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Abstract

In this thesis we investigate necessary and sufficient conditions for an n-
dimensional space, n > 4, to be locally conformal to an Einstein space.
After reviewing the classical results derived in tensors we consider the
four-dimensional spinor result of Kozameh, Newman and Tod. The in-
volvement of the four-dimensional Bach tensor (which is divergence-free
and conformally well-behaved) in their result motivates a search for an
n-dimensional generalization of the Bach tensor B,; with the same prop-
erties. We strengthen a theorem due to Belfagén and Jaén and give a basis
(Uap, Vap and W) for all n-dimensional symmetric, divergence-free 2-
index tensors quadratic in the Riemann curvature tensor. We discover the
simple relationship By, = %Uab + %Vab and show that the Bach tensor is
the unique tensor with these properties in four dimensions. Unfortunately
we have to conclude, in general that there is no direct analogue in higher
dimension with all these properties.

Nevertheless, we are able to generalize the four-dimensional results due to
Kozameh, Newman and Tod to n dimensions. We show that a generic
space is conformal to an Einstein space if and only if there exists a vector
field satisfying two conditions. The explicit use of dimensionally dependent
identities (some of which are newly derived in this thesis) is also exploited
in order to make the two conditions as simple as possible; explicit examples
are given in five and six dimensions using these tensor identities.

For n dimensions, we define the tensors bg,. and B,,, and we show that
their vanishing is a conformal invariant property which guarantees that the
space with non-degenerate Weyl tensor is a conformal Einstein space.
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Chapter 1

Introduction and outline
of the thesis

Within semi-Riemannian geometry there are classes of spaces which have
special significance from geometrical and/or physical viewpoints; e.g., flat
spaces with zero Riemann curvature tensor, conformally flat spaces (i.e.,
spaces conformal to flat spaces) with Weyl tensor equal to zero, Einstein
spaces with trace-free Ricci tensor equal to zero. There are a number of
both physical and geometrical reasons to study conformally Einstein spaces
(i.e., spaces conformal to Einstein spaces), and it has been a long-standing
classical problem to find simple characterizations of these spaces in terms
of the Riemann curvature tensor.

Therefore, in this thesis, we will investigate necessary and sufficient con-
ditions for an n-dimensional space, n > 4, to be locally conformal to an
Einstein space, a subject studied since the 1920s. Global properties will
not be considered here.

The first results in this field are due to Brinkmann [6], [7], but also Schouten
[36] has contributed to the subject; they both considered the general n-
dimensional case. Nevertheless, the set of conditions they found is large,
and not useful in practice.

Later, in 1964, Szekeres [39] introduced spinor tools into the problem and
proposed a partial solution in four dimensions using spinors, restricting
the space to be Lorentzian, i.e., to have signature —2. Nevertheless, the
spinor conditions he found are hard to analyse and complicated to translate
into tensors. Wiinsch [43] pointed out a mistake in Szekeres’s paper which
means that his conditions are only necessary.

However, in 1985, Kozameh, Newman and Tod [27] continued with the
spinor approach and found a much simpler set consisting of only two in-
dependent necessary and sufficient conditions for four-dimensional spaces;
however, the price they paid for this simplicity was that the result was re-
stricted to a subspace of the most general class of spaces — those for which



one of the scalar invariants of the Weyl tensor is non-zero, i.e.,
1
J = 5 (OabchCdefcefab o Z-*Cabcd*ccdef*cefab) ?é 0 . (11)

One of their conditions is the vanishing of the Bach tensor Bgp; in four
dimensions this tensor has a number of nice properties.

The condition J # 0 in the result of Kozameh et al. [27] has been relaxed,
also using spinor methods, by Wiinsch [43], [44], by adding a third condition
to the set found by Kozameh et al. This still leaves some spaces excluded;
in particular the case when the space is of Petrov type N, although Czapor,
McLenaghan and Wiinsch [12] have some results in the right direction.
The spinor formalism is the natural tool for general relativity in four dimen-
sions in a Lorentzian space [32], [33] since it has built in both four dimen-
sions and signature —2; on the other hand, it gives little guidance on how
to generalize to n-dimensional semi-Riemannian spaces. However, using a
more differential geometry point of view, Listing [28] recently generalized
the result of Kozameh et al. [27] to n-dimensional semi-Riemannian spaces
having non-degenerate Weyl tensor. Listing’s results have been extended
by Edgar [13] using the Cayley-Hamilton Theorem and dimensionally de-
pendent identities [14], [29].

There have been other approaches to this problem. For example, Kozameh,
Newman and Nurowski [26] have interpreted and studied the necessary
and sufficient condition for a space to be conformal to an Einstein space
in terms of curvature restrictions for the corresponding Cartan conformal
connection. Also Baston and Mason [3], [4], working with a twistorial
formulation of the Einstein equations, found a different set of necessary
and sufficient conditions. However, we shall restrict ourselves to a classical
semi-Riemannian geometry approach.

In this thesis we are going to try and find n-dimensional tensors, n > 4,
generalizing the Bach tensor in such a way that as many good proper-
ties of the four-dimensional Bach tensor as possible are carried over to the
n-dimensional generalization. We shall also investigate how these general-
izations of the Bach tensor link up with conformal Einstein spaces.

The first part of this thesis will review the classical tensor results; Chapters
5 to 8 will review and extend a number of the results in both spinors
and tensors during the last 20 years. In the remaining chapters we will
present some new results and also discuss the directions where this work
can develop in the future. We have also included four appendices in which
we have collected some old and developed some new results needed in the
thesis, but to keep the presentation as clear as possible we have chosen to
summarize these at the end.

The outline of the thesis is as follows:

We begin in Chapter 2 by fixing the conventions and notation used in the
thesis and giving some useful relations and identities. The chapter ends by



reviewing and proving the classical result that a space is conformally flat
if and only if the Weyl tensor is identically zero.

In Chapter 3 Einstein spaces and conformal Einstein spaces are introduced
and the conformal Einstein equations are derived. Some of the earlier
results in the field are also mentioned.

In Chapter 4 the Bach tensor B, in four dimensions is defined and var-
ious attempts to find an n-dimensional counterpart are investigated. We
strengthen a theorem due to Belfagén and Jedn and give a basis (Uap, Vb
and W) for all n-dimensional symmetric, divergence-free 2-index tensors
quadratic in the Riemann curvature tensor. We discover the simple rela-
tionship By, = %Uub + %Vab between the four-dimensional Bach tensor
and these tensors, and show that this is the only 2-index tensor (up to
constant rescaling) which in four dimensions is symmetric, divergence-free
and quadratic in the Riemann curvature tensor. We also demonstrate that
there is no useful analogue in higher dimensions.

Chapter 5 deals with the four-dimensional result for spaces in which J # 0
due to Kozameh, Newman and Tod, and both explicit and implicit results
in their paper are proven and discussed. We also explore a little further
the relationship between spinor and tensor results.

In Chapter 6 and Chapter 7 the recent work of Listing in spaces with
non-degenerate Weyl tensors is reviewed; Chapter 6 deals with the four-
dimensional case and Chapter 7 with the n-dimensional case.

In Chapter 8 we look at the extension of Listing’s result due to Edgar using
the Cayley-Hamilton Theorem and dimensionally dependent identities.

In Chapter 9 the concept of a generic Weyl tensor and a generic space
is defined. The results of Kozameh, Newman and Tod are generalized
and generic results presented. We show that an n-dimensional generic
space is conformal to an Einstein space if and only if there exists a vector
field satisfying two conditions. The explicit use of dimensionally dependent
identities is also exploited in order to make these two conditions as simple
as possible; explicit examples are given in five and six dimensions.

In Chapter 10, for n dimensions, we define the tensors b, and 9B,;, whose
vanishing guarantees a space with non-degenerate Weyl tensor being a
conformal Finstein space. We show that by, is conformally invariant in
all spaces with non-degenerate Weyl tensor, and that B,; is conformally
weighted with weight —2, but only in spaces with non-degenerate Weyl ten-
sor where b,p. = 0. We also show that the Listing tensor £, is conformally
invariant in all n-dimensional spaces with non-degenerate Wely tensor.

In the final chapter we briefly summarize the thesis and discuss different
ways of continuing this work and possible applications of the results given
in the earlier chapters.

Appendix A deals with the representations of the Weyl spinor/tensor as
matrices and discusses the Cayley-Hamilton Theorem for matrices and ten-
SOTS.

In Appendix B dimensionally dependent identities are discussed. A number



of new tensor identities in five and six dimensions suitable for our purpose
are derived; these identities are exploited in Chapter 9.

In Appendix C, in four dimensions, we look at the Weyl scalar invariants
and derive relations between the two complex invariants naturally arising
from spinors and the standard four real tensor invariants.

The last appendix briefly comments on the computer tools used for some
of the calculations in this thesis.

At an early stage of this investigation we became aware of the work of List-
ing [28], who had also been motivated to generalize the work of Kozameh
et al. [27]. So, although we had already anticipated some of the Listing’s
generalizations independently, we have reviewed these generalizations as
part of his work in Chapters 6 and 7.

