+m− 1) (2.172c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (2.172d)

The final step to get a state-space description is to eliminate x2(t) from these equations.
The elimination is performed by inserting (2.172b) into (2.172d):

(
x1(t+ 1)
x3(t+ 1)

)
=


A B 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I
0 0 0 . . . 0


︸ ︷︷ ︸

Ã

(
x1(t)
x3(t)

)
+


0
0
...
0
I


︸ ︷︷ ︸

B̃

u(t+m− 1) (2.173a)

y(t) = LQ

(
I 0 0 . . . 0
0 −D −ND . . . −Nm−2D

)
︸ ︷︷ ︸

C̃

(
x1(t)
x3(t)

)
+

LQ

(
0

−Nm−1D

)
︸ ︷︷ ︸

D̃

u(t+m− 1)
(2.173b)

If we let

z(t) =
(
x1(t)
x3(t)

)
(2.174)

this can be written in the compact form

z(t+ 1) = Ãz(t) + B̃u(t+m− 1) (2.175a)

y(t) = C̃z(t) + D̃u(t+m− 1). (2.175b)

The state-space description will in this thesis be used for estimation. However, it could
also have other applications, such as control design.

2.7 Stochastic Models

As discussed in the introduction of the chapter, it is often appropriate to model distur-
bances using stochastic processes. This section summarizes some results on the definition
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and properties of stochastic processes that will be needed for the discussions later in the
thesis. Most of the results summarized here can be found in, e.g., the books by Åström
(1970) and Papoulis (1977).

2.7.1 Stochastic Processes

A stochastic process can be defined as a family of stochastic variables indexed by a set
T , {x(t), t ∈ T}. The set T will be interpreted as time in this thesis. When it takes
discrete values, T = {. . . ,−1, 0, 1, . . . } or T = {0, 1, . . . }, the process x is called a
discrete-time process. When T takes continuous values, T = {t;−∞ < t < ∞} or
T = {t; 0 ≤ t <∞}, the process is called a continuous-time process.

We need to define a number of properties for a stochastic process. The mean value is
defined as

m(t) = Ex(t). (2.176)

Furthermore, the covariance function for the processes {x(t), t ∈ T} and {y(t), t ∈ T}
is defined as

rxy(s, t) = cov
(
x(s), y(t)

)
= E

(
x(s)− Ex(s)

)(
y(t)− E y(t)

)T
. (2.177)

If {x(t), t ∈ T} and {y(t), t ∈ T} are the same, the function rxx(s, t) is called the
autocovariance function. It is then also denoted rx(s, t), or simply r(s, t) when it is clear
to which process it belongs. The variance of a stochastic process is

var
(
x(t)

)
= rx(t, t). (2.178)

A process {x(t), t ∈ T} is said to be of second order if Ex2(t) <∞ for all t ∈ T .
A stochastic process is said to be Gaussian (or normal ) if the joint distribution of(

x(t1), x(t2), . . . , x(tk)
)

is Gaussian for every k and all ti ∈ T , i = 1, 2, . . . , k. A
Gaussian process is completely characterized by its mean value and covariances.

A process is said to be stationary if the distribution of
(
x(t1), x(t2), . . . , x(tk)

)
is the

same as the distribution of
(
x(t1 + τ), x(t2 + τ), . . . , x(tk + τ)

)
for all ti ∈ T and all

τ such that ti + τ ∈ T . A process is said to be weakly stationary if the mean values and
covariances but not necessarily the distributions are the same. Note especially that the
covariance function can be written r(s, t) = r(s− t) for weakly stationary processes.

A process {x(t), t ∈ T} where x(tk) − x(tk−1), x(tk−1) − x(tk−2), . . . , x(t2) −
x(t1), x(t1) for t1 < t2 < · · · < tk are mutually independent is called a process with
independent increments. Processes with independent increments can be used to define
a Wiener process or a Brownian motion process which is a process which satisfies the
following conditions:

1. x(0) = 0

2. x(t) is Gaussian

3. Ex(t) = 0 for all t > 0

4. The process has independent stationary increments
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The spectral density function or spectral density φ(ω) of a weakly stationary process
describes its frequency content. In this thesis it is also called spectrum. For a continuous-
time process with autocovariance function r(t) it is defined as

φ(ω) =
1
2π

∞∫
−∞

e−iωtr(t) dt (2.179a)

r(t) =

∞∫
−∞

eiωtφ(ω) dω (2.179b)

and for a discrete-time process with autocovariance function r(t) it is defined as

φ(ω) =
1
2π

∞∑
n=−∞

e−iωnr(n) (2.180a)

r(n) =

π∫
−π

eiωnφ(ω) dω. (2.180b)

When r is a covariance function for two processes x and y, rxy , φxy is called the cross
spectral density.

A weakly stationary process with constant spectral density φ(ω) ≡ φ is called white
noise. This definition applies both for discrete-time and continuous-time processes. White
noise for continuous-time processes requires a more involved analysis than the discrete-
time case, but we will not go into the details here. That there are special problems with
continuous-time white noise can for example be realized from (2.179b) which gives that
the variance r(t) is infinite if φ(ω) is constant. The reader is referred to, e.g., the book by
Åström (1970) for further discussions on this.

2.7.2 Continuous-Time Linear Stochastic Models

As discussed in Section 2.1.2, we would like to define a stochastic differential equation,
SDE, according to

ẋ(t) = Ax(t) +Kv(t) (2.181)

where v(t) is a stochastic process. We here omit the deterministic input u(t) in the nota-
tion since it does not affect the results discussed here. When {v(t), t ∈ T} is continuous-
time white noise with spectrum R1, which also can be seen as covariance 2πR1δ(t), v(t)
has infinite variance. This means that ẋ(t) would not be well-defined. We instead have
to interpret the expression (2.181) with v(t) white noise as a stochastic integral (Åström,
1970). To point this out, the notation

dx = Axdt+Kdv (2.182)

where {v(t), t ∈ T} is a Wiener process with incremental covariance R1dt can be used.
The solution of the stochastic integral can be interpreted booth as an Itô integral and

as a Stratonovich integral (Åström, 1970). Irrespective of which integral concept that is
used, the solution is characterized by the following theorem.
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Theorem 2.8
Assume that the initial value x(t0) of the stochastic differential equation (2.182) is a
Gaussian stochastic variable with mean m0 and covariance matrix R0 and that v(t) is
a Wiener process with incremental covariance R1dt. The solution of the SDE is then a
normal process with mean value mx(t) and covariance R(s, t) where

dmx

dt
= Amx (2.183a)

mx(t0) = m0 (2.183b)

R(s, t) =

{
Φ(s; t)P (t) s ≥ t

P (s)ΦT (t; s) s ≤ t
(2.183c)

dP

dt
= AP + PAT +KR1K

T (2.183d)

P (t0) = R0 (2.183e)

dΦ(t; t0)
dt

= AΦ(t; t0) (2.183f)

Φ(t0, t0) = I. (2.183g)

Proof: See Åström (1970).

We would also like to use a transfer function description of a stochastic process, that
is to write a stochastic process {y(t), t ∈ T} as

y(t) = G(p)w(t) (2.184)

where G(p) is a transfer function and {w(t), t ∈ T} is a stochastic process with spectrum
φw(ω). This can also be written as a convolution integral,

y(t) =

t∫
−∞

h(s− t)w(s) ds (2.185)

where h(t) is the impulse response corresponding to the transfer function G(p). If w(t)
has finite variance, i.e., it is not white noise, this integral has a well-defined solution,
which is given in the following theorem.

Theorem 2.9
Suppose that a time-invariant dynamical system has the scalar transfer function G. Sup-
pose that the input signal is a weakly stationary stochastic process with mean value mw

and spectral density φw(ω). If the dynamical system is asymptotically stable and if

rw(0) =

∞∫
−∞

φw(ω) dω ≤ a <∞ (2.186)

then the output signal (after transients have disappeared) is a weakly stationary process
with mean value

my = G(0)mw (2.187)
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and spectral density
φy(ω) = G(iω)G(−iω)φw(ω). (2.188)

The input-output cross spectral density is

φwy(ω) = G(−iω)φw(ω). (2.189)

Proof: See Åström (1970).

If w(t) is to be interpreted as white noise in (2.184), then (2.184) must be seen as
shorthand notation for the stochastic integral

y(t) =

t∫
∞

h(t− s) dw(s) (2.190)

where h is the impulse response of the transfer function G and {w(t), t ∈ T} is a Wiener
process with orthogonal increments. If we want to select a linear filter so that y(t) has a
certain spectrum, the following theorem can be used (Åström, 1970).

Theorem 2.10
Consider a rational spectral density function φ(ω). There exists an asymptotically stable,
time invariant dynamical system with the impulse response h such that the stochastic
process defined by

y(t) =

t∫
∞

h(t− s) dw(s) (2.191)

where {w(t), t ∈ T} is a process with independent increments, is stationary and has the
spectral density φ(ω). Furthermore, if w has incremental covariance 2πdt, the transfer
function G corresponding to h can be chosen as

φ(ω) = G(iω)G(−iω) (2.192)

with all poles in the left half plane and all zeros in the left half plane or on the imaginary
axis.

Proof: See Åström (1970).

2.7.3 Discrete-Time Linear Stochastic Models

It is easier to define a stochastic difference equation than a stochastic differential equation.
A linear stochastic difference equation can be written as

x(t+ 1) = Ax(t) +Kv(t) (2.193)

where the process {v(t), t ∈ T} is discrete-time white noise. When v(t) is Gaussian with
mean value zero and covariance matrix R1, the solution is characterized by the following
theorem (Åström, 1970).
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Theorem 2.11
The solution of the stochastic difference equation (2.193) where the initial value is a
Gaussian random variable with meanm0 and covariance matrixR0 and v(t) is Gaussian
with mean value zero and covariance R1, is a Gaussian random process with the mean
value

m(t+ 1) = Am(t) (2.194)

with the initial condition
m(t0) = m0 (2.195)

and the covariance function

R(s, t) = As−tP (t) s ≥ t (2.196)

where P (t) satisfies
P (t+ 1) = AP (t)AT +KR1K

T (2.197)

with the initial condition
P (t0) = R0. (2.198)

Proof: See Åström (1970).

Also the transfer function description is easier to handle for discrete-time systems than
for continuous-time systems. Consider the description

y(t) = H(q)u(t) (2.199)

where {u(t), t ∈ T} is a stationary process. This can also be written as a convolution,

y(t) =
t∑

s=−∞
h(t− s)u(s). (2.200)

The solution is characterized by the following theorem (Åström, 1970).

Theorem 2.12
Consider a stationary discrete-time system with the transfer function H(z). Let the in-
put signal be a stationary stochastic process with mean value mu and the spectral den-
sity φu(ω). If the system is asymptotically stable, then the output signal is a stationary
stochastic process with mean value

my = H(1)mu (2.201)

and spectral density

φy(ω) = H(e−iω)H(eiω)φu(ω) = |H(eiω)|2φu(ω). (2.202)

The cross spectral density between input and output is given by

φyu(ω) = H(e−iω)φu(ω) (2.203)

Proof: See Åström (1970).
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Note that this theorem also holds for white noise inputs, that is constant φu(ω).
It is possible to transform a continuous-time stochastic differential equation for which

the output is measured at sampling instants into a discrete-time system. The following
lemma describes how this transformation is performed (Åström, 1970).

Lemma 2.5
Consider a state-space system with noise model

dx = Axdt+ dv (2.204a)
dy = Cxdt+ de (2.204b)

where v and e are Wiener processes with incremental covariances

E
(
dv dvT

)
= R1dt (2.205a)

E
(
dv deT

)
= R12dt (2.205b)

E
(
de deT

)
= R2dt. (2.205c)

The values of the state variables and the outputs of the state-space system at discrete times
kTs, k = 1, 2, . . . , are related through the stochastic difference equations

x(Tsk + Ts) = Φx(Tsk) + v̄(Tsk) (2.206a)
z(Tsk + Ts) = y(Tsk + Ts)− y(Tsk) = θx(Tsk) + ē(Tsk) (2.206b)

where

Φ = eATs (2.207a)

θ = C

Ts∫
0

eAτdτ (2.207b)

and the discrete stochastic variables v̄(t) and ē(t) have zero mean values and the covari-
ances

E
(
v̄(t)v̄T (t)

)
= R̄1 =

Ts∫
0

eA(Ts−τ)R1

(
eA(Ts−τ)

)T

dτ (2.208a)

E
(
v̄(t)ēT (t)

)
= R̄12 =

Ts∫
0

eA(Ts−τ)
(
R1ΘT (τ) +R12

)
dτ (2.208b)

E
(
ē(t)ēT (t)

)
= R̄2 =

Ts∫
0

(
Θ(τ)R1ΘT (τ) + Θ(τ)R12 +RT

12Θ
T (τ) +R2

)
dτ

(2.208c)

Θ(τ) = C

Ts∫
τ

eA(s−τ)ds. (2.208d)

Proof: See Åström (1970).
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2.7.4 Nonlinear Stochastic Models

For nonlinear stochastic models, we will limit the discussion to the case when white noise
v(t) enters affinely into the equations,

ẋ(t) = f
(
x(t), t

)
+ σ

(
x(t), t

)
v(t). (2.209)

That the noise enters affinely into the equations is of course a special case of a more gen-
eral model structure where the noise enters through a general nonlinear function. How-
ever, the general case is less treated in the literature. Since our goal is to extend existing
results for state-space models to DAE models, the discussion is limited to the special case
(2.209).

As in the linear case, (2.209) must be treated as a stochastic integral (Åström, 1970)
To point this out, the notation

dx = f
(
x(t), t

)
dt+ σ

(
x(t), t

)
dv, (2.210)

where v(t) is a Wiener process, is used.
Stochastic state models can be used for example for simulation and for state estimation

using nonlinear filtering methods such extended Kalman filters (e.g., Kailath et al., 2000;
Gustafsson, 2000) and particle filters (e.g., Gordon et al., 1993; Doucet et al., 2001; Ristic
et al., 2004). Particle filters are also discussed in Chapter 4 of this thesis.

2.8 Conclusions

We introduced the concept of component-based modeling, and saw that this in the gen-
eral case leads to a differential-algebraic equation (DAE). We discussed general theory
about DAE models, including the analysis method by Kunkel and Mehrmann (2001).
This theory shows that provided the DAE satisfies Property 2.1, one part of the variables
is determined by state-space equations, and one part of the variables is determined by
algebraic equations. One part of the variables may also be undetermined. If no variables
are undetermined, the DAE is called regular. We also discussed how large DAE systems
can be solved in practice.

For linear DAE systems, we presented the concept of regularity and noted that it is
equivalent to the existence of a unique solution. We also discussed a canonical form that is
well-known in the literature, and provided a proof that will allow numerical computation
as will be discussed in Chapter 11. This canonical form was then used to derive a state-
space description. To get this state-space description, the input may have to be redefined
as one of its derivatives in the continuous-time case or future values in the discrete-time
case. For the continuous-time case, the state-space description was then used to sample
the system.

We also discussed stochastic models, and properties of stochastic models that will be
needed in the thesis.
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3
System Identification

The main topic of this thesis is estimation of unknown parameters in differential-algebraic
equation models. This is an application of system identification, so in this chapter basic
properties of system identification are discussed. The different methods are only dis-
cussed briefly. For a more thorough discussion, the reader is referred to, e.g., Ljung
(1999).

3.1 Prediction Error Methods

System identification is about estimating models from measured input data and output
data. The measured data set is denoted ZN ,

ZN = {u(t0), y(t0), ..., u(tN ), y(tN )} (3.1)

where u are inputs to the system and y outputs from the system. To estimate models, we
use equations that are parameterized using parameters θ. We thus have a model structure
that is known apart from the values of the constant parameters θ. In this thesis we are
concerned with gray-box models where the parameters θ have a physical interpretation
(Bohlin, 1991; Graebe, 1990; Ljung, 1999).

These unknown parameters are selected such that the measured data and the solution
of the equations fit as closely as possible. This produces an estimate θ̂. A standard way
to compare the measured output with the solution of the equations, is to consider the
model’s prediction of the output at each time point, given the data up to but not including
that time point. This leads to the prediction error method. We are thus interested in the
one-step-ahead predictor,

ŷ(tk|tk−1, θ). (3.2)

This is the prediction of y(tk) given Zk−1 (and u(tk), u(tk+1), . . . , if it is necessary)
using the model corresponding to the parameter value θ. The prediction errors ε(tk, θ) are

55
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then the difference between the predicted outputs ŷ(tk|tk−1, θ) and the measured outputs
y(tk):

ε(tk, θ) = y(tk)− ŷ(tk|tk−1, θ) (3.3)

The parameters are estimated by minimizing a norm of the prediction errors. One com-
mon choice is the quadratic criterion

VN (θ, ZN ) =
1
N

N∑
k=1

1
2
εT (tk, θ)Λ−1ε(tk, θ) (3.4)

for some positive definite matrix Λ that is chosen according to the relative importance of
the components of ε(tk, θ). The parameter estimate θ̂ is then computed as

θ̂ = arg min
θ

VN (θ, ZN ). (3.5)

The minimization is typically performed by a numerical search method, for example
Gauss-Newton (Ljung, 1999).

Depending on the model structure, the predictor ŷ(tk|tk−1, θ) is computed in different
ways. Below we will list the cases that are of interest in this thesis.

• For linear discrete-time state-space models,

x(tk+1) = A(tk)x(tk) +B(tk)u(tk) +K(tk)v1(tk) (3.6a)
y(tk) = C(tk)x(tk) + v2(tk) (3.6b)

where v1 and v2 are white noise processes, the predictor is computed using the
Kalman filter (e.g., Kalman, 1960; Anderson and Moore, 1979; Kailath et al., 2000).

• For linear continuous-time state-space models with discrete-time measurements,

ẋ(t) = A(t)x(t) +B(t)u(t) +K(t)v1(t) (3.7a)
y(tk) = C(tk)x(tk) + v2(tk) (3.7b)

where v1 and v2 are white noise processes, the predictor is computed using the
Kalman filter for continuous-time systems with discrete-time measurements (e.g.,
Jazwinski, 1970).

• For nonlinear state-space systems with only measurement noise (output-error mod-
els)

ẋ(t) = f
(
x(t), u(t), θ

)
(3.8a)

y(tk) = h
(
x(tk), θ

)
+ e(tk). (3.8b)

the predictor is computed by simulating the system.

• For nonlinear state-space systems with a more general noise model,

ẋ(t) = f
(
x(t), u(t), θ

)
+ σ

(
x(t), u(t), θ

)
w(t) (3.9a)

y(tk) = h
(
x(tk), θ

)
+ e(tk). (3.9b)
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the solution of the prediction problem is a infinite-dimensional nonlinear filter (e.g.,
Wong and Hajek, 1985, Chapter 5). However, there are approximate methods such
as extended Kalman filters (e.g., Gustafsson, 2000) and particle filters (Gordon
et al., 1993; Doucet et al., 2001; Ristic et al., 2004). Particle filters are further
discussed in Chapter 4.

For all these cases, the initial condition x(t0) must be considered as known or estimated
along with the parameters θ.

3.2 The Maximum Likelihood Method

The maximum likelihood method estimates the unknown parameters by maximizing the
probability of the measured output with respect to the unknown parameters. Given that
the measured signals have the probability density function fy(θ, ZN ), the parameters are
estimated as

θ̂ = arg max
θ

fy(θ, ZN ). (3.10)

Maximizing the likelihood function is equivalent to maximizing the log-likelihood func-
tion log fy(θ, ZN ). The parameters are then estimated as

θ̂ = arg max
θ

log fy(θ, ZN ). (3.11)

The likelihood function can be computed using the likelihood function of the predic-
tors (Ljung, 1999, Lemma 5.1). For linear state-space systems with Gaussian noise pro-
cesses, the likelihood function can also be computed directly using the Kalman filter. For
nonlinear state-space models, the likelihood function can for example be approximated
using the particle filter. This is discussed, e.g., by Andrieu et al. (2004).

3.3 Frequency Domain Identification

Frequency domain methods aim to estimate the unknown parameters θ from frequency
domain data,

ZN = {U(ω1), Y (ω1), . . . , U(ωN ), Y (ωN )}, (3.12)

where Y (ωk) and U(ωk) are the discrete Fourier transforms of the corresponding time
domain signals in the discrete-time case, or approximations of the Fourier transforms in
the continuous-time case. References on frequency domain identification are e.g., Ljung
(1999, Section 7.7) and Pintelon and Schoukens (2001). The Y (ωk) and U(ωk) can
be obtained directly from the system using a measurement device providing frequency
domain data, or calculated from time domain data. Here we will consider frequency
domain identification for linear systems described by transfer functions,

y(t) = G(p, θ)u(t) +H(p, θ)e(t) (3.13)

in the continuous-time case and

y(tk) = G(q, θ)u(tk) +H(q, θ)e(tk) (3.14)
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in the discrete-time case where H(·, θ) is assumed to have a causal inverse. Here p is
the differentiation operator, px(t) = d

dtx(t) and q is the time shift operator, qx(tk) =
x(tk+1).

In order to estimate the parameters, a criterion like

VN (θ, ZN ) =
N∑

k=1

|Y (ωk)−G(eiωk , θ)U(ωk)|2Wk (3.15)

in the discrete-time case, and

VN (θ, ZN ) =
N∑

k=1

|Y (ωk)−G(iωk, θ)U(ωk)|2Wk (3.16)

in the continuous-time case is minimized. The weighting functions Wk can be selected
using the noise model H(·, θ). If the noise model depends on θ, a second term usually
has to be added to the criterion to get consistent estimates, see the book by Ljung (1999,
Equation 7.147).

It should be noted that an advantage with frequency domain identification methods is
that continuous-time models and discrete-time models can be handled in similar ways.

3.4 Identifiability

Identifiability of a model structure means that it is possible to define its parameters uni-
quely. Essentially it requires that different parameter values θ1 and θ2 (θ1 6= θ2) give
different model outputs. References on identifiability are, e.g., Walter (1982) and Ljung
(1999, Chapter 4).

When discussing identifiability, we will limit the discussion to a deterministic DAE
model with a vector of unknown parameters θ,

G
(
ẋ(t), x(t), θ, u(t), t

)
= 0 (3.17a)

y(t) = h
(
x(t)

)
(3.17b)

where x ∈ Rnx and y ∈ Rny . As before, the parameters θ ∈ Rnθ range over the set
DM ⊆ Rnθ . Formally the following definitions of identifiability will be used.

Definition 3.1 (Global identifiability). The model (3.17) is globally identifiable at θ0,
x0 for the input u(t) if

θ ∈ DM
y(θ0, t) = y(θ, t) for all t

}
⇒ θ = θ0 (3.18)

where y(θ̄, t) is the output y of (3.17) with the input u(t), θ = θ̄, and the consistent
initial condition x0. The system is globally identifiable if it is globally identifiable at all
θ0 ∈ DM and consistent initial conditions x0.

Another interesting property is local identifiability.
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Definition 3.2 (Local identifiability). The model (3.17) is locally identifiable at θ0, x0

for the input u(t) if there exists a neighborhood V of θ0 for which

θ ∈ V
y(θ0, t) = y(θ, t) for all t

}
⇒ θ = θ0 (3.19)

where y(θ̄, t) is the output y of (3.17) with the input u(t), θ = θ̄, and the consistent initial
condition x0. The system is locally identifiable if it is locally identifiable at all θ0 ∈ DM
and consistent initial conditions x0.

Differential Algebra

If a DAE (3.17) consists only of polynomial equations, it is possible to use differential
algebra (Ritt, 1966) to examine identifiability as described by Ljung and Glad (1994).
The idea of this method is to transform the equations of the original DAE into a new set
of equations, where it is easy to see whether the model is identifiable or not.

The following result by Ljung and Glad (1994) shows how this can be done. Assume
that a model structure is specified by (3.17) where the equations are polynomials and that
the unknown parameters are time-invariant, i.e., the equations

θ̇(t) = 0 (3.20)

are included among the equations (3.17). Using Ritt’s algorithm from differential alge-
bra (Ritt, 1966; Ljung and Glad, 1994) it is typically possible to compute a new set of
polynomial equations of the form

A1(y, u, p) = 0
...

Any (y, u, p) = 0
B1(y, u, θ1, p) = 0

B2(y, u, θ1, θ2, p) = 0
...

Bnθ
(y, u, θ1, θ2, . . . , θnθ

, p) = 0
C1(y, u, θ, x, p) = 0

...
Cnx(y, u, θ, x, p) = 0

(3.21)

which has the same solutions as (3.17) if some conditions of the form

si

(
x(t), y(t), u(t), θ(t), p

)
6= 0 i = 1, 2, . . . , ns (3.22)

are satisfied. θ1, θ2, . . . , θnθ
are the scalar elements of the vector θ. In this set of equations,

p is the differentiation operator px(t) = d
dtx(t). For example, the expression A1(y, u, p)

could also be written as A1(y, ẏ, ÿ, . . . , u, u̇, ü, . . . ). Also note that the requirement that
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the original DAE only consists of polynomial equations is essential for Ritt’s algorithm to
be applicable.

Ritt’s algorithm is a procedure that resembles Gram-Schmidt orthogonalization or
Gauss elimination. For example, to produce A1(y, u, p) in (3.21), it takes an arbitrary
equation of the original DAE. If this element contains unwanted features (e.g., θ occurs in
the equation), they are removed with allowed algebraic manipulations (addition or mul-
tiplication of another element or its derivative). By this procedure, a “better” element is
produced in each step, and after a finite number of steps it will find the desired form. See
further Ritt (1966); Ljung and Glad (1994).

Since (3.21) is equivalent to (3.17), it is possible to use those equations to examine
identifiability of (3.17). To do this we observe that only the Bi polynomials give infor-
mation about the value of θ since the Ai polynomials do not include θ and the Ci include
the x variables. Identifiability is thus determined by the polynomials Bi in (3.21). If the
variables θ1, θ2,. . . all occur exclusively in undifferentiated form in the Bi (i.e., no terms
θ̇ occur), then these polynomials give a triangular set of nonlinear equations for determin-
ing the θi. There are three cases that can occur, depending on the identifiability properties
of the model.

1. If the Bi have the form

Bi = Pi(y, u, p)θi −Qi(y, u, p), (3.23)

i.e., a linear regression, then the model structure is globally identifiable, provided
Pi(y, u, p) 6= 0.

2. If the Bi are higher order polynomials in θ, then there is local but not global iden-
tifiability.

3. If there are equations on the form

Bi = θ̇i, (3.24)

then these θi are neither locally nor globally identifiable.

The method discussed in this section is illustrated in the following example.

Example 3.1: Identifiability and differential algebra
Consider the model structure

ÿ + 2θẏ + θ2y = 0 (3.25a)

θ̇ = 0 (3.25b)

from Ljung and Glad (1994). Applying Ritt’s algorithm returns

A1(y, p) = 4yÿ3 − 3ẏ2 · ÿ2 − 6yy(3)ẏÿ + 4y(3)ẏ3 + y2y(3)2 (3.26a)

B1(y, θ, p) = (ẏÿ − yy(3)) + 2θ(ẏ2 − yÿ). (3.26b)

Since B1 is a linear function in θ, the model structure is globally identifiable.
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3.5 Observability

For the special case of DAE models,

G
(
ẋ(t), x(t), u(t), t

)
= 0 (3.27a)

y(t) = h
(
x(t)

)
, (3.27b)

observability means that it is possible to uniquely estimate the internal variables x(t) if
the input u(t) and output y(t) are known. The internal variables may implicitly depend
on derivatives of u(t), so it will be assumed that the input is infinitely differentiable.

Observability is closely related to identifiability. The conceptual connections between
observability and identifiability for nonlinear systems can be seen by noting that identifi-
ability of θ in the DAE model

G
(
ẋ(t), x(t), θ, u(t), t

)
= 0 (3.28a)

y(t) = h
(
x(t)

)
(3.28b)

can bee seen as observability of the (constant) variable θ(t) in the model

G
(
ẋ(t), x(t), θ(t), u(t), t

)
= 0 (3.29a)

θ̇(t) = 0 (3.29b)

y(t) = h
(
x(t)

)
. (3.29c)

Observability is treated in books on nonlinear control systems such as the one by
Nijmeijer and van der Schaft (1990) and the one by Isidori (1989). See also the article by
Hermann and Krener (1977).

We will only discuss local weak observability, which means that the observability
property only is examined in a region around the true trajectory of the internal variables.
Formally, the following definitions are used. First, let the solution x(t) of the DAE (3.27a)
with the consistent initial condition x0 and the input u(t) be denoted π

(
t;x0, u(t)

)
. Two

consistent initial conditions x1 and x2 are then indistinguishable if they give rise to the
same output, i.e.,

h
(
π
(
t;x1, u(t)

))
= h

(
π
(
t;x2, u(t)

))
(3.30)

for all infinitely differentiable u(t). A natural definition of observability is then that if x1

and x2 are indistinguishable, then x1 = x2. For local weak observability, which is the
case that mainly is discussed in this thesis, a more involved definition is necessary.

Definition 3.3. Let U be an open set. Two consistent initial conditions x1 and x2 which
both belong to U are said to be U -indistinguishable if they give the same outputs in all
cases where both trajectories lie entirely in U , i.e.,

h
(
π
(
t;x1, u(t)

))
= h

(
π
(
t;x2, u(t)

))
for all t ∈ [t0, t1] (3.31)

as soon as
π
(
t;x1, u(t)

)
∈ U, π

(
t;x2, u(t)

)
∈ U, t ∈ [t0, t1] (3.32)

for all infinitely differentiable inputs u(t). The set of all points that areU -indistinguishable
from x0 is denoted IU (x0).
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It is now possible to give the definition of local weak observability:

Definition 3.4 (Local weak observability). The system (3.27) is locally weakly observ-
able at the consistent initial condition x0 if there exists an open neighborhood U of x0

such that for every neighborhood V of x0 with V ⊂ U , IV (x0) = {x0}. If this is true for
all points x0, the system is locally weakly observable.
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4
Well-Posedness of Nonlinear

Estimation Problems

This chapter discusses noise modeling and estimation for nonlinear DAE systems. We
will pay special attention to well-posedness of noise models.

4.1 Introduction

When modeling physical systems, it is usually impossible to predict the exact behavior of
the system. This can have several explanations. One common situation is that it is known
that external stimuli are affecting the systems, but these signals cannot be measured or
chosen.

Example 4.1: Noise modeling: process noise

Consider an airplane with mass m flying straight ahead with velocity x(t). The force
produced by the engine is called u(t). The resistance caused by the air if there were
no wind, is the known function f(x). If there is no wind, the motion of the aircraft is
described by

mẋ(t) = u(t)− f(x). (4.1)

If there is wind acting on the aircraft, this can be seen as an additional force w(t) acting
on the aircraft. The motion of the aircraft is then described by

mẋ(t) = u(t)− f(x) + w(t). (4.2)

This force w(t) is an example of an external stimulus that is known to exist, but cannot
be measured.

As discussed in Section 2.1.2 and 2.7, external stimuli that are not measured are often

65
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modeled as stochastic processes.
Another common situation is that certain signals in the system are measured, but there

are imperfections in the measurements. For example, a sensor may have an unknown
offset or produce measurements with a time-varying error.

Example 4.2: Noise modeling: measurement noise
Consider the airplane discussed in Example 4.1. Assume that a sensor is measuring the
velocity x(t) of the aircraft at time instances tk, k = 1, . . . Due to imperfections in the
measurement device, an unknown error e(tk) is added to each measurement y(tk). The
measurement equation is then

y(tk) = x(tk) + e(tk), k = 1, . . . (4.3)

Also measurement noise can be modeled as a stochastic process. A third possibility is
that a model has imperfections, but that these cannot be classified as unmeasured external
stimuli or measurement imperfections.

Example 4.3: Noise modeling: model imperfections
Consider a system which is described using a state-space model,

ẋ(t) = f
(
x(t)

)
. (4.4)

Assume that observations show that (4.4) is only approximately satisfied. It may then be
appropriate to include a term w(t) to indicate that the equation does not hold exactly,

ẋ(t) = f
(
x(t)

)
+ w(t). (4.5)

Also in this case, the properties of w(t) can be modeled as a stochastic process. We have
now identified three situations when it may be appropriate to include stochastic processes
when modeling a physical system:

• Unmeasured external stimuli are affecting the system.

• A signal is measured with an imperfect sensor.

• There are model imperfections that do not fall into the two previous categories.

As discussed in the examples above, the first and last case can often be modeled by includ-
ing a stochastic process w(t) in the model. This is called process noise. The second case
is typically modeled by including a stochastic process e(tk) in the equations describing
the measurements.

This chapter is about how we can handle the situations discussed above for DAE
models. We are thus interested in incorporating process noise w(t) and measurement
noise e(tk) in a DAE model. In the general case, this would result in the stochastic DAE

F
(
ẋ(t), x(t), w(t), u(t)

)
= 0 (4.6a)

y(tk) = h
(
x(tk)

)
+ e(tk) (4.6b)
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where u is a known input and y is a measured output. If there is no process noise, the
stochastic DAE simplifies to

F
(
ẋ(t), x(t), u(t)

)
= 0 (4.7a)

y(tk) = h
(
x(tk)

)
+ e(tk). (4.7b)

This is called an output-error model. Once we have established how noise can be added
to DAE models, we will also discuss how the internal variables can be estimated using
particle filters (Gordon et al., 1993; Doucet et al., 2001; Ristic et al., 2004) and also how
unknown parameters can be estimated.

