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Abstract

This report is a review on aspects of constitutive modelling of high strength
steels. Aspects that have been presented are basic crystallography of steel,
martensite transformation, thermodynamics and plasticity from a phenomeno-
logical point of view. The phenomenon called mechanical twinning is re-
viewed and the properties of a new material type called TWIP-steel have
been briefly presented. Focus has been given on phenomenological models
and methods, but an overview over multiscale methods has also been given.

— Constitutive Modelling of High Strength Steel —



iv

— Constitutive Modelling of High Strength Steel —



v

Preface

The work presented here is the result of a Master Thesis performed at
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2 1 INTRODUCTION

1 Introduction

During the last decades the computer capacity has been developed rapidly
and the usage of the Finite Element Method (FEM) has become common.
The Finite Element Method (FEM), both linear, Hughes [1], and non-linear
Belytschko [2] is widely used in different applications.

In the automotive industry, the method is used, e.g. for the evaluation
of forming processes and crashworthiness. Since the production volume is
high and since there are numerous different parts in each car model, it is
rather important to be able to simulate these processes accurately to avoid
problems.

To improve the simulation results, an important research area is the devel-
opment of material models. New types of materials also require new material
models. In some metals, phase transformation takes place and the descrip-
tion of which requires even more advanced material models. The forming of
high strength steels (HSS) might even require more advanced analyses in-
cluding elasticity analyses of the surrounding parts as tools, which today are
often modelled as stiff.

Research on material models is going on with different approaches. As the
nanotechnology becomes more common, it may also be applied to material
modelling. However, the macro mechanical models are still dominating in
forming analyses. Methods using smaller scale (meso or micro scale) are
often difficult to use, e.g. due to limitations in computer capacity.

This literature survey aims at giving an overview of previous work done in
modelling of steel, in particular high strength steels and steels that undergo
phase transformation under mechanical loading, and which contain more
than one concurrent phase. Also information about a new family of steel
called TWIP steel will be given.

First, some elementary material mechanics, material identification and
thermodynamics will be given. Some keywords will be defined, and some
terminology will be explained. In Section 4, the the coupling between thermal
and mechanical phenomena will be given. Further on, a number of existing
material models are reviewed, where some very basic plasticity theory and
the most well known yield criteria will be presented. Finally, multi scale
methods and crystal plasticity theory will be briefly reviewed.
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4 2 CRYSTALLOGRAPHY

2 Crystallography

To define different phases and deformation mechanisms in steel one must be
familiar with the atomistic models of steel. In this section the different forms
of steel and in some sense the basics of plastic deformation will be reviewed.

2.1 Crystallography of steel

In steel, the atoms are arranged in a lattice. The lattice is built up by unit
cells. The unit cells form a lattice. There are seven systems of unit cells, see
Figure 1; cubic, tetragonal, hexagonal, orthorhombic, rhombohedral, mono-
clinic and triclinic. All cells have eight corners, and all have the topology of
a cube, i.e. eight corner atoms. In the cubic, tetragonal and orthorhombic
all angles between the cell sides are equal 90◦. The lengths of the sides are
all equal in the cubic one, two in the tetragonal and none in the orthorhom-
bic. The hexagonal cell has the same properties as the tetragonal, but the
third angle (the one not equal to 90◦) is equal to 120◦. Thus, the unit cells
can be (actually are) arranged in a hexagon, which is often the case when
visualizing the hexagonal unit cell, c.f. any book in engineering mechanics.
The rhombohedral cell has equal length of all sides, but no angle is equal to
90◦.

The unit cell systems contain different variants. Here, focus will be given
on the cubic, tetragonal and hexagonal systems. There are three types of
cubic systems, namely simple cubic, face-centered cubic (FCC) and body-
centered cubic (BCC). The face-centered cubic (FCC) has one atom on each
face of the unit cell, and BCC has one atom in the volume center. For
tetragonal, the corresponding unit cells are simple tetragonal, and body-
centered tetragonal (BCT), c.f. BCC. A usual variant of the hexagonal unit
cell is the close packed hexagonal (CPH or HCP), which has one atom within
the volume. For more details c.f. Askeland [3].

Steel can have different types of structure, i.e. they can be built up from
different types of unit cells. These types can also be called phases. The most
common phases are ferrite (α, BCC), austenite (γ, FCC) and HCP-phases
denoted ε, c.f. Lemaitre and Chaboche [4]. The actual phase depends on
the alloy components, the heat treatment, etc. Another phase is martensite,
which has a BCT-structure (α′) or closed packed hexagonal (HCP or CPH).
There are also phases called cementite, pearlite and bainite, which are not
included in this study. The phase of a material can be changed, e.g. by heat
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a) b) c)

d) e) f)

g) h) i) j)

k) l) m) n)

Figure 1: The seven systems of unit cells, here divided into fourteen types
where additional atoms are present, a) simple cubib, b) face-centered cubic,
c) body-centered cubic, d) simple tetragonal, e) body-centered tetragonal,
f) hexagonal, g) simple orthorombic, h) body-centered orthorombic, i) base-
centered orthorombic, j) face-centered orthorombic, k) rhombohedral, l) sim-
ple monoclinic, m) base-centered monoclinic and n) triclinic. The picture is
from Askeland [3].

treatment or by mechanical work.

2.2 Imperfections in crystal lattice

There are several imperfections in the crystal lattice. Some of them are
shown in Figure 2. There are also e.g. screw dislocations, grain boundaries
and twins. Edge dislocations are most easily visualized in a planar picture.
However, Figure 3 shows a 3D-picture of an edge and a screw dislocation.

A closed circuit in a perfect lattice will have a gap in case of an atom.
The gap is described with the Burgers vector, denoted b. Dislocations are
generated by crystal slip. Slip occurs in specific planes and preferred slip
directions for different types of lattice. The dislocations can move, Figure
4 shows a moving edge dislocation. The number of dislocations increase by

— Constitutive Modelling of High Strength Steel —



6 2 CRYSTALLOGRAPHY

Figure 2: Imperfections in crystal lattice, a) interstitial impurity atom, b)
edge dislocation, c) self interstitial atom, d) vacancy, e) precipitate of impu-
rity atoms, f) vacancy type dislocation loop, g) interstitial type dislocation
loop, and h) substitutional impurity atom. After Föll [5].

cold working, which also increases the yield stress. An explanation is given
by the Frank-Read source. A Frank-Read source is when a segment of a
dislocation is pinned up betwwen two points. As the shera stress increases,
the dislocation line starts to bow. The shear stress reaches its maximum
when the dislocation forms a semicircle. As the deformation continues, the
dislocation segment continues to expand. Finally it forms a loop, and simlu-
taneously, a new dislocation is formed between the two points, c.f. Hosford
[6]. Dislocations can also climb, which is a phenomena which requires diffu-
sion.
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a) b) c)

Figure 3: a) Perfect crystal lattice, b) edge dislocation and c) screw disloca-
tion.

Figure 4: A moving dislocation. From [7].

2.3 Deformation of crystals

Each crystal structure has slip planes. The slip planes are given by its inter-
section with the axes of the unit cell. A specific plane is denoted e.g. (111).
A typical slip plane connects closest packed atoms. For this specific plane,
there are seven equivalent slip planes, i.e. (111̄), (11̄1) . . . (1̄1̄1̄). The bar
over a number within the parenthesis is a minus sign. This family of slip
planes are denoted <111> which includes all eight planes given above. The
numbers give the normal vector to the slip plane, given in as small integers
as possible. For each plane, there is also one or more possible slip direction,
denoted e.g. [112̄]. The vector is written with components in a coordinate
system built up with the sides of an unit cell. In case of the HCP, there
are instead four indices used, which are, of course, linear dependent. Fig-
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8 2 CRYSTALLOGRAPHY

ure 5 shows the (111) and (110) slip plane in an FCC and a BCC unit cell,
respectively.

Figure 5: The slip planes in an FCC and in a BCC unit cell. From [7].

2.4 Mechanical twinning

Mechanical twinning and martensitic shear are quite similar phenomena, c.f.
Hosford [6]. Both occur by shearing of the lattice, and martensitic transfor-
mation is referred to as martensitic shear, c.f. Hosford [6]. In mechanical
twinning, a twin plane is produced, which is a mirror plane. Figure 6 shows
a schematic view of twinning. In FCC, the twin plane is one of the <111>
planes, and the direction of shear is [112̄]. The shearing occurs in the plane
K1. Both the plane K1 and K2 remain undistorted in twinning. Of course,
K2 is broken at K1. Twins makes the material stronger, as the they prohibit
dislocation movement.

Twinning results in a reorientation of the lattice. The angle of reorienta-
tion is different for each kind of lattice structure. Calculations can be found
in Hosford [6].

Stark [8] gives both the K1 and K2 planes for some different materials.

2.5 Martensitic transformation

Austenite is a meta stable phase, that likely transforms to martensite. Marten-
sitic transformation can be obtained either by cooling steel below the Ms tem-
perature, or by mechanical work. The temperature in the former depends
strongly on the amount of alloy constituents.

