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Chapter 1

Introduction

Ever since the middle of the 1990’s, optical fibers have been used for point to point
communication at very high speed. To share the optical fiber for communication
between many users, several techniques are developed under the name multiple
access. One of these techniques is Fiber Optic Code Division Multiple Access (FO-
CDMA). In an FO-CDMA system, every user is assigned one or more codewords
and they send their data by mapping it onto their codeword(s). The codewords are
then superpositioned and sent together over the channel. When the codewords are
superpositioned, the separate codewords are added together and the result, which
contains all the codewords together, is sent to the receiver. At the receiver end
a decoder, one for each user, compares the incoming sequence, which consists of
all the codewords that are sent, with a prestored copy of the codeword to be able
to extract the information bits. By the use of correlation between the prestored
codeword and the mixed sequence, it is possible for the receiver to determine if
its codeword was present in the sequence or not. One type of codes suitable for
FO-CDMA is optical orthogonal codes (OOC). This type of codes are constructed
so that it is easy for the receiver to find the codeword in the presence of other
users codewords, and therefore it is much easier to extract the data.

1.1 Background
The most common encoding process in FO-CDMA is to send a codeword if the
information bit is a 1 and an equal amount of zeros if the information bit is a
0. This means that to send one information bit a whole codeword is sent. If the
codewords are long this can make the data rate low. In a typical network today,
there are different demands on security and data rates from the different users.
The demands naturally depend on what the users want to transmit. A user that
wants to send movies wants to be able to transmit at a high data rate but is
probably not so concerned about security. If the transmission is fast enough it
does not matter if there are some mistakes in the transmission. It is still possible
to watch the movie and not notice the errors at all. A user sending his new
mathematical formula to a colleague is probably more interested that there are no
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2 Introduction

errors in the transmission than that the transmission is fast. To meet the different
demands on security and data rates in the fiber optic network, optical orthogonal
codes with different lengths and weights are considered. By allowing the users to
have codewords of different length it is possible to have different data rates in the
fiber optic network. To diminish the probability of error one can allow the users
to have codewords of different weight, which makes them differently sensitive to
interference, and gives the users different levels of security.

1.2 Purpose

The purpose of this thesis has been to investigate if it is possible to increase the
cardinality (the number of codewords) of an optical orthogonal code by letting
it have codewords of different length, or by letting it have codewords of different
weight.

1.3 Limitations

I chose an algorithm, which could generate optical orthogonal codes with different
lengths and chose the maximal lengths on the codes to be 2000. I set this upper
limit of 2000 to ensure that the data rate does not become to low in the fiber optic
network. With a fiber optic cable able to transmit 100 Mbit/s and with use of
an optical orthogonal code with length 2000, a data rate of 50 kbit/s is reached.
This is typically considered to be a quite low data rate. I also assumed that the
communication between the sender and the receiver was chip synchronized so that
either the light is on or off in each chip for every user, see chapter 2 in this thesis.
I also neglected the background- and detector noise as a possible source of error.
By neglecting these variables, the errors that do occur come from misinterpreting
a zero for a one. In this thesis I also assume that the system is chip synchronized,
which means that it is assumed that all users chip durations are of equal length
and when they are superpositioned they overlap each other precisely.

1.4 Outline of the thesis

The second chapter deals with communication in a fiber optic network. Several
methods for multiple access is explained with emphasis on CDMA. An optical
orthogonal code, suitable for CDMA, is introduced and its characteristics is pre-
sented. Optical orthogonal codes with variable weight and length are also defined
and it is explained why these cases are interesting.

Chapter three introduces methods for constructing optical orthogonal codes.
It also includes some mathematics that is needed to understand the constructions.

Chapter four presents the algorithm implemented and how the different mul-
tilength and multiweight codes are created in order to examine their cardinality.

In the fifth chapter, the cardinality of the created multilength and multiweight
optical orthogonal codes is presented and a conclusion if it is possible to increase
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the cardinality by using codewords of different length and weight is given. Some
suggestions to further studies are also given.
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Chapter 2

Fiber optic communication

There are several techniques used in communications systems that enable multi-
ple access. Some of the techniques are code division multiple access (CDMA),
frequency division multiple access (FDMA) and time division multiple access
(TDMA). In an FDMA system every user has its own frequency interval to use
when transmitting data and in a TDMA system every user is assigned a time slot
in which he is allowed to transmit data. The disadvantage with an FDMA system
is that you need to have safety frequencies between the frequencies assigned to
the users. The safety frequencies are needed in order for the receiver to correctly
detect the information sent from each user. Another disadvantage with this mul-
tiple access technique is that when all the useable frequency intervals are assigned
to the users the system is full, so this type of system has a maximum number of
users. The advantage of using this multiple access technique is that the users can
send at any time, they don’t have to wait for their timeslot as in TDMA. The
advantage of using a TDMA system is that there is no maximum number of users.
But assigning more timeslots in order to include more users, also means that each
user can transmit more seldom, and the data rate is decreased. A disadvantage
with TDMA as mentioned earlier is that the users can’t transmit whenever they
want, they have to wait for their timeslot. Another disadvantage with TDMA is
that the optical fiber can not be fully used because the electronic hardware sets
limitations on the performance. Also when using a TDMA system a higher level of
synchronization is required. A CDMA system combines the best of both TDMA
and FDMA, the user can transmit at the same time as in a FDMA system and
there is no maximum number of users. In a CDMA system the multiple access
technique is based on coding. The users data is coded so that even though the
information from the different users is sent at all times, the receiver can still deter-
mine from which user the information came and recover the data. The recovered
data, however, may not always be correct since it is depending on the errorprob-
ability of the channel. As long as the users are assigned codewords that enables
the receiver to retrieve the information, there is no maximum number of users in
theory. In practice however the number of users is not unlimited, because when
more users are allowed to access the channel the data rate is lowered. The figure

5



6 Fiber optic communication

Figure 2.1. An FO-CDMA network with i users

Figure 2.2. A fiber-optic communication system

2.1 shows an FO-CDMA network with i users.
In this chapter the multiple access technique CDMA is presented, and a family

of codes suitable to use in an FO-CDMA system, the family of Optical Orthogonal
Codes (OOC) is defined.

2.1 FO-CDMA

Fiber optic code division multiple access (FO-CDMA) is a technique to let several
users simultaneously transmit over the same optical fiber. At the sender the system
consists of a data source that contains the data that is to be sent, followed by an
encoder. At the receiver end is an optical correlator, which is used to extract the
encoded data. Between the sender and the receiver is the channel, in this case an
optical transmission medium, see figure 2.2.

In the FO-CDMA system each user is assigned one or more signature sequences
or codewords. When a user wants to transmit an information bit 1, he sends his
sequence and when he wants to transmit a 0 he sends the corresponding length of
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zeros i.e. no light pulses are send. When a user wants to transmit his sequence
in reality he sends a number of shorter bits called chips. If a user is assigned a
codeword of length n, it means that n chips will carry one information bit. All users
encoded data are then added together chip by chip and the resulting superposition
is sent over the channel. It is assumed that the system is chip synchronized so
there are no chip synchronization errors. This does not mean, however, that the
chips can not be delayed relative to each other. A light pulse represents the binary
bit 1 (observe that this is a chip bit and not an information bit) and the absence
of a light pulse represents the binary bit zero.

The error that can occur if one neglects the background- or detector noise
is when a 0 is sent and the receiver falsely interpret this as a 1. This error
happens when the interference from the other users affects the signal so much
that the correlation is bigger than the threshold value, and the receiver therefore
misinterprets it as a 1. In this case the correlation has exceeded the Hamming
weight, which is the number of ones in the codeword, of the users own codeword.
To improve the performance one can try to reduce the effect of the interference
signal intensity. One way to do this is to place an optical hard limiter in the
system. The optical hardlimiter has the following properties:

g(x) =
{

1 x ≥ 1
0 0 ≤ x < 1

So if the optical light intensity is bigger than, or equal to one the hardlimiter
clips the intensity back to one. If the optical hard limiter is used in the system the
performance is enhanced because some of the errors caused by the summation of
light intensity is excluded [9]. An example on how the hardlimiter works is given
below.

