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Abstract. We consider α scale spaces, a parameterized class (α ∈ (0, 1])
of scale space representations beyond the well-established Gaussian scale
space, which are generated by the α-th power of the minus Laplace oper-
ator on a bounded domain using the Neumann boundary condition. The
Neumann boundary condition ensures that there is no grey-value flux
through the boundary. Thereby no artificial grey-values from outside
the image affect the evolution proces, which is the case for the α scale
spaces on an unbounded domain. Moreover, the connection between the α
scale spaces which is not trivial in the unbounded domain case, becomes
straightforward: The generator of the Gaussian semigroup extends to a
compact, self-adjoint operator on the Hilbert space L2(Ω) and therefore
it has a complete countable set of eigen functions. Taking the α-th power
of the Gaussian generator simply boils down to taking the α-th power
of the corresponding eigenvalues. Consequently, all α scale spaces have
exactly the same eigen-modes and can be implemented simultaneously
as scale dependent Fourier series. The only difference between them is
the (relative) contribution of each eigen-mode to the evolution proces.
By introducing the notion of (non-dimensional) relative scale in each α
scale space, we are able to compare the various α scale spaces. The case
α = 0.5, where the generator equals the square root of the minus Laplace
operator leads to Poisson scale space, which is at least as interesting as
Gaussian scale space and can be extended to a (Clifford) analytic scale
space.

1 Introduction

It is commonly taken for granted that the Gaussian scale space paradigm is the
unique solution to a set of reasonable axioms if one disregards minor modifica-
tions, such as spatial inhomogeneities [7], diffeomorphisms [8], and anisotropies
[17], which can be easily accounted for. That this is in fact not true has first been
pointed out by Pauwels [13], who proposed a one-parameter class of scale space
filters in Fourier space. In a more recent and extensive study [2] all reasonable
scale space axioms are summarized and it is shown that they lead to a whole
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parameterized (α ∈ (0, 1]) class of scale spaces, the so-called α scale spaces. They
are shown to be related by taking a fractional power of the Gaussian semigroup
generator, i.e. the generator of the α scale space is given by −(−∆)α. Before
we focus on the (relatively easy) bounded domain case we summary the theory
of α scale spaces on the unbounded domain {(x, s) |x ∈ Rd, s > 0} since it is
essential background information with respect to the bounded domain case and
it is not widely known in the computer vision community.

2 α Scale Spaces on the Unbounded Domain

The α scale spaces on the unbounded domain u(α) are subject to the following
pseudo partial differential system:{

∂
∂su = −(−∆)αu
lim
s↓0

u(·, s) = f(·) in L2(Rd)-sense α ∈ (0, 1], s > 0, , (1)

where −(−∆)α : H2α(Rd)→ L2(Rd) is densely defined by

(−∆)αf =
sinαπ
π

∞∫
0

λα−1 (λI −∆)−1 (−∆f) dλ for f ∈ C2(Rd) .

The corresponding kernels K(α) are given by the somewhat awkward expression:

K(α)(x, s) =

∞∫
0

qs,α(t) Gt(x) dt , (2)

where qs,α is the inverse Laplace transform of µ �→ e−sµ
α

and Gt is the usual
Gaussian kernel
Gt(x) =

1
(4πt)d/2

e−
‖x‖2

4t , but their Fourier transforms are quite simple:

K̂(α)(ω, s) = e−‖ω‖
2αs . (3)

Although that many qualitative results about (−A)α such as (−A)α(−A)β =
(−A)α+β can be obtained, this expression is (probably) not an operational defini-
tion. There exist (more) operational expressions for −(−∆)α, see [15]p.216-217,
but even they can not cope with the extremely simple and operational form
of −(−∆)α when working on a finite domain with (Neumann-)boundary con-
ditions. The special cases α = 1/2 and α = 1 lead to respectively the Poisson
and Gaussian scale space. Although Gaussian scale space is well established in
the computer vision community, Poisson scale space is not. Nevertheless, Pois-
son scale space seems the most natural choice of all α-scale spaces, since this
is the only scale space where the scale s > 0 has the same physical dimension
as the spatial variables xi, i = 1 . . . d, allowing an Euclidean norm within scale
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space. Notice to this end that in recent work, concerning content-based image
retrieval, cf.[11], Hausdorff-distances (constructed from Euclidean distances) on
point-clouds within Gaussian scale spaces are used. This does not seem appro-
priate in Gaussian scale space, but is allowed within Poisson scale space.

2.1 Poisson Scale Space on the Unbounded Domain

In this subsection we focus on the Poisson scale space case (α = 1/2). For more
extensive information the reader is referred to earlier work of the authors who
used to work independently, cf. [3], [2], [5].

