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The aim of this thesis is to develop and study a method for estimation
of the pulse pressure in centrally located arteries. Obtaining the central
pulse pressure is desirable for several reasons. For example, the cen-
tral pulse pressure can be used to assess aortic stiffness, which in turn
is an important predictor of cardiovascular mortality. In this thesis a
method of estimation based on a one–dimensional wave propagation the-
ory applied to a physiological model of the human systemic arterial tree
is studied. For the purpose of validation, recorded pressure signals from
twenty four control subjects are used. Various methods for individual-
ization of the tree model are discussed, and a method that utilizes an
optimization routine is proposed.
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Abstract

The aim of this thesis is to develop and study a method for estimation of the
pulse pressure in centrally located arteries. Obtaining the central pulse pres-
sure is desirable for several reasons. For example, the central pulse pressure
can be used to assess aortic stiffness, which in turn is an important predictor
of cardiovascular mortality. In this thesis a method of estimation based on a
one–dimensional wave propagation theory applied to a physiological model
of the human systemic arterial tree is studied. For the purpose of validation,
recorded pressure signals from twenty four control subjects are used. Various
methods for individualization of the tree model are discussed, and a method
that utilizes an optimization routine is proposed.
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Nomenclature

α Womersley number.
ε Circumferential strain.
η Viscosity of the wall.
µ Fluid viscosity.
ν Poisson’s ratio.
ρ Density.
σ Circumferential stress.
τw Shear stress.
ω Angular frequency.
Φ Viscoelastic phase angle.
a Lumen radius.
c0 Pressure wave velocity with an inviscid fluid and a vessel with elastic walls.
c Pressure wave velocity with a viscous fluid and a vessel with viscoelastic walls.
h Wall thickness.
l Length of a segment.
p0 Applied oscillatory pressure at the tube entrance.
p Total oscillatory pressure with a particular angular frequency.
pb Backwards traveling pressure.
pf Forward traveling pressure.
q0 Applied oscillatory flow at the tube entrance.
q Flow rate.
r Radial direction.
u Axial velocity component.
v Radial velocity component.
x Axial direction.
A Lumen area.
AA Pressure in the abdominal aorta.
BA Pressure in the brachial artery.
C Terminal compliance.
E Young’s modulus.
FA Pressure in the femoral artery.
M Terminal inductance.
R1 Terminal resistance.
R2 Terminal resistance.
R Reflection coefficient.
Y0 Characteristic admittance.
Ye Effective admittance.
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Chapter 1

Introduction

Cardiovascular diseases are the leading cause of death in Western society
today [1] and the development of diagnostic tools is therefore highly moti-
vated. The pulse pressure is an important predictor for a number of con-
ditions. Since the pulse pressure originates from the heart and propagates
through the arterial system, its shape provides valuable information about
the conditions of the heart and the arteries. The information contained in
the pressure wave form might for example, in conjunction with measurements
of vessel radius, be used to compute tensions in the arterial wall. A possi-
ble application of this might be to assess the risk of developing aneurysm, a
dilatation of the vessel caused by disease or weakening of the arterial wall.
A common site of aneurysm is the aorta, and this is one reason why it is
desirable to be able to obtain the pressure wave form in the aorta. However,
the only way to measure aortic pressure directly is by inserting a catheter
into the vessel.

The pulse pressure can be measured non–invasively on peripheral vessels,
most commonly the brachial artery, but since the pulse pressure may vary
considerably throughout the body, largely due to wave reflections and varying
elastic properties, the peripheral pulse pressure may not always provide a
good estimate of the central pulse pressure. Instead some other method is
needed.

1.1 Aims

Given this, the main objective of this thesis is to develop and study a method
for non–invasive estimation of the pulse pressure in the systemic arteries. The
task can be divided into the following steps:

1. Derive the governing equations for a one–dimensional model of the
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2 Introduction

systemic arterial tree.

2. Create an algorithm for computing the pressure in an arbitrary point
in the arterial tree.

3. Implement the algorithm in Matlab.

4. Verify and validate the method.

The needed accuracy may of course vary depending on the application,
but a landmark figure in the validation is about ±2 mm Hg for systolic and
diastolic pressures, since this is the accuracy which can be obtained using
non-invasive measurements, e.g. tonometer and cuff. Extending this to the
entire wave form, the goal is to have a maximum difference between the
computed and the measured pressure of ±2 mm Hg in any point.

1.2 Approach

For the purpose of pressure estimation, a transfer function, a function which
takes the pressure wave in one vessel, and returns the pressure wave in an-
other vessel, is derived. The transfer function is based on a linear one–
dimensional wave–propagation theory, sometimes referred to as transmission–
line theory, applied to a model of the systemic arterial tree.

The derivation of the theory starts with the Navier–Stokes equations and
the continuity equation. After linearization, the equations are integrated
over a cross section of the vessel to give equations in pressure and flow rate.
The motion of the arterial wall is incorporated into the theory by studying
how the cross sectional area of the vessel varies with pressure. The vessel
wall is assumed to be a thin–walled, linearly elastic structure. To limit the
computational cost, the tree model is truncated, and the peripheral beds are
replaced with simpler models, so called windkessels.

The arterial tree models used in the present work are taken from the
literature [2, 25]. Basically, an arterial tree model is a schematic picture of
the systemic arterial tree divided into a number of segments, and a list with
parameters describing each segment. Two models are used in this thesis:
a smaller model consisting of 87 segments and a larger consisting of 128
segments.

For the purpose of validation, measured pressure signals from 24 healthy
control subjects are used. Three different cases will be tested:

1. A generic tree model.
Here it is assumed that the geometric and dynamic properties of the
systemic arterial tree are the same in all test subjects.
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2. Scaling of the tree model.
Various properties of the tree model is scaled with respect to subject
weight, length etc.

3. Optimizing the tree model.
An optimization problem involving parameters describing the periph-
eral beds is tested. The basic idea is to fit a computed pressure signal
to a measured pressure signal in some peripheral vessel. A genetic
algorithm solver is employed for this task.

The theory presented in this thesis has been used before, see Related
Work below, but, to the authors limited knowledge, this thesis provides a
more detailed quantitative study than has previously been done on this kind
of model. Although an optimization routine have been used in at least one
previous study, [11], the particular method presented in this thesis is new.

1.3 Related Work

The idea of developing methods for estimation of the central pulse pressure
is not new. In Derivation of the Ascending Aortic-Carotid Pressure Transfer
Function [11], M. Karamanoglu and M. P. Feneley describes a method for
obtaining the pressure in the ascending aorta using the carotid pressure as
input. Quasem et al. [20] used a neural network to obtain central pulse
pressure. Fetics el al. [7] did the same with a so called ARX-model, see
chapter 7.

The Physics of Pulsatile Flow by M. Zamir [32], upon which much of the
theory described in this thesis is based, provides an excellent introduction
to the mechanical and mathematical side of the subject. Biomechanics: Cir-
culation by Y. C. Fung [8] is also highly recommended. For an example of
the theory in use on an arterial tree model, Multi-branched Model of the
Human Arterial System by A. P. Avolio [2] might be of interest. Computer
Simulation of Arterial Flow with Applications to Arterial and Aortic Stenosis
by Stergiopulos et al. [25], gives another example of a tree model, this time
with a non–linear theory.

For a good introducton to the anatomy and physiology of the cardiovascu-
lar system, Cardiovascular Physiology by J. R. Levick [14] is recommended.
Moving to the next level, McDonald’s Blood Flow in the Arteries [16] by
W. W. Nichols and M. F. O’Rourke provides a very comprehensive source of
information about almost all aspects of blood flow in arteries.



4 Introduction

1.4 Outline of the Thesis

The layout of the remainder is described below.
Chapter 2 contains a brief overview of the cardiovascular system and some
basic heamodynamics.
Chapter 3 concerns the derivation of the governing equations for pressure
and flow.
Chapter 4 describes the material, i.e, the arterial tree models and the mea-
sured pressure signals.
Chapter 5 contains a few comments on the implementation.
Chapter 6 is a compilation of the results.
Chapter 7 contains some discussion about the results and possible sources
of error.
Chapter 8 contains some thoughts on future development.



Chapter 2

Overview of the Cardiovascular

System

The cardiovascular system consists of the heart, blood vessels and blood.
Together these parts form a system that transports oxygen and nutrients
to the tissues, removes wastes such as carbon dioxide and urea, delivers
regulatory substances from the endocrine system and help the distribution
of heat between various parts of the body.

Blood is the transporting media of the cardiovascular system. In whole
blood, the formed elements, red blood cells, white blood cells and platelets,
make up about 45 percent of the total volume [27]. Of these, red blood cells
are by far the most abundant, and normally white blood cells and platelets
make up only about 6 percent of the formed elements. Plasma, the other
main constituent of blood, consists of approximately 90 percent water and
10 percent solutes, mostly in the form of proteins.

The circulation system is often considered as divided in two subsystems,
the pulmonary and the systemic circulation. The pulmonary circulation con-
sists of the right side of the heart and the blood vessels to the lungs. The
systemic circulation consists of the left side of the heart and the blood vessels
that supply the rest of the body.

2.1 The Heart

The heart is at the center of cardiovascular system. It propels blood through
the circulation system by means of a pumping action. The heart consists of
four chambers, two atria and two ventricles. The working principle can be
described as follows: During systole blood is ejected from the right ventricle
into the pulmonary arteries where it flows through the lungs for oxygenation
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6 Chapter 2. Overview of the Cardiovascular System

and removal of carbon dioxide. At the same time, newly oxygenated blood
enters the systemic arteries from the left ventricle. Then, during diastole

blood from the lungs flow into the right atrium, past the mitral valve and
enters the left ventricle. Simultaneously, deoxygenated blood from the rest
of the body arrives at the right atrium and continues through the tricuspid
valve into the right ventricle. Once a cardiac cycle is complete, the entire
process starts over again.

2.2 The Blood Vessels

There are five main types of blood vessels in the human body: arteries,
arterioles, capillaries, venules and veins. Blood flows from the arteries to the
arterioles, then continues through the capillaries and back to the heart via
the venules and the veins. The blood vessels does not only vary in size, the
arteries having the largest radius and the capillaries the smallest, they also
differ in their composition from various tissues. All blood vessel walls except
those of the capillaries and the venules consists of three layers (tunica):

• The intima is the innermost layer and typically consists of a thin sheet
of endothelial cells and some connective tissue lining the lumen of the
vessel. It functions as a barrier to plasma proteins and secretes some
vasoactive products. In young people the intima provides almost no
mechanical strength to the vessel, but as a person grows older the in-
tima tends too thicken and becomes more important for the mechanical
properties of the vessel.