When we were writing up this thesis (May 2004) a preprint by Gover and
Nurowski [16] appeared on the http://arxiv.org/ . The first part of this
preprint obtains some of the results which we have obtained in Chapter 9
in essentially the same manner; however, they do not make the link with
dimensionally dependent identities, which we believe makes these results
more useful. The second part of this preprint deals with conformally Ein-
stein spaces in a different manner based on the tractor calculus associated
with the normal Cartan bundle. Out of this treatment emerges the results
on the conformal behavior of b,,. and 2B,., which we obtained in a more
direct manner in Chapter 10. Due to the very recent appearance of [16] we
have not referred to this preprint in our thesis, since all of our work was
done completely independently of it.



Chapter 2

Preliminaries

In this chapter we will briefly describe the notation and conventions used
in this thesis, but for a more detailed description we refer to [32] and [33].
We also review and prove the classical result that a space is conformally
flat if and only if the Weyl tensor of the space is identically zero.

2.1 Conventions and notation

All manifolds we consider are assumed to be differentiable and equipped
with a symmetric non-degenerate bilinear form g, = gpq, i.6. a met-
ric. No assumption is imposed on the signature of the metric unless ex-
plicitly stated, and we will be considering semi-Riemannian (or pseudo-
Riemannian) spaces in general; we will on occasions specialize to (proper)
Riemannian spaces (metrics with positive definite signature) and Lorentzian
spaces (metrics with signature (+ —...—)).

All connections, V, are assumed to be Levi-Civita, i.e. metric compatible,
and torsion-free, e.g. V,gp. = 0, and (vavb — vaa)f = 0 for all scalar
fields f, respectively.

Whenever tensors are used we will use the abstract index notation, see [32],
and when spinors are used we again follow the conventions in [32].

The Riemann curvature tensor is constructed from second order derivatives
of the metric but can equivalently be defined as the four-index tensor field
Rapeq satistfying

QV[aVb]wc = vawac - vaawc - _Rabcdwd (21)
for all covector fields w,, and it has the following algebraic properties,

Raped = Riapjjed) = Redab; it satisfies the first Bianchi identity, Rj,pq = 0,
and it also satisfies the second Bianchi identity, Vi, Rygqe = 0.



From the Riemann curvature tensor (2.1) we define the Ricci (curvature)
tensor, Ry, by the contraction

Rap = Rach® (2.2)
and the Ricci scalar, R, from the contracted Ricci tensor
R=R,*=Rup* . (2.3)

For dimensions n > 3 the Weyl (curvature) tensor or the Weyl conformal
tensor, Cupeq, is defined as the trace-free part of the Riemann curvature
tensor,

2

2
Cabed = Rabed— (ga[cRd]b gb[cRd]a> )Rga[cgd]b (24)

(n—1)(n-2

and as is obvious from above when R,, = 0 the Riemann curvature tensor
reduces to the Weyl tensor. The Weyl tensor has all the algebraic properties
of the Riemann curvature tensor, i.e. Caped = Clapjled] = Cedab, Capea) = 0,
and in addition is trace-free, i.e. Cyp.® = 0. It is also well known that the
Weyl tensor is identically zero in three dimensions.

For clarity we note that due to our convention in defining the Riemann
curvature tensor (2.1) we have for an arbitrary tensor field H? ¢ ¢...n, that
(VNj — VjVi)H”"'dfmh = RijbobeO'”df...h +...+ Ridede”'dOf.‘.h

_RijffOHb”'dfou.h _ RijthHb"'df”.ho
(2.5)

and (2.5) is sometimes referred to as the Ricci identity.

We will use both the conventions in the literature for denoting covariant
derivatives, e.g., both the “nabla” and the semicolon, V,v = v,,. Note
however the difference in order of the indices in each case, V,Vpv = v,44.

For future reference we write out the twice contracted (second) Bianchi
identity,

1
VaRab - §VbR == 0 5 (26)

the second Bianchi identity in terms of the Weyl tensor

1 1
0= Rab[cd;e] = Cab[cd e] =+ ( )ga[ccde]b f T ng[cced]af;f )

(2.7)
the second contracted Bianchi identity for the Weyl tensor,
(n—3)
Vdc(abcd = ( 2V aRb c T\ Yc bV ) . (28)
(n—2) e =)



Note that (2.8) also can be written

(n—3)

d _ —
VdC’abc - (Tl — 2)

Cba (2.9)

where Clype = ( = 2V Ry + (n—ll)gc[bva]R) is the Cotton tensor. The

Cotton tensor plays an important role in the study of thee-dimensional
spaces [5] ,[15], [21].

We also have the divergence of (2.8)

Capea;™ =EZ:‘;’§RW% - 2((2_—31))&“ + ((Z:‘;))’;Rabz%bc
- HRbdcabcd - Hgacmmbd
v _(711)62 St 2 (2.10)

Using the second Bianchi identity for the Weyl tensor, the Ricci identity
and finally decomposing the Riemann tensor into the Weyl tensor, the Ricci
tensor and the Ricci scalar we get the following identity

- (n—3)
R[abICIfRe]f = 7C[ab\c|fRe]f . (2.11)

n—3
VieViCapjed = ( ) (n—2)

(n—2)

In an n-dimensional space, letting H{%,, . = H, . denote any
tensor with an arbitrary number of indices schematically denoted by {2},
plus a set of p < n completely antisymmetric indices a1 ...a,, we define

the (Hodge) dual H{Q}%H.--an with respect to aj ...a, by

* 1
H{Q}ap+1~~.an = ﬁnal...anH{Q}alm% (2-12)

where 7 is the totally antisymmetric normalized tensor. Sometimes the * is

placed over the indices onto which the operation acts, e.g. H{Q}a ia
Pl

In the special case of taking the dual of a double two-form H upea = H [ap)[cq)
in four dimensions there are two ways to perform the dual operation; either
acting on the first pair of indices, or the second pair. To separate the two
we define the left dual and the the right dual as

* c 1 aobe
H,;* = 5 abig H bed (2.13)



and
*ab 1 abed
H™;5 = incdin (2.14)

respectively.

We are going to encounter highly structured products of Weyl tensors and
to get a neater notation we follow [42] and make the following definition:

Definition 2.1.1. For a trace-free (2,2)-form T 4pcq, i-e. for a tensor such
that

Tabad =0 , Tapea = T[ab]cd = Tab[cd] (215)

an expression of the form

b d m—2dm — m—1dm—
T, 4, TN g, ... TOm—2%m=2 Tem-1dm-1 (2.16)

m—1dm—1

m

where the indices a, b, e and f are free, is called a chain (of the zeroth kind)
of length m and is written® T [m]°b.;.

Hence, we have for instance that C[3]%., = C%;;C%,C* .

On occasions we will use matrices and these will always be written in bold
capital letters, e.g. A. In this context O and I will denote the zero- and the
identity matrix respectively and we will use square brackets to represent
the operation of taking the trace of a matrix, e.g. [A] means the trace of
the matrix A.

Throughout this thesis we will only be considering spaces of dimension
n > 4. This is because in two dimensions all spaces are Einstein spaces and
in three dimensions all spaces are conformally flat.

2.2 Conformal transformations

Definition 2.2.1. Two metrics g., and g, are said to be conformally
related if there exists a smooth scalar field > 0 such that

@\ab = Q2gab (217)
holds.

The metric g,p is said to arise from a conformal transformation of ggp.
Clearly we have g% = Q72¢% since then %Gy = g%gp. = 0°.

'In [42] this is denoted %[m}“be f



To the rescaled metric gu; there is a unique symmetric connection, @, com-
patible with §up, i.e. V.gup = 0. The relation between the two connections
can be found in [32] and acting on an arbitrary tensor field Hb"'dfmh it is

VuHY 5 ) =VaH" % 0 Quys P H U+ oo+ Quay LHY 0,
_ QaffOHb”'dfo...h - QathHb"'df...ho (2.18)
with
Qav® = 2T (a0 — gapr T° (2.19)
where T, = Q71V,Q = V,(InQ) and T = g7y,

The relations between the tensors defined in (2.1) - (2.4) and their hatted
counterparts, i.e. the ones constructed from gy, are?

~

Rape” =Rape” = 26(, Vi e + 2gea Vi) T4 = 203, T T
+ 20 (g1 X!+ 2900 T X (2.20)

~

Rab == Rab + (71 - Q)VQTI; + gachTc

—(n—=2)T,Tp+ (n—2)gapXcYC (2.21)
R=0"2 (R +2(n—1)VeT + (n—1)(n — Q)TCTC) : (2.22)

and R
Cabcd = Cabcd . (223)

Note that the positions of the indices in all equations (2.20) - (2.23) are

crucial since we raise and lower indices with different metrics, e.g. Capeq =
~ A —_ 02 —_ 02
gdeoabce =0 gdecabce =0 Cabcd~

Definition 2.2.2. A tensor field Hb“'dfmh is said to be conformally well-
behaved or conformally weighted (with weight w) if under the conformal
transformation (2.17), Gap = Q22gap, there is a real number w such that

Hdp ﬁb...dfmh = QUH", (2.24)

If w = 0 then Hb"'df___h is said to be conformally invariant.

