
Approaches to Object/Background

Segmentation and Object Dimension Estimation

Christina Grönwall, Fredrik Gustafsson

Division of Automatic Control

Department of Electrical Engineering
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Abstract
In this paper, optimization approaches for object/background segmentation and
object dimension/orientation estimation are studied. The data sets are collected
with a laser radar or are simulated laser radar data. Three cases are defined:
1) Segmentation of the data set into object and background data. When there
are several objects present in the scene, data from each object is also separated
into different clusters. Bayesian hypothesis testing of two classes is studied. 2)
Estimation of the object’s dimensions and orientation using object data only.
3) Estimation of the object’s dimensions and orientation using both object and
background data. The dimension and orientation estimation problem is for-
mulated using non-convex optimization, least squares and, convex optimization
expressions. The performance of the methods are investigated in simulations.

Keywords: Segmentation, Bayes, Rectangle estimation, least squares, op-
timization.
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1 Introduction

An object classification (or recognition) process can usually be divided into a
detection phase, where data are analyzed to find if something interesting is
present, and a classification phase, where the objects are roughly grouped (car,
truck, tank etc.). The classification can be followed by a recognition step, where
the objects are separated within their group (Volvo, Saab etc.).

Usually, the detection/classification/recognition process can be divided into
six steps:

1. Identification of regions of interest.

2. Segmentation of those regions into objects and background.

3. Determination of the samples that belong to a certain object (detailed
object/background segmentation).

4. Estimate object features, for example dimensions and orientation. Other
typical object features can also be identified.

5. Matching the unknown object with reference objects (stored in a data-
base).

6. Determination of a score for correct match.

In the first two steps the object detection is performed and the following
steps perform the object classification/recognition. Some of these steps are
fairly straight-forward while others are more complicated.

If a 3D registration of the object are available, the data set can be rotated to
an arbitrary projection. If the object samples are identified, the object can be
rotated to side-view projection or top view projection. In top view projection,
there are usually background samples surrounding the object and those samples
can also be used in the estimation. In this paper, approaches that can be used
in steps 2-4 of the classification/recognition process will be studied. Three cases
are defined:

1. Segmentation of the data set into object and background data. When
there are several objects present in the scene, data from each object are
separated into different clusters.

2. Estimation of the object’s dimensions and orientation using object data
only.

3. Estimation of the object’s dimensions and orientation using both object
and background data.

On a large scale, 2-D data, or projections of 3-D data, of man-made objects
can be approximated by geometric primitives (circles, ellipses, and rectangles).
This can be used for large-scale dimensions and orientation estimation. Ex-
amples of man-made objects, measured with laser radar systems, are shown in
Figures 1-2. The shape of the land mines in Figure 1 can be approximated with
a circle or a rectangle, respectively. The separation of object and background
data has to be performed before the shape fitting. For the mine data set, the
object/ground segmentation will be performed.
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Figure 1: Forward-looking view of two land mines, photograph (left) and range
data in top view projection (right). Data is collected with a laser radar system.
Axes in meters.

The dimension and orientation estimation using rectangle fitting has been
performed on the tank in Figure 2. In the figure it is shown that for top view
projection surrounding background data are available, but not in the side and
back/front projections. If a more detailed description is needed, the large parts
of the object can be found by dividing it into several rectangles.

1.1 Outline

In this paper, an approach for segmentation of object/background data and
several approaches for rectangle fitting are studied. In Section 2, the mathe-
matical preliminaries and related work is presented. In Section 3, a Bayesian
approach for object/background segmentation is described and exemplified on
the land mine data. The rectangle fitting methods that only use object data
are presented in Section 4 and the methods that are based on both object and
background data are presented in Section 5. The rectangle fitting problem is
expressed using non-convex optimization, least squares (LS) optimization and,
other convex optimization expressions. In Section 6 the performance of the rec-
tangle fitting methods is analyzed and discussed. Finally, the paper is concluded
in Section 7.

2 Related Work

Assume that we have irregularly sampled 2D data (x1, y1) , (x2, y2) , ..., (xN , yN )
that describe the object. Define the regressor ϕ = (x, y). Each sample i can be
modelled (

xi yi

)
=

(
x0 y0

)
+

(
exi

eyi

)
or

ϕi = ϕ0 + eϕi
, (1)

where ϕi is the measured coordinate, ϕ0 is the unobservable, true coordinate
and eϕi

is the noise in ϕi. The noise eϕi
is assumed to be identically and

independently distributed (i.i.d.) with zero mean and variance Iσ2, where I is
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Figure 2: Example of dimension and orientation estimation using rectangle
fitting for a tank. Data is collected with a laser radar system. Black samples:
object samples, grey: background samples, axes in meters.

the unit matrix. In some approaches below it is assumed that eϕ has Gaussian
distribution.