In case of cooling the steel, martensitic transformation begins at Ms and
finishes at Mf . In the other direction, transformation from martensite to
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K2

K1

A

B
C

C’

Db b

b b

b

Figure 6: Twinning in a crystal. The plane K1 is the twin plane and the
plane K2 is rotated around the intersection of K1 and K2.

austenite begins at As and finishes at Af . The As and Af temperatures are
higher than Ms and Mf , c.f. Hosford [6]. For temperatures between Ms

and As temperatures, martensite can be formed by deformation, c.f. Hosford
[6]. In Figure 7a the different temperature intervals where the martensite
is formed, and which type of transformation. Between the Ms and Mσ

s ,
the martensitic transformation is stress-assisted, and it is believed that the
γ → ε transformation is favoured. Above the Mσ

s temperature the marten-
sitic transformation is strain-induced, but above Md, there is no martensitic
transformation at all.

In Figure 7b the martensitic transformation is shown as a function of
strain for a few temperatures.

The martensitic transformation is a diffusionless transformation. It means
that all atoms have a minor motion in the lattice. Thus the transformation
is only a rearrangement of the atoms.

There are two types of martensite, α′ which has a BCT structure and ε
which has a closed packed hexagonal (HCP) structure. As described above,
the difference between BCC and BCT is the ratio between the length of
the axis in the tetragonal. The ratio depends on the amount of carbon, c.f.
Askeland [3]. In fact, in a perfect FCC lattice, also a BCT structure can be
identified, see Figure 8, c.f. Askeland [3].

Austenite can either transform to α′-martensite (BCT) or to ε-martensite
(HCP). The two transformations are shown in Figure 9.
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a) b)

Figure 7: The martensitic transformation show strong dependency of temper-
ature. In a) different temperature intervals are shown and in b) the marten-
sitic transformation is shown as a function of strain for a few temperatures.
From Berrahmoune et al. [9] and Tomita and Iwamoto [10], respectively.

In the reviewed literature little less information is found about transfor-
mation to ε−martensite, but more about transformation to α′−martensite.
The models reviewed in Section§ 6 only take one phase transformation into
account, i.e. these models do not differ between α′− and ε−martensite.

The ε-martensite is non magnetic.
Martensite has a larger specific volume than austenite. When an intersti-

tial volume in an austenitic matrix transforms to martensite, there will be a
volumetric strain. This may cause the austenite to yield. The phenomenon
is often referred to as the Greenwood-Johnson effect. Further analyses can
be found in Leblond [11] and Simonsson [12]. More about this effect can be
read in Greenwood and Johnson [13].

The Magee-effect [14] concerns the orientation of the transformation sites.
If martensitic transformation occurs under external loading, the overall shape
of the body is affected since the new martensite plates are formed in a pre-
ferred direction.

During the years, a lot of research has been done on martensitic phase
transformation. Thus also a lot of theories have been developed. Even com-
plete books have been written, e.g. Nishiyama [15], about martensitic trans-
formation.
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Figure 8: A BCT unit cell can be identified in an FCC lattice. The corner
atoms in the BCT cell corresponds to the face atoms in the FCC cells.

FCC, γ BCT, α′

HCP, ε

γ → α′

γ → ε ε → α′

Figure 9: Martensitic transformation. FCC can either transform to BCT
(α′) or to HCP (ε). Also the HCP crystal can transform to BCT.
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12 3 MATERIAL IDENTIFICATION

3 Material identification

This material identification is here mainly made with the present project
in mind, and no attempt has been made to classify other materials than
different types of steels.

Figure 10 shows an overview of some materials. One can see that the
extreme steels with transformation or twinning induced plasticity are both
very ductile and has a very high strength. In Figure 10 the steels are denoted
X-IP, which is assumed to mean transformation induced plasticity (TRIP)
and/or twinning induced plasticity (TWIP).

Figure 10: Formability versus strength. After Hofmann [16].

High strength steels (HSS) are cold formable steel with a yield strength
between 210 MPa and 550 MPa. If the yield strength is higher, the material
is said to be a ultra high strength steel (UHSS), c.f. Bleck and Phiu On [17].
There are also advanced high strength steels (AHSS), which include DP, CP,
TRIP and TWIP steels and high strength austenitic stainless steels.

The goal with this project is to develope material models, to be applied
on industrial size problem within the automotive industry. The material
models are to be used foremost in forming analyses in the context of explicit
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3.1 Dual phase steel 13

FEM. Moreover, the material models must take phase transformations into
account.

This literature survey aims at giving an overview of different ways to
model different transformation phenomena and material characteristics. The
model must handle transformation from austenite to martensite.

Some materials are of higher interest than others. Steels to be anal-
ysed are dual phase (DP), complex phase (CP), twinning induced plasticity
(TWIP) steel, transformation induced plasticity (TRIP) steels and austenitic
stainless steels.

3.1 Dual phase steel

Dual phase (DP) steels are special steels treated to produce martensite dis-
persed in a ferrite matrix, c.f. Askeland [3] and [18]. By combining two
or more different phases in a material, advantages from each phase can be
obtained in the steel. The different phases can e.g. be austenite, marten-
site, bainite and ferrite. The dual phase (DP) contains a matrix of ferrite or
austenite, and dispersed martensite.

Duplex steel is a kind of dual phase steel. Duplex steels have about
the same amount of FCC austenite as BCC ferrite. The amount of each
phase can be changed by alloy composition and heat treatment. There are
advantages as high toughness and ductility. The yield strength ranges about
400 − 550 MPa, c.f. Metals Handbook [18].

3.2 Complex phase steel

Complex Phase (CP) steel is an advanced high strength steel, which consist
of a ferrite matrix with dispersed martensite and/or bainite. The addition of
retained austenite gives an even more advanced steel. Complex phase steel
has a higher tensile strength than DP steel, but is less ductile.

3.3 TRIP steel

Transformation induced plasticity (TRIP) is a phenomenon where the phase
transformation itself induces plastic flow, due to difference in the volume of
the two coexisting phases. This phenomena is called The Greenwood-Johnson
effect, see above.

— Constitutive Modelling of High Strength Steel —



14 3 MATERIAL IDENTIFICATION

However, in TRIP-steel strain induced martensitic phase transformation
(SIMT) takes place. The transformation is quite complex to model due to
its strong dependence on temperature and strain rate. A typical microstruc-
ture of TRIP steel contains ferrite and austenite. TRIP steels include the
austenitic stainless steels, e.g. the Hytens Stainless Steel from Outokompo.

Typical alloy substitutes besides iron are Ni, Co and C, but there are
also Fe-Mn-C steels with a pronounced TRIP effect. Those steels are closely
related to the TWIP steel. The strength of the TRIP steel can be increased
by niobium additions.

By increasing the strain rate an improved forming behaviour may be
obtained, c.f. Frommeyer et al. [19].

3.4 TWIP steel

The TWIP steel is a new high strength steel grade, and only little information
about its mechanical properties has been found in the literature. Twinning
induced plasticity (TWIP) steels are mainly austenitic. TWIP means that
twinning occurs under plastic deformation. As the mechanical twins prohibit
dislocation movement, the material gets an increased strength. Whether
the material undergoes martensitic transformation or mechanical twinning
(or both) depends on the stacking fault energy and also on the amount of
Mn. TWIP steel also undergoes martensitic transformation, and since there
are two possible transformations (γ → α′ and γ → ǫ), the TRIP effect is
more pronounced. However, both strength and ductility are higher than in
TRIP steels. TWIP steel contain 15-25% Mn. The Mn makes the steel
more ductile by stacking faults. The stacking faults create mirrored sections
of the crystal, so called twin planes. Allain et al. [20] have proposed a
model for the evaluation of the stacking fault energy in high Mn steels. Due
to literature study and testing of a specific steel, the mechanical γ → ε
martensitic transformation occurs only below a certain limit, here 18 mJ/m2.
Twinning occurs if the Stacking Fault Energy (SFE) is between 12 mJ/m2

and 35 mJ/m2. This result agrees to what has been found by Frommeyer et
al. [19]. These authors also found that Al can be used to increase the SFE
and thereby suppress the γ → ǫ transformation, while silicon works in the
opposite direction. If the SFE is too high, no mechanical twinning will occur,
but instead deformations due to dislocation movement will take place, c.f.
Schröder [21].

Concerning the strain rate dependency, the Fe-25Mn-3Al-3Si steel inves-
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tigated in Frommeyer et al. [19], the most extreme elongations were obtained
at either very high (> 102s−1) or low (< 10−3s−1) strain rates.
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4 Thermomechanics

The material models that are to be developed, must handle several different
phenomena. Besides the pure mechanical part, which includes yield crite-
rion and hardening parameters, the models must also handle the coupling
between the mechanical, thermal and transformation problem. A scheme of
the different couplings assumed is shown in Figure 11.

Mechanics
σ, ǫ, ǫe

Temperature

T

Phase
transformation

z, ż

Figure 11: Relations between mechanics, temperature and phase transfor-
mations.

The stress and the plastic strain give plastic dissipation. The main part
of the energy will be used to increase the temperature. This is more formally
treated in Section 5.3. A raise in temperature also gives thermal dilatation.
Since the phase transformation is very temperature dependent it is clear that
the temperature also affects the microstructure. Models that try to catch the
behaviour are presented in Section 6. Whether the phase transformation in-
crease (or even decrease) the temperature is not further investigated so far.
Strain induced martensitic transformation (SIMT) depends on the plastic
strain. Thus, the mechanical properties (foremost plastic strain) affect the
microstructure. Since the martensite has a higher yield stress than most com-
mon parent phases, the transformation clearly affects the mechanical prop-
erties. Even the Greenwood-Johnson effect results in a coupling between the
microstructure and mechanical properties. The Greenwood-Johnson effect
means that the martensite has a larger specific volume than austenite, see
above. Thus, the plastic strain also includes a volumetric part.
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All connections between the different physical phenomena require both
an advanced theoretical model and an efficient algorithm. Perhaps, one or
more relations between the different physic items must be neglected to get a
solvable problem.
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AND THERMOMDYNANICS

5 Fundamental continuum mechanics

and thermomdynanics

Below, a short review of the continuum mechanics and thermodynamics will
be given. The section considering thermodynamics will mainly treat conser-
vation laws and the method of local state. The continuum part will describe
some kinematics, mainly what is needed in the Sections 7.3 and 8.