Following [32] we introduce the tensor

1

o=y

Rab + Rgab (225)

o
2(n—1)(n —2)

2These can be found, for instance, in [40], but note that Wald is using a different
definition than (2.1) to define the Riemann curvature tensor.
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and with the notation (2.25) we can express (2.2) - (2.4) as

Cap™ = Rap + 4Pl gy (226)
Rab = —(TL — Q)Pab - gabPCc y (227)

and
R=-2n-1)P. =-2(n—-1)P . (2.28)

The contracted second Bianchi identity for the Weyl tensor (2.8) can now
be written
Vdcvabcd = 2(” - 3)v[an}c . (229)

Note that P, is essentially R, with a different trace term added and that
P, simply replaces R, to make equations such as (2.26) and (2.29) simpler
than (2.4) and (2.8), and hence to make calculations simpler. Furthermore,
under a conformal transformation,

~ 1
P,y =Py + TaTb — VaTb — §gachTc s (230)

and
(n—2)

2
which are simpler than the corresponding equations (2.21) and (2.22).

P=Q%(P -V~ T.Ye) (2.31)

2.3 Conformally flat spaces

Definition 2.3.1. A space is called flat if its Riemann curvature tensor
vanishes, Rgpcq = 0.

Since flat spaces are well understood we would like a simple condition on the
geometry telling us when there exists a conformal transformation making
the space flat. Hence we define,

Definition 2.3.2. A space is called conformally flat if there exists a con-
formal transformation Gap = Q2gqp such thatA the Riemann curvature tensor
in the space with metric g, vanishes, i.e., Rgpeq = 0.

From (2.20) we know that a space is conformally flat if and only if
0 :Rabcd - 2(Sﬁlvb]’rc + 2gc[avb]ﬂrd - 25d[bTa]Tc
+ 2T[agb]ch + 2gc[aa}()i] TeTe (232)

for some gradient vector field Y¢. Raising one index in equation (2.32) we
can rewrite this as

0 = Rap® + 0[5V T + 47,0078 + 2[5, 7. T
= Rap* + 4P 5} (2.33)



where from (2.30) with P., = 0 we have
1
Py =V, Ty —T, Ty + §gabTCTC (234)

and
Py =0 . (2.35)

We will now prove the important classical theorem?

Theorem 2.3.1. A space is conformally flat if and only if its Weyl tensor
18 2ero.

Proof. The necessary part follows immediately from the conformal proper-
ties of the Weyl tensor (2.23).

To prove the sufficient part we break up the proof into two steps. First we
shall show that if there exists some symmetric 2-tensor P, in a space such
that

0 = Rap*! + 4P, 5] (2.36)
1
Py =V Ky — K, Kp + *gachKC; P[ab] =0 (237)

2
for some vector field K¢, then the space is conformally flat.

From (2.37) it follows that V(K = 0 which means that locally K, is a
gradient vector field,
K,=V,® (2.38)

for some scalar field ®, and substitution of P, in (2.37) with this gradient
expression for K, into (2.36) gives

0 =Rape’ = 26, Vi) Ve® + 290, Vi) VP — 251 (V) ) V.0
+2(V(a®) g1 VP + 29005 (VD) VD,
ie., (2.20) with T, = V,®, which implies that }A%abcd = 0 and so the space
is conformally flat, § = €*®gq.
Secondly we shall show that if Cypeq = 0 then (2.36) and (2.37) are satisfied.
From (2.26) it follows immediately that if Cgpeq = 0,

0= Rap* + 4P, 5] (2.39)

3The necessary part is originally due to Weyl [41], and the sufficient part to Schouten
(37].

11
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i.e. (2.36) is satisfied. Also, if Cypeq = 0, we know from the second Bianchi
identity (2.29) that
ViePpe=0 . (2.40)

To check if (2.37) can be satisfied we calculate the integrability condition
of (2.37) which is
0= V[CPa]b - v[cva]'rb + Tbv[cra} + T[avc]Tb - Tegb[avc]re

1
= v[cf)a]b + (iRcabe + 2P[c[b56])Te (241)

al

But from (2.39) and (2.40) it follows that this condition is identically sat-
isfied. Hence we conclude that (2.37) is a consequence of (2.36).

To summarize, we have shown that Capeq = 0 implies (2.36), which in turn
implies (2.36) and (2.37) (with the help of the Bianchi identities), meaning
that the space is conformally flat. O



Chapter 3

Conformal Einstein
equations and classical
results

In this chapter we will define conformal Einstein spaces and derive the
conformal Einstein equations in n dimensions. We will also give a short
summary of the classical results due to Brinkmann [6] and Schouten [36].

3.1 Einstein spaces

Definition 3.1.1. An n-dimensional space is said to be an Einstein space
if the trace-free part of the Ricci tensor is identically zero, i.e.

1
Rap — ﬁgubR =0 . (3.1)

Expressing this condition using the P, tensor we get an expression having
the same algebraic structure

1
(n=2)(Par = ~gurP) =0 . (3.2)
and we also note that in an Einstein space (2.25) becomes

! )gabR . (3.3)

Ppy=———
b 2n(n —1

From the contracted Bianchi identity (2.6) we find for an Einstein space
that

0=2VR, — V4R = —

(n - Dv,R (3.4)

i.e. the Ricci scalar must be constant.
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3.2 Conformal Einstein spaces

Definition 3.2.1. An n-dimensional space with metric g4, is a confor-
mal Einstein space (or conformally Finstein) if there exists a conformal
transformation Ga, = Q2gas such that in the conformal space with metric

/g\ab

~ 1. -~
Ry — 7./g\abR =0 , (3‘5)
n
or equivalently
~ 1. =~
Pap — 7gabP =0 . (36)
n

Note that from (2.22) and (3.4) we have that
R=Q? (R +2n—1)V. Y+ (n—1)(n— Q)TCTC) = constant , (3.7)

where we used the notation introduced in Chapter 2.2. Further, equation
(3.5) is equivalent to

(n—2)

n

1
Rab - EgabR + (Tl - 2)vaI\b - gabchC

-2
~m-2ra+ gm0 (3)
and (3.6) to
1 1 . 1 .
Pay — Egabp — VaTb + ﬁgabch' + TaTb — EgachT‘ =0 (39)

respectively. (3.8) or (3.9) is often referred to as the (n-dimensional) con-
formal Einstein equations.

Taking a derivative of (3.7) gives the relations
0=V,R—2RY, —4(n—1)T, V.Y —2(n —1)(n —2)T, T, T
+2(n— 1)V, V.Y 4+ 2(n —1)(n —2)TV, Y.
=V.P—2PY,+2Y7,V.T+ (n —2)T, Y. T - V,V.T¢

—(n—2)T°V,T. (3.10)
and using this, the first integrability condition of (3.9) is calculated to be
1
v[aj:)b]c + icabchd =0 , (311)
or, using (2.29),
VdCabcd + (n — 3)Td0abcd =0 . (3.12)

Taking another derivative and using (2.29) again we have

1
VOV (o Py + 5Pbdcabcd +(n— )YV, Py =0 (3.13)



and clearly both (3.11) and (3.13) are necessary conditions for a space
to be conformally Einstein. Obviously we could get additional necessary
conditions by taking higher derivatives.

The last equation (3.13) can also be written

(n—3)
(n—2)

and in dimension n = 4 this condition (3.14) reduces to a condition only
on the geometry, and is independent of T*. This condition,

VVIC uhed — RYC gpeq — (n — 3)(n — ) YPYYCea =0 (3.14)

1
B,. = VdeCabcd — §Rbdcabcd =0 , (3.15)

is a necessary, but not a sufficient, condition for a four-dimensional space
to be conformally Einstein.

Note that if (3.8) holds for any vector field K¢,

(n—2)

1
Rap — Eg“bR + (n — 2)KaKb —
(n-2)

n

gabchc

—(n—2)K, Ky + g KK =0 (3.16)
and remembering that R, is symmetric, then by antisymmetrising we get
ViaKy = 0, i.e. that K* is locally a gradient. Hence we have that a space
is locally a conformal Einstein space if and only if (3.16) holds for some
vector field K. Given that P is defined by (2.25) this same statement
also holds for

1 1 1
Pap = —gapP =Vl + —gap VoK + KoKy — —gap KK =0 . (3.17)

3.3 The classical results

In 1924 Brinkmann [6] found necessary and sufficient conditions for a space
to be conformally Einstein. In his approach he derived a large set of differ-
ential equations involving T* and by exploiting both existence and compat-
ibility of this derived set he was able to formulate necessary and sufficient
conditions. However, from his results it is hard to get a constructive set of
necessary and sufficient conditions, and his results are not very useful in
practice.

Brinkmann later also studied in detail some special cases of conformal Ein-
stein spaces [7].

15
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Schouten [36] used a slightly different approach and looked directly at the
explicit form of integrability condition for the conformal Einstein equations,
but he did not go beyond Brinkmann’s results as regards sufficient condi-
tions. Schouten found the necessary condition (3.13) which we will return
to in the following chapters.