The approaches described in this paper are model-based, which means that
the object’s properties are modelled with a parameter vector θ = (θ1, ..., θK)T ,
where (·)T is matrix transpose. The parameter estimation problem can now be
formulated

θ̂ = arg minθ f (ϕ; θ) ,

where θ̂ is the estimate of θ and the function f (ϕ; θ) describes the approach to
object/background segmentation or dimension estimation.

In mine detection, the object/background segmentation is a part of the
process. Object/background segmentation in visual and infrared (IR) data,
for detection of mines, have been reported for example in [1, 5, 14, 19]. To the
authors knowledge, 3-D and intensity data from a laser radar system have not
been used for mine detection.

For a geometric shape, e.g., an ellipse or a rectangle, the minimization crite-
rion in geometric fitting is to minimize the squared sum of orthogonal distance
between the data points and the shape. Let θ be a vector of unknown para-
meters and consider the (linear or nonlinear) system of N equations g (θ). If
N > K, θ is estimated by minimizing

min
θ∈RK

g (θ) = min
θ∈RK

N∑
i=1

r2
i (θ) ,

where ri is the orthogonal distance between data point i and the geometric
shape. An advantage with the orthogonal distance is that it is invariant under
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transformations in Euclidean space. Geometric fitting is also called orthogonal
distance regressions, orthogonal regressions, data fitting and errors-in-variables
regression in the literature.

In [9], several algorithms for geometric fitting of circles and ellipses are de-
scribed. The curves are represented in parametric form:

Q(x, y) = ϕ

(
θ1 θ2

θ2 θ3

)
ϕT + 2

(
θ4 θ5

)
ϕT + θ6 = 0,

θ = (θ1, θ2, θ3, θ4, θ5, θ6)
T

which is well suited for minimizing the sum of the squares of the distance. In
the minimization of the geometric distance a nonlinear LS problem is solved.

An iterative approach for rectangle fitting is proposed in [11]. In [4, 10,
23, 24], non-iterative approaches to rectangle estimation are used to find good
initial values for further processing. The objects that are characterized are
asteroids [24], buildings [23], and vehicles [4], respectively. In [23, 24], eigenvalue
calculations are used to estimate the orientation of the object. After that, a
rectangle that bounds the object samples [24] or is optimal in second order
moment [23] is calculated. In [4], a rectangle that bounds the object data is
estimated by solving an optimization problem, which is described further below.
Approximative rectangle estimation by moment calculations and estimation of
parallel and perpendicular lines, that may not represent a rectangle, is presented
in [17, 18, 21].

3 Object and Background Separation by Bayesian
Classification

For classification of data into object and background data and clustering of
object data, Bayesian hypothesis testing for two classes is applied. The samples
in ϕ are randomly distributed over ϕ1 ≤ ϕ ≤ ϕ2. Separate the data set ϕ
into object samples, ϕ0, and background samples ϕ1. The variance for object
and background samples are Σ0 and Σ1, respectively. For an arbitrary point
ϕ′, ϕ1 ≤ ϕ′ ≤ ϕ2, the classification rule is [8]

h (ϕ′) =
1
2

(
ϕ′ − ϕ0

) (
Σ0

)−1 (
ϕ′ − ϕ0

)T−1
2

(
ϕ− ϕ1

) (
Σ1

)−1 (
ϕ− ϕ1

)T
≷ ln

P0

P1
,

where the a priori probabilities are assumed to be equal, i.e., P0 = P1. An
arbitrary samples ϕ′ is classified as a object sample if h (ϕ′) > 0 and classified
as a background sample if h (ϕ′) ≤ 0.

This gives a likelihood function that covers ϕ1 ≤ ϕ′ ≤ ϕ2 where there are
positive peaks for each object sample and negative valleys for each background
sample, see the example below. The separating edge, described in θ, is found
where the likelihood function equals zero. In other words, the parameter esti-
mates are found where h (ϕ; θ) = 0, i.e.,

θ̂ = solθ {h (ϕ; θ) = 0} .

For separation of data into object and background samples, ϕ0 and ϕ1 and
estimation of their variances, Σ0 and Σ1, Gaussian mixture based on expectation
maximization (EM) is used [6].
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Figure 3: Range data (left) and normalized intensity data (right) of the mine
scene in Figure 1, axes in meters.