4.2 Literature Overview

The question whether the state estimation problem for DAE models is well-defined has
been discussed by, e.g., Schein and Denk (1998), Winkler (2004), Darouach et al. (1997),
Kuc̆era (1986), Germani et al. (2002), and Becerra et al. (2001). In Schein and Denk
(1998), linear SDAE are treated, and it is guaranteed that the noise is not differentiated by
assuming that the system has differential index 1 (see Section 2.2). The assumption that
the system has differential index 1 is more restrictive than is necessary, and rules out some
applications such as many mechanics systems. This assumption will not be made here.
Schein and Denk (1998) also note that some internal variables actually may be so-called
generalized stochastic processes, that is a time-continuous white noise process. Winkler
(2004) makes the same assumption as Schein and Denk (1998), but also treats a class of
nonlinear DAEs.

Darouach et al. (1997) treat linear DAEs with differential index 1, and a Kalman fil-
ter is constructed. However, in the estimation procedure the authors seem to overlook
the fact that some variables may have infinite variance. In Kuc̆era (1986), the original
linear SDAE system specification may actually specify derivatives of white noise, but a
controller is designed that removes any derivatives. In Germani et al. (2002) restrictive
assumptions are made that guarantee that no derivatives appear in the linear SDAE, al-
though this is not stated explicitly. Finally, in Becerra et al. (2001) nonlinear semi-explicit
DAEs (e.g., Brenan et al., 1996) are discussed. Here well-posedness is guaranteed by only
adding noise to the state-space part of the system.

4.3 Background and Motivation

As mentioned in the introduction, the question treated in this chapter is how unknown
disturbances can be modeled in DAEs according to

F
(
ẋ(t), x(t), w(t), u(t)

)
= 0 (4.8a)

y(tk) = h
(
x(tk)

)
+ e(tk), (4.8b)

where w is process noise and e is measurement noise, and also how such models can be
used for estimation of the internal variables x(t) and constant parameters. We will limit
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the discussion to the case when w(t) is a Gaussian second order stationary process with
spectrum

φw(ω). (4.9)

The spectrum is assumed to be rational in ω with pole excess 2pw. This means that

lim
ω→∞

ω2pwφw(ω, θ) = C(θ)

0 < C(θ) <∞ for θ ∈ DM.

An important property of DAE models is that the internal variables may depend on
derivatives of the inputs to the model. This can for example be realized from the dis-
cussion on linear DAE models in Section 2.3. This is one of the central points when
discussing noise for DAE models. Since w(t) occurs as an input signal in the DAE equa-
tions (4.8), one or more of its derivatives with respect to time may affect the internal
variables x(t). This is a problem, since time derivatives of a Gaussian second order sta-
tionary process may not have finite variance. Actually, w(t) can be differentiated at most
pw−1 times since it has pole excess 2pw. This can be realized from (2.179b) which gives
that the variance of dn

dtnw(t) is

r(0) =

∞∫
−∞

(iw)2nφwdω

{
<∞ if n ≤ pw − 1
= ∞ if n ≥ pw.

(4.10)

Example 4.4: Noise modeling difficulties

Consider the DAE  ẋ1(t)− x2(t)
ẋ3(t)− x2(t)

x2
1(t) + x2

3(t)− 1− w(t)

 = 0 (4.11)

where a stochastic process has been added to the last equation to model an unmeasured
disturbance. Differentiating the last equation with respect to time gives

2x1(t)ẋ1(t) + 2x3(t)ẋ3(t)− ẇ(t) = 0. (4.12)

Eliminating ẋ1(t) and ẋ3(t) using the first two equations of the DAE and solving for x2(t)
gives

x2(t) =
ẇ(t)

2x1(t) + 2x3(t)
. (4.13)

If the spectrum of w(t) has pole excess 2, this is questionable since ẇ(t) then has infinite
variance. However, if the pole excess is 3 or higher, the involved signals have finite
variance.

As we saw in the example above, it is essential to examine how many derivatives of w(t)
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that affect the internal variables. A central tool in this aspect will be the methods by
Kunkel and Mehrmann (2001) that were reviewed in Section 2.2. The result that will be
used is that given that a DAE fulfills Property 2.1, it is possible to see it as a combination
of a state-space system that determines part of the variables, and algebraic equations that
determine part of the variables. More specifically, consider the DAE

F
(
ẋ(t), x(t), w(t), u(t)

)
= 0 (4.14)

where we for a moment assume that all involved signals can be differentiated as many
times as necessary. If this DAE fulfills Property 2.1, then there exists matrices Z1 and Z2,
and a constant integer µ such that

F̂1(x1, x2, x3, ẋ1, ẋ2, ẋ3, u, w) = ZT
1 F (4.15a)

F̂2(x1, x2, x3, u, u̇, . . . , u
(µ), w, ẇ, . . . , w(µ)) = ZT

2


F
d
dtF

...
dµ

dtµF

 (4.15b)

where the notation u(µ) is used for the µ:th time derivative of the signal u. From these
equations it is then, according to the theory by Kunkel and Mehrmann (2001), possible
to solve for x3 in F̂2 = 0, and after using that equation to eliminate ẋ3 and x3 in F̂1, the
equation F̂1 = 0 can be solved for ẋ1.

If we now again letw(t) be a stochastic process which has a spectrum with pole excess
2pw, then it can be differentiated at most pw − 1 times. If it is differentiated pw times
or more, the resulting signal has infinite variance. This means that a sufficient condition
for the signals x in the DAE to have finite variance is that no derivatives of w higher than
pw−1 occur in F̂2 in (4.15b). Throughout this chapter, we will assume that the DAEs are
regular, so that x2 is of size zero. This discussion leads to the following result.

Result 4.1
Consider the SDAE

F
(
ẋ(t), x(t), w(t), u(t)

)
= 0 (4.16)

where w(t) is a Gaussian second order stationary process with spectrum φw(ω) which
is rational in ω with pole excess 2pw. Assume that the SDAE, with w(t) considered as a
differentiable signal, fulfills Property 2.1 and is regular. The signals x(t) then have finite
variance provided that F̂2 can be written as

F̂2 = F̂2(x1, x2, x3, u, u̇, . . . , u
(k), w, ẇ, . . . , w(l)) (4.17)

where l ≤ pw − 1 and F̂2 is defined by (4.15b).

The above discussion shows how it can be examined if a noise processw(t) is differen-
tiated too many times so that the resulting equations include signals with infinite variance.
However, we would also like to be able to discuss solutions to stochastic DAEs in terms
of stochastic differential equations. Our approach to this will be to convert the SDAE
to the state-space form (2.210) discussed in Section 2.7.4. Then methods for stochastic
state-space systems can then be used to define the solution.
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The methods discussed in Section 2.7.4 require the noise process to be white noise, but
in this chapter we have so far only discussed noise w(t) with finite variance. However,
as w(t) is assumed to be a Gaussian second order stationary process, it can be seen as
white noise filtered through a linear filter (e.g., Section 2.7). The filter can for example be
written in state-space form,

ẋw(t) = Axw(t) +Bv(t) (4.18a)
w(t) = Cxw(t) (4.18b)

where v(t) is white noise. Combining the SDAE (4.8a) and (4.18) gives

F
(
ẋ(t), x(t), Cxw(t), u(t)

)
= 0 (4.19a)

ẋw(t) = Axw(t) +Bv(t) (4.19b)

This can be seen as a single SDAE,

G
(
ż(t), z(t), v(t), u(t)

)
= 0 (4.20)

where v(t) is white noise and

z(t) =
(
x(t)
xw(t)

)
. (4.21)

When the SDAE contains white noise terms, additional restrictions apply. Not only is it
not allowed to differentiate the white noise signal, but it must also be integrated in the
affine form discussed in Section 2.7.4.

Example 4.5: White noise modeling difficulties
Consider the nonlinear DAE

ẋ1(t)− x2
2(t) = 0 (4.22a)

x2(t)− v(t) = 0 (4.22b)

where v(t) is white noise. The second equation states that x2(t) is equal to a time-
continuous white noise process. Since such processes have infinite variance, this is ques-
tionable if x2(t) represents a physical quantity. The first equation states that

ẋ1(t) = v2(t) (4.23)

which also is questionable since nonlinear operations on white noise cannot be handled
in the framework of stochastic integrals as discussed in Section 2.7.4.

The main topics of this chapter concern how noise can be included in DAE models without
introducing problems such as those discussed in the example and how particle filters and
parameter estimation can be implemented for DAE models with white noise inputs.

4.4 Main Results

The main result of this chapter states conditions for when a SDAE with white process
noise v,

F
(
ẋ(t), x(t), v(t), u(t)

)
= 0, (4.24)
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can be interpreted as a stochastic differential equation, and thus has a well-defined solu-
tion. As discussed above, such models typically arise from a modeling situation where
disturbances have been modeled as second order processes w(t). These w(t) have then
been modeled as white noise v(t) filtered through a linear filter according to the following
procedure:

1. Let the process noise w(t) of an SDAE

G
(
ż(t), z(t), w(t), u(t)

)
= 0 (4.25)

be modeled as white noise v(t) passed through a linear filter,

żw(t) = Azw(t) +Bv(t) (4.26a)
w(t) = Czw(t). (4.26b)

2. Combine this into one SDAE with white process noise,

F
(
ẋ(t), x(t), v(t), u(t)

)
= 0 (4.27)

where

F =
(
G
(
ż(t), z(t), Czw(t), u(t)

)
żw(t)−Azw(t)−Bv(t)

)
(4.28)

and

x(t) =
(
z(t)
zw(t)

)
. (4.29)

To simplify the notation, we will let the SDAE depend directly on time t instead of on
the input u(t),

F
(
ẋ(t), x(t), v(t), t

)
= 0. (4.30)

To formulate the result, we will use the functions F̂1 and F̂2 from the theory by Kunkel
and Mehrmann (2001). F̂1 and F̂2 were introduced in Section 2.2 and also discussed in
Section 4.3 of this chapter. From Section 2.2 we also recall the notation

F̂l;p (4.31)

for partial derivatives of F̂l with respect to the variables p, e.g.,

F̂2;x1,x2 =
(

∂
∂x1

F̂2
∂

∂x2
F̂2

)
. (4.32)

Furthermore, we will denote the inverse of the square matrix F̂2;x3 by

F̂−1
2;x3

. (4.33)

Theorem 4.1
Assume that (4.30) satisfies Corollary 2.1 when v(t) is considered as a known signal
of which we can take formal derivatives. Let F̂1, F̂2, x1, x2, and x3 be defined as in
Section 2.2 and assume that the system is regular (x2 is of size zero).



72 4 Well-Posedness of Nonlinear Estimation Problems

Then there exists a well-defined solution x in terms of stochastic differential equations
to (4.30) with v(t) considered as white noise provided that F̂1 and F̂2 can be written as

F̂1 = F̂1

(
t, x1, x3, ẋ1 − σ(x1, x3)v, ẋ3 + F̂−1

2;x3
F̂2;x1σ(x1, x3)v

)
(4.34a)

F̂2 = F̂2

(
t, x1, x3

)
(4.34b)

for some function σ(x1, x3).

Proof: Differentiating (4.34b) with respect to time yields

F̂2;t + F̂2;x1 ẋ1 + F̂2;x3 ẋ3 = 0. (4.35)

Since F̂2 is locally solvable for x3, F2;x3 is invertible. This means that ẋ3 can be written
as

ẋ3 = −F̂−1
2;x3

(F̂2;t + F̂2;x1 ẋ1). (4.36)

(4.34b) can also be locally solved for x3 to give

x3 = R(t, x1) (4.37)

for some function R. Inserting this into (4.34a) gives

F̂1

(
t, x1,R, ẋ1 − σ(x1,R)v,−F̂−1

2;x3
(F̂2;t + F̂2;x1 ẋ1) + F̂−1

2;x3
F̂2;x1σ(x1,R)v

)
. (4.38)

The equation F̂1 = 0 now takes the form

F̂1

(
t, x1,R, ẋ1 − σ(x1,R)v,−F̂−1

2;x3
F̂2;t − F̂−1

2;x3
F̂2;x1(ẋ1 − σ(x1,R)v)

)
= 0. (4.39)

Since Corollary 2.1 is fulfilled, this equation can be solved for ẋ1. Since −σ(x1,R)v
enters the equations in the same way as ẋ1, the solution takes the form

ẋ1 − σ(x1,R)v = L(t, x1) (4.40)

for some function L. This can be interpreted as the stochastic differential equation

dx1 = L(t, x1)dt+ σ(x1,R)dv (4.41)

so x1 has a well-defined solution. A solution for x3 is then defined through (4.37).

If noise has been added to a DAE model using physical insight or for other reasons,
the theorem above gives conditions for the system to be well-posed using a transformed
version of the system. It may also be interesting to be able to see if the SDAE is well-
posed already in the original equations. As discussed in the theorem above, the SDAE is
well-posed if the equations F̂1 = 0 and F̂2 = 0 take the form

F̂1

(
t, x1, x3, ẋ1 − σ(x1, x3)v, ẋ3 + F̂−1

2;x3
F̂2;x1σ(x1, x3)v

)
= 0 (4.42a)

F̂2

(
t, x1, x3

)
= 0. (4.42b)

In the original equations, this can typically be seen as adding noise according to

F

((
ẋ1 − σ(x1, x3)v

ẋ3 + F̂−1
2;x3

F̂2;x1σ(x1, x3)v

)
,

(
x1

x3

)
, t

)
= 0. (4.43)

One common situation when it is easy to see how white noise can be added is a semi-
explicit DAE (Brenan et al., 1996) with differential index 1. This is considered in the
following example.
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Example 4.6: Noise modeling: semi-explicit index 1 DAE

Consider a semi-explicit DAE with differential index 1,

ẋa = f(xa, xb) (4.44a)
0 = g(xa, xb). (4.44b)

Locally, xb can be solved from (4.44b), so these equations correspond to F̂1 = 0 and
F̂2 = 0 respectively. Noise can thus be added according to

ẋa = f(xa, xb) + σ(xa, xb)v (4.45a)
0 = g(xa, xb). (4.45b)

4.5 Particle Filtering

An important aspect of uncertain models is state estimation and prediction. For non-
linear systems this is a difficult problem (e.g., Ristic et al., 2004; Andrieu et al., 2004;
Schön, 2006). It is therefore necessary to resort to approximate methods. One approxi-
mate method for nonlinear state estimation is the particle filter (e.g., Gordon et al., 1993;
Doucet et al., 2001; Ristic et al., 2004). In this section we will discuss how particle filter
methods can be extended for use with SDAE models.

To be able to describe how existing particle filtering algorithms can be extended to
DAE systems, we will first briefly describe how particle filtering can be implemented
for state-space systems. Fore a more thorough treatment, see e.g., (Gordon et al., 1993;
Doucet et al., 2001; Ristic et al., 2004). Existing particle filtering methods may allow
other model structures than state-space systems, but we will limit the discussion here to
state-space systems since that is enough to extend particle filtering methods to SDAE
models.

Consider a nonlinear discrete-time state-space system,

x(tk+1) = f
(
x(tk), u(tk), w(tk)

)
(4.46a)

y(tk) = h
(
x(tk)

)
+ e(tk) (4.46b)

where x is the state vector, u is a known input, y is a measured output, and w and e are
stochastic processes with known probability density functions. The particle filter is based
on estimating the probability density function of the state x(tk), given the measurements

ZN = {u(t0), y(t0), ..., u(tN ), y(tN )}. (4.47)

We are thus interested in computing the probability density function

p
(
x(tk)|ZN

)
. (4.48)



74 4 Well-Posedness of Nonlinear Estimation Problems

Depending on if k < N , k = N , or k > N we will have a smoothing problem, filtering
problem, and prediction problem respectively. Here we will limit the discussion to the
filtering problem and the one-step-ahead prediction problem, that is we will have N = k
or N = k − 1.

Once (the estimate of) the probability density function has been computed, it can be
used to estimate the value of x(t). One possibility is to use the expected value of x(tk)
given ZN , another is to use the maximum a posteriori estimate, that is the x(tk) that
maximizes p

(
x(tk)|ZN

)
.

In the particle filter, the probability density function (4.48), here with N = k − 1, is
approximated by a sum of generalized Dirac functions,

p
(
x(tk)|Zk−1

)
≈

M∑
i=1

q
(i)
tk|tk−1

δ
(
x(tk)− x

(i)
tk|tk−1

)
. (4.49)

This means that the density function is approximated using M particles

{x(i)
tk|tk−1

}M
i=1 (4.50)

with associated weights,
{q(i)tk|tk−1

}M
i=1. (4.51)

Since the approximation is made using Dirac functions, it is not an approximation at each
point x. Instead, the approximation holds for integrals of p. We can for example estimate
the mean value of x(tk) as

E
(
x(tk)|Zk−1

)
=
∫
x · p

(
x(tk)|Zk−1

)
dx ≈

M∑
i=1

q
(i)
tk|tk−1

x
(i)
tk|tk−1

. (4.52)

Now assume that a new measurement {y(tk), u(tk)} is obtained. Using Bayes’s rule,
the probability density function p

(
x(tk)|Zk−1

)
should be updated according to

p
(
x(tk)|Zk

)
=
p
(
y(tk)|x(tk)

)
p
(
x(tk)|Zk−1

)
p
(
y(tk)|Zk−1

) . (4.53)

Since p
(
y(tk)|Zk−1

)
does not depend on x, the particle filter updates its approximation

of the probability density function by updating the weights {q(i)tk|tk−1
}M

i=1 according to

q
(i)
tk|tk

=
p
(
y(tk)|x(i)

tk|tk−1

)
q
(i)
tk|tk−1∑M

j=1 p
(
y(tk)|x(j)

tk|tk−1

)
q
(j)
tk|tk−1

, i = 1, . . . ,M. (4.54)

For the state space description (4.46), we have that

p
(
y(tk)

∣∣∣x(i)
tk|tk−1

)
= pe

(
y(tk)− h(x(i)

tk|tk−1
)
)

(4.55)

where pe is the probability density function of e(tk).



4.5 Particle Filtering 75

After this step, called the measurement update, the resampling step takes place. The
resampling step redistributes the particles to avoid degeneration of the filter. It does not
introduce additional information (actually, information is lost). We will use so-called
sampling importance resampling. For other alternatives, see the references. The resam-
pling step is in this case performed by replacing the M particles with M new particles.
This is done by drawing M particles with replacement from the old particles. The prob-
ability to draw particle i is proportional to its weight q(i)tk|tk

. The new particles x(i)
tk|tk

are
thus chosen according to

Pr
(
x

(i)
tk|tk

= x
(j)
tk|tk−1

)
= q

(j)
tk|tk

i = 1, . . . ,M. (4.56)

The weights are changed to

q
(i)
tk|tk

=
1
M

i = 1, . . . ,M (4.57)

so that the approximation of the probability density function is, approximately, left un-
changed.

After the resampling step, the time update step takes place. This means that x(tk+1)
is predicted using available information about x(tk). For the particle filter and the state-
space model (4.46), this is done by drawing M independent samples of w(tk), w(i)(tk),
i = 1, . . . ,M , according to its probability density function pw. The particles are then
updated according to

x
(i)
tk+1|tk

= f
(
x

(i)
tk|tk

, u(tk), w(i)(tk)
)
, i = 1, . . . ,M. (4.58)

In general, this can be seen as drawing new particles according to their conditional distri-
bution,

x
(i)
tk+1|tk

∼ p
(
xtk+1|tk

∣∣∣x(i)
tk|tk

)
, i = 1, . . . ,M. (4.59)

The weights are unchanged, q(i)tk+1|tk
= q

(i)
tk|tk

= 1
M . Note that a more general version of

the time update equation is available, see the references. After this step, a new measure-
ment is obtained and the filter is restarted from the measurement update step.

When starting a filter, the particles should be initialized according to available infor-
mation about the initial value, x(t0). If the probability density function of x(t0) is px0 ,
the particles are initially chosen according to that distribution. We can write this as

x
(i)
t0|t−1

∼ px0(x0), i = 1, . . . ,M (4.60)

and we get

q
(i)
t0|t−1

=
1
M
, i = 1, . . . ,M. (4.61)

Summing up, we get the following particle filtering algorithm.

1. Initialize the M particles,

x
(i)
t0|t−1

∼ px0(x0), i = 1, . . . ,M (4.62)
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and
q
(i)
t0|t−1

=
1
M
, i = 1, . . . ,M. (4.63)

Set k := 0.

2. Measurement update: calculate weights {q(i)tk|tk
}M

i=1 according to

q
(i)
tk|tk

=
p
(
y(tk)|x(i)

tk|tk−1

)
q
(i)
tk|tk−1∑M

j=1 p
(
y(tk)|x(j)

tk|tk−1

)
q
(j)
tk|tk−1

, i = 1, . . . ,M. (4.64)

3. Resampling: draw M particles, with replacement, according to

Pr
(
x

(i)
tk|tk

= x
(j)
tk|tk−1

)
= q

(j)
tk|tk

i = 1, . . . ,M (4.65)

and set
q
(i)
tk+1|tk

=
1
M

i = 1, . . . ,M. (4.66)

4. Time update: predict new particles according to

x
(i)
tk+1|tk

∼ p
(
xtk+1|tk

∣∣∣x(i)
tk|tk

)
, i = 1, . . . ,M. (4.67)

5. Set k := k + 1 and iterate from step 2.

To examine how the implementation for DAE systems should be done, we consider
an SDAE in the form (4.6),

G
(
ż(t), z(t), w(t), u(t)

)
= 0 (4.68a)

y(tk) = h
(
z(tk)

)
+ e(tk). (4.68b)

To be able to use methods for stochastic simulation with white noise inputs, we realize
the stochastic process w(t) as white noise v(t) filtered through a linear filter according to
what was discussed in Section 4.3. Following the discussion in Section 4.3, we can then
write the system as

F
(
ẋ(t), x(t), v(t), u(t)

)
= 0 (4.69a)

y(tk) = h
(
x(tk)

)
+ e(tk). (4.69b)

We only consider SDAE models (4.69a) that fulfill the conditions of Theorem 4.1. The
theorem gives that we can write the system as

F̂1

(
u(t), x1, x3, ẋ1 − σ(x1, x3)v, ẋ3 + F̂−1

2;x3
F̂2;x1σ(x1, x3)v

)
= 0 (4.70a)

F̂2

(
u(t), u̇(t), . . . , x1, x3

)
= 0 (4.70b)

x(t) = Q

(
x1(t)
x3(t)

)
(4.70c)

y(tk) = h
(
x(tk)

)
+ e(tk). (4.70d)
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for some permutation matrix Q.
Since F̂1 and F̂2 are the result of the transformations discussed in Section 2.2, F̂2 can

be locally solved for x3,

x3 = R
(
u(t), u̇(t), . . . , x1(t)

)
. (4.71)

After using (4.71) to eliminate x3 and ẋ3 in F̂1, F̂1 can be solved for ẋ1 to give

ẋ1 = L(t, x1) + σ(x1,R)v. (4.72)

Combining (4.70)–(4.72) gives

ẋ1 = L(t, x1) + σ(x1,R)v (4.73a)

y(tk) = h

(
Q

(
x1(tk)

R(u(tk), u̇(tk), . . . , x1(tk))

))
+ e(tk). (4.73b)

The state-space system (4.73) can be used to implement a particle filter for estimation
of x1. After estimating x1, estimates of x3 can be computed using (4.71).

Since it is typically not possible to solve for ẋ1 and x3 explicitly, we will discuss nu-
merical implementation methods in the following section. Furthermore, the state equation
should be discretized. This can be done using for example a numerical solver for stochas-
tic differential equations. The time update in step 4 in the particle filtering algorithm is
thus performed by solving (4.73a) for one time step. The measurement update in step 2
of the particle filtering algorithm is performed using the measurement equation (4.73b).

4.6 Implementation Issues

The exact transformation into the form (4.70), which is necessary to implement the par-
ticle filter may be difficult to compute in practice. It is also an issue how to solve these
equations numerically for ẋ1 and x3. Therefore approximate implementations may be
considered. One way to do this is to use the type of DAE solver that is included in mod-
eling environments for object-oriented modeling such as Dymola (Mattsson et al., 1998).

As discussed in Section 2.5, DAE solvers for component-based models compute an
approximation of the form

F̃1(t, x1, x3, ẋ1) = 0 (4.74a)

F̂2(t, x1, x3) = 0, (4.74b)

that is F̂1 and F̂2 with ẋ3 eliminated from F̂1. This can be used to examine if a DAE with
a noise model satisfies the conditions of Theorem 4.1. The most straightforward way to
check if a given noise model is correct, is to examine if the transformed system is of the
form

F̃1

(
t, x1, x3, ẋ1 − σ(x1, x3)v

)
= 0 (4.75a)

F̂2(t, x1, x3) = 0. (4.75b)
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If v appears in incorrect positions (so that the transformed system is not of the form
(4.75)), one way to handle the situation would be to remove v(t) from these incorrect
locations in F̃1 and F̂2, and assumed that noise is added to the original equations so that
this is achieved.

The solvers can also be used for approximate implementation of particle filters for
DAE systems. The idea behind this is that the transformation to the form

ẋ1 = L(t, x1) + σ(x1,R)v (4.76a)
x3 = R(t, x1) (4.76b)

can be made by solving F̃1 and F̂2 numerically at each time step using a DAE solver.
This means that given values of x1 and v the solver can give ẋ1 and x3. The state equa-
tion (4.76a) can then be used to estimate x1, and x3 can be computed from (4.76b).

To summarize, the following procedure can be used when modeling noise in DAEs
and implementing a particle filter. First a DAE without noise is produced by writing down
equations, or from component-based modeling. This DAE is then entered into a DAE
solver to determine which variables that are states. Noise is then added to the original
equations according to physical insight and then the equations are transformed into F̃1

and F̂2. Then incorrect noise terms are removed so that the equations are in the form
(4.75). The form (4.75) is then used to implement the particle filter by solving for ẋ1 and
x3 using the DAE solver.

4.7 Example: Dymola Assisted Modeling and Particle
Filtering

Figure 4.1: A pendulum

In this section we examine a DAE model of a pendulum. First noise is added, and
then a particle filter is implemented to estimate the internal variables of the pendulum.

This is a modified example from Brenan et al. (1996). As shown in Figure 4.1, z1
and z2 are the horizontal and vertical position of the pendulum. Furthermore, z3 and z4
are the respective velocities, z5 is the tension in the pendulum, the constant b represents
resistance caused by the air, g is the gravity constant, and L is the constant length of the
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pendulum. The equations describing the pendulum are

ż1 = z3 (4.77a)
ż2 = z4 (4.77b)

ż3 = −z5 · z1 − b · z2
3 (4.77c)

ż4 = −z5 · z2 − b · z2
4 − g (4.77d)

0 = z2
1 + z2

2 − L2. (4.77e)

We will use the approximate methods discussed in Section 4.6, so the equations are
entered into the DAE solver in Dymola. The first step in the noise modeling is to let
Dymola select which variables that are states. There are several possible ways to select
states for these equations, but here z1 and z3 are selected. We thus have

x1 =
(
z1
z3

)
, x3 =

z2z4
z5

 . (4.78)

We can thus take F̂1 as

F̂1 =
(

ż1 − z3
ż3 − (−z5 · z1 − b · z2

3)

)
(4.79)

corresponding to (4.77a) and (4.77c). White noise could thus be added to the states z1 and
z3. We choose to add noise only to ż3 to model disturbances caused by e.g., turbulence.
(4.77a) and (4.77c) then take the form

ż1 = z3 (4.80a)

ż3 = −z5 · z1 − b · z2
3 + v (4.80b)

where v is white noise. This corresponds to

σ =
(

0
1

)
(4.81)

in (4.34). The next step in the noise modeling is to transform these equations together
with the remaining noise-free equations into F̃1 and F̂2 in (4.75). Doing this reveals that
F̃1, which is available as C code from Dymola, is of the desired form

F̃1

(
t, x1, x3, ẋ1 − σ(x1, x2)v

)
, (4.82)

that is, the noise term only occurs in affine form and together with ẋ1. However, F̂2

includes the noise term v which is not allowed. To solve this problem, occurrences of v
in F̂2 are deleted before it is used for particle filtering. Removing the noise from F2 can
typically be seen as adding noise in the original equations, but a user does not need to
consider the exact form of this. (For illustration, we will anyway discuss this below.)

Next, we implement a particle filter to estimate the internal variables of the system.
To generate data for the estimation experiment, the model is inserted into the Simulink
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environment using the Dymola-Simulink interface available with Dymola. The purpose
of this experiment is not to demonstrate the performance of a filtering algorithm, but
rather to show how DAE models can be used in a direct way when constructing particle
filters. Therefore it is sufficient to use simulated data for the experiment. The constants
were chosen as L = 1, b = 0.05 and g = 9.81. Process noise was generated with the
Band-Limited White Noise block in Simulink with noise power 0.01. The initial values
of the states were z1 = 0.5 and z3 = −0.1. The measured variable is the tension in the
pendulum z5,

y(tk) = z5(tk) + e(tk). (4.83)

Measurements with noise variance 0.1 was collected at the sampling interval 0.05 s.
After generating the data, a particle filter was implemented using the algorithm in

Section 4.5 to estimate the internal variables z1, z2, z3, z4, and z5. Since the selected
states are z1 and z3, these are the variables that are estimated directly by the particle filter.
The remaining variables are then computed by Dymola using F̂2.

The particle filter was implemented in MATLAB with the time updates being per-
formed by simulating the model using the Dymola-Simulink interface. The initial parti-
cles were spread between z1 = 0.1 and z1 = 0.6 and between z3 = −0.2 and z3 = 0.2.
Only positive values of z1 were used since the symmetry in the system makes it impossi-
ble to distinguish between positive and negative z1 using only measurements of z5. The
particle filter was tuned to use noise power 0.1 for the process noise and variance 0.2 for
the measurement noise to simulate the situation were the noise characteristics are not ex-
actly known. A typical result of an estimation is shown in Figure 4.2 where an estimation
of z1 is plotted together with the true value.
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Figure 4.2: Typical result of particle filtering.

To examine the reliability of the filtering algorithm, 100 Monte Carlo runs were made.
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Then the RMSE value was calculated according to

RMSE(t) =

√√√√ 1
M

M∑
j=1

(
x(t)− x̂j(t)

)2
(4.84)

where M is the number of runs, here M = 100, x(t) is the true state value and x̂j(t) is
the estimated state value in run j. The result is shown in Figure 4.3. The estimation error
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Figure 4.3: RMSE for the estimations of z1 and z3 for 100 Monte Carlo runs.

in the velocity z3 is larger when the pendulum changes direction, which could mean that
it is more difficult to estimate the velocity there.

Noise modeling details

When adding noise to a DAE, a user can only add noise so that it enters through a function
σ. This was done in equation (4.80) above. However, noise must also be added according
to the term F−1

2;x3
F̂2;x1σ(x1, x3)v in (4.43) to make all variables well-defined (otherwise

the conditions of Theorem 4.1 will not be satisifed).
To compute F̂2, we consider (4.77).

0 = z2
1 + z2

2 − L2. (4.85)

Differentiating (4.85) with respect to time gives

0 = 2z1ż1 + 2z2ż2. (4.86)

Inserting (4.77a) and (4.77b) gives

0 = 2z1z3 + 2z2z4 (4.87)
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which after differentiation gives

0 = 2ż1z3 + 2z1ż3 + 2ż2z4 + 2z2ż4. (4.88)

Inserting the expressions for the derivatives gives

0 = 2z2
3 + 2z1(−z5 · z1 − bz2

3) + 2z2
4 + 2z2(−z5 · z2 − bz2

4 − g). (4.89)

The equations (4.85), (4.87), and (4.89) together define one possible selection of F̂2.
These can be used to compute

F−1
2;x3

F̂2;x1σ(x1, x3)v = F−1
2;x3

F̂2;x1

(
0
1

)
=

 0
z1
z2

∗

 (4.90)

where the last term ∗ is unimportant since ż5 does not occur in the equations. This tells
us that noise should be added to ż4 according to

ż4 +
z1
z2
v = −z5 · z2 − b · z2

4 − g (4.91)

to satisfy the conditions of Theorem 4.1.

4.8 Parameter Estimation

In the parameter estimation problem, we are interested in estimating unknown parame-
ters θ in a nonlinear SDAE with sampled measurements,

F
(
ẋ(t), x(t), u(t), v(t), θ

)
= 0 (4.92a)

y(tk) = h(x(tk), θ) + e(tk). (4.92b)

As discussed in Section 4.3, the white noise v(t) is typically the result of physical noise
modeling, where low bandwidth noise is realized as white noise filtered through a linear
filter. As in Chapter 3, we denote the measurements by

ZN = {u(t0), y(t0), ..., u(tN ), y(tN )}. (4.93)

The parameters θ belong to the domain DM ⊆ Rnθ , θ ∈ DM.
To guarantee that the model is well-defined, it will be assumed that it fulfills the

conditions of Theorem 4.1 so that it can be written as

F̂1

(
u, θ, x1, x3, ẋ1 − σ(x1, x3)v, ẋ3 + F̂−1

2;x3
F̂2;x1σ(x1, x3)v

)
= 0 (4.94a)

F̂2

(
u, θ, x1, x3

)
= 0 (4.94b)

y(tk) = h
(
x1(tk), x3(tk), θ

)
+ e(tk) (4.94c)

for all θ ∈ DM. As discussed previously in the chapter, this means that a particle filter
can be implemented (for each value of θ). The particle filter gives two possibilities to
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estimate the unknown parameters, the maximum likelihood method and the prediction
error method (see Chapter 3).

