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Abstract

This thesis is about a generalization of permutation theory. The concept of
pattern avoidance in permutation matrices is investigated in a larger class of
matrices - the alternating sign matrices. The main result is that the set of
alternating sign matrices avoiding the pattern 132, is counted by the large
Schröder numbers. An algebraic and a bijective proof is presented. Another
class is shown to be counted by every second Fibonacci number. Further
research in this new area of combinatorics is discussed.

Keywords: Combinatorics, Alternating Sign Matrix, Permutation, Restricted
permutation, Permutation pattern, Pattern avoidance, Schröder num-
ber
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Nomenclature

Most of the reoccurring abbreviations and symbols are described here.

Symbols

Sn The set of permutations of order n, sometimes called the symmetric group.

Sn(τ) The set of permutations of order n, avoiding the pattern τ .

Sn(τ) The number of permutations of order n avoiding the pattern τ .

An The set of alternating sign matrices of order n.

An(τ) The set of alternating sign matrices of order n, avoiding the pattern τ .

An(τ) The number of alternating sign matrices of order n, avoiding the pattern τ .

[n] The set {1, . . . , n}

n! n · (n− 1) · . . . · 2 · 1

(

n

k

)

The number of ways to choose k objects from n possible.

|M | The determinant of the matrix M .

M j k
l m The matrix M with rows j and k, and columns l and m removed.

Abbreviations

ASM Alternating Sign Matrix
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Chapter 1

Introduction

In the spring of 2003 I took a course in combinatorics which was led by
Svante Linusson. He was very clear about his opinion on the benefits of
using matrices as representation of permutations. Some of the advantages
of this approach to permutations are that composition of permutations is
matrix multiplication, the inverse of a permutation is the matrix transpose,
patterns in permutation is seen as submatrices which are left after rows and
columns are eliminated from the permutation matrix.

About a year later, Svante told me about an idea he had for a masters
thesis. If it is natural to study pattern avoidance in permutation matrices,
why not do it in a larger class of matrices? Alternating sign matrices can
be seen as generalizations of permutations, since every permutation matrix
is also an alternating sign matrix. This thesis is about pattern avoidance in
alternating sign matrices.

Alternating sign matrices are interesting combinatorial objects, which
have turned up in various places since the 1980’s. Pattern avoidance in
permutations is a very active area of mathematical research today.

It has been very exciting to combine these two different areas of mathe-
matics, especially since we have found some interesting results.

Chapter 2: Some basic concepts which will be used throughout the thesis
are introduced.

Chapter 3: A definition of alternating sign matrices is given, and their ori-
gin are explained. A combinatorial interpretation is discussed.

Chapter 4: Pattern avoidance in permutations is introduced. Equivalence
of two classes of pattern-avoiding permutations are showed with help

Robert Johansson, 2006. 1



2 Chapter 1. Introduction

of a combinatorial interpretation of pattern-avoiding permutation ma-
trices.

Chapter 5: This chapter deals with pattern avoidance in alternating sign
matrices. Several theorems are proved, and some open problems and
further research are discussed.

People often ask me what my masters thesis is about. Most of the time,
when I try to explain that, people ask: ”What’s the practical use of that?”.
After having worked on this project for quite a long time, it feels nice to
be able to say: ”None!”. This is pure basic research, which can be used
in other mathematical research. I don’t think this kind of mathematics is
less meaningful. It appeals to my aesthetic sense, and can be enormously
beautiful. Personally, I’d rather deal with beautiful mathematics without
practical use, than ”useful” mathematics which lacks aesthetics.



Chapter 2

Basic concepts

Some basic concepts which will be used throughout the thesis are introduced.

A matrix is an array of numbers with an arbitrary number of rows and
columns. In this thesis we will only discuss square matrices with entries 0,
1 or -1. A matrix can be used as a representation for various phenomena
in mathematics. In graph theory, a matrix can be used for representing a
graph and in linear algebra, it can be used to describe a transformation, like
a rotation or a projection in the plane, among other things. In combinatorics
matrices are very useful for describing permutations.

A permutation is an arrangement of a finite set of objects. Since it’s not
important which objects that are arranged, the set [n] = {1, 2, . . . , n} is used
to represent any set of n objects. A permutation is therefore a bijection
from [n] to [n]. The set of all n! permutations on [n] is denoted Sn. The
most common representation of a permutation is the wordform. Using that,
π = 32154 is a way to represent a permutation from the set S5, which means
that π(1) = 3, π(2) = 2, π(3) = 1, π(4) = 5 and π(5) = 4.

A permutation matrix is a way to represent a permutation of length n,
using an n × n matrix which has a 1 as an entry on row i and column j if
and only if π(i) = j. The rest of the elements are zero. In this thesis, the use
of permutation matrices are emphasised. An example is illustrated in Figure
2.1.

An inversion is a pair of elements in a permutation, (i, j) read from left
to right, so that i > j. In a permutation matrix an inversion is two elements
which relates to each other as “up and to the right”. For example, π = 32154
contains four inversions, (3, 2), (3, 1), (2, 1) and (5, 4).

Robert Johansson, 2006. 3



4 Chapter 2. Basic concepts

1
1

1
1

1

Figure 2.1: The permutation matrix corresponding to π = 32154.

The inversion number of a permutation π, denoted I(π) is the total num-
ber of inversions in a permutation. This means that I(32154) = 4. The in-
version number is a measure on how “far” a permutation is from the identity
permutation 12 · · ·n, since it denotes the number of shifts of adjacent rows
in a permutation matrix required to reach the identity matrix.

A determinant is a number associated with a matrix M and is denoted
by |M |. It can be used to describe various properties of the matrix. For a
2 × 2 matrix the determinant is given by the difference by the products of
the diagonal terms. A formula for larger determinants is given in section 3.2.



Chapter 3

The alternating sign matrices

This chapter gives an introduction to alternating sign matrices and explains their

origin. The ASM conjecture and its proof are discussed.