3.1 Example

The approach is tested on range and normalized intensity data from the scene
with two mines, see Figure 1. The range and intensity data are shown in Figure
3. A mixture of two Gaussian functions is fitted to range and intensity data,
respectively, see Figure 4. The points where the functions intersect are used as
threshold to separate the data sets. The segmentation and clustering algorithm
described above is applied, with Σ0 = Σ1, see Figure 5. There is a clear separa-
tion of the objects into two different clusters for both range and intensity data.
However, there are many misclassified samples, especially object samples that
are classified as belonging to the background.

When there are both object and background placed in the same area in h (ϕ′),
the posterior PDF averages the contributions. This results in smoothening
of the object’s edge. Object and background parts can also be placed in the
same laser footprint if the object’s height is small compared to the laser pulse.
Then the returning laser pulse will contain contributions from both the object’s
edge and the background. In laser radar data, the intensity values fluctuates
depending on the measurement angles and partly obscuring objects. Altogether,
this will make it harder to find the “true” separation of the two classes. Both
classifications above suffer from that there is no distinct difference between
object and background data.

The mixture of two Gaussian functions for the combined range and inten-
sity data is shown in Figure 6. The segmentation and clustering of object
and background data contain fewer false classifications, compared to the earlier
classifications. In more complicated scenes, the 2D Gaussian mixture or higher
order Gaussian mixture can be more robust classifiers. This is, however, subject
to further studies.

4 Rectangle Estimation using Object Data

4.1 Introduction

A straight line can be described as n1x + n2y − c = 0, where the normal vector
n =(n1, n2)

T defines the slope of the line and c the distance to origin. The
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Figure 4: Top: distribution of range data (left) and normalized intensity data
(right). Bottom: Gaussian mixture estimation of range data (left) and normal-
ized intensity data (right).
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object points ϕi, i = 1, ..., N are inside or on the side of the rectangle if

Side 1 : n1xi + n2yi − c1 ≥ 0, i = 1, ..., N (2a)
Side 2 : −n2xi + n1yi − c2 ≥ 0, i = 1, ..., N (2b)
Side 3 : n1xi + n2yi − c3 ≤ 0, i = 1, ..., N (2c)
Side 4 : −n2xi + n1yi − c4 ≤ 0, i = 1, ..., N (2d)

where nT n = 1. The normal vector (n1;n2) is orthogonal to side 1 and side 3
of the rectangle, the normal vector (−n2;n1) is orthogonal to side 2 and side 4
of the rectangle and ci is the Euclidean distance between side i and the inertia
point of the rectangle, i = 1, 2, 3, 4. Introduce the rotation matrix

R =
(

0 −1
1 0

)
,

and (2) can be rewritten as

ϕin− c1 ≥ 0, i = 1, ..., N (3a)
ϕiRn− c2 ≥ 0, i = 1, ..., N (3b)

ϕin− c3 ≤ 0, i = 1, ..., N (3c)
ϕiRn− c4 ≤ 0, i = 1, ..., N. (3d)

Defining the parameter vector θ = (n1, n2, c1, c2, c3, c4)
T

, ϕ = (ϕ1, ..., ϕN )T ,
1 = (1, 1, ..., 1)T (column with N ones), and 0 = (0, 0, ..., 0)T (column with
N zeros), an equivalent description is

ϕ −1 0 0 0
ϕR 0 −1 0 0
−ϕ 0 0 1 0
−ϕR 0 0 0 1

 θ ≥ 0. (4)

4.2 Minimization of the Rectangle’s Area

We will find a rectangle that contains all object samples inside or on the rectan-
gle’s edge. This rectangle will contain the convex hull of the object data. The
method has been described separately by Toussaint under the name Rotating
Calipers [22] and by Carlsson [3]. This rectangle estimation approach is more
general than the principal axis-based method in [23], as it works for squares too.
The minimization problem is

min (c3 − c1) (c4 − c2) (5a)

subject to 
ϕ −1 0 0 0

ϕR 0 −1 0 0
−ϕ 0 0 1 0
−ϕR 0 0 0 1

 θ ≥ 0 (5b)

nT n = 1. (5c)

8



Let us study the objective function a bit further. The constraints in (5b) give
that c1 and c2 will have equal sign and c3 and c4 will have equal sign and opposite
sign compared with c1 and c2. This means that if c1 < 0, c2 < 0, c3 > 0 and
c4 > 0 we have

(c3 − c1) > 0, (c4 − c2) > 0 and (c3 − c1) (c4 − c2) > 0.