The maximum likelihood method using particle filters is discussed by Andrieu et al.
(2004). Here the probability density function of the output, fy(θ, ZN ) is estimated us-
ing the particle filter. The parameters are thus estimated by maximizing the likelihood
function,

θ̂ = arg max
θ

fy(θ, ZN ) (4.95)

or the log-likelihood function,

θ̂ = arg max
θ

log fy(θ, ZN ). (4.96)

In can be noted that even though we have modeled all uncertainties as stochastic pro-
cesses (4.92a), it is not straightforward to compute the likelihood function since there
are several tuning parameters in the particle filter. For example, the number of particles
and the resampling technique must be specified. Another issue, which is discussed by
Andrieu et al. (2004), is that the particle filter itself is stochastic. This means that the
estimate of the likelihood function fy(θ, ZN ) will not be a smooth function, the estimate
will not even be the same if computed two times with the same value of θ. A solution to
this problem discussed by Andrieu et al. (2004) is to use the same noise realization each
time the likelihood function is estimated. This will lead to a smooth estimate.

To use the prediction error method, it is necessary to compute the models prediction
of y(tk) given Zk−1, i.e., ŷ(tk|tk−1, θ). The predictions can for example be computed
using the particle filter. Using the predictions from the particle filter (or another method),
the parameters can be estimated using

VN (θ, ZN ) =
1
N

N∑
k=1

(
y(tk)− ŷ(tk|tk−1, θ)

)T Λ−1
(
y(tk)− ŷ(tk|tk−1, θ)

)
(4.97a)

θ̂ = arg min
θ

VN (θ, ZN ) (4.97b)

where Λ weighs together the relative importance of the measurements. As for the maxi-
mum likelihood method, the result will depend on the tuning of the particle filter and the
function VN will not be smooth since the particle filter itself is stochastic. As before, the
latter problem could be solved by using a fixed noise realization for all values of θ.

For the output-error case,

F
(
ẋ(t), x(t), u(t), θ

)
= 0 (4.98a)

y(tk) = h(x(tk), θ) + e(tk), (4.98b)

the prediction error method is simplified, since the predictions ŷ(tk|tk−1, θ) then are ob-
tained by simulating the system. This approach is discussed thoroughly by Schittkowski
(2002).

Example 4.7: Prediction error method
To illustrate the prediction error method for DAE models using particle filters, the pen-
dulum model of Section 4.7 is considered. We have computed the criterion function VN
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in (4.97a) for the pendulum model in Section 4.7 for different values of the parameter L.
The setting is the same as in Section 4.7, except for the measurement noise e(tk) in

y(tk) = z5(tk) + e(tk) (4.99)

which has variance 0.01 in this example. The measurements ZN have been obtained by
simulation of the model. Measurements have been collected with sampling interval 0.05 s
for the duration of 1 s. Since we have a scalar output, the weighting matrix Λ is set to 1.
A straightforward implementation of the particle filter for computation of the predictions
ŷ(tk|tk−1, θ) results in the criterion function VN in Figure 4.4a. As can be seen in the
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(a) Different noise realizations in the particle
filter for each value of L.
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(b) The same noise realization in the particle
filter for each value of L.

Figure 4.4: The value of the criterion function VN for different values of the param-
eter L. The true value is L = 1.

figure, VN has its minimum near the true value L = 1. However, VN is not very smooth
which means that it would be difficult to find its minimum. To make the situation better,
we compute VN using the same noise realization in the particle filter for each value of L.
The result is shown in Figure 4.4b. In this case, there is a more distinct minimum at the
true value L = 1. Because of the approximations involved in the particle filter, VN is not
completely smooth in this case either.

If the initial condition x(0) is unknown, it should normally be estimated along with
the parameters. From (4.94) we get that x1 is the state variable, and x3 is a function
of x1. This means that only x1(0) should be parameterized and estimated along with the
parameters, while x3(0) is computed from (4.94b). However, since the particle filter can
work with the distribution of x1(0) other approaches, such as spreading the particles in
an area where the x1(0) is known to lie, are possible.

There are also other parameter estimation methods available than the well-established
prediction-error and maximum likelihood methods. One method which has been sug-
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gested is to extend the internal variables x with the unknown parameters θ,

z =
(
x
θ

)
(4.100)

and then estimate z using an estimation method like the extended Kalman filter or the
particle filter (e.g., Ljung, 1979; Schön and Gustafsson, 2003; Andrieu et al., 2004). Since
θ is constant, a direct implementation of the particle filter will not work (Andrieu et al.,
2004, Section IV.A). Alternative methods are discussed by Andrieu et al. (2004).

4.9 Conclusions

We have presented a theoretical basis for introduction of noise processes in DAE models.
The exact conditions that this gives can be hard to use in practice, for example since it
requires rank tests. Therefore, an approximate solution was proposed. This solution uses
the kind of DAE solvers that are included in modeling environments for object-oriented
modeling. These solvers produce an approximation of the transformation that is necessary
to include noise in an appropriate way.

It was also discussed how particle filtering can be implemented for DAE models. An
example which shows that it is possible to implement a particle filter using a DAE model
was presented. The results were similar to what could be expected from an implementa-
tion using a regular state-space model.

It was also discussed how estimation of unknown parameters can be performed using
the prediction error and maximum likelihood methods. Provided that the model structure
is well-defined, the particle filter can be used in the implementation.

Further research issues include to examine if it is possible to implement other estima-
tion methods such as extended Kalman filtering for DAE models. Another research issue,
which also is of interest for other model structures than DAEs, is how the particle filter
should be tuned to provide smooth estimates of the probability density function fy(θ, ZN )
and the prediction error criterion function VN (θ, ZN ) for parameter estimation.
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5
Identifiability and Observability for

DAEs Based on Kunkel and
Mehrmann

In this chapter we will discuss how rank tests can be used to examine local identifiability
and observability for differential-algebraic equations.

5.1 Introduction

For state-space models, it is common practice to use rank tests to examine observability
and identifiability. Consider for example the state-space model

ẋ(t) = Ax(t) +Bu(t) (5.1a)
y(t) = Cx(t) (5.1b)

with x ∈ Rn. The basic way to examine observability for this system is to check if the
matrix 

C
CA

...
CAn−1

 (5.2)

has full column rank, which is a necessary and sufficient condition (e.g., Rugh, 1996).
Similarly, a sufficient condition for local identifiability and local weak observability of a
nonlinear state-space system

ẋ(t) = f
(
x(t), θ

)
(5.3a)

y(t) = h
(
x(t), θ

)
(5.3b)

87
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is existence of an integer k such that the matrix
hx,θ

(
x(t), θ

)
h

(1)
x,θ

(
x(t), θ

)
...

h
(k)
x,θ

(
x(t), θ

)

 (5.4)

has full rank. As before, we use the notation

h
(k)
x,θ =

(
∂

∂x1
. . . ∂

∂xnx

∂
∂θ1

. . . ∂
∂θnθ

)( dk

dtk
h
(
x(t), θ

))
. (5.5)

This test is for example discussed by Walter (1982, Section 3.2.1). In this chapter, we
will discuss how such methods can be extended to DAE models. To do this, we will use
the results by Kunkel and Mehrmann (2001) that were reviewed in Section 2.2. Since
DAE models are more difficult to handle, the results will be more complicated than for
state-space systems.

We will also show that these results can be used to derive and extend standard observ-
ability and identifiability results for state-space models.

5.2 Identifiability

Consider the nonlinear DAE

F
(
ẋ(t), x(t), θ, u(t), t

)
= 0 (5.6a)

y(t) = h
(
x(t)

)
. (5.6b)

According to the definition in Section 3.4, this DAE is locally identifiable at θ0, x0 for the
input u(t) if there exists a neighborhood V of θ0 for which

θ ∈ V
y(θ0, t) = y(θ, t) for all t

}
⇒ θ = θ0 (5.7)

where y(θ̄, t) is the output y of (5.6) with the input u(t), θ = θ̄, and the consistent initial
condition x0. The system is locally identifiable if it is locally identifiable at all θ0 ∈ DM.

Identifiability for nonlinear DAE models has not been treated much in literature, one
reference being Ljung and Glad (1994). For state-space models, the problem is well
treated. See, e.g., the book by Walter (1982).

As discussed previously, identifiability for nonlinear systems is closely related to ob-
servability. This can be seen by noting that identifiability of θ in the DAE model

F
(
ẋ(t), x(t), θ, u(t), t

)
= 0 (5.8a)

y(t) = h
(
x(t)

)
(5.8b)

can bee seen as observability of the (constant) variable θ(t) in the model

F
(
ẋ(t), x(t), θ(t), u(t), t

)
= 0 (5.9a)

θ̇(t) = 0 (5.9b)

y(t) = h
(
x(t)

)
. (5.9c)
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5.3 Observability Tests Based on Kunkel and
Mehrmann

We consider a nonlinear DAE,

G
(
ẋ(t), x(t), u(t), t

)
= 0 (5.10a)

y(t) = h
(
x(t)

)
(5.10b)

where x(t) ∈ Rnx are the internal variables, u(t) external inputs, and y(t) a measured
output. The idea when examining observability for the system (5.10), is that if the system
is observable, then enough information should be contained in the equations to compute
x(t) when u(t) and y(t) are known signals. This means that (5.10a) and (5.10b) both
should be used as equations that give information about x(t). Collecting the equations
gives the extended DAE (

G
(
ẋ(t), x(t), u(t), t

)
y(t)− h

(
x(t)

) )
︸ ︷︷ ︸

F

= 0. (5.11)

What needs to be done is to examine if x(t) can be solved uniquely from (5.11). Lo-
cally, the uniqueness of the solutions can be examined using the method by Kunkel
and Mehrmann (2001) that is given in Theorem 2.2. Doing this results in the follow-
ing theorem, which as far as we know is a novel application of the theory of Kunkel and
Mehrmann.

Theorem 5.1
Assume that the extended DAE (5.11) fulfills the conditions of Theorem 2.2 for some µ, a,
d, and v and the solution x0(t). Then the original DAE (5.10) is locally weakly observable
at x0(t) if and only if a = nx where nx is the dimension of x.

Note that u(t) and y(t) should be seen as time-dependent signals and thus be included
in the general time-dependency t in Theorem 2.2.

Proof: Assume that a = nx. Then, according to Theorem 2.2, the solution to the ex-
tended DAE (5.11) is locally described by

x3(t) = R(t) (5.12)

and x1 and x2 have dimension 0. Since x3 then describes the solution for x(t), these vari-
ables are (locally) determined by the extended DAE. This means that if y(t) is replaced by
the output from a similar system with the solution x0(t), then there is a neighborhood of
x0(t) where x is uniquely determined by (5.11) so the original DAE is locally observable.

Now assume that a < nx. Then, according to Theorem 2.2, the solution to the ex-
tended DAE (5.11) is locally described by

ẋ1(t) = L
(
t, x1(t), x2(t), ẋ2(t)

)
(5.13a)

x3(t) = R
(
t, x1(t), x2(t)

)
(5.13b)
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where the dimension of at least one of x1 and x2 is greater than zero. According to
Proposition 2.1 there is a neighborhood where the initial condition of these variables
can be chosen freely. This means that x(t) has an undetermined initial condition or is a
parameter that can be varied freely without changing the output y(t). This means that the
original system is not locally weakly observable.

Finally, the case a > nx cannot occur since a is the difference between the ranks of
the matrices in (2.46) and (2.48).

5.4 Identifiability Tests based on Kunkel and
Mehrmann

We consider a nonlinear DAE with unknown parameters,

G
(
ż(t), z(t), θ, u(t), t

)
= 0 (5.14a)

y(t) = h
(
z(t), θ

)
(5.14b)

where z(t) ∈ Rnz are the internal variables, θ ∈ Rnθ the unknown constant parameters,
u(t) external inputs, and y(t) a measured output. As discussed in Section 5.2, identifia-
bility of the DAE (5.14) can be seen as adding the equation

θ̇(t) = 0 (5.15)

and examining if

x(t) =
(
z(t)
θ(t)

)
(5.16)

is observable in the new system. We can thus use the results on observability from the
previous section to examine identifiability. The extended DAE then takes the formG(ż(t), z(t), θ(t), u(t), t)y(t)− h

(
z(t), θ

)
θ̇(t)


︸ ︷︷ ︸

F

= 0. (5.17)

Applying the results in the previous section results in the following theorem.

Theorem 5.2
Assume that the extended DAE (5.17) fulfills the conditions of Theorem 2.2 for some µ, a,
d, and v with

x(t) =
(
z(t)
θ(t)

)
(5.18)

at z0(t), θ0. Then the original DAE (5.14) is locally identifiable and locally weakly ob-
servable at z0(t), θ0 if and only if a = nz + nθ where nz is the dimension of z and nθ is
the dimension of θ.
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Proof: The result follows directly from Theorem 5.1 with

x(t) =
(
z(t)
θ(t)

)
. (5.19)

If it is known beforehand that the system is observable if all parameter values θ are
known, then it is possible to examine local identifiability without having to treat observ-
ability at the same time. This is described in the following corollary.

Corollary 5.1
Assume that the original DAE (5.14) is locally weakly observable if θ is known and that
the extended DAE (5.17) fulfills the conditions of Theorem 2.2 for some µ, a, d, and v
with

x(t) =
(
z(t)
θ(t)

)
(5.20)

at θ0. Then the original DAE (5.14) is locally identifiable at θ0 if and only if a = nz +nθ

where nz is the dimension of z and nθ is the dimension of θ.

Proof: If a = nz + nθ, the system is clearly both locally weakly observable and locally
identifiable according to Theorem 5.2. If a < nz + nθ, the solution of the extended DAE
is locally described by

ẋ1(t) = L
(
t, x1(t), x2(t), ẋ2(t)

)
(5.21a)

x3(t) = R
(
t, x1(t), x2(t)

)
(5.21b)

where the initial value of x1 and x2 can be chosen freely in some neighborhood and the
dimension of at least one of these variables is greater than zero. Since z(t) is locally
weakly observable, it must be part of x3(t). At least part of θ is thus included in x1(t)
and/or x2(t), so it is not locally identifiable.

Example 5.1: Identifiability based on Kunkel and Mehrmann
Consider the DAE (

θż(t)− u(t)
y(t)− z(t)

)
= 0. (5.22)

To examine identifiability using Theorem 5.2, we consider the extended DAEθ(t)ż(t)− u(t)
y(t)− z(t)

θ̇(t)


︸ ︷︷ ︸

F

= 0. (5.23)

Let

x(t) =
(
z(t)
θ(t)

)
. (5.24)

To examine if the conditions of Theorem 2.2 are satisfied, we must verify that Property 2.1
holds. We will first verify that if holds for µ = 2. Not that the number of variables are
n = 2 and the number of equations are m = 3. The steps of Property 2.1 can be verified
as follows.
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1. We have that

F2 =

 F
d
dtF
d2

dt2F

 =



θ(t)ż(t)− u(t)
y(t)− z(t)

θ̇(t)
θ̇(t)ż(t) + θ(t)z̈(t)− u̇(t)

ẏ(t)− ż(t)
θ̈(t)

θ̈(t)ż(t) + 2θ̇(t)z̈(t) + θ(t)z(3)(t)− ü(t)
ÿ(t)− z̈(t)
θ(3)(t)


. (5.25)

All variables except the time t are determined by the equations, so L2 ⊆ R9 forms
a manifold of dimension 1. This gives

r = 9− 1 = 8. (5.26)

2. We have

F2;x,ẋ,ẍ,x(3) =



0 ż θ 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 z̈ θ̇ ż θ 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 z(3) θ̈ 2z̈ 2θ̇ ż θ 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1


(5.27)

which gives that

rankF2;x,ẋ,ẍ,x(3) = 8 (5.28)

provided that, for example, θ 6= 0 and z̈ 6= 0. This is consistent with r = 8.

3. Since corankF2;x,ẋ,ẍ,,x(3) = 1 and

F1;x,ẋ,ẍ =


0 ż θ 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 z̈ θ̇ ż θ 0
0 0 1 0 0 0
0 0 0 0 0 1

 (5.29)

has full row rank (corankF1;x,ẋ,ẍ = 0), we have that v = 1.
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4. We have

F2;ẋ,ẍ,x(3) =



θ 0 0 0 0 0
0 0 0 0 0 0
0 1 0 0 0 0
θ̇ ż θ 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
θ̈ 2z̈ 2θ̇ ż θ 0
0 0 1 0 0 0
0 0 0 0 0 1


(5.30)

which gives
a = r − rankF2;ẋ,ẍ,x(3) = 8− 6 = 2. (5.31)

This gives that T2 is of size zero.

5. Since T2 is of size zero, we have that

rankFẋT2 = 0. (5.32)

Since
m− a− v = 3− 2− 1 = 0, (5.33)

we have a well-defined
d = 0. (5.34)

Corresponding calculations give that Property 2.1 is fulfilled also with µ = 3, a = 2,
d = 0, and v = 1. This gives that Theorem 2.2 is fulfilled for the extended DAE. Since
a = nz + nθ, Theorem 5.2 gives that the model is locally identifiable and locally weakly
observable.

The calculations in the example involve quite large matrices, but the fact that the smaller
matrices are submatrices of F2;x,ẋ,ẍ,x(3) makes the computations easier.

5.5 Application to State-Space Models

As was mentioned in the beginning of the chapter, the method discussed here can be seen
as a generalization of rank tests that are used to examine identifiability and observability
of state-space models. To make this connection clear, we present results from state-space
theory in this section and prove them with the general theory of Section 5.3 and 5.4. We
will also see that the methods discussed here will make it possible to show that results that
usually are referred to as necessary conditions, under certain conditions are necessary and
sufficient.

First consider a linear state-space model,

ż(t) = Az(t) (5.35a)
y(t) = Cz(t) (5.35b)
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where z ∈ Rnz , nz ≥ 1, and y ∈ Rny , ny ≥ 1. We will show that observability of this
model is equivalent to the basic observability test (5.2). To examine observability, we will
use Theorem 5.1. The extended DAE is(

ż(t)−Az(t)
Cz(t)− y(t)

)
︸ ︷︷ ︸

F

= 0, (5.36)

which gives the (nz + ny)(µ+ 1)× (µ+ 2)nz matrix Fµ;x,ẋ,...,x(µ+1) (with x(t) = z(t))

Fµ;x,ẋ,...,x(µ+1) =



−A I 0 · · · 0

C 0 0
...

0 −A
. . . 0 0

... 0 −A I
0 · · · 0 C 0


. (5.37)

Note that m = nz + ny and n = nz . By multiplying this matrix from the right with the
full rank matrix 

I 0 0 · · · 0
A I 0 0

A2 A I
...

...
. . . . . . 0

Aµ+1 Aµ · · · A I

 (5.38)

and then from the left with the full rank matrix

I 0 0 0 0 0 · · · 0
0 I 0 0 0 0 0
0 0 I 0 0 0 0
−C 0 0 I 0 0 0
0 0 0 0 I 0 0

−CA 0 −C 0 0 I 0
...

. . .
...

−CAµ−1 0 −CAµ−2 0 · · · · · · I


(5.39)

Fµ;x,ẋ,...,x(µ+1) can be brought into the form

0 I 0 0 · · · 0
C 0 0 0 0
0 0 I 0 0
CA 0 0 0 0
0 0 0 I 0
...

...
...

. . .
...

0 0 0 · · · 0 I
CAµ 0 0 · · · 0 0


. (5.40)
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By row permutations, this matrix can be written as
C 0
CA 0

... 0
CAµ 0

0 I

 . (5.41)

Since multiplication with full rank matrices and row permutations do not change the rank
of a matrix, Fµ;x,ẋ,...,x(µ+1) has full column rank if and only if

C
CA

...
CAµ

 . (5.42)

has full rank.
It must now be shown that Property 2.1 is fulfilled for µ = nz and the value of a must

be determined to see if the model is locally weakly observable.
Let µ = nz and assume that Fµ;x,ẋ,...,x(µ+1) has full column rank so that r = (µ +

2)nz . According to the Cayley-Hamilton theorem, Fµ−1;x,ẋ,...,x(µ) also has full column
rank, so

v =
(
(nz + ny)(µ+ 1)− (µ+ 2)ny

)
−
(
(nz + ny)µ− (µ+ 1)nz

)
= ny. (5.43)

Furthermore, a = nz since Fµ;x,ẋ,...,x(µ+1) and Fµ;ẋ,...,x(µ+1) have full column rank. This
gives that T2 is the empty matrix, so d = 0. Also, m − a − v = 0, so Property 2.1 is
satisfied with a = nz for µ = nz .

Now assume that Fµ;x,ẋ,...,x(µ+1) does not have full rank, so that r = (µ+2)nz −∆r
for some ∆r > 0. According to the Cayley-Hamilton theorem we also have

rankFµ−1;x,ẋ,...,x(µ) = (µ+ 1)nz −∆r, (5.44)

so

v =
(
(nz+ny)(µ+1)−(µ+2)nz+∆r

)
−
(
(nz+ny)µ−(µ+1)nz+∆r

)
= ny. (5.45)

Now, a = nz − ∆r since Fµ;ẋ,...,x(µ+1) has full column rank by construction. Also,
d = ∆r since Fẋ has full column rank by construction. This gives that m− a− v = ∆r
so Property 2.1 is satisfied.

The above discussion also holds for µ = nz + 1 according to the Cayley-Hamilton
theorem. This gives that the conditions of Theorem 2.2 are satisfied, so Corollary 5.1
gives that the model is locally weakly observable if and only if

C
CA

...
CAnz

 (5.46)
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has full column rank. According to the Cayley-Hamilton theorem, this is equivalent to
full rank of the matrix 

C
CA

...
CAnz−1

 (5.47)

Full rank of this matrix is a standard observability criterion for linear state-space systems.
If the model has multiple outputs (ny ≥ 2), it may be sufficient to consider a matrix

with fewer rows. This is discussed below in connection with the so-called observability
indices. Also note that for linear model, local weak observability is equivalent to global
observability since all equations involved are linear.

It is well known that full rank of the matrix (5.47) is a necessary and sufficient condi-
tion for observability of a linear state-space model. For nonlinear state-space models the
situation is not as simple as for the linear case. While similar rank tests exist, they only
give sufficient conditions for observability. The following theorem shows how the method
that is discussed in this chapter not only reduces to a standard rank test for observability
of nonlinear state-space models, but also shows what conditions that need to be satisfied
to make it a necessary and sufficient condition.

In the theorem, we use the notation h(k)
z

(
z(t)

)
for the partial derivatives with respect

to z of the k:th time derivative of the function h
(
z(t)

)
,

h(k)
z

(
z(t)

)
=
(

∂
∂z1

. . . ∂
∂znz

)( dk

dtk
h
(
z(t)

))
. (5.48)

Note that for the state-space model

ż(t) = f
(
z(t)

)
(5.49a)

y(t) = h
(
z(t)

)
, (5.49b)

the time derivatives can be recursively defined by

h(0)
(
z(t)

)
= h

(
z(t)

)
(5.50a)

h(i+1)
(
z(t)

)
= h(i)

z

(
z(t)

)
f
(
z(t)

)
. (5.50b)

Theorem 5.3
The nonlinear state-space model

ż(t) = f
(
z(t)

)
(5.51a)

y(t) = h
(
z(t)

)
(5.51b)

with z ∈ Rnz , nz ≥ 1, and y ∈ Rny , ny ≥ 1, is locally weakly observable if and only if
the matrix 

hz

(
z(t)

)
h

(1)
z

(
z(t)

)
...

h
(µ)
z

(
z(t)

)
h

(µ+1)
z

(
z(t)

)

 (5.52)
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has full column rank if µ is chosen so that the last two block rows, h(µ)
z

(
z(t)

)
and

h
(µ+1)
z

(
z(t)

)
, do not add column rank.

The condition of this theorem is typically referred to as a sufficient condition for ob-
servability (e.g., Nijmeijer and van der Schaft, 1990; Isidori, 1989). This theorem extends
the standard sufficient condition to a necessary and sufficient condition.

Proof: The extended DAE is (
ż(t)− f

(
z(t)

)
h
(
z(t)

)
− y(t)

)
︸ ︷︷ ︸

F

= 0. (5.53)

Note that the time derivatives of f
(
z(t)

)
can be defined recursively by

f (0)
(
z(t)

)
= f

(
z(t)

)
(5.54a)

f (i+1)
(
z(t)

)
= f (i)

z

(
z(t)

)
f
(
z(t)

)
. (5.54b)

This gives the (nz + ny)(µ+ 1)× (µ+ 2)nz matrix Fµ;x,ẋ,...,x(µ+1) (with x(t) = z(t))

Fµ;x,ẋ,...,x(µ+1) =



fz

(
z(t)

)
I 0 · · · 0 0

hz

(
z(t)

)
0 0

...

f
(1)
z

(
z(t)

)
0 I

...

h
(1)
z

(
z(t)

)
0 0

. . .
...

... 0 0
f

(µ)
z

(
z(t)

)
0 0 · · · 0 I

h
(µ)
z

(
z(t)

)
0 0 · · · 0 0


. (5.55)

We have that m = nz + ny and n = nz . Through column operations that do not change
the rank, this matrix can be brought into the form



0 I 0 · · · 0 0

hz

(
z(t)

)
0 0

...

0 0 I
...

h
(1)
z

(
z(t)

)
0 0

. . .
...

... 0 0
0 0 0 · · · 0 I

h
(µ)
z

(
z(t)

)
0 0 · · · 0 0


. (5.56)
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This matrix has full column rank if and only if the matrix
hz

(
z(t)

)
h

(1)
z

(
z(t)

)
...

h
(µ−1)
z

(
z(t)

)
h

(µ)
z

(
z(t)

)

 (5.57)

has full column rank.
It must now be examined if Property 2.1 is fulfilled and the value of a must be de-

termined to see if the model is locally weakly observable. Let µ be selected so that the
block row h

(µ)
z

(
z(t)

)
in (5.57) does not add rank to (5.57). Such a µ always exists since

the maximum rank of (5.57) is nz .
First assume that Fµ;x,ẋ,...,x(µ+1) has full column rank so that r = (µ + 2)nz . Since

the block row h
(µ)
z

(
z(t)

)
in (5.57) does not add column rank, Fµ−1;x,ẋ,...,x(µ) also has

full column rank, so

v =
(
(nz + ny)(µ+ 1)− (µ+ 2)ny

)
−
(
(nz + ny)µ− (µ+ 1)nz

)
= ny. (5.58)

Furthermore, a = nz since Fµ;x,ẋ,...,x(µ+1) and Fµ;ẋ,...,x(µ+1) have full column rank. This
gives that T2 is the empty matrix, so d = 0. Also, m − a − v = 0, so Property 2.1 is
satisfied with a = nz .

Now assume that Fµ;x,ẋ,...,x(µ+1) does not have full rank, so that r = (µ+2)nz −∆r
for some ∆r > 0. Since the last block row in (5.57) does not add column rank, we have

rankFµ−1;x,ẋ,...,x(µ) = (µ+ 1)nz −∆r, (5.59)

so

v =
(
(nz+ny)(µ+1)−(µ+2)nz+∆r

)
−
(
(nz+ny)µ−(µ+1)nz+∆r

)
= ny. (5.60)

Now, a = nz − ∆r since Fnz ;ẋ,...,x(nz+1) has full column rank by construction. Also,
d = ∆r since Fẋ has full column rank by construction. Since m− a− v = ∆r we have
that Property 2.1 is satisfied with a = nz −∆r.

The above discussion also holds for µ replaced by µ + 1 since the last block row
h

(µ+1)
z

(
z(t)

)
also does not add column rank. This gives that the conditions of Theo-

rem 2.2 are satisfied, so Corollary 5.1 gives that the system is locally weakly observable
if and only if (5.52) has full column rank.

The next result shows how the methods discussed here also can be reduced to a rank
test for identifiability of state-space systems. This leads to a version of the identifiabil-
ity test in Section 3.2.1 in Walter (1982) (use of the implicit function theorem to exam-
ine identifiability) if the so-called exhaustive summary is taken as the derivatives of the
output. Here we show that it can be taken as a necessary and sufficient condition with
appropriately selected matrix dimensions.
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Corollary 5.2
The nonlinear state-space system

ż(t) = f
(
z(t), θ

)
(5.61a)

y(t) = h
(
z(t), θ

)
(5.61b)

with z ∈ Rnz , nz ≥ 1, θ ∈ Rnθ , nθ ≥ 1, and y ∈ Rny , ny ≥ 1, is locally identifiable
and locally weakly observable if and only if the matrix

hz,θ

(
z(t), θ

)
h

(1)
z,θ

(
z(t), θ

)
...

h
(µ)
z,θ

(
z(t), θ

)
h

(µ+1)
z,θ

(
z(t), θ

)

 (5.62)

has full column rank, if µ is chosen so that the last two block rows, h(µ)
z,θ

(
z(t), θ

)
and

h
(µ+1)
z,θ

(
z(t), θ

)
, do not add column rank.

Proof: The problem can be seen as examining observability of the system

ż(t) = f
(
z(t), θ(t)

)
(5.63)

θ̇(t) = 0 (5.64)

y(t) = h
(
z(t), θ

)
. (5.65)

Applying Theorem 5.3, we directly get that this system is locally weakly observable if
and only if the matrix (5.62) has full column rank.

5.6 Other Insights Using Kunkel’s and Mehrmann’s
Theory

In this section we will discuss how observability indices and zero dynamics can be dis-
cussed using the theory for DAE models by Kunkel and Mehrmann (2001).

5.6.1 Observability Indices

As discussed above, a sufficient (and necessary under certain conditions) condition for
local weak observability of the state-space system

ẋ(t) = f
(
x(t)

)
(5.66a)

y(t) = h
(
x(t)

)
(5.66b)
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is full rank of the matrix 
hx

(
x(t)

)
h

(1)
x

(
x(t)

)
...

h
(nx−1)
x

(
x(t)

)
h

(nx)
x

(
x(t)

)

 . (5.67)

where nx is the dimension of x. This means that all outputs y are differentiated nx times
to prove identifiability. However, if y and h are vector valued, it may be sufficient to
examine a smaller matrix to conclude that the system is observable. In other words, it
may not be necessary to differentiate all outputs nx times. To see this, assume that there
are ny outputs and let the i:th time derivative of output j be denoted

h
(i)
j

(
x(t)

)
. (5.68)

The partial derivatives of this time derivative with respect to the states x is then denoted

h
(i)
j;x

(
x(t)

)
. (5.69)

The idea is now that if it is possible to find integers σ1, . . . , σny (σk ≤ nx) such that the
matrix 

h1;x

(
x(t)

)
h

(1)
1;x

(
x(t)

)
...

h
(σ1)
1;x

(
x(t)

)
h2;x

(
x(t)

)
...

h
(σny−1)

ny−1;x

(
x(t)

)
hny;x

(
x(t)

)
h

(1)
ny;x

(
x(t)

)
...

h
(σny )
ny;x

(
x(t)

)



(5.70)

has rank = nx, then this is a sufficient condition for observability. That this is a sufficient
condition can be realized since rank = nx of (5.70) implies full rank of (5.67). This
means that the first output is differentiated σ1 times, the second output is differentiated
σ2 times, and so on.

Often there are several ways to choose the set of integers σk, k = 1, . . . , ny . Typically
one wants to differentiate the outputs as few times as possible, so it is desirable to have as
low σk as possible. One way to choose the σk is therefore to first choose the largest σk as
small as possible, then make the next largest as small as possible and so on. If the σk are
chosen in this way, they are called the observability indices of the system (e.g., Nijmeijer
and van der Schaft, 1990).

The advantage of this method is that the number of differentiations of each output is
minimized. The method discussed e.g., in Theorem 5.3, differentiates all outputs the same
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number of times. However, if µ is chosen as small as possible in Theorem 5.3, then µ is
the smallest integer such that 

hx

(
x(t)

)
h

(1)
x

(
x(t)

)
...

h
(µ−2)
x

(
x(t)

)
h

(µ−1)
x

(
x(t)

)

 (5.71)

has full column rank and 
hx

(
x(t)

)
h

(1)
x

(
x(t)

)
...

h
(µ−2)
x

(
x(t)

)
 (5.72)

does not have full column rank. This means that µ−1 is equal to the largest observability
index of the system (5.66). We formulate this as a proposition.

Proposition 5.1
Assume that the state-space system

ẋ(t) = f
(
x(t)

)
(5.73a)

y(t) = h
(
x(t)

)
(5.73b)

is locally weakly observable and fulfills the conditions of Theorem 5.3. Let µ in Theo-
rem 5.3 be taken as small as possible. Then µ − 1 is equal to the largest observability
index of the system.

5.6.2 Zero Dynamics

In this section we will show how the ideas presented in this chapter also can be used
for examining zero dynamics. If a system is controlled so that it follows a prescribed
trajectory, then the zero dynamics is the dynamics that is not prescribed by this control
law. Assume for example that a DAE model

G
(
ż(t), z(t), u(t), t

)
= 0 (5.74a)

y(t) = h
(
z(t)

)
(5.74b)

is to follow a prescribed trajectory y(t) = r(t), t ≥ 0 and that this trajectory can be
achieved by selecting an appropriate control signal u(t) and possibly initial condition
z(0). If all elements of z(t) are uniquely determined by this control law, then there are no
zero dynamics. But if some elements of z(t) can be given arbitrary initial conditions and
are not determined by the prescribed output, then these variables form the zero dynamics
of the system. The existence of zero dynamics can be examined by the methods that
previously were used to examine identifiability and observability. This can be done by
seeing (5.74) as a DAE where both z(t) and u(t) are unknown, but y(t) is known, y(t) =
r(t). If the system is observable, then there are no zero dynamics, since both z(t) and
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u(t) then are determined by (5.74). If the system is not observable, then there is either
zero dynamics or some components of u(t) are not necessary to control y(t), or both. If
observability is examined using Theorem 5.1, this leads to the following proposition.