• The media is the middle layer. The main constituents of the media
are smooth muscle, elastin and collagenous fibre. The collagen provides
mechanical strength and integrity, while the elastin allows the vessel to
distend.

• The adventitia is the outermost layer and consists mostly of collagen.
It has no clear border to the surrounding tissue.

The relative thickness of each layer varies between the different vessel
types. Figure 2.1 illustrates the differences in size and structure.
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Figure 2.1: Difference in size and wall structure of blood vessels. The bars
shows the relative amount of the different tissue types. Redrawn after figure
14–1 in [4].

The difference in the composition of the wall in the various vessels hints
at functional differences as well. Apart from transporting blood, the blood
vessels have at least one extra function and following Levick [14] they are
classified according to this extra functionality:

• Elastic arteries contains a large fraction of elastic tissue, which allows
them to distend to take up a larger volume of blood. During diastole
the vessel walls recoil to provide additional forward flow. This property
is important for converting the pulsatile output from the heart into
a more continuous flow through the more distal vessels and also in
reducing the workload of the heart.

• Muscular arteries contains a large fraction of smooth muscle which
allows them to contract and dilate and also prevents them from collapse
when crossing joints such as in the knee. The contraction can be of
great importance for stopping a possible life threatening bleeding from
occurring.

• The small arteries and the arterioles provides the main resistance to
blood flow and are therefore called resistance vessels. The large resis-
tance is due to their narrow lumen and limited number. The resistance
can be increased by contraction of smooth muscle, vasoconstriction,
or decreased by relaxation of the muscles, vasodilation. Using these
methods the resistance vessels can control local blood flow to match
local needs
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• The capillaries and small venules are often referred to as exchange

vessels since it is through the walls of these vessels that the exchange
of nutrients and wastes between the blood and the tissue cells take
place.

• The veins are large in number and size, and contains about two thirds of
the total blood volume in a normal human body, hence the designation
capacitance vessels.

2.3 Haemodynamics

Haemodynamics is the study of blood flow in vessels and the factors that
affects it.

A fluid can be defined as a substance that deforms when subjected to a
shearing force and continues to do so even after the force is removed. This
is in contrast to a rigid material which does not deform at all, or an elastic
material which deforms but then recovers its original shape after removal of
the force.

2.3.1 Flow Types

Three types of flow occurs in the body: laminar, turbulent and bolus flow.
In laminar flow, the fluid can be thought of as divided into thin layers, or
laminae, which flows in parallel with no mixing between adjacent layers.
A less precise description of laminar flow would be to call it ’smooth’. In
turbulent flow on the other hand, the movement is more irregular, even
though it might still have a general direction. The transition from laminar
to turbulent flow is governed by the Reynolds number defined as

Re =
(ūdρ)

µ
,

where ρ is the density of the fluid, µ the viscosity, and ū and d are charac-
teristic velocity and length respectively, chosen depending on the problem.
Laminar flow is the dominating flow type in a healthy circulatory system
and normally turbulent flow only occurs in the ventricles and sometimes in
the aorta during maximum flow. However, in the presence of disease, for
example a stenosis, turbulent flow can occur in other parts of the circulatory
system as well.

Finally, bolus, or single-file, flow occurs in the capillaries and venules
where the red blood cells fill up the entire lumen of the vessel.
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2.3.2 Viscous Properties of Blood

Consider the case of a volume of fluid between two parallel plates. One of
the plates is fixed while the other one moves in parallel to the first. The flow
is assumed to be laminar. Due to internal friction, the fluid starts to shear.
Now, taking y to denote the direction perpendicular to the plates, the shear
stress, τw is expressed as

τw = −µ
du

dy
,

where u = u(y) is the velocity of the flow, and µ is the viscosity of the fluid.
For a Newtonian fluid the relationship between stress and strain rate is linear,
i.e. µ is constant. The viscosity of a Newtonian fluid is not affected by shear
rate, here the velocity gradient in the y-direction, or, in the case of flow in
a tube, the tube radius. An important question is whether blood can be
treated as a Newtonian fluid? To answer this question, two things must be
considered.

1. For a simple fluid like plasma which consists mainly of water, the vis-
cosity is independent of tube radius. This does not hold for whole blood
however, for which the viscosity decreases with tube radius to reach a
minimum value in the capillaries. This effect is called the F̊ahraeus-

Lindquist effect.

2. The fact that whole blood is a suspension of particles makes the vis-
cosity dependent on shear rate as well. At low shear rates the viscosity
can become high, partly due to the tendency of the red blood cells to
stick to each other or the vessel wall. At high shear rates on the other
hand, viscosity decreases, shear-thinning, because the red blood cells
are deformed and aligned to minimize the flow resistance.

Clearly blood is a non-Newtonian fluid. However, the F̊ahraeus-Lindquist
effect start to become important at tube diameters less than 100 µm, and
the shear-thinning effect are negligible at physiological flow rates [14]. The
conclusion is that for the problem dealt with in this thesis, i.e. blood flow in
arteries, it is reasonable to regard blood as being a Newtonian fluid.

2.3.3 The Pulse Waveform

Figure 2.2 illustrates the principal features of the pressure pulse waveform.
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Figure 2.2: Schematic picture of a pressure waveform.

The highest and lowest points on the waveform is called the diastolic

pressure and systolic pressure respectively. Pulse pressure is defined as the
difference between systolic and diastolic pressure. Mean pressure is the av-
erage pressure taken over one period of the cardiac cycle. Usually the mean
arterial pressure is approximated by:

P̄ = Pdiastolic + (Psystolic − Pdiastolic)/3.

The pressure pulse wave in the systemic circulation originates from the left
ventricle of the heart. At ventricular ejection there is a high input into
the arterial system and a low output due to the peripheral resistance. This
creates the anacrotic limb, the initial fast rise of pressure. As the ejection
from the heart weakens, the run off at the periphery gets larger compared
to the input and the pressure starts to fall again. On its way down a small
second peak called the dicrotic notch can be seen. It is sometimes confused
with the incisura which is a small high-frequency disturbance on the pressure
wave. The incisura is caused by the closure of the aortic valve, but the dicrotic
notch is caused by peripheral wave reflection [16].

Figure 2.3 illustrates the gradual transformation of the pressure pulse
throughout the systemic circulation. The mean pressure is relatively constant
in the aorta and the large arteries, but drops off quickly in the smaller arteries
and arterioles due to their large resistance. In the smaller arteries, the pulse
pressure starts to decrease and the waveform gradually becomes less pulsatile.
Across the capillary beds there is an almost steady pressure gradient, creating
a continuous supply of blood to the tissues.

As the pulse wave travels towards the periphery, there is an increase in
systolic pressure. The main cause of this ”pressure peaking” is wave reflec-
tions [6]. In the femoral artery for example, the distance to the peripheral
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Figure 2.3: Variation of pressure in the systemic circulation. Redrawn after
[3].

reflection sites is short, so that the reflected wave will return during the sys-
tolic phase, causing an increase in systolic pressure. In the abdominal aorta,
the reflected wave returns later, and the amplification of the systolic pressure
is therefore smaller.

The increase in systolic pressure is accompanied by a slight decrease in
diastolic pressure, thus in total creating an increase in pulse pressure that
continues until the resistance vessels are reached. This is illustrated in figure
2.4.

Figure 2.4: A schematic picture of the pulse wave as it travels towards the
periphery. Redrawn after [16].
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Another thing that can be noted in figure 2.4, is the gradual appearance
of a diastolic peak, a second maximum on the wave form. This can be ex-
plained by noting that the pressure wave velocity is frequency dependent, a
phenomenon called dispersion. Assuming periodicity, the pressure wave can
be expressed in terms of a Fourier series, i.e. a sum of sine and cosine func-
tions. Due to dispersion, the relative phase of these oscillatory components
will change as the wave travels along, resulting in a diastolic peak [15].

2.3.4 Normal and Pathological Factors Affecting the

Blood Pressure

A typical measurement of the blood pressure of a young adult male might
give the result 120/80 mmHg (systolic/diastolic pressure). This figure may
vary a lot depending on several different factors. During excerice there might
be an increase of pressure in the order 10-40 mmHg, while during sleep the
pressure might be less then 80/50 mmHg. Another factor that must be taken
under consideration in a measurement situation is the fact that stress tends
to increase blood pressure.

Further, blood pressure will typically be different depending on age. For
a child, the blood pressure is, on average, lower (≈ 100/65 mmHg) and
for an old person it is, on average, higher (≈ 180/90) [14]. This increase
in blood pressure with age is caused by a reduction of arterial compliance
due to stiffening of the arteries, a condition called arteriosclerosis (not to
be confused with atherosclerosis). The presence of stenosis, aneurysms, or
various heart diseases will also affect the blood pressure, locally, e.g. reduced
blood supply to the legs, or globally, e.g. an increase or decrease of mean
pressure.

Regarding the pulse pressure, there is a similarity between small children
and very old persons, that might be interesting to mention. In small children
and very old persons, the discrepancy between the pressure wave forms in
the brachial artery and the aorta is smaller than in adolescents and adults.
This has to do with wave reflections: small children have short limbs, hence
the reflected waves return earlier, thus amplifying the systolic pressure. In
elderly people the same phenomenon is due to the greater wave speed caused
by stiffening of the arteries.
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2.4 Windkessel Model of the Systemic Arte-

rial System

Two important parameters of the arterial system are total arterial compliance
and total peripheral resistance. In order to discuss these, the windkessel

model of the arterial system is presented here.
A windkessel was originally a sack of some elastic material used by fire-

fighters to turn a pulsatile flow into a continuous flow. The same mechanism
can be seen in the cardiovascular system: when blood is ejected from the
heart during systole, the elastic arteries distend to take up a larger volume
of blood. Then, in diastole the walls recoil and the blood that was stored is
pushed forward, creating an outward flow. The ability of an arterial segment
to distend to take up a larger volume can be expressed in terms of compliance,
which is, within the linear theory, defined as C = ∆V/∆P , i.e. change in
volume per change in pressure. This is in fact a direct analogy to the way a
capacitor works, with pressure and flow corresponding to voltage and current,
respectively.

Figure 2.5 shows a two element windkessel model of the arterial system.
The capacitor C represents total arterial compliance and R is the total pe-
ripheral resistance.

Figure 2.5: A two element windkessel model of the arterial system.

Total peripheral resistance can be estimated by using the formula [16]

R =
Pa − Pv

CO
,

where Pa is mean arterial pressure, Pv is mean venous pressure, and CO
is cardiac output. The input impedance of the arterial system is the total
impedance of the above circuit. In the time domain this can be expressed as

dP

dt
+

P

RC
=

Q̇

C
, (2.1)

where Q̇ is flow. To estimate total arterial compliance, it is assumed that the
flow during diastole is zero, i.e. Q̇ = 0 (strictly, this only holds true in the
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ascending aorta of a healthy person). Integration of Eq. (2.1) over a period
of the diastolic phase gives

RC =

∫ t2

t1

Pdt

Pt1 − Pt2

,

where Pt1 and Pt2 are pressures at times t1 and t2 respectively. This method
of estimation is called the area method [24]. Typical values of total peripheral
resistance and total arterial compliance are given in table 2.1.