The d + 1 dimensional Laplace operator (with respect to both s > 0 and
x ∈ Rd) can be factorized:

uss +∆u = (∂s −
√−∆)(∂s +

√−∆)u = 0

and since the nil-space of the linear operator in the first factor of the factorization
is zero, this equation is equivalent to

(∂s +
√−∆)u = 0⇔ us = −√−∆u .

As a result the pseudo differential system corresponding to the α-scale space (1)
for α = 1/2 is equivalent to a Dirichlet problem on the upper plane:{

∂2

∂s2u+∆u = 0 s > 0,x ∈ Rd

lim
s↓0

u(·, s) = f(·) in L2(Rd)-sense . (4)

The solution of this problem is given by a convolution with the Poisson kernel

u(1/2)(x, s) = (K1/2
s ∗ f)(x) =

2s
σd+1

∫
Rd

f(y)

(s2 + ‖x− y‖2)
d+1

2

dy ,

where σd+1 = 2π
d+1

2

Γ ((d+1)/2) equals the surface area of the unit sphere in Rd+1.
The Poisson scale space generator satisfies the following relation

−√−∆ = −
d∑
j=1

Rj
∂

∂xj
f = −R · ∇f , f ∈ H1(Rd), (5)

where the jth component Rj of the Riesz transform R =
∑

ejRj is given by the
principle value integral

(Rjg)(x) =
2

σd+1

∫
Rd

xj − uj
‖x− u‖d+1 g(u) du, (6)

which boils down to a multiplication with −i ωj‖ω‖ in the Fourier domain. For
d = 1 there exists only one component which is known as the Hilbert transform.
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2.2 Clifford Analytic Extension of the Poisson Scale Space
on the Unbounded Domain

In case of 1D-signals (d = 1) it is possible to extend the Poisson scale space
to an analytic scale space ũ(x + is) = uA(x, s) = u(x, s) + iv(x, s), simply by
adding i times the harmonic conjugate v which is determined (up to a constant)
by Cauchy-Riemann (ux = vs, us = −vx). The harmonic conjugate is given by
v = (Qs ∗f)(x, s), where Qs denotes the conjugate Poisson kernel which is given
by the Hilbert transform of the Poisson kernel:

Qs(x) = (HK(1/2)
s )(x) =

1
π

x

s2 + x2 .

This follows directly by Cauchy’s integral formula for analytic functions:

ũ(z) =
1

2πi

∮
C

ũ(w)
w − z dw z = x+ is , (7)

where C is any positively oriented simple curve around z, since

K
(1/2)
s (x) = 	

(
1

(2πi)(z)

)
Qs(x) = 


(
1

(2πi)(z)

)
.

In particular by taking C = C0 ∪ CR ∪ Cδ, with C0 = [−R,R] and CR = {z ∈
C+ | |z| = R}, Cδ = {z ∈ C+ | |z| = δ} in (7) and letting δ → 0, R → ∞ we
obtain the Cauchy operator C : L2 → H2(C+) which is given by

(Cf)(x, s) =
1

2πi

∫
R

f(t)
t− zdt =

1
2

((K1/2
s ∗ f)(x)+ i (Qs ∗ f)(x)) z = x+is ∈ C+

(8)
where the space H2(C+) consists of all analytic functions F on C+ such that

sup
t>0

∞∫

−∞
|F (x + it)|2 dx < ∞. Any signal can be split uniquely and orthogonally

into an analytic and a non-analytic part:

f = fAN + fNAN = f+iHf
2 + f−iHf

2 .

L2(Rd) = H2(∂C+)
⊕

(H2(∂C+))⊥ ,

where the subspace of analytic signals is given by H2(∂C+) = {f ∈ L2(R) |
supp(f) ⊂ [0,∞)}. To this end we notice [F(Hf)](ω) = −isgn(ω)[F(f)](ω) so
fAN (ω) = 0 for ω < 0. Further we notice1 Cf = C(fAN )+C(fNAN ) = C(fAN )+
0 and lim

s↓0
Cf(·, s) = fAN . In practice f is real valued, so then f = 2	(fAN )

and consequently u(1/2)(x, s) = 	ũ(x, s) = 2	(CfAN )(x, s) = (K1/2
s ∗ f)(x).

1 If restricted to the subspace of analytic signals the Cauchy operator is an iso-
metric isomorphism such that the non tangential limit lim

s↓0
Cg(·, s) = g(·) for all

g ∈ H2(∂C+), cf.[9]p.113
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Remarks:

– Physically, the Poisson scale space should be regarded as a potential problem
rather than a heat problem. The isophotes within the Poisson scale space
correspond to equi-potential curves and the isophotes within the conjugate
Poisson scale space correspond to the flow-lines. By the Cauchy-Riemann
equations these lines intersect each other orthogonal through each point
(x, s):

(∂x, ∂s)u · (∂x, ∂s)v = uxvs + usvx = 0 .