3.1 Introduction

Definition An alternating sign matrix is a square matrix of 0s, 1s and −1s
for which the sum of entries in each row and in each column is 1 and the
non-zero entries of each row and of each column alternate in sign.

1
1 1-1

1
1

Figure 3.1: An example of an alternating sign matrix

Note that every permutation matrix is also an alternating matrix, and
therefore can alternating matrices be seen as generalizations of permutation
matrices. The set of alternating sign matrices is denoted An. An enormously
amount of work was made trying to prove the cardinality of this set, as we
will see in this chapter.

3.2 Determinants and permutations

Determinants and permutations are closely related, as a determinant of a
square matrix of size n is calculated by summing over all n! permutations.
A determinant of a matrix M , can be calculated as

Robert Johansson, 2006. 5



6 Chapter 3. The alternating sign matrices

|M | =
∑

A∈Sn

(−1)I(A)

n
∏

i,j=1

a
Aij

ij (3.1)

3.3 Dodgson’s condensation

Charles Dodgson [5] (better known as Lewis Carroll, the author of Alice in

Wonderland) developed an algorithm for evaluating determinants by hand,
called condensation. Dodgson’s method is based on the Desnanot-Jacobi
adjoint matrix theorem.

Theorem 3.1 (Desnanot-Jacobi adjoint matrix theorem [3]) If M is

a n× n matrix, then

|M ||M1 n
1 n | = |M

1
1 ||M

n
n | − |M

1
n||M

n
1 |.

where M j k
l m means the matrix M with rows j and k and columns l and m

removed. The algorithm finds the determinant of a n× n matrix M = (aij),
working on a pair of matrices, (A,B). Initially A is set to M and B is an
(n− 1)× (n− 1) matrix with only 1s.

3.3.1 The algorithm

If none of the entries of B is zero, a new pair of matrices (A′, B′) is
constructed, where A′ and B′ is of order n− 1 and n− 2 respectively.

The entries of A and B are as follows:

a′i,j = (ai,jai+1,j+1 − ai,j+1ai+1,j)/bi,j , i, j = 1, . . . , n− 1

b′i,j = ai+1,j+1, i, j = 1, . . . , n− 2

This means that A′ is built out of determinants of 2× 2 adjacent sub-
matrices of A, and is divided by entries from B. B′ is A with rows and
columns 1 and n removed.

The procedure above is iterated until A has a single entry and B is
empty. The value in A is the determinant. If one of the entries in B
are 0 during the iteration, we are stuck. Dodgson suggested that one
should go back to the original matrix, reorder the rows and start over.

An example of a determinant calculation, using Dodgson’s algorithm fol-
lows.
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Example

A =









−1 1 5 2
2 5 5 −1
−1 9 1 4
1 5 1 8









B =





1 1 1
1 1 1
1 1 1





⇓

A′ =





−7 −20 −15
23 −40 21
−14 4 4



 B′ =

(

5 5
9 1

)

⇓

A′′ =

(

148 −204
−52 −244

)

B′′ =
(

−40
)

⇓
A′′′ =

(

1168
)

B′′′ = ()

3.4 λ-determinants and alternating sign ma-

trices

The central feature of Dodgson’s condensation is the evaluation of 2 × 2
determinants.

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

= a11a22 − a12a21

David Robbins and Howard Rumsey [10] generalized the definition of the
2× 2 determinant to the λ-determinant in the following way

∣

∣

∣

∣

a11 a12

a21 a22

∣

∣

∣

∣

λ

= a11a22 + λa12a21

The λ-determinant of any matrix M is constructed inductively using Dodg-
son’s condensation and the definition of the 2× 2 λ-determinant. Thus, the
λ-determinant of any matrix M is a polynomial in λ. When λ = −1, we
have the ordinary determinant. An example of the construction of a general
3× 3 λ-determinant follows.
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Example
∣

∣

∣

∣

∣

∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣

∣

∣

∣

∣

∣

λ

= [(a11a22 + λa12a21)(a22a33 + λa23a32)

+λ(a12a23 + λa13a22)(a21a32 + λa22a31)]/a22

= a11a22a33 + λa12a21a33 + λa11a23a32 + λ2a12a21a23a32/a22

+λa12a21a23a32/a22 + λ2a13a21a32 + λ2a12a23a31 + λ3a13a22a31

= a11a22a33 + λa12a21a33 + λa11a23a32

+(λ2 + λ)a12a21a
−1
22 a23a32

+λ2a13a21a32 + λ2a12a23a31 + λ3a13a22a31

Note the similarity between this polynomial and the seven ASMs of order
three below.

1
1

1

1
1

1

1
1

1

1
1 -1 1

1

1
1

1

1
1

1

1
1

1

Figure 3.2: The seven alternating sign matrices of order three.

Generally, the λ-determinant of a n × n matrix M can be expressed
recursively as

|M |λ =
|M1

1 |λ|M
n
n |λ + λ|M1

n|λ|M
n
1 |λ

|M1 n
1 n |λ

.

According to [3], David Robbins stared at output of λ-determinants for
several days, then realizing that there was a pattern. The λ-determinants
could all be expressed as sums of monomials on the form

n
∏

i,j=1

a
Bij

ij ,

where B was a n× n matrix of 1s, −1s and 0s, where every row and column
summed to 1, and the non-zero entries alternated in sign. The alternat-
ing sign matrices had been found! Every monomial was multiplied with a
polynomial in λ of grade 0 or higher. This polynomial depended on both
the number of −1s in B and its inversion number. Eventually, Robbins and
Rumsey [10] proved the following theorem:
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Theorem 3.2 ([10]) Let M be an n× n matrix with entries aij, An the set

of n × n alternating sign matrices, I(B) the inversion number of B, and

N(B) the number of −1s in B, then

|M |λ =
∑

B∈An

λI(B)(1 + λ−1)N(B)

n
∏

i,j=1

a
Bij

ij (3.2)

While the ordinary determinant (equation 3.1) is sum over permutations,
the λ-determinant (equation 3.2) is a sum over alternating sign matrices.
After having discovered the formula above, it was a natural question to ask:
How big is An? The alternating sign matrix conjecture was about to be born.