5.1 Continuum mechanics

Materials are formed of molecules and atoms which are arranged in different
ways. Thus, a material is not continuous in a pure mathematical sense.
However, in the context of continuum mechanics, the materials are said to
be continuous, and continuum mechanics aims at describing phenomena at a
structure level by neglecting the structure of the material at a smaller scale.
In this section, a few quantities needed for the report will be definedc.f. Mase
and Mase [22], Lai et al. [23] and Stein, de Borst and Hughes [24].

The Einstein summation rule is used, i.e. summation should be made on
repeated indices, i.e.

aibij =

n∑

i=1

aibij (1)

where n = 3 applies in all cases present in this work.

5.2 Kinematics

The reference configuration is denoted B0 and the current configuration is
denoted B. The position of a material point P0 in the reference configuration
is denoted X and the corresponding point P has the position x in the current
configuration. The evolution of the material point P can be described by a
function φ, i.e. P = φ(P0, t), where t is time and B = φ(B0, t). The
displacement u is defined by u = x − X.

Deformation gradient

Using the two first terms in the Taylor expansion one can describe the motion,
or deformation, at Q0 close to P0 as

φ(Q, t) ≃ φ(P0, t) + F (P0, t)(Q0 − P0) (2)
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where F = ∇φ is the deformation gradient which also can be written as

Fir =
∂φi

∂XR
(3)

It can be shown that the deformation gradient can be split,

F = V · R = R · U (4)

where R is an orthogonal tensor and V and U are the left and right stretch
tensors, respectively.

The Lagrangian velocity field v is defined as vi =
∂xi

∂t
and the spatial

velocity gradient is defined as

Lij =
∂vi

∂xj
(5)

The velocity gradient can be split into one symmetric and one antisymmetric
part as

Lij =
1

2

(
∂vi

∂xj

+
∂vj

∂xi

)

︸ ︷︷ ︸

Dij

+
1

2

(
∂vi

∂xj

−
∂vj

∂xi

)

︸ ︷︷ ︸

Wij

(6)

where Dij and Wij is referred to as the rate of deformation and spin tensor,
respectively.

Split of the deformation gradient F

The deformation gradient can be split into one elastic and one plastic part,
multiplicative by

F = F eF p (7)

A schematic view is shown in Figure 12, where an intermediate configuration
is introduced. From Equation (7) one gets

L = Ḟ F−1 = Ḟ
e
F e−1

︸ ︷︷ ︸

l
e

+ F e(Ḟ
p
F p−1)

︸ ︷︷ ︸

L
p

F e−1

︸ ︷︷ ︸

l
p

(8)
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where the tensors le and lp are defined in the current configuration and Lp

in the intermediate configuration, see Stein, de Borst and Hughes [24].

The multiplicative decomposition has so far not been widely used in com-
mercial FE programs, mainly since it demands exessive computation time.
Instead the additive decomposition of the rate of deformation tensor D is
widely used, i.e.

D = De + Dp (9)

B0 B
F = F eF p

F p F e

Reference
configuration

Intermediate
configuration

Current
configuration

Figure 12: Multiplicative decomposition of the deformation gradient.

Strain definitions

The Lagrangian finite strain tensor is defined as E =
1

2
(C − I), where C =

F TF is called Green’s deformation tensor and I is unity.

The Cauchy deformation tensor is defined by c = F -TF−1 from which

the Eulerian finite strain tensor is defined as e =
1

2
(I − c)

The logarithmic strain tensor is defined by

ε = ln V (10)
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Stress definitions

In infinitesimal strains, the area on which a force act has a negligible change,
and thus, most stress measures will be equivalent in such a case. However,
the area changes. The true stress tensor, or Cauchy stress tensor denoted σ

is defined as σij ≡ tiêj, i.e. the traction vectors in the directions of the axis
in the coordinate system. The Cauchy stress is often used in constitutive
modelling.

5.3 Thermodynamics

The literature studied is Lemaitre and Chaboche [4] and Ottosen and Ristin-
maa [25].

Conservation laws

In any material model, the laws of thermodynamics must be fulfilled. The
law of conservation of energy in global form, c.f. Ottosen and Ristinmaa [25],
reads

K̇ + U̇ =
δW

dt
+

δQ

dt
(11)

where K is the kinetic energy and U is the internal energy.

δQ

dt
=

∫

V

r dV −

∫

S

q̇ · n dS (12)

is the rate of heat input. r is density of internal heat production and n is
the normal to the boundary S.

δW

dt
=

∫

V

u̇ · t dV +

∫

S

u̇ · b dS (13)

where W is mechanical work and u is displacement. Q and W are said not
to be functions and therefore the δ is used in the derivatives instead of ∂.
Using the Gauss divergence theorem, Equation (11) can be written in local
form

ρ
de

dt
= σ : D + r − divq (14)
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where : denotes the double inner product, ρ is the density, e is specific inter-
nal energy, σ is Cauchy stress tensor, D = sym(L) is the rate of deformation
tensor and q is the heat flux vector. The first law of thermodynamics, Equa-
tion (14) may be seen as conservation of energy.

The second law of thermodynamics postulates the irreversibility of the
entropy production rate

ρ
ds

dt
+ div

q

T
−

r

T
≥ 0 (15)

where s is the entropy, r is the specific heat production and T is the temper-
ature. Equation (14) and (15) give

ρ
ds

dt
+ div

q

T
−

1

T

(

ρ
de

dt
− σ : D + divq

)

≥ 0 (16)

Introducing the specific free energy Ψ = e − Ts the Clausius-Duhem
inequality is obtained as

σ : D − ρ

(
dΨ

dt

)

+ s
dT

dt
−

q

T
grad T ≥ 0 (17)

which can be written

σ : ε − ρ(Ψ̇ + sṪ ) −
q

T
grad T ≥ 0 (18)

for small perturbations, c.f. Lemaitre and Chaboche [4]. If equality is
present, the process is reversible, and in the opposite way, if strict inequality
is present, the process is irreversible.

Method of local state

State variables are variables that describe the state at a certain time. The
variables can be either observable, internal or associated. The observable
variables are quantities that can be measured, as strain and temperature.
The internal variables also describe the characteristics of the material, for
example the total strain divided into elastic and plastic strain, density of
dislocation and shear bands, crystalline microstructure, amount of martensite
etc. The internal variables can not be measured directly as the observable
variables, but treated as observable ones, and the choice of internal variables
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are done for the specific physical phenomena to be studied. Both internal
and associated variables are referred to as hidden variables. The associated
variables are e.g. stress for strain and entropy for temperature. Other types
of variables mentioned below are flux variables and dual variables.

For small deformations, define the free specific energy as

Ψ = Ψ(ε, T, εe, εp, Vk) (19)

where Vk, k = 1 . . . n are the n internal variables, representing either a scalar
or a tensor. Use εe = ε − εp and obtain

∂Ψ

∂εe
=

∂Ψ

∂ε
−

∂Ψ

∂εp
(20)

and

Ψ̇ =
∂Ψ

εe
: ε̇e +

∂Ψ

∂T
Ṫ +

∂Ψ

∂Vk

V̇k (21)

entered into Equation (18) gives

γ ≡

(

σ − ρ
∂Ψ

∂ε

e)

: ε̇e+σ : ε̇p−ρ

(

s +
∂Ψ

∂T

)

Ṫ −ρ
∂Ψ

∂Vk
︸︷︷︸

≡Ak

V̇k−
q

T
·grad T ≥ 0

(22)

where the partial derivatives with respect to the internal variables are denoted
Ak and the physical interpretation is thermodynamic forces. γ can be split
as

γ ≡ γmechanic + γthermal

where

γmechanic ≡

(

σ − ρ
∂Ψ

∂εe

)

: εe + σ : εp − ρ

(

s +
∂Ψ

∂T

)

Ṫ − ρAkV̇k ≥ 0

γthermal ≡ −
q

T
· grad T ≥ 0

(23)

since the temperature gradient is arbitrary. γmechanic is called mechanical
dissipation and γthermal is called thermal dissipation. There is no dissipation
for constant internal variables, which gives

σ = ρ
∂Ψ

∂εe
and s = −

∂Ψ

∂T
(24)

— Constitutive Modelling of High Strength Steel —



24
5 FUNDAMENTAL CONTINUUM MECHANICS

AND THERMOMDYNANICS

Note that the vector formed by s, σ and Ak is the gradient to the function
Ψ = Ψ(T, εe, Vk), i.e. the normal to Ψ =constant. The relations holds
not only for thermo-elasticity but also for inelasticity, and is referred to as
Coleman’s relations. Rewrite γ as

γmechanic = {σ, Ak}
︸ ︷︷ ︸

AΘ

{ε̇p,−V̇k}
︸ ︷︷ ︸

ȧΘ

T
≥ 0

γthermal =
{g

T

}

︸ ︷︷ ︸

A

{−q}
︸ ︷︷ ︸

ȧ

≥ 0
(25)

where AΘ and A comprises all forces, and ȧΘ and ȧ comprises all flux vari-
ables. Using the dissipation potential ϕ, the complementary laws can also be
written

σ =
∂ϕ

∂ε̇p , Ak = −
∂ϕ

∂V̇k

and g = −
∂ϕ

∂
(

q

T

) (26)

or expressed in the flux variables

ε̇p =
∂ϕ∗

∂σ
, V̇k = −

∂ϕ∗

∂Ak
and

q

T
= −

∂ϕ∗

∂g
(27)

where g = grad T has been entered and ϕ∗ is the dual of ϕ defined as

ϕ∗(σ, Ak, g) = sup
ε̇p

,V̇k,
q
T

{(

σ : ε̇p − AkV̇k − g ·
q

T

)

− ϕ
(

ε̇p, V̇k,
q

T

)}

(28)

To fulfill the mechanical dissipation inequality, there are different ap-
proaches. In the direct approach, the evolution law is simply developed, and
the inequalities are controlled later on.