Example 2.1: Optical hardlimiter

The code A= [1011000100000] has a maximum value of 4 at it’s correlator. An
interference pattern of the form [3000000100000] would have the maximum value
of 4 at A’s correlator and if the threshold is set to 4 this would falsely give that
the sequence A is present, even if that is not the case. If the interference pattern
is hard limited (to [1000000100000]) then the correlation would only be 2 and no
error will occur.

Mathematically the superposition has the following properties:

0 + 1 = 1 + 0 = 1 + 1 = 1

0 + 0 = 0

To see an example on how the superposition works, see figure 2.3.
The individual receivers, consisting of optical correlators, observe the superpo-

sition of all incoming pulse transmissions and recovers data from the corresponding
transmitter. This is done by correlating the incoming transmission with a stored
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Figure 2.3. Example of superposition of two codewords. User 1 is delayed 3 chips
relative user 2.
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copy of that user’s codeword. If the user’s unique sequence is found, the rest of
the signal from the other users is considered as noise. The decoding process is
then done by use of optical correlation [8].

A code suitable for a CDMA system should have the following two properties
[8]:

1. each sequence can be easily distinguished from a shifted version of itself and

2. each sequence can be easily distinguished from every other sequence in the
set and also from a possibly shifted version of every other sequence in the
set.

The two correlation constraints serve two purposes. The first constraint enables
the receiver to obtain synchronization with the sender and to find the beginning
of its message. The second constraint enables the receiver to estimate its message
in the presence of interference from other users [3].

A family of sequences that satisfy the above conditions and therefore is suitable
to use in a CDMA system, is the optical orthogonal codes, which are introduced
in the next section.

2.2 Optical orthogonal codes

To allow several users in a fiber optic network you have to be able to distinguish the
different users data. One way of doing this is by using Optical Orthogonal Codes,
OOC:s. An optical orthogonal code is a code with good auto and cross correlation
properties. When using these codes, one is able to let all users send at all times
and still be able to recover the information at the receiver. The information may,
however, like all data exposed to a transmission, include some errors caused by
the channel. All users are given one or more codewords, which they use in order
to send data. In a fiberoptic network the data is sent as binary sequences. To
represent the binary values either a lightpulse is sent (for a 1) or no lightpulse is
sent (to represent a 0). When a user wants to transmit a data sequence of zeros
and ones he sends his code sequence to represent a 1 and nothing to send a 0. The
different code sequences that are given to the users are chosen so that they fulfill
the two conditions, stated later in this section, necessary for a CDMA system.
The error that can occur if one neglects the background- or detector noise is when
a 0 is interpreted as a 1. This error happens when enough users transmit at the
same time and the correlation therefore exceeds a given threshold.

Definition 2.1 (Hamming weight) The Hamming weight of a codeword is the
number of non-zero bits in the codeword.

Definition 2.2 (Optical Orthogonal Code) An (n, w, λa, λc) optical orthog-
onal code C is a set of binary sequences with length n that all have the same
Hamming weight w, autocorrelation λa and cross correlation λc which satisfy the
following conditions:
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1. The auto correlation property:
n−1∑
t=0

xtxt⊕τ ≤ λa

for any x = [x0, x1, · · · , xn−1] ∈ C and any integer τ 6= 0 mod n. ⊕ means
that the addition is to be taken modulo n.

2. The cross correlation property:

n−1∑
t=0

xtyt⊕τ ≤ λc

for any x = [x0, x1, · · · , xn−1] 6= y = [y0, y1, · · · , yn−1], x, y ∈ C and any
integer τ 6= 0 mod n. ⊕ means that the addition is to be taken modulo n.

Another approach to the optical orthogonal codes is if you see them from a set-
theoretical perspective. An (n, w, λa, λc) optical orthogonal code C can then be
seen as a family of w-sets of integers modulo n, in which each w set corresponds
to a codeword, and the integers within each set specify the nonzero bits of the
codeword.

Example 2.2: Set notation
C=1101000 is a (7, 3, 1, 1) code with one codeword. In set notation C =
{{0, 1, 3}}(mod 7)

If the set-theoretical perspective is used, the auto and cross correlation prop-
erties can be redefined according to [4] as:

Definition 2.3 (Optical Orthogonal Code)

1. The auto correlation property:

|(a + X) ∩ (b + X) ≤ λa|

for any X ∈ C and any a 6= b(mod n)

2. The cross correlation property

|(a + X) ∩ (b + Y ) ≤ λc|

for any X 6= Y ∈ C and any a, b

The two correlation constraints serve two purposes. The auto correlation con-
straint (1) guarantees that each signature sequence is unlike any cyclic shifts of
itself. This property enables the receiver to obtain synchronization with the sender,
and to find the beginning of the message sent. The cross correlation constraint
(2) guarantees that each signature sequence is unlike any cyclic shifts of other
signature sequences. This property enables the receiver to estimate its message in
the presence of the messages sent from the other users.[3]
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2.2.1 Bounds of an optical orthogonal code
For an optical orthogonal code with λa = λc an upper bound on the cardinality Φ
is:

Φ(n, w, λ, λ) ≤
⌊

(n− 1)(n− 2) · · · (n− λ)
w(w − 1)(w − 2) · · · (w − λ)

⌋
For the special case when λa = λc = 1 the optical orthogonal code is optimal

and the upper bound on the cardinality is given by:

Φ(n, w, 1) =
⌊

n− 1
w(w − 1)

⌋
For the case when λa 6= λc and λa > λc, an upper bound on the cardinality is:

Φ(n, w, λ + m,λ) ≤
⌊

(n− 1)(n− 2) · · · (n− λ)(λ + m)
w(w − 1)(w − 2) · · · (w − λ)

⌋
For proof see [3, 4].

2.3 Optical orthogonal codes with variable weight
An optical orthogonal code with variable weight is an optical orthogonal code
where all codewords are of the same length but may have different weights. The
purpose of using an optical orthogonal code with variable weight is that the weights
of the codewords influence the interference. A codeword with a large weight is less
sensitive to interference than a codeword of less weight. This is because the error
that can occur, if one neglects the background- or detector noise, is when a 0 is
interpreted as a 1. For a receiver without a hard limiter (for description of a hard
limiter see section 2.1) an error occurs when a zero is sent and the number of
interferers exceeds or is equal to the threshold θ. The error probability is then
given by [14]:

P (error|l interferers,M users) =
1
2
Ω(l − θ)

Ω(x) =
{

1 if x ≥ 0
0 otherwise

This error is more likely to happen for users with code sequences with a small
weight because they send more zeros. By assigning code sequences with different
weight to the users it is possible to have different interference tolerability in the
fiber optic network. A user that sends information, which is very sensitive to
interference, can be assigned a codeword with a higher weight.

Definition 2.4 (Hamming distance) For two codewords belonging to a code
C, the distance function d, also known as the Hamming distance, is the number of
coordinate places in which the two codewords differ. This distance function is also
the natural measurement to use when one is interested in the number of errors in
a word that is spelled incorrectly [2] .
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Example 2.3: Hamming distance

Given the two codewords x=(01101) and y=(01011), the Hamming distance d(x, y)
is 2.

Definition 2.5 (OOC with variable weight) A (n, W, L, λc, Q) variable weight
optical orthogonal code C, is a set of binary sequences, which all have the same
length, a weight from the set W = {w0, w1, · · · , wp}, an auto correlation con-
straint from the set L = {λa0 , λa1 , · · · , λap} corresponding to the subsets of dif-
ferent weights, a cross correlation λc and a codeword cardinality distribution from
the set Q = {q0, q1, · · · , qp} , where p is the number of different weights in C, so
the following three properties hold [14]:

1. The weight distribution: Every n-tuple in C has a Hamming weight contained
in the set W and there are exactly qi · |C| codewords of weight wi.

2. The auto correlation: For any x = [x0, x1, · · · , xn−1] ∈ C with Hamming
weight wi ∈ W and any integer τ 6= 0 mod n:

n−1∑
t=0

xtxt⊕τ ≤ λai

, where ⊕ means that the addition is to be taken modulo n.

3. The cross correlation: For any x = [x0, x1, · · · , xn−1] ∈ C and any y =
[y0, y1, · · · , yn−1] ∈ C such that x 6= y and any integer τ 6= 0 mod n:

n−1∑
t=0

xtyt⊕τ ≤ λc

where ⊕ denotes modulo-n-addition.

2.3.1 Bounds of an optical orthogonal code with variable
weight

An upper bound on the cardinality Φ is given by [14].