Parameter Value Unit Ref.
Cardiac Output 6 l min−1 Levick [14]
Blood Pressure Levick [14]
(6 years) 100/65 mmHg
(30 years) 125/80
(70 years) 180/90
Flow velocity Berger et al. [3]
(Aorta) 40 cm s−1

(Arteries) 40-10
Pressure wave velocity Nichols and O’Rourke. [16]
(Abdominal aorta) 500 cm s−1

(Femoral artery) 800
(Radial artery) 730
Density of blood 1.055 g cm−3 Berger et al. [3]
Viscosity of blood 0.04 g cm−1 s−1 Berger et al. [3]
Total Peripheral Resistance 1.2 mmHg ml−1 s−1 Schaaf et al. [21]
Arterial Compliance 2 ml mmHg−1 Levick [14]

Table 2.1: Typical values for some parameters of the cardiovascular system.
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Chapter 3

Governing Equations

In large parts, the theory described in this section follows the work of Zamir
[32]. It should be noted that the equations below concerns the pulsatile part
of the pressure. The mean pressure is dealt with in chapter 4.

Assuming axial symmetry, an incompressible fluid, and neglecting body forces,
the propagation of pulsatile pressure and flow in an elastic tube is governed
by the Navier–Stoke’s equations

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂r

)
+

∂p

∂x
= µ

(
∂2u

∂x2
+

∂2u

∂r2
+

1

r

∂u

∂r

)
, (3.1)

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂r

)
+

∂p

∂r
= µ

(
∂2v

∂x2
+

∂2v

∂r2
+

1

r

∂v

∂r
− v

r2

)
, (3.2)

and the continuity equation

∂u

∂x
+

∂v

∂r
+

v

r
= 0, (3.3)

where p is pressure, ρ is density, r and x denotes radial and axial direc-
tions, respectively, and u and v are the axial and radial velocity components,
respectively.

By writing the above equations in non-dimensional form it can be shown
that under the assumption that

a

L
,

ū

c0
<< 1,

where a is the tube radius, L is the wavelength, ū is average flow velocity
and c0 is pressure wave speed, the following relations hold [32]:

u
∂u

∂x
, v

∂u

∂r
<<

∂u

∂t

17
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Figure 3.1: Definition of axial and radial directions and velocities.

u
∂v

∂x
, v

∂v

∂r
<<

∂v

∂t

∂2u

∂x2
<<

∂2u

∂r2

∂2v

∂x2
<<

∂2v

∂r2
.

On the basis of this, the governing equations for pressure and flow are reduced
to

ρ
∂u

∂t
+

∂p

∂x
= µ

(
∂2u

∂r2
+

1

r

∂u

∂r

)
, (3.4)

ρ
∂v

∂t
+

∂p

∂r
= µ

(
∂2v

∂r2
+

1

r

∂v

∂r
− v

r2

)
, (3.5)

∂u

∂x
+

∂v

∂r
+

v

r
= 0. (3.6)

As the system of equation stands, it has two independent space variables,
namely, x and r. To transform the system into a one-dimensional prob-
lem, the dependence on r is eliminated. This can be done by changing the
dependent variable from velocity to flow rate defined by:

q =

∫ a

0

2πru dr, (3.7)

where a is the inner radius of the tube. It can be seen in the equation
above that only the velocity component in the x direction contribute to the
flow rate, and equation (3.5) is no longer required. Instead, the following
boundary condition is specified to relate the radial velocity and the vessel
radius:

v(a, t) =
∂a

∂t
. (3.8)
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Equation (3.8) is implied by the no-slip condition, which states that fluid
immediately adjacent to a solid surface must have the same velocity as the
surface. Now, multiplying Eqs. (3.4) and (3.6) by 2π and integrating from 0
to a gives, together with Eq. (3.8),

∂q

∂t
+

A

ρ

∂p

∂x
= −2πa

ρ
τw (3.9)

ρ
∂q

∂x
+

∂A

∂t
= 0 (3.10)

where A = πa(x, t)2 is the lumen area, and

τw = −µ

(
∂u

∂r

)

r=a

is the shear stress. For now, blood will be regarded as an inviscid fluid, i.e.
τw = 0, but the effects of blood viscosity will be reinstated later.

In order to have a solvable system, one dependent variable in the equation
system above must be eliminated. A simple way to do that is to take A =
A(p). Using the chain rule, the time derivative of the lumen area can be
rewritten as

∂A

∂t
=

∂A

∂r

∂r

∂p

∂p

∂t
(3.11)

where ∂A/∂r = 2πr.
To find ∂r/∂p, first consider the quasi-static balance of forces acting on

the arterial wall shown in figure 3.2.

Figure 3.2: A cross section of the arterial wall.

If the wall is assumed to be thin–walled, then, in the circumferential direction,
the balance of forces yields

↑: −2σh + 2pa = 0, (3.12)
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where σ is the circumferential stress and h is the wall thickness, so that

p =
σh

a
. (3.13)

(Note that strictly, p should be replaced by pe = p − p0 where p0 is the
pressure of the surroundings. The quotient p0/p is, however, generally small
and p0 is therefore neglected.)

Now, the arterial wall is assumed to be linear elastic (see section 7 below),
i.e. it obeys Hooke’s law

σ = Eε, (3.14)

where E is the Young’s modulus of the wall tissue and ε is the circumferential
strain. Substituting this in Eq. (3.13) gives

p =
Eh

a
ε, (3.15)

where ε is given by

ε =
2π(r − a)

2πr
=

r

a
− 1. (3.16)

Taking Eqs. (3.15) and (3.16) together and solving for r yields

r =
a2

Eh

(
p − Eh

a

)
. (3.17)

A derivation with respect to the pressure gives

∂r

∂p
=

a2

Eh
, (3.18)

which, when substituted in Eq. (3.11), gives the following expression for the
time derivative of the lumen area:

∂A

∂t
= 2πr

a2

Eh

∂p

∂t
=

A

ρc2
0

∂p

∂t
(3.19)

where

c0 =

√
Eh

2ρr
(3.20)

is the Moens-Korteweg’s formula for the pressure wave velocity [8]. It is
possible to add a small correction for the thin wall assumption, by inclusion
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of the Poisson’s ratio, ν, which express the ratio between longitudinal and
transversal strain. Equation (3.20) then becomes [16]

c0 =

√
Eh

2ρr(1 − ν2)
. (3.21)

By using the assumption of an inviscid fluid and replacing the time deriva-
tive of the lumen area, the wave equations become

∂q

∂t
+

A

ρ

∂p

∂x
= 0 (3.22)

∂q

∂x
+

A

ρc2
0

∂p

∂t
= 0 (3.23)

The coupled system above can be decoupled by taking the derivative of
Eq. (3.22) with respect to x and the derivative of Eq. (3.23) with respect
to t. Subtracting the result, the new equations become





∂2p

∂t2
+ c2

0

∂2p

∂x2
= 0

∂2q

∂t2
+ c2

0

∂2q

∂x2
= 0.

(3.24)

From the equation above, it is evident that the problem is governed by two
wave equations, one for the pressure and one for the flow rate. These equation
can be solved by separation of variables, i.e. writing p(x, t) = px(x)pt(t) and
q(x, t) = qx(x)qt(t). If the pressure and flow rate at the vessel entrance
(x = 0) are prescribed by the functions:

pa = p0e
iωt , and qa = q0e

iωt, (3.25)

where ω is the angular frequency, and p0 = px(0) and q0 = qx(0) are the
applied oscillatory pressure and flow at the tube entrance (i.e. only forward
moving waves are considered), the solutions to Eq. (3.24) become

{
p(x, t) = p0e

iω(t−x/c0)

q(x, t) = q0e
iω(t−x/c0).

(3.26)

3.1 Wave Reflections

In the sequel, only the pressure wave is studied, since the flow rate is governed
by the same type of equation.
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Now, the focus is on the reflections in a non–branching segment of the
arterial tree. Let the length of the segment be l, and assume that it has uni-
form properties and a constant radius. In addition, introduce the subscript
b and f to denote the backward and the forward moving waves, respectively.
The forward moving wave at the spatial position x is given by Eq. (3.26)

pf = p0e
iω(t−x/c0). (3.27)

Let the wave that has been reflected at x = l and is now traveling backwards
be given by

pb = p0Reiω(t−(2l/c0−x/c0)), (3.28)

where

R =
pb(l, t)

pf(l, t)
(3.29)

is the reflection coefficient at the end of the tube (x = l). Then, the total
pressure at x is given as the sum of the two pressures

p(x, t) = pf(x, t) + pb(x, t) = p0

(
e−iωx/c + Re−iω(x−2l)/c0

)
eiωt. (3.30)

The total pressure is separable in space and time, and it is convenient to
introduce the spatial pressure distribution

px(x) = p0

(
e−iωx/c0 + Re−iω(x−2l)/c0)

)
(3.31)

and write

p(x, t) = px(x)eiωt.

The total pressure wave computed above is only reflected once at x = l;
the so called primary reflection. The reflections do not stop at the primary
reflection, however. The backward moving wave is reflected at the vessel
entrance, and the resulting forward moving wave is, in turn, reflected at the
vessel end, and so forth. So, the total pressure is the sum of an infinite
number of secondary reflections at the vessel entrance for backward moving
waves and at the vessel end for forward moving waves. It may be shown [32]
that this sum is an infinite geometric series and that the resulting spatial
pressure distribution is given by

px(x) = p0
e−iωx/c0 + e−iω(2l−x)/c0

1 − R0e−2iωl/0

, (3.32)
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Figure 3.3: Superposition of forward and backward traveling waves.

where R0 is the reflection coefficient at the vessel entrance, defined by re-
placing x = l with x = 0 in Eq. (3.29). The secondary reflections, however,
are usually neglected in the modelling since taking them into account into
a system of several tubes becomes more complex. The neglecting might be
somewhat justified by noticing that the product of the reflection coefficients
in the denominator is usually much smaller than one. This will be discussed
more in section 7 below.

3.2 The Pressure–Flow Relation

In order to compute the relation between the pressure and the flow rate,
Eq. (3.26) is substituted in Eq. (3.22). For the system of equations to be
satisfied, the constant q0 must be given by

q0 =

(
A

ρc0

)
p0,

and the forward moving flow wave becomes

qf (x, t) =

(
A

ρc0

)
p0e

iω(t−x/c0) =

(
A

ρc0

)
pf(x, t). (3.33)

For the backward moving wave, it is assumed that the wave is given by

qb(x, t) = Deiω(t−2l/c0+x/c0).