In Onsager’s approach, the flux variables are written as ȧΘ = LΘγAγ

where LΘγ is symmetric and positive definite.
In the potential approach, a potential φ is introduced such that

ȧΘ = λ̇
∂φ

∂AΘ
; λ̇ ≥ 0 (29)

which are called evolution laws and gives

γmechanic = AΘȧΘ = γ̇ȦΘ
∂φ

∂AΘ
≥ 0 (30)
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where φ is called dissipation potential. It may depend not only on AΘ but
also on other variables, denoted Zp. If φ is a convex function of AΘ and has
it’s minimum at AΘ = 0 and the conditions (29) are fulfilled, it implies that
dissipation inequality is fulfilled.

The postulate of maximum plastic dissipation implies that

ε̇ = λ̇
∂f

∂σ
(31)

where λ̇ is the plastic multiplicator and f is the yield function. It also implies
that f is a convex function and that the direction of the plastic flow is in the
normal direction to it.

This approach to constitutive modeling was proposed by Ottosen and
Ristinmaa [25] and Lemaitre and Chaboche [4].
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TRANSFORMATION

6 Existing models for martensite transforma-

tion

It is common to describe the amount of the secondary phase (here martensite)
with a normalized parameter 0 ≤ z ≤ 1, where z = 0 means no secondary
phase at all, while z = 1 means that the material consist of the secondary
phase only. The transformation is not reversible, i.e ż ≥ 0. Recall Figure
7b, where the martensite formation is shown as a function of strain, and in
some sense as a function of the tempterature.

During the years, there has been a lot of proposals concerning phase

transformation rates, ż or
∂z

∂ε
or z itself. Below, a short review of some models

will be given. The transformation depends on a lot of different properties,
which can be more or less measurable, e.g. temperature, alloy constituents,
strain, density of shear bands or stacking fault energy SFE.

There are two groups of models, isothermal and non-isothermal. Even the
isothermal models may depend on the temperature as a constant. Ludwigson
et al. [26] proposed a temperature independent two parameter model which
yields

z =

[

1 +
ε−b

a

]−1

(32)

and was developed to be temperature dependent by Cortes et al. [27] and
Tsuta et al. [28]

z =

[

1 +

(
ε

A e−
Q

T

)
−B
]
−1

(33)

That model was further modified by Hänsel et al. [29] to a non-isothermal
model, i.e.

∂z

∂ε
=

B

2A
e

Q

T

(
1 − z

z

) 1+B
B

zp[1 − tanh(C + D · T )] (34)

and the amount of martensite is calculated from

z =

∫ ε

0

∂z

∂ε
dε (35)
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Here the growth of martensite depends also on the amount of martensite
itself, compared to the models given in Equations (32) and (33), which only
give a relation between the strain and the amount of martensite.

The model includes several parameters, that have to be determined by
experiments, which makes the model difficult to use. However, the model
has been implemented into LS-DYNA [30], c.f. Schedin et al. [31].

A recent development by Heinemann reduced the number of parameters,
c.f. Hora [32]

∂z

∂ε
=

B

2A
e

Q

T

(
1 − z

z

) 1+B
B

zp C (36)

Olson and Cohen [33] proposed a model where formation of strain induced
martensite strongly depends on crossing of shear bands. The amount of
martensite is determined as

z = 1 − exp {−β[1 − exp(−α · ε)]n} (37)

This model has been used by Lindgren [34].
Domkin and Lindgren [35] have developed a stress update algorithm to

also handle strain induced martensitic transformation (SIMT).
Another iso-thermal model was proposed by Groth where the martensite

formation is a function of deformation energy and temperature

z = 1 − exp {−N(T ) · [wA(T ) − E0]
p} (38)

Unfortunately, a more precise description has not been found, see Hora [32]
for further information.

Recently, a model using a transformation potential was proposed by Hall-
berg, H̊akansson and Ristinmaa [36]. They takes the starting point in ther-
modynamics and the phase transformation is treated as an internal variable.
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7 Plasticity theory and models

In this Section, a short introduction to plasticity theory will be given. The
theory is described in the literature, and suggested reading are Ottosen and
Rinstinmaa [25], Lemaitre and Chaboche [4], Stein, de Borst and Hughes [24]
and Jansson [37].

7.1 Plasticity theory

Elasticity Theory

In hyper-elasticity, the stress is found from

σij =
∂W

∂εij

(39)

where it is assumed that the strain energy W is independent of the loading
history. For small elastic strains, the stress state can be evaluated from the
hypo-elastic relation

σ̇ij = Cijklε̇kl (40)

where C is the elastic stiffness tensor. However, the elastic strains are small in
present applications and thus the hypo-elastic formulation is well motivated.
Whether the fourth order tensor Cijkl in Equation (40) is a constant tensor
or not will not be treated in this work, but it can play an important role
when evaluating spring-back.

Fundamentals of plasticity

When the stress reaches the yield stress σy, the material starts to flow plas-
tically, and an irreversible deformation occurs. The strain rate is then a sum
of an elastic and a plastic part

ε̇ij = ε̇e
ij + ε̇p

ij (41)

where ε̇e
ij can be evaluated from the hype-elastic relation given in Equation

(40). For large deformations, the rate of deformation is divided in the same
way

D = De + Dp (42)
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The material flows plastically if the yield criterion is fulfilled. The yield
function f is commonly expressed as

f(σ, σy) = σ̄ − σy ≤ 0 (43)

for perfect plasticity, where σ̄ is the equivalent stress and σy is the yield
stress. The stress can never be greater than the yield stress. Different yield
criteria will be investigated in Section 7.3 and modifications of f to also
include hardening (or softening) will be given in Section 7.2.

The rate of plastic flow is given by

Dp
ij = λ̇

∂g

∂σij

, λ̇ ≥ 0 (44)

where g is the plastic potential. If an associated flow law is assumed g = f ,
otherwise not. λ̇ is the plastic multiplicator, which equals zero at elastic
loading and is greater than zero at plastic loading. If the load path follows
the yield function f = λ̇ = 0. The conditions on f and λ̇ give the Karush-
Kuhn-Tucker (KKT) conditions,

f ≤ 0

λ̇ ≥ 0

λ̇f = 0

(45)

7.2 Isotropic and kinematic hardening

Recall that the yield function f may be written (Equation (43))

f(σ, σy) = σ̄ − σy ≤ 0

In case of perfect plasticity, the yield function is unchanged during plastic
deformation. However, this is not the case for most materials.

Either, the yield locus can be moved (kinematic hardening) or it can
grow (isotropic hardening). In case of isotropic hardening, the yield stress is
a function of history variables A, i.e. σ̄y = σ̄y(A). The history variables can
be internal variables.

For kinematic hardening, the effective stress is a function of the overstress
σ which is defined by

Σ = σ − b (46)
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where b is called the backstress and is a measure of how much the yield locus
has been moved.

Thus, the yield function can be written

f(Σ, σy) = σ̄(σ − b) − σy(A) (47)

Also the shape of the yield locus can be changed, which is referred to as
distortional or anisotropic hardening, c.f. Ottosen and Ristinmaa [25].

Hardening approximations

In order to approximate the yield stress σy as a function of εp several pro-
posals have been found. Below a review of some models will be given.

Figure 13 shows a perfect plasticity stress-strain relation which is the
simplest model, i.e. no hardening at all. Next to it comes linear hardening,
with hardening modulus H .

H
1

σy

εp

perfect plasticity

linear hardening

Figure 13: Perfect plasticity and linear hardening.

Another simple approximation is the power law where

σy = σy
0 + Kεn (48)

where n and K are material parameters and σy0 is the initial yield stress.
The Ludwik curve has some similarities to the power law

σy = σy
0

(
Eε

σy
0

)n

(49)

where n and K are material parameters and σy
0 is the initial yield stress.
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Other examples are the Ramberg-Osgood curve, which is described by

εp =
σ

E

[

1 + α

(
σ

σy
0

)n−1
]

; n < 1 (50)

which here is expressed in terms of plastic strain as a function of stress.
There are also more complex hardening rules, e.g. the Multi Component

Strain Hardening model (MCSH), see Berstad [38], which has been used by
Jansson [37].