Φ(n, W, L, λ, Q) ≤
⌊

(n− 1)(n− 2) · · · (n− λ)∑p
i=0 qiwi(wi − 1)(wi − 2) · · · (wi − λ)/λi

a

⌋
A code, which satisfies the above equation with equality is said to be optimal.
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2.4 Optical orthogonal codes with variable length
An optical orthogonal code with variable length is an optical orthogonal code
where the codewords all are of the same weight but may have different lengths.
To be able to meet the need to send different multimedia services (e.g. data,
voice and video) simultaneously and asynchronously in an fiber optic network one
can use multilength optical orthogonal codes. By assigning signature sequences
of different length to the users, it is possible to have different data rates in the
system. A user who wants to transmit video needs to send at a higher data rate
than a user that wants to transmit voice. To meet this need the user that wants to
transmit video is assigned a shorter signature sequence than the user that wants to
transmit voice. When a user has a shorter signature sequence it is possible for him
to send more often, because a short sequence doesn’t take as long to transmit as a
long sequence. Unlike for normal CDMA the performance of the system worsens
as the code length increases. This can be explained by the fact that multiple copies
of short codewords in the correlation process create a stronger interference. For
more details see [5].

Definition 2.6 (An OOC with variable length) An (N,w, A,B,Q) multilength
optical orthogonal code C is a set of binary sequences, which all have the same
Hamming weight, a length from the set N = {n0, n1, · · · , nk−1}, an auto correla-
tion constraint from the set A = {λa0 , λa1 , · · · , λak−1} corresponding to the subsets
of different lengths, a cross correlation constraint from the set B = {λc0 , λc1 , · · · , λck−1 , λ}
corresponding to the different lengths and a codeword cardinality distribution from
the set Q = {q0, q1, · · · , qk−1}, where k is the number of different code lengths in
C, so the following four properties hold [5]:

1. The length distribution: Every codeword in C with weight w has a length ni

contained in the set N . There are qi · |C| codewords with length ni, where
qi indicates the fraction of codewords with length ni in the code set and |C|
represents the cardinality of C.

2. The auto correlation: For any codeword x = [x0, x1, · · · , xni−1] ∈ C of
length ni, its auto correlation is bound by λai such that

ni−1∑
t=0

xtxt⊕iτ ≤ λai

for any integer τ 6= 0 mod n, where ⊕i denotes modulo-ni addition.

3. The intra-cross correlation: For any two distinct codewords x = [x0, x1, · · · , xni−1] ∈
C and y = [y0, y1, · · · , yni−1] ∈ C with the same length ni, their cross cor-
relation function is bound by λci such that

ni−1∑
t=0

xtyt⊕iτ ≤ λci

for any integer τ 6= 0 mod n, where ⊕i denotes modulo-ni addition
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4. The inter-cross correlation: For any two distinct codewords x = [x0, x1, · · · , xni−1] ∈
C with length ni and y = [y0, y1, · · · , ynj−1] ∈ C with length nj , their cross
correlation functions are bound by λ such that:

ni−1∑
t=0

xtyt⊕jτ ≤ λ

for any integer τ 6= 0 mod n, and

nj−1∑
t=0

xt⊕iτyt ≤ λ

for any integer τ 6= 0 mod n , where ⊕j denotes modulo-nj addition and
ni 6= nj

The second property is needed in order for correct synchronization between the
receiver and the sender. The third and the fourth property are needed to ensure
low probability of error in the multiple access environment [6].

2.4.1 Bounds of an optical orthogonal code with variable
length

I have not been able to find an upper bound for an OOC with variable length.
The absence of an upper bound for the code cardinality made it hard to draw a
conclusion from the results presented in chapter 5, since the results could not be
compared with any theoretical limit.



Chapter 3

Construction of optical
orthogonal codes

To understand the ideas behind most constructions of optical orthogonal codes
some mathematics is needed. The mathematical theory of groups, rings and fields
is commonly used in the code constructions. Therefore this section begins with
some mathematical definitions, that are needed later in this chapter. Different
ways to construct optical orthogonal codes are explained and the chapter is ended
with some ideas on how to construct optical orthogonal codes with variable weight
and length.

3.1 Mathematical theory
Definitions of groups, rings and fields are presented in this section. For more
details about the definitions see [13, 10, 7]. A special sort of field called a Galois
field is introduced and some of its characteristics are given.

Definition 3.1 (Group) A group is a set of objects G on which a binary oper-
ation · has been defined. The binary operation takes any two elements in G and
generates as its result an element that is also in G (closure). The operation must
satisfy the following three requirements if G is to be a group.

1. Associativity: (a · b) · c = a · (b · c) for all a, b, c ∈ G.

2. Identity: there exist e ∈ G such that a · e = e · a = a for all a ∈ G.

3. Inverse: for all a ∈ G there exists a unique element a−1 ∈ G such that
a · a−1 = a−1 · a = e. A group is said to be commutative (or abelian) if it
also satisfies:

• Commutativity: for all a, b ∈ G, a · b = b · a.

The order of the group is defined to be the cardinality of the group.

15
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Definition 3.2 (Ring) A ring is a set R with two binary operations + and · such
that the following seven properties hold:

1. a + b = b + a for all elements a, b ∈ R

2. a + (b + c) = (a + b) + c for all a, b, c ∈ R.

3. There exists an element, denoted by 0, in R such that a+0 = a for all a ∈ R.

4. For each a in R there exists an element, denoted by -a, in R such that
a + (−a) = 0.

5. a · (b · c) = (a · b) · c for all elements a, b, c ∈ R.

6. There exists a nonzero element e satisfying a · e = e · a = a for every a ∈ R,
where e is the identity of R and is usually denoted by 1.

7. a · (b+c) = (a ·b)+(a ·c) and (a+b) ·c = a ·c+b ·c for all elements a, b, c ∈ R

Definition 3.3 (Field) A ring R is called a field, if every nonzero element of R
has an inverse under multiplication. Which means that for every nonzero element
a, there exists an element b such that a · b = 1. The element b is usually denoted
by a−1. The set of nonzero elements of R forms a group under multiplication,
which is sometimes called the multiplicative group of the field R.

Definition 3.4 (Subfield and extension field) A subset F ⊆ K is called a
subfield of K if F is a subring of K, and is itself a field. If F is a subfield of K,
K is often called an extension field of F .

A finite field, also known as a Galois field, is a field that contains only finitely
many elements. A Galois field of order q is denoted GF (q). It can be shown that
GFq exists if and only if q = pm, where p is a prime number. For proof see [13].
The integers 0, 1, 2, · · · , p− 1 form the field GF (p) under modulo p addition and
multiplication.

Example 3.1: Modular addition
13 + 18 = 12 mod 19

Example 3.2: Modular multiplication
11 · 5 = 17 mod 19

Definition 3.5 (Order of a Galois Field Element) Let β be an element in
GF (q). The order of β is the smallest positive integer m such that βm = 1, taken
modulo q.
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Example 3.3: Order of elements
Take GF (7), the Galois field includes the elements 0, 1, 2, 3, 4, 5 and 6. To
find the order of the different elements β in the field, you have to find for which
exponent m, βm = 1. The 1 is a trivial case and has of course the order 1.

21 ≡ 2mod(7), 22 ≡ 4mod(7), 23 ≡ 1mod(7) ⇒ ord(2) = 3.

31 ≡ 3mod(7), 32 ≡ 2mod(7), 33 ≡ 6mod(7), 34 ≡ 4mod(7),

35 ≡ 5mod(7), 36 ≡ 1mod(7) ⇒ ord(3) = 6.

In the same way as above the elements 4, 5 and 6 gets the orders 3, 6 and 2
respectively.

Definition 3.6 (Primitive element in a Galois Field) An element with or-
der (q − 1) in GF (q) is called a primitive element in GF (q).

All nonzero elements in a Galois field can be expressed as different powers of
the primitive element modulo q. For proof see [13, p 37]

Example 3.4: Primitive element
When using the information about the orders of the elements in the previous
example with GF (7), it is easy to see that there are two elements with order (7−1)
namely 3 and 5. This means that both these elements are primitive elements in
GF (7). It is possible to get all the other nonzero elements expressed as powers of
the primitive element. When choosing 3 as the primitive element the field elements
can be rewritten as:

1 = 30, 2 = 32, 3 = 31, 4 = 34, 5 = 35, 6 = 33.