This is then substituted together with Eq. (3.28) in Eq. (3.22). In order for
the system of equations to be satisfied, q0 must be given by

q0 = −
(

A

ρc0

)
Rp0
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and the backward moving flow wave becomes

qb = −
(

A

ρc0

)
p0Rle

iω(t−x/c0) = −
(

A

ρc0

)
Rpf (x, t). (3.34)

Note the change of sign compared to Eq. (3.33). This is because flow is a
vector quantity, i.e. it has both direction and size, whereas pressure is a
scalar quantity.

Now, define a quantity called the characteristic admittance by

Y0 =
qf(x, t)

pf(x, t)
= −qb(x, t)

pb(x, t)
. (3.35)

By Eqs. (3.27), (3.28), (3.33), and (3.34), it is clear that

Y0 =
A

ρc0
. (3.36)

The total flow can now be computed by summing the forward and backward
moving flow waves

q(x, t) = qf (x, t) + qb(x, t) =

= Y0

(
p0e

iω(t−x/c0) − Rp0e
iω(t−2l/c0x/c0)

)
=

= q0e
iω(t−x/c0) − Rq0e

iω(t−2l/c0+x/c0)

(3.37)

where q0 = Y0p0. The characteristic admittance does not account for the
effects of wave reflection. As was pointed out above, the total pressure and
the total flow is a sum of the forward and the reflected, backward moving
wave. To include this effect, define the effective admittance:

Ye =
q(0, t)

p(0, t)
(3.38)

Note that the effective admittance is defined at the entrance of the vessel.
Substituting p(0, t) and q(0, t) into the expression for Ye gives

Ye = Y0
1 − Re−2iωl/c0

1 + Re−2iωl/c0
. (3.39)

It is evident from the above that in the presence of wave reflections, Ye will
differ from Y0.
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3.3 Admittance and Reflection in Arterial Bi-

furcations

Kirchhoff’s laws for a bifurcation point states:

ppaf(l, t) + ppab(l, t) = pd1f(0, t) = pd2f(0, t) (3.40)

qpaf(l, t) + qpab(l, t) = qd1f(0, t) + qd2f(0, t) (3.41)

where the subscript pa denotes a parent vessel and the subscripts d1, d2

denote daughter vessels. The first equations is equivalent to Dalton’s law in
thermodynamics, and the second equations is equivalent to the continuity
equation. By using Eqs. (3.40) and (3.40) together with Eqs. (3.29) and
(3.35) it can be shown that

R =
Y0 − (Y1 + Y2)

Y0 + (Y1 + Y2)
, (3.42)

where, in the presence of wave reflections, Y1 and Y2 are the effective admit-
tances of the daughter vessels. In order to obtain a similar expression for the
effective admittance, both the denominator and the nominator in Eq. (3.39)
are multiplied with eiωl/c0 . This gives the alternative expression:

Ye = Y0
(1 − R) cos(θ) + i(1 + R) sin(θ)

(1 + R) cos(θ) + i(1 − R) sin(θ)
,

where θ = ωl/c0. Since the wave speed is finite, a substitution of Eq. (3.42)
gives

Ye = Y0
(Y1 + Y2) + iY0 tan(θ)

Y0 + i(Y1 + Y2) tan(θ)
(3.43)

The above expressions are easily modified for the case of trifurcations or
higher, by simply replacing the term (Y1+Y2) with the more general

∑n
k=1 Yk

so that Eqs. (3.42) and (3.43) become

R =
Y0 −

∑n
k=1 Yk

Y0 +
∑n

k=1 Yk
(3.44)

and

Ye = Y0

∑n
k=1 Yk + iY0 tan(θ)

Y0 + i
∑n

k=1 Yk tan(θ)
. (3.45)
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3.4 Pressure Distribution in a Tree Structure

The arterial tree can be approximately modelled as a binary tree [29]. The
location of a particular branch is uniquely determined by the introduction
of the coordinates [j, k], where j is the generation number and k denotes
the position within the j:th generation, see figure 3.4. Using this notation,

Figure 3.4: A binary tree. Redrawn from Zamir [32].

Eqs. (3.42) and (3.43) can be rewritten as

R[j, k] =
Y0[j, k] − (Ye[j + 1, 2k − 1] + Ye[j + 1, 2k])

Y0[j, k] + (Ye[j + 1, 2k − 1] + Ye[j + 1, 2k])
(3.46)

and

Ye = Y0
(Ye[j + 1, 2k − 1] + Ye[j + 1, 2k]) + iY0[j, k] tan(θ[j, k])

Y0[j, k] + i(Ye[j + 1, 2k − 1] + Ye[j + 1, 2k]) tan(θ[j, k])
(3.47)

where

θ[j, k] =
l[j, k]ω

c0[j, k]
.

Now, to obtain an expression for the pressure distribution in an arbitrary
branch of the tree, it is first assumed that pressure is continous across
junctions. Taking x[j, k] to denote the position within branch [j, k] and
0 ≤ x[j, k] ≤ l[j, k], this is written as

px[j, k]x=0 = px[j − 1, n]x=l (3.48)

where [j, k] are the coordinates of the daughter branch and [j − 1, n] similar
for the parent. It should be noted that the parent and daughter branches in
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a binary tree are related through k = {2n − 1, 2n}. Using Eq. (3.31), the
spatial pressure distribution for the daughter vessel becomes

px(x[j, k]) = p0[j, k]
(
e−iωx[j,k]/c0[j,k] + R[j, k]e−iω(x[j,k]−2l[j,k])/c0[j,k]

)
(3.49)

and for the parent vessel

px(x[j − 1, n]) = p0[j − 1, n]·
(
e−iωx[j−1,n]/c0[j−1,n] + R[j − 1, n]e−iω(x[j,k]−2l[j−1,n])/c0[j−1,n]

)
. (3.50)

Substituting Eq. (3.49) and Eq. (3.50) in Eq. (3.48) yields

p0[j, k] = p0[j − 1, n]
(1 + R[j − 1, n])e−iωl[j−1,n]/c0[j−1,n]

1 + R[j, k]e−iω2l[j,k]/c0[j,k]
. (3.51)

The above expression relates the amplitudes of the initial forward waves of
any parent and daughter vessel in the tree. Equation (3.51) can be rewritten
as

p0[j, k] = p0[j − 1, n]TF [j, k] (3.52)

where

TF [j, k] =
(1 + R[j − 1, n])e−iωl[j−1,n]/c0[j−1,n]

1 + R[j, k]e−iω2l[j,k]/c0[j,k]
(3.53)

is a transfer function for the initial forward waves in two adjacent branches
of the tree. By inversion of Eq. (3.53) a transfer function from daughter to
parent is obtained, hence it is possible to use the transfer function ”back-
wards” as well. Equation (3.52) holds for all branches, so it is possible to
write

p0[j − 1, n] = p0[j − 2, m]TF [j − 1, n].

Substituting this into Eq. (3.52), gives

p0[j, k] = p0[j − 2, m]TF [j − 1, n]TF [j, k].

This procedure can be repeated as many times necessary, thus creating a
transfer function between any two branches of the tree.

Before the TF can be applied it is necessary to compute the reflection
coefficients R in Eq. (3.46) above. This, in turn, requires the calculation of the
effective admittances in Eq. (3.47). Since the effective admittance in a branch
depend on the effective admittance of its daughters the calculation must start
from the periphery and proceed upwards to the root. Thus, it is necessary
to begin by first specifying the effective admittances at the periphery.
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3.5 Boundary Conditions

Building a complete model down to the smallest arteries, arterioles and cap-
illaries would require a lot in terms of computational effort (to be strict, it
would also require a modification of the governing equations to account for
non-newtonian effects in the smaller vessel). Therefore, the vascular tree
model is truncated, and the peripheral beds are replaced by simpler mod-
els. In this thesis a four element windkessel (see section 2.3) is used for
this purpose. The windkessel consists of two resistors to model resistance, a
capacitance to model compliance and an inductance to represent wall inertia.

Figure 3.5: Four element windkessel model.

The effective impedance of the four element windkessel is given by

Ze(ω) = iωM +
R1 + R2 + iωCR1R2

1 + iωCR2
, (3.54)

where R1 and R2 are resistors, C a capacitance, and M an inductance. Since
admittance is defined as the reciprocal of impedance, the effective admittance
becomes

Ye(ω) =
1 + iωCR2

iωM − ω2MCR2 + R1 + R2 + iωCR1R2
. (3.55)

For each terminal branch of the tree it is necessary to specify all four param-
eters in the windkessel.

While the windkessel model captures the overall behavior of the terminal
impedance quite well it does not capture some of the effects of wave propa-
gation. A more realistic model of the peripheral vascular beds is described
in [17]. Therein the peripheral beds are modelled as assymetrical structured

trees. The structured tree model is capable of incorporating wave propaga-
tion effects and it only requires two parameters, a minimum radius and a
length to radius relationship to be specified for each terminal branch. The
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downside is that the structured tree model requires more in terms of com-
putational effort. The time required to compute the results shown in figure
3.5, is approximately 10−3 seconds for the windkessels and 1 second for the
structured tree. This makes the structured trees unsuitable for use together
with the optimization routines described in this chapter 5.

Typically, a three element windkessel is used for the peripheral beds [25],
and one may ask whether its necessary to include a fourth element, the in-
ductance? Looking at figure 3.5, it can be noted that for frequencies above
5 Hz, the modulus of impedance for the four element windkessel is in better
agreement with the structured tree model than the three element windkessel.
Also, when optimizing with respect to the windkessel parameters, the result-
ing values for M are non-zero, suggesting that the inductance should actually
be included in the model.
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Figure 3.6: Schematic plot of the difference in modulus of impedance between
the three and four element windkessels, and the structured tree.
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3.6 Viscosity and Viscoelasticity

So far, blood has been treated as an inviscid fluid and the vessel walls as
being purely elastic. The main effect of fluid viscosity and the viscoelastic
properties of the arterial wall are a damping of the pressure amplitude, es-
pecially of the higher frequencies, as the wave travels towards the periphery
[6].

By definition, a viscoelastic material is a material in which the stress de-
pends on the strain and the strain rate. Here, this means that there will be
a phase lag between the applied pressure on the vessel wall and the displace-
ment of the wall. The arterial wall is modelled as a Voigt material [16], which
is represented by a linearly elastic spring and a viscous damper as shown in
figure 3.7.

Figure 3.7: Voigt model of a viscoelastic material.