Proposition 5.2
Assume that the extended DAE(

G
(
ż(t), z(t), u(t), t

)
y(t)− h

(
z(t)

) )
︸ ︷︷ ︸

F

= 0 (5.75)

fulfills the conditions of Theorem 2.2 with

x(t) =
(
z(t)
u(t)

)
(5.76)

for some µ, a, d, and v and the solution x0(t) and that all components of u(t) are uniquely
determined by any control law that achieves y(t) = r(t) for some function r(t). Then the
original DAE (5.74) has no zero dynamics if and only if a = nx where nx is the dimension
of x.

It can also be noted that if the extended DAE (5.75) is separated according to the
discussion in Section 2.2,

F̂1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0 (5.77a)

F̂2(t, x1, x2, x3) = 0 (5.77b)

x(t) = Q

x1(t)
x2(t)
x3(t)

 , Q permutation matrix, (5.77c)

then F̂1 describes the zero dynamics of the system. This can be seen since these equations
can be locally solved to give

ẋ1 = L(t, x1, x2, ẋ2) (5.78a)
x3 = R(t, x1, x2) (5.78b)

for some functions L and R. The zero dynamics are thus described by (5.78a).

Example 5.2: Zero dynamics and state-space models
To compare with results in the literature, consider the state-space model

ż(t) = f
(
z(t)

)
+ g
(
z(t)

)
u(t) (5.79a)

y(t) = h
(
z(t)

)
(5.79b)

where z ∈ Rnz , u ∈ R, and y ∈ R. For simplicity we thus let the system be single-input
and single-output. Also let the z(t) in the system (5.79) be observable with u(t) and y(t)
known, so that 

hz

(
z(t)

)
h

(1)
z

(
z(t), u(t)

)
...

h
(j)
z

(
z(t), u(t), u̇(t), . . . , u(j−1)(t)

)
 (5.80)
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has full (constant) rank for j = 0, . . . , nz . As before, h(j)
z is the partial derivative with

respect to z of the j:th time derivative of output. Similarly, let h(j)
u be the derivative

with respect to u of the j:th time derivative of the output. Let h(µ)
u be the first non-zero

derivative so that

h(j)
u = 0 j = 0, . . . µ− 1 (5.81a)

h(µ)
u 6= 0. (5.81b)

We can now use Corollary 5.1 to examine observability of z(t) and u(t) in the model
(5.79) with y(t) known, and thereby also examine if there are any zero dynamics. Form
the (nz + 1)(µ+ 1)× (nz + 1)(µ+ 2) matrix

Fµ;x,ẋ,...,xµ+1 =



∗ ∗ I 0 · · · 0 0 0 0
hz hu 0 0 · · · 0 0 0 0
...

...
. . .

...
...

...
...

∗ ∗ ∗ ∗ · · · I 0 0 0
h

(µ−1)
z h

(µ−1)
u 0 0 · · · 0 0 0 0

∗ ∗ ∗ ∗ · · · ∗ ∗ I 0
h

(µ)
z h

(µ)
u 0 0 · · · 0 0 0 0


(5.82)

where ∗ represent elements whose exact form are not important and

x =
(
z
u

)
. (5.83)

Note thatm = nz +1. By using that h(j)
u = 0, j = 0, . . . , µ−1 and by column operations

that do not change the rank of the matrix this can be written

0 0 I 0 · · · 0 0 0 0
hz 0 0 0 · · · 0 0 0 0
...

...
. . .

...
...

...
...

0 0 0 0 · · · I 0 0 0
h

(µ−1)
z 0 0 0 0 0 0 0 0
0 0 0 0 · · · 0 0 I 0
0 h

(µ)
u 0 0 0 0 0 0 0


. (5.84)

By examining this matrix we get that

r = rankFµ;x,ẋ,...,xµ+1 = (nz + 1)(µ+ 1) (5.85)

and
ν = 0 (5.86)

since the matrix has full row rank. We also get

a = r − rankFµ;ẋ,...,xµ+1 = r − nz(µ+ 1) = µ+ 1. (5.87)
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Taking

ZT
2 =


0 1 0 0 0 · · · 0
0 0 0 1 0 · · · 0
...

. . .
0 0 0 0 0 1

 (5.88)

to pick out those rows in Fµ;x,ẋ,...,xµ+1 with h(j)
z , we get

ZT
2 Fµ;x =


hz 0
h

(1)
z 0
...

...
h

(µ−1)
z 0
h

(µ)
z h

(µ)
u

 (5.89)

so the (nz + 1)× (nz − µ) matrix T2 is taken so that the first nz rows are the orthogonal
complement to the µ first rows of (5.89), which gives that

d = rankFẋT2 = nz − µ (5.90)

since rankFẋ will pick out the first nz rows in T2. We also have

m− a− v = nz + 1− (µ+ 1)− 0 = nz − µ (5.91)

so Property 2.1 is satisfied. Similar calculations can also be performed with µ replaced
by µ+ 1 to show that the conditions of Theorem 2.2 are fulfilled.

To conclude, we have that µ + 1 variables of z and u are determined by (5.79) when
y has a prescribed trajectory. Since u is used to control y, the variables that are not
determined by the equations must be taken from z. There are nz − µ such variables,
and these variables form the zero dynamics of the controlled system since they are not
determined by the control law. We see that there are no zero dynamics in the case when
µ = nz , which means that the output y must be differentiated exactly nz times for u to
appear. This is in line with standard results, see e.g., Isidori (1989).

5.7 Conclusions

In this chapter, new criteria for local identifiability and local weak observability of non-
linear differential-algebraic equations have been derived using results by Kunkel and
Mehrmann (2001). The inherent complexity of nonlinear differential-algebraic equations
make the criteria somewhat involved, but on the other hand the generality of DAE models
allows many models to fit into the framework. We have also shown that the criteria are
closely related to standard identifiability and observability criteria for state-space models,
and even extend these results in some cases.

We have also discussed how zero dynamics can be examined using the methods by
Kunkel and Mehrmann (2001).



6
Identifiability Tests Using Differential

Algebra for Component-Based
Models

This chapter discusses how the structure in component-based models can be used when
examining identifiability. We will show the interesting fact that once identifiability has
been examined for the components of a model, identifiability of the complete model can
be examined using a reduced number of equations.

6.1 Introduction

In Section 3.4, a general method by Ljung and Glad (1994) for examining identifiabil-
ity in linear and nonlinear systems, both state-space systems and differential-algebraic
equations, was summarized. This method uses differential algebra which suffers from
high computational complexity, and can therefore only handle quite small systems. This
chapter discusses how the modularized structure in component-based models can be used
to speed up the computations. Since modeling tools such as Modelica are based on
component-based modeling, the approach can be useful for models created using such
tools.

As discussed in Section 2.1.1, a component-based model consists of a number of
components, with equations describing them, and a number of equations describing the
connections between the components. Since the components represent different physical
parts of the system, it is natural that they have independent parameters so that will be
assumed in the present chapter. As before (Section 2.1.1), the equations describing a
model with m components are written as

fi

(
li(t), wi(t), θi, p

)
= 0 i = 1, . . . ,m. (6.1)

Here, li(t) ∈ Rnli are internal variables, wi(t) ∈ Rnwi external variables that are used in
the connections and θi ∈ Rθi unknown parameters, all in component i. As before p is the

105
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differentiation operator with respect to time,

px(t) =
dx(t)
dt

. (6.2)

With fi(·) ∈ Rnfi , it is assumed that nfi ≥ nli so that there are at least as many equations
as internal variables for each component. The equations describing the connections are
written

g
(
u(t), w(t)

)
= 0, w(t) =

w1(t)
...

wm(t)

 (6.3)

where u(t) is an external input signal. Measured output signals are specified as

y(t) = h
(
w(t)

)
(6.4)

where we have assumed that no unknown parameters are included in the measurement
equation. Parameters in the measurement equation could instead be handled by intro-
ducing extra components that for example scale the measured output. To summarize, a
complete component-based model consists of the equations for the components, for the
connections, and for the measurements,

fi

(
li(t), wi(t), θi, p

)
= 0 i = 1, . . . ,m. (6.5a)

g
(
u(t), w(t)

)
= 0 (6.5b)

y(t) = h
(
w(t)

)
. (6.5c)

Identifiability of this model can be analyzed using the method described in Sec-
tion 3.4. However, our main idea is to separate the identifiability analysis into two stages.
The first stage is to rewrite the model for a single component using the technique given
by (3.21), and thus avoiding this computation for the complete model. The second stage
is to examine identifiability by combining the transformed equations for each component.
For the first stage, we thus assume that the model

fi

(
li(t), wi(t), θi, p

)
= 0 (6.6)

can be rewritten in the equivalent form

Ai,1(wi, p) = 0
...

Ai,nwi
(wi, p) = 0

Bi,1(wi, θi,1, p) = 0
Bi,2(w, θi,1, θi,2, p) = 0

...
Bi,nθi

(wi, θi,1, θi,2, . . . , θi,nθi
, p) = 0

Ci,1(wi, θi, li, p) = 0
...

Ci,nli
(wi, θi, li, p) = 0.

(6.7)
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Note that if the original DAE only has polynomial equations, this transformation is always
possible. TheAi equations are relations that the external variables must satisfy, regardless
of the value of the parameters θ. TheBi equations can be used to determine identifiability
of the parameters if the wi are known, and forms a linear regression for the parameters if
the component is globally identifiable and the equations are polynomial. TheCi equations
give relations for the internal variable li and are of no further interest in this chapter.

An important part of the model for the analysis below is the set ofAi,j . These relations
between the connecting variables are independent of the choice of the parameters.

In the examples below, we discuss how the form (6.7) can be calculated for a model
of a capacitor, a model of an inductor and a model of a nonlinear resistor.

Example 6.1: Capacitor component
Consider a capacitor described by the voltage drop w1, current w2 and capacitance θ1. It
is then described by (6.6) with

f1 =
(
θ1ẇ1 − w2

θ̇1

)
. (6.8)

If we consider only situations where ẇ1 6= 0 we get the following series of equivalences.

θ1ẇ1 − w2 = 0, θ̇1 = 0, ẇ1 6= 0
⇔

θ1ẇ1 − w2 = 0, θ1ẅ1 − ẇ2 = 0, ẇ1 6= 0
⇔

θ1ẇ1 − w2 = 0, θ1ẇ1ẅ1 − ẇ1ẇ2 = 0, ẇ1 6= 0
⇔

θ1ẇ1 − w2 = 0, w2ẅ1 − ẇ1ẇ2 = 0, ẇ1 6= 0

With the notation (6.7) we thus have

A1,1 = w2ẅ1 − ẇ1ẇ2 (6.9a)
B1,1 = θ1ẇ1 − w2 (6.9b)

and the function s1 of (3.22) is ẇ1.

Example 6.2: Inductor component
Next consider an inductor where w1 the voltage, w2 is the current, and θ1 the inductance.
It is described by

f2 =
(
θ1ẇ2 − w1

θ̇1

)
. (6.10)

Calculations similar to those of the previous example show that this is equivalent to

A2,1 = ẅ2w1 − ẇ2ẇ1 (6.11a)
B2,1 = θ1ẇ2 − w1 (6.11b)

provided ẇ2 6= 0.
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As discussed earlier, the transformation to (6.7) can always be performed for poly-
nomial DAEs. To show that calculations of this type in some cases also can be done for
non-polynomial models, we consider a nonlinear resistor where the voltage drop is given
by an arbitrary function.

Example 6.3: Nonlinear resistor component
Consider a nonlinear resistor with the equation

w1 = R(w2, θ1) (6.12)

where it is assumed that the parameter θ1 can be uniquely solved from (6.12) if the voltage
w1 and the current w2 are known, so that

θ1 = φ(w1, w2) (6.13)

for some function φ. Differentiating (6.12) once with respect to time and inserting (6.13)
gives

ẇ1 = Rw2

(
w2, φ(w1, w2)

)
ẇ2 (6.14)

which is a relation between the external variables w1 and w2. We use the notation Rx for
the partial derivative of R with respect to the variables x. We thus get

A3,1 = Rw2

(
w2, φ(w1, w2)

)
ẇ2 − ẇ1 (6.15a)

B3,1 = θ1 − φ(w1, w2). (6.15b)

In the special case with a linear resistor, where R = θ1 · w2, A3,1 reduces to

ẇ1 =
w1

w2
ẇ2 (6.16a)

⇔ w2ẇ1 = w1ẇ2 (6.16b)

(assuming w2 6= 0).

6.2 Main Results

The main results of this chapter concern how the modularized structure of component-
based models can be used to examine identifiability in an efficient way.

Assume that all components are identifiable if the external variables wi of each com-
ponent are measured. This means, that given measurements of

wi i = 1, . . . ,m (6.17)

the unknown parameters θ can be computed uniquely from the B polynomials. When
examining identifiability of the connected system it is not a big restriction to assume that
the individual components are identifiable since information is removed when not all wi

are measured. (Recall that all components have unique parameters.)
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When the components have been connected, the only knowledge available about the
wi is the A polynomials and the equations g

(
u(t), w(t)

)
= 0 and y(t) = h

(
w(t)

)
. The

connected system is thus identifiable if the wi can be computed from

Aij

(
wi(t), p

)
= 0

{
i = 1, . . . ,m
j = 1, . . . , nAi

(6.18a)

g
(
u(t), w(t)

)
= 0 (6.18b)

y(t) = h
(
w(t)

)
(6.18c)

when u(t) and y(t) are known. Note that this means that all w(t) are algebraic variables
(not differential), so that no initial conditions can be specified for any component of w(t).
If, on the other hand, there are several solutions to the equations (6.18) then these differ-
ent solutions can be inserted into the B polynomials, so there are also several possible
parameter values. In this case the connected system is therefore not identifiable.

The result is formalized in the following theorems. Note that the distinction between
global and local identifiability was not discussed above, but this will be done below.

6.2.1 Global Identifiability

Global identifiability means that there is a unique solution to the identification problem,
given that the measurements are informative enough. For a component (6.6) that can be
rewritten in the form (6.7) global identifiability means that theBi,j can be solved uniquely
to give the θi,j . In other words there exist functions ψ that can in principle be calculated
from the Bi,j , such that

θi = ψi(wi, p). (6.19)

When the DAE consists of polynomial equations, the ψ are formed from linear regres-
sions,

Pi(wi, p)θi −Qi(wi, p) = 0. (6.20)

We have the following formal result on identifiability.

Theorem 6.1
Consider a component-based model where the components (6.6) are globally identifiable
with wi measured and thus can be described in the form (6.19). A sufficient condition for
the total model to be globally identifiable is that (6.18) is observable with respect to the
wi. If all the functions ψi of (6.19) are injective then this condition is also necessary.

Proof: If (6.18) gives a global solution for w(t), then this solution can be inserted into
the B polynomials to give a global solution for θ since the components are globally iden-
tifiable. The connected system is thus globally identifiable. If there are several solutions
for wi and the functions ψi of (6.19) are injective, then there are also several solutions for
θ, so the system is not globally identifiable since the identification problem has more than
one solution.
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6.2.2 Local Identifiability

Local identifiability of a model structure means that locally there is a unique solutions
to the identification problem, but globally there may be more than one solution. This
means that the description (6.19) is valid only locally. We get the following result on
local identifiability.

Theorem 6.2
Consider a component-based model where the components (6.6) are locally identifiable
with wi measured and thus can be locally described in the form (6.19). A sufficient condi-
tion for the total model to be locally identifiable is that (6.18) is observable with respect
to the wi. If all the functions ψi of (6.19) are locally injective then this condition is also
necessary.

Proof: If (6.18) gives a locally unique solution for w(t), then this solution can be in-
serted into the B polynomials to give a local solution for θ since the components are
locally identifiable. The connected system is thus locally identifiable. If there locally are
several solutions forwi and the functions ψi of (6.19) are injective, then there are also sev-
eral local solutions for θ, so the system is not locally identifiable since the identification
problem locally has more than one solution.

6.3 Applying the Results

The techniques discussed above are intended to be used when examining identifiability for
component-based models. Since each component must be transformed into the form (6.7),
the first step is to perform these transformations using, e.g., differential algebra (Ljung
and Glad, 1994). The transformed version of the components can then be stored together
with the original model equations in model libraries. As the transformation is calculated
once and for all, it should also be possible to use other methods than differential algebra
to make the transformation into the form (6.7). As mentioned above, this could make it
possible to handle systems described by non-polynomial differential-algebraic equations.

When a component-based model has been composed of components for which the
transformation into the form (6.7) is known, identifiability of the complete model,

fi

(
li(t), wi(t), θi, p

)
= 0 i = 1, . . . ,m. (6.21a)

g
(
u(t), w(t)

)
= 0 (6.21b)

y(t) = h
(
w(t)

)
(6.21c)

can be checked by examining the solutions of the differential-algebraic equation (6.18),

Aij

(
wi(t), p

)
= 0

{
i = 1, . . . ,m
j = 1, . . . , nwi

(6.22a)

g
(
u(t), w(t)

)
= 0 (6.22b)

y(t) = h
(
w(t)

)
. (6.22c)

The number of solutions to this differential-algebraic equation then determines if the sys-
tem is identifiable, as discussed in Theorem 6.1 and 6.2. Note that the number of solutions
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could vary with t, so that the system is identifiable at only some time instances. The num-
ber of solutions of the differential-algebraic equation (6.22) could be checked in different
ways, and some are listed below.

Differential Algebra

If the system equations are polynomial, then one way to check the number of solutions
is to use differential algebra in a similar way as was done to achieve the form (6.7). This
method can be slow in some cases, but it always gives definite answers. However, in some
cases this approach should be faster than to derive the transformation to the form (6.7) for
the complete component-based model. Differential algebra can be used to examine both
local and global identifiability, but requires that the equations are polynomial.

Kunkel & Mehrmann’s Test

The analysis method by Kunkel and Mehrmann (2001) that is discussed in Section 2.2
examines the properties of nonlinear differential-algebraic equations through certain rank
tests. Among other things, it is possible to use these results for examining local observ-
ability, as discussed in Section 5.3. One possibility to examine observability of (6.22) is
thus to use the results in Section 5.3.

Manual Inspection

For smaller models it may be possible to examine the solvability of (6.22) by inspection
of the equations and manual calculations. This can of course not be developed into a
general procedure, but may still be a good approach in some cases. Manual inspection
can be used to check both local and global identifiability.

6.4 Examples

In this section the techniques described in the chapter are exemplified on a very small
model library consisting of a resistor model, an inductor model, and a capacitor model.
Note that these components have corresponding components for example within mechan-
ics and fluid systems. (Compare bond graphs, where generic components are used to
model phenomena from all these fields.) In this small example, all variables are external.

The transformation into the form (6.7) was performed in Examples 6.1, 6.2, and 6.3,
so we shall here examine the identifiability of different connections of the components.
In the first example we consider the connection of a resistor and an inductor in series.

Example 6.4: Resistor and inductor in series

w2

u

w1 + w3 +

Figure 6.1: A resistor and an inductor connected in series.
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Consider a nonlinear resistor and an inductor connected in series where the current w2 =
f and total voltage u are measured as shown in Figure 6.1. Denote the voltage over the
resistor with w1 and the voltage over the inductor with w3. Using Examples 6.2 and 6.3
we get the equations

ẇ1 = Rw2

(
w2, φ(w1, w2)

)
ẇ2 (6.23a)

ẅ2w3 = ẇ2ẇ3 (6.23b)

for the components. The connection is described by the equation

w1 + w3 = u. (6.23c)

Differentiating the last equation once gives

ẇ1 + ẇ3 = u̇. (6.23d)

The system of equations (6.23) (with w1, ẇ1, w3, and ẇ3 as unknowns) has the Jacobian
−Rw2,w1ẇ2 1 0 0

0 0 ẅ2 −ẇ2

1 0 1 0
0 1 0 1

 (6.24)

where

Rw2,w1 =
∂

∂w1

(
Rw2

(
w2, φ(w1, w2)

))
. (6.25)

The Jacobian has the determinant −Rw2,w1 · ẇ2
2 + ẅ2, so the system of equations is

solvable for most values of the external variables. This means that the system is locally
identifiable.

In the next example, two capacitors are connected in series.

Example 6.5: Two capacitors in series

w2

u

w1
+

w3
+

Figure 6.2: Two capacitors connected in series.

Now consider two capacitors connected in series where the current w2 = f and total
voltage u are measured as shown in Figure 6.2. Denote the voltages over the capacitors
with w1 and w3 respectively. Using Example 6.1 we get the equations

w2ẅ1 = ẇ1ẇ2 (6.26a)
w2ẅ3 = ẇ3ẇ2 (6.26b)
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for the components and the equation

w1 + w3 = u (6.27)

for the connections. These equations directly give that if

w1(t) = φ1(t) (6.28a)
w3(t) = φ3(t) (6.28b)

is a solution, then so are all functions of the form

w1(t) = (1 + λ)φ1(t) (6.29a)
w3(t) = φ3(t)− λφ1(t) (6.29b)

for scalar λ. Since (6.9b) implies that the capacitance is an injective function of the
derivative of the voltage, this shows that the system is not identifiable.

6.5 A Mechanics Model Library

In this section we will further exemplify the methods discussed in the chapter by making
the transformation into the form (6.7) for all continuous components in the Modelica
model library Modelica.Mechanics.Translational (Fritzson, 2004). This library contains
the following components for one-dimensional movement, such as masses and springs.

SlidingMass models a mass moving in one dimension.

Stop models a mass that hits a stop such as a wall.

Rod models a massless rod.

Spring models a one-dimensional spring.

Damper models damping.

SpringDamper models a spring and a damper connected in parallel.

ElastoGap models a spring damper in combination with a gap.

Position models a control input to position.

Accelerate models a control input to acceleration.

Fixed models a point that is fixed.

Force models a controlled force input.

RelativeStates is used for different coordinate systems in different parts of a model.

Examples contain a set of example models that use the components.
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Interfaces are base models that are used when defining the components.

Sensors are used to model measurements.

The components Position, Accelerate, Fixed, Force, and Sensors are used to model inputs
and outputs, and are therefore included in the connection equations (6.3). RelativeStates
is also assumed to be included among the connections. Therefore the equations describ-
ing these equations do not need to be transformed. The components Stop and Elasto-
Gap contain discontinuous dynamics and cannot be handled by the theory presented here.
The components we will consider are therefore SlidingMass, Rod, Spring, Damper, and
SpringDamper. First consider the SlidingMass component.

Example 6.6: SlidingMass

The SlidingMass is a component that describes a mass that slides along a surface
without friction. It is described by the equation

ms̈(t) = f1(t) + f2(t) (6.30)

where the position s and forces f1 and f2 are external variables and the mass m is a
parameter. There are no internal variables. Applying Ritt’s algorithm to this equation
gives

A = (f1 + f2)s(3) − (ḟ1 + ḟ2)s(2) (6.31a)
B = ms̈− (f1 + f2) (6.31b)

which is in the desired form (6.7). The component is globally identifiable.

Next, consider the Rod component.

Example 6.7: Rod

The Rod component describes a rod without mass. It translates the force one end to
its other end. It is described by the equation

f1(t) + f2(t) = 0 (6.32)

where the forces f1 and f2 are external variables. There are no internal variables or
parameters, so this is already in the form (6.7) with

A = f1 + f2. (6.33)

Now consider the Spring component.
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Example 6.8: Spring

The spring component models an ideal linear spring. The equation describing it is

f(t) = c
(
s1(t)− s2(t)

)
(6.34)

where the force f and positions of each end of the spring s1 and s2 are external variables.
The spring constant c is a parameter. There are no internal variables. Applying Ritt’s
algorithm gives

A = (ṡ1 − ṡ2)f − (s1 − s2)ḟ (6.35a)
B = f − c(s1 − s2) (6.35b)

which is in the form (6.7). The component is globally identifiable.

Next consider the Damper.

Example 6.9: Damper

The Damper component models a linear damper. It is described by the equation

f(t) = d
(
ṡ1(t)− ṡ2(t)

)
. (6.36)

The force f and position s are external variables and the spring constant d is a parameter.
There are no internal variables. Ritt’s algorithm gives the form (6.7),

A = (s̈1 − s̈2)f − (ṡ1 − ṡ2)ḟ (6.37a)
B = f − d(ṡ1 − ṡ2). (6.37b)

The component is globally identifiable.

Finally, we consider the SpringDamper component.

Example 6.10: SpringDamper

This component which represents a spring and a damper connected in parallel, is
described by the equation

f(t) = c
(
s1(t)− s2(t)

)
+ d
(
ṡ1(t)− ṡ2(t)

)
. (6.38)
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Ritt’s algorithm gives

A = f̈(ṡ1 − ṡ2)2 − (ṡ1 − ṡ2)ḟ(s̈1 − s̈2)− (ṡ1 − ṡ2)f(s(3)1 − s
(3)
2 ) +

ḟ(s(3)1 − s
(3)
2 )(s1 − s2) + f(s̈1 − s̈2)2 − (s̈1 − s̈2)(s1 − s2)f̈ (6.39a)

B1 = c
(
(ṡ1 − ṡ2)2 − (s̈1 − s̈2)(s1 − s2)

)
− (ṡ1 − ṡ2)ḟ + f(s̈1 − s̈2) (6.39b)

B2 = d
(
− (ṡ1 − ṡ2)2 + (s̈1 − s̈2)(s1 − s2)

)
+ f(ṡ1 − ṡ2)− (s1 − s2)ḟ . (6.39c)

The component is globally identifiable.

We will now consider a connection of the components and examine if it is identifiable.

Example 6.11: Connected components
Consider a SpringDamper component connected between a fixed point and a SlidingMass
component. Figure 6.3 shows how graphical modeling of this system in Modelica would
look.

Fixed

SpringDamper
SlidingMass

Figure 6.3: A SpringDamper and SlidingMass connected in Modelica.

The A polynomials of the components are

A1 = f̈(ṡ1 − ṡ2)2 − (ṡ1 − ṡ2)ḟ(s̈1 − s̈2)− (ṡ1 − ṡ2)f(s(3)1 − s
(3)
2 ) +

ḟ(s(3)1 − s
(3)
2 )(s1 − s2) + f(s̈1 − s̈2)2 − (s̈1 − s̈2)(s1 − s2)f̈ (6.40a)

A2 = (f1 + f2)s(3) − (ḟ1 + ḟ2)s(2). (6.40b)

The components are connected so that the position s of the SlidingMass is equal to the
second position s2 of the SpringDamper and the force of the SpringDamper f is equal to
the force f1 of the SlidingMass. Furthermore, the SpringDamper is connected to a fixed
point so that s1 = 0, the force f2 of the SlidingMass is controlled by the signal u(t) and
the position s(t) is measured to give y(t). This gives the connections

s1
s2 − s
f − f1
f2 − u


︸ ︷︷ ︸

g

= 0 (6.41)
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and the measurement
y = s. (6.42)

Since this means that all signals but f (or equivalently f1) are known, we need to exam-
ine if this signal is solvable from (6.40). Adding the derivative of (6.40b) to the equa-
tions (6.40) gives the following system of equations for f and its derivatives (where we
have used f = f1, s1 = 0, and s2 = s).−ṡs(3) + s̈2 −ṡs̈+ s(3)s ṡ2 − s̈s

s(3) −s(2) 0
s(4) 0 −s(2)

fḟ
f̈

 =

 0
−f2s(3) + ḟ2s

(2)

−ḟ2s(3) + f̈2s
(2) − f2s

(4) + ḟ2s
(3)

 (6.43)

The 3 × 3 matrix is invertible for most values of s and its derivatives, so the system is
globally identifiable.

Note that we choose to differentiate (6.40b) since that did not introduce any new
unknown variables.

6.6 Conclusions

The main conclusion that can be drawn from the discussions in this chapter is that iden-
tifiability for a component-based model can be examined using parameter-free equations.
If all components are identifiable and have independent parameters, identifiability is com-
pletely determined by the parameter-free equations A, the connector equations g and the
measurement equation y = h.

While this result is of interest in itself, an application of it to simplify examination of
identifiability in component-based models. For components in model libraries, the trans-
formation to the form (6.7) is computed once and for all and stored with the component.
This makes it possible to only consider a smaller number of equations when examining
identifiability for a component-based model composed of such components. Although
the method described in this chapter may suffer from high computational complexity (de-
pending, among other things, on the method selected for deciding the number of solutions
for (6.22)), it can make the situation much better than when trying to use the differential-
algebra approach described by Ljung and Glad (1994) directly on a complete model.

Future work could include to examine if it is possible to make the method fully auto-
matic, so that it can be included in modeling tools and to examine if other system analysis
or design methods can benefit from the modularized structure in component-based mod-
els. It could also be interesting to examine the case when several components share the
same parameter. This could occur for example if the different parts of the system are
affected by environmental parameters such as temperature and fluid constants.
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7
Simulation-Based Tests for

Identifiability

In this chapter we discuss how DAE solvers can be used for examining identifiability.
The basic idea is the same as in the two previous chapters — extend the DAE with the
equation θ̇(t) = 0 and examine if the extended DAE is observable. In this chapter, this is
examined using DAE solvers.

7.1 Introduction

The development of object-oriented modeling languages such as Modelica has led to the
development of effective solvers for large nonlinear DAE systems. These solvers were
discussed in Section 2.5. The solvers are of course mainly intended for simulation of
models, but in this chapter we will discuss how they also can be used to examine identifi-
ability of DAE models. The method discussed here is inspired by the differential algebra
approach discussed in Section 3.4.

The basic principles behind the method presented here are shown in the following
example.

Example 7.1: Introductory example

Consider again the model structure (3.25a)

ÿ(t) + 2θ0ẏ(t) + θ20y(t) = 0 (7.1)

which was examined by Ljung and Glad (1994). This model structure is globally identi-
fiable, which was proved by Ljung and Glad (1994). Here it will be shown how a DAE
solver can be used to prove local identifiability. If (7.1) is identifiable, it should be pos-
sible to compute the value of θ0 given measurements of y generated from (7.1), in other

119
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words the system of equations

ÿ(t) + 2θ0ẏ(t) + θ20y(t) = 0 (7.2a)

ÿ(t) + 2θ(t)ẏ(t) + θ2(t)y(t) = 0 (7.2b)

should be uniquely solvable for θ(t). This means that given a value of θ0 and initial
conditions for y(t) and its derivatives, a DAE solver should be able to compute θ(t), and
we should have θ(t) ≡ θ0. The solver also computes y(t) from (7.2a), but this variable is
not of interest when examining identifiability.

Simulating (7.2) using Dymola for θ0 = 3, y(0) = 0, and ẏ(0) = 1 gives the solution
θ(t) ≡ 3, so the model structure is locally identifiable at 3. Simulations with other values
of θ0 give corresponding results.

The idea behind the method is thus to examine if the identification problem has several
solutions by solving certain equations with a DAE solver. This chapter discusses which
equations that should be solved to examine identifiability and how the results should be
interpreted.

7.2 Basic Setup

In this chapter, identifiability will be discussed for general nonlinear DAE systems,

F
(
ẋ(t), x(t), θ, u(t)

)
= 0 (7.3a)

y(t) = h
(
x(t), θ

)
. (7.3b)

However, the exact number of equations in the system is essential for the discussion.
Therefore we will consider (7.3) as a set of scalar equations,

gi(u, y, x, ẋ, θ) = 0 i = 1, 2, . . . , r. (7.4)

The dimensions of the variables are

dimu = nu (7.5a)
dim y = ny (7.5b)
dimx = nx (7.5c)
dim θ = nθ. (7.5d)

Also,
nẋ = the number of x that appear differentiated. (7.5e)

It is assumed that
r = ny + nx (7.6)

so that there are the same number of equations (gi) as unknowns (x and y) if u and θ are
given. Furthermore it is assumed that the functions gi can be differentiated with respect
to time as many times as necessary.
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In the system identification problem, it is known that the parameters are constant, i.e.,

θ̇ = 0. (7.7)

The equation system (7.4) and (7.7) is generally not solvable for arbitrary signals u and
y since the number of equations, r + nθ = ny + nx + nθ, is larger than the number of
unknowns, nx + nθ. This means that they cannot be plugged directly into a DAE solver
to examine identifiability. However, if the signals u and y come from an identical system,
with some fixed parameter values θ0 and internal variables x(t), the system (7.4) and (7.7)
must have at least one solution, since one solution is θ ≡ θ0 and x(t). If the system is
not identifiable, there will be more solutions than this one. The complete problem when
examining identifiability at θ0 is thus to check if the following problem has a unique
solution θ = θ0:

gi(u, y, x, ẋ, θ0) = 0 i = 1, 2, . . . , r (7.8a)

gi(u, y, x̃, ˙̃x, θ) = 0 i = 1, 2, . . . , r (7.8b)

θ̇ = 0 (7.8c)

Here, u and θ0 shall be given and the solver is to compute θ, x, x̃, and y. We still do
not have the same number of equations (2r + nθ = 2ny + 2nx + nθ) as unknowns
(ny + 2nx + nθ). This will be further discussed in the following section. Note that it is
central that (7.8a) and (7.8b) have the same inputs and outputs u and y.

If there is only one solution, it must be θ ≡ θ0 and the system is globally identifi-
able at θ0. If there are a number of distinct constant solutions θ, the system is locally,
but not globally identifiable at θ0. If there are an infinite number of solutions in every
neighborhood of θ0, then the system is neither globally nor locally identifiable at θ0.

The identifiability properties of a model structure is normally influenced by if the
initial condition x(0) is known or has to be estimated. The most common case in applica-
tions is perhaps that x(0) is unknown, but it could be known for example if an experiment
is started in an equilibrium.

7.3 Examining Identifiability

The basic idea of the method proposed here is to solve the system of differential-algebraic
equations (7.8) with respect to θ, x, x̃, and y given u and θ0 using a DAE solver. If there is
a locally unique solution θ ≡ θ0, the system is locally identifiable. However, the equation
system has more equations than unknowns, so it cannot be directly plugged into a DAE
solver. (As was discussed in Section 2.5, currently available DAE solvers require that the
number of equations is the same as the number on unknowns.) To resolve this issue, a
preprocessing step is added where the equations are manipulated so that the number of
equations and unknown become the same.