For instance the isophotes of the Poisson kernel K(1/2) are the semi-circles
x2+(s− a)2 = a2, a, s > 0, x ∈ R which intersect the flow lines (x+a)2+s2 =
a2, a, x ∈ R, s > 0 orthogonal. It might be tempting to regard f as charge
density distribution, but this is not right: f is the potential at the boundary,
due to some charge-distribution in the plane s < 0.

– The 2D Laplace operator can be split into two different ways:

∆2 = (∂s + i∂x)(∂s − i∂x) = 4∂z∂z
∆2 = (∂s −

√−∂xx)(∂s +
√−∂xx) .

The space of analytic signals H2(∂C+) is very special since its elements are
treated similarly by the operators −√−∆ and i∂x:

−
√
−∂xxf = i∂xf for f ∈ H2(∂C+),

which can be easily be verified in the Fourier domain. Consequently for
sufficiently smooth f (f ∈ H∞):

u(x, s) = (Ks ∗ f)(x) = (e−s
√−∂xxf)(x) = (es i∂xf)(x) = ũ(x+ is) .

Complex analytic extension can only be done in the signal case (d = 1). For
images d ≥ 2 an analogue recipe can be followed, using the more general notion
of Clifford analytic functions. To this end some knowledge of Clifford algebra is
necessary, cf.[3], [9] . Let {ei}ni=1 = {ei}di=1∪{ed+1}, n = d+1, be an orthonormal
base in Rn and let Rn and R+

n be the Clifford algebra and its even subalgebra
of Rn. Let Ω be an open set in Rn.

Definition 1. A function ũ ∈ C∞(Ω,R+
n ) is Clifford analytic on Ω if

∇nũ =
n∑
j=1

ej
∂ũ

∂xj
= 0 .

There again exists a (generalized) Cauchy integral theorem for these functions,
cf.[9]p.103. Analogue to the d = 1 case we define the closed subspace of L2(Rd):

H2(∂R+
n ) = {f ∈ L2(Rd) | (I −Red+1)f = 0}.
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Notice that (Rjf, f) = (F(Rjf),Ff) = 0 for j = 1 . . . d and (R)2 =
∑
R2
j =

−I, therefore we can split complex valued signals into a Clifford analytic and
orthogonal to Clifford analytic part:

L2(Rd) = H2(∂R+
n )
⊕

(H2(∂R+
n ))⊥

f = f+Red+1f
2 + f−Red+1f

2 = fAN + fNAN ,

Notice that these two subspaces of L2(Rd) are precisely the irreducible subspaces
of the semi-direct product of the dilation and translation group on Rd.

We define the Cauchy operator C : L2(Rd)→ H2(R+
n ) by

(Cf)(x, s) =
1

σd+1

∫
Rd

z− u
‖z− u‖d+1 ed+1f(u) du z =

d∑
j=1

xjej + sed+1 , (9)

which can again be expressed in the Poisson kernel and its harmonic conjugate:

Qs(x) = RK1/2
s (x)

=
∑
j

ejRjK1/2
s (x)

=
∑
j

ejQ(j)
s (x)

=
∑
j

2
σd+1

xjej
(s2 + ‖x‖2)

d+1
2

,

by

(Cf)(x, s) = 1
2 (K(1/2)

s ∗ f)(x) + 1
2

d∑
j=1

ejed+1(Q(j)
s ∗ f)(x)

= (K(1/2)
s ∗ ( 1

2 (I + Red+1))f)(x)

= (K(1/2)
s ∗ fAN )(x),

Remarks:

– The nil-space of C equals (H2(∂R+
n ))⊥, so Cf = C(fAN +fNAN ) = C(fAN ).

– Let d = 3 and ũ be Clifford analytic, then ∇dũ = 0 and therefore ∇dũed+1 =
∇d ·(ũed+1)+∇d∧(ũed+1) = 0+0 so if we put u = ũed+1 we have rot u = 0
and div u = 0 from which it follows that u has a harmonic potential u = ∇p,
with ∆p = 0.

– The monogenic scale space uM which is introduced by Felsberg and Sommer,
cf.[3] (for d = 2) is given by

uM (x, s) = ũ(x, s)ed+1 = 2(Cf)(x, s)ed+1

= (K(1/2)
s +

d∑
j=1

ejed+1RjK
(1/2)
s ) ∗ f)

= ed+1(K(1/2)
s ∗ f)(x) +

d∑
j=1

ej(Q
(j)
s ∗ f)(x) , f = fed+1 .
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– By (5) we have −√−∆ = −∇ ·R with ∆ = ∇ · ∇ and therefore (by Gauss
divergence Theorem) for all Ω′ ⊂ Ω

∂

∂s

∫
Ω′

uα(x, s) dx =



∫
∂Ω′
∇u · n dσ for α = 1

− ∫
∂Ω′

Ru · n dσ for α = 1/2 , (10)

so the other components in the monogenic scale space besides the Poisson
scale space describe the Poisson image flow analogue to the fact that −∇u
describes the Gaussian image flow.