3.2 Construction of an optical orthogonal code
There are several ways of constructing an optical orthogonal code. Most of
the ideas behind the code construction are based on some sort of combinatorial
method. Some of the ideas for generating codes are presented below.

1. Iterative construction

2. Projective geometry

3. Combinatorial method

4. Block design and algebraic coding theory



18 Construction of optical orthogonal codes

3.2.1 Iterative construction
Given a (n, w, λa, λc) optical orthogonal code there are several ways of using this
given code to construct other codes with different parameters. First a trivial case:

An (tn, tw, tw, tλc) optical orthogonal code is made by concatenating t copies
of the original codeword as the new codeword, where concatenating the short
codeword simply means that several copies of the short codeword is laid after one
another to create the longer codeword.

The nontrivial case is to make an (n, 2w − 2λc, 2λa + 2λc, w + 3λc) optical

orthogonal code C ′ with
(

m
2

)
codewords from an optical orthogonal code C

with the parameters (n, w, λa, λc) that contains m codewords. C ′ is created as
follows:

1. For all pairs of codewords x and y of C, construct a codeword z of C ′ by first
creating z′ = x ∨ y where ∨ stands for the bit-wise inclusive OR operation.
To see how the OR operation works see section 2.1 in this thesis. Since x
and y both have the weight w and overlap at maximum λc positions, the
weight of z′, denoted by wt(z′), is at least 2w − 2λc. For proof see [4].

2. Then create z from z′ by changing any wt(z′)− (2w− 2λc) bits from 1 to 0.
Every codeword z of C ′ now has precisely the weight (2w − 2λ− c). It can
then be shown that the auto correlation and cross correlation of z satisfy the
constraints (for proof see [4]).

Example 3.5

You have an (n = 13, w = 3, λa = 2, λc = 1) optical orthogonal code C with
three codewords, m = 3. The codewords are c1 = [1, 2, 13], c2 = [1, 5, 10] and
c3 = [1, 4, 11]. To construct a (n, 2w − 2λc, 2λa + 2λc, w + 3λc) code, in this

case a (13, 4, 6, 6) code with
(

m
2

)
=

(
3
2

)
codewords, you start with the

creation of z′.

1. z′ = ci ∨ cj , which gives z′12 = [1, 2, 5, 10, 13], z′13 = [1, 2, 4, 11, 13] and
z′23 = [1, 4, 5, 10, 11].

2. To create z from z′ you have to change (5−4) bits from 1 to 0. Which bit to
change in the codewords is arbitrary. I chose to change the first bit in every
codeword and got the following codewords: [2, 5, 10, 13], [2, 4, 11, 13] and
[4, 5, 10, 11].

The choice of which bits to change of course affect the auto and cross cor-
relation, therefore the given correlation parameters are the upper bound and it
is possible to create an optical orthogonal code using this method that has lower
auto and cross correlation. Here both correlation parameters have an upper bound
of 6. The auto correlation for all codewords that are created is 4 and the cross
correlation between the codewords is 2.
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3.2.2 Projective geometry

Here the optical orthogonal code is created by the use of vector spaces and pro-
jection. First some definitions on projective geometry. For a more thorough de-
scription, see [4, 11].

Definition 3.7 (Projective geometry)

1. A finite vector space V (d + 1, q) of dimension d + 1 over the field GF (q)
contains qd+1 vectors.

2. The projective geometry PG(d, q) is created by using vectors from V (d+1, q).
Any point in PG(d, q) corresponds to a set of points in V (d+1, q) that forms
a line through the origin.

Two points x, y ∈ V (d + 1, q) is on the same line if x = λy for any λ ∈ GF (q)
and since they form a line through the origin the set x, y forms a point in PG(d, q).
The number of vectors on one line is q and therefore there are q−1 nonzero vectors
on a line through the origin. Two lines through the origin do not share any nonzero
elements.

Since there are qd+1−1 nonzero vectors there are qd+1−1
q−1 distinct lines through

the origin in V (d+1, q) which also means that there are qd+1−1
q−1 points in PG(d, q)

.
The lines in the projective geometry PG(d, q) intersect only at one point and

the lines can therefore be used as codewords, which then only have at most one
point in common. This gives naturally then λ = 1. This creates the codewords,
but there is nothing that guarantees that a codeword can be distinguished from
a shifted version of itself and also be distinguished from shifted versions of other
codewords. To create cyclic shifts on points of the geometry which preserves lines,
the discrete logarithm is taken.

Any vector β in the space V (d + 1, q) has d + 1 coordinates with values from
the finite field GF (q). β may also be seen as an element in the extension field
GF (qd+1) in which β = αi for some i where α is a primitive element of GF (qd+1).

Then there exists an one-to-one correspondence between the non-zero vectors
β in V (d+1, q) and the integers {0, 1, · · · , qd+1−2} through the discrete logarithm
logα(β) = i. The non-zero vectors on a line through the origin are the ith, (i +
n)th,· · · , (i + (q − 2)n)th powers of the primitive element for some i, where n =
qd+1−1

q−1 is the size of PG(d, q).
For any point p in PG(d, q), log(p) denotes the discrete logarithm of any vector

on the line corresponding to p in V (d + 1, q)mod n. Then the log- function is a
one-to-one mapping between the points of the projective geometry and the integers
modulo n.
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A cyclic shift of a line L in PG(d, q) is the set of points P such that log(P ) =
1 + log(P ′) where P ′ is the set of points in L. Then because all points in L may
be written as lines, a cyclic shift of a line is still a line in the projective geometry.

Definition 3.8 (Orbit) An orbit is a set of cyclic shifted lines and its size is
given by the number of lines in it.

An orbit is full if its size is n, otherwise it is incomplete. To construct the optical
orthogonal code, assume that there are m full orbits in the projective geometry.
Take one representative from each full orbit and map each line into a set of integers
modulo n under log(.). The m resulting w-sets form an ideal optical orthogonal
code with the parameters w = q + 1 and λ = 1. Two lines intersect in at most
one point and therefore two different shifts of a codeword set intersect at most
once and arbitrary shifts of two codeword sets intersect at most once. Incomplete
orbits are discarded. Note that all orbits are full except for the case when d is
odd, in which there exists exactly one not full orbit.

Example 3.6

In GF (23) there are the following points:

0 = (0, 0, 0)

α0 = (0, 0, 1)

α1 = (0, 1, 0)

α2 = (1, 0, 0)

α3 = (0, 1, 1)

α4 = (1, 1, 0)

α5 = (1, 1, 1)

α6 = (1, 0, 1)

Since the points in the projective geometry are the lines going through the
origin in the vector space, first all possible lines in the vector space needs to
be found in order to find the points in the projective geometry. For example
α3 +α4 = α6, which means that the line created by α3 and α4 is mapped onto α6.
When taking all combinations of two points you end up with seven different lines.
This gives that the lines in PG(2, 2) are mapped to:

a = {0, 1, 3}

b = {0, 2, 6}

c = {0, 5, 4}

d = {1, 4, 2}

e = {1, 5, 6}
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f = {2, 5, 3}
g = {3, 6, 4}.

If you shift the first line a, you get

{{0, 1, 3}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 0}, {5, 6, 1}, {6, 0, 2}, {0, 1, 3}}

and we are back to start. This gives us that this orbit contains all seven different
lines and is full. Then any of the lines can be taken as a representative and we
have one codeword. An (7, 3, 1, 1) optical orthogonal code with one codeword is
then created.

3.2.3 Combinatorial methods
Optical orthogonal codes can be constructed by various combinatorial methods.
For examples see [4].