Chapter 4

The Bach tensor in four
dimensions and possible
generalizations

In this chapter we will take a closer look at the four-dimensional version of
the conformal Einstein equations introduced in the previous chapter. We
will consider the Bach tensor B, and derive and discuss its properties.

A theorem stating that in n dimensions there only exists three independent
symmetric, divergence-free 2-index tensors (U gp, V o and W) quadratic in
the Riemann curvature tensor is proven, extending a result due to Balfagén
and Jaén [2]. The properties of these tensors are investigated, and we obtain
the new result that By, = %Uab + %Vab.

We also seek possible generalizations of the Bach tensor in n dimensions.

4.1 The Bach tensor in four dimensions

From (3.8), (3.9) in the previous chapter we know that in four dimensions
the conformal Einstein equations are

1
Rab - ZgabR + QVLLTZ) - gachTc
- 27, Yy + gabTCTC =0 (41)
or

1 1 1
Pab - Zgabp - VU,Tb + Zgabvc’rc + TaTb - Zgab’rc’rc =0 . (42)
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The necessary conditions (3.11) and (3.13) in four dimensions become
1 d
V[an]c + icabcd‘f =0 (4.3)
and .

VPV (o Py + §Pbd0abcd =0 (4.4)
respectively. The left hand side of this last equation (4.4) defines, as in
(3.15), the tensor By,

1
Boe = V'V, Py + §Pbd(1abcd , (4.5)
which can also be written as

1
Bac = vadcabcd - §Rbd0abcd ) (46)

and we see that the necessary condition (4.4) then can be formulated as
B,. = 0. The tensor By is called the Bach tensor and was first discussed
by Bach [1].

As seen above, the origin of the Bach tensor is in an integrability condition
for a four-dimensional space to be conformal to an Einstein space. The
Bach tensor is a tensor built up from pure geometry, and thereby captures
necessary features of a space being conformally Einstein in an intrinsic way.

It is obvious from the definition of B, (4.6) that the Bach tensor is sym-
metric, trace-free and quadratic in the Riemann curvature tensor.

Definition 4.1.1. A tensor is said to be quadratic in the Riemann cur-
vature tensor if it is a linear combination of products of two Riemann
curvature tensors and/or a linear combination of second derivatives of the
Riemann curvature tensor [11].

Calculating the divergence of By, from (4.6) we get, after twice using (2.5)
to switch the order of the derivatives,

1 1 1
VB :gRaCVCR + R*V . Rpo — inCVGRbC + 5vbvcvcz%ba

1 1
- -Raebdvade - EVQVCVCR - EVcVaVCR
=0 (4.7)

i.e. By is divergence-free!.

IThis was first noted by Hesselbach [22].



Under a conformal transformation, g,; = Q%gap, we see after some calcula-
tion that

~ ~ o~ ~ 1~ ~
Bac - vbv(i(j<7,l7cd - §Rdeabcd
~ 1
= V" (VaCabe® + TaCupe®) — 59—2(1%% + 2V,
+ 84V X = 27T + 2050, T°) Clape
1
= 972 (vadcabcd - indCabcd)
=028, (4.8)

so that B, is conformally weighted? with weight —2.

We can also express the Bach tensor (4.6) in an alternative form in terms
of the Weyl tensor, the Ricci tensor and the Ricci scalar, using the four-
dimensional version of (2.10),

VIV Cuset =5 Raes — § R = 1590 + R B — 5 R Coy
~ SRR~ J0acRuaR 4 S guc R (4.9)
and we find
Bue =3 Racs ~ 1500cRal ~ & Boae ~ B Cone
+ RaRc — %gacRdbRbd - %RRQc + 1—12gacR2 . (4.10)

For completeness we also give the Bach tensor expressed in spinor language
Bab = Baaps =2(Va VP + 9P ap)Vapep (4.11)

To summarize, the Bach tensor B, in four dimensions (given by (4.5),
(4.6), (4.10) or (4.11)) is symmetric, trace-free, quadratic in the Riemann
curvature tensor, divergence-free, and is conformally weighted with weight
—2.

Although it is only in four dimensions that the Bach tensor has been de-
fined and has these (nice) properties, it is natural to ask if there is an
n-dimensional counterpart to the Bach tensor. Unfortunately as we shall
see in the next section, it is easy to show that if we simply carry over the
form of the Bach tensor given in (4.6) or (4.10) into n > 4 dimensions, it
does not retain all these useful properties. So, in the subsequent sections
we look to see if there is a generalization which retains as many as possible
of the useful properties that the Bach tensor has in four dimensions.

2This result is originally due to Haantjes and Schouten [20].
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4.2 Attempts to find an n-dimensional Bach
tensor

Before we begin looking for an n-dimensional Bach tensor we note that,
using the notation from Chapter 2.2, we can derive the two useful relations

%bﬁdaabcd = Q_2 (vbvdcabcd + (n - 3)C’abcdvbﬂrd + (TL - 4)TdvbCade
+(n— )YV Capea + (n — 3)(n — 5)Y*TC abcd)
(4.12)

and

ﬁbdaabcd = Rbdcabcd + (n - Q)Cabcdvde - (n - 2)Cvabcdﬁrb’rd 5
(4.13)

which are used extensively in this chapter.

If we simply carry over the tensor in (4.6) to arbitrary n dimensions, and
label this tensor ?ac,

1
?ac = VdeCabcd - indCabcd s (4.14)
we find that
(n—4) bd (n—3) b bd
BaC'a =7 a abe @ VTSN @ cia c
Baci” =5 =gy | Cavea B +(n—z)(R Roesa = B Boa;
1 1
YN ac ra -~ -~ c 41
CE R +2(n—1)RR’)> (4.15)
and

?ac == 9—2 <?ac + (Tl - 4) (Tbvdoabcd + Tdvbcabcd
1
+§cabcdvbrd + (2n — 7)0abcdrbrd)) , (4.16)

i.e., that its divergence-free and conformally well behaved properties do in
general not carry over into n > 4 dimensions. Similarly the alternative
form from (4.10),

1 1 1
Bac =5 {tac; b actl; b= sac T dea C
5 2R ;b 129 R’b 6R’ R bed

1 1 1
+ Ry R — ZgacRdbRbd = g RRac + EgacR2 : (4.17)



21

also fails to have these properties in general in n > 4 dimensions since

a_ (n—4) (n+1) pe 1
Bt ) 60" T o)

and

(R Ricsa — R Ry~ RR..)

(4.18)

§bc :Q_2-§bc +(n—4)Q7? (‘ @Tavdcabcd—

-2
(n 5 )'rdvacabcd

—3)(n—2 1
_ (n 3)2(7’1 )CabchaTd + (3” 5 0)

-3
(n 9 ) (gbcRad@ad - GabRac - Rabgac) +

(_)Rbc

+

(8n - 115) B

6(n—1)

LTI

Bn—=5)(n—7)
12(n—1)

— m (TchR + TchR> —
(3n? — 10n + 5)
6(n—1)
-2 (0,00, - Lnoen) -
(3n? — 16n + 19)
3
(3n —5)

- Tgbcvava@ +

R@bc + gbcRTaTa

(3n — 10n)
6
3n—5 1
00— % (revi0+ nvc@—gvbvc@)

(n—="7)(3n—5)
6

gbcRe

Gbe (@Tara - Tava@))

6n? — 4ln + 53
+ (30— 501,71, — &7 12” + )gbc@2> (4.19)

where O, = Vo Tp= Yo Tyt 194 T Y and © = 0%, = VT, + 221, 10,

Going back to the origins of the Bach tensor as an integrability condition
for conformal Einstein spaces (3.14),

VOV ped — EZ — g; RYC4peqg — (n — 3)(n — H)YPYC0eq =0 (4.20)

suggests considering the tensor

(n—3)
(n—2)
R"Cupeq . (4.21)

?ac = vadC’abcd - Rbdcabcd

(n—4)
2(n—2)
But once again, for dimensions n > 4, we see that

g, (n—Hn-3)
3 ¢ (n—2)2

1
——' _ReR,
dn—1) et

:§ac*

(R“bRbc;a — R"PRyge

mRR;C) (4.22)
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and
?ac - Q_Q <§ac + (TL - 4) Tbvdcabcd + Tdvbcabcd
+(n— 3)C’abchdeD (4.23)

so this tensor is neither divergence-free nor conformally well-behaved in
general.

So we need to look elsewhere for possible generalization of the Bach tensor
to n > 4 dimensions.

4.3 The tensors U, V,; and W,

Many years ago Gregory [17] discovered two symmetric divergence-free ten-
sors in four dimensions, and later Collinson [11] added a third. Recently
Robinson [34] and Balfagén and Jaén [2] have shown that these three ten-
sors have direct counterparts in n > 4 dimension with the same properties.

We shall first of all show that these three tensors, Uy, Vap and Wy, are
the only three tensors with these properties and then also examine in more
detail their structure and properties.

Balfagén and Jaén [2] have proven the following theorem?:

Theorem 4.3.1. In an arbitrary n-dimensional semi-Riemannian mani-

fold:

(a) There exist 14 independent and quadratic in Riemann, four-index
divergence-free tensors.