Some interesting local features can easily be obtained from the Monogenic/
Clifford analytic scale spaces, such as the local phase vector field, local amplitude
(attenuation), local orientation. These concepts are again generalizations of the
local phase analysis in signal analysis, cf. [3], [4], [6].

3 α Scale Spaces on the Bounded Domain
with Neumann Boundary Conditions

In scale space theory the domain is usually taken {(x, s) | s > 0,x ∈ Rd}, but
this introduces some drawbacks. Real images are not defined on the whole Rd

and we have to extend them somehow to the whole Rd. Thereby, besides the
original image f , external information will affect the scale space, especially at
large scales. Some research has been going on concerning the topology (isophotes,
critical paths, top-points, scale space saddles, multi scale graph representation) of
Gaussian scale space, cf. [12], [14] . In this kind of research large scale information
is essential. Moreover, since grey-values are allowed to flow out of the image, the
average grey value is not maintained. To compensate this effect the image is often
re-normalized at different scales with different normalization factors (depending
on the external information and scale). As a result scale spaces in practice are
quite different from the scale spaces in theory.

Another consequence of the unbounded domain is a continuous Fourier-
spectrum, where a discrete Fourier spectrum and the corresponding Fourier series
are easier to understand with respect to L2-considerations (L2 error estimation)
rather than point-wise considerations. In practice Fourier transforms are always
implemented by discrete Fourier transforms, which implicitly boils down to peri-
odic extension of the image (so boundary conditions are used after all). A priori
the behavior of an image at the boundary is not known and therefore it is impos-
sible to solve all these problems perfectly. Rather than ignoring these problems,
we choose an approach were this damage is reduced. Moreover, the connection
between the α-scale spaces will become almost trivial.

The α scale space uα on a bounded oriented domain Ω, with boundary ∂Ω
and outward normal n with Neumann Boundary conditions is defined as the
solution of the following boundary value problem (B.V.P.):
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∂u
∂s = −(−∆)αu x ∈ Ω, s > 0 (E.E.) Evolution Equation
∂u
∂n

∣∣
∂Ω

= 0 (N.B.C.) Neumann Boundary
Condition

lim
s↓0

u(·, s) = f(·) (I.C.) Initial Condition .

(11)

By working on a finite domain two scale space axioms must be a adapted:

– Translation invariance (Φ[Taf, s] = TaΦ[f, s]) does not make sense unless the
N.B.C. is translated together with f . As a result the solution of (11) is no
longer a convolution.

– Monotonic increase of entropy on Rd must be replaced by increase of entropy
on the bounded domain Ω, i.e. the Entropy function now becomes (0 ≤ u ≤
1)

[E(u)](s) = −
∫
Ω

u(x, s) lnu(x, s) dx (s > 0) . (12)

– Rotation invariance (Φ[PRf, s] = PRΦ[f, s]) is only satisfied if Ω is a ball
in Rd. For 2D images this means that one must work on a disc to obtain
rotational invariance.

With respect to the causality axiom we remark that similar to the unbounded
case the α (0 < α < 1) evolutions with N.B.C. do not satisfy Koenderink’s
principle of non-enhancement of local extrema: (us∆u)(x, y, s) ≥ 0 in (spacial)
extrema ((x, y, s), u(x, y, s)), but they do satisfy the weak causality constraint in
the sense that every isophote is connected to the ground plane, following exactly
the same argument as for the unbounded case, cf. [2] .

There are quite some fundamental reasons to impose N.B.C. . Before men-
tioning them we would like to remark that the right-hand side of Greens first
and second identity vanishes∫

Ω

g∆f +∇g · ∇f dx =
∫
∂Ω

g
∂f
∂n

dσ = 0 (13)

∫
Ω

g∆f − f∆g dx =
∫
∂Ω

g
∂f
∂n
− f

∂g
∂n

dσ = 0 (14)

for functions f, g ∈ C2(Ω) ∩ C1(Ω), such that ∂f
∂n = ∂g

∂n = 0.