σy = σy
0 +

N∑

i=1

Qi(1 − e−Ciε̄
p

) (51)

where N is the number of hardening parameters Qi and Ci.
In case of formation of a secondary phase a mixture rule must be consid-

ered. It can either be a linear mixture rule or a nonlinear. Assume martensitic
formation in an FCC structure. The mixed yield strength is

σy = f(z)σy
γ + g(z)σy

α′ (52)

where σy
γ = σy

γ(ε), σy
α′ = σy

α′(ε), 0 ≤ z ≤ 1 is the amount of martensite and

0 ≤ f ≤ 1 f(z = 0) = 1 f(z = 1) = 0
0 ≤ g ≤ 1 g(z = 0) = 0 g(z = 1) = 1

(53)

The most common is the linear relationsship, where

σy = (1 − z)σy
γ + zσy

α′ (54)

which can be rewritten as a sum of the yield strength of the parent phase
and the difference between the phases, i.e.

σy = (1 − z)σy
γ + zσy

α′ = σy
γ + z(σy

α′ − σy
γ) = σy

γ + z∆σy
γ→α′ (55)

This mixed hardening is shown in Figure 14.

7.3 Yield surfaces

In this section, a review of some yield criteria will be given.
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ε

σy

σy
γ

z∆σy
γ→α′

Figure 14: Yield stress as a function of strain, where the higher yield stress
in the martensite has been taken into account. From Hora [32].

Tresca and von Mises

The simplest yield criteria are the isotropic ones, and the most well known
yield criteria are von Mises and Tresca where von Mises yield criterion yields

f(σ) = σ̄vM − σy ≤ 0 where σ̄vM =

√

3

2
SijSij (56)

where Sij is the deviatoric part of the stress, i.e. Sij = σij −
σkk

3
δij . The

yield criterion by Tresca was built on the assumption of maximum shear
stress, which can easily be expressed in terms of principle values of the stress

f(σ) = σ̄T−σy ≤ 0 where σ̄T = max(|σ1−σ2|, |σ2−σ3|, |σ1−σ3|) (57)

Figure 15 shows the yield loci of von Mises and Tresca. In a) it can be
seen that both criteria constitute a cylinder in space, with center axis σ1 =
σ2 = σ3. In b) is plane stress assumed. Both the Tresca and the von Mises
effective stresses is independent of hydrostatic pressure. The corners in the
Tresca locus introduce numerical difficulties, since the gradient will not be
continuous.

Anisotropy is often described by the Lankford parameters Rϕ, which is
defined as

Rϕ =
ε2

ε3
(58)
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σ1 σ2

σ3 σ2

σ1

Tresca

von Mises

Figure 15: The yield loci of Tresca and von Mises

where ε2 and ε3 are the strains in the transverse and thickness directions,
respectively. The angle ϕ is measured between the rolling direction and the
direction of tensile testing. The R value may change during deformation for
some materials, e.g. titanium. By convention it is often referred to at 15%
plastic strain. Some yield criteria require several R values, most common are
R0, R45 and R90. The coefficient of normal anisotropy is given by

R =
R0 + 2R45 + R90

4
(59)

The review of different anisotropic yield loci below is mainly based on
Hora [32] and Banabic [39].

First, there are three groups of yield surfaces, or yield loci, Hill family,
Hosford-Barlat family and others. The members of the different groups are
given in Table 1.

Hill 1948

The yield surface Hill 1948 [40] is a development of the criterion proposed
by von Mises [41]

φ =h11σ
2
x + h22σ

2
y + h33σ

2
z + h44τ

2
xy + h55τ

2
yz + h66τ

2
zx+

2h12σxσy + 2h13σxσz + 2h23σyσz + 2h14σxτxy + 2h15σxτyz + 2h16σxτzx+

2h24σyτxy + 2h25σyτyz + 2h26σyτzx + 2h34σzτxy + 2h35σzτyz + 2h36σzτzx+

2h45τxyτyz + 2h46τxyτzx + 2h56τyzτzx
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Table 1: The three groups of yield loci. The content in the table is from
Hora [32] and Banabic [39]
Hill family Hosford-Barlat family Others
Hill 1948 Hosford 1979 Bassani 1977
Hill 1979 Barlat-Lian 1989 Ghoto 1977
Hill 1990 Barlat 1991 Zhou 1990
Hill 1993 Karafillis-Boyce Zhou 1994
Chu 1995 Barlat 1994 Montheillet
Lin and Ding 1995 Barlat 1997 Banabic-Halan

Barlat 2000 Budiansky
Barlat 2005 Ferron

(60)

Hill 1948 [40] proposed a more simple quadratic yield criterion

F (σy −σz)
2 +G(σx −σz)

2 +H(σx−σy)
2 +2Lτ 2

yz +2Mτ 2
xz +2τ 2

xy = 1 (61)

where x, y, z are the directions of anisotropy. It can be shown that the
yield stresses in x, y, z directions, σy

x,σ
y
y ,σ

y
z , τy

xy,τ
y
yz and τy

xz are related to the
coefficients F, G, H, L, M and N as

F =
1

2

(
1

(σy
y)2

+
1

(σy
z )2

−
1

(σy
x)2

)

L =
1

2(τy
yz)2

G =
1

2

(
1

(σy
z )2

+
1

(σy
x)2

−
1

(σy
y)2

)

M =
1

2(τy
xz)2

H =
1

2

(
1

(σy
x)2

+
1

(σy
y)2

−
1

(σy
z )2

)

N =
1

2(τy
xy)2

(62)

For plane stress the yield criterion can be written

σ2
x

(σy
x)

2

+
σ2

y

(σy
y)

2

+
τ 2
xy

(τy
xy)

2

−

(
1

(σy
x)2

+
1

(σy
y)2

−
1

(σy
z )2

)

σxσy = 1 (63)

Using the Lankford parameters R0, R45 and R90, the same criterion can be
rewritten as

σ2
x −

2R0

1 + R0
σxσy +

R0 + R90

R90(1 + R0)
σ2

y +
(2R45 + 1)(R0 + R90)

R90(1 + R0)
τ 2
xy = σy

0 (64)
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where σy
0 is the yield stress in the rolling direction.

Advantages of the Hill 1948 criterion are that it besides its simplicity, it
also requires only three parameters for plane stress assumption. A disadvan-
tage is that it is necessarily quadratic, i.e. the exponent is equal 2, which fits
bad for some materials. The biaxial yield stress σb is given by

σb = σy

√

1 + r

2
(65)

which implies σb > σy and r < 1 becomes impossible. This phenomenon is
termed anomalous behaviour.

Hill 1979

Compared to the Hill 1948 criterion, the Hill 1979 [42] criterion is expressed
in terms of principal stresses and with an exponent m

f |σ2 − σ3|
m + g|σ3 − σ1|

m + h|σ1 − σ2|
m+

a|2σ1 − σ2 − σ3|
m + b|2σ2 − σ1 − σ3|

m + c|2σ3 − σ1 − σ2|
m = σ̄m (66)

in it’s general form. f, g, h, a, b and c are anisotropy coefficients. Equation
(66) can be expressed in four different forms for plane stress σ3 = 0. They
are obtained by setting different combinations of the anisotropy coefficients
to zero, and expressing other terms in the anisotropy parameter R. The most
used is

a = b = f = g = 0 ⇒

c|σ1 + σ2|
m + h|σ1 − σ2|

m = σ̄m

where c =
R

R(1 + R)
h =

1 + 2R

2(1 + R)

(67)

Since the yield criterion is expressed in principal stresses, the principal direc-
tions should coincide with the directions of orthotropy, which will be the case
with the assumed planar anisotropy. Still, the stresses must be expressed in
principal values.

Hill 1990

A generalization to Hill 1979, Equation (66), was proposed by Hill [43]

φ = (2σb)
m = |σx + σy|

m+
(σb

τy

)m

[(σx − σy)
2 + 4τ 2

xy)
m/2 · [−2a(σ2

x − σ2
y) + b(σx − σy)

2]
(68)
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where τy is the yield stress in pure shear, i.e. |σ1 − σ2| is assumed not to
depend on direction. The exponent m is evaluated from

(
2σb

σ45

)m

= 2(1 + R45) (69)

and the coefficients a and b can be expressed either in the yield stresses in the
different directions, i.e. σy

0 , σ
y
45, σ

y
90 or, the Lankford parameters, R0, R45, R90

or even in the yield stresses in the directions of material anisotropy, i.e.
x, y, z. Here the version using the yield stresses is given

a =
1

4

∣
∣
∣
∣

(
2σb

σy
90

)m

−

(
2σb

σy
0

)m∣
∣
∣
∣

b =
1

2

∣
∣
∣
∣

(
2σb

σy
90

)m

+

(
2σb

σy
0

)m∣∣
∣
∣
−

(
2σb

σy
45

)m (70)

If R0 = R45 = R90 = R, a = b = 0 will be obtained. Obviously, Equation
(68) can be rewritten in terms of principal stresses, with the angle α between
the rolling direction and the first principle axis as an additive parameter

φ =|σ1 + σ2|
m +

(σb

τy

)m

|σ1 − σ2|
m + (σ2

1 + σ2
2)

m
2
−1·

[−2a(σ2
1 − σ2

2) + b(σ1 − σ2)
2 cos 2α] cos 2α = (2σb)

m
(71)

The parameters needed to define the yield criterion are σy
0 , σ

y
45, σ

y
90, σb, τ

y and
R45.