The constitutive equation for the Voigt model is

σ(t) = Eε(t) + η
dε(t)

dt
, (3.56)

where E is the Young’s modulus as before, and η is the viscosity of the wall.
Now, if the strain is given by ε(t) = ε0 · eiωt, then Eq. (3.56) can be rewritten
as

σ(t) = Ed · ε(t),

where Ed = E + iωη is the dynamic elastic modulus. The phase lag between
pressure and displacement is characterised by the phase angle

Φ = arctan
(ωη

E

)
. (3.57)

Following Taylor [26], Φ is modelled as

Φ = Φ0(1 − e−kω), (3.58)

where Φ0 and k are constants taken as 0.26 and 2 respectively [2]. Since η is
generally small, Ed can be approximated by

Ed = EeiΦ.
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Substituting this into the Moen–Kortewegs formula, Eq. (3.21), gives a com-
plex wave speed

c′ = c0e
iΦ/2 (3.59)

and, accordingly, a characteristic impedance

Y ′

0 = Y0e
−iΦ/2. (3.60)

The viscosity of blood can be included in the governing equations by the
introduction of a dimensionless frequency parameter, the Womersley number.
This can be understood in the following way: if the vessel wall is considered
to undergo a sinusoidal motion, then, because of the no-slip condition, c.f.
Eq. (3.8), the fluid immediately in contact with the wall will undergo the
same motion, but moving out from the wall, in the radial direction, this
movement diminishes. The distance at which the fluid motion is only about
one percent of the wall motion is given by

δs = 4.9
µ

ρω
,

which is sometimes referred to as the Stokes layer thickness. Now, consider
a fluid filled tube of radius a. If a slowly oscillating axial pressure gradient is
applied, then at each instant the velocity profile of the fluid will have the same
parabolic shape as for a steady pressure gradient of the same magnitude [32].
When the frequency is increased, however, the shape of the velocity profile
is changed because the fluid at the center of the tube, moving with a greater
velocity, will not readily follow the oscillating pressure gradient. This results
in the blunted velocity profile which can be seen in the bottom of figure 3.8.
The shape of the velocity profile will of course also depend on the radius of
the tube; for a sufficiently small tube the Stoke’s layer may fill the entire
lumen, resulting in a parabolic velocity profile even for very high frequencies.
Now, a parameter suitable to describe this is the Womersley number

α = a

√
ωρ

µ
, (3.61)

which is proportional to the ratio between the tube radius and the Stokes
layer thickness.

In the systemic arteries of man, the values of α for the first harmonic is
quite large, 3-15 [3], meaning that the viscocity plays a smaller role. In the
smaller vessels, α becomes smaller and viscosity therefore plays a larger role.
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Figure 3.8: Schematic picture of the effect of frequency of a pulsatile pressure
gradient on the velocity profile. Profiles are shown at the same location at
different times. Top: Velocity profiles at times t0 and t1 for a low frequency.
Bottom: Velocity profiles at times t0 and t1 at a higher frequency.

Zamir and Duan [5] incorporates viscosity in Eqs. (3.22) and (3.23) in an
approximate way by assuming that the flow rate is given by

q = (−πa2

iρω
) [1 − F10(α)]

∂p

∂x
, (3.62)

(see appendix for a derivation) where

F10(α) =
2J1(i

3/2α)

i3/2αJ0(i3/2α)
, (3.63)

and J1 and J0 are Bessel functions of the first kind, of first and zeroth order
respectively. Taking the time derivative of Eq. (3.62), for a pressure gradient
proportional to eiωt yields

∂q

∂t
= (−πa2

ρ
) [1 − F10(α)]

∂p

∂x
, (3.64)

which, using Eq. (3.36), can be rewritten as

∂q

∂t
+ Y0c0εr

∂p

∂x
= 0, (3.65)

where εr = 1 − F10(α). If c0 and Y0 are replaced by

cv = c0

√
εr

and

Yv = Y0

√
εr,
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then Eq. (3.65) take the same form as Eq. (3.22). Thus, the solutions of the
wave equations for pressure and flow still have the same form except for an
added factor

√
εr to account for the effects of fluid viscosity. It should be

noted that the expression for the flow rate in Eq. (3.62) holds for pulsatile
flow in a rigid tube. The practical results, however, are only slightly different
for an elastic tube [5], and the elastic case is therefore not described here.

After including the viscosity of the fluid and the viscoelasticity of the
wall, the final expression for the wave velocity becomes

c = c0

√
εr(e

iΦ/2). (3.66)
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Chapter 4

Material

In this section the arterial tree models and the data used for validation are
described.

4.1 Arterial Tree Models

Two different arterial tree models are used in this thesis. The first one, which
will be referred to as the large model is taken from [2] and consists of 128
segments. The second one, the small model, is taken from [25] and origi-
nally consisted of 55 segments. To avoid too large jumps in radius between
adjacent segments, which caused artifacts in the pressure wave, the model
was segmented further by dividing each terminal segment into three smaller
segments with decreasing radius. After modification the small model consists
of 87 segments (see appendix).

Both the small and the large model are based on the same original dataset
which refers to a male subject with a mass of 75 kg and a height of 175 cm.
This dataset has then been modified by incorporating data from a number
of sources. Avolio [2] also added extra branches in the head and the upper
limbs to get more realistic pressure waveforms in the upper part of the body.

Four parameters are specified for each segment of the tree: length, radius,
wall thickness and Young’s modulus. Values for the Young’s modulus are
given by the formula [17]:

Eh

r0

= k1 · exp(k2r0) + k3, (4.1)

where k1 = 2.0·107 gs−2cm−1, k2 = −22.53 cm−1 and k3 = 8.65·105 gs−2cm−1.
Values of the windkessel parameters for the small tree, e.g. resistances

and capacitances, are taken from [25].
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Figure 4.1: Large arterial tree model. From Avolio [2].

4.2 Experimental Data

For the purpose of validation, invasively recorded brachial and abdominal
aortic pressure signals from twenty four control subjects, twelve men and
twelve women divided into three age groups, were used. All subjects were
healthy and non-smoking. In ten subjects, the femoral pressure signal was
also used. Both abdominal aortic and femoral pressures are measured to-
gether with brachial pressure as reference. Measurements of aortic and
femoral pressure is not done simultaneously, however, so there will be two
different brachial pressure signals, one associated with the aortic signal and
one with the femoral signal. For more details on the data acquisition, see
ref. [23]. Subject data are provided in table 4.1.

The theory described in chapter 3 applies to the pulsatile part of the
pressure only. Thus, to account for the steady part it is necessary to use some
other method. Here, the difference in mean pressure between the brachial
artery and the abdominal aorta is handled by using a numerical correction

AAmean = BAmean + 3, (4.2)

where AA and BA denotes pressure in the abdominal aorta and the brahical
artery, respectively, and the additional factor of 3 mmHg is taken from a
linear fit to the data shown in figure 4.2. Previous studies have shown that
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Subject Sex Age Length Weight BMI
1 F 23 167 60 21.5
2 F 24 170 53 18.3
3 F 24 165 52 19.1
4 F 30 m.i. m.i. m.i.
5 M 24 182 75 22.6
6 M 25 192 83 22.8
7 M 24 168 72 25.5
8 M 26 181 70 21.4
9 F 47 172 62 21.0
10 F 51 178 63 19.9
11 F 54 166 84 30.5
12 F 47 166 61 22.1
13 M 46 172 87 29.4
14 M 46 175 83 27.1
15 M 41 m.i. m.i. m.i.
16 M 51 178 75 23.7
17 F 69 162 52 19.8
18 F 67 171 72 24.6
19 F 72 173 67 22.4
20 F 67 164 70 26.0
21 M 69 176 75 24.2
22 M 69 186 106 30.6
23 M 70 187 92 26.3
24 M 68 176 79 25.5

Table 4.1: Subject characteristics. F=female, M=male, m.i. = missing
information.

central mean pressure is typically somewhat higher than peripheral mean
pressure, see for example refs. [13] and [19].
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Figure 4.2: Difference in mean pressure between brachial artery and abdom-
inal aorta in 24 subjects.
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Method

All implementation was done in Matlab.

5.1 Algorithm

The basic algorithm is straight–forward:

1. Specify input signal and output location.

2. Load arterial tree data:
tree structure, radius, length, Young’s modulus, and windkessel param-
eters.

3. Specify additional parameters.
ρ = 1.055, µ = 0.04, ν = 0.5, Φ0 = 0.26.

4. Compute the Fourier transform of the input signal.
Note that since the input signal is real valued, the corresponding Fourier
transform is self-adjoint, i.e.,

p(x, ω−k) = p(x, ωk),

which means that it is only necessary to perform the computations on
half of the coefficients.

5. Compute pressure wave velocity in all segments using Eq. (3.66)

c = c0

√
εr(e

iΦ/2).

6. Compute the characteristic admittances in all segments, given by Eq. (3.36)

Y0 =
A

ρc
.
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7. Compute effective admittances in all segments.
This procedure starts in the periphery where Ye is given by equation
Eq. (3.55):

Ye(ω) =
1 + iωCR2

iωM − ω2MCR2 + R1 + R2 + iωCR1R2
.

After the effective admittance in all terminals have been computed,
Eq. (3.45),

Ye = Y0

∑n
k=1 Yk + iY0 tan(θ)

Y0 + i
∑n

k=1 Yk tan(θ)
,

is used for the rest of the tree.

8. Compute the reflection coefficients at all branch points and terminals
using Eq. (3.42)

R =
Y0 − (Y1 + Y2)

Y0 + (Y1 + Y2)
.

9. Compute the transfer function from input location to output location
using Eq. (3.53),

TF [j, k] =
(1 + R[j − 1, n])e−iωl[j−1,n]/c0[j−1,n]

1 + R[j, k]e−iω2l[j,k]/c0[j,k]
,

iteratively as described in section 3 above. Note that the transfer func-
tion relates the initial forward pressure waves, while a measured pres-
sure signal consists of the sum of all forward and backward travelling
waves. Therefore, in the first step of a backwards iteration, the nomi-
nator of the transfer function should simply be taken as 1.

10. Multiply the input pressure with the computed transfer function and
take the inverse Fourier transform to obtain the desired output pres-
sure.