1. Average grey-value is maintained over scale, which immediately follows for
the Gaussian case (us = ∆u) by the no-flux Neumann boundary condition:

∂

∂s
(1, u)L2(Ω) =

∂

∂s

∫
Ω

u(x, s) dx =
∫
Ω

∆u(x, s) dx =
∫
∂Ω

∂u
∂n

dσ = 0 . (15)

As a result average grey-value is maintained for all α scale spaces, since all
α scale spaces have a common complete orthonormal base of eigenfunctions
including the constant function with corresponding eigenvalue 0 = −(0)α,
see the third item of this list.
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2. It is essential for monotonically increase of entropy, which can be shown for
the Poisson α = 1/2 and Gaussian case α = 1.
– For Gaussian scale space, we have by Greens second identity(14):

∂
∂s [E(u)](s) = − ∫

Ω

∆u(log u+ 1) dx = − ∫
Ω

∆u(log u) dx

= − ∫
Ω

u div
(∇u
u

)
dx =

∫
Ω

(
‖∇u‖2

u

)
dx ≥ 0 .

– For Poisson scale space: Follow the proof of Theorem 5.3 in [2] use Ω in
stead of Rd and notice that the right hand side of Greens first identity
vanishes because of the N.B.C. .

3. The eigenvalue problem{
∆f = λf
∂f
∂n = 0

f ∈ C2(Ω) ∩ C1(Ω) (16)

is equivalent to the eigenvalue problem:

Kf = − 1
λ
f, f ∈ L2(Rd), (17)

where the kernel operator K : L2(Ω)→ L2(Ω) is given by

K(f)(x) = (Nx(·), f(·))L2(Ω) =
∫
Ω

N(x,y)f(y) dy

for almost every x ∈ Rd ,

where N is the function of Neumann on Ω, i.e. the sum N(x,y) = S(x,y) +
n(x,y), of the fundamental solution S and a function h, which is the unique
solution (up to a constant) of:

∆xh(x,y) = 0 y ∈ Ω
∂h
∂n = −∂S∂n − 1/µ(∂Ω) y ∈ Ω .

If we would have worked with Dirichlet boundary conditions, such equiva-
lence can be obtained using Greens function in stead of Neumanns function
as a kernel for the kernel operator K. Analogue to the Dirichlet problem,
where the solution can be represented by f(y) = − ∫

Ω

G(x,y)∆f dx, where

G denotes Greens function, the solution of the Neumann problem is given
by

f(y) = −
∫
Ω

N(x,y)(∆f)(x) dx +
1

µ(∂Ω)

∫
∂Ω

f(x) dσ , y ∈ Ω

see [10]p.232-235 for formal treatment. Further we notice that the Neumann
problem has a unique solution up to a constant, therefore the second term
in the right hand side is not essential. By this result and the uniqueness of
the Neumann problem (up to constants) we indeed find that system (17)
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follows from system (16). The reverse (in particular the twice continuously
differentiable property of f) is more difficult to show since it is due to Weyls
lemma, cf. [10]p.225-226, p.200. Operator K is positive and self-adjoint K∗ =
K since N(y,x) = N(x,y). Moreover K is compact because it has a finite

double norm ‖|K ‖| =
[ ∫
Ω×Ω

|N(x,y)|2 dx dy

]1/2

<∞ for d ≤ 3. For details,

see [1]. From a fundamental result from functional analysis it now follows
that there exists a complete (countable) set of eigen functions {fn}n∈N, with
positive eigenvalues µn which tend to zero as n → ∞, cf. [18]p.167. By the
equivalence between eigenvalue problems (16) and (17) these eigen functions
are also the eigen functions of the generator of the Gaussian semi-group
with corresponding eigenvalues λn = − 1

µn
< 0 (tending to minus infinity as

n→∞) and thereby these functions fn are the eigen images of the Gaussian
evolution operator Φ1 : L2(Ω) × R+ → L2(Ω) with Neumann boundary
conditions with eigenvalues eλns (tending to 0 as n→∞):

u1(·, s) = Φ1[f, s] =
∑
n∈N

Φ1[fn](fn, f) =
∑
n∈N

fn(fn, f)eλns .

Taking the α-th power of the Gaussian generator now becomes fairly easy
by taking the α-th power of the eigenvalues. As a result the α-scale space
operator on a bounded domain with Neumann boundary conditions is given
by:

uα(·, s) = Φα[f, s] =
∑
n∈N

Φαfn(fn, f) =
∑
n∈N

fn(fn, f)e−(−λn)αs .

In contrast to the unbounded domain case, it is now relatively easy to compare
the α scale spaces. To this end we notice that the scale s in the α-scale space
has a physical dimension that depends on α: [s] = [Length]2α. In the bounded
domain we can define a dimensionless scale parameter which we will call relative
scale sα = s

ρ2α , where ρ equals the radius of the smallest sphere around Ω.
In the next two subsections we will focus on the special cases where Ω is a

rectangle respectively a disc. The first case is interesting purely from a prag-
matic point of view, since in computer vision images are mostly rectangles and
Euclidean coordinates are relatively easy to handle. Although the disc case is
less pragmatic, it is still operational and from the theoretical point of view it
is a better approach in the sense that rotational invariance axiom is satisfied.
Moreover, with respect to human vision a disc seems more natural than the
rectangle.