Example 3.7
A construction of an optimal optical orthogonal code with the parameters (n, 3, 1, 1)
for all n = 6t + 1, with codesets of the form Si = {0, i, aj}mod n, can be done
by using the algorithm below. First construct the t codeword sets of the form
Si = {0, i, t + i + xi}, where xi is specified in four cases, depending on the value
of t mod 4. The case with t = 4k, k ≥ 2, xi is given below.

xi =



2k − j i = 2j 1 ≤ j ≤ 2k − 1
6k − 1− j i = 2j + 1 1 ≤ j ≤ k − 2
6k − j i = 2j + 1 k ≤ j ≤ 2k − 1
2k i = 4k
4k i = 2k − 1
7k − 1 i = 1

For the rest of the three cases where t = 4k + 1, t = 4k + 2 and t = 4k + 3
see [4]. When using the construction above, a (n, 3, 1, 1) optical orthogonal code
is created. For the case with k = 2 the values of t and n are 8 and 49, respectively.
The eight codeword sets that can be created are:

S1 = {0, 1, 8 + 1 + 13} = {0, 1, 22}

S2 = {0, 2, 8 + 2 + 3} = {0, 2, 13}
S3 = {0, 3, 8 + 3 + 8} = {0, 3, 19}
S4 = {0, 4, 8 + 4 + 2} = {0, 4, 14}
S5 = {0, 5, 8 + 5 + 10} = {0, 5, 23}
S6 = {0, 6, 8 + 6 + 1} = {0, 6, 15}
S7 = {0, 7, 8 + 7 + 9} = {0, 7, 24}
S8 = {0, 8, 8 + 8 + 4} = {0, 8, 20}
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3.2.4 Block design and algebraic coding theory

In order to construct an optical orthogonal code the method of block design can
be used. A t− (n, b, r, k, λ) design consists of n objects and b blocks (sets) of these
objects, with each object contained in r blocks, each block containing k objects
and each pair of objects contained in exactly λ blocks. Some of the b blocks, t of
them, can then be used as codeword sets, each of weight w. One possible problem
with this design is that it does not imply that the intersection of two blocks is small
in general. The codewords are only constructed so that each t subset appears in
exactly λ block. No consideration is taken to the fact that the cross correlation
might have been lowered if the t subsets had been placed in another λ blocks.
The codewords in the optical orthogonal code are then chosen as the blocks whose
cyclic shifts are also blocks. There are two relations on the five parameters for
block design:

1. b · k = n · r

2. r · (k − 1) = λ · (n− 1)

For more information about block design see [4].

Example 3.8: Block design

Say that you have seven employees, n = 7 that you want to divide into seven
groups, b = 7 and you want that each pair of employees should only be in one
group together, λ = 1. If the conditions on block design should be satisfied it
means that k = r = 3. This gives us that the number of contestants in each group
is three and that each employee should be a member of three groups. The seven
employees Anna, Bosse, Cecilia, Daniel, Erik and Filip and Gustav can then be
divided into groups as seen in table 3.2.4, where an x means that a person is a
member in that group.

Here all groups are constructed as cyclic shifts of the first group and all the
blocks are cyclic shifts of each other and this gives us an optical orthogonal code
with the parameters (7, 3, 1, 1) and with one codeword: [1, 0, 0, 0, 1, 1, 0].

Another approach to algebraic coding theory is the concept of extended sets [1]
to construct the optical orthogonal code. The set {C1, C2, · · · , CN} includes all the
codewords of weight ω of an optical orthogonal code of size N . An alternative way
to represent the codewords is to represent them by their equivalent sets of relative
delay elements. The set D = {αi(1), αi(2), · · · , αi(ω)} represents the codeword Ci

where αi(ω) is the relative delay between the beginning of the ωth pulse to the
beginning of the first pulse of the periodic sequence Ci. An extended set of Ci is
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Name Group Group Group Group Group Group Group
1 2 3 4 5 6 7

Anna x x x
Bosse x x x
Cecilia x x x
Daniel x x x
Erik x x x
Filip x x x
Gustav x x x

Table 3.1. Group assignment for the employees in example 3.8.

denoted as Ei and consists of all linear combinations of jointly connected relative
delays:

Ei = {αi(1), αi(2), · · · , αi(ω), αi(1) + αi(2), αi(2) + αi(3), · · · , αi(ω) + αi(1),
αi(1) + αi(2) + αi(3), αi(2) + αi(3) + αi(4), · · · , αi(ω) + αi(1) + αi(2), · · ·
αi(1) + αi(2) + · · ·+ αi(ω − 1), αi(2) + αi(3) + · · ·+ αi(ω − 1), αi(ω), · · ·
αi(ω) + αi(1) + αi(2) + · · ·+ αi(ω − 2)}

For the codeword Ci to satisfy the periodic auto correlation property with
λa = 1, there should be no repetitions of elements in the set Ei. To satisfy the
cross correlation constraint with λc = 1 for any two codewords Ci and Cj , i 6= j the
intersection between the extended sets must be empty. The easiest way to create
several codewords is to start with one codeword and calculate all its relative delay
elements. To create more codewords the trick is to ensure that the delay elements
already existing don’t occur in the new codewords.

Example 3.9: Set concept

You have the codeword [1, 2, 6] of length 17. (Index from 1) The set D1 =
{1, 5, 4, 16, 12, 13} is created by calculating all distances between the ones in the
codeword. When creating a new codeword it is important that none of the dis-
tances in the set D1 occur in the new codeword if you do not want the cross cor-
relation to exceed one. For example it is possible to create the codeword [1, 3, 11]
because here the set D2 = {2, 10, 8, 15, 7, 9} has no elements in common with the
set D1 and the cross correlation constraint is satisfied.
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3.3 Construction of an optical orthogonal code
with variable weight

There are several methods to construct optical orthogonal codes with variable
weight. The most common are to use balanced incomplete block design, BIBD,
or to combine codes with different weight and the same length. The idea behind
combing different codes to get a new code is simple. First create individual optical
orthogonal codes by using any of the methods presented in the previous section.
Then try to make a new code by choosing codewords from the different optical
orthogonal codes. Before including a codeword, carefully check to see that it
satisfies the correlation constraints against all the already included codewords.
If a codeword satisfies the correlation constraints it is included in the new code,
otherwise it is discarded. For more information about BIBD, see [14].

Example 3.10: BIBD with different weight

You have the two individual optical orthogonal codes:

C1 with the parameters: w1 = 3, n1 = 13, t1 = 3

and the codewords: [1, 2, 13], [1, 5, 10] and [1, 4, 11]

C2 with the parameters: w2 = 2, n2 = 13, t2 = 6

and the codewords [2, 13], [3, 12] , [5, 10], [6, 9], [4, 11] and [7, 8].
To create a new multiweight code, C first include the first codeword of C1 into

C. Then try to include the first codeword from C2 into C. In this case it is easy
to see that it is impossible to include this codeword but that the second one is
okay to choose. When testing the second codeword of C1, [1, 5, 10] it is easy to
see that this codeword can not be included because the distance between the first
and the last one is nine, just like the distance between the ones in [3, 12] and this
makes the correlation exceed one. The last codeword of C1, however, is possible to
include in C. The next codeword of C2 [5, 10] is also possible to include in C but
no other codewords in C2 are possible to include because they all contain distances
between the ones that already exist in the included codewords. The resulting code
therefore consists of the four codewords, all of length 13:

[1, 2, 13], [3, 12], [1, 4, 11] and [5, 10].

The choice to take every other codeword from each code of course affect the result
because in some cases the first codeword chosen may not be a good choice to start
with. In the example above it does not matter which codeword is chosen first
because the resulting code includes four codewords regardless of which codeword
that is included first.
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3.4 Construction of an optical orthogonal code
with variable length

One approach to designing multilength optical orthogonal codes is to combine
several optical orthogonal codes of different length together. The only problem
using this technique is that the resulting cross correlation might be large and
this in turn causes rapid degradation of the code performance if the codewords
are not picked carefully. Another approach to constructing multilength optical
orthogonal codes is to remove elements of some of the codewords in an already
existing OOC in order to preserve the cross correlation property. But by doing
this one might change the weight of these shortened codewords. Another possible
way to construct multilength optical orthogonal codes is to pad zeros to the end
of some codewords. What might be a problem is that a large number of zeros
may be needed to break the periodic correlation into an aperiodic one and this
in turn gives very long codewords. The best way to construct multilength optical
orthogonal codes is therefore to use an algebraic approach to recursively construct
the codewords. For a more thorough description about the methods to create
optical orthogonal codes with variable length see [5, 6].

Example 3.11: Combining different codes

You have two individual optical orthogonal codes both with λa = 2:

C1 with the parameters: w1 = 3, n1 = 13, t1 = 3

and the codewords [1, 2, 13], [1, 5, 10] and [1, 4, 11].

C2 with the parameters: w2 = 3, n2 = 29, t2 = 7

and the codewords [1, 2, 29], [1, 5, 26], [1, 14, 17], [1, 7, 24], [1, 6, 25], [1, 10, 21] and
[1, 8, 23].