(b) There are no totally symmetric, quadratic in Riemann, and divergence-
free four-index tensors

(¢) The complete family of quadratic in Riemann, and divergence-free

3Note that this is a quotation from their paper [2], but here expressed using our
conventions.



four-index tensors T%°¢¢ totally symmetric in (bed) is

Tabcd — aSTézbcd + aRT}%de; (424)
TSabcd — Qa(de); (425)

1 ) 4 4 ;

Qabcd _ _ggacRdisz _ 2Rab;dc + §Rbd;ac _ ggacRbd;zi

4 . o 1 i
+ 2gacRbi,d1 + gRbi}%aczd + 2Ra1bchidj _ §gaCRijdkR”bk
(4.26)
Tl%bcd _ Xa(bQCd); (427)
1
X = KU 4 LV — ZW“” (4.28)
) ) 1
Uab — _Gab,ss _ 2Gsb,as + QGappr _ §gaprqu9 (429)
yab — _Riab 4 gabR;sS — RS (4.30)
1
Wab — GaquRbpqr o Zgamepqumpqr (431)
Gac — Gabe (432)
Gloq = R o — 40,05, (4.33)
1

Sab _ ZgabR (4.34)

where as, ar, K and L are four independent constants*.

First note that there are some differences in signs in (4.26), (4.29) and (4.30)
compared to the original definitions in [2]. This is due to our definition of
the Riemann curvature tensor (2.1) which differs from the one in [2]. A
change of convention makes the change Rgpeq — —Raped , meaning that
there is only going to be a difference in sign for the terms created from a
odd number of Riemann tensors (e.g. here exactly only one). However, our
definition agrees with the one in [34] up to an overall sign.

Secondly, by a “divergence-free” four index tensor Balfagéon and Jaén mean
a tensor T%°? such that V,79%¢ = 0, i.e. a tensor divergence-free on the
first index. Hence, in Theorem 4.3.1 (a) states that there exist only 14 in-
dependent such tensors, (b) states that none of these are totally symmetric,
Tabed — labed) and (c) gives all tensors T%¢ such that T?b¢d = Ta(bed)
and VT = 0.

4Tg is the tensor found by Robinson [34] and Ts the tensor found by Sachs [35].
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Note that Theorem 4.3.1 implies that the tensors Ugp, V4, and W, are
all divergence-free. This follows from the divergence-free property and the
construction of the tensor T8¢ via (4.27) and (4.28).

We are specially interested in the tensors Ugp, Vap and Wy, and to see
their inner structure and their properties we write them out in terms of the
Riemann curvature tensor, the Ricci tensor and the Ricci scalar,

n—3
Upe =2(n — 3) RapeaR* — (n — 3) Rye;a® + ( )gbcRadR“d
-3 -3
+ (7’L — 3)RRCb + (n 5 )gbcR;a“ — (n 1 )gbCR2 , (4.35)
1
‘/bc = _R;bc + gbcR;aa - RRbc + EgbcR2 ) (436)
1
Whe =Rp" ™R uge — Zgbch R tade + 2R Rapeq + RRpe
1
— 2Ry R + gpeRaaR™ — 190BE . (4.37)

When we later study the conformal behavior of Ugp, Vi, and Wy, it is
useful to have them expressed in terms of the Weyl tensor, the Ricci tensor
and the Ricci scalar,

Upe =2(n — 3)R*Capea + (0 — 3) Rpesa” — (n ; S)gbCR;aa
ngcRdeRde + HR(LI)RGC
Oy = e Sk

(4.38)
Vie = —Rpe + goeRia® — RRpe + igbch ; (4.39)

Wie = Cp*%Crnge — igbccfadecfade + 2((:__24))Cabcd3ad

S R, P R
WRRbC - (nif)_(ﬁ)(f)_@)z Voor? . (440)

From (4.35) - (4.37) (or (4.38) - (4.40) ) it is obvious that Uap, Vap and
W are symmetric and quadratic in the Riemann curvature tensor in all



dimensions. We note from (4.40) that Wy, = 0 in four dimensions because
in four dimensions C%%Couge — %gbchadeC’fade = 0, see Appendix B.
This fact was not noticed by Collinson [11] but was subsequently pointed
out in [34] and [2].

By taking the trace of (4.38) - (4.40) we have

s — (n — 3)2(n —2) Ruo (n— 4)2(71 -3) R, R
(n—4)(n—3)
- fRz 7 (4.41)
Ve =R+ e (4.42)
W, =— wc*f“decfade + WRadRad
nln=3)n=d) by (4.43)

4(n—1)(n —2)

A simple direct calculation would confirm that Uy, Ve, and W, are all
divergence-free, but we have already noted that this can be deduced from
Theorem 4.3.1.

It is easily checked that the three tensors U g, V o5 and W, are independent
and an obvious question is whether there are any more such tensors; we
shall now show that there are not.

Given any symmetric and divergence-free tensor, Y,;, quadratic in the
Riemann curvature tensor we see that the tensor Y%(®g¢d is a four-index
tensor which is totally symmetric over (bed), quadratic in the Riemann
curvature tensor and divergence-free (on the first index). Hence we know
from Theorem 4.3.1 (c), that there exist constants ag, and ag such that

Ya(bgcd) — aSTgbcd + aRTEde (444)
holds. Taking the trace over ¢ and d of (4.44) using the facts that

1
ngT}%de — gcha(bcd) = §ed (KUa(b + Lva(b + ZI/‘Va(b)gcd)
1
= (n+2) (KU“" L Lveb 4 1Wab) , (4.45)

where K and L are constants fixed by (4.44), and

8

4 14
gchgbcd :gcha(bcd) _ 7§RacRbc + §]%;ab . ERab;cc

1 16 5
o *gabR-dd + 7RcdRadbc + 7Radebedef
9 ' 9 3
1 1
- §gabRcdRCd - égabRcdefRCdef 5 (446)
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noting that (4.46) actually can be written as a linear combination of U 4,
Vab and Waba

14 8 2
) Tabcd — _7(]‘117 _ ,Vab 7Wab 4.47
9edls 9(n —3) 9 + 3 ’ (4.47)
we find that
ldag 8as
yab _ K___ 8 Ny L——= )y
(“R 9(n72)(n73)) - (aR 9(%2))
aR 2ag ab
e, e 4.4

+(4+3(n—2)>W ’ (4.48)

i.e., that Y is a linear combination of Ugp, Vg and W, We summarize
this result in the following theorem

Theorem 4.3.2. In an n-dimensional space there are only three indepen-
dent symmetric and divergence-free 2-index tensors quadratic in the Rie-
mann curvature tensor, e.q., Uap, Vap and Wap.

Before we investigate the relations between the four-dimensional Bach ten-
sor and U 4y, V oy and W, we note that under the conformal transformation
Gab = Q%gap the tensors Uy, Vap and Wy, transform according to

Upe =0 2Upe + Q72(n — 3) | 2(n — 2)Capea®®® + (n — 6) TV Rye

42TV Ry, + 2TV Rue + Rie (Q(n 46— (n— 4)T“Ta)
+ Ry (46% - nTaTc) + Rae (4@% - nTarb)

+ gheRes ((n — 6o + QTETf) “TyV.R - T.VyR

2
- _5n 42
_ (TL 6) gbcTaVaR + R(QTch + w@}w)
(n—1)
(n? —5n +2) (n—6)
_ T Yo
+gbaR( -1 0T g Yef )

+ e (2(n — T YO, — (n—2)V'V,0

+ (=) (n—6)T, 1o — =2 =11

2
+ WGM@“ —(n—2)(n— G)T“Vae)
+ (n—=2)V*ViOp.+ (n—6)(n —2)T*ViOpe — 2(n — 2)T, VO,

—2(n— 2)TeV9Ou + 2(n — 2) TV Oue + 2(n — 2)TOV O,
+Ou (4(n ~2)0%, — n(n — 2)TCT“) —n(n - 2)0,. T,

@2



+ Oy (2(n —2)(n—4)0 — (n—2)(n — 4)TaT”)

+2(n—2)0T1, Y| (4.49)

Ve =072V + 072 = 2(n — 1)ORy. — 6RT, T, — (n — 4) ROy
- (n - 7)gbcRTaTa + (TL - 4)gbcR@ + 3chbR + 3TchR
+ (n—=T7)gpcTVoR —2(n — 1)V, VO + 2(n — 1)gpc.V*V,0
+6(n—1)T.Vp© +6(n—1)T,V,O+2(n—1)(n—"7)gp.T*V,0
+(n—=1)(n—7)g5.0* —2(n — 1)(n — 7)Ogp. Y, T

C12(n - 1DOT Y. — 2(n —1)(n — 4004 | (4.50)
Whe =Q72Wpe + Q72(n — 4) [QCabcd@ad - 2((:__23))Rab@ac
2(n - 3) a a
gy Rac® = 20— 306",
2(n —3
+ Mgbce)adRad + (n - 3)gbc®ad®ad
n(n — 3) 2(n —3)
= D=2y 20 T (= g) fc®
+2(n — 3)0p0 — (n — 3)gp.0?
n(n —3)
- mgbcR@} ) (4.51)

where O, = Vo Tp— T Tp4 3¢ T T and © = 09, = VT, + 27, 72,

It is easily seen from (4.49) - (4.51) that Up. and V. are not conformally
well-behaved in general in four dimensions (where Wy, = 0).