This section describes how the equations (7.8) should be preprocessed to allow them
to be solved using a DAE solver, and how conclusions about identifiability can be drawn
from the solution.
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7.3.1 Preprocessing

Basically there are three problems with the description (7.8) when it comes to simulation
with a DAE solver:

1. The number of equations 2r+nθ = 2ny +2nx +nθ are not the same as the number
of unknowns ny + 2nx + nθ. As was discussed in Section 2.5, currently available
DAE solvers cannot handle this situation.

2. Some of the θ may be selected as states by the solver so that initial conditions must
be specified. This is a problem since the goal is to compute the value of θ.

3. Some of the x̃ may be selected as states so that initial conditions must be specified.
This is acceptable if x(0) is known in the identification problem under examination,
but otherwise this is undesirable.

Problem 2 is caused by the fact that derivatives of θ are included in the system of
equations. To resolve problem 1 and 2, (7.8c) must be removed. At the same time new
equations must be added by differentiating the given equations to make the number of
unknowns the same as the number of equations. Note that the unknowns are y, x, x̃, and
θ so the number of unknowns is initially ny +2nx +nθ, and that the number of equations
(excluding θ̇ = 0 which should be removed) is 2r = 2ny + 2nx. If ny < nθ (which
is usually the case), nθ − ny equations plus one equation for each new variable that is
introduced in the process must be added.

The transformations may introduce new solutions that were not present in (7.8). How-
ever, the only equations that have been removed are (7.8c), so if the solution satisfies
θ̇ = 0 it must be a solution of (7.8). This will be utilized later.

The case with unknown initial conditions x(0) is more involved, so the cases with
known and unknown initial conditions are discussed separately below.

Known Initial Conditions

If the initial conditions are known, what needs to be done is to create nθ − ny new equa-
tions by differentiating equations from (7.8b) with respect to time. The equations that
are differentiated should be chosen among those containing θ since the knowledge that
θ̇ = 0 can be utilized here. Differentiating other equations actually does not introduce
any new information to the DAE solver, since it can differentiate equations algebraically.
It is preferable to differentiate several different equations containing elements of θ since
higher derivatives may make the equations more difficult to handle for the DAE solver.

Unknown Initial Conditions

If the initial conditions x(0) are unknown, it is not acceptable if x̃ are selected as states
by the DAE solver. To reduce the risk of this happening, ˙̃x are not marked as derivatives
of x̃ for the solver, but merely as time-dependent variables. To emphasize this, we will
write x̃p instead of ˙̃x. This will introduce nẋ new variables, so more equations need to
be differentiated than for known initial conditions. Also, when differentiating, e.g., an
equation containing x̃p this will produce the second derivative of x̃, which will also be a
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new variable, denoted x̃pp. This means that more equations need to be differentiated in
this case than for the case with known initial conditions.

When differentiating equations, one should select equations to be differentiated in
systematic manner, so that not too many equations are differentiated. First, equations that
do not introduce new variables (e.g., x̃pp) should be differentiated. After that, groups
of equations that when differentiated give more new equations than unknowns should be
differentiated. In this process, equations containing θ should be selected first since the
knowledge that θ̇ = 0 can be utilized here. Also note that all derivatives of y should be
considered as known since the DAE solver can compute them from (7.8a). This process
will eventually give the same number of equations as unknowns.

The procedure outlined above can be formalized using minimally structurally singu-
lar (MSS) sets. MSS sets were introduced by Pantelides (1988), where they were used to
examine which equations to differentiate to find conditions that consistent initial condi-
tions of a DAE must satisfy. Here they will also be used to find equations to differentiate,
but with a slightly different objective. A set of equations is structurally singular with
respect to a set of variables if the number of equations are greater than the number of
variables, and a set of equations is minimally structurally singular if it is structurally sin-
gular, and none of its proper subsets are structurally singular. MSS sets are useful since
when differentiating such a set of equations, it will produce more new equations than new
differentiated variables. The following property of MSS sets will be needed.

Lemma 7.1
If a set of equations is MSS with respect to the variables occurring in the equations, then
the number of equations is exactly one more than the number of variables.

Proof: The number of equations must be greater than the number of variables, otherwise
the set of equations would not be structurally singular. If the number of equations exceeds
the number of variables by two or more, it would be possible to remove one equation
and still have a set of equations that is structurally singular. Therefore, the number of
equations must exceed the number of variables by exactly one.

The following algorithm for differentiating equations can now be formulated:

1. Let E be the original set of nx + ny equations in (7.8b).

2. Let z be a set with nx elements, that for each element in x̃ contains the highest
derivative that occurs in E.

3. Find a set of equations from E that is MSS with respect to the variables in z oc-
curring in the set. This can be done, e.g., using Algorithm 3.2 in Pantelides (1988).
Preferably, the MSS set should have as few equations as possible.

4. Differentiate the equations in the MSS set. According to Lemma 7.1, the number
of new equations generated will exceed the number of new variables generated by
one.

5. In E, replace the equations in the MSS set with their differentiated versions.
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6. Repeat from 2 until the number of equations, including those in E and those that
have been removed from E, equals the number of unknowns, that is the number of
x including differentiated versions plus the number of θ.

The algorithm will terminate since the difference between the number of equations and
number of unknowns is reduced by one each time it reaches Step 4.

7.3.2 Drawing Conclusions on Identifiability

After the preprocessing step, there are as many equations as unknowns, so the transformed
equations can be plugged into a DAE solver. What should be done now is thus to simulate
the transformed equations, and examine if there is a unique solution with θ ≡ θ0. Before
simulating, the input signal u, initial condition x(0) and value of θ0 should be selected
to the values where identifiability should be checked. Here it can be noted that identifia-
bility properties often are the same for most inputs, initial states and θ0, see e.g., Ljung
and Glad (1994). Furthermore, the most time consuming parts of the process are the pre-
processing and index reduction step in the solver, and these do not have to be repeated
when changing u, x(0), and θ0. This means that several different choices can be tested
with small computational effort. After making these choices and running the DAE solver,
there are basically five situations that may occur which lead to different conclusions on
the identifiability. These situations are discussed below.

The Solution θ is Constant, and θ ≡ θ0:

The only equation that was removed from the original set of equations is (7.8c). This
equation is still fulfilled since θ is constant, so the present solution is a solution of the
original equations (7.8). Furthermore, since the DAE solver is assumed to give an error
message if a solution is not locally unique, the solution θ ≡ θ0 is locally unique. This
gives that the system is locally identifiable at θ0.

The Solution θ is Constant, and θ 6≡ θ0:

As in the case where θ ≡ θ0, it is clear that the present solution is a solution of the
original equations (7.8) as θ is constant. Since θ 6≡ θ0 it is proved that there are two
different values of θ that give the same input-output behavior, so the model is not globally
identifiable at θ0. However, it is locally identifiable at the constant value θ since this
solution is locally unique according to the assumptions on the DAE solver.

If it is desirable to determine if the model is locally identifiable also at θ0, one should
go back and run the simulation with a different choice of u and/or x(0) to see if the new
solution has θ ≡ θ0.

If the functions gi are polynomial, the results by Ljung and Glad (1994) give that a
model structure is either locally identifiable for almost all θ or for no θ. If the gi are
polynomial, it is therefore clear that the model structure is locally identifiable at almost
all θ.
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The Solution θ is Time-Varying:

The original set of equations included θ̇ = 0, so any time-varying solutions must have
been introduced by the preprocessing step. This a situation that does not give information
identifiability. To achieve a solution with constant θ, it may in some cases be sufficient to
change u and x(0). If this does not produce a constant θ, it is necessary to return to the
preprocessing step and differentiate a different set of equations.

The DAE Solver Indicates that Existing Solutions are not Locally Unique:

If existing solutions are not locally unique, the preprocessing step has either introduced
new solutions, or the model structure is not locally identifiable at θ0. The case with
solutions that have been added in the preprocessing step can be handled by returning to the
preprocessing, differentiating a different set of equations and then running the simulation
again. If the cause of a non-unique solution is that the model structure is not locally
identifiable at θ0, then this can be verified by computing which parameters or functions
of the parameters that are identifiable. This is discussed in Section 7.3.3.

The DAE Solver Indicates that no Solutions Exist:

This is a degenerate case since it is clear that at least one solution exists: x̃ = x and
θ = θ0. The reason is usually that the initial condition x(0) gives problems for the
solver. For example, x(0) = 0 may give rise to problems. If this problem occurs, run the
simulation again with a new selection of x(0) and/or u.

The discussion above can be summarized with the following result.

Result 7.1
Assume that if a locally unique solution to (7.8) exists, then it is given by the DAE solver.
Otherwise the user is notified that no solution exists or that existing solutions are not
locally unique. Then, for the five situations that can occur when simulating the prepro-
cessed identifiability problem, the following conclusions can be made about identifiability
for the selected input u and initial state x(0):

1. If the solution θ is constant, and θ ≡ θ0, then the model structure is locally identi-
fiable at θ0.

2. If the solution θ is constant, and θ 6≡ θ0, then the model structure is locally identi-
fiable at θ and not globally identifiable at θ0.

3. If the solution θ is time-varying, then the current solution has been introduced by
the preprocessing step.

4. If the DAE solver indicates that existing solutions are not locally unique, then the
model structure is either not locally identifiable at θ0 or new solutions have been
introduced by the preprocessing step.

5. If the DAE solver indicates that no solutions exist, numerical problems have oc-
curred.

In case 4, further examination of the identifiability properties should be done using
Result 7.2 discussed below.
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7.3.3 Identifiable Functions of Parameters

If a model structure is not locally identifiable, it may be interesting to examine if some
parameters or functions of parameters are identifiable. This makes it possible to prove
that a model structure is not locally identifiable at a certain parameter value. It may also
be interesting to know which parameters that are identifiable if they represent physical
quantities.

The basic observation that is used to find identifiable functions of parameters is that
if a model structure is not identifiable, then it should be possible to make it identifiable
by fixing one or more parameters. If for example a + b is identifiable but not a and
b, then b can be made identifiable by fixing a to, e.g., a = 1. As it is not possible to
know beforehand which parameters that can be fixed, all parameters and combinations
of parameters have to be tried until the model structure becomes identifiable. For each
parameter (each element of θ) it is tested if the model becomes identifiable with this
parameter fixed to the value of the corresponding element in θ0. This is checked by
restarting the procedure from the preprocessing step. If it cannot be made identifiable by
fixing one parameter, then combinations of two parameters are tested, then combinations
of three parameters, and so on.

When a parameter, or combination of parameters, that when fixed makes the model
structure identifiable has been found, it is still necessary to show that the model actually is
not identifiable. This is because the extra solutions that were reported by the DAE solver
may be a result of the preprocessing step. To prove this, the value of the parameters are
changed from their corresponding values in θ0. If the simulation procedure still gives
constant values for all parameters, it has been proven that the model structure is not glob-
ally identifiable since there are more than one set of parameter values that give the same
input-output behavior. Local identifiability can be tested by making small changes in the
parameters.

When some parameters that can be fixed have been found, it may be interesting to
examine how the values of these parameters affect the value of the other parameters. This
can be done by varying the fixed parameters to different fixed values, and noting the
values of the other parameters. In this way it is possible to determine which function of
the parameters that is identifiable.

This discussion leads to the following result.

Result 7.2
Consider a modified identifiability problem with the parameter vector divided into two
parts (θ1 and θ2) where the first part θ1 is considered known,

gi(u, y, x, ẋ, θ0,1, θ0,2) = 0 i = 1, 2, . . . , r (7.9a)

gi(u, y, x̃, ˙̃x, θ1, θ2) = 0 i = 1, 2, . . . , r (7.9b)

θ̇2 = 0. (7.9c)

If simulation of the preprocessed version of this problem with θ1 6= θ0,1 gives a constant
θ2, then the problem is not globally identifiable at θ0. Furthermore, the identifiable func-
tions of the parameter are defined by

(
θ2 − f(θ1)

)
where the function f(θ1) is defined as

the value of θ2 when simulating the preprocessed version of (7.9) for a certain θ1.
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When using this method, it is as discussed above first necessary to find the parameters
that can be varied and thus should be included in θ1. This is done by first trying each
parameter, then combinations of two parameters and so on. When a set of parameters θ1
that makes the model identifiable when fixed have been found, the identifiable functions
of the parameters are computed by changing the value of θ1 and noting the value of θ2.

7.4 Example

In this section, the identifiability checking procedure is exemplified on a compartmental
model.

Example 7.2: Compartmental model
In this example the following model structure from Ljung and Glad (1994) is studied:

ẋ(t) = − Vmx(t)
km + x(t)

− k01x(t) (7.10a)

x(0) = D (7.10b)
y(t) = cx(t) (7.10c)

Let the initial condition D be known, so that the unknown parameters are

θ =


Vm

km

k01

c

 . (7.11)

Assume that identifiability is to be tested at

θ0 =


1
2
3
4

 . (7.12)

The basic setup to be simulated (7.8) is then

ẋ(t) = − 1 · x(t)
2 + x(t)

− 3 · x(t) (7.13a)

y(t) = 4 · x(t) (7.13b)

˙̃x(t) = − Vm(t)x̃(t)
km(t) + x̃(t)

− k01(t)x̃(t) (7.13c)

y(t) = c(t) · x̃(t) (7.13d)

θ(t) =
(
Vm(t) km(t) k01(t) c(t)

)T
(7.13e)

θ̇(t) = 0 (7.13f)

In the preprocessing step, (7.13f) should be removed, and nθ − ny = 3 new equations
should be added by differentiating equations. Here, (7.13c) is differentiated twice and
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Figure 7.1: Identifiable functions of parameters.

(7.13d) is differentiated once to get three new equations. (7.13c) is chosen to be differenti-
ated twice since it contains several parameters. The initial value is set to x(0) = x̃(0) = 1.
Simulating the new system using the DAE solver in Dymola gives

θ(t) ≡


1
2
3
4

 , (7.14)

so the model structure is locally identifiable at this parameter value.
On the contrary to what was done above, assume now that identifiability should be

examined for the case when the initial condition x(0) is unknown. In this special case
it is possible to see that the model structure is not identifiable without going through the
preprocessing step again. This is done by simulating the same system as above but with
x(0) 6= x̃(0). Doing this gives a constant θ(t), but with θ(t) 6= θ0. This directly shows
that the model structure is not identifiable with unknown initial conditions. To examine
which functions of the parameters that are identifiable, several different values of x̃(0) are
tried, and for each case the value of θ(t) is noted. During this procedure k01(t) is always
at its true value, k01(t) = 3, so this parameter is identifiable. The other parameters vary
when x̃(0) is varied, so they are not identifiable. To illustrate which functions of the
parameters that are identifiable, km and c are plotted against Vm in Figure 7.1. The figure
suggests that Vm/km and Vm · c are identifiable.
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7.5 Conclusions and Ideas For Extensions

In this chapter we have discussed the possibility to examine identifiability of parameter-
ized models. The basic idea is to simulate the system with the parameters as unknown
variables and examine if there is more than one solution. However, available DAE solvers
typically cannot handle the posed problems directly. Because of this a preprocessing step
was discussed.

The preprocessing step, as it is described here, is heuristic and may require manual
intervention. Further research efforts could thus be put at making this process fully auto-
matic.

An interesting aspect of the method in this chapter is that DAE solvers make it possible
to draw certain conclusions about dynamic systems. This could be applied to other areas
than identifiability. Some possibilities are discussed below.

7.5.1 Initialization for Identification

For nonlinear models and linear models where the parameters enter nonlinearly, the sys-
tem identification problem usually has to be solved as a non-convex optimization problem.
This means that it is important to have a good initial guess for the parameters to avoid lo-
cal minima. Perhaps the method described in this chapter could be used to solve this
problem by replacing (7.8a) with measured u and y or a black-box model, similarly to
what was done by Parrilo and Ljung (2003).

7.5.2 Non-Minimum Phase Systems

Linear non-minimum phase systems are characterized by, among other things, that the
transfer function from output to input is unstable. This can easily be checked with a DAE
solver by inverting the model (making outputs inputs and vice versa). Inverting the model
is easy with a DAE solver since the model must not be written in, e.g., state-space form.
All that has to be done is to specify the (original) output as a function of time, simulate the
system and observe the resulting (original) input. This procedure also works for nonlinear
systems.

7.5.3 Trajectory Generation

For robotic applications, trajectory generation is a common problem. Trajectory gener-
ation basically means that a control input is calculated from a desired path by inversion
of a model of the robot. The inversion is usually simple to perform when the dynamics
of the model are not too complicated. However, for complicated models one method to
invert the model could be to use a DAE solver.

7.5.4 Observability

The problem of nonlinear observability is to examine if the internal variables, e.g., x(t),
of a system can be computed given measurements of the inputs and outputs. This problem
is similar to the identifiability problem, and could thus also be possible to examine using
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a DAE solver. Assume that the model F (ẋ(t), x(t), y(t), u(t)) = 0 should be checked
for observability. This can be formulated as examining if the following DAE is uniquely
solvable for unknown initial conditions on x̃(t):

F (ẋ(t), x(t), y(t), u(t)) = 0 (7.15a)

F ( ˙̃x(t), x̃(t), y(t), u(t)) = 0 (7.15b)
x(0) = x0 (7.15c)

The preprocessing step would here be somewhat different than it was for the identifiability
case.
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8
Linear SDAE Models

In this chapter we discuss noise modeling in linear DAE systems.

8.1 Introduction

In Chapter 4, we discussed how noise models can be included in nonlinear DAE systems,
and how this can be used to estimate internal variables and unknown parameters. In
the case of linear DAE models, a more thorough analysis can be performed than for the
nonlinear case, and simpler conditions for well-posedness can be derived. In the present
chapter we will therefore discuss conditions that need to be satisfied to make it possible
to interpret a linear SDAE with white noise inputs as an SDE, and in the following two
chapters we will discuss conditions for well-posedness of parameter estimation and state
estimation problems.

For continuous-time linear state-space models, a noise model can be added according
to

ẋ(t) = Ax(t) +B1u(t) +B2v1(t) (8.1a)
y(t) = Cx(t) + v2(t), (8.1b)

where v1(t) and v2(t) are white noise signals. As discussed in Section 2.7 this description
should be interpreted as a stochastic integral. To point this out, the notation

dx = Axdt+B1u(t)dt+B2dv1 (8.2a)
dy = Cxdt+ dv2 (8.2b)

can be used. A Kalman filter (Anderson and Moore, 1979; Kailath et al., 2000) can then
be implemented to estimate the state and predict future state values and outputs. We will
here discuss what measures that need to be taken to use similar methods for linear DAE
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systems. As discussed previously, it is possible to transform a linear DAE into state-space
form, so it will in principle be possible to use the same methods as for state-space systems.
However, there are issues on the well-posedness of DAE systems with noise models. This
will be discussed below.

8.2 Noise Modeling

The natural approach to add noise to a linear DAE model is of course according to the
linear SDAE shown on page 13,

Eẋ(t) = Jx(t) +K1u(t) +K2v1(t) (8.3a)
y(t) = Lx(t) + v2(t), (8.3b)

where v1(t) represents the unmeasured inputs and and v2(t) represents the measurement
noise. K2 is a constant matrix. This is analogous to how noise is added in a state-space
model, see (8.1). It can be realized from the discussion in Section 2.3, that the internal
variables x(t) can depend on derivatives of v1(t). But if v1(t) is white noise, the deriva-
tive is not well-defined (see Section 2.7), so then the internal variables cannot depend on
derivatives of v1(t). To see how this can happen, consider the following example:

Example 8.1: Linear SDAE
Consider the linear SDAE(

0 0
1 0

)(
ẋ1(t)
ẋ2(t)

)
=
(

1 0
0 1

)(
x1(t)
x2(t)

)
+
(
−1
0

)
v1(t) (8.4a)

y(t) =
(
0 1

)(x1(t)
x2(t)

)
+ v2(t). (8.4b)

The first equation states that
x1(t) = v1(t) (8.5)

which inserted into the second equation gives

x2(t) = ẋ1(t) = v̇1(t). (8.6)

If v1(t) is white noise, this is questionable since the derivative of white noise is not well-
defined. Furthermore, (8.5) is also questionable if x1(t) is a physical variable since a
time-continuous white noise process has infinite variance.

In this section we derive conditions on the matrix K2 which guarantee that x(t) does
not depend on derivatives of v1(t). Two equivalent conditions are derived, one using time
domain methods (Section 8.2.1) and one using frequency domain methods (Section 8.2.2).

The condition that x(t) does not depend on derivatives can be seen as a basic required
condition on SDAE models to make it possible to interpret them as an SDE, since the
derivative of white noise is not well-defined. To estimate the unknown parameters and
the internal variables, further conditions must be imposed on the model. This will be
discussed in the following chapters.
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8.2.1 Time Domain Derivation

In this section we use time domain methods to derive a condition on K2 which is equiva-
lent to that derivatives of v1(t) do not affect x(t).

Consider (8.3). We can rewrite the equations as

Eẋ(t) = Jx(t) +
(
K1 K2

)( u(t)
v1(t)

)
(8.7a)

y(t) = Lx(t) + v2(t). (8.7b)

If we now consider the vector (
u(t)
v1(t)

)
(8.8)

as the input and assume that the system is regular, we know from Lemma 2.3 that there
exist transformation matrices P and Q such that the transformation

PEQQ−1ẋ(t) = PJQQ−1x(t) + P
(
K1 K2

)( u(t)
v1(t)

)
(8.9)

gives the system(
I 0
0 N

)
Q−1ẋ(t) =

(
A 0
0 I

)
Q−1x(t) +

(
B1 B2

D1 D2

)(
u(t)
v1(t)

)
(8.10)

where N is a nilpotent matrix. Furthermore, Theorem 2.3 gives that the solution can be
described by

ẋ1(t) = Ax1(t) +B1u(t) +B2v1(t) (8.11a)

x2(t) = −D1u(t)−D2v1(t)

−
m−1∑
i=1

N iD1u
(i)(t)−

m−1∑
i=1

N iD2v
(i)
1 (t)

(8.11b)

(
x1(t)
x2(t)

)
= Q−1x(t) (8.11c)

y(t) = LQ

(
x1(t)
x2(t)

)
+ v2(t). (8.11d)

When we have a state-space description, v1(t) and v2(t) are white noise signals. If
they were not white noise, we would technically not have a state-space description since
future noise values then would depend on the current noise value. To be able to trans-
form (8.3) into state-space form we would like to allow that v1(t) and v2(t) are white
noise also here. As discussed in Section 2.7, time-continuous white noise signals require
careful treatment. Most importantly, we cannot allow that any derivatives of v1(t) occur
in (8.11). If m = 1 this requirement is trivially fulfilled and (8.11) is equivalent to the
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state-space description

ẋ1(t) = A︸︷︷︸
Ã

x1(t) + B1︸︷︷︸
B̃1

u(t) + B2︸︷︷︸
B̃2

v1(t) (8.12a)

y(t) = LQ

(
I
0

)
︸ ︷︷ ︸

C̃

x1(t) + LQ

(
0

−D1

)
︸ ︷︷ ︸

D̃

u(t) + LQ

(
0

−D2

)
︸ ︷︷ ︸

Ñ

v1(t) + v2(t). (8.12b)

However, if m > 1, 8.11b gives that we have to require

ND2 = 0 (8.13)

to avoid differentiation of v1(t).
Note that (8.13) is related to the impulse controllability with respect to v1(t), see for

example the book by Dai (1989b) or the original paper by Cobb (1984). If the system were
impulse controllable with respect to v1(t), as many derivatives of it as possible would be
included. What we need is actually the opposite of impulse controllability with respect to
v1(t).

The requirement (8.13) may seem difficult to check in the original model (8.3), but in
the following theorem we show that it is equivalent to the matrix K2 being in the range
of a certain matrix. This makes it possible to avoid derivatives of the noise already at the
modeling stage. To formulate the theorem, we need to consider the transformation (8.9)
with matrices P and Q which gives a system in the form (8.10). Let the matrix N have
the singular value decomposition

N = U

(
Σ 0
0 0

)
V T = U

(
Σ 0
0 0

)(
V1 V2

)T
, (8.14)

where V2 contains the last k columns of V having zero singular values. Finally, define the
matrix M as

M = P−1

(
I 0
0 V2

)
. (8.15)

It is now possible to derive a condition on K2.

Theorem 8.1
The condition (8.13) is equivalent to

K2 ∈ V(M) (8.16)

where V(M) denotes the range of the matrix M , K2 is defined in (8.3) and M is defined
in (8.15).

The expression (8.16) means that K2 is in the range of M , that is the columns of K2

are linear combinations of the columns of M .

Proof: From Lemma 2.3 we know that there exist matrices P and Q such that

PEQQ−1ẋ(t) = PJQQ−1x(t) + P
(
K1 K2

)( u(t)
v1(t)

)
(8.17)
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gives the canonical form(
I 0
0 N

)
Q−1ẋ(t) =

(
A 0
0 I

)
Q−1x(t) +

(
B1 B2

D1 D2

)(
u(t)
v1(t)

)
. (8.18)

Note that K2 can be written as

K2 = P−1

(
B2

D2

)
. (8.19)

Let the matrix N have the singular value decomposition

N = U

(
Σ 0
0 0

)
V T (8.20)

where Σ is a diagonal matrix with nonzero elements. Since N is nilpotent it is also
singular, so k singular values are zero. Partition V as

V =
(
V1 V2

)
, (8.21)

where V2 contains the last k columns of V having zero singular values. Then NV2 = 0.
We first prove the implication (8.16) ⇒ (8.13): Assume that (8.16) is fulfilled. K2

can then be written as

K2 = M

(
S
T

)
= P−1

(
I 0
0 V2

)(
S
T

)
= P−1

(
S
V2T

)
(8.22)

for some matrices S and T . Comparing with (8.19), we see that B2 = S and D2 = V2T .
This gives

ND2 = NV2T = 0 (8.23)

so (8.13) is fulfilled.
Now the implication (8.13) ⇒ (8.16) is proved: Assume that (8.13) is fulfilled. We

then get

0 = ND2 = U

(
Σ 0
0 0

)(
V T

1

V T
2

)
D2 = U

(
ΣV T

1 D2

0

)
. (8.24)

This gives that
V T

1 D2 = 0, (8.25)

so the columns of D2 are orthogonal to the columns of V1, and D2 can be written as

D2 = V2T (8.26)

for some matrix T . Equation (8.19) now gives

K2 = P−1

(
B2

D2

)
= P−1

(
B2

V2T

)
= P−1

(
I 0
0 V2

)(
B2

T

)
= M

(
B2

T

)
∈ V(M).

(8.27)
(8.16) is fulfilled.
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We now consider how an SDAE can be transformed into state-space form. If it is
assumed that the matrix K2 in (8.3) is such that (8.13), or equivalently (8.16), is fulfilled,
the form (8.11) can be written as

ẋ1(t) = Ax1(t) +B1u(t) +B2v1(t) (8.28a)

x2(t) = −D1u(t)−D2v1(t)−
m−1∑
i=1

N iD1u
(i)(t) (8.28b)(

x1(t)
x2(t)

)
= Q−1x(t) (8.28c)

y(t) = LQ

(
x1(t)
x2(t)

)
+ v2(t). (8.28d)

We now proceed to transform (8.28) into a state-space description with u(m−1)(t) as
the input using the same method as in Section 2.3.5. We thus define x3(t) according
to (2.125), which gives the description

ẋ1(t) = Ax1(t) +
(
B1 0 . . . 0

)
x3(t) +B2v1(t) (8.29a)

x2(t) = −
(
D1 ND1 . . . Nm−2D1

)
x3(t)

−Nm−1D1u
(m−1)(t)−D2v1(t)

(8.29b)

ẋ3(t) =


0 I . . . 0
...

...
. . .

...
0 0 . . . I
0 0 . . . 0

x3(t) +


0
...
0
I

u(m−1)(t) (8.29c)

y(t) = LQ

(
x1(t)
x2(t)

)
+ v2(t). (8.29d)

Eliminating x2(t) and stacking x1(t) and x3(t) together now gives the description

(
ẋ1(t)
ẋ3(t)

)
=


A B1 0 . . . 0
0 0 I . . . 0
...

...
...

. . .
...

0 0 0 . . . I
0 0 0 . . . 0


︸ ︷︷ ︸

Ã

(
x1(t)
x3(t)

)
+


0
0
...
0
I


︸ ︷︷ ︸

B̃1

u(m−1)(t) +
(
B2

0

)
︸ ︷︷ ︸

B̃2

v1
(8.30a)

y(t) = LQ

(
I 0 0 . . . 0
0 −D1 −ND1 . . . −Nm−2D1

)
︸ ︷︷ ︸

C̃

(
x1(t)
x3(t)

)
+

LQ

(
0

−Nm−1D1

)
︸ ︷︷ ︸

D̃

u(m−1)(t) + LQ

(
0

−D2

)
︸ ︷︷ ︸

Ñ

v1(t) + v2(t).
(8.30b)
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Defining

z(t) =
(
x1(t)
x3(t)

)
(8.31)

gives the more compact notation

ż(t) = Ãz(t) + B̃1u
(m−1)(t) + B̃2v1(t) (8.32a)

y(t) = C̃z(t) + D̃u(m−1)(t) +
(
Ñ I

)(v1(t)
v2(t)

)
. (8.32b)

If v1 and v2 are white noise signals, then this description should be interpreted as a
stochastic integral. To point this out, the notation

dz = Ãzdt+ B̃1u
(m−1)dt+ B̃2dv1 (8.33a)

dy = C̃zdt+ D̃u(m−1)dt+
(
Ñ I

)(dv1
dv2

)
(8.33b)

can be used. We have shown that it is possible to construct a state-space system with a
noise model that describes the behavior of the linear DAE system with noise model (8.3)
ifND2 = 0 holds. However, the internal variables and the measured output may be white
noise processes, see e.g., (8.28). This issue will be discussed in the following chapters.

Note that in the state-space model, the noise on the output equation is in general
correlated with the noise on the state equation through the v1(t) term. This correlation is
eliminated if D2 = 0. Then Ñ = 0 so the state-space description simplifies to

ż(t) = Ãz(t) + B̃1u
(m−1)(t) + B̃2v1(t) (8.34a)

y(t) = C̃z(t) + D̃u(m−1)(t) + v2(t). (8.34b)

Here, the noise on the state and output equations are correlated only if v1(t) and v2(t)
are.

8.2.2 Frequency Domain Derivation

In the previous section, Theorem 8.1 gave a condition on how noise can be added to a
linear DAE system without making the internal variables of the system depend on deriva-
tives of the noise. The criterion was based on a canonical form. As will be shown in
this section, an equivalent result can also be derived in the frequency domain without
requiring calculation of the canonical form.

Instead of examining if
ND2 = 0 (8.35)

to avoid derivatives of the noise, we will here examine if the transfer function from the
process noise to the internal variables is proper (i.e., does not have higher degree in the
numerator than the denominator). These two conditions are equivalent, since a transfer
function differentiates its input if and only if it is non-proper. Consider the linear DAE
system

Eẋ(t) = Jx(t) +K1u(t) +K2v1(t) (8.36a)
y(t) = Lx(t) + v2(t). (8.36b)
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The question is if the transfer function

G(s) = (sE − J)−1K2 (8.37)

is proper. Note that we want to examine if the internal variables x depend on derivatives
of the noise, so L is not included in the transfer function.

Throughout the section, some concepts from the theory of matrix fraction descriptions
(MFD) will be needed. MFDs are discussed for example by Kailath (1980) and by Rugh
(1996) where they are called polynomial fraction descriptions.

We start by defining the row degree of a polynomial matrix and the concept of a row
reduced polynomial matrix according to Rugh (1996, page 308).

Definition 8.1 (Row degree). The i:th row degree of a polynomial matrix P (s), written
as ri[P ], is the degree of the highest degree polynomial in the i:th row of P (s).

Definition 8.2 (Row reduced). If the polynomial matrix P (s) is square (n × n) and
nonsingular, then it is called row reduced if

deg[detP (s)] = r1[P ] + · · ·+ rn[P ]. (8.38)

We will also need the following theorem from Kailath (1980):

Theorem 8.2
If the n × n polynomial matrix D(s) is row reduced, then D−1(s)N(s) is proper if and
only if each row of N(s) has degree less than or equal the degree of the corresponding
row of D(s), i.e., ri[N ] ≤ ri[D], i = 1, . . . , n.

Proof: See Kailath (1980, page 385).

We will examine if the transfer function (8.37) (which actually is a left MFD) fulfills
the conditions of Theorem 8.2. According to Rugh (1996, page 308) a MFD can be
converted into row reduced form by pre-multiplication of a unimodular1 matrix U(s).
More specifically, with

D(s) = U(s)(sE − J) (8.39a)
N(s) = U(s)K2, (8.39b)

and consequently
D−1(s)N(s) = (sE − J)−1K2 = G(s), (8.40)

D(s) is row reduced for a certain unimodular matrix U(s). U(s) is not unique, it can
for example be scaled by a constant. However, Theorem 8.2 shows that for each choice
of U(s), the transfer function G(s) of the system is proper if the highest degree of the
polynomials in each row in N(s) is lower than or equal to the highest degree of the
polynomials in the corresponding row of D(s). This gives a condition on K2 in the
following way:

1A polynomial matrix is called unimodular if its determinant is a nonzero real number (Rugh, 1996,
page 290).
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Writing U(s) as

U(s) =
m∑

i=0

Uis
i (8.41)

and writing the j:th row of Ui as Uij , shows that the condition

UijK2 = 0 i > rj [D], j = 1 . . . n (8.42)

guarantees that the transfer function G(s) of the system is proper. Here, n is the size of
the square matrices E and J , or equivalently the number of elements in the vector x(t).