Hill 1993

Hill [44] invented a new five parameter yield criterion in order to handle both
the anomalous phenomena described above and also second order anomalous
phenomena which is defined by similar yield stresses in the rolling and trans-
verse directions, σy

0 ≃ σy
90, even if the anisotropy parameters are different,

R0 6= R90. The yield locus is given by

σ2
1

(σy
0)

2
−

cσ1σ2

σy
0σ

y
90

+
σ2

2

(σy
90)

2
+

{

(p + q) −
pσ1 + qσ2

σb

}
σ1σ2

σy
0σ

y
90

= 1 (72)
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where σ1 and σ2 are the stresses in the transverse and rolling direction,
respectively and the parameters c, p and q are determined as follows

c = σy
0σ

y
90

[
1

(σy
0)

2
+

1

(σy
90)

2
−

1

σ2
b

]

p =

[
2R0(σb − σy

90)

(1 + R0)(σ
y
0)

2
−

2R90σb

(1 + R90)(σ
y
90)

2
+

c

σy
0

](
1

σy
0

+
1

σy
0

−
1

σb

)
−1

q =

[
2R90(σb − σy

90)

(1 + R90)(σ
y
90)

2
−

2R0σb

(1 + R0)(σ
y
0)

2
+

c

σy
90

](
1

σy
0

+
1

σy
0

−
1

σb

)
−1

(73)

To define the yield criterion five parameters are required, R0, R90, σ
y
0 , σ

y
90

and σb. The yield criterion is expressed without shear stress and hence the
principal directions of the stresses must coincide with the axis of orthotropy.

Chu 1995

A generalization of the fourth version of the Hill’s 1979 yield criterion, see
Equation (67), was proposed by Chu [45]

C|σx + Bσy|
m + H [(σx − Bσy)

2 + (2Dτxy)
2]

m
2 = σ̄m (74)

where the material parameters are calculated as

C =
1

2

(

1 −

√

R0R90

1 + R0

)

H =
1

2

(

1 +

√

R0R90

1 + R0

)

= 1 − C

B =

√

R0(1 + R90)

R90(1 + R0)
D =

1

2

[
C|1 + B|m(2R45 + 1)

H

] 1
m

(75)

Except tensile testing also a biaxial test is required to obtain the five material
parameters σu, σb, R0, R45 and R90.

Lin and Ding 1996

Lin and Ding [46] proposed a generalization of Equation (71)

φ =|σ1 + σ2|
m + (1 + 2r)|σ1 − σ2|

m + (σ2
1 + σ2

2)
m−

1
2 ·

[−2a(|σ1|
s − |σ2|

s) + b|σ1 − σ2|
s cos 2α] cos 2α = (2σb)

m
(76)
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where m is calculated by Equation (69) and r can be calculated by

r =
1

2

[(
2σb

σy
45

)m

− 1

]

(77)

the exponent s is given by

s =
mR0

{

2(R90 − r) + R90

[(
2σb

σy
90

)m

− 2(1 + r)
]}

(1 + Rr)(R0 − R90 −
1
2
(R0 + R90 + 2R0R90)

[(
2σb

σy
90

)m

− 2(1 + r)
] (78)

and the coefficients a and b are given by Equation (70).

Hosford 1979

Another generalization of the Hill 1948 [40] theory was proposed by Hosford
[47]

F |σy − σz|
n + G|σz − σx|

n + H|σx − σy|
n = 1 (79)

which can be reduced to

R90|σx|
n + R0|σy|

n + R0R90|σx − σy|
n = R90(R0 + 1)(σy

0)
n (80)

for plane stress condition, c.f. Banabic [39]. A disadvantage is that it can only
handle planar anisotropy because it does not depend on the shear stress. As
in several other theories, the flow locus approach the Tresca locus, Figure 15,
as the exponent (n) grows.

Barlat and Richmond and Barlat and Lian

The yield criterion by Hosford, given in Equation (80) does not include shear
stresses. Barlat and Richmond [48] started from an isotropic yield criterion
by Hosford [50] and proposed it expressed in an x, y, z-system

f = |k1 + k2|
m + |k1 − k2|

m + |2k2|
m = 2σ̄m (81)

where k1 and k2 is obtained by

k1 =
σx + σy

2
k2 =

√
(

σx − σy

2

)2

+ τ 2
xy (82)
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which are the principal stresses in plane stress, c.f. the Mohr stress circle.
The new proposal was called tricomponent yield criterion. However, Equa-
tion (81) was extended to normal anisotropy

f = a|k1 + k2|
m + b|k1 − k2|

m + c|2k2|
m = 2σ̄m (83)

where

a = b = 2 − c =
2

1 + R
(84)

Equation (85) was developed for materials exhibiting planar isotropy by
Barlat and Lian [49]

f = a|k1 + k2|
m + b|k1 − k2|

m + c|2k2|
m = 2σ̄m (85)

where the additional material parameters h and p were introduced

k1 =
σx + hσy

2
k2 =

√
(

σx − hσy

2

)2

+ (pτxy)2 (86)

which are calculated from

a = 2 − c =
2
(

σ̄
τs2

)m

− 2
(

1 + σ̄
σy
90

)m

1 +
(

σ̄
σy
90

)m

−
(

1 + σ̄
σy
90

)m

h =
σ̄

σy
90

p =
σ̄

τs1

(
2

2a + 2mc

) 1
m

(87)

where τs1 and τs2 are two different yield stresses obtained from two different
shear tests. τs1 = τy

xy for σx = σy = 0 and τs2 = σy = −σx and τxy = 0.
However, a, c and h can also be expressed in terms of R0 and R90

c = 2 − a = 2

√

R0

1 + R0
·

R90

1 + R90
h =

√

R0

1 + R0
·
1 + R90

R90
(88)
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Barlat 1991

Barlat [51] developed a generalisation for the three-dimensional form of the
Hosford yield criterion. The yield criterion is expressed in terms of principle
values of the deviatoric stress tensor S1, S2, S3

φ = |S1 − S2|
m + |S2 − S3|

m + |S3 − S1|
m = 2σ̄m (89)

Barlat used a complex number transformation and obtained a yield criterion
expressed in terms of the second and third invariant of the stress tensor

φ = (3I2)
m
2

{ ∣
∣
∣
∣
2 cos

(
2θ + π

6

)∣
∣
∣
∣

m

+

∣
∣
∣
∣
2 cos

(
2θ + 3π

6

)∣
∣
∣
∣

m

+

+

∣
∣
∣
∣
2 cos

(
2θ + 5π

6

)∣
∣
∣
∣

m}

= 2σ̄m

(90)

where

θ = arccos

(

I3

I
3/2
2

)

(91)

and the invariant I2, I3 are given by

I2 =
F 2 + G2 + H2

3
+

(A − C)2 + (C − B)2 + (B − A)2

54

I3 =
(C − B)(A − C)(B − A)

54
+ FGH+

+
F 2(C − B) + G2(A − C) + H2(B − A)

6

(92)

where
A = σy − σz B = σz − σx C = σx − σy

F = τyz G = τxz H = τxy
(Bishop-Hill notation)

The generalised anisotropy yield criterion was obtained by multiplying the
stresses in Bishop-Hill notation with weighting coefficients (a, b, c, f, g, h) that
describe the anisotropy of the material. The expressions for I2 and I3 become

I2 =
(fF )2 + (gG)2 + (hH)2

3
+

(aA − cC)2 + (cC − bB)2 + (bB − aA)2

54

I3 =
(cC − bB)(aA − cC)(bB − aA)

54
+ (fF )(gG)(hH)+

+
(fF )2(cC − bB) + (gG)2(aA − cC) + (hH)2(bB − aA)

6
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(93)

For plane stress, only four of the weight coefficients remain, (a, b, c, h).
They can be established either by using the yield stresses σy

0 , σ
y
45, σ

y
90 and an

uniaxial test in the z-direction (or biaxial yield stress σb) or by using the
Lankford parameters.

Karafillis-Boyce 1993

Karafillis and Boyce [52] proposed a yield criterion that is a combination of
the Tresca and the von Mises criteria

φ = (1 − c)φ1 + cφ2 0 ≤ c ≤ 1

φ1 = |S1 − S2|
2k + |S2 − S3|

2k + |S3 − S1|
2k = 2σ̄2k

φ2 = |S1|
2k + |S2|

2k + |S3|
2k =

22k + 2

32k
σ̄2k

(94)

The criterion by von Mises is obtained if k = 1 and Tresca if k → ∞.
S1, S2, S3 are the principal deviatoric stresses. The deviatoric stress tensor
S is related to the anisotropic stress tensor σ by a linear transformation, to
an isotropic plastic equivalent (IPE) stress
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(95)

where Voight’s notation is used. The material parameters β1, β2, β3, α1, α2

and C defines the anisotropy. The superscripts i and a mean isotropic and
anisotropic, respectively. In case of a plane stress-state, one gets
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 (96)

where six parameters are required to defined the yield locus.
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Barlat YLD1994 and YLD1996

To improve the modelling of aluminium alloys, the following yield surface
were proposed

φ = α1|s2 − s3|
a + α2|s3 − s1|

a + α3|s1 − s2|
a = σ̄a (97)

where s = Lσ and αk = αxp
2
1k + αyp

2
2k + α3p

2
3k and pij is the transformation

matrix from the principal axes of anisotropy to the principal axes of s, see
Barlat et al. [53]. This yield surface is often referred to as Barlat YLD 1994.

Since it can handle a general stress tensor with six components it is very
general. In case of a plane stress state, six independent coefficients (σy

0 , σy
45,

σy
90, R0, R90 and σb) must be evaluated. It can be done by three uniaxial

tests and one biaxial test. There is a certain similarity between the Karafillis-
Boyce and YLD94 yield criterion. Compared to the yield surface Barlat 1991
(see above), this yield surface is a great improvement. However, in Barlat et
al. [54] it is shown that it is not possible to get a good prediction of uniaxial
tension deformation in the 45◦-direction from the rolling direction. Also the
parameter R45 is needed.