3.5 The ASM conjecture

It’s suprisingly simple to conjecture a formula for An. In this section, we will
show how. We begin by the observation that the outer rows and columns
cannot contain any −1s for the sum of the rows and columns to be 1, while
the non-zero entries alternate in sign. The next observation we make is that
there will always be a single 1 in the rightmost column. This parameter is
cruical. Let An,k denote the number of n×n alternating sign matrices with a
1 in row k of the rightmost column. David Robbins came up with the bright
idea of forming a Pascal-like triangle in which the kth entry of row n is An,k:

1
1 1

2 3 2
7 14 14 7

42 105 135 105 42
429 1287 2002 2002 1287 429

For example, there are two ASMs of order three with a 1 in position 1 of
the rightmost column, three for position 2 and two with a 1 in the bottom
right corner. This is seen in figure 3.2. Note that the triangle is symmetric.
This is due to the fact that the horizontal mirror image of a alternating sign
matrix is another alternating sign matrix. Do also note that the values in
position 1 and n of any row are the sum of the entries of the previous row.
This is because of that the number of alternating sign matrices with a 1 in
position 1 and n of the rightmost column, are both An−1.

The next bright idea that Robbins and his team came up with was to look
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at the ratios of consecutive entries in the triangle. This can be illustrated as:

1
1 2/2 1

2 2/3 3 3/2 2
7 2/4 14 5/5 14 4/2 7

42 2/5 105 7/9 135 9/7 105 5/2 42
429 2/6 1287 9/14 2002 16/16 2002 14/9 1287 6/2 429

The ratios form a Pascal-like triangle by themselves, with 2/(n+ 1) and
(n+1)/2 as the first and last entries of the nth row. The values therebetween
are formed by adding the numerators and adding denominators of the two
entries above it. For example, 14

9
= 9+5

7+2
. The numerators of the ratios are

possible to decompose to sums of entries of the original Pascal triangle:

1 + 1
1 + 1 1 + 2

1 + 1 2 + 3 1 + 3
1 + 1 3 + 4 3 + 6 1 + 4

1 + 1 4 + 5 6 + 10 4 + 10 1 + 5

Since the numerator in An,k is a denominator in An,n−k+1 and vice versa,
we can formulate our observations as:

Theorem 3.3 (The refined ASM conjecture [17]) For 1 ≤ k < n,

An,k

An,k+1
=

(

n−2
k−1

)

+
(

n−1
k−1

)

(

n−2
n−k−1

)

+
(

n−1
n−k−1

) =
k(2n− k − 1)

(n− k)(n + k − 1)
. (3.3)

Using various mathematical tricks, it’s possible to show that Theorem 3.3
is equivalent to the following explicit formula.

Theorem 3.4 ([17]) For 1 ≥ k ≥ n,

An,k =

(

n + k − 2

k − 1

)

(2n− k − 1)!

(n− k)!

n−2
∏

j=0

(3j + 1)!

(n+ j)!
. (3.4)

If we set n = n + 1 and k = 1 it’s relatively easy to show that Theorem
3.4 implies the following formula.
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Theorem 3.5 (The ASM conjecture [16]) The total number of n×n al-

ternating sign matrices is

An = An+1,1 =

n−1
∏

j=0

(3j + 1)!

(n+ j)!
. (3.5)

Mills, Robbins and Rumsey made several attempts on proving The ASM
Conjecture, but didn’t succeed.

3.6 The proof

Mills, Robbins and Rumsey made the ASM conjecture in the early 1980’s. It
was not until 1996 that three proofs were published. The first, by Doron Zeil-
berger [16] is a very complex proof, which needed 88 people and 1 computer
to verify its correctness. The second is by Greg Kuperberg [8] and relies on
techniques from statistical mechanics. The third, again by Zeilberger [17],
uses Kuperberg’s technique to prove Conjecture 3.3. A thorough review of
the proofs and the quest for them, can be found in [3].
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Chapter 4

Pattern avoidance in
permutations

A short introduction to pattern avoidance in permutations is given. An equiva-

lence result is given using a bijection between classes of pattern-avoiding permu-

tation matrices and lattice paths. Current research is discussed.

4.1 Introduction

Definition (Permutation pattern) Let a, b and c be three entries of the
permutation π which follows in that order from left to right, not necessarily
consecutive. If a < c < b, the entries a, b and c is said to form a 132-pattern.
If a < b < c, it is instead called a 123-pattern. The definition is analogous
for any pattern τ of arbitrary length and order.

A permutation π contains a pattern τ if τ is a submatrix of π. That
is if it’s possible to remove rows and columns from the permutation matrix
corresponding to π, so that the remaining matrix corresponds to the permu-
tation τ . Note that a 21-pattern is the same as an inversion. Thus, the only
21-avoiding permutation is the identity.

Example The permutation π = 35214 has exactly one occurence of a 132-
pattern, which is formed by the elements 3, 5 and 4. See Figure 4.1.

Definition (Pattern avoidance) If a permutation π does not contain a
pattern τ , it is said to avoid τ . The set of permutation of length n, which
avoids τ , is denoted Sn(τ). The permutations of order n which avoid a set
of patterns {τ1, τ2, . . . , τm}, are denoted Sn(τ1, . . . , τm).

Robert Johansson, 2006. 13



14 Chapter 4. Pattern avoidance in permutations

1

1

1

1

1

Figure 4.1: The permutation π = 35214 which contains the pattern 132.

Miklós Bóna [1] gives an example from the “real world” on how to inter-
pret a 132-avoiding permutation. Consider n people, who all have different
height, standing on a line, looking at each other’s back. Let 1 denote the
shortest person, and n the longest. Everyone wants to be able to see anyone
who is shorter, standing in front of him/her. For example, 35214 is not a
correct line-up, since 4 is not able to see 3. 32145 on the other hand, is
correct.