11. Display results.

5.2 Some Details of the Implementation

There are a number of ways to handle computations in a tree structure. Here,
the vascular tree is represented as a sparse adjacency matrix. This allows
for efficient implementation in Matlab, but on the downside it is somewhat
complicated to insert new non-terminal segments in the tree.
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5.3 Optimization

To handle differences in the geometric and dynamic properties of the cardio-
vascular system it is necessary to adjust the model for each individual. This
can be achieved by minimizing the function

φ(κ, BAi, FAi, β) =

N∑

i=1

[
β

∣∣∣B̂A(FAi) − BAi

∣∣∣
2

+ (1 − β)
∣∣∣F̂A(BAi) − FAi

∣∣∣
2
]

, (5.1)

where

κ = (R1,1, R1,2, ...R1,n, R2,1, R2,2, ...R2,n, C1, C2, ...Cn, M1, M2, ...Mn),

is a vector consisting of the windkessel parameters, n is the number of ter-
minal segments in the tree, N is the number of samples, B̂Ai and F̂Ai are
computed brachial and femoral pressure, BAi and FAi are measured brachial
and femoral pressure, and 0 ≤ β ≤ 1 is a weighting parameter. The opti-
mization problem is formulated as:

{
min

κ
φ(κ, BAi, FAi, β)

s. t. κ ≤ κ

where the lower limits are: R1,i, R2,i, Ci > 0, and Mi ≥ 0 , i = 1, 2, ..., n.
A motivation for choosing the windkessel parameters as dependent vari-

ables in the optimization is given in a study made by Karamanoglu et al. [12],
which suggested that the amount of peripheral reflection is very important
in determining the transfer function between pressure in ascending aorta and
brachial artery.

In the first attempts to solve the optimization problem, the Matlab rou-
tine fmincon was used. Fmincon is a gradient based solver that utilizes a
sequential quadratic programming algorithm. The results, however, proved
to be very sensitive to the initial conditions, and the solver had a tendency
to get caught in local minima. To avoid these problem a genetic algorithm
solver was tried instead. An initial population of about 20000 individu-
als, evolved over 100 generations, together with the correct mutation and
crossover functions, proved to give stable results. At first, the genetic al-
gorithm was only used to generate initial conditions to the gradient based
solver. It was, however, observed that the solution of the gradient based
solver differed insignificantly from the initial conditions generated by the ge-
netic algorithm. As a consequence, only the genetic algorithm solver was
used in this study. The solver is freely available on the internet [10].
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5.4 Statistics

For the purpose of validation, three measures are used:

• Systolic error, |p2,systolic − p1,systolic|

• Diastolic error, |p2,diastolic − p1,diastolic|

• Root mean square error, RMS, defined as

RMS =

√∑N
i=1(p2,i − p1,i)2

N

where p1 and p2 are two pressure signals signals, and N their length
(assuming they have the same length).

All results are plotted with mean ±2 standard error of the mean (sem).
Mean values and standard deviations for all plots are provided in associated
tables.
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Results

This section starts with some plots to assess that the model is capable of
reproducing, in a qualitative sense, some important features of pulse prop-
agation in arteries. The pressure peaking effect described in section 2.3 is
readily seen in figure 6. Notable is also the appearance of the diastolic peak,
a second maximum on the pressure curve. As expected, there is a time–delay
between the central and peripheral pulses.

Figure 6.1: Pressure waves computed using the transfer function. As the
pressure wave propagates toward the periphery its shape changes gradually.

43
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Figure 6.2 shows the computed input impedance in the ascending aorta.
The modulus of the impedance is large for the lowest frequencies and drops of
to reach a minimum at around 3-4 Hz, after which the curve is relatively flat.
This behavior is in good agreement with what has been previously reported
in the literature, see for example refs. [2] and [16].
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Figure 6.2: Modulus and phase of the input impedance of the ascending
aorta using the small tree. The solid lines illustrate the result without taking
viscous and viscoelastic effects into account. The dashed lines illustrate the
result when viscous and viscoelastic effects are taken into account.

In terms of the qualitative behavior the model shows good results, and
the next step is therefore to review its quantitative behavior. Before doing
so, it might be worth to recall, see Introduction, that the desired accuracy is
about ±2 mm Hg for all three error measures.

6.1 Generic Tree Model

All results in this section are produced using the small tree model described
in section 4 above. The abbreviations AA and AA(BA) are used to denote
measured pressure in the abdominal aorta and abdominal aortic pressure
computed from brachial artery pressure, respectively.
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Figure 6.3 shows the best and the worst results, in terms of root mean
square error, after applying the transfer function to compute abdominal aor-
tic pressure from brachial pressure.
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Figure 6.3: Applying the transfer function to compute abdominal aortic pres-
sure from brachial pressure. Best and worst results in terms of RMS. The
top graph shows pressure curves for subject 11, a middle aged woman. RMS
= 1.39 mmHg. The bottom graph shows the same for subject 15, a middle
aged man. RMS = 7.73 mmHg

The bottom graph in figure 6.3 points at two weaknesses of the method.
First, the lack of a proper ”transfer function for the mean pressure”. Here,
the simple mean pressure correction described in section 4 have been used.
Second, the tree model works better when the discrepancy between the shape
of the pressure wave forms in the brachial artery (not shown in the figure)
and the abdominal aorta is smaller.

Figure 6.4 shows a comparison between using the transfer function with
brachial pressure as input to compute the abdominal aortic pressure, i.e.
AA(BA) = BA ·TF , or simply guessing that the two pressures are the same,
i.e., AA = BA. The systolic and diastolic errors are comparable for the two
methods, with the transfer function having a smaller spread of the mean.
The RMS is markedly smaller for the computed waveforms.

In figure 6.5 the control subjects have been divided into three age groups.
It should be noted that there is a small positive correlation between age and
BMI, see table 4.1. There is also a large positive correlation between age and
mean pressure. This will be assessed in section 6.2. Systolic and diastolic
errors are smaller for the young group, whereas the RMS is higher than for
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Figure 6.4: A comparison between computing abdominal aortic pressure us-
ing the transfer function or simply taking brachial pressure as a substitute
for aortic pressure.

AA(BA) BA
Systolic 4.07 (2.48) 5.04 (4.47)
Diastolic 2.22 (1.51) 2.73 (2.37)
RMS 3.49 (1.56) 5.98 (2.83)

Table 6.1: A comparison between computing abdominal aortic pressure using
the transfer function or simply taking brachial pressure as a substitute for
aortic pressure. Statistical parameters for figure 6.4. Mean (Std)
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Figure 6.5: Using the transfer function for different age groups.

the old and middle aged groups. The systolic error is markedly higher for
the old group.

As was noted above, one of the weaknesses of the method is the lack of
a proper transfer function for the mean pressure. The effect of this is shown
in figure 6.6, where the left bars shows the result when using the transfer
function with the mean pressure correction of 3 mmHg described in section
4, while the right bars show the result using measured mean pressure in the
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Young (25±2) Middle (48±4) Old (69±2)
Systolic 3.07 (1.85) 3.51 (2.59) 5.64 (2.39)
Diastolic 1.54 (1.01) 2.54 (2.02) 2.58 (1.26)
RMS 4.09 (0.91) 3.14 (2.01) 3.24 (1.59)

Table 6.2: Using the transfer function for different age groups. Statistical
parameters for figure 6.5. Mean (Std)

abdominal aorta. (This comparison is of course somewhat unfair, because it
assumes the existence of a ”perfect” transfer function.)
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Figure 6.6: Comparison between using the numerical correction of 3 mmHg,
Eq. (4.2), to transfer mean pressure from the brachial artery to the abdominal
aorta, and assuming that mean pressure in the abdominal aorta is known.

Estimated Known
Systolic 4.07 (2.48) 3.20 (2.13)
Diastolic 2.22 (1.51) 1.83 (0.95)
RMS 3.49 (1.56) 2.68 (0.99)

Table 6.3: Comparison between using the numerical correction of 3 mmHg,
Eq. (4.2), to transfer mean pressure from the brachial artery to the abdominal
aorta, and assuming that mean pressure in the abdominal aorta is known.
Statistical parameters for figure 6.6. Mean (Std)

Finally in this section, the effects of a further segmentation of some of
the proximal vessels, giving a total of 113 segments, are shown in figure 6.7.
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Figure 6.7: Difference between the small tree divided into 87 segments and
into 113 segments.

87 segments 113 segments
Systolic 4.07 (2.48) 3.73 (2.32)
Diastolic 2.22 (1.53) 2.34 (1.46)
RMS 3.49 (1.56) 3.33 (1.52)

Table 6.4: Difference between the small tree divided into 87 segments and
into 113 segments. Statistical parameters for figure 6.7. Mean (Std)

6.2 Scaling

As a first approach towards an individualization a very simple scaling of each
segment was tested. The length and the radius of each segment of the tree
were scaled according to

l = l0 ·
L

L0
(6.1)

and

r = r0 · 3

√
m

m0

, (6.2)

where L and m are the length and mass of the test person, L0 = 175 cm
and m0 = 75 kg refers to the original data, and l0 and r0 are the length and
radius of the segments of the generic tree model.

It is likely that a tall person has longer arterial segments than a short
persons, and it is assumed that the relation is proportional. Analogously,
a heavier person should in general have larger organs, which require an in-
creased blood flow. This might be accomplished by an increase of the radius
of the arteries. The cubic root in Eq. (6.2) is motivated by taking mass as a
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measure of size and noting that mass ∝ [m3], while radius ∝ [m]. The result
is shown in figure 6.8.
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Figure 6.8: Comparison between generic and scaled tree. Statistics are done
using 22 persons, since length and weight information was missing for two
subjects.

Generic Scaled
Systolic 4.13 (2.52) 3.99 (2.59)
Diastolic 2.04 (1.20) 2.03 (1.20)
RMS 3.30 (1.31) 3.26 (1.30)

Table 6.5: Comparison between generic and scaled tree. Statistics are done
using 22 persons, since length and weight information was missing for two
subjects. Statistical parameters for figure 6.8. Mean (Std)

It was shown in figure 6.5, that there were some differences when the
transfer function was applied to different age groups. One explanation could
be the increase of pressure with age. So far the elastic modulus has been
kept constant. In real arteries, however, there is a nonlinear relationship
between the elastic modulus and pressure [16]. Incorporating this in the
theory described in section 3 is difficult, since it deals with the individual
harmonics of the pressure wave one at the time, i.e. the total pressure is not
known before all components are computed, but it is possible to introduce a
scaling of the elastic modulus with the mean pressure by using the following
expression, taken from Stergiopulos et al [22]:

E(ω)p =
E(ω)100mmHg

b +
c

1 +

(
Pmean − Pa

Pb

)2

, (6.3)
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where E(ω)100mmHg is computed as in Eq. (4.1), b and c are constants with
values 0.4 and 5 respectively and Pa and Pb are taken as 20 mmHg and 30
mmHg respectively. Further, it is assumed that Pmean in all parts of the
arterial tree is equal to the mean pressure in the brachial artery. The result
is shown in figure 6.9.
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Figure 6.9: Scaling the elastic modulus with respect to mean pressure.