4.4 Four-dimensional Bach tensor expressed
in Uab7 Vab and Wab

Since U gp, Vap and W, constitute a basis for all 2-index symmetric diver-
gence-free tensors quadratic in the Riemann curvature tensor, and the Bach
tensor B, has these properties, we must be able to express the Bach tensor
(4.6) in four dimensions in terms of U, and Vi, remembering W, = 0 in
four dimensions.
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In four dimensions we know from (4.38) - (4.39)

1
ch :Rbc;aa - §gbcR;aa + 2C(abcdfzad + 2RabRca

1 L1 1,
-~z od _ ZRRy. + — 4.52
2gbCRadR 3RRbc + 12gbcR (4.52)
1
Vbc = _R;bc + gbcR;aa - RRbc + ZgbcRR (453)

Comparing these equations with (4.10) we conclude that we have the rela-
tion

1 1
Bbc = ich + évbc . (454)

The numerical relationship between the tensors V. and Uy, could also be
found using the trace-free property of the Bach tensor. Making the ansatz

Bye = aUpe + BV (4.55)
we see from (4.41) and (4.42) in four dimensions that
Byt = —aR4" + 38R, = —(a—38)R4* =0 (4.56)
and hence in general we must have 3a = .

This link between the Bach tensor By, and U, and V4 in four dimensions
does not seem to have been noted before.

4.5 An n-dimensional tensor expressed in U,
Vab and Wab

If we consider the tensor

1 1
Bye = =Upe + = Ve 4.57
b 2b+6b (4.57)

in n > 4 dimensions, it is clearly divergence-free due to the properties of
Ugap and Vg, but when we examine its conformal properties we find, after
a lot of work and rearranging,

1~ 1~ 1 1
ich + 7‘/}70 = Q_2(5[]170 + 7Vbc)

6 6
1

+ (0= Q72| = S(n = 2)(n — 3)Capea T T

+2(n — 3)T9V, Rye — @TGVCR@ _ @Tavmac

_ (n B 3) Rab@ac o (n - 3) Rac@ab + (n B 3) gbCRad@ad




(3n —17)
12

— 1 1
+ wac@ — QTchR — ircva —

~ Bn-— 10)gbcR®+ (n 2(7n)3_(nl) 5)

6
(n—7)(3n—15) (n—2)(n—-23)
4

12(n —1)
_(n=2)(n-3) (3n® — 16+ 19)
3

2
(3n - 5) 95.VIV,0 — 3
(3n —5)

+ ———V,V.0 —
6

2
(3n —5)

(3n —5)
6

gbcTavaR
RY, Y,
gbcRTaTa + gbc(_)adead

(n—2)0,40% +
(3n —5)

@@bc

Br=9%y,v.0

-3 chb@ — (TL — 7) gbcT“Va@

2

(3”72*5)@1@& +(n—="7)

(6n% — 41n + 53)
12

again getting a tensor that is not conformally well-behaved except in four
dimensions.

+ 2 gbc@TaTa

gbc(ﬂ , (4.58)

The n-dimensional analogous integrability condition that gave rise to the
four-dimensional Bach tensor is (3.14),

(n—3)
(n—2)
and taking only the terms built up from pure geometry and quadratic in

the Riemann curvature tensor, e.g., the first and second terms, suggests
that we study

vadcvabcd - Rbdcabcd - (n - 3) (n - 4)TdeCabcd =0 (459)

(n—3)
(n—2)
Although we have already shown that this tensor is neither conformally

well-behaved nor divergence-free in n > 4 dimensions, it will be instructive
to investigate its relationship to the tensors Ugp, Vap and Wy,

Boe = V'V *Claped — RYCopea (4.60)

Using (2.10) we can equivalently express ?ac in the decomposed form

(n=3), » _(n=3 (n—3)

_ B _ b
Fae = gy flaess — gy e = g — 1y — ) Yot
(n—3)n b 2(n —3) Lpa
+ (n — 2)2 RabR c (TL — 2) R C(abcd
_ (n—3) bd n(n —3)
(’I’L — 2)2 gacRbdR (n — 1)(71 — 2)2 RRac
TR . R 2 (4.61)
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This clearly reduces to the ordinary Bach tensor in four dimensions, but to
investigate its other properties we first try to express ]gac in terms of U,

Ve and W .. Doing this we find

1 (n—3) 1
Bac = ac o - axVac — 3gVWWac
Bae ==y Uee T o=y Vee = 2 W
1 1
+ i(cabdeccbde - Egaccfbdecfbde)
(n—4) L
3y R Catea (4.62)

and as we have already noted (and is easily confirmed directly) this tensor
is only divergence-free in four dimensions, and not for n > 4 dimensions.

However, defining the tensor ?ac,

_ 1 bde 1 fbde (n—4) g
-?ac = -?ac 9 (Ca chde 4gacc Cfbde) + (’/l — 2)R Cabcd
_ 1 bde 1 fbde (n—4) b
= ?ac ~ 3 (Co"*Cepge — 4gacc Cfoae) + =2 2)R Cabed
1 (n—3) 1
= Uac Vac - 7Wac 5 4.63
m—2) " 2m 1 2 (4.63)

we indeed get a tensor quadratic in the Riemann curvature tensor which
is symmetric and divergence-free in all dimensions, and it collapses to the
original Bach tensor in four dimensions.

To investigate the conformal properties of ?ac (and thereby also the four-
dimensional B,.) we use (4.49) - (4.51) and find

?ac :Q_2 (?ac + (TL - 4) [Tbvdcabcd + Tdvbcabcd
+ Cabchde + (n — 4)Cabchde:|) . (464)

From (4.64) we see that, in general, it is only in four dimensions that
143,16 is conformally well-behaved. Hence, in general, there is no obvious

n-dimensional symmetric and divergence-free tensor which is quadratic in
the Riemann curvature tensor and generalizes the Bach tensor in four di-
mensions, which also is of good conformal weight.

We can now ask more generally if it is possible to construct any n-dimension-
al 2-index tensor of good conformal weight from Uy, V4 and Wy, ie. a
tensor which is symmetric, divergence-free, quadratic in the Riemann cur-
vature tensor and of good conformal weight. To investigate this we look at
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aUap + BV ap + YW ap, where o, 8 and ~y are arbitrary constants,
aﬁbc"'ﬁf}bc + V/Wbc = Q_2 (anc + 5Vbc + ’bec>
+Q7%(n—4) lmcabcd@ad —a(n —2)(n — 3)Capeg YT

+an —3)(2T°VaRye — T*VeRa — Y°VyRac )

+(n—3)(a—p

1 n
TR ey K

+2(n—3) (a(n —9)— EZ ; + 7) 00y,

— (n—3)(a(n = 2) +27) 040"

+(n-3 (a +v)gbc ad©" i )Rbce
—(n—3 (OH‘V )( %+ RacO%% — gpcRaaO )

n(n —3)

(n—1D(n-2

— a(n — )gbCRe + ’}/(TL - 3)91)562

3)—
+Q72 (a(n —2)(n—3)—208(n— l)) [miDRTbTC

(n—7)
T

= 3(TVeO + TVi0) = g1V Va0 + (0 = 7)g O, T

gbCRTaTa +VyV.0+6071T, T, — (TL — 7)gbcTaVa®

+Q72(2(n - 3) (a(n —3)— 52" — ;;)Rbce)
(a )@n — 1) —pB(n—-1)(n-— 7))gbc@2

(a n—3 —35)Tbv R— ( (n—3) —3ﬂ>chbR
( (4.65)

ao————= — B(n— 7)>gbcT“VQR




Note that for n = 4, remembering that Wy, = 0, and so we can put v = 0,
(4.65) reduces to

aﬁbc""ﬁ‘/}bc - Q_2 (anc + ﬁvbc)
+0°2 (a - 35) {ZRTbTC 205 RY, Y% + 2V, V.0

—20,,9°V,0 — 6(T,9.0 + Y.V, + 695 T"V,,0
+ 1207, Y. — 6G.OYT T + 2RpcO + 3¢1.0% — T,V .R

- chbR + z;).gbcI\ELVzI-R} ) (466)

and if this expression is to be conformally well-behaved we clearly must
have @ — 30 = 0. Hence we see that the only linear combination of U g,
Vap and W which is conformally well-behaved in four dimension is, up
to a constant factor, the Bach tensor (4.54).