On the other hand, if c1 > 0, c2 > 0, c3 < 0 and c4 < 0 we have

(c3 − c1) < 0, (c4 − c2) < 0 and (c3 − c1) (c4 − c2) > 0.

Thus, the absolute value is not needed in the area calculation.
This problem is not convex, as the objective function and the last constraint

are not convex. However, we have a constraint that limits the number of possible
orientations of the rectangle. The constraint is described by Theorem 1.

Theorem 1 (Minimal Rectangle) The rectangle of minimum area enclosing
a convex polygon has a side co linear with one of the edges of the polygon.

Proof 1 See [7] for the first proof. The proof is also performed in [20] using
angle calculations and in [3] using linear algebra.

Using this theorem, the number of possible orientations of the rectangle can
be limited, only rectangles that have one side co linear with one of the edges of
the convex hull have to be tested. In both [3] and [22] (similar) algorithms are
given for calculation of the minimal area in linear time, i.e., O (Nv) where Nv is
the number of vertices in the convex polygon. Further, the convex hull can be
calculated in O (N lg2 N) time, where N is the number of samples and lg2 the
logarithm function with base 2, if data are unsorted and in O (N) time if data
are sorted. In [3], a sorting algorithm for scanned laser radar data is proposed.

4.3 Minimizing the Total Distance

By replacing the objective function in (5) with a convex function and relaxing
the constraint (5c), a convex problem is retrieved. Introduce the slack variables
(s1, s2, s3, s4) in (5). The minimization problem can now be formulated as

min (c3 − c1) (c4 − c2) (6a)

subject to

0 =


ϕ −1 0 0 0 −I 0 0 0

ϕR 0 −1 0 0 0 −I 0 0
−ϕ 0 0 1 0 0 0 I 0
−ϕR 0 0 0 1 0 0 0 I




θ
−s1

−s2

s3

s4

 (6b)

nT n = 1 (6c)

sj = (sj,1, ..., sj,N )T
, j = 1, 2, 3, 4 (6d)

sj,i ≥ 0, j = 1, 2, 3, 4 i = 1, ..., N. (6e)
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The slack variables represents the distance between each sample and the rec-
tangle. The objective function (5) can be replaced by the convex expression:

(c3 − c1) (c4 − c2) =
N∑

i=1

(s1,i + s2,i + s3,i + s4,i) .

This function will not minimize the area but the sum of all distances from all
samples to all sides of the rectangle. The last constraint, nT n = 1, can be
relaxed by

−1 ≤ n1 ≤ 1
−1 ≤ n2 ≤ 1.

A linear programming (LP) problem can be defined:

min
N∑

i=1

(s1,i + s2,i + s3,i + s4,i) (7a)

subject to

0 =


ϕ −1 0 0 0 −I 0 0 0

ϕR 0 −1 0 0 0 −I 0 0
−ϕ 0 0 1 0 0 0 I 0
−ϕR 0 0 0 1 0 0 0 I




θ
−s1

−s2

s3

s4

 (7b)

sj = (sj,1, ..., sj,N )T
, j = 1, 2, 3, 4 (7c)

sj,i ≥ 0, j = 1, 2, 3, 4, i = 1, ..., N. (7d)
−1 ≤ n1 ≤ 1 (7e)
−1 ≤ n2 ≤ 1. (7f)

As the LP problem is solvable in the primal space, the dual space problem will
not be studied. In this case n is estimated in another norm than (5c). By
normalizing n and recalculating c1, ..., c4, s1, ..., s4, this estimate of θ can be
compared with those from other approaches.

4.4 Minimizing the Perimeter I

The objective function (5a) can also be replaced by the perimeter, i.e.

2t1 + 2t2,

where

|c3 − c1| ≤ t1

|c4 − c2| ≤ t2.

Further, replace the constraint (5c) with

‖n‖2 ≤ 1,

10



where ‖·‖2 is Euclidean norm ‖x‖2 =
√∑I

i=1 x2
i . The minimization problem

(5) can now be described as another second order cone program (SOCP):

min t1 + t2 (8a)

subject to


ϕ −1 0 0 0

ϕR 0 −1 0 0
−ϕ 0 0 1 0
−ϕR 0 0 0 1

 θ ≥ 0 (8b)

‖n‖2 ≤ 1 (8c)
− (c3 − c1) ≤ t1 ≤ c3 − c1 (8d)
− (c4 − c2) ≤ t2 ≤ c4 − c2. (8e)

4.5 Minimizing the Perimeter II

The constraint (8c) can also be described by a linear matrix inequality (LMI).
An advantage with this setup is that n is normalized automatically. Apply the
Schur complement to rewrite

nT n ≤ 1

as the LMI (
I2×2 n
nT 1

)
≥ 0.