Every correct line-up is a 132-avoiding permutation.

4.2 Counting Sn(132)

If a permutation matrix A avoids the pattern 132 then Ar, the matrix A
rotated 90◦ clockwise, will avoid 132r, that is 312. This means that Sn(132) =
Sn(312). With the same reasoning, it is easy to see that Sn(132) = Sn(312) =
Sn(213) = Sn(231). For this reason, we only mention 132-avoiding from now
on, and not the other three classes of pattern-avoiding permutations.

4.2.1 The Catalan numbers

The Catalan numbers is a number sequence which is very common to find
in modern combinatorics. Lots of objects are counted by these numbers.
Richard Stanley [14] is constantly revising a document on Catalan numbers,
which in May 2006 contained 136 combinatorial interpretations of these num-
bers.

The Catalan numbers, Cn, is sequence number A000108 in The On-Line
Encyclopedia of Integer Sequences [12] and the first numbers for n ≥ 0 are
1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862. The numbers can be described by the
formula

Cn =
1

n + 1

(

2n

n

)

or by the recurrence relation

Cn =

n
∑

i=1

Ci−1Cn−i (n ≥ 0)
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where C0 = 1.
A common interpretation of the Catalan numbers are Dyck paths. They

are paths from (0, 0) to (n, n) that never go above the diagnonal x = y,
and where only east (1, 0) and north (0, 1) are allowed. For an example of
a Dyck path, see Figure 4.5. A short proof that Dyck paths are counted by
the Catalan numbers follows.

Proof [1] Let the number of Dyck paths from (0, 0) to (n, n) be denoted cn.
The important parameter is position k, where the path hits the diagonal for
the first time. The paths from position (k, k) to (n, n) are using the same
steps as those from (0, 0) to (n− k, n− k) and are therefore counted to cn−k.
Considering the paths from (0, 0) to (k, k), they will start with an eastern
(1, 0) step and end with a northern (0, 1). This means that we want to know
the number of paths from (1, 0) to (k, k − 1), not going above the diagonal
x = y + 1. These paths uses the same steps as the paths from (0, 0) to
(k − 1, k − 1) and the number of them are clearly ck−1. In total, we have
ck−1 · cn−k paths when the path hits the diagonal in position k. Summing up,
for all positions k, we get the formula

cn =
n

∑

k=1

ck−1 · cn−k

where c0 = 1. This implies that Dyck paths from (0, 0) to (n, n) are counted
by the Catalan numbers. 2

4.2.2 Proofs that Sn(132) are counted by the Catalan

numbers

One algebraic and one bijective proof will be used to show that 132-avoiding
permutations are counted by the Catalan numbers. But first, we will show
a Lemma about the structure of 132-avoiding permutation matrices. The
techniques in these proofs will be used in the following chapter. The origin
of the proofs are largely unknown and can be considered as mathematical
folklore.

Structure Lemma Let A be a 132-avoiding permutation matrix of order
n. Since A is a permutation matrix there will always be a 1 in the rightmost
column. The row which contains this 1 is denoted by k.

A can be decomposed to 132-avoiding permutation matrices A1 and A2,
so that no 1, except for that in k, is outside A1 and A2. A1 is then of order
n− k and located below k, in the bottom left corner of A while A2 is above
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k, one step left of the the top right corner of A and is of order k− 1. This is
illustrated in Figure 4.2.

Proof Assume that A is 132-avoiding and has a 1 outside A1 or A2. This
is not possible since a 1 in the top left area of A would form a 132-pattern
together with the 1s in rightmost columns of A and A2. Similarly, it’s not
possible to have a 1 in the bottom right area of A. Now assume that A is
structured as above, but it’s not 132-avoiding. Then A1 or A2 would have
to contain a 132-pattern, but we defined them to be 132-avoiding. Therefore
we know for sure that a 132-avoiding will be structured as described.

1

A2

A1

1

k

n

Figure 4.2: A general 132-avoiding permutation matrix.

Theorem 4.1 The 132-avoiding permutations are counted by the Catalan

numbers.

Proof Let A be an n× n alternating sign matrix, which avoids 132. Let an

denote the number of 132-avoiding permuation matrices or order n. By the
structure Lemma from above we know that A1 and A2 exists and are of order
k − 1 and n − k respectively. Then, A1 clearly contains ak−1 132-avoiding
permutation matrices, and A2 contains an−k. This means that there in the
general case are ak−1 · an−k 132-avoiding permutation matrices. In total we
have an =

∑n

k=1 ak−1 · an−k. This implies that an = Cn and this completes
the proof. 2

A bijection to Dyck paths

We define ϕ : {A|A ∈ Sn(132)} ↔ {Dyck paths from (0, 0) to (n, n)} recur-
sively:

1. Base case: If A is the permutation matrix of order 0, then ϕ(A) is the
empty path.



4.3. Counting Sn(123) 17

2. By the structure Lemma we know that A can be decomposed to 132-
avoiding permutation matrices A1 and A2. We then define ϕ(A) to be
a path joint by the following paths.

• A path with the same steps as ϕ(A1) from (0, 0) to (n−k−1, n−
k − 1).

• An east step (1,0) from (n−k−1, n−k−1) to (n−k, n−k−1).

• A path with the same steps as ϕ(A2) from (n − k, n − k − 1) to
(n, n− 1).

• A north step (0,1) from (n, n− 1) to (n, n).

This is illustrated in Figure 4.3. The inverse is defined similarly, also
recursively.

Since it’s possible to construct a bijection between 132-avoiding permu-
tations and Dyck paths, which we have proved to be counted by the Catalan
numbers, we know by bijection ϕ that the 132-avoiding permutations of order
n are also counted by the Catalan numbers.

1

A1

A2

↓ ϕ

ϕ(A1)→

← ϕ(A2)

Figure 4.3: The construction of a Dyck path from a 132-avoiding permutation
matrix.