3.1 The Rectangle Case

By the method of separation uα(x, y, s) = X(x)Y (y)G(s) we can find the or-
thonormal base of eigen images of all α scale spaces on a rectangle with Neu-
mann boundary conditions, whose existence for the general domain case has
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been shown earlier in this section. We will only mention the result, for more
details see [1]. For monogenic scale space implementation on rectangle with no
flux boundary condition for its real component see [4].

Theorem 1. The general solution of the α evolution problem with Neumann
boundary condition on a rectangle [0, a]× [0, b] is given by:

u
(a,b)
α (x, y, s) =

∞∑
m=0

∞∑
n=0

(
a∫
0

b∫
0
f(x′, y′) lmn(x′, y′) dx′ dy′

)

×lmn(x, y) e−
{
(nπb )2

+(mπa )2
}α
s

α ∈ (0, 1], a > 0, b > 0,

(18)

where lmn : R2 → R is given by

lmn(x, y) =
2 cos

(
mπx
a

)
cos
(
nπy
b

)
√
ab

.

Notice that {lmn}L2(Ω) indeed is a complete orthonormal base for L2([0, a] ×
[0, b]). Therefore the series in (18) converges in L2-sense. Under weak (Dirichlet)
conditions it also converges pointwise and uniformly. The separation constants{(

nπ
b

)2 +
(
mπ
a

)2} are the eigenvalues of the Gaussian generator. The relative

scale is given by sα = 22αs
(a2+b2)α . It indeed follows by (18) that the only difference

between the α scale spaces on a square is the relative contribution of each eigen
mode to the evolution proces.

The Unbounded Domain Case as a Limit of the Rectangular Case
We will show that if a, b → ∞ the discrete solution u

(a,b)
α (x, y, s) converges to

the convolution u(α)(x, y, s) = (K(α)
s ∗ f)(x, y), which can be rewritten as

(f ∗K(α)
s )(x, y) = F−1[F(f ∗K(α)

s )](x, y)
= F−1

[
ω �→ e−‖ω‖

2αs[F(f)](ω1, ω2)
]

(x, y)
1

4π2

∫
R

∫
R

×e−‖ω‖2αs
(∫

R

∫
R

f(x′, y′) e−iω1x
′−iω2y

′
dx′ dy′

)
×eiω1x+iω2y dω1 dω2

(19)

Since (f ∗K(α)
s ) is both even in x and y the last e-power can be replaced by a

cosine. The first e-power is even ω, but this means that the second e-power can
also be replaced by a cosine, i.e. (19) can be written

1
4π2

∫
R2

e−‖ω‖
2αs


∫

R2

f(x′, y′) cos(ω1x
′) cos(ω2y

′) dx′ dy′
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× cos(ω1x) cos(ω2y) dω1 dω2 (20)

This integral equals the following Riemann sum, sampled equidistant in ωnm =
(ω1m, ω2n) = (mπa ,

nπ
b ), m,n = 1, 2, . . . and using the fact that supp(f) ⊆ [0, a]×

[0, b] we indeed obtain

lim
a→∞ lim

b→∞

∞∑
m=0

∞∑
n=0

(f, lmn)L2([0,a]×[0,b])lmn(x, y) e−
{
(nπb )2

+(mπa )2
}α
s
. (21)

3.2 The Disc Case

The α evolution equation with Neumann boundary condition described in cylin-
drical coordinates on the disc is given by:




∂u
∂s = −(−∆)αu r = ‖x‖ ≤ a, s > 0 (E.E.) Evolution Equation
∂u
∂r

∣∣
r=a = 0 (B.C.) Boundary Condition

u(r, φ, 0) = f(r, φ) (I.C.) Initial Condition
(22)

Obviously, We don not want u to explode to infinity if s tends to infinity and
therefore we impose the additional constraint that u is finite at r = 0 or at least
locally in L2. Again one can follow the general method of separation uα(r, φ, s) =
R(r)Φ(φ)S(s) to obtain the ortonormal base of eigen functions of the diffusion
problem (α = 1), with corresponding eigenvalues. The other α scale spaces have
the same eigenfunctions and their corresponding eigenvalues are obtain by taking
the α-th power of the eigenvalues of the Gaussian case. Again we will only give
the result, for detailed treatment and explicit proof see [1].