The problem is now described as a semidefinite program (SDP):

min t1 + t2 (9a)

subject to


ϕ −1 0 0 0

ϕR 0 −1 0 0
−ϕ 0 0 1 0
−ϕR 0 0 0 1

 θ ≥ 0 (9b)

(
I2×2 n
nT 1

)
≥ 0 (9c)

− (c3 − c1) ≤ t1 ≤ c3 − c1 (9d)
− (c4 − c2) ≤ t2 ≤ c4 − c2. (9e)
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5 Rectangle Estimation using Object and Back-
ground Data

5.1 Introduction

Assume that there are five data sets, ϕ0 that contain object samples and the
background data sets ϕ1, ϕ2,ϕ3, and ϕ4, where

ϕ0 = (ϕ1, ..., ϕN )T
,

ϕ1 =
(
ϕ1

1, ..., ϕ
1
M1

)T
,

ϕ2 =
(
ϕ2

1, ..., ϕ
2
M2

)T
,

ϕ3 =
(
ϕ3

1, ..., ϕ
3
M3

)T
,

ϕ4 =
(
ϕ4

1, ..., ϕ
4
M4

)T
,

M = M1 + M2 + M3 + M4,

and each set is related to one side of the rectangle. For the background data we
have

Side 1: ϕ1
i n− c1 < 0, i = 1, ...,M1

Side 2: ϕ2
i Rn− c2 < 0, i = 1, ...,M2

Side 3: ϕ3
i n− c3 > 0, i = 1, ...,M3

Side 4: ϕ4
i Rn− c4 > 0, i = 1, ...,M4.

or, in matrix format,
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1

 θ > 0. (11)

The rectangle model (4) can now be written

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ > 0. (12)

The approaches in this section demand that background data are divided
into the sets

(
ϕ1, ϕ3, ϕ3, ϕ4

)
that correspond to each rectangle side. When the

rectangle’s edge is described it does not imply that the background samples can
be divided by four hyperplanes. The reason is that there are potentially back-
ground samples on all sides of the hyperplane. An example is shown in Figure
7. Therefore, the problem is solved in two steps. First, the background data is
segmented among the sides of a preliminary rectangle (that can be calculated
using the methods in the previous section). Then, the length, width, and ori-
entation of a new rectangle are estimated using both object and background
data.
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Figure 7: Estimation of one side (solid line) of a rectangle (dashed). The shaded
background samples are on the same side as the object samples. Object samples
are denoted by ’x’ and background samples by ’o’.

5.2 Minimizing Direction Uncertainty

This description follows the that of the maximum margin classifier (MMC) in
[2]. Data are linearly separable and we define a parameter t which is the thickest
gap, so-called slab, between the data sets. The problem can now be written

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ − t1(4N+M)×1 ≥ 0. (13)

and normalization of t gives

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ − 1(4N+M)×1 ≥ 0. (14)

The optimization problem for the entire rectangle can now be written as a
quadratic program (QP):

13



min nT n (15a)

subject to 

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ − 1(4N+M)×1 ≥ 0. (15b)

5.3 Maximizing the Separation Slab

The definition (13) can be further rewritten within the MMC framework [2].
Starting from (13), the optimization problem for the entire rectangle can be
written

max t

subject to

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ − t1(4N+M)×1 ≥ 0.

nT n = 1.

As in Sections 4.4-4.5, this can be reformulated as an SOCP or SDP. Using
a SDP formulation we have

max t (16a)

subject to 

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ − t1(4N+M)×1 ≥ 0. (16b)

(
I2×2 n
nT 1

)
≥ 0. (16c)
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5.4 Minimizing the Number of Miss-Classifications

When the data sets are not linearly separable, an affine function that minimizes
the number of miss-classified points can be defined. As in [2], a soft margin
classifier (SMC) is retrieved by introducing slack variables u and v in (13). The
rectangle fitting problem can then be described as

0 ≤



ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ −



1− u1

1− u2

1− u3

1− u4

1− v1

1− v1

1− v1

1− v1


. (17a)

uj = (uj,1, ..., uj,N )T
, j = 1, 2, 3, 4 (17b)

vj =
(
vj,1, ..., vj,Mj

)T
, j = 1, 2, 3, 4 (17c)

The goal is to find n, c1, c2, c3, c4 and sparse non-negative u =(u1,u2,u3,u4)
and
v =(v1,v2,v3,v4) that satisfy (17). This can be implemented as an LP prob-
lem. For the entire rectangle we have

min 1T u + 1T v

subject to 

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ −



1− u1

1− u2

1− u3

1− u4

1− v1

1− v1

1− v1

1− v1


≥ 0

u ≥ 0
v ≥ 0.