For n > 4 we note that there will be terms with the factor (n —4) involving
Weyl tensor component in (4.65); but no other terms in (4.65) have similar
Weyl tensor components. Hence, in general it will be impossible for these
terms in Weyl to cancel out and so it will be impossible for this expression
with any non-trivial values of «, 3 and ~ to be conformally well-behaved® .
Hence, if the expression is to be conformally well-behaved, the only solution
of (4.65) is the trivial solution, i.e. @« = 3 =~ =0 and we have

Theorem 4.5.1. For n = 4 there is only one (up to constant rescaling) 2-
index tensor which is symmetric, divergence-free, conformally well-behaved
and quadratic in the Riemann curvature tensor, i.e.,

1 1
Ba, = §Uab + gVab . (467)
For n > 4, in general, there is no symmetric and divergence-free 2-index
tensor quadratic in the Riemann curvature tensor which is of good confor-
mal weight.

5With a strategic choice of a few metrics a simple calculation using GRTII [18] easily
confirms this.



Chapter 5

The
Kozameh-Newman-Tod
four-dimensional result
and the Bach tensor

Szekeres [39] used spinor methods to attack the problem of finding necessary
and sufficient conditions for a space being conformally Einstein. Indeed he
found a set of conditions written in spinor language, but the equations are

difficult to analyze and rather complicated when translated into tensors'.

However, in 1985 Kozameh, Newman and Tod [27] found a much simpler
and more useful set of conditions for spaces for which the complex scalar
invariant

J = Uapcp VPP W AP
1
_ g (Cabcdccdefcefab _ Z-*Cabcd*ccdef*cefab) (51)
of the Weyl spinor/tensor is nonzero. Their set involves the Bach tensor
introduced in the previous chapters.

In this chapter we will use a tensor/spinor approach to review both the ex-
plicit and the implicit four-dimensional results of KNT? [27]. Since spinors
are used in this chapter we are restricted to four-dimensional spaces with
signature (+ — ——). To some extent the presentation here follows the
original paper by KNT [27], although some of our proofs are more direct.

n fact there is a small mistake in [39] pointed out by Wiinsch [43] making some of
the results in [39] incorrect and the conditions only necessary.
2Kozameh, Newman and Tod.
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5.1 Two useful lemmas

In the proof of the KNT result the following two lemmas play a key role:

Lemma 5.1.1. Given a skew-symmetric real tensor F® = Fla  then,
provided J #£ 0, the only solution of the equation

CabchCd =0 (5.2)

is Fed = 0.

Lemma 5.1.2. Given a symmetric and trace-free real tensor H*® = H(@b)
then, provided J # 0, the only solution of

ClapeaH* =0 (5.3)

and
*CabcdHad =0 (5.4)

is H* = 0.
The proof of these two lemmas can be given simultaneously using spinors:

Proof. A skew-symmetric real tensor F* = F[9] can be written in spinor
language as -
Fay = Faapp = dapeap + dapean (5.5)

where ¢ap = ¢(ap) is a symmetric spinor. A symmetric real trace-free
tensor H% = H() can be written as

Hoy = Haapp = ¢aBap (5.6)
where ¢apap = d(ap)(aB)-
In this notation equation (5.2) and (5.3), (5.4) become
Vapepd®” =0 (5.7)

and
Uapcpd®Parp =0 (5.8)

respectively, U spcp being the Weyl spinor. Hence we see that the primed
indices play no role in (5.8) and we only need to consider the equation

TAB L pptP =0 (5.9)

and show that under the assumption that J # 0 this implies ¢op = 0.
Note that we can consider



as a linear mapping from symmetric 2-index spinors to symmetric 2-index
spinors and hence we can study the properties of the mapping via its matrix
representation ¥ (see Appendix A.3). So, we can represent (5.9) by the
matrix equation

V=0 |, (5.11)

where  is the vector representation of ¢AZ. If det ¥ # 0, then the only
solution of equation (5.11) is the trivial one, & = 0.

From (A.25) we have that
1

and hence under the assumption J # 0 the only solution to (5.9) is the
trivial solution, i.e. ¢cp = 0. This completes the proof of both lemmas. [

Using tensors the first of these lemmas, Lemma 5.1.1, can easily be proved
in an analogous manner as when using spinors. This is because the Weyl
tensor Cypeq in this case can be looked upon as a linear mapping taking
2-forms to 2-forms. Hence, as shown in appendix A, the properties of
the mapping can be studied using its matrix representation, C, and from
Appendix C we know that

1 .
det(C) = §JJ (5.13)
and hence if J # 0, then det(C) # 0 and the only solution of (5.2) is the

trivial one.

The second lemma, Lemma 5.1.2, is harder to prove just using tensor meth-
ods, and is a good example of the power of using spinors when working in
four dimensions; the result is almost trivial to prove in spinors, but is much
harder using tensors.

5.2 C-spaces and conformal C-spaces

Szekeres [39] introduced a class of spaces called C-spaces and this class is
defined by

Definition 5.2.1. A space is a C-space if the space has a divergence-free
Weyl tensor?, i.e.,
VICwhea =0 . (5.14)

Since we are interested in conformal spaces we also have the definition

3Sometimes a Weyl tensor satisfying (5.14) is called a harmonic Weyl tensor; see for
instance [28].
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Definition 5.2.2. A space is a conformal C-space if there exists a confor-
mal transformation g, = Qanb such that V¢C peq = 0.

The condition @déabcd = 0 written out in the space with metric g is
vdcabcd + Tdcabcd =0 (515)

where T¢ = V4(In ).
On the other hand if

vdcabcd + chabcd =0 (516)

holds for any vector field K* we see that by taking V¢ of equation (5.16)
and then using (5.16) we have

vCVdCYabcd + VC[(Clc(abcd - KCKdCubcd =0 . (517)

Using the facts that the last term in this expression (5.17) vanishes and
that (independently of dimension) V°V?C pcq = 0 we find

VchCabcd = V[CKd]Cabcd =0 . (5.18)
Hence from (5.18) and Lemma 5.1.1 we conclude that in a space in which
J # 0 it follows that VK = 0, locally giving us a gradient vector from

which the conformal factor can be found. So, we have the first part of the
KNT result [27],

Theorem 5.2.1. A space in which J # 0 is locally conformal to a C-space
if and only if there exists a vector field K® such that

VdC’abcd + chabcd =0 . (519)

Furthermore, K* is unique.

To see that the vector K¢ in Theorem 5.2.1 is unique suppose there exists
another vector £* satisfying (5.19), i.e.,

vdcvabcd + gdcabcd =0 . (520)
Subtracting (5.20) from (5.19) and setting n® = K* — £% we then have
N Cabea =0 . (5.21)

Multiplying this with an arbitrary vector field (¢,

N Capea = (M Cuea =0, (5.22)



and since J # 0 this equation implies that (7% = 0 for all vector fields (.
But this can only be true if n® = 0, i.e., if K¢ = £%, and hence Theorem
5.2.1 is proved?.

We can have alternative versions of Theorem 5.2.1. Consider the four-
dimensional identities®,

CPAC g :id;cabcdcabcd 7 (5.23)
C®eqCeyC 235;‘ C%eaCeyC oy (5.24)
*oibed oy g :ié;*cabcdcabcd 7 (5.25)

*Cib O O :i‘;;*cabcd*CCdef*Cefab : (5.26)

If CapegCe? # 0, we can multiply (5.19) by C%*°® to obtain

1
090 peq + Z1r<€(1abcdcabcd =0 . (5.27)

By dividing (5.27) with C? = C4pcqC?°? we are actually able to express
the vector in pure geometric terms:

K® = —4C"°V9C 1ea/C? . (5.28)

Analogously, we get from (5.24) - (5.26), provided the corresponding scalar
invariant of the Weyl tensor is nonzero,

K¢ = —4*C%*VIC 4q/CC (5.29)
K¢ = — 4Cabklcklcevdcabcd/c3 , (5_30)
K¢ — — 4*Cabkl*cklcevdcabcd/*c3 . (531)

We can now restate Theorem 5.2.1 as

Theorem 5.2.2. A space is conformal to a C-space if
vdcabcd + chabcd =0 (532)
holds with K* defined by (at least) one of the equations (5.28) - (5.31).

We comment on the case when J = 0 in the last section of this chapter.

4There is another way to prove the uniqueness of K¢ using J # 0 to solve for K¢
explicitly, and this is illustrated in Chapter 8.
5See appendix B for their derivation.
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5.3 Conformal Einstein spaces

We know from Chapter 3 that a four-dimensional space is conformally
Einstein if and only if there exists a conformal transformation gy, = Q2gas
such that

1 1 1
Rab - ZgabR - 2vaTb + igabVCTc - 2TaTb + §gachTC =0 (533)

where T, = V,(InQ).
The first integrability condition of (5.33) is, as calculated in (3.12),

vdcabcd + Tdcabcd =0 5 (534)

meaning that conformal Einstein spaces constitute a subclass of conformal
C-spaces, and that being a conformal C-space is a necessary condition for
a space to be conformally Einstein;

Theorem 5.3.1. A conformal Finstein space is also conformal to a C-
space.