Define hmn : (0, a)× (π, π]→ C, m ∈ Z, n ∈ N by

hmn(r, φ) =
1

a

√
π

(
1−
(

m
j′m,n

)2
) Jm(j′m,nr/a)

Jm(j′m,n)
eimφ , (23)

where the Bessel functions of the first kind are given by

Jm(z) =
∞∑
k=0

(−1)k

k!Γ (m+ k + 1)

(z
2

)2k+m
m ∈ Z z ∈ C. (24)

Note that hmn = h−mn. Define h00 : (0, a)× (π, π]→ C, by h00(r, φ) = 1√
πa

.

Theorem 2. The set {hmn}m∈Z,n∈N∪{0} is a complete orthonormal base of
L2(B0,a) = L2(S1)⊗L2((0, a), rdr) and they are eigen functions of the infinites-
imal generator of evolution system (22) with corresponding eigenvalue 0 respec-
tively −( jm,na )2α.
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The general solution of (22) is given by:

uα(r, φ, s) =
∞∑

m=−∞

∞∑
n=0

(f, hmn)L2(B0,a)hmn(r, φ) e
−

(
j′m,n
a

)2α

s
=

fAV +
∑
m∈Z

∑
n∈N

[
a∫
0

π∫
−π

f(ρ,θ) Jm(j′m,n
ρ
a ) eim θ ρ dρ dθ

]

a2J2
m(j′m,n)π

(
1−( m

j′m,n
)2

) Jm(j′m,n
r
a ) eimφ e

−
(
j′m,n
a

)2α

s
.

(25)

Remarks:

– We have shown in general, cf. (15), that average grey-value fAV is main-
tained. If s tends to infinity u indeed tends to h00(r,φ)√

πa
(f, h00)L2(B0,a) = fAV .

– Under small conditions the series also converges point-wise and uniformly,
cf. [16]pp.591 sec 18-24.

– Note that
j′−m,n = j′m,−n = −j′−m,−n = −j′m,n. (26)

– Using the fact that Jm( j
′
mn

a r) satisfies the second order differential equation

(
j′mn
a
r)J ′′m(

j′mn
a
r) + J ′m(

j′mn
a
r) + (kr − m2

kr
)Jm(

j′mn
a
r) = 0

and one partial integration step it directly follows that

(1, γnm)L2(B0,a) =




0 if m = 0
a∫
0

am2

j′mn r
Jm( j

′
mn

a r) dr if m �= 0 (27)

– The physical dimension of the evolution parameter within the αth scale space
s equals [Length]2α, so the exponent in (25) has no physical dimension. The
relative scale in the disc case is given by sα = s

a2α .
– By (26) we have hmn = h−mn. From this it follows that cmn = c−mn if f is

real valued. Moreover we have j′m,0 = 0⇔ m �= 0. So then we have

uα(r, φ, s) = fAV + 2
∞∑
m=1

∞∑
n=1

Re
[
(hmn, f)L2(B0,a)hmn(r, φ)

]
e
−

(
j′m,n
a

)2α

s
.

– It is shown in [1] that if the radius a of the disc tend to infinity one obtains
the usual α-scale spaces and corresponding convolution kernels, see (2) (3).
Although, this is straightforward in a conceptually sense, (the influence from
the boundary will disappear), it is extremely hard to show this in a clean
mathematical way analogue to the square case.
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Fig. 1. Left: The real part of various evolution eigen modes hmn of the α-scale spaces
on a disc. Top row m = 0 and n = 1, . . . 4, middle row m = 1 for n = 1 . . . 4, bottom
row m = 2 and n = 1, . . . 4. The circle denotes the boundary of the disc.
Right: Various scale space representations of a 128 × 128 MR brain slice. Top row:
α = 1

2 (Poisson scale space), middle row: α = 3
4 , bottom row: α = 1 (Gaussian scale

space). On respective relative scales sα = s
a2α = 0.01, 0.1, 0.2.

4 Truncation of the Fourier Series Expansions

In practice f can not be expanded in the infinite(countable) base {fmn} of
common eigen functions of the α scale space operators; the Fourier series must
be truncated at say m = M and n = N . The most natural norm for error
estimation is the L2(B0,a)-norm:

(ε(α)
MN (s))2 = ‖uα(·, s)−

M∑
m=0

N∑
n=0

(fmn, f)fmne−(−λmn)αs‖2
L2(B0,a)

=
( ∞∑
m=0

∞∑
n=N+1

+
N∑
n=0

∞∑
m=M+1

) ∣∣(fmn, f)L2(Ω)
∣∣2 e−2(−λmn)αs .