A criteria that limits n is needed. In [2], the objective function is changed to

min ‖n‖2 + γ
(
1T u + 1T v

)
,

where γ is a positive parameter that gives a relative weight between the width
of the slab and the number of miss-classified points. There is no heuristic for
selecting γ; the value of γ is application dependent and is found by testing. We,
however, choose to only limit the size of n, i.e., ‖n‖2 ≤ 1. The LMI problem
can now be formulated

15



min 1T u + 1T v (18a)

subject to 

ϕ0 −1 0 0 0
ϕ0R 0 −1 0 0
−ϕ0 0 0 1 0
−ϕ0R 0 0 0 1
−ϕ1 1 0 0 0
−ϕ2R 0 1 0 0

ϕ3 0 0 −1 0
ϕ4R 0 0 0 −1


θ −



1− u1

1− u2

1− u3

1− u4

1− v1

1− v1

1− v1

1− v1


≥ 0 (18b)

(
I2×2 n
nT 1

)
≥ 0 (18c)

u ≥ 0 (18d)
v ≥ 0. (18e)

5.5 Minimizing the Residual

The total of the squared residuals can be minimized using the LS framework.
In this case both columns in ϕ are subject to error, i.e., there are measurement
errors. When there are measurement errors the ordinary LS method gives biased
estimates and the total least squares (TLS) and variations of TLS will be used
instead. In this case there are columns in the minimization expression that are
error free, which is treated by the (mixed) LS-TLS method [10, 15]. In the
mixed LS-TLS problem, the columns in (12) is defined as ϕ =

(
ϕ1 ϕ2

)
,

where the columns in

ϕ1 =
(

ϕ0 ϕ0R −ϕ0 −ϕ0R −ϕ1 −ϕ2R ϕ3 ϕ4R
)T (19)

are subject to errors, i.e., ϕ1 = ϕ0
1 + eϕ, while the columns in ϕ2 are known

exactly. In the LS-TLS problem, a set of N linear equations in K unknown θ is
given

ϕθ ≈ 0, ϕ ∈ RN×K , θ ∈ RK×1. (20)

Partition into

ϕ =
(

ϕ1 ϕ2

)
, ϕ1 ∈ RN×K1 , ϕ2 ∈ RN×K2

θ =
(

θ1 θ2

)T
, θ1 ∈ RK1×1, θ2 ∈ RK2×1

K = K1 + K2.

Then, the mixed LS-TLS problem seeks to solve

min
θ

‖ϕθ‖2 (21a)

subject to

ϕθ = 0, (21b)

‖θ1‖2
2 = 1. (21c)
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When the solution is not unique, the minimum norm solution can be singled
out, see [15], Chapter 3. This is a general form of the linear least squares
problem. If all columns in ϕ are known exactly, i.e., ϕ = ϕ2, the mixed LS-TLS
problem reduces to ordinary LS. If no columns in ϕ are known exactly, i.e.,
ϕ = ϕ1, it reduces to TLS. Mixed LS-TLS algorithms are described in [10, 15].

The TLS and LS-TLS methods have some limitations [12]. They compute
very accurate solutions if there are low noise levels in data. If there are outliers or
large noise levels, the estimation error ϕ1− ϕ̂1 will be large due to the quadratic
minimization criterion. This means that when LS-TLS is used, only data points
that are close to the rectangle can be used and each sample must be associated
with one side of the rectangle. This is performed in [3, 4]. If this action is
not taken, the perturbations will be too large and the LS-TLS estimator will
produce large fitting errors.

5.6 Minimizing the Residual and Perturbations

A robust least squares (RLS) solver that takes the perturbation level into ac-
count is presented in [12, 16]. Assume that we have ϕθ ≈ 0, where all columns
in ϕ are subject to error, i.e., ϕ = ϕ0 + eϕ. The unstructured RLS problem is
then defined [12]

min
θ

max
‖eϕ‖F≤ρ

‖ϕθ‖2 ,

where ‖·‖F is the Frobenius norm ‖X‖F =
√∑I

i=1

∑J
j=1 |xij |2. By normalizing

ϕ such that ρ = 1, the problem can be rewritten as a SOCP problem

minλ (22a)

subject to

‖ϕθ‖2 ≤ λ− τ (22b)∥∥∥∥ θ
1

∥∥∥∥
2

≤ τ (22c)

There is also a mixed LS-RLS algorithm, that takes into account that some
columns in ϕ are error free. The LS-RLS method is described in [16] and is not
treated in this paper.