4.3 Counting Sn(123)

Permutations which avoid the pattern 123 can be characterized in the fol-
lowing way. If a staircase is drawn in the permutation matrix, as in Figure
4.4, the matrix will be split in an upper half with n2−n

2
elements and a bot-

tom half containing n2+n
2

elements. For the permutation to be 123-avoiding,
neither the upper or bottom half can contain a 12-pattern.

Rodica Simion and Frank W. Schmidt [11] constructed a classic bijection
showing that Sn(123) = Sn(132). Here we will show that using Dyck paths.
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1

1

1

1

1

1

1

1

Figure 4.4: A 123-avoiding permutation 75482613.

4.3.1 A bijection to Dyck paths

We begin by the observation that a 123-avoiding permutation matrix can be
described by its bottom half alone. This is due to the fact that the upper
half doesn’t contain 12-patterns, so the elements in the upper half can be
filled in from left to right, bottom and upwards, in the empty columns. Since
the bottom half doesn’t contain any 12-patterns, it’s possible to draw a Dyck
path using the follow algorithm:

1. Start drawing the path in the bottom left corner of the matrix. When
the upper right corner is reached, the Dyck path is properly con-
structed.

2. Draw the path using eastern steps, until the 1 in this row is reached.

3. Draw a northern step. If this row contains a 1, go to step 3, otherwise
repeat this step.

1

1

1

1

1

1

1

1

Figure 4.5: A Dyck path constructed using a 123-avoiding permutation ma-
trix.

Since both 132-avoiding and 123-avoiding permutations are possible to
map to Dyck paths, we know that Sn(123) equals Sn(132). For example, the
permutation 75482613 in Figure 4.4 corresponds the 132-avoiding permuta-
tion 56347128, seen in Figure 4.6, using bijection ϕ from above.
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1

1

1

1

1

1

1

1

Figure 4.6: The 132-avoiding permutation 56347128 corresponding to 123-
avoiding permutation 75482613, using bijection ϕ.

4.4 Current research on pattern-avoiding per-

mutations

Pattern avoidance is a very active area of research in combinatorics. Exam-
ples of recent research are permutations avoiding several patterns at once,
permutations containing a pattern exactly r times and permutations avoiding
patterns longer than three. Miklós Bóna’s book [2] gives a lot of information
on recent results in this area. A review article [15] by Herb Wilf also gives
some examples.
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Chapter 5

Pattern avoidance in
alternating sign matrices

A definition of a pattern in an alternating sign matrix is given. The set of

132-avoiding alternating sign matrices are proved to be counted by the large

Schröder numbers, 1, 2, 6, 22, 90, 394, . . . . All classes of alternating sign

matrices, avoiding two different patterns of length three, are counted.

5.1 Introduction

Generally, we think of a pattern in an alternating sign matrix in the same
way as in permutation matrices. That is, that an alternating sign matrix
contains, for example, a 132-pattern when there are three 1s that are related
in the same way as in the permutation matrix for 132. Marcus and Tardos
[9] defines pattern avoidance in general 0-1-matrices. The formal definition
of pattern avoidance in alternating sign matrices which we here present, is
closely connected to that one.

Definition (Pattern avoidance in ASM) Let A be an n× n alternating
sign matrix and P = (pij) a k × k permutation matrix , k ≤ n. A contains

P if there exists a submatrix D = (dij) of A where dij = 1 whenever pij = 1.
If A does not contain P , we say it avoids P . Generally, A is said to avoid τ ,
where τ is the permutation corresponding to P . The set of alternating sign
matrices of order n, avoiding τ , is denoted An(τ). The cardinality of that
set is denoted An(τ). The alternating sign matrices of order n avoiding a set
of patterns {τ1, τ2, . . . , τm} are denoted An(τ1, τ2, . . . , τm).

Example Consider the ASM A seen in Figure 5.1. Removing column 1, 4,
6 and row 1, 3, 4 results in matrix D. dij = 1 whenever pij = 1 so A contains
P .

Robert Johansson, 2006. 21
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-1

-1 -1
-1
1

1 1
1 1 1

1
1 1

1

A

-1
1

1 1
1 1

D 1
1

1

P

Figure 5.1: An example of A, containing a 132-pattern, D and P respectively.

Nothing prevents P from being an alternating sign matrix, and it could
be fruitful to study which alternating sign matrices of order n which avoids
an alternating sign matrix of order k ≤ n. For example, the alternating sign
matrices which avoids

-1
1

11
1

are exactly the permutation matrices. It would also be possible to study
patterns which are not square matrices. In this thesis though, we only study
alternating sign matrices which avoid permutations.

5.2 Counting pattern-avoiding alternating sign

matrices

Counting alternating sign matrices which avoid the pattern 132 is an equiva-
lent problem to counting An(213), An(231) andAn(312). This can be showed
in the same way as for permutations, as described in Section 4.2. Using the
same argument, An(123) = An(321). Therefore, we only mention An(132)
and An(123) from now on.

We will count several classes of pattern-avoiding alternating sign matrices
in the rest of this chapter. To simplify this we have formulated a structure
Lemma.

Structure Lemma Let A be a 132-avoiding alternating sign matrix. Since
A is an ASM it will have exactly one 1 in the rightmost column. Let k denote
the position of this 1. It is then possible to decompose A to 132-avoiding
ASMs A1 and A2, so that no 1, except the one in k, is outside A1 and A2. A1

is in the bottom left corner, below or including row k and A2 is above row k
on step left of the top right corner. This can be done in exactly two ways.

1. If row k consists only of the 1 in the rightmost column, then A1 is of
order n− k.
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2. If row k has a −1 in row k, column (n − k + 1), A1 will be of order
(n − k + 1). When we decompose A we ignore the −1 from row k.
Otherwise A1 won’t be a valid alternating sign matrix. The top right
position of A1 is replaced by a 0.

For both these cases, A2 is of order k − 1. Only these cases exist, but
when k = 1 or k = n, row k doesn’t contain any −1.

This is illustrated in Figure 5.2.