In Barlat et al. [54] also a yield function named YLD96 is presented. It
is a further improvement of YLD94. Here αx, αy and αz are not constants,
but depend on the angles β1, β2 and β3.

Barlat YLD2000

In 2003 Barlat published a paper with an eight parameter yield surface for
aluminium alloy sheets, Barlat et al. [55]. In part 2, Barlat et al. [56] it was
implemented and evaluated. The yield function is defined by a sum of two
functions

φ = φ′ + φ′′ = 2σ̄a where

φ′ = |X ′

1 − X ′

2|
a

φ′′ = |2X ′′

2 + X ′′

1 |
a + |2X ′′

1 + X ′′

2 |
a

(98)

and a is a material parameter. It is found that a is associated with the
material crystal structure. It is found that for FCC crystals, a ≃ 8 and
a ≃ 6 for BCC crystals. X ′

1, X
′

2 and X ′′

1 , X ′′

2 are the principal values of X ′

and X ′′ respectively. X ′ and X ′′ are linear transformations of the stress
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deviator s and are obtained by
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(99)

or X ′ = C ′s = C ′Tσ = L′σ, and in the same way for X ′′. The matrices L′

and L′′ are determined with a linear combination of the anisotropic param-
eters αk, k = 1 . . . 8, i.e. L′ = L′(α1, α2, α7) and L′′ = L′′(α3, α4, α5, α6, α8).
There are in total eight parameters in the present model.

Summary of yield criteria

Generally, the non-quadratic yield criteria are better than the quadratic.
Here the only quadratic presented is the Hill 1948 criterion. Yield criteria
expressed in principle stresses can only handle normal anisotropy, that is
R = R0 = R45 = R90. The later yield criteria developed by Karafillis and
Boyce [52], Barlat YLD94 [53], Barlat YLD96 [54] and Barlat YLD2000 [55]
use a linear transformation to transform the stress and material parameters
between an isotropic and an anisotropic state.

Each model requires a set of material parameters that are obtained by
tensile testing as well as biaxial bulge test or other tests. The material
parameters required for each yield criterion are defined in Table 2.
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Table 2: Material parameters needed for the reviewed yield criteria. From
Hora [32].

σy
0 σy

45 σy
90 σb τy R0 R45 R90 Rb

Hill 1948 X X X
Hill 1979 X X X
Hill 1990 X X X X X X
Hill 1993 X X X X X
Chu 1995 X X
Lin and Ding 1995 X X X X X X
Hosford 1979 X X X
Barlat-Lian 1989 X X X
Barlat 1991 4 parameters
Karafillis-Boyce 6 parameters
Barlat 1994 6 parameters
Barlat 1996 X X X X X X X
Barlat 2000 X X X X X X X X
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8 Crystal plasticity

In the following a short introduction of crystal plasticity will be given. The
main source of information has been the second volume of Stein, de Borst
and Hughes [24], vol. 2. Also Olovsson [57] has been studied.

The basic assumption in crystal plasticity is that plastic deformation
occur due to slip on given slip planes. The kinematic is described below.
Figure 4 shows the dislocation movement.

Each crystal system (FCC, HCP etc.) has their own slip planes. The slip
planes are often given by Miller indices. Here they are denoted Mα which
defines the normal to the plane and α = 1 . . .m where m is the number of
slip planes in the present crystal, e.g. m = 8 for FCC crysals. Each plane
α has a set of possible slip directions, denoted Sα. Recall Equations (7) and
(8) where the multiplicative split of the deformation tensor is described. The
basic assumption of the deformation mechanism is shown in Figure 16.

Figure 16: The basic assumption of deformation in single crystal plasticity.
F p describes the dislocation flow. From [7].

The slip contributes to the plastic deformation as

Lp = Ḟ
p
F p−1 =

m∑

α=1

γ̇αSα ⊗ Mα (100)
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where γ̇ is the macroscopic shearing rate, which can be related to the dislo-
cation by

γ̇α = |b|ρα
mv̄α (101)

where b is the Burger’s vector, ρα
m is the density of mobile dislocations and

v̄ is the average velocity of the dislocation movement within the crystal.
The assumption about slip deformation implies that the plastic deforma-

tion is incompressible, which gives the plastic incompressibility constraint

j̇p

jp
= det[Ḟ

p
F p − 1] = 0 (102)

where jp = det(F p) = 1. Note that the incompressibility is not present in
case of martensitic transformation, due to the volumetric part of the strain.

Dafalias [58] discusses the necessity of adding the plastic spin. This is
not further investigated so far.

In case of mechanical twinning, the crystal lattice change and the assump-
tion of a homogeneous plastic deformation is inappropriate. Figure 17 shows
the twinning in extension to the basic deformation assumption. The twin
plane prohibits dislocation movement, but still, the normal of the slip planes
and the corresponding slip directions change during twinning. Kalidindi [59]
has proposed a mathematical framework for implementing the phenomenon
in crystal plasticity models. A basic idea in the model is that the average
Cauchy stress tensor can be calculated as

σ̄ =
1

N

N∑

k=1

σ(k) (103)

where N is the total number of grains in the polycrystalline material. The
stress tensor is taken as an average of the stresses in the matrix and in the
twin region, i.e.

σ =

(

1 −
∑

β

fβ

)

σmt +
∑

β

fβσtwβ (104)

where fβ corresponds to the volume fraction of a grain twinned by the β-
twin system. σtwβ and σmt are the stresses in the β-twinned regions and in
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the untwinned regions, respectively. The deformation gradient is splitted as
F = F ∗F p and the plastic part F p is given by the following rule

Ḟ = LpF p where

Lp =

(

1 −
Ntw
∑

β

fβ

)
Ns
∑

α

γ̇αmα
0-sl +

Ntw
∑

β

ḟβγtwmα
0-tw

(105)

where γtw is the constant shear strain associated with twinning, γ̇α denotes
the shearing strain rate corresponding to slip in the α−system. f denotes
volume fraction of the twinned region and

mα = Sα ⊗ Mα (106)

Figure 17: Extension to the basic deformation assumption, in which also
deformation twinning is shown. From Salem et al. [60].
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9 Multi scale methods

In order to increase the performance in the structural and material analy-
ses there is an opportunity to use multi scale methods. Today’s continuum
analyses are not good enough to analyse e.g. fracture, material failure and
material properties. Analyses using molecular dynamics are limited to an in-
sufficient number of atoms, but can be used to evaluate viscosity and friction
for instance.

One method is to perform a multi scale analysis, using two or more scales
in the same analysis. There are two types of methods to perform multi scale
analyses, hierarchical and concurrent. The hierarchical methods transform
information and properties from a certain scale to another. Among these
methods are e.g. asymptotic multi-scale method, the Cauchy-Born method
and the virtual atom cluster (VAC) method. Single scale methods have
limitations both due to time and length scales.

In the concurrent methods, two or more scales are used simultaneously,
and information from the scales are dynamically used by both analyses. In
this type of analyses, the domain is divided into two or more sub domains,
and the fine scale is only used in one of those domains. One advantage is that
only the part(s) of interest (e.g. crack tips) has to be analysed using fine scale
analysis method, while the surrounding space can be analysed using FEM.
Unfortunately, problems will occur at the boundary (interface) between the
different domains. To solve this problem, some multi scale methods use a
small region between the domains to take care of this problem. There are a
number of different concurrent multi-scale methods developed during recent
last years, e.g. coarse-grained molecular dynamics (CGMD), macroscopic,
atomistic, ab initio method (MAAD), perfectly matched layer (PML), quasi
continuum (QC) and coupled atomistic, discrete dislocation (CADD), bridg-
ing scale method (BSM).

In the following, a short review of some methods mentioned above will
be given. In the first part, the hierarchical methods will be reviewed, and in
the second part some of the concurrent methods will be presented.

9.1 Asymptotic multi scale method

In this section a short overview of homogenization through asymptotic ex-
pansion is presented. For more information se Hassani et al. [61]. In this
method, input data from small scale analyses is homogenized to a larger
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scale.

Theory overview

In the asymptotic methods one uses two or more coordinate systems, with a
relation such as

y =
1

ǫ
x ǫ << 1 (107)

where x = (x1 x2 x3) relates to thelarge scale, i.e. macro scale, and y =
(y1 y2 y3) relates to a the smaller scale, i.e. microscale. A physical quantity
Ψ = Ψ(x,y), where y depends on x, can be expanded as

Ψǫ = Ψ0(x,y) + ǫΨI(x,y) + ǫ2ΨII(x,y) . . . (108)

where ǫ ≪ 1 and Ψ0, ΨI are smooth with respect to x and Y-periodic in y.
An example of such a material can be seen in Figure 18.

Figure 18: A Y -periodic material, which can be homogenised by means of
the asymptotic multi scale method. From Karlsson [62].