6 Comparisons

6.1 Introduction

The performance of the rectangle fitting algorithms will be studied using Monte
Carlo simulations. The performance is evaluated in terms of correctness in esti-
mates of orientation φ, length l, width w and execution time. To simulate laser
radar data, N random samples of (x, y) are generated, where x ∈ U

(
−l0/2, l0/2

)
and y ∈ U

(
−w0/2, w0/2

)
, respectively, and U (·) is the uniform distribution.

These samples are considered noise free. Random errors, Gaussian distributed
with zero mean and equal variance σ2

ex
= σ2

ey
are added to (x, y)i , i = 1, .., N .

The noise is generated independently for x and y. The parameters θ = (φ, l, w)
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are estimated on the perturbed data set. The statistical properties of the esti-
mates are studied by the mean squared error (MSE) and bias, which are averaged
over 100 sets. The MSE and the bias for parameter θj are defined as

MSE
(
θ̂j

)
= E

(
θ̂j − θ0

j

)2

+ E2
(
θ̂j − θ0

j

)
= Var

(
θ̂j

)
+ bias2

(
θ̂j

)
,

where θ0
j is the true, but unknown, parameter and θ̂j is the estimate. In this

simulation, the true parameters are set to l0 = 0.6, w0 = 0.6, φ0 = π/4
and 10−4 ≤ σ2

ex
≤ 10−1. The performance of the minimum rectangle method is

evaluated in more detail, both analytically and in simulations, in [13]. The ap-
proaches in Section 5 needs separation of background data. The minimum area
algorithm (Section 4.2) is used for the separation. The separation of background
data used in the LS-TLS approach (Section 5.5) is described in [4]. The esti-
mation algorithms are listed in Table 1. The quadprog algorithm comes from
Matlab1 and the clsq algorithm is described in [10]. The algorithm SeDuMi
is called via the YALMIP2 interface. For the SeDuMi algorithm, the execu-
tion time is retrieved from the YALMIP variable solvertime. For the other
algorithms, the execution time is registered using the Matlab commands tic
and toc before and after the algorithm call, respectively. The algorithms have
various origin, which may make the comparison of execution time unfair. For
example, the YALMIP algorithm package has not been optimized on execution
time. The minimum area algorithm is not optimized. However, the results can
be used as an indication of time consumption. Examples of mean execution
times for the algorithms are given in Table 1. The mean execution time for
σ2

ex
= 0.01, N = 100 is given. If there are N = 100 samples in total, there are

approximately 35 samples on the object.

6.2 Methods Based on Object Data Only

Simulations results for the methods presented in Section 4 are shown in Figures
8-9. The MSE of orientation and length estimates are lowest for the minimum
rectangle area algorithm. On the other hand, the MSE increases more for the
minimum rectangle area algorithm compared to the other algorithms. The
other algorithms perform similar regarding MSE. The orientation bias has no
structure and we assume that the methods do not have bias in the orientation
estimates. The length and width estimates contain bias, the bias is smallest for
the minimum rectangle area algorithm. The execution time is 5-10 times lower
for the minimum rectangle area algorithm compared with the other algorithms.

6.3 Methods Based on Both Object and Background Data

Simulations results for the methods presented in Section 5 are shown in Figures
10-13. The MSE of orientation, length and width estimates are higher for the LS-
based methods (Sections 5.5-5.6) compared to the MMC/SMC-based methods
(Sections 5.2-5.4). The LS method with perturbation suppression is robust to

1www.mathworks.com
2http://control.ee.ethz.ch/˜joloef/yalmip.php
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Table 1: The tested methods, their implementations, and mean execution times
for σ2

ex
= 0.01, N = 100.