Generic Scaled
Systolic 4.08 (2.48) 3.83 (2.54)
Diastolic 2.22 (1.51) 2.30 (1.54)
RMS 3.49 (1.56) 3.44 (1.53)

Table 6.6: Scaling the elastic modulus with respect to mean pressure. Sta-
tistical parameters for figure 6.9. Mean (Std)

6.3 Optimization

So far, it has been shown that a generic tree model does not produce suffi-
ciently good results. Simple scaling did little to change this. Therefore, a
more radical scheme for individualization is tested here. The optimization
problem described in section 5, with β taken as zero, is solved using the ge-
netic algorithm solver described in the same section. Femoral and brachial
pressure wave recordings from nine subjects (1, 2, 5, 6, 9, 10, 13, 14 and 21
in table 4.1), are used.

A population of 25000 individuals was evolved for 150 generations with
the following settings for each generation (for details, refer to [10]):
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selectFN = [’normGeomSelect’];

selectOps = [0.05];

mutFNs = [’boundaryMutation multiNonUnifMutation’];

mutOps = [80 0 0; 80 numberGenerations 3];

xOverFNs = [’simpleXover3 arithXover heuristicXover’];

xOverOps = [80 kmax; 80 0; 100 10];

It was assumed that the properties of the peripheral beds shows some
degree of left/right symmetry, i.e. the windkessel terminals of two corre-
sponding segments on the left and the right side of the body should have the
same parameter values. Given a perfectly symmetric tree this reduces the
number of variables used in the optimization by half.

Before assessing the real problem, it is interesting to try and determine the
upper limit of the results. Figure 6.10 shows the result of optimizing with
respect to the abdominal aortic pressure, i.e., taking β = 0 and replacing
F̂A(BA)i with ÂA(BA)i in Eq. (5.1).
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Figure 6.10: Optimizing with respect to the abdominal aortic pressure using
the small and the large tree models. All 24 subjects in table 4.1 are used.

Small Large
Systolic 2.11 (1.62) 2.80 (1.98)
Diastolic 1.89 (1.38) 1.93 (1.26)
RMS 2.53 (1.24) 2.91 (1.33)

Table 6.7: Optimizing with respect to the abdominal aortic pressure using
the small and the large tree models. Statistical parameters for figure 6.10.
Mean (Std)

Figure 6.10 can be said to represent the best result possible using this
particular method. It can be seen that it is very close to the desired accuracy
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of ±2 mmHg for the diastolic and systolic pressures. Keeping this in mind, it
is now time to review the results when optimizing with respect to the femoral
pressure.

Before presenting the results however, it is necessary to assess a slight
problem regarding the validation. It was noted in section 4 that the brachial
signal used when optimizing with respect to the femoral pressure is different
from the brachial signal used when validating with respect to the aortic
signal. This is illustrated for two subjects in figure 6.11.
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Figure 6.11: Brachialis 1 is used when validating against abdominal aor-
tic pressure, while brachialis 2 is used when optimizing against the femoral
pressure.

For subject 14 the shape of the curves are similar, but there is a difference
in both the mean and the pulse pressure. For subject 2 the opposite is true.
These discrepancies are likely to influence the result of the optimization,
hence the figures in the following must be reviewed with some caution.

Figure 6.12 shows a comparison between using individualized trees for all
persons and using a generic tree for all persons.

Optimized Generic
Systolic 3.88 (3.57) 4.14 (2.45)
Diastolic 2.28 (1.82) 2.03 (1.56)
RMS 3.41 (1.41) 3.96 (1.54)

Table 6.8: Comparison between using individualized trees and a generic tree.
Statistical parameters for figure 6.12. Mean (Std)
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Figure 6.12: Comparison between using individualized trees and a generic
tree.

Some resulting waveforms from the optimization are shown in figure 6.13.
The dashed lines are measured curves, the dotted are computed curves using
a generic tree and the plain lines are computed curves after optimization of
the tree.
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Figure 6.13: Abdominal aortic pressure in four subjects. Measured, com-
puted using a generic tree model, and computed using optimized versions of
the generic tree.



Chapter 7

Discussion

The problem of constructing a physiologically based transfer function can be
divided into three parts: (1) derivation of the theory, (2) constructing a real-
istic representation of the anatomy and physiology, and (3) implementation.
In this section, point number one and two will be discussed. The discussion
will start with point number two.

7.1 Geometric and Dynamic properties of the

Arterial Tree

Given the variation in geometric and dynamic properties of the arterial tree
across a large population, it is perhaps not surprising that using a generic
tree model for all twenty four test subjects gave unsatisfactory results. The
tree models used in this thesis are derived from a male subject, of length 175
cm and weight 75 kg, and it is obvious that the model will not be a perfect
representation of the arterial tree of, say, an old woman. However, scaling of
radius, length and elastic modulus had very little effect on any of the error
measures, and dividing the subjects into three age groups as in figure 6.5,
gave inconclusive results. This suggests a number of things, among them:
the underlying theory may not be sufficiently accurate, the scaling procedure
might be incorrect, or, choosing the right values of some other parameters
are more important.

Figure 6.10 illustrates the importance of having the right boundary values.
Since the peripheral beds are the main sites of wave reflection in the body,
varying their properties will have large impact on the shape and amplitude
of the reflected pressure wave(s), which in turn greatly affects the upstream
pressure wave form (this has been shown experimentally by applying va-
sodilators to open up the peripheral vessels). The windkessel parameters of
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the small generic tree are based on rather crude estimations [25], and given
the importance of peripheral wave reflection it might be the case that the
errors introduced by the estimations are so large that they hide the effects
of varying other parameters, e.g. radius and length.

There is of course more to the subject of wave reflections than just am-
plitude and shape. Timing is another important aspect. As noted in section
2.3, if the reflected wave returns early it will amplify the systolic pressure, if
it returns later it will affect the diastolic part of the pressure curve. The time
it takes for a peripherally reflected wave to travel back to the measurement
size is affected both by body size and the elastic properties of the arteries, c.f.
Eq (3.20). This suggests that including body size, in terms of segment length
and radius, and elastic modulus, in the optimization might be important.

Finally, looking at figure 6.10, another thing can be noted. The trans-
fer function is tested using two different tree models with slightly different
geometry. The most important difference is perhaps the number of termi-
nal segments, 32 for the small tree and 63 for the large tree. To be really
fair, when optimizing on the large model one should probably use a larger
population (or run for more generations), nevertheless, the fact that the two
different models gave comparable results suggests that variation in geome-
try might be of minor importance with regard to the transfer function from
brachialis to the abdominal aorta.

7.2 Assumptions in the Derivation of the Gov-

erning Equations

In deriving the governing equations some simplifying assumptions where
made, implicit and explicit, and the effect of some of these assumptions
will be discussed here.

It has already been argued in section 2.3 above that blood can be re-
garded as a Newtonian fluid. Further, it is also reasonable to consider it
an incompressible fluid [15]. Moreover, the vessel radius has been assumed
constant throughout the entire cardiac cycle. Below is a short account of
some other important simplifications:

• Neglecting the convective acceleration terms.
In the beginning of section 3 the convective acceleration terms of the
Navier–Stoke’s equations where neglected. Taking u′ to be the charac-
teristic flow velocity and t′ = 2π/ωt and x′ = 2πc/ω to be characteristic
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time and distance respectively, yields

∂u

∂t
∝ u′

2πω

and

u
∂u

∂x
∝ u′2

2πcω
.

If u′ << c it is reasonable to drop the quadratic terms. The ratio
u′/c is generally small, but in the larger arteries it might become as
large as 0.25 [8]. This suggests that non-linear effects might be of some
importance.

• The arterial wall was assumed to be a thin–walled linear elastic struc-
ture.
Typically a structure is regarded as being thin–walled when the ra-
dius to wall–thickness ratio is greater than ten. However, this has
been showed an insufficient condition for arteries, which should instead
be modeled as a thick–walled structure [9]. This will affect the rela-
tionship between pressure and the cross sectional area of the vessel.
For the thin–walled structure the stress distribution is assumed con-
stant throughout the arterial wall, whereas for the thick–walled case
the stress distribution is given by

∂σrr

∂r
+

σrr − σθθ

r
= 0,

where σrr is the normal stress, and σθθ is the circumferential stress.
Now, integrating the above expression over the arterial wall, and noting
that at the inner boundary σrr = −p, and at the outer σrr = 0, the
relationship between pressure and radius becomes:

p =

∫ r1

r0

(σθθ − σrr)
dr

r
,

where r0 and r1 are the inner and outer boundary, respectively. This
should be compared to Eq. (3.13) for the thin–walled case.

• Multiple reflections.
Finally, the possibility of multiple reflection was discussed in section
3, and the resulting pressure distribution was given by Eq. (3.32). If
it is accepted that a pressure wave can be reflected once, then there is
no reason why it could not be reflected several times. However, each
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time the wave is reflected, either at a bifurcation, at the peripheral
beds, or the aortic valve [29], its amplitude is diminished. After only
a few reflections the contribution of the wave to the total is negligible.
Incorporating multiple reflection into the theory described above can
be done, but it is somewhat difficult. One difficulty arises from the
fact that the reflection coefficient in one bifurcation will be different
depending on the direction from which the wave enters the bifurcation.
This means that reflection coefficients will have to be computed for
both backward and forward traveling waves.

The theory used in this thesis is linear, while there are many non–
linearities present in the cardiovascular system. The convective acceleration
in the larger arteries and the non-linear behavior of the arterial walls are
two examples. However, solving the problem with a fully non–linear model
is far more complex than using the theory outlined above, so one is justified
in asking: how accurate does theory really have to be?

An interesting comparative study between a non–linear model and a linear
model using different viscoelastic models (Westerhof and Holenstein) and
boundary conditions (R + altered C and R) is described by Stergiopulos et
al in [22]. The non-linear model, which includes convective acceleration and
non–linear elastic properties of the arterial walls, is described in [25].

Table 7.1: NL=nonlinear model, VE=viscoelasticity, PM=peripheral model,
pure resistance or two-element windkessel. The numbers are mean devia-
tions, in mmHg, for the computed pressures compared to the same pressures
computed using a linear reference model with elastic walls and a three el-
ement windkessel to model the peripheral beds. From Stergiopulos et al.
[22]

aorta brachialis femoralis
NL 1.89 2.92 8.82
VE Westerhof 1.91 3.34 7.13
VE Holenstein 1.49 2.36 5.00
PM R+altered C 1.81 3.70 6.71
PM R 1.61 4.04 4.50

From table 7.1 it can be argued that the inclusion of non–linearities and
the choice of viscoelastic model are equally important. Given the increased
complexity of a non–linear model, this suggests that it might be worth to try
and improve the linear model further.
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Finally, if the sole purpose is to compute the pressure anywhere in the
arterial tree, then the focus must be on finding a set of equations and a set
of parameters that allows this to be done. The values of the parameters used
for describing the arterial tree will then differ from their ”true” values to
some degree. If this can not be accepted, then it will be necessary to use a
more complex, non–linear theory.