Conversely, assume that (8.42) does not hold. Then some row degree of N(s) is
higher than the corresponding row degree of D(s), so the transfer function G(s) is then
according to Theorem 8.2 not proper. This discussion proves the following theorem.

Theorem 8.3
Consider the transfer function G(s) = (sE − J)−1K2 where the matrices E and J are
n×n. Let U(s) be a unimodular matrix such that D(s) = U(s)(sE−J) is row reduced.
Write U(s) as

U(s) =
m∑

i=0

Uis
i (8.43)

and let Uij be the j:th row of Ui. Then G(s) is proper if and only if

UijK2 = 0 i > rj [D], j = 1, . . . , n. (8.44)

Note that the criterion discussed in this section requires that the MFD is transformed
into row reduced form. An algorithm for finding this transformation is provided by Rugh
(1996, Chapter 16).

We have now proved two theorems, one using time domain methods and one using
frequency domain methods, that give conditions which are equivalent to that v1(t) is not
differentiated. This means that these two conditions are equivalent as well.

8.3 Example

In this section the results of the previous section are exemplified on a simple physical
DAE system. We will use Theorem 8.1 and 8.3 to examine how a noise model can be
added to a system consisting of two rotating masses as shown in Figure 8.1. It will be

M1 M2 M3 M4

ω1
ω2

Figure 8.1: Two interconnected rotating masses.

shown that noise can only be added in equations where it can be physically motivated.



142 8 Linear SDAE Models

The system is described by the torques M1(t), M2(t), M3(t) and M4(t) and the angular
velocities ω1(t) and ω2(t). The masses have the moments of inertia J1 and J2. The
equations describing this system are

J1ω̇1(t) = M1(t) +M2(t) (8.45a)
J2ω̇2(t) = M3(t) +M4(t) (8.45b)
M2(t) = −M3(t) (8.45c)
ω1(t) = ω2(t). (8.45d)

where (8.45a) and (8.45b) describe the angular accelerations the torques produce, and
(8.45c) and (8.45d) describe how the two parts are connected. Written in DAE form,
these equations are


J1 0 0 0
0 J2 0 0
0 0 0 0
0 0 0 0



ω̇1(t)
ω̇2(t)
Ṁ2(t)
Ṁ3(t)

 =


0 0 1 0
0 0 0 1
0 0 −1 −1
−1 1 0 0



ω1(t)
ω2(t)
M2(t)
M3(t)

+


1 0
0 1
0 0
0 0

(M1(t)
M4(t)

)
(8.46)

if M1(t) and M4(t) are considered as inputs. Using the transformation matrices

P =


1 1 1 0
0 0 0 −1
0 0 −1 0

− J2
J1+J2

J1
J1+J2

− J2
J1+J2

0

 (8.47)

Q =


1

J1+J2

J2
J1+J2

0 0
1

J1+J2
− J1

J1+J2
0 0

0 0 1 −1
0 0 0 1

 (8.48)

the DAE system can be transformed into the canonical form (2.95) of Lemma 2.3. The
transformation

z(t) = Q−1


ω1(t)
ω2(t)
M2(t)
M3(t)

 (8.49)
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gives
1 0 0 0
0 0 0 0
0 0 0 0
0 − J1J2

J1+J2
0 0

 ż(t) =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 z(t) +


1 1
0 0
0 0

− J2
J1+J2

J1
J1+J2

(M1(t)
M4(t)

)
. (8.50)

If we now want to incorporate noise into the DAE (8.46) by adding K2v1(t) to the right
hand side of (8.46), whichK2-matrices are allowed? To answer this question Theorem 8.1
can be used. We begin by calculating the matrices P−1 and V2 from (8.47) and (8.50).
We have that

N =

 0 0 0
0 0 0

− J1J2
J1+J2

0 0

 ⇒ V2 =

0 0
1 0
0 1

 (8.51)

and that

P−1 =


J1

J1+J2
0 1 −1

J2
J1+J2

0 0 1
0 0 −1 0
0 −1 0 0

 . (8.52)

The condition of Theorem 8.1 can now be calculated:

K2 ∈ V
(
P−1

(
I 0
0 V2

))
= V




J1
J1+J2

1 −1
J2

J1+J2
0 1

0 −1 0
0 0 0


 (8.53)

This simply means that white noise cannot be added to equation (8.45d) (if J1 > 0 and
J2 > 0). We will comment on this result below, but first we show how to derive the same
condition using the frequency domain method in Theorem 8.3. Transforming the system
into row reduced form gives (assuming J1 > 0 and J2 > 0)

U(s) =


− 1

J1

1
J2

0 s

0 1 0 0
0 0 1 0
0 0 0 1

 (8.54)

=


− 1

J1

1
J2

0 0
0 1 0 0
0 0 1 0
0 0 0 1


︸ ︷︷ ︸

U0

+


0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0


︸ ︷︷ ︸

U1

s (8.55)
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and

D(s) =


0 0 1

J1
− 1

J2

0 J2s 0 −1
0 0 1 1
1 −1 0 0

 (8.56)

with notation from section 8.2.2.
The row degrees of D(s) are r1[D] = 0, r2[D] = 1, r3[D] = 0, and r4[D] = 0.

Theorem 8.3 shows that the transfer function is proper if and only if0 0 0 1
0 0 0 0
0 0 0 0

K2 = 0. (8.57)

What equation (8.57) says is that the last row of K2 must be zero, which is the same
conclusion as was reached using the time domain method, Theorem 8.1.

The result that white noise cannot be added to the equation

ω1(t) = ω2(t) (8.58)

is a result that makes physical sense since this equation represents a rigid connection.
Furthermore, a noise term added to this equation would require at least one of ω1 and ω2

to make instantaneous changes. The equations

J1ω̇1(t) = M1(t) +M2(t) (8.59)
J2ω̇2(t) = M3(t) +M4(t) (8.60)

show that at least one of the torques Mi(t) would have to take infinite values. This is of
course not physically reasonable. Consequently, the Theorems 8.1 and 8.3 tell us how to
add noise in a physically motivated way, at least for this example. They could therefore
be used to guide users of object-oriented modeling software on how noise can be added
to models.

8.4 Sampling with Noise Model

Also when we have a noise model, it is interesting to examine what the sampled descrip-
tion of a linear DAE system is. We will use Lemma 2.5 to derive the sampled counterpart
of the SDAE system

Eẋ(t) = Jx(t) +K2v1(t) (8.61a)
y(t) = Lx(t) + v2(t). (8.61b)

To simplify the discussion we examine the case without input signal. A system with
input signal can be handled according to what was discussed in Section 2.3.6. The noise
signals v1(t) and v2(t) are interpreted as Wiener processes dv1 and dv2 with incremental
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covariances

E
(
dv1 dv

T
1

)
= Q1dt (8.62a)

E
(
dv1 dv

T
2

)
= Q12dt (8.62b)

E
(
dv2 dv

T
2

)
= Q2dt. (8.62c)

If K2 is such that v1(t) is not differentiated, we know from Section 8.2.1 that (8.61) can
be transformed into the SDE

dz = Ãzdt+ B̃dv1︸ ︷︷ ︸
dṽ1(t)

(8.63a)

dy = C̃zdt+
(
Ñ I

)(dv1
dv2

)
︸ ︷︷ ︸

dṽ2

. (8.63b)

The incremental covariances of the Wiener processes ṽ1 and ṽ2 are

E
(
dṽ1dṽ

T
1

)
= R1dt = B̃Q1B̃

T dt (8.64a)

E
(
dṽ1dṽ

T
2

)
= R12dt = B̃

(
Q1 Q12

)(ÑT

I

)
dt (8.64b)

E
(
dṽ2dṽ

T
2

)
= R2dt =

(
Ñ I

)(Q1 Q12

QT
12 Q2

)(
ÑT

I

)
dt. (8.64c)

Since R1, R12, and R2 are known for the state-space model (8.63), a sampled version of
the original DAE system (8.61) can now be calculated using Lemma 2.5. We get that a
sampled version of (8.61) is

z(Tsk + Ts) = Φz(Tsk) + v̄(Tsk) (8.65a)
y(Tsk + Ts)− y(Tsk) = θz(Tsk) + ē(Tsk) (8.65b)

with

Φ = eÃTs (8.66a)

θ = C̃

Ts∫
0

eÃτdτ (8.66b)
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and

E
(
v̄(t)v̄T (t)

)
= R̄1 =

Ts∫
0

eÃ(Ts−τ)R1

(
eÃ(Ts−τ)

)T

dτ (8.67a)

E
(
v̄(t)ēT (t)

)
= R̄12 =

Ts∫
0

eÃ(Ts−τ)
(
R1ΘT (τ) +R12

)
dτ (8.67b)

E
(
ē(t)ēT (t)

)
= R̄2 =

Ts∫
0

Θ(τ)R1ΘT (τ) + Θ(τ)R12 +RT
12Θ

T (τ) +R2 dτ (8.67c)

Θ(τ) = C̃

Ts∫
τ

eÃ(s−τ)ds. (8.67d)

When the measurements are sampled, it may seem awkward to first define a continuous-
time measurement equation and then sample it as was proposed in this section. It is
possible to instead define a discrete-time measurement equation, and this approach will
be discussed in Chapters 9 and 10.

8.5 Kalman Filtering

We have now established how to transfer a linear DAE system into a discrete-time state-
space system which gives an equivalent description of the output at the sampling instants.
This opens up the possibility to use a discrete-time Kalman filter to estimate the states
and make predictions. To be concrete, assume that we have arrived at the discrete-time
state-space model

z(Tsk + Ts) = Az(Tsk) +Bu(Tsk) +Nv1(Tsk) (8.68a)
y(Tsk) = Cz(Tsk) +Du(Tsk) + v2(Tsk). (8.68b)

The implementation of a Kalman filter is then straightforward (e.g., Anderson and Moore,
1979; Kailath et al., 2000). We could also use the continuous-time state-space descrip-
tion (8.12) or (8.32) and implement a continuous-time Kalman filter. Note that implemen-
tation of a continuous-time Kalman filter with digital hardware always involves some sort
of approximation since digital hardware operates in discrete-time.

We only get estimates of the state vector x1(t) and the output y(t), not of complete
vector of internal variables x(t), through a normal Kalman filter. The vector x(t) may not
even have finite variance. This can be realized from (8.28) since x2(t) can be equal to
a white noise process. In the following chapters we will therefore discuss how it can be
guaranteed that all variables of interest have finite variance.

8.6 Time-Varying Linear SDAE Models

It is also interesting to examine when a time-varying linear DAE with a white noise input
is well-defined so that its input-output behavior can be interpreted as a SDE. In this section
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we will develop a parallel result to what was done for time-invariant linear DAE systems
previously in the chapter. Consider a time-varying linear DAE as discussed in Section 2.4,

E(t)ẋ(t) = A(t)x(t) + f(t) (8.69a)
y(t) = C(t)x(t). (8.69b)

We will assume that there is a deterministic input u(t) and a white noise input v1(t) so
that

f(t) = K1(t)u(t) +K2(t)v1(t). (8.70)

There is also white measurement noise v2(t). The time-varying linear SDAE can then be
written as

E(t)ẋ(t) = A(t)x(t) +K1(t)u(t) +K2(t)v1(t) (8.71a)
y(t) = C(t)x(t) + v2(t). (8.71b)

As with the time-invariant case, the problem is that derivatives of the noise process v1(t)
might appear, and these are not well-defined. This can be realized from the transforma-
tions in Section 2.4 from which we get that (8.71a) is equivalent to

ẋ1(t) = A13(t)x3(t) + f1(t) (8.72a)
0 = x2(t) + f2(t) (8.72b)
0 = f3(t) (8.72c)

wheref1(t)f2(t)
f3(t)

 = Pm+1(t)P̃m(t, d
dt ) · · · P̃1(t, d

dt )
(
K1(t)u(t) +K2(t)v1(t)

)
(8.73)

with Pi, P̃i defined as in Section 2.4. Since derivatives of white noise are not well-defined,
K2(t) must be such that v1(t) is not differentiated. It must also be assumed thatK1(t)u(t)
is sufficiently differentiable. We will also assume that the DAE is regular so that x3 and
f3 are of size zero. This is a parallel to the regularity assumption for linear time-invariant
DAE systems. The conditions for when the input-output behavior of a time-varying linear
SDAE is well-defined is given by the following proposition.

Proposition 8.1
Let the matrices Pi for the time-varying linear SDAE (8.69) be defined as in Section 2.4
and the assumptions in Theorem 2.6 hold. Also assume that (8.69) is regular so that the
size of x3 is zero. Then the internal variables are not affected by derivatives of the noise
process v1(t) if and only if(

0 0 0 Isi 0
)
Pi(t)Pi−1(t) · · ·P1(t)K2(t) = 0 i = 1, . . . ,m, (8.74)

that is the fourth block row of Pi(t)Pi−1(t) · · ·P1(t)K2(t) is zero for i = 1, . . . ,m where
the division into block rows for each matrix Pi is done according to the division in Theo-
rem 2.5.
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Proof: We have thatf1(t)f2(t)
f3(t)

 = Pm+1(t)P̃m(t, d
dt ) · · · P̃1(t, d

dt )
(
K1(t)u(t) +K2(t)v1(t)

)
(8.75)

where

P̃i =


I 0 0 d

dtI 0
0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I

Pi(t). (8.76)

Since all the matrices Pi are invertible, (8.74) is a necessary and sufficient condition to
avoid differentiation of the noise process v1(t),

If the conditions of the theorem are satisfied we can thus write a time-varying linear
SDAE as (

ẋ1(t)
0

)
=
(

0
x2(t)

)
+
(
B1(t, d

dt )
D1(t, d

dt )

)
u(t) +

(
B2(t)
D2(t)

)
v1(t) (8.77)

where (
B1(t, d

dt )
D1(t, d

dt )

)
= Pm+1(t)P̃m(t,

d

dt
) · · · P̃1(t,

d

dt
)K1(t) (8.78a)(

B2(t)
D2(t)

)
= Pm+1(t)Pm(t) · · ·P1(t)K2(t). (8.78b)

This means that the input-output behavior of (8.69) can be interpreted as the SDE

dx1(t) = B1(t, d
dt )u(t)dt+B2(t)dv1(t) (8.79a)

dy(t) = C(t)x(t)dt+ dv2(t) (8.79b)

if the conditions of Proposition 8.1 are satisfied. However, note that the internal variables
x2(t) may depend directly on the noise process v1(t). This is questionable if x2(t) rep-
resent physical quantities, so in the following chapters we will discuss how this can be
avoided.

8.7 Difference-Algebraic Equations

In this section, stochastic difference-algebraic equations, or stochastic discrete-time de-
scriptor systems, are discussed.

8.7.1 Noise Modeling

A noise model can be added to a discrete-time descriptor system according to

Ex(t+ 1) = Jx(t) +K1u(t) +K2v1(t) (8.80a)
y(t) = Lx(t) + v2(t), (8.80b)
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similarly to the continuous-time case. Here, v1(t) and v2(t) are uncorrelated sequences of
white noise and K2 is a constant matrix. We assume that the descriptor system is regular.

In Section 2.6 we saw that discrete-time descriptor systems may be non-causal. The
stochastic system discussed here might be non-causal not only with respect to the input
signal, but also with respect to the noise. This can be seen by first writing the system as

Ex(t+ 1) = Jx(t) +
(
K1 K2

)( u(t)
v1(t)

)
(8.81a)

y(t) = Lx(t) + v2(t) (8.81b)

and then applying Theorem 2.7. The solutions can be described by

x1(t+ 1) = Ax1(t) +B1u(t) +B2v1(t) (8.82a)

x2(t) = −D1u(t)−
m−1∑
i=1

N iD1u(t+ i)

−D2v1(t)−
m−1∑
i=1

N iD2v1(t+ i) (8.82b)(
x1(t)
x2(t)

)
= Q−1x(t) (8.82c)

y(t) = LQ

(
x1(t)
x2(t)

)
+ v2(t). (8.82d)

A difference from the continuous-time case is that we do not have to put any restriction
on the noise model, as dependence on future values of the noise is theoretically possible.
The dependence on future values of the noise can be handled for example by time shifting
the noise sequence. If we define

ṽ1(t) = v1(t+m− 1) (8.83)

equation (8.82) can be written as

x1(t+ 1) = Ax1(t) +B1u(t) +B2ṽ1(t−m+ 1) (8.84a)

x2(t) = −D1u(t)−
m−1∑
i=1

N iD1u(t+ i)

−D2ṽ1(t−m+ 1)−
m−1∑
i=1

N iD2ṽ1(t+ i−m+ 1) (8.84b)(
x1(t)
x2(t)

)
= Q−1x(t) (8.84c)

y(t) = LQ

(
x1(t)
x2(t)

)
+ v2(t) (8.84d)

which is a causal description with respect to the noise. Note that the sequences v1(t) and
ṽ1(t) will have the same statistical properties since they are both white noise sequences.
The noise sequences v1(t) and v2(t) must be uncorrelated, otherwise v2(t) will be corre-
lated with ṽ1(t−m+ 1).
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8.7.2 Kalman Filtering

The system (8.81) can be transformed into state-space form using the technique in Sec-
tion 2.6.3. We would then get

z(t+ 1) = Ãz(t) + B̃1u(t+m− 1) + B̃2v1(t+m− 1) (8.85a)

y(t) = C̃z(t) + D̃1u(t+m− 1) + D̃2v1(t+m− 1) + v2(t). (8.85b)

which, using (8.83), also can be written as

z(t+ 1) = Ãz(t) + B̃1u(t+m− 1) + B̃2ṽ1(t) (8.86a)

y(t) = C̃z(t) + D̃1u(t+m− 1) + D̃2ṽ1(t) + v2(t). (8.86b)

This is a state-space description if u(t + m − 1) is considered as the input. However, it
can be argued that dependence on future noise values is not physical, so another approach
may be to require that ND2 = 0, so that the system is causal with respect to the noise.
We could use a similar approach as in Section 8.2 to make sure that this holds. Note again
that it will not be straightforward to handle the filtering problem for (8.86) if v1(t) and
v2(t) are correlated, since this would imply that ṽ1(t −m + 1) and v2(t) are correlated.
In this case it is advisable to work with models that are causal with respect to v1(t).

When the discrete-time descriptor system has been converted into state-space form,
implementation of the Kalman filter is straightforward (e.g., Anderson and Moore, 1979;
Kailath et al., 2000).

Previous work on Kalman filtering of discrete-time descriptor systems is among oth-
ers Deng and Liu (1999); Nikoukhah et al. (1998, 1999); Darouach et al. (1993); Dai
(1987, 1989a); Chisci and Zappa (1992). The approach taken in this section for discrete-
time descriptor systems, is similar to the one in Dai (1987). Dai (1987) also uses the idea
to time-shift the noise sequence and write the system in state-space form, but he does not
discuss how a system with input signal should be treated.

8.8 Conclusions

We noted that if noise is added to arbitrary equations of a linear DAE system, derivatives
of the noise signal might affect the internal variables. Since derivatives of white noise
are not well-defined, we derived a method to add noise without causing derivatives of
it to affect the internal variables. Furthermore, if the SDAE system is converted into
state-space form, it is possible to interpret it as an SDE and implement a Kalman filter.
However, it is possible that some internal variables are equal to a white noise process,
and thus have infinite variance. In the following chapters, we will discuss how this can be
avoided.

We also discussed noise modeling for time-varying linear DAEs and discrete-time
descriptor systems.



9
Well-Posedness of Parameter

Estimation Problems

In this chapter we discuss well-posedness of parameter estimation problems for linear
SDAEs, and also how the parameter estimation problems can be solved.

9.1 Introduction

In the previous chapter we discussed how noise models can be added to linear DAE sys-
tems in such a way so that the equations can be interpreted as an SDE. However, we also
saw that this could lead to that some of the internal variables of the DAE have infinite
variance since they are equal to a white noise process. This could possibly be accepted if
the variables do not represent physical quantities, but for example sampled outputs must
have finite variance. If a measured output has infinite variance, it may for example be
difficult to formulate a maximum likelihood problem to estimate unknown parameters.
In this chapter we will therefore discuss conditions that make the parameter estimation
problem well-posed and how the parameter estimation problem can be formed. We will
also discuss frequency domain methods for estimation of the parameters.

9.2 Problem Formulation

When modeling a physical system with noise, it is often reasonable that the included
noise processes wl are not white noise, but instead, for example, have a spectrum φ that
is concentrated at low frequencies. The spectrum may also be parameterized so that it
depends on the unknown parameters θ. It is also common that the initial condition is
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unknown and therefore has to be parameterized. Summing up, this can be written as

E(θ)ẋ(t) = F (θ)x(t) +G(θ)u(t) +
nw∑
l=1

Jl(θ)wl(t, θ) (9.1a)

x(t0, θ) = x0(θ) (9.1b)
dimx(t) = n (9.1c)

where θ is a vector of unknown parameters which lies in the domain DM and wl(t, θ) is
a scalar Gaussian second order stationary process with spectrum

φwl
(ω, θ). (9.2)

The spectrum is assumed to be rational in ω with pole excess 2pl. This means that

lim
ω→∞

ω2plφwl
(ω, θ) = Cl(θ)

0 < Cl(θ) <∞ for θ ∈ DM.

It will be assumed that the input u(t) is known for all t ∈ [t0, T ] and that it is differentiable
a sufficient number of times. The condition that the input is known for every t typically
means that it is given at a finite number of sampling instants, and its intersample behavior
between these is known, like piecewise constant, piecewise linear, or band-limited. It will
be assumed the system is regular, i.e., that det(sE − F ) is not zero for all s.

An output vector is measured at sampling instants tk,

y(tk) = H(θ)x(tk) + e(tk) (9.3)

where e(tk) is a Gaussian random vector with covariance matrixR2(k, θ), such that e(tk)
and e(ts) are independent for k 6= s and also independent of all the processes wl. The
case with an output that is measured at discrete time instances is the most likely situation
in system identification applications, so we choose to adopt this view here.

The problem treated in this chapter is to estimate the unknown parameters θ using
u(t) and y(tk). As mentioned earlier, problems might arise with differentiated noise
or with elements of the internal variables x(t) being equal to white noise (which has
infinite variance). It must therefore be required that the model structure (9.1) is well-
posed. The definition of well-posedness that we will use states the minimal requirements
that makes it possible to form a maximum likelihood estimator for the parameters. The
first requirement is that the DAE is regular, since this guarantees a unique solution in the
absence of noise. The second requirement is that the sampled measurements y(tk) have
finite variance. This means that the equations do not implicitly specify that y(tk) contains
continuous-time white noise or derivatives of continuous-time white noise.

Definition 9.1 (Well-posedness). Let x(t) be defined as the solution to (9.1) for a θ ∈
DM. The problem to estimate θ from knowledge of u(t), t ∈ [t0, T ] and y(tk), k =
1, . . . , N ; tk ∈ [t0, T ] is well-posed if H(θ)x(tk) has finite variance and (9.1) is regular
for all θ ∈ DM.

Note that the initial value x0(θ) may not be chosen freely when computing x(t, θ) (see
Section 9.5). The possibly conflicting values in x0(θ) will be ignored, and actually have
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no consequence for the computation of x(t, θ) for t > t0. For a well-posed estimation
problem the likelihood function which is the value of the joint probability density function
for the random vectors y(tk) at the actual observations can be computed. Also this will
be discussed in Section 9.5.

9.3 Main Result

The main result of this chapter is the characterization of a well-posed model structure,
which is presented in this section. Before presenting the result, some notation must be
introduced. Let the range and null space of a matrix A be denoted by

V(A) and N (A)

respectively. Furthermore, the following definition of an oblique projection will be used.

Definition 9.2 (Oblique projection). Let B and C be spaces with B ∩ C = {0} that
together span Rn. Let the matrices B̄ and C̄ be bases for B and C respectively. The
oblique projection of a matrix A along B on C is defined as

A/B C ,
(
0 C̄

) (
B̄ C̄

)−1
A. (9.4)

Note that the projection is independent of the choice of bases forB andC. This defini-
tion basically follows the definition by van Overschee and De Moor (1996, Section 1.4.2).
However, we here consider projections along column spaces instead of row spaces. Also,
the conditions on the spaces B and C give a simpler definition. The more general version
by van Overschee and De Moor (1996) is not necessary here. The main result can now be
formulated as follows.

Theorem 9.1
Consider the model (9.1). Let λ(θ) be a scalar such that λ(θ)E(θ) + F (θ) is invertible.
Let

Ē(θ) =
(
λ(θ)E(θ) + F (θ)

)−1
E(θ). (9.5)

Assuming the model (9.1) is regular, the estimation problem (9.1)–(9.3) is well-posed if
and only if[
Ēj(θ)

(
λ(θ)E(θ) + F (θ)

)−1
Jl(θ)

]/
V
(
Ēn(θ)

)N (Ēn(θ)
)
∈ N

(
H(θ)

)
j ≥ pl,∀l.

(9.6)

Proof: See Appendix B.

Note that any λ(θ) can be used to check if an estimation problem is well-posed, as
long as λ(θ)E(θ)+F (θ) is invertible. This follows directly from the theorem, since (9.6)
is equivalent to well-posedness for every λ(θ) with invertible λ(θ)E(θ) + F (θ).
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9.4 Measuring Signals with Infinite Variance

It may happen that a selected output has infinite instantaneous variance. This happens
when condition (9.6) is violated. This is best illustrated by an example: Let the SDAE be

ẋ1(t) = −2x1(t) + v(t) (9.7a)
0 = −x2(t) + v(t) (9.7b)

where v(t) is continuous-time white noise. We would like to measure x1 + x2. This
is not a well-posed problem since x2 has infinite variance. A convenient way of dealing
with this in a modeling situation, would be to explicitly introduce a presampling, low pass
filter, to make the measured variable

x3(t) =
1

0.01p+ 1
(
x1(t) + x2(t)

)
.

Including this new variable in the SDAE gives

ẋ1(t) = −2x1(t) + v(t)
ẋ3(t) = −100x3(t) + 100x1(t) + 100v(t)

0 = −x2(t) + v(t)

with the sampled measurements

y(tk) = x3(tk) + e(tk).

This is a well-posed problem. The method suggested here is related to the sampling
method described in Lemma 2.5.

9.5 The Log-Likelihood Function and the Maximum
Likelihood Method

To implement the maximum likelihood method for parameter estimation, it is necessary
to compute the likelihood function. The likelihood function for the estimation problem is
computed from the joint probability density function of the observations y(tk). It is cus-
tomary to determine this from the conditional densities p[y(tk)|y(t0) . . . y(tk−1), u(·), θ].
See, e.g., Ljung (1999, Section 7.4). In other words, we need the one-step-ahead predic-
tions of the measured outputs.

By representing the disturbances wl(t, θ) as outputs from linear filters driven by white
noise vl(t) (which is possible, since they have rational spectral densities), the SDAE can
be transformed into state-space form using the techniques discussed in Section 2.3. This
is done by first representing the noise processes wl(t, θ) as

ẋw(t) = Aw(θ)xw(t) +Bw(θ)v(t) (9.8a)
w(t, θ) = Cw(θ)xw(t) +Dw(θ)v(t) (9.8b)
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where

v(t) =

 v1(t)
...

vnv
(t)

 (9.9)

is white noise with covariance R1(θ)δ(t) and

w(t, θ) =

 w1(t, θ)
...

wnw
(t, θ)

 . (9.10)

As discussed in Section 2.7.2, this should be interpreted as a stochastic integral. By
writing

J(θ) =
(
J1(θ) · · · Jnw

(θ)
)

(9.11)

(9.1), (9.3), and (9.8) can be combined to give(
E(θ) 0

0 I

)(
ẋ(t)
ẋw(t)

)
=
(
F (θ) J(θ)Cw(θ)

0 Aw(θ)

)(
x(t)
xw(t)

)
+
(
G(θ)

0

)
u(t) +

(
J(θ)Dw(θ)
Bw(θ)

)
v(t) (9.12a)

y(tk) =
(
H(θ) 0

)( x(tk)
xw(tk)

)
+ e(tk). (9.12b)

Under the assumption of regularity, this DAE can, using Theorem 2.3, be transformed
into the form

ẋ1(t) = A(θ)x1(t) +G1(θ)u(t) + J1(θ)v(t) (9.13a)

x2(t) = −
(
I +

d

dt
N(θ) + · · ·+ dm−1

dtm−1
Nm−1(θ)

)(
G2(θ)u(t) + J2(θ)v(t)

)
(9.13b)

y(tk) = C1(θ)x1(tk) + C2(θ)x2(tk) + e(tk). (9.13c)

Inserting (9.13b) into (9.13c) gives (omitting dependence on θ)

y(tk) = C1x1(tk)− C2

m∑
l=1

(
dl−1

dtl−1
N l−1

(
Gau(tk) + Jav(tk)

))
+ e(tk).

If it is assumed that the SDAE forms a well-posed estimation problem, y(tk) does not
depend on time-continuous white noise, i.e., v(t). This means that y(tk) can be written
as

y(tk) = C1(θ)x1(tk)− C2(θ)
m∑

l=1

(
dl−1

dtl−1
N l−1(θ)G2(θ)u(tk)

)
+ e(tk).
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Summing up, the original linear SDAE can be transformed into the form

ẋ1(t) = A(θ)x1(t) +G1(θ)u(t) + J1(θ)v(t) (9.14a)

y(tk) = C1(θ)x1(tk)− C2(θ)
m∑

l=1

(
dl−1

dtl−1
N l−1(θ)G2(θ)u(tk)

)
+ e(tk)

(9.14b)

v(t) =
(
v1(t) v2(t) · · · vnv (t)

)T
(9.14c)

Ev(t)vT (s) = R1(θ)δ(t− s) (9.14d)

Ee(tk)eT (ts) = R2(k, θ)δtk,ts . (9.14e)

This is a standard linear prediction problem with continuous-time dynamics, continuous-
time white noise, and discrete-time measurements. The Kalman filter equations for this
are given, e.g., by Jazwinski (1970), and they define the one-step-ahead predicted outputs
ŷ(tk|tk−1, θ) and the prediction error variances Λ(tk, θ). With Gaussian disturbances, we
obtain in the usual way the log-likelihood function

VN (θ) =
1
2

N∑
k=1

(
y(tk)− ŷ(tk|tk−1, θ)

)T Λ−1(tk, θ)

×
(
y(tk)− ŷ(tk|tk−1, θ)

)
+ log det Λ(tk, θ). (9.15)

The parameter estimates are then computed as

θ̂ML = arg min
θ

VN (θ). (9.16)

If a general norm of the prediction errors,

ε(tk, θ) = y(tk)− ŷ(tk|tk−1, θ), (9.17)

is minimized, we get the prediction error method.
In practice, the important question of how the state-space description should be com-

puted remains. As discussed in Chapter 11, the form (9.14) can be computed using nu-
merical software. But if some elements of the matrices are unknown, numerical software
cannot be used. Another approach could be to calculate the canonical forms using sym-
bolical software. But this approach has not been thoroughly investigated, and symbolical
software is usually not as easily available as numerical software. The remedy is to make
the conversion using numerical software for each value of the parameters that the iden-
tification algorithm needs. Consider for example the case when the parameters are to be
estimated by minimizing (9.15) using a Gauss-Newton search. For each parameter value θ
that the Gauss-Newton algorithm needs, the transformed system (9.14) can be computed.

If the initial condition of the system is unknown, it should be estimated along with
the parameters. For state-space systems, this is done by parameterizing the initial state,
x(t0) = x0(θ). For linear SDAE systems care must be taken when parameterizing the
initial value. From (B.3) on page 197 of Appendix B we get that

x(t0) =
(
T1(θ) T2(θ)

)(xs(t0)
xa(t0)

)
. (9.18)
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It is also obvious from the transformed system equations (B.4a) and (B.8) that xs(t0) can
be parameterized freely, while xa(t0) is specified by the input and noise signals. The part
of x(t0) that can be parameterized is thus

xs(t0) = x(t0)/V(T2)V(T1) = x(t0)/N
(
Ēn(θ)

)V(Ēn(θ)
)

(9.19)

where Ē(θ) is the matrix defined in (9.5). Note that since xa is determined by (B.8), any
initial conditions that are specified for xa can be ignored in the identification procedure
since they do not affect the likelihood function.

9.6 Frequency Domain Identification

The work which has been done this far has been based on transforming the DAE system
into a state-space-like system, and using identification methods for state-space descrip-
tions. As was discussed earlier, this transformation always exists if the system is regular,
and can be computed numerically. However, we have seen that the work to transform
a linear DAE system into state-space form might be significant in some cases. Further-
more, the output can depend on derivatives of the input. If the input can be selected, then
it might be possible to differentiate it analytically. If, on the other hand, only a measured
input is available, it must be differentiated numerically, which can be a problem if the
signal is noisy.

Here, we examine another approach to the identification problem that offers an al-
ternative way to handle these potential problems, namely identification in the frequency
domain. The conversion into state-space form can be avoided in the output error case as
we will see below. A model which differentiates the input will have a large amplification
for high frequencies. In the frequency domain we could therefore handle this problem
by not including measurements with a too high frequency in ZN = {U(ω1), Y (ω1), . . . ,
U(ωN ), Y (ωN )}.

As discussed in Section 3.3, it is assumed that the model structure is specified by
transfer functions (or matrices of transfer functions) according to

y(t) = G(p, θ)u(t) +H(p, θ)e(t) (9.20)

when performing frequency domain identification. H(p, θ) is assumed to have a causal
inverse.