Method Section Algorithm Figures Mean execu-
tion time

Min. rectangle area 4.2 Own code 8-9 0.0081
Min. total distance 4.2 SeDuMi 8-9 0.0784
Min. perimeter I 4.4 SeDuMi 8-9 0.0364
Min. perimeter II 4.5 SeDuMi 8-9 0.0373
Min. direction uncer-
tainty (MMC)

5.2 quadprog 10-11 0.0188

Max. separating slab
(MMC)

5.3 SeDuMi 10-11 0.0197

Min. miss-
classifications (SMC)

5.4 SeDuMi 10-11 0.1585

Min. residual (LS-
TLS)

5.5 clsq 12-13 0.0014

Min. residual and per-
turbation (RLS)

5.6 SeDuMi 12-13 0.0202
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Figure 8: The MSE of the orientation estimate as a function of σ2
ex

. Algorithms:
minimum area (o), minimum distance (+), minimum perimeter I (x) and min-
imum perimeter II (*). For each algorithm, curves for M = 10 (top), M = 30
(middle) and M = 170 (bottom) are shown.
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Figure 9: The MSE of the length estimate as a function of σ2
ex

. Algorithms:
minimum area (o), minimum distance (+), minimum perimeter I (x) and min-
imum perimeter II (*). For each algorithm, curves for M = 10 (top), M = 30
(middle) and M = 170 (bottom) are shown.

large noise levels, as expected. The LS-TLS method has lower MSE than RLS
when the noise level is low. At high noise levels the LS-TLS method is the worst
method of all. The MMC/SMC-based methods perform similarly with respect
to MSE.

For all methods, there is no structure in the orientation bias and we assume
that the methods have none or very low bias in the orientation estimate. The
MMC/SMC-based methods have lower bias than the LS-based methods in gen-
eral. The maximum slab algorithm has lowest bias and LS-TLS the highest.
The LS-TLS algorithm has the lowest execution time and the other algorithms
perform similarly.

6.4 Summary

The method based on object data only that performs best, is the minimum
rectangle area algorithm. It has small MSE, small bias and short execution
time, but it is more affected by the noise level compared to the other algorithms.

For the methods based on both object and background data there is no clear
over-all winner. The MMC/SMC-based methods have lower MSE and bias at
all noise levels and the minimum direction uncertainty algorithm is the second
fastest. The algorithm that performs fairly well in all cases, is the minimum
direction uncertainty algorithm. At low noise levels the LS-TLS algorithm per-
forms better than the direction uncertainty algorithm.

It is also interesting to compare the two classes of the methods. If we compare
the minimum rectangle area method with the minimum direction uncertainty
method, the former is approximately 2 times faster. On the other hand, the
MSE and bias of the estimates are 5-10 times lower for the minimum direction
uncertainty method. If it is worth the longer execution time depends on the
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Figure 10: The MSE of the orientation estimate as a function of σ2
ex

. Algorithms:
minimum direction uncertainty (o), maximum separating slab (x) and minimum
mis-classifications (+). For each algorithm, curves for M = 10 (top), M =
30,M = 40,M = 70 and M = 170 (bottom) are shown.
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Figure 11: The MSE of the length estimate as a function of σ2
ex

. Algorithms:
minimum direction uncertainty (o), maximum separating slab (x) and minimum
mis-classifications (+). For each algorithm, curves for M = 10 (top), M =
30,M = 40,M = 70 and M = 170 (bottom) are shown.
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Figure 12: The MSE of the orientation estimate as a function of σ2
ex

. Algo-
rithms: minimum residual (o), minimum residual and perturbations (x). For
each algorithm, curves for M = 10 (top), M = 30,M = 40,M = 70 and
M = 170 (bottom) are shown.
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Figure 13: The MSE of the length estimate as a function of σ2
ex

. Algorithms:
minimum residual (o), minimum residual and perturbations (x). For each al-
gorithm, curves for M = 10 (top), M = 30,M = 40,M = 70 and M = 170
(bottom) are shown.
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application. If the noise level is low, the LS-TLS method outperforms both
methods.

7 Conclusions

First, a Bayesian approach for segmentation of object/background data was
studied. Both range and intensity data were used in the segmentation. In the
example, clear separation of the objects into two different clusters is shown. The
approach is promising and will in the future be tested on more complex scenes,
for example with vegetation in the background.

The object’s dimension and orientation are estimated using rectangle fitting.
The rectangle fitting problem is expressed using non-convex optimization, least
squares optimization or other convex optimization expressions. Two classes of
methods have been investigated; methods that only use object data and methods
that are based on both object and background data. The method with the over-
all best performance in the first class is the minimum rectangle area method
and in the second class it is the minimum direction uncertainty method. If
the minimum rectangle area method is compared with the minimum direction
uncertainty method, the first method is approximately 2 times faster. On the
other hand, the mean square error and bias of the estimates are 5-10 times
lower for the minimum direction uncertainty method. If it is worth the longer
execution time depends on the application. If the noise level is low, the LS-TLS
method outperforms both methods.
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