1

A2

A1

1

k

n

case 1

1-1

A2

A1

1

k

n

case 2

Figure 5.2: The structure of 132-avoiding alternating sign matrices.

Proof Recall that A is a 132-avoiding ASM. First, consider case 1, when
row k consists only of a single 1, in the rightmost column of A. Now assume
that there exists a 1 to the right of A1 and below A2. If this 1 is in column
(n− k+ 2), just beside A1, then a −1 in the same column is required, above
the 1 and below row k. Otherwise A won’t be an ASM. Similarly, this −1
requires a 1 to the right of it. That 1 will be part of a 132-pattern formed
together with the 1 in row k and the 1 in the leftmost column of A2. Hence,
A cannot contain a 1 in column (n − k + 2), below A2. Now suppose that
A contains a 1 in any column to the right of A1, but left of column n. A
132-pattern would be formed by that 1, the 1 in row k and the 1 in the
leftmost column of A2. Analoguosly, A would contain a 132-pattern if it had
a 1 above A1, to the left of A2.

Consider case 2, when A contains a −1 in row k, column (n−k+1). Using
the same reasoning as above, we see that a 132-pattern would be formed by
any 1s outside A1 and A2.

Now assume that there exists another case than case 1 or 2 from above.
That case would have to have a row k which contained a −1, since we can
only have one case with exactly one 1 in row k.

Note that a 132-avoiding ASM cannot contain more than one −1 in a row.
If it did, the 1 above the leftmost −1 would form a 132-pattern together with
the 1s to the right and below the rightmost −1.
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Hence, the additional case must have a −1 in another column than (n−
k + 1). This is not possible, since that −1 would have to have an extra 1 in
the same column, which would form a 132-pattern.

Therefore we know that case 1 and 2 from above are the only ways to
form a 132-avoiding alternating sign matrix. This completes the proof of the
Structure Lemma. 2

5.3 Counting An(132)

In this section we will count the 132-avoiding alternating sign matrices. It
turns out that they are counted by the large Schröder numbers, starting with
1, 2, 6, 22, 90, 394, 1806, 8558. We present two proofs, one algebraic and one
bijective. The bijection is showed to Schröder paths.

5.3.1 The large Schröder numbers

The large Schröder numbers, rn, from now on only called the Schröder num-
bers, are closely related to the Catalan numbers, Cn, as seen in the following
formula,

rn =

n
∑

d=0

(

2n− d

d

)

Cn−d (n ≥ 0).

The Schröder numbers are known to enumerate lots of combinatorial objects.
Some are listed by Richard Stanley in [13]. Egge and Mansour [7] showed that
Sn(1243, 2143) was counted by the Schröder numbers, and recently Egge [6]
enumerated eleven classes of pattern-avoiding signed permutations by these
numbers. The Schröder numbers can also be defined by

rn = rn−1 +
n

∑

k=1

rk−1rn−k (n ≥ 1).

where r0 = 1.

Theorem 5.1 An(132) is counted by the Schröder numbers.

Proof Let an denote the number of 132-avoiding alternating sign matrices of
order n. Recall that we denote the position of the 1 in the rightmost column
of A as k. If k = 1 or k = n, there are an−1 ways of forming A respectively.
By the structure Lemma we know that an arbitrary 132-avoiding ASM A is
possible to decompose to 132-avoiding ASMs A1 and A2 in two ways.
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1

An
n

↓ ψ

ւ ψ(An
n)

1

A1
n

↓ ψ

ւ ψ(A1
n)

1

A1

A2

↓ ψ

ψ(A1)→

ւ ψ(A2)

-1 1

A1

A2

↓ ψ

ψ(A1)→

ւ ψ(A2)

Figure 5.3: The construction of a Schröder path from a 132-avoiding alter-
nating sign matrix

1. For the first case of the structure Lemma, when k only contains a 1,
there are an−k ways to form A1 and ak−1 ways for A2. In general, there
are ak−1 · an−k ASMs for case 1, when 2 ≤ k ≤ n− 1.

2. In the other case from the structure Lemma, when row k has a −1 in
column (n− k+ 1), there are ak−1 ways of forming A2. Counting A1 is
a little less straightforward. A1 is of order n− k + 1, but contains a 0
in its upper left corner. This means that we have to remove the an−k

ASMs of order (n− k + 1) which contains a 1 in the top right corner.
Therefore we have ak−1 · (an−k+1 − an−k) when 2 ≤ k ≤ n− 1.

In total we have an = 2 ·an−1+
∑n−1

k=2[ak−1 ·an−k +ak−1 ·(an−k+1−an−k)] =
an−1 +

∑n

k=2 ak−1 · an−k+1 = an−1 +
∑n−1

k=1 ak · an−k.

This implies that an = rn−1 and completes the proof. 2

5.3.2 A bijection to Schröder paths

One common interpretation of the Schröder numbers are sub-diagonal paths
in the integer lattice from (0, 0) to (n, n) with allowed steps east (1, 0), north
(0, 1) and diagonal (1, 1). These are from now on called Schröder paths. An-
other way of showing that An(132) equals rn−1 is to construct a bijection to
these paths. The following bijection is illustrated in Figure 5.3.

We define ψ : {A|A ∈ An(132)} ↔ {Schröder paths from (0, 0) to (n −
1, n− 1)} recursively:

1. Base case: If A is the 1 × 1 matrix with a single 1, then ψ(A) is the
empty path.
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2. If A has a 1 in the bottom right corner, then ψ(A) is defined to start
with an east step (1, 0) and end with a north step (0, 1). From (1, 0)
to (n− 1, n− 2) ψ(A) uses the same steps as ψ(An

n), where An
n means

the matrix A with row n and column n removed.

3. If A has a 1 in the top right corner, then ψ(A) is defined to begin with
the same steps as in ψ(A1

n), where A1
n means the matrix A with first

row and last column removed. The path ends with a single diagonal
step from (n− 2, n− 2) to (n− 1, n− 1).