A linear DAE system with only measurement noise (an output error model),

E(θ)ẋ(t) = J(θ)x(t) +K1(θ)u(t) (9.21a)
y(t) = L(θ)x(t) + e(t), (9.21b)

can be transformed directly into the form (9.20) under the usual assumption of regularity.
The only difference from the transfer function of a state-space system is that G(p, θ) may
be non-proper here. The transfer functions are

G(p, θ) = L(θ) (pE(θ)− J(θ))−1
K1(θ) (9.22a)

H(p, θ) = 1. (9.22b)
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When the transfer function has been calculated, all we have to do is to plug it into
any identification algorithm for the frequency domain. Books which treat this are e.g.,
Ljung (1999) and Pintelon and Schoukens (2001). Note that G(p, θ) here easily could
be calculated using symbolical software. We can therefore compute G(p, θ) once and for
all, and do not have to perform the calculation for each parameter value. One possible
selection of identification method is to minimize the criterion

VN (θ, ZN ) =
N∑

k=1

‖Y (ωk)−G(iωk, θ)U(ωk)‖2 (9.23)

with respect to the parameters θ.
Estimates of the Fourier transforms of the input and output signals are needed. As

discussed in Section 3.3, these could be provided directly by a special measurement device
or estimated from time domain data. A drawback with identification in the frequency
domain is that knowledge of the initial values of the internal variables is more difficult to
utilize than for time domain identification.

In the more complex case when the model also has process noise,

E(θ)ẋ(t) = J(θ)x(t) +K1(θ)u(t) +K2(θ)v1(t) (9.24a)
y(t) = L(θ)x(t) + v2(t), (9.24b)

the noise filterH(p, θ) cannot be calculated in a straightforward manner. One approach to
calculate H(p, θ) here is to first transform the DAE system into state-space form and then
compute the Kalman filter. We now in principle need to do the same transformation that
needs to be done when estimating the parameters in the time domain. We therefore do not
have the possibility of calculating H(p, θ) once and for all with symbolical software as
could be done for the output error case.

9.7 Time-Varying Linear SDAE Models

In this section we will examine well-posedness of the problem to estimate unknown pa-
rameters θ in the time-varying linear DAE

E(t, θ)ẋ(t) = F (t, θ)x(t) + f(t, θ) (9.25a)
x(t0, θ) = x0(θ) (9.25b)

dimx(t) = n. (9.25c)

where

f(t, θ) = G(t, θ)u(t) +
nw∑
l=1

Jl(t, θ)wl(t, θ). (9.26)

Measurements are collected at time instances tk,

y(tk) = H(tk, θ)x(tk) + e(tk). (9.27)

As before, wl(t, θ) is a Gaussian second order stationary process with spectrum

φwl
(ω, θ) (9.28)
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where the spectrum is assumed to be rational in ω with pole excess 2pl. We will use the
definition of well-posedness from the time-invariant case modified for the time varying
case.

Definition 9.3 (Well-posedness). Let x(t) be defined as the solution to (9.25a) for a
θ ∈ DM. The problem to estimate θ from knowledge of u(t), t ∈ [t0, T ], and y(tk), k =
1, . . . , N ; tk ∈ [t0, T ] is well-posed if H(tk, θ)x(tk) has finite variance and (9.25a) is
regular for all θ ∈ DM.

Here, regularity means that no part of x is undetermined as discussed in Section 2.4.
To examine well-posedness of (9.25), we examine (9.25a) transformed according to The-
orem 2.6.

ẋ1(t) = A13(t, θ)x3(t) + f1(t, θ) (9.29a)
0 = x2(t) + f2(t, θ) (9.29b)
0 = f3(t, θ) (9.29c)

wheref1(t, θ)f2(t, θ)
f3(t, θ)

 = Pm+1(t, θ)P̃m(t, θ, d
dt ) · · · P̃1(t, θ, d

dt )×(
G(t, θ)u(t) +

nw∑
l=1

Jl(t, θ)wl(t, θ)

)
. (9.30)

The system is assumed to be regular, so x3 and f3 are of size zero. We want to examine if

H(tk, θ)x(tk) = H(tk, θ)Q(tk, θ)
(
x1(tk)
x2(tk)

)
(9.31)

has finite variance (x3 is removed since it is of size zero). Theorem 2.6 gives that f1 does
not depend on derivatives of f , so x1 is always well-defined with finite variance through
the SDE

ẋ1(t) = f1(t, θ). (9.32)

We must thus examine if

H(tk, θ)Q(tk, θ)
(

0
x2(tk)

)
= H(tk, θ)Q(tk, θ)

(
0

−f2(tk)

)
(9.33)

has finite variance. For this expression to have finite variance, it must be guaranteed
that it does not depend on too high derivatives of wl, l = 1, . . . , nw. Each wl can be
differentiated at most pl − 1 times since its spectrum has pole excess 2pl. This can be
realized from (2.179b) which gives that the variance of dn

dtnwl is

r(0) =

∞∫
−∞

(iw)2nφwl
dω

{
<∞ if n ≤ pl − 1
= ∞ if n ≥ pl.

(9.34)
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Further transforming (9.33) we get

H(tk, θ)Q(tk, θ)
(

0
x2(tk)

)
= H(tk, θ)Q(tk, θ)

(
0 0
0 I

)(
f1(tk, θ)
f2(tk, θ)

)
=

= H(t, θ)Q(t, θ)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )×(

G(t, θ)u(t) +
nw∑
l=1

Jl(t, θ)wl(t, θ)

)∣∣∣∣∣
t=tk

. (9.35)

Note that the derivative should be applied before inserting t = tk. The expression shows
that we must require that the expression

H(t, θ)Q(t, θ)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )Jl(t, θ)wl(t, θ)

∣∣∣∣
t=tk

(9.36)
for l = 1, . . . , nw does not contain higher derivatives than pl−1 of wl. We formalize this
result with a proposition.

Proposition 9.1
The estimation problem (9.25)–(9.28) is well-posed if and only if (9.25a) is regular and

H(t, θ)Q(t, θ)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )Jl(t, θ)

∣∣∣∣
t=tk

(9.37)

is of at most order pl − 1 in d
dt for l = 1, . . . , nw, for all tk, and θ ∈ DM. The matrices

P and Q are the transformation matrices defined in Section 2.4.

Note that the derivatives should be handled as operators when applied to Jl, for ex-
ample

d

dt
t = 1 + t

d

dt
. (9.38)

When an estimation problem is well-posed, (9.32) and (9.27) can be used to compute
the likelihood function for the output.

9.8 Difference-Algebraic Equations

In this section, stochastic difference-algebraic equations, or stochastic discrete-time de-
scriptor systems, are discussed.

9.8.1 Time Domain Identification

As discussed in Section 2.6.3 and 8.7, a discrete-time descriptor system can be trans-
formed into a discrete-time state-space system. We can therefore use the prediction error
method or maximum likelihood method as described in Chapter 3. However, as in the
continuous-time case, we are faced with the choice of either calculating the state-space
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description symbolically, or doing it numerically. The approach suggested here is to com-
pute it numerically for each parameter value that a state-space description is necessary,
since it is discussed in the previous chapters how this transformation can be performed.

Consider for example the case when we wish to estimate the parameters by minimiz-
ing the prediction error criterion

VN (θ, ZN ) =
1
N

N∑
t=1

1
2
εT (t, θ)Λ−1ε(t, θ) (9.39)

using a Gauss-Newton search. As in the continuous-time case, we for each parameter
value θ that the Gauss-Newton algorithm needs compute a state-space description using
the methods in Chapter 11 and then calculate the prediction errors ε(t, θ).

In can be noted that the discrete-time parameter estimation problem does not suf-
fer from the same well-posedness issues as the continuous-time case. This is because
discrete-time noise processes always have finite variance.

9.8.2 Frequency Domain Identification

Analogously to the continuous-time case, frequency domain identification is a way to
avoid having to transform the descriptor system into state-space form. For frequency
domain identification in discrete-time, it is assumed that the system is described by

y(t) = G(q, θ)u(t) +H(q, θ)e(t), (9.40)

as discussed in Section 3.3. H(q, θ) is assumed to have a causal inverse.
A linear discrete-time descriptor system with an output error noise model,

E(θ)x(t+ 1) = J(θ)x(t) +K1(θ)u(t) (9.41a)
y(t) = L(θ)x(t) + e(t), (9.41b)

has the transfer functions

G(q, θ) = L(θ) (qE(θ)− J(θ))−1
K1(θ) (9.42a)

H(q, θ) = 1. (9.42b)

We can here plug G(q, θ) directly into a criterion like

VN (θ, ZN ) =
N∑

k=1

∣∣Y (ωk)−G(eiωk , θ)U(ωk)
∣∣2 . (9.43)

As in the continuous-time case, the situation is more complicated if we have a full
noise model as in

E(θ)x(t+ 1) = J(θ)x(t) +K1(θ)u(t) +K2(θ)v1(t) (9.44a)
y(t) = L(θ)x(t) + v2(t). (9.44b)

Also here, the simplest way to calculate H(q, θ) is probably to go via a state-space de-
scription. Consequently, not much is gained compared to using a time domain method.
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9.9 Conclusions

The main result of this chapter is Theorem 9.1, where we provide necessary and sufficient
conditions for a parameter estimation problem, formed from a linear SDAE, to be well-
posed. We also discussed how the parameter estimation problem can be formed for well-
posed problems, both in the time domain and in the frequency domain. Time-varying
DAEs and the discrete-time case were also briefly treated.



10
Well-Posedness of State Estimation

Problems

In this chapter we discuss well-posedness of state estimation problems for linear SDAEs,
and also how these problems can be solved using the Kalman filter.

10.1 Introduction

In the previous chapter we discussed well-posedness of parameters estimation problems,
and concluded that it must be required that the measured output has finite variance to
allow maximum likelihood estimation of unknown parameters. In this chapter we will
discuss state estimation problems, that is estimation of the internal variables of a linear
SDAE. To allow estimation of the internal variables, it must be required that they have
finite variance. We will first discuss the case when the SDAE has colored noise inputs
and discrete-time measurements similarly to the case examined for parameter estimation
in the previous chapter. We will then examine the case when the input is white noise and
the output is not sampled, similarly to the problem solved by continuous-time Kalman
filters.

For references to previous works on well-posedness of state estimation problems, see
Section 4.2.

10.2 Formulations without Continuous-Time White
Noise

We shall in this section give a formulation of an SDAE filtering problem that only ex-
plicitly employs stochastic variables with finite variance, similarly to what was done in
the previous chapter. We shall then investigate if it corresponds to a mathematically well-

163
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posed problem. We will therefore consider an SDAE

Eẋ(t) = Fx(t) +Gu(t) +
nw∑
l=1

Jlwl(t) (10.1a)

x(t0) = x0 (10.1b)
dimx(t) = n (10.1c)

where wl(t) is a Gaussian second order stationary process with spectrum φwl
(ω) which

is rational in ω with pole excess 2pl. Recall that this means that

0 < lim
ω→∞

ω2plφwl
(ω) <∞. (10.1d)

The input u(t) is known for all t ∈ [t0, T ]. It will also be assumed that it is differentiable
a sufficient number of times. An output vector is measured at sampling instants tk,

y(tk) = Hx(tk) + e(tk), k = 1, . . . , N (10.1e)

where e(tk) is a Gaussian random vector with covariance matrix Rk, such that e(tk) and
e(ts) are independent for k 6= s and also independent of all the processes wl(t).

It is a feature of the modeling techniques mentioned in the introduction that they often
introduce a number of variables that only play a role in intermediate calculations and
are of no interest in themselves. Therefore we introduce the variable x̄ where all (linear
combinations of) components of x that are of interest are collected,

x̄(t) = Mx(t) (10.2)

for some rectangular matrix M .
The estimation problem considered here is well-posed if both the variables to be esti-

mated x̄ and the measured output y have finite variance. This differs from the formulation
in the previous chapter since we also require the internal variables to have finite variance.

Definition 10.1 (Well-posedness). Let x(t) be defined as the solution to (10.1). The
problem to estimate x̄(t) = Mx(t) from y(tk), k = 1, . . . , N ; tk ∈ [t0, T ] and u(t),
t ∈ [t0, T ], is well-posed ifHx(tk) andMx(t) have finite variances and (10.1) is regular.

We shall find that a well-posed filtering problem can be solved by the regular Kalman
filter.

It can be noted that the initial value x(t0) cannot be chosen freely, since part of x is
determined by the deterministic input u. Only

x(t0)/N (Ēn) V(Ēn) (10.3)

can be given an arbitrary value. Any conflicting values of x(t0) will be ignored and have
no consequence for the estimation of x(t), t > t0.

The result on well-posedness of the state estimation problem is similar to the result on
well-posedness of the parameter estimation problem, but it must also be required that the
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internal variables of interest, x̄, have finite variance. To formulate the result, we recall the
definition of an oblique projection of a matrix A along the space B on the space C,

A/B C ,
(
0 C̄

) (
B̄ C̄

)−1
A (10.4)

where B̄ and C̄ are bases forB and C respectively. We can now formulate the main result
of this section.

Theorem 10.1
Consider (10.1). Let λ be a scalar such that (λE + F ) is invertible. Let

Ē = (λE + F )−1E. (10.5)

Then the estimation problem (10.1) is well-posed if and only if

[
Ēj(λE + F )−1Jl

]/
V(Ēn)

N (Ēn) ∈ N
((

M
H

))
j ≥ pl,∀l (10.6)

and (10.1) is regular.

Proof: According to Theorem 9.1, Hx(t) and Mx(t) have finite variance if and only if[
Ēj
(
λE + F

)−1
Jl

]/
V
(
Ēn
)N (Ēn

)
∈ N

(
M
)

j ≥ pl,∀l (10.7)

and [
Ēj
(
λE + F

)−1
Jl

]/
V
(
Ēn
)N (Ēn

)
∈ N

(
H
)

j ≥ pl,∀l. (10.8)

This gives (10.6).

Now, consider the problem to estimate x̄(t) using the Kalman filter. First note that
since the disturbances wl(t) have rational spectra, they can be written as outputs from
linear filters driven by white noise v(t),

ẋw(t) = Awxw(t) +Bwv(t) (10.9a)
w(t) = Cwxw(t) +Dwv(t) (10.9b)

where

w(t) =

 w1(t)
...

wnw(t)

 (10.10)

and v(t) is white noise with variance R1δ(t). This should be interpreted as an SDE, see
Section 2.7.2. With

J =
(
J1 · · · Jnw

)
, (10.11)
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(10.1) and (10.9) can be combined to give(
E 0
0 I

)(
ẋ(t)
ẋw(t)

)
=
(
F JCw

0 Aw

)(
x(t)
xw(t)

)
+
(
G
0

)
u(t) +

(
JDw

Bw

)
v(t) (10.12a)

x̄(t) = Mx(t) =
(
M 0

)( x(t)
xw(t)

)
(10.12b)

y(tk) = Hx(tk) + e(tk) =
(
H 0

)( x(tk)
xw(tk)

)
+ e(tk). (10.12c)

Assuming that the SDAE is regular, Theorem 2.3 can be used to transform this description
into the form(

x(t)
xw(t)

)
=
(
Q1 Q2

)(x1(t)
x2(t)

)
(10.13a)

ẋ1(t) = Ax1(t) +G1u(t) + J1v(t) (10.13b)(
M 0

)
Q2x2(t) = −

(
M 0

)
Q2

(
I + · · ·+ dm−1

dtm−1
Nm−1

)
G2u(t) (10.13c)

(
H 0

)
Q2x2(t) = −

(
H 0

)
Q2

(
I + · · ·+ dm−1

dtm−1
Nm−1

)
G2u(t) (10.13d)

provided that the estimation problem is well-posed so that Hx(t) and Mx(t) do not con-
tain white noise components. Together with the measurement equation

y(tk) = Hx(tk) + e(tk) =
(
H 0

) (
Q1 Q2

)(x1(tk)
x2(tk)

)
+ e(tk) (10.14)

this finally gives the state-space description

ẋ1(t) = Ax1(t) +G1u(t) + J1v(t) (10.15a)

y(tk) =
(
H 0

)
Q1x1(tk)−

(
H 0

)
Q2

(
I + · · ·+ dm−1

dtm−1
Nm−1

)
G2u(tk) + e(tk).

(10.15b)

This state-space description gives a filtering problem with continuous-time dynamics and
discrete-time measurements. The Kalman filter for this setting provided, e.g., by Jazwin-
ski (1970), can be used to estimate x1. The estimate of x̄ is then computed from the
estimate of x1 and the deterministic input using

x̄(t) =
(
M 0

) (
Q1 Q2

)(x1(t)
x2(t)

)
(10.16)

and (10.13c).

10.3 Formulations with Continuous-Time White Noise

For stochastic state-space systems, the case with a white noise input and continuous-time
measurements is often considered. We will therefore consider this problem also for DAE
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systems. We will thus examine the SDAE

Eẋ(t) = Fx(t) +Gu(t) + Jv(t) (10.17a)
y(t) = Hx(t) + e(t) (10.17b)
x(t0) = x0 (10.17c)

dimx(t) = n (10.17d)

where the stochastic processes v and e are continuous-time white noise. It is assumed that
the system is regular. Also here we collect the (linear combination) of variables that are
of interest in a vector x̄,

x̄ = Mx. (10.18)

To be able to estimate the variables x̄, we must as before require that they have finite
variance. However, continuous-time Kalman filtering theory allows that the output y
contains white noise signals, but not any derivatives of white noise (which would not be
well-defined). In this case we therefore define well-posedness as follows.

Definition 10.2 (Well-posedness). Let x(t) be defined as the solution to (10.17). The
problem to estimate x̄(t) = Mx(t) from y(t) and u(t), t ∈ [t0, T ], is well-posed if
Mx(t) has finite variance, Hx(t) does not contain derivatives of white noise, and (10.17)
is regular.

We shall find that a well-posed estimation problem with white noise inputs can be
solved using a Kalman filter. As discussed previously, the initial value x0 may not be
chosen freely. The possibly conflicting values in x0 will be ignored, and actually have no
consequence for the computation of x(t) for t > t0.

Well-posedness is characterized by the following theorem.

Theorem 10.2
Consider (10.17). Let λ be a scalar such that (λE + F ) is invertible. Let

Ē = (λE + F )−1E. (10.19)

Then the estimation problem (10.17) is well-posed if and only if[
Ēj(λE + F )−1J

]/
V(Ēn)

N (Ēn) ∈ N (M), j ≥ 0 (10.20a)[
Ēj(λE + F )−1J

]/
V(Ēn)

N (Ēn) ∈ N (H), j ≥ 1. (10.20b)

are satisfied and (10.17) is regular.

Proof: (10.20a) follows directly from Theorem 9.1 since white noise has pole excess
pl = 0. To derive (10.20b), we examine (B.8) in the proof of Theorem 9.1 in Appendix B,

xa(t) = −
(
I+
( d
dt

+λ
)
N+· · ·+

( d
dt

+λ
)m−1

Nm−1

)(
Gau(t)+Jaw(t)

)
. (10.21)

Note that all J-matrices can be grouped together since all noise signals have the same
pole excess. Since

Hx(t) = HT1xs(t) +HT2xa(t) (10.22)
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(with notation from Appendix B) it must be required that

HT2N
jJa = 0, j ≥ 1 (10.23)

to avoid derivatives of white noise. Now, (10.23) can be rewritten as

0 = HT2N
jJa

= H
(
0 T2

) (
T1 T2

)−1 [
T1E

j
sJs + T2N

jJa

]
= H

[
T1E

j
sJs + T2N

jJa

]/
V(T1)

V(T2)

= H

[(
T1 T2

)(Ej
s 0

0 N j

)(
Js

Ja

)]/
V(T1)

V(T2)

= H
[
Ēj(λE + F )−1J

]/
V(T1)

V(T2) (10.24)

which gives (10.20b) since V(T2(θ)) = N (Ēn(θ)) and V(T1(θ)) = V(Ēn(θ)).

To see how a Kalman filter can be formulated, we rewrite (10.17) using Theorem 2.3.
Under the assumption of well-posedness, this takes the form

x(t) =
(
Q1 Q2

)(x1(t)
x2(t)

)
(10.25a)

ẋ1(t) = Ax1(t) +G1u(t) + J1v(t) (10.25b)

MQ2x2(t) = −MQ2

(
I + · · ·+ dm−1

dtm−1
Nm−1

)
G2u(t) (10.25c)

HQ2x2(t) = −HQ2

(
I + · · ·+ dm−1

dtm−1
Nm−1

)
G2u(t)−HQ2J2v(t) (10.25d)

y(t) = Hx(t) + e(t) = H
(
Q1 Q2

)(x1(t)
x2(t)

)
+ e(t). (10.25e)

Inserting (10.25d) into (10.25e) gives the state-space description

ẋ1(t) = Ax1(t) +G1u(t) + J1v(t) (10.26a)

y(t) = HQ1x1(t)−HQ2

(
I + · · ·+ dm−1

dtm−1
Nm−1

)
G2u(t)−HQ2J2v(t) + e(t).

(10.26b)

This state-space description gives a continuous-time filtering problem with correlated pro-
cess and measurement noise. The Kalman filter for this problem which is given by, e.g.,
Kailath et al. (2000), can be used to estimate x1. The estimate of x̄ is then computed from
the estimate of x1 and the deterministic input using

x̄(t) =
(
M 0

) (
Q1 Q2

)(x1(t)
x2(t)

)
(10.27)

and (10.25c).
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10.4 Example

This section presents an example that demonstrates the principles of the results discussed
in the chapter. Consider two bodies, each with unit mass, moving in one dimension with
velocities v1 and v2 and subject to external forces w1 and w2 respectively. If the two
bodies are joined together the situation is described by the following set of equations

v̇1(t) = f(t) + w1(t)
v̇2(t) = −f(t) + w2(t)

0 = v1(t)− v2(t)
(10.28)

where f is the force acting between the bodies. It is typical of the models obtained when
joining components from model libraries that too many variables are included. (In this
simple case it is of course obvious to the human modeler that this model can be simplified
to that of a body with mass 2 accelerated by w1 +w2.) In the notation of (10.1) we have,
with

x =

v1v2
f

 ,

E =

1 0 0
0 1 0
0 0 0

 F =

0 0 1
0 0 −1
1 −1 0

 G = 0 J1 =

1
0
0

 J2 =

0
1
0

 .

With λ = 1 we get

Ē =
1
2

1 1 0
1 1 0
1 −1 0


which gives

R(Ē3) = span


1

1
0

 N (Ē3) = span


 1
−1
0

 ,

0
0
1

 .

Using the condition (10.6) we get that

[
Ēj(λE + F )−1J1

]/
R(Ē3)

N (Ē3) =

{
1
2

(
0
0
1

)
j = 0

0 j > 0.

[
Ēj(λE + F )−1J2

]/
R(Ē3)

N (Ē3) =

{
1
2

(
0
0
−1

)
j = 0

0 j > 0.

Ifw1 andw2 are white noise, the conditions of 10.2 are satisfied as soon as the last column
ofM is zero, showing that all linear combinations of v1 and v2 are well-defined with finite
variance. If both w1 and w2 have pole excess greater than zero, all H and M satisfy the
conditions of Theorem 10.1.
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10.5 Time-Varying Linear SDAE Models

In this section we will study well-posedness of state estimation problems for time-varying
linear SDAE systems. First consider a system with a white noise input v(t) and white
measurement noise e(t),

E(t)ẋ(t) = F (t)x(t) +G(t)u(t) + J(t)v(t) (10.29a)
y(t) = H(t)x(t) + e(t) (10.29b)

dimx(t) = n. (10.29c)

We will examine when it is possible to compute an estimate of a linear combination
x̄(t) = M(t)x(t) of the internal variables. To do this it is useful to examine the sys-
tem transformed into the form described by Theorem 2.6,

ẋ1(t) = A13(t, θ)x3(t) + f1(t, θ) (10.30a)
0 = x2(t) + f2(t, θ) (10.30b)
0 = f3(t, θ) (10.30c)

wheref1(t, θ)f2(t, θ)
f3(t, θ)

 = Pm+1(t, θ)P̃m(t, θ, d
dt ) · · · P̃1(t, θ, d

dt )
(
G(t)u(t) + J(t)v(t)

)
. (10.31)

We will assume that the system is regular, so x3(t) and f3(t) are of size zero. Theorem 2.6
gives that ẋ1(t) is not affected by derivatives of u(t) and v(t) so it has finite variance and
is defined by the SDE

ẋ1(t) = f1(t, θ). (10.32)

We also have that

y(t) = H(t)x(t) + e(t) = H(t)Q(t)
(
x1(t)
x2(t)

)
+ e(t). (10.33)

(10.32) and (10.33) can be used to compute a filter estimate of x1(t) using Kalman filter-
ing techniques provided that y(t) does not depend on derivatives of v(t). To avoid this,
we must make sure that

H(t)Q(t)
(

0
−f2(t)

)
=

H(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )
(
G(t)u(t) + J(t)v(t)

)
(10.34)

does not differentiate v(t), or equivalently that

H(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )J(t) (10.35)
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is of order zero in d
dt . Note that the derivatives should be handled as operators when

applied to J , for example
d

dt
t = 1 + t

d

dt
. (10.36)

An estimate of x̄(t) can then be computed from

x̄(t) = M(t)x(t) = M(t)Q(t)
(
x1(t)
x2(t)

)
= M(t)Q(t)

(
x1(t)

0

)
+

M(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )
(
G(t)u(t) + J(t)v(t)

)
(10.37)

if no white noise terms v(t) occur in the expression so it only is a function of the estimated
x1(t) and the known input u(t). To avoid white noise terms from occurring, it must be
required that

M(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )J(t) (10.38)

is zero, where the derivatives as before should be handled as operators. This discussion
leads to the following proposition.

Proposition 10.1
Consider the regular time-varying linear DAE model (10.29) with v(t) and e(t) con-
sidered as white noises. A filter estimate of x̄(t) = M(t)x(t) can be computed using
standard Kalman filtering techniques provided that

H(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )J(t) (10.39)

is of order zero in d
dt and

M(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )J(t) (10.40)

is zero, where the derivatives should be handled as operators.

As in the time-invariant case, we will also study the, perhaps more realistic, case with
colored noise and sampled measurements. In this case the DAE can be written as

E(t)ẋ(t) = F (t)x(t) +G(t)u(t) +
nw∑
l=1

Jl(t)wl(t) (10.41a)

x(t0) = x0 (10.41b)
dimx(t) = n (10.41c)

where wl(t) is a Gaussian second order stationary process with spectrum φwl
(ω) which

is rational in ω with pole excess 2pl. An output vector is measured at sampling instants
tk,

y(tk) = H(tk)x(tk) + e(tk), k = 1, . . . , N (10.41d)
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where e(tk) is a Gaussian random vector. To be able to compute an estimate of x̄(t) =
M(t)x(t) in this case, it must be guaranteed that wl is differentiated at most pl − 1 times
since it has pole excess 2pl. This holds for both x and y since none of them can include
time-continuous white noise since we have discrete-time measurements. With similar
calculations as was made above, we get the following proposition.

Proposition 10.2
Consider the regular linear time-varying DAE model (10.41). A filter estimate of x̄(t) =
M(t)x(t) can be computed using standard Kalman filtering techniques provided that

H(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )Jl(t)

∣∣∣∣
t=tk

(10.42)

and

M(t)Q(t)
(

0 0
0 I

)
Pm+1(t, θ)P̃m(t, θ, d

dt ) · · · P̃1(t, θ, d
dt )Jl(t) (10.43)

are at most of order pl − 1, l = 1, . . . , nw in d
dt , where the derivatives should be handled

as operators. The derivative should be applied before inserting t = tk.

10.6 Conclusions

We have discussed well-posedness of state estimation problems for linear SDAE systems.
The main results are Theorem 10.1 and 10.2 where the cases without and with continuous-
time white noise were treated. The discussion also included methods to solve the state
estimation problem using the Kalman filter. We have also discussed well-posedness of
state estimation problems for time-varying linear SDAEs.



11
Implementation Issues

In this chapter we discuss how the canonical forms for linear DAEs can be computed
using numerical software.

11.1 Introduction

The transformations presented in Section 2.3 have been used extensively in the thesis.
Their existence were proven in Section 2.3, but it was not discussed how they could
actually be computed. To be able use the transformations in a numerical implementation
of an identification or estimation algorithm, it is of course crucial to be able to compute
them numerically in a reliable manner. We will here discuss how this computation can be
performed.

The discussion will include pointers to implementations of some algorithms in the
linear algebra package LAPACK (Anderson et al., 1999). LAPACK is a is a free collection
of routines written in Fortran77 that can be used for systems of linear equations, least-
squares solutions of linear systems of equations, eigenvalue problems, and singular value
problems. LAPACK is more or less the standard way to solve this kind of problems,
and is used in commercial software like MATLAB. For operations that can be easily
implemented in for example MATLAB or Mathematica, such as matrix multiplication and
inversion, no pointers to special implementations will be made.

Some ideas related to the method presented in this section for computing the canonical
forms, have earlier been published by Varga (1992). However, the presentation here is
more detailed, and is closely connected to the derivation of the canonical forms presented
in Section 2.3. Furthermore, we will use software from LAPACK.

In Section 11.2 we will discuss generalized eigenvalue problems and some tools which
are used for solving these problems, as these are the tools which we will use to compute
the canonical forms. In Section 11.3 we then discuss how the actual computation is per-
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formed. The chapter is concluded with an example, a summary of the algorithm for com-
puting the canonical forms and a note on how the results can be used in the discrete-time
case.

11.2 Generalized Eigenvalues

The computation of the canonical forms will be performed with tools that normally are
used for computation of generalized eigenvalues. Therefore, some theory for generalized
eigenvalues will be presented in this section. The theory presented here can be found in
for example the books by Bai et al. (2000) and Golub and van Loan (1996, Section 7.7).

Consider a matrix pencil
λE − J (11.1)

where the matrices E and J are n × n with constant real elements and λ is a scalar
variable. We will assume that the pencil is regular, that is

det(λE − J) 6≡ 0 (11.2)

with respect to λ. The generalized eigenvalues are defined as those λ for which

det(λE − J) = 0. (11.3)

If the degree p of the polynomial det(λE − J) is less than n, the pencil also has n − p
infinite generalized eigenvalues. This happens when rankE < n (Golub and van Loan,
1996, Section 7.7). We illustrate the concepts with an example.

Example 11.1: Generalized eigenvalues
Consider the matrix pencil

λ

(
1 0
0 0

)
−
(
−1 0
1 −1

)
. (11.4)

We have that

det
(
λ

(
1 0
0 0

)
−
(
−1 0
1 −1

))
= 1 + λ (11.5)

so the matrix pencil has two generalized eigenvalues, ∞ and −1.

Generalized eigenvectors will not be discussed here, the interested reader is instead re-
ferred to for example Bai et al. (2000).

Since it may be difficult to solve (11.3) for the generalized eigenvalues, different trans-
formations of the matrices that simplifies computation of the generalized eigenvalues ex-
ist. The transformations are of the form

P (λE − J)Q (11.6)

with invertible matrices P and Q. Such transformations do not change the eigenvalues
since

det
(
P (λE − J)Q

)
= det(P ) det(λE − J) det(Q). (11.7)
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One such form is the Kronecker canonical form of a matrix pencil discussed by e.g.,
Gantmacher (1960) and Kailath (1980). However, this form cannot in general be com-
puted numerically in a reliable manner (Bai et al., 2000). For example it may change
discontinuously with the elements of the matrices E and J . The transformation which
we will use here is therefore instead the generalized Schur form which requires fewer
operations and is more stable to compute (Bai et al., 2000).

The generalized Schur form of a real matrix pencil is a transformation

P (λE − J)Q (11.8)

where PEQ is upper quasi-triangular, that is it is upper triangular with some 2 by 2
blocks corresponding to complex generalized eigenvalues on the diagonal and PJQ is
upper triangular. P and Q are orthogonal matrices. The generalized Schur form can be
computed with the LAPACK commands dgges or sgges. These commands also give
the possibility to sort certain generalized eigenvalues to the lower right. An algorithm for
ordering of the generalized eigenvalues is also discussed by Sima (1996). Here we will
use the possibility to sort the infinite generalized eigenvalues to the lower right.

The generalized Schur form discussed here is also called the generalized real Schur
form, since the original and transformed matrices only contain real elements.

11.3 Computation of the Canonical Forms

The discussion in this section is based on the steps of the proof of the form in Theorem 2.3.
We therefore begin by examining how the diagonalization in Lemma 2.1 can be performed
numerically.

The goal is to find matrices P1 and Q1 such that

P1(λE − J)Q1 = λ

(
E1 E2

0 E3

)
−
(
J1 J2

0 J3

)
(11.9)

where E1 is non-singular, E3 is upper triangular with all diagonal elements zero and J3

is non-singular and upper triangular. This is exactly the form we get if we compute the
generalized Schur form with the infinite generalized eigenvalues sorted to the lower right.
This computation can be performed with the LAPACK commands dgges or sgges. In
version 7 and higher of MATLAB, the functions qz and ordqz can be used. E1 corre-
sponds to finite generalized eigenvalues and is therefore non-singular and E3 corresponds
to infinite generalized eigenvalues and is upper triangular with zero diagonal elements.
J3 is non-singular (and thus upper triangular with non-zero diagonal elements), otherwise
the pencil would not be regular.