To create a new multilength code, C where the cross correlation is at most
one, first include the first codeword from C1 to C. Then try to include the first
codeword from C2 into C. Here it is easy to see that the first codeword of C2

has the two first positions in common with the already included codeword in C
and therefore this new codeword is not included in the code. When trying the
second codeword of code C2 this codeword is also impossible to include because
here the inter- cross correlation is bigger than 1. If you lay two copies of the first
codeword after another you get a codeword of length 26 with ones at the positions
[1, 2, 13, 14, 15, 26] and this codeword has more than one position in common with
the codeword [1, 5, 26]. The same can be said for the codeword [1, 14, 17], and the
first possible codeword to include into C is [1, 7, 24], here both the intra- and inter-
cross correlation constraints are met. To calculate the inter- cross correlation one
must look at the minimum number of short copies required to cover the longer
codeword, in this example three. After that the vector, built from three copies of
the short codeword after one another, is rotated 180 degrees and is convolved with
the vector from C2. The maximum of the convolved vector gives the maximum
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inter- cross correlation, which in this case is 1 and therefore this codeword may be
included in C. After taking this codeword from C2, the next codeword from C1 is
to be tested. But when calculating the inter- cross correlation here you find that
none of the two other codewords in C1 is possible to include because then the inter-
cross correlation exceeds one. When trying to include any more codewords from
C2 you find that it is impossible so the resulting code only includes two codewords:
[1, 2, 13] with the length 13 and [1, 7, 24] with the length 29.

The choice to take every other codeword from each code of course is not the only
way to include codewords to the new code. Another possible way is to include
all codewords from one of the codes and then see if it is possible to include any
codewords from the second code.

Example 3.12: Removing elements from some codewords

You have an optical orthogonal code with codewords of the length 7 and with
a weight of 2, that includes three codewords [1, 4], [1, 3] and [1, 2]. Here it is
possible to take away a 0 at the end of [1, 3] and still have a inter- and intra- cross
correlation that does not exceed one. A multilength code, which has one codeword
of the length 6 and two of the length 7 is created. The multilength code consists
of the three codewords x0 = [101000], x1 = [1001000] and x2 = [1100000]

Example 3.13: Zero padding

Start with the three codewords [1010000], [1100000] and [1001000]. Say that you
want to have one short codeword and two longer to make two different rates in the
system possible. The codewords should have a maximum inter- and intra- cross
correlation of one. In this case it is easy, by just adding one 0 at the end of the two
last codewords, two different codeword lengths are created and the new codewords
still satisfy the correlation constraints. The new multilength code consists of the
three codewords [1010000], [11000000] and [10010000].



Chapter 4

Design of optical orthogonal
codes with variable length
and weight

From the five techniques to construct optical orthogonal codes described in chapter
3 in this thesis, I chose to do an implementation based on an algebraic approach.
The chosen algorithm constructs optical orthogonal codes based on the mathe-
matical theory of fields. Different optical orthogonal codes can be constructed
by varying the code parameters. To create optical orthogonal codes with vari-
able weight or length, I created codes with different parameters and then tried to
combine them into a new optical orthogonal code with variable length or weight.

4.1 Construction of optical orthogonal codes

To create the optical orthogonal codes I used the algorithm created by Yang et
al [3] that is given below. The algorithm uses t to denote the cardinality of the
code. The resulting blocks of the algorithm shows the positions of the 1:s in the
codewords.

4.1.1 An (n, w, 2, 1) optical orthogonal code with even weight

To create an (n, w, 2, 1) optical orthogonal code with an even weight, first let w be
any even number w = 2 ·m and let t be any number so that n = 1+ w2·t

2 is a prime.
If α is a primitive element of GF (n) such that

{
loga[αkmt − 1] : 1 ≤ k ≤ m

}
are

all distinct modulo m, then the code consisting of the blocks

[αmi, αm(i+t), αm(i+2t), · · · , αm(i+(2m−1)t)] for i = 0, 1, · · · , t− 1,

is an (n, w, 2, 1) optical orthogonal code, with t codewords.

27
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4.1.2 An (n, w, 2, 1) optical orthogonal code with odd weight
To create an (n, w, 2, 1) optical orthogonal code with odd weight, first let w be
any odd number w = 2 · m + 1 such that n = 1 + (w2−1)·t

2 is a prime. If α is a
primitive element of GF (n) such that

{
loga[αk(m+1)t − 1] : 1 ≤ k ≤ m

}
are all

distinct modulo m + 1 and nonzero modulo m + 1, then the code consisting of the
blocks

[0, α(m+1)i, α(m+1)(i+t), α(m+1)(i+2t), · · · , α(m+1)(i+(2m−1)t)] for i = 0, 1, · · · , t− 1

is an (n, w, 2, 1) optical orthogonal code with t codewords.
A valid upper bound for the codes created by this algorithm is:

Φ(n, w, λ + m,λ) ≤ (n− 1)(n− 2) · · · (n− λ)(λ + m)
w(w − 1)(w − 2) · · · (w − λ)

,

where Φ denotes the cardinality of the code. For proof see [3].

Example 4.1: Code construction using the algorithm
To create an optical orthogonal code with the parameters (37, 5, 2, 1), first t is
chosen. Here t is chosen to be 3. To construct the code, a primitive element of
GF (37) is needed and the primitive element chosen must fulfill the conditions of
an odd weight optical orthogonal code. Since w = 2m + 1, m is equal to 2. The
primitive elements of GF (37) are:

2, 5, 13, 15, 17, 18, 19, 20, 22, 24, 32 and 35.

To check that these elements are primitive elements in GF (37) use the mathemat-
ical constraints about order of a primitive element, found in chapter 3. But to be
used in the algorithm shown above, the primitive element α needs to fulfill the
condition that all

{
loga[αk(m+1)t − 1] : 1 ≤ k ≤ m

}
are distinct modulo m + 1

and nonzero modulo m + 1.
The primitive element 2 fulfills this condition because:

{
log2[29k − 1] : 1 ≤ k ≤ 2

}
gives the two logarithms log2(29 − 1) and log2(218 − 1), which is the same as
log2(31−1) and log2(36−1) taken modulo 37. This in turn is equivalent to log2(214)
and log2(219), which is equivalent to 14 and 19. The two numbers 14 = 2 mod 3
and 19 = 1 mod 3 are distinct modulo 3 and nonzero modulo 3, which makes 2 a
possible primitive element to use in the code construction. The code then consists
of the blocks:

[0, 1, 6, 31, 36], [0, 8, 11, 26, 29] and [0, 10, 14, 23, 27].

The three codewords constructed are then:

x0 = [1100001000000000000000000000000100001]

x1 = [1000000010010000000000000010010000000]
x2 = [1000000000100010000000010001000000000]
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4.2 Construction of multilength optical orthogo-
nal codes

To create a multilength optical orthogonal code, I decided to try to combine two
codes with different length but with the same weight. By having a code consisting
of codewords from two different codes it is possible to have two different data
rates in the fiber optic network, a high rate and a low rate. The users with a need
to send a lot of data are then assigned short codewords, which enables them to
send information faster than the low rate users who are assigned long codewords.
Users that need to send movies, pictures etc, are depending on the possibility to
send their information with a high data rate. To create the individual codes that
should be combined into a new multilength optical orthogonal code, I used the
algorithm given in section 4.1. By first fixating the weight of the codewords to
w,then the length n and the cardinality t of the two codes may be chosen under the
conditions stated in the algorithm. To construct a multilength optical orthogonal
code in order to examine its cardinality I followed these steps:

1. An upper limit for the codeword length is determined, which naturally also
sets an upper limit on the code weight.

2. A program which returns a list of possible code parameters (w, n, t) is called.
The program systematically goes through all weights up to the upper limit
and for each weight all possible length-values (all prime lengths up to the
upper limit) is gone through and it is investigated if a possible t-value exists.
The values that are examined for t are all values up to d 2n

w2 e . The expression
for t was created by looking at the expression for n in the algorithm, thinking
that n and w where known. If a possible code parameter triple is found it
is saved and when all lengths have been investigated, the parameter list is
returned.

3. It is checked how many codes there are with the same weight but with
different lengths. To be able to combine two codes with the same weight but
with different lengths there must exist more than one code of each weight.
If only one code exists that case is not regarded.