(28)

The α scale spaces on a bounded domain have the same eigen functions and
can thereby be implemented simultaneously. For such an implementation it is
important to have a sharp error estimation which depends explicitly on M , N ,
s and α, since as α increases the series can be chopped sooner to maintain the
same amount of accuracy. Moreover, as the relative scale sα > 0 increases, the
higher frequency components vanish so the series can also be chopped sooner as
sα increases. Notice that in practice for sampled images frequencies above the
Nyquist-frequencies M ′ and N ′ are omitted, so one can replace the infinite upper
limits by these frequencies. In the disc case we found fmn = hmn, λmn = − j

′
m,n

a

and in the square case we found fmn = lmn and λmn = − (nπb )2 − (mπa )2. Here
we will only estimate the error in the square case. For details with regard to disk
case, see [1]. In order to have a sharp estimation we assume that

|(lmn, f)|2 ≤ C(
1

mvnw
) for m > M and n > N, (29)
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Fig. 2. Critical curves through scale space. Left: Critical curves in respective Poisson
(red) and Gaussian (blue) in finite domain scale space of square MRI-image. Right:
synthetic image, with additional in green crit. curves unbounded Gaussian scale space.

where v, w > 1, C > 0 are fixed and not difficult to estimate in practice. Due
to Cauchy-Scwarz one can estmimate roughly with C = ‖f‖2

L2([0,a]×[0,b]), v =
w = 0. In estimating the L2 error (below) we use the Hölder inequality (x,y)2 ≤
‖x‖p‖y‖q, for 1/p+ 1/q = 1, applied with p = 1/α, x = (

∣∣mπ
a

∣∣2α , ∣∣nπb ∣∣2α)T and
y = (1, 1)T , yielding((nπ

b

)2
+
(mπ
a

)2
)α
≥ 2α−1

((mπ
a

)2α
+
(nπ
b

)2α
)

and therefore,

(ε(α)
MN (s))2 =

( ∞∑
m=0

∞∑
n=N+1

+
N∑
n=0

∞∑
m=M+1

) ∣∣(lmn, f)L2([0,a]×[0,b])
∣∣2

×e−2
(
(nπb )2

+(mπa )2
)α
s

≤
( ∞∑
m=0

∞∑
n=N+1

+
N∑
n=0

∞∑
m=M+1

)
C e
−2α

(
(nπb )2α

+(mπa )2
)2α

s 1
mv nw

= C

( ∞∑
m=0

∞∑
n=N+1

+
N∑
n=0

∞∑
m=M+1

)
(η(a,α,s))m

2α

mv
(η(b,α,s))n

2α

nw

= C

( ∞∑
m=0

(η(a,α,s))m
2α

mv

)( ∞∑
n=N+1

(η(b,α,s))n
2α

nw

)

+C
(

N∑
n=0

(η(b,α,s))m
2α

mv

)( ∞∑
m=M+1

(η(a,α,s))n
2α

nw

)
,

(30)

where η(a, α, s) = e−2α(πa )2α
s << 1. The Poisson case α = 1/2 is easiest to esti-

mate, since standard series expansions can be used, cf. [1]. For instance estimate
(30) in case v = w = 0 becomes:

(ε(1/2)
MN (s))2 ≤ ‖f‖2

(
1

1− η(a, 1/2, s)
(η(b, 1/2, s))N+1

1− η(b, 1/2, s)
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+
1− (η(b, 1/2, s))N+1

1− η(b, 1/2, s)
(η(a, 1/2, s))M+1

1− η(a, 1/2, s)

)
.

But also in the general α-case one can find a sharp estimation, using the following
inequality

∞∑
m=M+1

r−m
2α

mv
≤
∞∫
M

r−x
2α

xv
dx =

(log r)
m−1
2α Γ[−m−1

2α ,M2α log r]
2α

r =
1
η
> 1,

which follows by monotonic decrease of the function x �→ r−x
2α

xv on R and where

Γ [a, z] =
∞∫
z

ta−1e−tdt denotes the incomplete Gamma function.

5 Conclusion

A unified framework to scale space theory is presented. First we summarized
the theory of α scale spaces (α ∈ (0, 1]) on the unbounded domain, which sat-
isfy all reasonable scale space axioms and which have analogue properties as
the Gaussian scale space (α = 1). Particularly interesting is the Poisson scale
space (α = 1/2) and its Clifford analytic extension. Since images are given on
a bounded domain in practice and because it is not desirable that grey-vales
from outside the image affect the scale space, we observed the α-scale spaces on
a bounded domain with Neumann-boundary conditions. Moreover, the mathe-
matical description and connection between the α scale spaces become relatively
easy. First some general results are proven and then the explicit solutions ex-
panded in a common complete orthonormal base of eigenfunctions are given for
the (pragmatic) case of the rectangle and the (more difficult, but stil opera-
tional) case of the disc. Further we have shown that the α scale spaces on the
unbounded domain are limits of these bounded domain cases. Finally, a sharp
estimate of the L2-error as a function of α and scale, which is caused by cutting
of the Fourier series of the α scale space representation, is given, which can be
used for simultaneous implementation.
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