For a periodic function it holds that the derivative is periodic as well and
the integral over the period equals zero. For Ψ(x, y) the following expression
for the derivative is used

dΨ

dx
=

∂Ψ

∂x
+

∂Ψ

∂y

dy

dx
=

∂Ψ

∂x
+

1

ǫ

∂Ψ

∂y
(109)
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and given a general boundary value problem on the form

Aǫuǫ = f in Ω

uǫ = 0 on ∂Ω
(110)

where Ω ⊂ R and f is defined in Ω and

Aǫ =
∂

∂xi

(

aij(y)
∂

∂xj

)

(111)

is an elliptical operator and aij(y) contains material properties for a unit cell
Y. Using (109) one has

Aǫ =
1

ǫ2
AI +

1

ǫ
AII + AIII (112)

Using (108) (Ψ ≡ u)and (112) in (110) one has

(ǫ−2AI + ǫ−1AII + AIII)(u0(x, y) + ǫuI(x, y) + ǫ2uII(x, y) . . .) = f (113)

By setting terms of the same order equal, one obtains a system of equations.

Range of application

The asymptotic multi scale method is used for i.e. periodic material struc-
tures, such as composites, wood, weave, concrete.

It can also be used for implementation in meshless FE-programs.
The uncertainty in material properties is reduced since they are deter-

mined in the micro scale and homogenized to the macro scale.

9.2 Molecular dynamics

Molecular Dynamics (MD) is a method where each atom/molecule is modeled
as a discrete mass. Thus, the number of degrees of freedom will be very large
even for very small systems. Also the time scale is very small, it can be
expressed in nano-seconds. It might be possible to analyse some billions of
atoms for a few nano-seconds. The method can be used to examine material
properties as viscosity and fracture phenomena, and even dislocation theory.
Fish et al. [63] has derived thermo-mechanical continuum equations by using
a homogenization theory from analyses using MD.
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9.3 The Cauchy-Born rule

The Caucy-Born (CB) method uses the deformation gradient F as connection
between the atomic and continuum scale. The CB rule states that

a = F (X)A (114)

where A refers to an undeformed bond vector defined by a pair of atoms in
the reference configuration and a refers to the deformed bond vector. This
hypothesis describes crystal behavior well as long as the continuum defor-
mation is nearly homogeneous in the scale of the crystal, c.f. Chandraseker
[64].

The stress and stiffness relationships are obtained from the interatomic
potential as, c.f. Karlsson [62],

P (1) =
∂W

∂F T
(115)

where P (1) is the first Piola-Kirchoff stress tensor and and W is the potential
energy. The second Piola-Kirchoff stress tensor P (2) is obtained by

P (2) = F−1 · P (1) (116)

and

C =
∂W

∂F T∂F T
(117)

where C is the tangent stiffness tensor. Then different quantities, i.e. dis-
placement, force, can be expressed in terms of W . The CB-rule appears in
several other multi scale methods, e.g. quasi continuum and bridging scale
method.

A temperature-related Cauchy-Born rule (TCB) is proposed by Xiao et al. [65]
to perform temperature dependent phenomena in crystalline solids. The re-
sults using that method is satisfactory if compared to molecular dynamics.

9.4 Quasi-continuum

The quasi continuum (QC) method belongs to the group of hierarchical multi
scale modeling methods, i.e. the properties obtained from the micro scale is
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transformed to and used in macro scale. Miller [66] gives an overview over
the method.

The QC method was originally developed to analyze static atomic config-
urations in equilibrium, but in recent years the method has been developed
to even handle finite temperature and dynamic course of events.

The goal of the QC method is to minimize the total energy by finding
the atomic displacements. However, the total number of degrees of freedom
is 3N , where N is the total number of atoms in the body, so the method is
only used in critical sections.

The total energy function Etot can be written as the sum over the energy
for all atoms in the body as

Etot =
∑

i

Ei (118)

where the atom energy Ei is obtained in different ways depending on which
approach is used. For example, in Embedded Atom Method the energy for
one specific atom i is determined as the electron-density dependent embed-
ding energy plus the sum of the distance to each other atom j multiplied
with a pair potential Vij between two neighbour atoms.

The model is described by FE-elements, where each node represents an
atom (rep atom). In between the nodes, there are more atoms, that are
constrained by the nodes by interpolation. The node density is decided for
the problem in interest, and can vary in space. Note that only one single
crystal is modeled. In areas of large deformations, also adaptivity can be
used, c.f. Karlsson [62].

In case of linear interpolation functions, the deformation gradient will be
homogeneouos in the CB-rule which applies to the atoms inside the element.
However, it gives the an incorrect value at the interfacial atoms, since the
deformation gradient is no longer homogeneous at the element boundaries.

The strain energy is given by

ε(F ) =
E0(F )

Ω0

(119)

where F is the deformation gradient, E0 is the energy of the unit cell in the
current configuration and Ω0 is the volume of the unit cell in the reference
configuration.

Miller [66] also describes some recent extensions to the method, e.g. dis-
location interactions.
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9.5 Bridging scale

Liu and Park [67] describes several different methods of bridging scales. The
aim of bridging scales is to be able to divide the part into regions, which can
be analysed using different scales and methods. A problem with the idea
has been wave reflections at the boundaries between the regions. The waves
give rise to spurious effects in one or both regions. Figure 19 shows the two
domains and the boundary between them. Below, a short review of different
bridging scale methods will be given according to Karlsson [62], Liu and Park
[67] and others. Tang [68] has proposed a mathematical framework for the

Figure 19: The typical case in a concurrent multi scale method. At the
boundary between the two domains high frequent waves can be produced.
From Karlsson [62].

bridging scale method.

MAAD

Molecular, atomistic, ab initio1 dynamics (MAAD) was proposed by Abra-
ham et al. [69]. MAAD includes three ingredients; FE, MD and tight bonding
(TB). The TB analysis uses very fine scale (quantum scale for instance) and
the theory will not be discussed here at all.

At the boundaries between the regions, there are so-called handshaking
regions, to handle the unwanted waves at the boundaries. In the FE/MD
handshaking region, the mesh spacing is scaled to atomic dimensions. The
mesh spacing might increase as the distance to the boundary increases. Mesh
spacing in the same order as interatomic distance involves numerical as well
as physical problems. The numerical problems will be that the time steps
in the context of explicit FE analysis will be very small, which increases the
computing time needed. Besides, also the degrees of freedom (number of

1
ab initio: latin, from the beginning
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nodes) increases. Moreover, there is hardly any need to have this resolution
in the continuum analysis.

There is also a handshaking region between the MD and TB region. On
the MD side, forces on the atoms only consider other atoms, but here also
a contribution from the TB region must be considered. This is done by
fictitious atoms in between the two regions. This will not be further discussed
in this report.

The interactions between the three distinct simulation tools are governed
by conserving energy in the system.

The MAAD method was developed by Rudd and Broughton [70] only to
include the continuum and atomistic level. Here a convolution approach is
used to eliminate unwanted wave reflections in the interface.

Coupled atomistics and discrete dislocation

A new method was recently proposed by Shilkrot et al. [71]. It combines
quasi continuum and discrete dislocation theory. It and was developed by
Shilkrot et al. [72] to also be able to analyse plasticity. The idea is to let
dislocations pass the border between the continuum and the atomistic level.
Once the dislocation has passed into the continuum, it can be detected and
treated by an evolution law.

Bridging domain

In this method, there is an overlap, i.e. the atomistic and continuum re-
gion overlap, c.f. Xiao et al. [73]. In this subregion the Hamiltonian is a
linear combination of the molecular and continuum Hamiltonian. Lagrange
multipliers are used to enforce the compatibility in the region.
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10 Conclusions and discussion

To model amaterial that consists of more than one phase a correct mixture
theory should be used. This can either be linear or non-linear. In case
of materials which undergo phase transformation during deformation the
question of which state the new phase is comes up. It is often assumed that
the plastic strain in the new phase is equal to the plastic strain in the parent
phase. This is a question that should be further investigated.

When modelling materials which undergo strain induced martensitic phase
transformation, one of the first questions arising is how to describe the
amount of martensite as a function of strain and temperature. Several ex-
isting models have been reviewed in this report. There are both isothermal
and non-isothermal models.

A pure austenitic steel does not behave in the same way as a martensitic
steel, or even a ferritic steel. The difference is assumed to be present in
hardening as well as yield curves. The hardening has been written above
as a weighted combination of the yield stresses of the constituents. This
mixture theory requires that the plastic strain is homogeneous, and thus
that the plastic strain at the formed secondary phase is equal to the strain
at the parent phase. In other cases, the model probably will become more
complex.

Concerning yield criteria, it is the authors opinion that also the yield locus
should be some kind of mixture between the yield loci of the two phases.

The strong coupling between mechanics and temperature leads to a model
where also the thermal part of the analyses must be taken into account. As
sheet metal forming is a rapid process, it could perhaps be possible to assume
an adiabatic process. Otherwise, also the thermal problem must be modeled
which leads to more complex and advanced models where also the tool must
be included.

The strength of the the new high strength steels may imply that the tool
itself must be modeled as a deformable body. Also this implies more complex
models with longer computing time than a regular sheet forming analysis.

As phenomena as martensitic transformation and mechanical twinning
are phenomena that occur at atomic level, the multi-scale method could be
an alternative. Many of the methods reviewed in this report are developed
for concurrent multi scale methods, e.g. bridging scale. This is of interest
in the analyses of a detail where a specific part is of higher interest than
others. Then it is possible to divide the detail into two or more domains,
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where different length scales are used in the different domains. This is not of
particular interest in sheet metal forming, since a sheet is rather continuous.
What could be of interest is the hierarchical methods wherein result from a
small scale, e.g. crystal plasticity, is homogenised to a macro scale.

Whether any other scale is to be used in further work or not is a subject
for discussion.
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