4. The parameter triples are sent to a program that tries to make optical orthog-
onal codes from them, using the algorithm in section 4.1. It is not possible
to create a code for every (w, n, t) because there is not always a primitive
element that satisfies the conditions in the algorithm, so some cases are
discarded.

5. For each weight where there exists more than one code, every combination
of two codes is tried to be combined into a new multilength code. For the
case of three different codes of the same weight, but with different lengths,
I first try to combine the first and the second code, then the first and the
third code and then the second and the third code.
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6. The multilength code C is created by combining two optical orthogonal
codes. At the beginning, the first codeword from the code with the least
number of codewords is included in C. Then I try to take the first codeword
from the second code, including it only if it satisfies the inter- and intra-
cross correlation constraints that I fixated to one. If this codeword is impos-
sible to include I try to take the next codeword from the second code until
one of the two following things happens:

(a) a codeword possible to include is found or
(b) none of the codewords are possible to include.

If a codeword is found and included, I go back to the first code and try to
include the next codeword from this code into the new multilength code C.
This process to take every other codeword from the two codes is continued
until there are no more codewords in the code with the least codewords to
test. After that the remaining codewords in the other code are tested. If
they satisfy the correlation constraints they are included. The cardinality of
the resulting code is then compared with the cardinality of the two individual
codes in an attempt to conclude if it is possible to increase the cardinality
of an optical orthogonal code by allowing code words with different length
but the same weight.

Example 4.2
You have the two individual optical orthogonal codes:

C1 with the parameters: w1 = 3, n1 = 5, t1 = 1

and the codeword [11001] and the code

C2 with the parameters: w2 = 3, n2 = 13, t2 = 3

and the codewords [1100000000001], [1000100001000] and [1001000000100].
Both codes were created using the algorithm from section 4.1. To create a new

multilength code C first include the first and in this case the only codeword from
the first code into C. Then try to include the first codeword from C2 into C. In
this case it is easy to see that it is impossible to include any of the codewords from
code 2 because the cross correlation then exceeds 1. So in this case the cardinality
of the multilength optical orthogonal code is lower than the cardinality of the code
C2, so here it would be better to use the code C2 alone.

Example 4.3
You have the two individual optical orthogonal codes:

C1 with the parameters: w1 = 3, n1 = 13, t1 = 3



4.2 Construction of multilength optical orthogonal codes 31

and the codewords [1, 2, 13], [1, 5, 10] and [1, 4, 11].

C2 with the parameters: w2 = 3, n2 = 29, t2 = 7

and the codewords [1, 2, 29], [1, 5, 26], [1, 14, 17], [1, 7, 24], [1, 6, 25], [1, 10, 21] and
[1, 8, 23].

To create a new multilength code C, first include the first codeword from C1

to C. Then try to include the first codeword from C2 into C. Here it is easy to
see that the first codeword of C2 has the two first positions in common with the
already included codeword in C and therefore this new codeword is not included
in the code. When trying the second codeword of code C2 this codeword is also
impossible to include because here the inter- cross correlation is bigger than 1. If
you lay two copies of the first codeword after one another you get a code word
of length 26 with ones at the positions [1, 2, 13, 14, 15, 26] and this codeword has
more than one position in common with the codeword [1, 5, 26]. The same can be
said for the codeword [1, 14, 17], and the first possible codeword to include into
C is [1, 7, 24]. Here both the intra- and inter- cross correlation constraints are
satisfied. To calculate the inter- cross correlation one must look at the minimum
number of short copies required to cover the longer codeword, in this example
three. After that the vector, built from three copies of the short codeword after
one another, is rotated 180 degrees and is convolved with the vector from C2.
The maximum of the convolved vector gives the maximum inter- cross correlation,
which in this case is 1, and therefore this codeword may be included in C. After
taking this codeword from C2, the next codeword from C1 is to be tested. But
none of the other codewords in C1 are possible to include because then the inter-
cross correlation exceeds one. When trying to include any more codewords from
C2, you find that it is impossible so the resulting code only includes two codewords:

[1, 2, 13] with the length 13 and [1, 7, 24] with the length 29.

What might influence the result is that I built my algorithm so that the first
codeword included in the resulting code is always the first codeword of the code
with the least number of codewords. This might limit the code in the sense that
the first codeword may not be a good choice to start with and that it might
limit the further inclusion of code words from the two codes. To eliminate this
possible source of error one would have been forced to make several code sets.
Each set created by starting with a different codeword from the first code. After
choosing the first codeword, the process of taking every other codeword from the
two individual codes could be done. The resulting code would then have been
chosen as the set including the most codewords. If you apply this technique on
example 4.3 starting with the codeword [1, 5, 10] instead of the codeword [1, 2, 13]
you can get the code C (in order as they then may be taken):

[1, 5, 10], n = 13, [1, 2, 29], n = 29, [1, 4, 11], n = 13

and you end up with three codewords instead of two.
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4.3 Construction of multiweight optical orthogo-
nal codes

The attempt is to construct a multiweight optical orthogonal code by combing two
codes with different weight and the same length. The choice to try to combine
only two codes is based only on the analogy of the attempt to combine two codes
with the same weight and different length as in section 4.2. When the users in
the fiber optic network use codewords of the same length but with different weight
they don’t have the same sensitivity to interference. The user with the higher
weight codeword is not so sensitive to interference caused by other users that
broadcast simultaneously, as the lower weight codeword user is. This difference in
interference tolerability comes from the fact that the errors that can occur in the
system are when a zero is misinterpreted as a one at the receiver. At the receiver
the signal level is received and if it is over a predetermined threshold value, the
received signal is interpreted as a one. If the signal level does not reach up to the
threshold value, the received signal is interpreted as a zero. If many users send
1:s at the same time the signal level can be increased by superposition from the
other users and the received signal can exceed the threshold value. This makes
the receiver falsely interpret the received signal as a one even though a zero was
sent. Users with higher weight codewords send ones more often than the others
and they are therefore not likely to get the error when a zero is misinterpreted
as a one. A possible use of multiweight optical orthogonal codes may therefore
be in a network where some users send more sensitive information than others.
By assigning these users higher weight codewords it is possible to reduce their
sensitivity to interference and diminish the number of errors. To construct a
multiweight optical orthogonal code in order to examine its cardinality I followed
these steps:

1. An upper limit for the codeword length is determined, which naturally also
sets an upper limit on the code weight.

2. A program which returns a list of possible code parameters (w, n, t) is called.
The program systematically goes through all lengths up to the upper limit
and for the prime lengths all possible w-values (all values up to the current
length-value) is gone through and it is investigated if a possible t-value exists.
The values that are examined for t are all values up to d 2n

w2 e , where the
expression d 2n

w2 e is an estimation for t, taken from the expression for n,
thinking that n and w were known. If a possible code parameter triple is
found it is saved and when all lengths have been investigated, the parameter
list is returned.

3. It is checked how many codes there are with the same length but with dif-
ferent weights. To be able to combine two codes with the same length but
with different weights there must exist more than one code of each length.
If only one code of a certain length exists that case is not regarded.

4. The parameter triples are sent to a program that tries to make optical orthog-
onal codes from them, using the algorithm in section 4.1. It is not possible
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to create a code for every (w, n, t) because there is not always a primitive
element that satisfies the conditions in the algorithm, so some cases are
discarded.

5. For each length were there exists more than one code, every combination of
two codes is tried to be combined into a new multiweight code. For the case
of three different codes of the same length, but with different weights, I first
try to combine the first and the second code, then the first and the third
code and then the second and the third code.

6. The multiweight code C is created by combining the two optical orthogonal
codes. At the beginning, the first codeword from the code with the least
number of codewords is included in C. Then I try to take the first codeword
from the second code, including it only if it satisfies the cross correlation
constraint, which I fixated to one. If this codeword is impossible to include,
I try to take the next codeword from the second code until one of the two
following things happens:

(a) a codeword possible to include is found or

(b) none of the codewords are possible to include.

If a codeword is found and included, I go back to the first code and try to
include the next codeword from this code into the new multiweight code C.
This process to take every other codeword from the two codes is continued
until there are no more codewords in the code with the least number of
codewords to test. After that the remaining codewords in the other code
are tested. If they satisfy the correlation constraints they are included. The
cardinality of the resulting code is then compared with the cardinality of
the two individual codes. This in an attempt to conclude if it is possible to
increase the cardinality of an optical orthogonal code by allowing code words
with different weight but the same length.