4. If A is structured as in the first case of the structure Lemma, we con-
struct ψ(A) by joining the following paths:

• A path with the same steps as ψ(A1) from (0, 0) to (n−k−1, n−
k − 1).

• A diagonal step (1, 1) followed by an east (1, 0) step.

• A path using the same steps as ψ(A2) from (n− k + 1, n− k) to
(n, n− 1).

• A north (0, 1) step from (n, n− 1) to (n, n).

5. If A has the structure of the second case of the structure Lemma, we
construct ψ(A) from (0, 0) to (n− k, n− k) by using the same steps as
in ψ(A1). The path then continues with an east (1, 0) step followed by
a path with the same steps as ψ(A2) from (n−k+1, n−k) to (n, n−1),
ending with a north (0, 1) step to (n, n).

The inverse is defined recursively in a similar way.

ψ
←→

-1
-1

-1
1

1 1
1

1
1

1 1
1 1

1

Figure 5.4: A Schröder path and its corresponding 132-avoiding alternating
sign matrix, using bijection ψ.

In the construction above the important parameter is the position of the
1 in the rightmost column of the 132-avoiding ASM. This corresponds to the
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position on the diagonal where the path hits it for the first time, counted
from the upper right corner. A 1 in row k of the matrix, means that the
Schröder path hits the diagonal for the first time in position (n− k, n− k).
As a consequence of the bijective construction above, the “corners” formed
by a joint north and east step, corresponds to the −1s of the ASM.

It is possible to count Schröder paths by summing over another parameter.
In the formula

rn =

n
∑

d=0

(

2n− d

d

)

Cn−d(n ≥ 0)

the parameter d corresponds to the number of diagonal steps in the Schröder
paths. Note that there are exactly Cn paths with no diagonal step. A
corresponding parameter in An(132) is yet to be found.

5.4 Counting An(123)

The 123-avoiding ASMs are possible to characterize in the same way as 123-
avoiding permutations. A staircase starting with an east step from (0, 1),
ending in (n− 1, n) splits the n× n-matrix in two halves, as seen in Figure
5.5. Thus the upper half contains n2−n

2
entries and the bottom half n2+n

2
.

Neither the upper or bottom half can contain a 12-pattern, for the matrix to
be 123-avoiding.

-1

-1

1
1 1

1
1

1 1
1

1
1

Figure 5.5: A 123-avoiding alternating sign matrix.

In contrast to permutations, a 123-avoiding ASM cannot unambigously
be described by its bottom half. Thus, they are harder to count. Several
attempts were made to count An(123), but none succeeded. Computer cal-
culations yielded the following results:

The sequence was not found in The On-Line Encyclopedia of Integer
Sequences [12] in May 2006. It is an open problem to find a formula for
An(123) or to find another combinatorial object with the same cardinality as
An(123).
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n 1 2 3 4 5 6 7 8 9

An(123) 1 2 6 23 103 514 2785 16132 98897

Table 5.1: The number of 123-avoiding alternating sign matrices of order
n ≤ 9.

Open problem: Count An(123) or find a combinatorial object with the
same cardinality.

5.5 Counting alternating sign matrices avoid-

ing two different patterns of order three

We will now turn to the number of alternating sign matrices which avoid two
different patterns of length three. Five equivalence classes modulo rotation
arise, where two of them are equal and one is trivial. The unequivalent
classes are An(132, 123), An(132, 231), An(132, 321) and An(123, 321). Note
that for patterns of length three the same classes arise, even if we consider
reflection. A summary is given in table 5.2.

Fibonacci numbers

The Fibonacci numbers, starting with 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, is a fa-
mous number series, which turns up on lots of various places in nature, for
example on the surface of a pineapple and in the face of a sunflower. The
Fibonacci numbers, F (n), are defined recursively by

F (n) = F (n− 1) + F (n− 2) n ≥ 2

where F (0) = 0 and F (1) = 1. In this thesis, we won’t focus on the Fibonacci
numbers. We will note however, that one class of pattern-avoiding ASMs are
counted by every second Fibonacci number, F (2n − 1). From now on, we
denote F (2n− 1) as Gn. Gn is defined by

Gn = Gn−1 +

n−1
∑

k=1

Gk n ≥ 2

where G0 = 0 and G1 = 1.

5.5.1 Counting An(132, 123) and An(132, 213)

Theorem 5.2 An(132, 123) is counted by every second Fibonacci number,

Gn.
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Proof An(132, 123) is denoted an in this proof. Let A be an alternating sign
matrix avoiding both 132 and 123. We know from the structure lemma that
it can be decomposed into submatrices A1 and A2 in two ways. For A to be
123-avoiding, A2 must always be on the form (k − 1)(k − 2) · · ·1, where k
is the position of the 1 in the rightmost column of A. This is illustrated in
Figure 5.6.

1. For the first case from the structure Lemma, when the 1 in the right-
most column of A is the only element of row k, there are an−k ASMs,
for 2 ≤ k ≤ n− 1.

2. In the second case, we know by the same reasoning as in earlier proofs
that there are an−k+1 − an−k ASMs on this form, for 2 ≤ k ≤ n− 1.

Additionally, there are an−1 132-123-avoiding ASMs of order n when k = 1
and a single ASM of order n when k = n.

In total we have an = 1+an−1+
∑n−1

k=2(an−k+1−an−k +an−k) = 1+an−1+
∑n−1

k=2 an−k+1 = an−1 +
∑n−1

k=1 ak.

This implies that an = Gn. 2

1

A1

1
1

1

1

k

n

case 1

1-1

A1

1
1

1

1

k

n

case 2

Figure 5.6: The two cases of An(132, 123).

Theorem 5.3 An(132, 213) is counted by every second Fibonacci number,

F (2n− 1).

Proof The same proof technique as for 132-123-avoiding ASMs can be used.
This time the matrix on row 1 to k−1 will always be on the form 1·2 · · ·k(k−
1). 2

Open problem: Construct a bijection betweenAn(132, 123) andAn(132, 213).