7.3 Other methods

There has of course been previous attempts to develop non-invasive methods
for estimation of central blood pressure. Two other methods described in
[20] and [7] are based entirely on statistical methods and machine learning.
Fetics et al. [7] uses an auto regressive exogenous (ARX) model in which the
TF is represented by a polynomial function

TF = q−k B(q)

A(q)
= q−k b1 + ... + bnb

q−nb+1

1 + a1q−1 + ... + anb
q−na

.

The coefficients b1, ..., bnb
, a1, ..., anb

are found by a least-squares fit to a set
of training data consisting of aortic and radial pressure pulse waveforms
recorded in 20 individuals. Qasem et al. [20] uses a neural network to derive
a transfer function.

Compared to these methods, a physiologically based method like the one
described in this thesis have some advantages, two of which are listed below:

1. There is a possibility to relate the parameters of the model to the
parameters of the underlying physiology.

2. The possibility to compute the pressure anywhere in the body. For
the ARX and neural network to do the same, it would be necessary to
obtain a new set of training data for each location.

7.4 Conclusion and Summary

As stated in the introduction, the aim of this work has been to develop and
study a method for estimation of central pulse pressure. For this purpose a
method based on a one–dimensional wave propagation theory and a physi-
ological model of the systemic arterial tree has been developed. Using this
method it is possible to model some typical features of wave propagation
in the systemic arterial system. However, the ultimate goal is to apply the
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method to compute the central pulse pressure in real subjects, with an ac-
curacy of about ±2 mmHg for all three error measures used in this thesis.
Given the results shown in chapter 6 it is evident that some work remains
to be done. Further, it is concluded that this work might well be carried out
within a linear framework.

Based on the results shown in this and the previous section, it is recom-
mended that future work focus on:

1. Finding material parameters.

2. Representation of the peripheral beds, i.e. boundary conditions.

3. The arterial wall model.

The recommendations are listed in order of importance. The first point is
by far the most important, while the order of points two and three might be
switched.



Chapter 8

Future Work

Below are a few suggestions of further improvements.

8.1 Further Individualization

First, it is of course possible to use more variables in the optimization. As
was mentioned in the discussion, the timing of the reflected wave is affect by
the elastic properties of the vessels. Therefore one should definitely try to
include the elastic modulus in the optimization.

By using imaging techniques such as CT or MRI, it would be possible
to get a very good representation of the geometry of the arterial tree. The
elastic properties of the arteries cannot, however, be obtained in this way.
Currently these techniques are expensive, and in the CT case potentially
harmful because of ionizing radiation.

The scaling of the tree described in section 6.2, can be improved on. There
are many studies done [23, 28], on how various parameters of the arterial tree
scales with age, body size etc, and compiling these in order to find realistic
scaling methods might be interesting.

The result from optimizing with respect to aortic pressure was shown
in 6.10. An interesting thing to do might be too optimize an arterial tree
model on, say, three or four young subjects, and then use that tree model to
compute abdominal aortic pressures for another group of young subjects.

A slightly different way of implementing an individualized method might
be too create a vast number of different arterial tree models together with
varying input conditions, i.e. pressure pulse waveform in the ascending aorta,
and compute the corresponding output pressure in, for example, brachialis
for each set of data. The resulting brachial pressure would be stored in
a database together with information about the tree model and the input
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condition from which it was generated. The recorded pressure wave in a
patient would then be input to a ”search engine” which would look through
the database and return one or more matches. The advantage of using this
method compared to the optimization routine suggested above is that the
models will only have to be computed once, thus making it possible to use
more complex models without the need to worry about computational costs.

8.2 Theory

Some improvements are possible within the linear framework. Womersley [31]
describes a method to make some corrections for neglecting the convective
acceleration, using perturbation theory. In a similar manner it also possible
to correct for the time–varying radius of the vessels. As mentioned previously,
multiple reflections can be included, and, finally, the windkessels used for
truncating the tree model, can be replaced by structured trees, as described
in section 3.

Should the above improvements not be sufficient, then the next step is
to build a fully non–linear model of parts of, or the entire tree. The govern-
ing equations can then no longer be solved analytically, instead numerical
methods must be employed. References [18] and [25] give two examples of
non–linear models.

8.3 Pathological Conditions

All test subjects used in this thesis are presumably healthy. A more general
method will have to take into account various pathological conditions. A
stenosis or aneurysm for example, will affect the behaviour of the pressure
wave, and in order for the transfer function to be generally applicable, the
model must be capable of handling this.

8.4 Clinical Use

Finally, should the desired accuracy of be reached, the next step before clini-
cal use might be to validate the method on a larger group. For practical use,
it will also be necessary to develop an easy to use graphical user interface.
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Appendix A

Physiological Data for the

Small Arterial Tree Model

All segment numbers refer to figure A.1.

Length Radius
Segment Name (cm) (cm)
1 Ascending Aorta 4.0 1.470
2 Aortic Arch A 2.0 1.120
3 Innominate 3.4 0.620
4 & 19 Subclavian A 3.4 0.423
5 R. Carotid 17.7 0.370
6 & 20 Vertebral 14.8 0.188
7 & 21 Subclavian B 1 14.1 0.403
8 & 22 Subclavian B 2 14.1 0.320
9 & 23 Subclavian B 3 14.0 0.236
10 & 24 Radial 1 7.9 0.174
11 & 25 Ulnar A 6.7 0.215
12 & 16 Internal carotid 1 5.9 0.177
13 & 17 External carotid 1 5.9 0.177
14 Aortic arch B 3.9 1.070
15 L. Carotid 20.8 0.370
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Length Radius
Segment Name (cm) (cm)
18 Thoraic aorta A 5.2 0.999
26 Intercoastals 8.0 0.200
27 Thoraic aorta B 10.4 0.675
28 Abdominal aorta A 5.3 0.610
29 Celiac A 1.0 0.390
30 Celiac B 1.0 0.200
31 Hepatic 6.6 0.220
32 Gastric 7.1 0.180
33 Splenic 6.3 0.275
34 Abdominal aorta B 1.0 0.600
35 & 36 Renal artery 3.2 0.260
37 Abdominal aorta C 1.0 0.590
38 Superior mesentric 5.9 0.435
39 Abdominal aorta D 10.6 0.580
40 Inferior mesentric 5.0 0.160
41 Abdominal aorta E 1.0 0.520
42 & 43 Common iliac 5.8 0.368
44 & 50 External iliac 14.4 0.320
45 & 51 Internal iliac 5.0 0.200
46 & 52 Femoral 1 14.8 0.259
47 & 53 Deep femoral 1 4.2 0.255
48 & 54 Femoral 2 14.8 0.225
49 & 55 Femoral 3 14.7 0.190
56 & 60 Internal carotid 2 5.9 0.130
57 & 61 Internal carotid 3 5.9 0.083
58 & 62 External carotid 2 5.9 0.130
59 & 63 External carotid 3 5.9 0.083
64 & 66 Interosseus 7.9 0.091
65 & 67 Ulnar B 1 5.7 0.203
68 & 70 Deep femoral 2 4.2 0.220
69 & 71 Deep femoral 3 4.2 0.186
72 & 76 Posterior tibial 1 10.7 0.247
73 & 77 Posterior tibial 2 10.7 0.194
74 & 78 Posterior tibial 3 10.7 0.141
75 & 79 Anterior tibial 34.3 0.130
80 & 82 Radial 2 7.8 0.158
81 & 83 Radial 3 7.8 0.142
84 & 86 Ulnar B 2 5.7 0.193
85 & 87 Ulnar B 3 5.7 0.183
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Figure A.1: The small arterial model.
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Appendix B

Derivation of the Flow Rate in

a Rigid Tube

This appendix provides a derivation of the flow rate for a fully developed
flow in a rigid tube, i.e., Eq. (3.62) in chapter 3.

Since the tube is rigid and the flow is fully developed, there is no radial
velocity component, and the axial velocity component will only vary in the
radial direction. Thus, in the present case u = u(r, t).

Now, consider again Eq. (3.4):

ρ
∂u

∂t
+

∂p

∂x
= µ

(
∂2u

∂r2
+

1

r

∂u

∂r

)
.

Assume an oscillatory pressure gradient given by

∂p

∂x
= keiωt, (B.1)

where k is a constant. Substituting this into Eq. (3.4) and rearranging the
terms gives

∂2u

∂r2
+

1

r

∂u

∂r
− ρ

µ

∂u

∂t
=

k

µ
eiωt. (B.2)

In order to solve the equation, u is separated into one part that depends on
r and one part that depends on t, so that

u(r, t) = U(r)eiωt. (B.3)

Substituting this into Eq. (B.2) gives

∂2U

∂r2
+

1

r

∂U

∂r
− ρiω

µ

∂U

∂t
=

k

µ
, (B.4)
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which, using the Womersley number α, defined in Eq. (3.61), can be rewritten
as

∂2U

∂r2
+

1

r

∂U

∂r
− iα2

a2

∂U

∂t
=

k

µ
. (B.5)

This is a Bessel equation, and the general solution [30] is given by:

U(r) =
ika2

µα2
+ AJ0(ζ) + BY0(ζ), (B.6)

where J0 and Y0 are zeroth order Bessel functions of the first and the second
kind, respectively. ζ is given by

ζ = i3/2α
r

a
. (B.7)

In order to find the two constants A and B in Eq. (B.6), it is necessary to
specify suitable boundary conditions. Such conditions are given by the no-
slip condition at the tube wall and by assuming a finite velocity at the center
of the tube, i.e.,

U(a) = 0 (B.8)

|U(0)| < ∞

Using these boundary conditions, the constants A and B can now be deter-
mined. First, it is noted that as ζ → 0, Y0 tends to infinity [30], hence by
the second condition in Eq. (B.8) it is evident that B = 0. Using the first
condition A is now given by:

A =
−ika2

µα2J0(0)
. (B.9)

Thus, the complete solution to Eq. (B.5) becomes

u(r, t) =
ia2

µα2

(
1 − J0(ζ)

J0(i3/2α)

)
∂p

∂x
. (B.10)

In order to obtain the flow rate, Eq. (B.10) is multiplied by 2πr and the
result is integrated from 0 to a. The integral can be evaluated by a change
in variables from r to ζ , and using the identity [30]

∫ x

0

x′J0(x
′)dx′ = xJ1(x). (B.11)
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The resulting flow rate is given by:

q = (−πa2

iρω
) [1 − F10(α)]

∂p

∂x
, (B.12)

where

F10(α) =
2J1(i

3/2α)

i3/2αJ0(i3/2α)
. (B.13)
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