Example 4.4

You have the two individual optical orthogonal codes:

C1 with the parameters: w1 = 3, n1 = 13, t1 = 3

and the codewords [1, 2, 13], [1, 5, 10] and [1, 4, 11]

C2 with the parameters: w2 = 2, n2 = 13, t2 = 6

and the codewords [2, 13], [3, 12] , [5, 10], [6, 9], [4, 11] and [7, 8]
Both codes were created using the algorithm in section 4.1. To create a new

multiweight code C, first include the first codeword of C1 into C. Then try to
include the first codeword from C2 into C. In this case it is easy to see that it is
impossible to include this codeword but that the second codeword from C2 is okay
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to choose. When testing the second codeword of C1, [1, 5, 10] it is easy to see that
this codeword can not be included because the distance between the first and the
last 1 is nine just like the distance between the 1:s in [3, 12], and this makes the
correlation exceed one. The last codeword of C1, however, is possible to include
in C. The next codeword of C2 [5, 10] is also possible to include in C but no other
codewords in C2 are possible to include. The resulting code therefore consists of
the four codewords, all of length 13:

[1, 2, 13], [3, 12], [1, 4, 11] and [5, 10].

What might influence the result is that I built my algorithm so that the first
codeword included in the resulting code is always the first codeword in the code
with the least number of codewords. This might limit the code in the sense that
the first codeword may not be a good choice to start with and that it might
limit the further inclusion of code words from the two codes. To eliminate this
possible source of error one would have been forced to make several code sets,
each set created by starting with a different codeword from the first code. After
choosing the first codeword, the process of taking every other codeword from the
two individual codes could be done. The resulting code would then have been
chosen as the set including the most codewords. If you apply this technique on
example 4.4 it does not change the result, you still get four codewords regardless
of which codeword you choose as the first codeword.



Chapter 5

Results and conclusions

This chapter presents the results concerning the cardinality of multilength and
multiweight codes. The cardinality of different codes is presented and a conclusion
from the results is drawn. The chapter ends with suggestions for further research
in the area concerning optical orthogonal codes with variable weight and length.

5.1 Results and conclusions for variable length
codes

The attempt to see if the use of variable length codes can increase the number of
users in a fiberoptic network gave a rather inconclusive result. The results from
the first run with the limit that the maximum length and weight should be 500
gave a lot of codes with the weight 2. To avoid this rather time-consuming and
not so interesting case in the next run, I changed the algorithm so that the weight
had to be greater than or equal to three. This because it is quite easy to construct
codes with the weight 2 without using any algorithm and so it is a quite trivial
case and therefore not so interesting to examine. I did three different runs on the
case with variable length codes. The first run and the only run including the case
with weight two was upper limited by the length 500. The next run was limited
by 1000 and the last run was upper limited by 2000.

What might seem a bit strange is that I set the upper limit for the weight of
the codes to the same as the upper limit for the length, but as a result I still only
got combined codes with the maximal weight of six. Why the maximal weight of
the codes from the calculations only became six I don’t know, but I guess that
for many weights there was only one code and then it could not be combined
with another code because there was no one to combine it with. Also for many
parameter triples returned to the program, no code could be created because the
primitive element did not satisfy the conditions in the algorithm.

Here c is the total cardinality of the combined code and t1 is the number of
codewords in the code with the fewest number of codewords and t2 is the number
of codewords in the second code, the one with the most codewords of the two codes
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Weight c > t1 c = t1 c > t1 c > t1 c < t1
∑

(each weight)
c < t2 c < t2 c = t2 c > t2 c < t2

2 3984 294 0 0 15 4278
3 0 1 0 0 2 3
4 0 9 0 0 45 54
5 0 0 0 0 19 19
6 0 0 0 0 1 1

Sum 3984 304 0 0 67 4355

Table 5.1. The results from the run that was upper limited by 500.

Weight c > t1 c = t1 c > t1 c > t1 c < t1
∑

(each weight)
c < t2 c < t2 c = t2 c > t2 c < t2

3 0 1 0 0 2 3
4 1 19 0 0 150 170
5 0 0 0 0 19 19
6 0 0 0 0 6 6

Sum 1 20 0 0 177 198

Table 5.2. The results from the run that was upper limited by 1000 and that didn’t
include any codes of weight two.

that are being combined.
Since an upper bound for variable length codes was not found, it is not possible

to see if the created codes are optimal. This makes it hard to draw any conclusions
about the created codes.

Table 5.1, 5.2 and 5.3 shows for each weight the number of cases in which
the cardinality of the multilength code is greater than or equal to t1 and smaller,
equal to, or greater than t2. For codes with weight 2, it seems that it is possible to
make bigger optical orthogonal codes with more codewords by combining different
codes. But for codes with higher weights than 2, it seems that it is not possible
to increase the cardinality of a code by combing two different optical orthogonal
codes with the same weight, but with different lengths. Also seen in the tables is

Weight c > t1 c = t1 c > t1 c > t1 c < t1
∑

(each weight)
c < t2 c < t2 c = t2 c > t2 c < t2

3 0 1 0 0 2 3
4 1 40 0 0 661 702
5 0 0 0 0 19 19
6 0 0 0 0 36 36

Sum 1 41 0 0 718 760

Table 5.3. The results from the run that was upper limited by 2000 and that didn’t
include any codes of weight two.
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c > t1 c = t1 c > t1 c > t1 c < t1
∑

c < t2 c < t2 c = t2 c > t2 c < t2
75 36 0 0 3 114

Table 5.4. The result for the run with the maximum length 1000.

c > t1 c = t1 c > t1 c > t1 c < t1
∑

c < t2 c < t2 c = t2 c > t2 c < t2
144 67 0 0 8 219

Table 5.5. The result for the run with the maximum length 2000.

that the cardinality of the combined code is in all cases but one, smaller than or
equal to the cardinality of the code that includes the highest number of codewords.
So for a code with weight 2 that doesn’t include so many codewords it is possible
to increase the cardinality. For codes with many codewords on the other hand, it
can be hard to include any more codewords, and as seen in the tables there are
no combined codes that include more codewords than the optical orthogonal code
with the most codewords. So for a code including many codewords it seems to
be better to let the codewords have the same length. But in order to verify these
results further studies are needed, and an upper bound on the cardinality must be
found in order to determine if the created codes are optimal.

5.2 Results for variable weight codes

In the attempt to combine codes with the same length and different weight, for
many lengths only two codes were found and they were then combined together.
This gave the result that for many of the lengths there is only one combined code.
This makes it hard to look at the statistics for that length individually because
it is only one entry, so I looked at the statistics for all the lengths together to
be able to see any result. Since there exists an upper bound for the cardinality
of a variable weight OOC (see section 2.3.1) I compared the cardinality of the
multiweight code I created with the maximal theoretical cardinality. For each of
the two runs only in four cases the cardinality of my multiweight code was the
same as the maximal cardinality. In all of these cases the codelength was really
small. For all other cases the cardinality of my code was smaller than the maximal
cardinality. This means that my codes are not optimal in the sense of cardinality.

As seen in table 5.4 and 5.5 it looks like it does not matter how long the codes
are, if a code is quite small, but not optimal, it seems that it is possible to create
multiweight OOC with higher cardinality than the small code. For codes with
many codewords, on the other hand, it can be hard to include any more codewords,
and as seen in the tables there are no combined codes that include more codewords
than the optical orthogonal code with the most number of codewords.
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5.3 Further studies
What might be interesting to investigate is if the order in which the codewords
are picked from the two individual codes is important or if in the long run it does
not matter. In my thesis I created codes with the parameters (n, w, 2, 1). It might
be interesting to examine codes with other parameters. To create the optical
orthogonal codes with variable weight and length, I chose the approach to try and
combine two different codes together. It might give another result if one of the
other methods mentioned in this thesis was used. By using the methods BIBD,
zeropadding or removing elements from existing codewords, other multiweight
and multilength codes could be created. Another approach, not mentioned in this
thesis, to create a multilength OOC, is to consider the distances in a code. By
looking at which distances are free, it is possible to create new sets of codewords
based on these distances. By using the approach on distances it is possible to create
OOC with both variable weight and length. By using these codes it is possible
to have both different quality of service and multirate services in the network.
The flexibility of the codes created makes this approach a very interesting area for
further studies. To read more about this approach see [12].
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