F (2n−1) is sequence number A011783 in [12]. As mentioned there, an object
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which is counted by F (2n − 1) is rooted ordered trees on n edges, contain-
ing exact one non-leaf vertex all of whose children are leaves. It is pretty
straightforward to count Tn, the number of trees with n edges, as there are
1 · Tn−1 trees where the vertex degree of the root node is 1, 2 · Tn−2 trees
where it’s 2 and so on until n− 1. The last tree counted is a single tree with
vertex degree n of the root node. A formula for Tn is

Tn =
n−1
∑

k=1

k · Tn−k + 1

The trees are easy to count, when summing over the root node’s vertex
degree and the matrices, when summing over the position of the 1 in the
rightmost column. It is an open problem to find the parameter in the pattern-
avoiding ASMs corresponding to the vertex degree of the root node, resulting
in the formula above. Similarly, it is not known which parameter in the trees
that corresponds to the position of the 1 in the rightmost column of the
ASMs.

According to [12], this sequence can also be described by the generating
function 1−2x

1−3x+x2 .

Open problem: Find the parameter in An(132, 213) corresponding to the
vertex degree of the root node in the formula for Tn above.

A bijection to pattern-avoiding circular permutations

David Callan has studied pattern-avoiding circular permutations in [4]. A
circular permutation can be seen as an arrangement of distinct positive in-
tegers around a circle, equivalent under rotation. It should be possible to
construct a bijection between 132-123-avoiding alternating sign matrices of
order n and 1324-avoiding circular permutations on [n + 1].

Open problem: Construct a bijection between 132-123-avoiding alternating
sign matrices of order n and 1324-avoiding circular permutations on [n+ 1].

5.5.2 Counting An(132, 231)

Theorem 5.4 The cardinality of An(132, 231) is 2n−3 · 5, for n ≥ 3.

Proof Let an denote number of ASMs avoiding both 132 and 231. When
n is 1, 2 and 3, an is trivially 1, 2 and 5 respectively. For higher n, the
position k of the rightmost 1 can only be k = 1 (case 1) or k = n (case 2)
for a 231-pattern not to arise. See Figure 5.7 for an illustration. This means
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that an = 2 · an−1, for n ≥ 4. Using the initial values above for an, we get
an = 2n−3 · 5, n ≥ 3. 2

1

A1

1

k

n

case 1

1

A1

1

k

n

case 2

Figure 5.7: The two cases of An(132, 231) for n ≥ 4.

This sequence can be described by the generating function 1+x2

1−2x
. We

know this by Taylor expansion, (1 + x2)(1 − 2x)−1 = (1 + x2)
∑

2nxn =
∑

2n·xn+
∑

2n·xn+2 = 1+2x+
∑

n≥2[2
n+2n−2]xn = 1+2x+

∑

n≥2 5·2n−2·xn.

5.5.3 Counting An(132, 321)

Theorem 5.5 The cardinality of An(132, 321) is n2 + 1.

Proof A 132-321-avoiding ASM A can be described by the structure Lemma
and the additional property that both A1 and A2 are matrices following
the structure of the identity matrix. Let an denote the number of 132-321-
avoiding ASMs and k the position in the rightmost column where the 1
resides. When 2 ≤ k ≤ n − 1 there are exactly two 132-321-avoiding ASMs
of order n, one with only a 1 in row k (case 1), and one with a −1 (case 2)
in row k, column n− k + 1. Additionally there is one ASM of order n when
k = 1, and an−1 when k = n. In total we have an = 1 + an−1 +

∑n−1
k=2 2 =

2n− 3 + an−1 = n2 + 1.

This implies that an = n2 + 1. 2
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Figure 5.8: The two cases of An(132, 321).

5.5.4 Summary of all classes

All values of ASMs avoiding two patterns of length three follows in Table
5.2. Note that An(123, 321) is trivially empty for n ≥ 5.

τ1\τ2 123 132 213 231 312 321

123 An(123) F (2n− 1) F (2n− 1) n2 + 1 n2 + 1 0
132 F (2n− 1) An(132) F (2n− 1) 2n−3 · 5 2n−3 · 5 n2 + 1
213 F (2n− 1) F (2n− 1) An(213) 2n−3 · 5 2n−3 · 5 n2 + 1
231 n2 + 1 2n−3 · 5 2n−3 · 5 An(231) F (2n− 1) F (2n− 1)
312 n2 + 1 2n−3 · 5 2n−3 · 5 F (2n− 1) An(312) F (2n− 1)
321 0 n2 + 1 n2 + 1 F (2n− 1) F (2n− 1) An(321)

Table 5.2: All values on alternating matrices of order n ≥ 5 avoiding two
patterns of length three, τ1 and τ2.

5.6 Discussion and future research

In this thesis we have just scratched the surface on what possibly could be
found when generalizing permutation theory to alternating sign matrices.
We have made a first attempt on extending the theory of pattern avoidance
and have found several interesting results.

It proved to be hard to count An(123), but in a future research this
would be of high priority to investigate. If it’s not possible to find an explicit
formula or another combinatorial object with the same cardinality, it may
be possible to find an asymptotic formula.

The other open problems of this thesis, would be included in future re-
search. For example, it would be very interesting to know which parameter
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in 132-avoiding ASMs which corresponds to the number of diagonal steps in
a Schröder path.

We have only studied patterns of length three in this thesis. If research
in this area is continued, it would be of high priority to study ASMs avoiding
permutation patterns of length 4. It is interesting which patterns of length
4 that are equivalent. The best approach for this is probably by writing a
computer program.

In the introduction of this chapter, we mentioned that a pattern in an
alternating sign matrix doesn’t have to be restricted to a permutation. It
would be intersting to study ASMs avoiding other ASMs and even non-square
patterns.

Recently Marcus and Tardos [9] proved the Stanley-Wilf conjecture, which
is a theorem saying that the growth rate of the number of pattern-avoiding
permutation is linear. It is a natural question to ask if the Stanley-Wilf
conjecture holds for pattern-avoiding alternating sign matrices too.
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