The next step is to compute the matrices L and R in Lemma 2.2, that is we want to
solve the system (

I L
0 I

)(
E1 E2

0 E3

)(
I R
0 I

)
=
(
E1 0
0 E3

)
(11.10a)(

I L
0 I

)(
J1 J2

0 J3

)(
I R
0 I

)
=
(
J1 0
0 J3

)
. (11.10b)
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Performing the matrix multiplication on the left hand side of the equations yields(
E1 E1R+ E2 + LE3

0 E3

)
=
(
E1 0
0 E3

)
(11.11a)(

J1 J1R+ J2 + LJ3

0 J3

)
=
(
J1 0
0 J3

)
(11.11b)

which is equivalent to the system

E1R+ LE3 = −E2 (11.12a)
J1R+ LJ3 = −J2. (11.12b)

Equation (11.12) is a generalized Sylvester equation (Kågström, 1994). The generalized
Sylvester equation (11.12) can be solved from the linear system of equations (Kågström,
1994) (

In ⊗ E1 ET
3 ⊗ Im

In ⊗ J1 JT
3 ⊗ Im

)(
stack(R)
stack(L)

)
=
(
− stack(E2)
− stack(J2)

)
. (11.13)

Here In is an identity matrix with the same size asE3 and J3, Im is an identity matrix with
the same size as E1 and J1, ⊗ represents the Kronecker product and stack(X) denotes
an ordered stack of the columns of a matrix X from left to right starting with the first
column.

The system (11.13) can be quite large, so it may be a better choice to solve the general-
ized Sylvester equation (11.12) using specialized software such as the LAPACK routines
stgsyl or dtgsyl.

The steps in the proof of Lemma 2.3 and Theorem 2.3 only contain standard matrix
manipulations, such as multiplication and inversion. They are straightforward to imple-
ment, and will not be discussed further here.

11.4 Summary

In this section a summary of the steps to compute the canonical forms is provided. It
can be used to implement the computations without studying Section 11.3 in detail. The
summary is provided as a numbered list with the necessary computations.

1. Start with a system

Eẋ(t) = Jx(t) +Ku(t) (11.14a)
y(t) = Lx(t) (11.14b)

that should be transformed into(
I 0
0 N

)
Q−1ẋ(t) =

(
A 0
0 I

)
Q−1x(t) +

(
B
D

)
u(t) (11.15)
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or

ẋ1(t) = Ax1(t) +Bu(t) (11.16a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(i)(t) (11.16b)(
x1(t)
x2(t)

)
= Q−1x(t) (11.16c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (11.16d)

2. Compute the generalized Schur form of the matrix pencil λE − J so that

P1(λE − J)Q1 = λ

(
E1 E2

0 E3

)
−
(
J1 J2

0 J3

)
. (11.17)

The generalized eigenvalues should be sorted so that diagonal elements of E1 are
non-zero and the diagonal elements of E3 are zero. This computation can be made
with one of the LAPACK commands dgges and sgges. In version 7 and higher
of MATLAB, the functions qz and ordqz can be used.

3. Solve the generalized Sylvester equation

E1R+ LE3 = −E2 (11.18a)
J1R+ LJ3 = −J2. (11.18b)

to get the matrices L and R. The generalized Sylvester equation (11.18) can be
solved from the linear equation system(

In ⊗ E1 ET
3 ⊗ Im

In ⊗ J1 JT
3 ⊗ Im

)(
stack(R)
stack(L)

)
=
(
− stack(E2)
− stack(J2)

)
(11.19)

or with the LAPACK commands stgsyl or dtgsyl. Here In is an identity
matrix with the same size as E3 and J3, Im is an identity matrix with the same
size as E1 and J1, ⊗ represents the Kronecker product and stack(X) denotes an
ordered stack of the columns of a matrix X from left to right starting with the first
column.

4. We now get the form (11.15) and (11.16) according to

P =
(
E−1

1 0
0 J−1

3

)(
I L
0 I

)
P1 (11.20a)

Q = Q1

(
I R
0 I

)
(11.20b)

N = J−1
3 E3 (11.20c)

A = E−1
1 J1 (11.20d)(

B
D

)
= PK. (11.20e)
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Figure 11.1: The examined process.

11.5 Application Example

In this section it is exemplified how the algorithms presented in this chapter can be used
when implementing parameter estimation for a physical process. The system setup ex-
amined is a DC-motor connected to a heavy metal disc through a gearbox and a spring,
see Figure 11.1. This setup simulates the problems that occur in power transfer in weak
axes, such as the rear axis in trucks. This problem is studied within the area of power train
control.

It should be stressed that the role of this example is to show how we can work with
DAE descriptions from Modelica-like modeling environments in estimation applications.
In this case, despite a singular E-matrix, the model will be reduced to a standard state-
space description by the transformation mechanisms described in the earlier sections. The
properties of the actual estimates obtained will thus follow from well-known techniques
and results, and we will therefore not discuss accuracy aspects of the estimated models.

The laboratory process was modeled in Modelica. The model is linear, so the resulting
equations can be written on the form

E(θ)ẋ(t) = F (θ)x(t) +G(θ)u(t) (11.21a)
y(t) = H(θ)x(t). (11.21b)

The actual estimation was performed using MATLAB. The transformation of the Modelica
model into DAE form in MATLAB was performed manually, but the procedure could quite
easily be automated if it were possible to specify inputs, outputs, and unknown parameters
in Modelica. This is an important subject for future work, since gray-box identification
then could be performed by first modeling the system using Modelica, and then estimating
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unknown parameters and states in MATLAB without having to manipulate any equations
manually.

To use, e.g., the System Identification Toolbox for MATLAB (Ljung, 2006) to estimate
unknown parameters, the model was put into the idgrey object format. This means
that an m-file must be written, which, for each parameter vector produces the matrices
of a linear state-space system, A,B,C,D,K, x0. This means that this m-file will call
the transformation routines described previously in the chapter, which include calls to
functions from LAPACK. The model object is created by

mi = idgrey(’servo’,[10 -10],’c’,[], ...
0,’DisturbanceModel’,’None’);

and the model-defining m-file servo has the format

function [A,B,C,D,K,X0]=servo(pars,Tsm,Auxarg)

%Get DAE matrices E,F,G & H with
%parameters above
[E,F,G,H]=SpringServoMatrices(pars);

% Call to Lapack routine
[A,B,C,D]=StandardForm(E,F,G,H);

K=0; %Output error model
X0=0;

The function SpringServoMatrices computes DAE matrices corresponding to the
model structure (11.21) for a certain parameter value, and StandardForm computes
a corresponding state-space description using the methods discussed in this chapter. In
this case a well-defined state-space model is generated for all parameter values, so the
estimation command

m = pem(data,mi)

will work in a familiar fashion.

11.6 Difference-Algebraic Equations

The method for computing the canonical forms for difference-algebraic equations, or
discrete-time descriptor systems, is identical to the computation for continuous-time sys-
tems. This can be realized since the proofs of the transformations in the continuous-time
and discrete-time cases (Chapter 2) are similar and the computation for the continuous-
time case is based on the proof of the transformation. For the summary in Section 11.4,
the only thing that changes is actually the first step. For the discrete-time case it takes the
following form:

1. Start with a system

Ex(t+ 1) = Jx(t) +Ku(t) (11.22a)
y(t) = Lx(t) (11.22b)
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that should be transformed into(
I 0
0 N

)
Q−1x(t+ 1) =

(
A 0
0 I

)
Q−1x(t) +

(
B
D

)
u(t) (11.23)

or

x1(t+ 1) = Ax1(t) +Bu(t) (11.24a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(t+ i) (11.24b)(
x1(t)
x2(t)

)
= Q−1x(t) (11.24c)

y(t) = LQ

(
x1(t)
x2(t)

)
. (11.24d)

The steps 2–4 are identical to Section 11.4.

11.7 Conclusions

We examined how the canonical forms discussed in Section 2.3 can be computed with
numerical software. The calculation is based on tools for the solution of generalized
eigenvalue problems, so generalized eigenvalue problems where briefly discussed. Im-
plementations of the tools for generalized eigenvalue problems are available in the free
LAPACK package.
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Initialization of Parameter Estimates

Since DAE systems can be formed by simply writing down basic physical relations, the
matrix elements of linear DAE systems are often physical parameters or known constants.
This special structure is not used by the parameter estimation methods discussed in the
earlier chapters. In this chapter we will discuss how to utilize the structure that models in
DAE form often have to initialize parameter estimation methods.

12.1 Introduction

The parameter estimation methods discussed earlier have in common that they construct
a criterion function V (θ) that should be minimized to estimate the unknown parameters.
For the physically parameterized model structures discussed in this thesis, V (θ) is a com-
plex function of the parameters θ. This means that the criterion function in general cannot
be minimized analytically. Instead, we have to resort to numerical search methods such
as Gauss-Newton as discussed by Ljung (1999). Such methods only guarantee conver-
gence to a local minimum, and experience shows that it can be difficult to find the global
minimum of V (θ) for physically parameterized model structures. One remedy is to use
physical insight when selecting initial values for the numerical search, and another is to
do several searches with different starting values. Although these remedies can work well
in many cases, there is still no guarantee that the global optimum is found. In this chapter
we will therefore discuss how initial parameter values for the numerical search can be
chosen by minimization of a polynomial. The following example illustrates this.

Example 12.1: Initalization through transfer function coefficients.

Consider a body with mass m to which a force F (t) is applied. The motion of the body
is damped by friction with damping coefficient k. If x(t) is the position of the body,
the equation for the motion of the body is mẍ(t) = F (t) − kẋ(t). The position is the
measured output of the model. With v(t) denoting the velocity of the body, this can be
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written in DAE form as(
1 0
0 m

)(
ẋ(t)
v̇(t)

)
=
(

0 1
0 −k

)(
x(t)
v(t)

)
+
(

0
1

)
F (t) (12.1a)

y(t) =
(
1 0

)(x(t)
v(t)

)
. (12.1b)

The transfer function for this system is

G(s, θ) =
(
1 0

)(
s

(
1 0
0 m

)
−
(

0 1
0 −k

))−1(0
1

)
=

1
ms2 + ks

. (12.2)

If a black-box estimation procedure has given the transfer function

Ĝ(s) =
1

2s2 + 3s+ 0.01
(12.3)

a polynomial which measures the difference of the transfer function coefficients is

p(θ) = (m− 2)2 + (k − 3)2 + 0.012. (12.4)

This polynomial is minimized by m = 2 and k = 3.

As shown in the example, we assume that a black-box model of the system has been
estimated beforehand by for example a subspace method (Ljung, 1999). The polynomial
is then formed as a measure of the “distance” between the black-box model and the phys-
ically parameterized model. Although the measure is formed in an ad hoc manner, it
should in many cases give a better initial value than a pure guess. However, we will have
no guarantees for the quality of the initial values selected. Therefore the results should be
compared to the results for initial values selected from physical insight, or for randomly
selected initial values.

We saw in Example 12.1, that if the black-box model and the physically parameterized
model both are in transfer function form, one straightforward way to get initial values for
the parameter search is to try to make the coefficients of the numerator and denominator
polynomials as equal as possible. Note that linear state-space and linear DAE models
easily can be converted to transfer functions as discussed earlier.

Although the polynomial p(θ) in Example 12.1 was trivial to minimize, one can note
that p(θ) can be a high order polynomial with as many variables as there are unknown
parameters. In some cases it could be preferable to have a polynomial with a lower degree,
but with a higher number of variables. For parameterized state-space systems, Parrilo and
Ljung (2003) discusses a method to find a polynomial which is biquadratic in its variables
(this work is based on the paper by Xie and Ljung, 2002). This method requires that
the elements of the state-space matrices are unknown parameters or constants. It is also
proposed that the polynomial could be minimized by sum of squares optimization. The
price to get a biquadratic polynomial to minimize is that more variables than the unknown
parameters must be included in the polynomial.

The requirement that the elements of the state-space matrices should be unknown
physical parameters or known constants can be rather strict. Since one usually needs
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to make different transformations to get a state-space description, the elements of the
matrices are usually functions of the unknown physical parameters. It is much more
likely that the elements of the matrices of a linear DAE system are unknown parameters
or constant, since basic physical equations often are simple integrators and static relations.
By applying the technique from Parrilo and Ljung (2003) to linear DAE systems, we can
therefore utilize the structure that often is present in linear DAE systems. This is what
this chapter is about. We will also discuss sum of squares optimization (Parrilo, 2000;
Prajna et al., 2004), which in some cases can be used to find the global minimum of a
polynomial.

That linear DAE systems often have simple structure is also motivated by Exam-
ple 12.2 below.

Example 12.2: DAE model versus state-space model

Consider the system in Example 12.1:(
1 0
0 m

)(
ẋ(t)
v̇(t)

)
=
(

0 1
0 −k

)(
x(t)
v(t)

)
+
(

0
1

)
F (t) (12.5)

In DAE form, the elements of the matrices are clearly known or physical parameters.
However, this is not the case if the system is written in state-space form:(

ẋ(t)
v̇(t)

)
=
(

0 1
0 − k

m

)(
x(t)
v(t)

)
+
(

0
1
m

)
F (t) (12.6)

12.2 Transforming the Problem

In this section, we describe how the problem of finding initial values for the parameters to
be estimated can be posed as the minimization of a biquadratic polynomial. The transfor-
mation is based on that we have a consistently estimated black-box model in state-space
form,

ẋ(t) = A0x(t) +B0u(t) (12.7a)
y(t) = C0x(t), (12.7b)

which could have been estimated using for example a subspace method (Ljung, 1999).
The idea is then that there should exist a transformation between the parameterized DAE
model and the black-box model for the optimal parameter values. Because of modeling
errors and noise, there will typically not exist an exact transformation between the sys-
tems, and we therefore choose to minimize a norm which measures the difference between
the two systems as a function of the parameters.

As the transformations are simplified considerably in the special case when E(θ) is
invertible, this case is discussed separately in section 12.2.1. The general case is discussed
in section 12.2.2.
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12.2.1 The Case of Invertible E(θ)

Consider the DAE system

E(θ)ẋ(t) = J(θ)x(t) +K(θ)u(t) (12.8a)
y(t) = L(θ)x(t) (12.8b)

and let E(θ) be invertible. Lemma 2.3 gives that a transformation

PE(θ)QQ−1ẋ(t) = PJ(θ)QQ−1x(t) + PK(θ)u(t) (12.9a)

y(t) = L(θ)QQ−1x(t) (12.9b)

with invertible P and Q results in a state-space description,

ż(t) = PJ(θ)Qz(t) + PK(θ)u(t) (12.10a)
y(t) = L(θ)Qz(t) (12.10b)
x(t) = Qz(t). (12.10c)

It is clear that it is possible to achieve all state-space descriptions that are equivalent
to (12.8) in this way by including a further similarity transformation of the state-space
description in P and Q.

If we now have a consistent estimate of the system in the form (12.7), we want to find
parameter values θ that make the input-output behavior of (12.7) and (12.8) as equal as
possible. If it were possible to make them exactly equal, there would be matrices P and
Q and parameter values θ̂ such that

PE(θ̂)Q = I (12.11a)

PJ(θ̂)Q = A0 (12.11b)

PK(θ̂) = B0 (12.11c)

L(θ̂)Q = C0 (12.11d)

which also can be written as

PE(θ̂) = Q−1 (12.12a)

PJ(θ̂) = A0Q
−1 (12.12b)

PG(θ̂) = B0 (12.12c)

L(θ̂) = C0Q
−1. (12.12d)

As there will always be some noise and modeling errors, we cannot expect these equations
to hold exactly. Therefore we form a polynomial that measures how well these equations
are satisfied:

p1(θ, P,Q−1) = ‖PE(θ)−Q−1‖2F
+ ‖PJ(θ)−A0Q

−1‖2F
+ ‖PG(θ)−B0‖2F
+ ‖L(θ)− C0Q

−1‖2F (12.13)
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Here ‖ · ‖2F denotes the squared Frobenius norm, i.e., the sum of all squared matrix el-
ements. This polynomial is always biquadratic in the unknown parameters θ and the
elements of the matrices P and Q−1, if the elements of the DAE matrices are constants
or unknown parameters. When the polynomial is formed as in Example 12.1, the poly-
nomial is not guaranteed to be biquadratic, but could have higher degree. The method in
this section consequently guarantees that the polynomial to be minimized is biquadratic
to the prize of a higher number of variables. If minimization of (12.13) does not give good
results, one may instead try to minimize

p2(θ, P−1, Q) = ‖E(θ)Q− P−1‖2F
+ ‖J(θ)Q− P−1A0‖2F
+ ‖G(θ)− P−1B0‖2F
+ ‖L(θ)Q− C0‖2F . (12.14)

This polynomial is biquadratic in the unknown parameters θ and the elements of the matri-
ces P−1 andQ if the elements of the DAE matrices are constants or unknown parameters.
It also measures how well (12.11) is satisfied.

12.2.2 The Case of Non-Invertible E(θ)

In the case when E(θ) is not invertible, it is still possible to formulate a polynomial
that can give good initial values for the parameter search when minimized. However, in
this more complex case, it cannot in general be guaranteed that the polynomial will be
biquadratic in the unknown variables. Therefore we will also discuss additional assump-
tions to achieve this.

As the output of DAE systems can depend on derivatives of the input, we must assume
that the estimated black-box model of the system is in the form

ẋ(t) = A0x(t) +B0u(t) (12.15a)

y(t) = C0x(t) +
m−1∑
k=0

D0ku
(k)(t). (12.15b)

Furthermore, we know from Lemma 2.3 that for each selection of parameter values θ
there exists a transformation

PE(θ)QQ−1ẋ(t) = PJ(θ)QQ−1x(t) + PK(θ)u(t) (12.16a)

y(t) = L(θ)QQ−1x(t) (12.16b)

that gives the system(
I 0
0 N

)(
ẋ1(t)
ẋ2(t)

)
=
(
A 0
0 I

)(
x1(t)
x2(t)

)
+
(
B
D

)
u(t) (12.17a)(

x1(t)
x2(t)

)
= Q−1x(t) (12.17b)

y(t) = L(θ)Q
(
x1(t)
x2(t)

)
. (12.17c)
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According to Theorem 2.3 this can be further transformed into the form

ẋ1(t) = Ax1(t) +Bu(t) (12.18a)

x2(t) = −Du(t)−
m−1∑
i=1

N iDu(i)(t) (12.18b)(
x1(t)
x2(t)

)
= Q−1x(t) (12.18c)

y(t) = L(θ)Q
(
x1(t)
x2(t)

)
. (12.18d)

We now want to find parameter values θ and transformation matrices P and Q such that
the models (12.15) and (12.18) have the same input-output behavior. From (12.15)–
(12.18), we see that this is the case if the following equations are satisfied.

PE(θ)Q =
(
I 0
0 N

)
(12.19a)

PJ(θ)Q =
(
A0 0
0 I

)
(12.19b)

PK(θ) =
(
B0

D

)
(12.19c)

L(θ)Q =
(
C0 C2

)
(12.19d)

D00 = −C2D (12.19e)

D0k = −C2N
kD, k = 1 . . .m− 1. (12.19f)

Nm = 0 (12.19g)

Here we introduced the matrix C2 to simplify the notation. Equation (12.19g) guarantees
that N is nilpotent. This can also be achieved by for example parameterizing N as an
upper triangular matrix with zero diagonal elements, but then extra care would have to be
taken to guarantee that N is nilpotent of the correct order. A polynomial that measures
how well these equations are satisfied can now be formed:

p3(θ, P,Q−1, N,D,C2) = ‖PE(θ)−
(
I 0
0 N

)
Q−1‖2F (12.20)

+ ‖PJ(θ)−
(
A0 0
0 I

)
Q−1‖2F

+ ‖PK(θ)−
(
B0

D

)
‖2F

+ ‖L(θ)−
(
C0 C2

)
Q−1‖2F

+ ‖D00 + C2D‖2F

+
m−1∑
k=1

‖D0k + C2N
kD‖2F

+ ‖Nm‖2F
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This polynomial can unfortunately not be guaranteed to be biquadratic in its variables
(the elements of θ and the unknown matrices), even if the elements of the DAE matrices
are constants or unknown parameters. However, if the true system has

D0k = 0, k = 0 . . .m− 1 (12.21)

and the DAE model is such that

C2D = 0 (12.22a)

C2N
kD = 0, k = 1 . . .m− 1 (12.22b)
Nm = 0 (12.22c)

then (12.20) simplifies to

p4(θ, P,Q−1, N,D,C2) = ‖PE(θ)−
(
I 0
0 N

)
Q−1‖2F (12.23)

+ ‖PJ(θ)−
(
A0 0
0 I

)
Q−1‖2F

+ ‖PK(θ)−
(
B0

D

)
‖2F

+ ‖L(θ)−
(
C0 C2

)
Q−1‖2F .

This polynomial is biquadratic in its variables.
The relation (12.21) can in many cases be physically motivated, since it is common

that the output of physical systems does not depend directly on the input or its derivatives.
If this is the case, the DAE matrices should be parameterized so that the (12.22) holds for
all or almost all parameter values. Note that it always can be tested afterwards if (12.22)
is fulfilled. This is simply done by testing if C2D = 0, if C2N

kD = 0, and if Nm = 0.

12.3 Sum of Squares Optimization

The polynomials that are formed in this chapter could be minimized by any method that
gives the global minimum. One family of methods that could be used are algebraic meth-
ods, such as Gröbner bases. Here we will discuss another method which relaxes the min-
imization to a sum of squares problem, as described by, e.g., Parrilo (2000) and Prajna
et al. (2004). To describe this procedure, we first need to note that the problem

min
θ
p(θ) (12.24)

also can be written as

max λ (12.25a)
subject to p(θ)− λ ≥ 0 for all θ. (12.25b)
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Now, since a sum of squared real polynomials fi(θ, λ) always is greater than or equal to
zero, a relaxation of (12.25) is

max λ (12.26a)

subject to p(θ)− λ =
∑

i

f2
i (θ, λ). (12.26b)

As described in the references, the relaxed problem always gives a lower bound on the op-
timal value, and for many problems it also attains a strict lower bound. The relaxed prob-
lem can be solved using semidefinite programming as described by Prajna et al. (2004).
The algorithms for finding the lower bound also often find variable values that attain this
lower bound, and in this case we of course have the actual optimum.

The reason that the algorithm gives a lower bound, which is not guaranteed to be the
actual optimum, is that non-negativity of a polynomial is not equivalent to the polynomial
being a sum of squares. However, in the following cases non-negativity and the existence
of a sum of squares decomposition are equivalent (Prajna et al., 2004):

• Univariate polynomials of any (even) degree.

• Quadratic polynomials in any number of variables.

• Quartic polynomials in two variables.

Unfortunately, the polynomials we have formed are biquadratic, so we are not guaran-
teed to find the minimum. If the optimal value is zero we will anyway have equivalence
between non-negativity and the existence of a sum of squares decomposition since the
original formulation of the polynomials, since (12.13), (12.14), (12.20), or (12.23) then
are suitable sum of square decompositions for λ = 0. We will have this case if there exists
a parameter value that make the input-output behavior of the DAE system and black-box
model exactly equal.

12.4 Difference-Algebraic Equations

The discussion in Section 12.2 is valid also for the discrete-time case. The only difference
is that we have a difference-algebraic equation

E(θ)x(t+ 1) = J(θ)x(t) +K(θ)u(t) (12.27a)
y(t) = L(θ)x(t) (12.27b)

for which we need to find initial values for parameter estimation. In the case when E(θ)
is invertible, we assume that a consistently estimated black-box model

x(t+ 1) = A0x(t) +B0u(t) (12.28a)
y(t) = C0x(t) (12.28b)

is available. The polynomials p1 and p2 in (12.13) and (12.14) can then be minimized to
find initial parameter values. In the case where E(θ) is not invertible, we instead assume
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that a black-box model according to

x(t+ 1) = A0x(t) +B0u(t) (12.29a)

y(t) = C0x(t) +
m−1∑
k=0

D0ku(t+ k) (12.29b)

is available. The polynomial p3 in (12.20) can then be used to find initial values. If the
assumptions (12.21) and (12.22) are fulfilled, the simpler polynomial p4 in (12.23) can be
used instead.

12.5 Conclusions

We noted that the standard system identification problem often is a minimization with
many local minima. As the minimization problem normally is solved using a standard
optimization method, it is important to have initial values near the optimal values of pa-
rameters that are to be estimated. We noted that a polynomial which measures the dif-
ference between the coefficients of transfer functions can be formed. If this polynomial
is minimized, it should give good initial values. However, this polynomial can have a
high degree, so we examined how a polynomial which is biquadratic can be formed. This
polynomial also gives an initial guess for the parameters if it is minimized, but has more
unknown variables. To guarantee that this polynomial is biquadratic, we used the special
structure that often is present in linear DAE systems.
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13
Conclusions

A large part of this thesis has been devoted to noise modeling in DAE models. For non-
linear DAE models, sufficient conditions for well-posedness of stochastic models were
developed. For the linear case, a more thorough analysis could be performed to develop
both necessary and sufficient conditions for well-posedness of models and different esti-
mation problems.

The motivation to study DAE models was mainly that component-based modeling,
such as in Modelica, leads to DAE models. The motivation for studying noise models, is
that they allow implementation of estimation methods that have proven to be effective for
estimation of time dependent variables and time invariant parameters. It was consequently
also discussed how the stochastic DAE models could be used for particle filtering, Kalman
filtering, and parameter estimation using the maximum likelihood and prediction error
methods. It was also suggested how the methods could be implemented. For nonlinear
DAE models, it was suggested to use DAE solvers. Here further work could be directed
at utilizing the structure of the equations to speed up the computations. For linear models,
it was discussed how the methods in the thesis can be implemented using tools from the
linear algebra package LAPACK.

We have also examined model properties such as observability and identifiability,
which are important in connection with parameter and state estimation. These proper-
ties were studied for nonlinear DAE models, but the results are of course valid also for
linear models. A basic idea was to formulate the observability problem itself as a DAE,
and examine the properties of that DAE. As we have seen, this idea can also be used for
example to examine zero dynamics. An interesting topic to future research is to examine
if this idea can be used for analysis of other model properties as well.

For linear models, the problem of finding initial values for parameter estimation proce-
dures was briefly discussed. This is an important topic where more research is necessary,
both for linear and nonlinear models.
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A
Notation

Symbols and Mathematical Notation

R The set of real numbers

t Time variable
ẋ(t) Derivative of the function x(t) with respect to time, d

dtx(t)
ẍ(t) The second derivative of the function x(t) with respect to

time, d2

dt2x(t)
x(n)(t) The n:th derivative of the function x(t) with respect to

time, dn

dtnx(t)
px(t) Derivative of the function x(t) with respect to time, d

dtx(t)
qx(tk) Shift operator, qx(tk) = x(tk+1)

δ(t) Generalized Dirac function
δtk,ts δtk,ts = 1 if tk = ts, δtk,ts = 0 otherwise
arg min

x
f(x) The value of x that minimizes the function f(x)

arg max
x

f(x) The value of x that maximizes the function f(x)

rankA Rank of the matrix A
corankA Corank of the matrix A
kernelA Kernel (null space) of the matrix A
N (A) Kernel (null space) of the matrix A
cokernelA Cokernel of the matrix A
rangeA Range of the matrix A
V(A) Range of the matrix A
corangeA Corange of the matrix A
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det(·) The determinant of the argument
⊗ Kronecker product
stack(·) An ordered stack of the columns of the (matrix) argument

from left to right starting with the first column
A∗ Conjugate transpose of the matrix A
I Identity matrix of appropriate dimensions
dimx Dimension of the vector x
A/B C Oblique projection of the matrix A along the space B on

the space C

θ Vector of unknown variables in a system identification
problem

DM Set in which the parameters θ lie
ZN Measured data, {u(t0), y(t0), ..., u(tN ), y(tN )} or

{U(ω1), Y (ω1), ..., U(ωN ), Y (ωN )}
ŷ(tk|tk−1, θ) A model’s prediction of y(tk) given θ and Zk−1

ε(tk, θ) Prediction error, y(tk)− ŷ(tk|tk−1, θ)

E(x) Expected value of the stochastic variable x
Pr Probability
cov(x, y) Covariance for the stochastic variables x and y
var(x) Variance of the stochastic variable x
rxy(s, t) Covariance function for the stochastic processes x(s) and

y(t)
L[·] Laplace transform of the argument
Z[·] Z transform of the argument

Fl Derivative array
Fl;p Partial derivatives of Fl with respect to the variables p

Acronyms

DAE Differential-algebraic equation
MFD Matrix fraction description
MSS Minimally structurally singular
RMSE Root mean square error
SDAE Stochastic differential-algebraic equation
SDE Stochastic differential equation
SVD Singular value decomposition



B
Proof of Theorem 9.1

In this appendix Theorem 9.1 is proved. Recall that λ(θ) is a scalar such that λ(θ)E(θ)+
F (θ) is invertible and

Ē(θ) =
(
λ(θ)E(θ) + F (θ)

)−1
E(θ). (B.1)

First we will prove two propositions:

Proposition B.1
Consider the SDAE (9.1) with the matrix Ē(θ) transformed into Jordan form:

Ē(θ) =
(
T1(θ) T2(θ)

)︸ ︷︷ ︸
T (θ)

(
Es(θ) 0

0 N(θ)

)(
T1(θ) T2(θ)

)−1
(B.2)

where the zero eigenvalues are sorted to the lower right so that Es is invertible and N is
nilpotent of order m (Nm = 0, Nm−1 6= 0).

Then the transformation

x =
(
T1(θ) T2(θ)

)︸ ︷︷ ︸
T (θ)

(
xs

xa

)
(B.3)

gives a system description of the form

Es(θ)ẋs =
(
I − λ(θ)Es(θ)

)
xs +Gs(θ)u+

nw∑
l=1

Jl,s(θ)wl(θ) (B.4a)

N(θ)ẋa =
(
I − λ(θ)N(θ)

)
xa +Ga(θ)u+

nw∑
l=1

Jl,a(θ)wl(θ) (B.4b)
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where (
Jl,s(θ)
Jl,a(θ)

)
= T−1(θ)

(
λ(θ)E(θ) + F (θ)

)−1
Jl(θ) (B.5)(

Gs(θ)
Ga(θ)

)
= T−1(θ)

(
λ(θ)E(θ) + F (θ)

)−1
G(θ). (B.6)

Proof: Adding λ(θ)E(θ)x to each side of Equation (9.1a) and then multiplying from the
left with (λE(θ) + F (θ))−1 gives

Ē(θ)
(
ẋ + λ(θ)x

)
= x +

(
λ(θ)E(θ) + F (θ)

)−1 ×

(
G(θ)u+

nw∑
l=1

Jl(θ)wl(θ)

)
.

Substituting

x = T (θ)
(
xs

xa

)
(B.7)

and multiplying from the left with T−1(θ) gives

T−1(θ)Ē(θ)T (θ)
((

ẋs

ẋa

)
+ λ

(
xs

xa

))
=(

xs

xa

)
+ T−1(θ)

(
λE(θ) + F (θ)

)−1 ×

(
G(θ)u+

nw∑
l=1

Jl(θ)wl(θ)

)
which is the desired form.

Proposition B.2
The auxiliary variables xa can be solved from (B.4b) to give

xa = −
(
I +

( d
dt

+ λ(θ)
)
N(θ) + · · ·+

( d
dt

+ λ(θ)
)m−1

Nm−1(θ)
)
×
(
Ga(θ)u+

nw∑
l=1

Jl,a(θ)wl(θ)
)

(B.8)

Proof: Writing (B.4b) as

xa = N(θ)
(
d

dt
+ λ(θ)

)
xa −

(
Ga(θ)u+

nw∑
l=1

Jl,a(θ)wl(θ)
)

(B.9)

and successively “multiplying” by N(θ)( d
dt + λ) gives (omitting dependence on θ)

N

(
d

dt
+ λ

)
xa = N2

(
d

dt
+ λ

)2

xa −N

(
d

dt
+ λ

)(
Gau+

nw∑
l=1

Jl,awl(θ)
)

...

Nm−1

(
d

dt
+ λ

)m−1

xa = −Nm−1

(
d

dt
+ λ

)m−1(
Gau+

nw∑
l=1

Jl,awl

)
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where we have used Nm = 0 in the last equation. A successive substitution from these
equations into (B.9) then gives (B.8).

We now prove the main result, Theorem 9.1.

Proof: Transforming the system into the form (B.4) we see that xs is an integration of
the second order processes wl(θ). Hence, it has finite variance. Since

H(θ)x = H(θ)T1(θ)xs +H(θ)T2(θ)xa

it must also be required that H(θ)T2(θ)xa has finite variance. Note that wl(θ) has finite
variance if it is differentiated at most pl − 1 times since it has pole excess 2pl. This can
be realized from (2.179b) which gives that the variance of dn

dtnwl(θ) is

r(0) =

∞∫
−∞

(iw)2nφwl
dω

{
<∞ if n ≤ pl − 1
= ∞ if n ≥ pl.

(B.10)

(B.8) thus gives that H(θ)T2(θ)xa has finite variance if and only if

H(θ)T2(θ)N j(θ)Jl,a(θ) = 0 j ≥ pl,∀l. (B.11)

By using the notation [·]/X Y for the oblique projection on the space Y along the space
X and V(A) for the space spanned by the columns of the matrix A, this condition can be
written as (omitting dependence on θ)

0 = HT2N
jJl,a

= H
(
0 T2

) (
T1 T2

)−1 [
T1E

j
sJl,s + T2N

jJl,a

]
= H

[
T1E

j
sJl,s + T2N

jJl,a

]/
V(T1)

V(T2)

= H

[(
T1 T2

)(Ej
s 0

0 N j

)(
Jl,s

Jl,a

)]/
V(T1)

V(T2)

= H
[
Ēj(λE + F )−1Jl

]/
V(T1)

V(T2). (B.12)

Since Es(θ) is invertible and N(θ) is nilpotent, (B.2) gives that V(T2(θ)) = N (Ēn(θ))
and that V(T1(θ)) = V(Ēn(θ)), so the condition can also be written[
Ēj(θ)

(
λ(θ)E(θ) + F (θ)

)−1
Jl(θ)

]/
V
(
Ēn(θ)

)N (Ēn(θ)
)
∈ N (H(θ)) j ≥ pl,∀l.
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