On the other hand, in four dimensions we found another necessary condition
for a space being conformally Einstein in (3.15), the vanishing of the Bach
tensor,

1
Bie = V*V*Capea = 5 R*'Capea =0, (5.35)
and in fact (5.34) together with (5.35) are also sufficient provided J # 0.

To prove this we will use Lemma 5.1.2. First observe that if J # 0 then
by the same argument as was used to prove Theorem 5.2.1 it follows that
equation (5.34) is satisfied with T, = V,(In) for some scalar field €.
Hence, differentiating (5.34),

VOVC gpea + (VT4 — T“Td> Cabed = 0 (5.36)
and subtracting (5.35) we have
Caped (R 4 2VoT? — 2774 =0 . (5.37)

This equation (5.37) will serve as the first equation in Lemma 5.1.2 with
Hl = pad 4 gyeyd — 2yayd,

To obtain the second equation in Lemma 5.1.2 we first take the dual of
equation (5.34),
vd*cvabcd + Td*cvabcd =0 (538)

and then differentiate this with V¢ to find

VOV Clapea + (VAL — Tard)*cabcd 0 . (5.39)



By taking the divergence of the dual of the contracted Bianchi identity
(2.8),

1
0= V'V Cane + 1" (V'Y Rope = 590aV'VyR) . (540)

and using the Ricci identity and (2.5) to decompose the Riemann curvature
tensor into its irreducible parts we get

1
VOV Coped — 5Rcwl*cabcd =0 . (5.41)
Hence subtracting (5.41) from (5.39) gives
*Coaped (R + 2V — 2797 =0 (5.42)

i.e., the second equation in Lemma 5.1.2.

Equations (5.37) and (5.42) applied to Lemma 5.1.2 now give us that

1
R 2verd —2vevd = Zgf"’lT : (5.43)
with T' being the trace of the left hand side of (5.43). Hence (5.43) is

equivalent to
1 1 c 1 c
Rap = 790 R +2Va Yo + 59a Vel =200 Tp + 59 LY =0 . (5.44)

Since we know T, = V,(In Q) it follows from Section 3.2 that the space is
a conformal Einstein space, and so we have proven the main result in KNT
[27],

Theorem 5.3.2. A space in which J # 0 is a conformal Einstein space if
and only if there exists a vector field K* such that

vdC’abcai + chabcd =0 5 (545)
1
Bye = VVIYCopea — 5J%‘Zd(JM =0 . (5.46)

Note that this set of conditions naturally divide into two sets; condition
(5.45) selects the class of C-spaces, and condition (5.46) specifies a partic-
ular subclass of the C-spaces.

The natural question arises if both the conditions (5.45) and (5.46) in The-
orem 5.3.2 really are needed, or if one of them is redundant. However, as
pointed out in [27], the Newman-Kerr metric (subject to the parameter
restrictions @ = 0 and e # 0) provides an example of a space where J # 0
and although it has non-vanishing Bach tensor, B, # 0, it is a conformal
C-space. Hence it is not enough that a space is conformal to a C-space to
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be conformally Einstein. Also Kozameh et al. [27] provide an argument,
suggested by R. Geroch and G. T. Horowitz, based on counting initial data,
showing that the conditions (5.45) and (5.46) are independent, and hence
both needed. But this falls short of providing a specific counterexample to
the possibility of one of (5.45) or (5.46) being redundant.

On the other hand, Nurowski and Plebanédnski [31] recently found a type
N metric of the Feferman class which has vanishing Bach tensor, B,, = 0,
but which is not conformal to an Einstein spaceS. Hence, in the case of a
general space, it is not enough that the Bach tensor vanishes for a space to
be conformal to an Einstein space. However, we emphasize that this metric
has” J = 0 and so is not strictly relevant to our theorem. Therefore the
possibility of a zero Bach tensor together with the condition J # 0 being
sufficient for a conformally Einstein space is still open.

The condition (5.46), the vanishing of the Bach tenor, has been discussed
in different contexts by a number of authors [25], [27], [30]. Also note that
in an alternative theorem to Theorem 5.3.2 for the existence of conformal
Einstein spaces by Baston and Mason [3], [4] for spaces in which I # 0 the
Bach tensor is chosen to be zero, but the condition (5.45) is replaced with
another condition formulated in spinors as a restriction on the Weyl spinor.

54 J=0

When we put the condition J # 0 on a space-time we exclude space-times
of Petrov type III, N, and some particular cases of type I. In these
other cases the conditions in Theorem 5.3.2 do not provide necessary and
sufficient conditions on a space being conformally Einstein, i.e., it is not
enough to demand that the space is a conformal C-space and the vanishing
of the Bach tensor.

Later Wiinsch [44], also using a spinor approach, derived necessary and
sufficient conditions for space-times of type I11 to be conformally Einstein.
The conditions Wiinsch found are the two in Theorem 5.3.2 plus an addi-
tional one involving the vanishing of a scalar defined by four contractions
between a trace-free and symmetric tensor constructed from the geometry
and a preferred vector constructed from a special choice of spin basis for
space-times of Petrov type I11. That these conditions are not sufficient for
a space-time of Petrov type IV to be conformally Einstein is provided by
the example of generalized plane wave space-times [43].

The Petrov type N case is still unsolved, but in the pursuit of the solution
Czapor, McLenaghan and Wiinsch [12] derived necessary and sufficient
conditions for a space-time of Petrov type N to be conformally related

6The spaces in the Feferman class have the property that they are not conformal to
a Einstein space.
"This is a property of all type N metrics.



to an empty space (Rq, = 0), as well as some sufficient conditions for a
space-time of Petrov type IV to be conformal to a C-space.
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Chapter 6

Listing’s result in four
dimensions

In this chapter we will describe the recent generalization of the KNT result
in Chapter 5 due to Listing [28]. In his paper he looks at the problem with
more emphasis on the differential geometry point of view, which makes
some of his quantities and equations awkward to translate into tensors or
spinors. We will restrict ourselves to four-dimensional spaces throughout
this chapter.

6.1 Non-degenerate Weyl tensor

When we proved the results of KNT the two Lemmas 5.1.1 and 5.1.2 played
a key role and to prove these we had to impose a restriction on the spaces
under consideration. The restriction was found from a spinor point of view
and was J # 0.

However, it is well known that locally we can look upon the Weyl tensor
as a linear mapping between two-forms, i.e., given F% = Flot] then

Fob — g et (6.1)

Thereby it is possible to translate the Weyl tensor into a matrix, C (see
appendix A), and to study properties of the mapping (6.1) using this rep-
resentation of the Weyl tensor.

It can be shown, see Appendix C, that in four dimensions the condition
J # 0 is equivalent to the condition det(C) # 0, meaning that imposing
det(C) # 0 the mapping (6.1) is injective. Hence, given any two-form
Fab = Flab the only solution of the equation C%.4F = 0 in a space
where det(C) # 0 is F°¢ = 0, and in such a space, Lemma 5.1.1 of KNT



holds!.

Definition 6.1.1. If det(C) # 0 the Weyl tensor is said to be non-degene-
rate.

The fact that the Weyl tensor is non-degenerate means that there is an
inverse, i.e., that there exists a tensor field D 4 such that

D® o qC ey = 6804 (6.2)

where 6{16 6?] is the “identity” in A2. When the Weyl tensor C**.; is consid-

ered as a matrix C, then the inverse, D4, is the matrix C~'. In practice
the tensor D% 4 is not explicitly known and to interpret C~! in tensor
notation cannot easily be done?.

6.2 Conformal C-spaces

In the spaces where det(C) # 0 we can use D%.; to get an alternative
characterization of conformal C-spaces to the one presented in the previous
chapter.

From Theorem 5.2.1 we know that a space for which det(C) # 0 is confor-
mally a C-space if and only if there exist a vector field K such that

VIC® g+ KIC%.g=0 . (6.3)
Multiplying (6.3) with D¢/, and using (6.2) we have
0= DYy VICq+ KDY 0%y
= DY VIO o+ KUST50 (6.4)
and by taking the trace over ¢ and f and solving for the vector field we find

2
K¢ = gDecabde‘lbcd . (6.5)
Hence, using D, we are able to get an expression for the vector field K¢
and we can now formulate the corresponding theorem to Theorem 5.2.2,

Theorem 6.2.1. A space having a non-degenerate Weyl tensor is locally
conformal to a C-space if and only if (6.3) holds with K* defined by (6.5).

Note that the central difference between Theorem 5.2.2 and Theorem 6.2.1
is the expressions defining the vector field K®.

L Also, since det(C) # 0 < J # 0, in fact Lemma 5.1.2 of KNT holds, but how to
translate the Weyl tensor to a matrix and how to interpret it in this case is not clear.
2We will see in Chapter 8 that we can avoid the use of the tensor D% ;.
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6.3 Conformal Einstein spaces

To prove Theorem 5.3.2 of KNT we needed both the Lemmas 5.1.1 and
5.1.2, and indeed, as noted in the previous section, if the Weyl tensor is
non-degenerate both these lemmas hold.

However, in a space with non-degenerate Weyl tensor we can always define
the vector field K¢ as done in (6.5), i.e. such that

2
K¢ = §Deca,,vdcabcd (6.6)
and this give us the following characterization of the conformal Einstein
spaces:

Theorem 6.3.1. A space with non-degenerate Weyl tensor is locally con-
formal to an Einstein space if and only if the vector field K® defined in
(6.6) satisfies

1 1 1
Rab - zgabR + 2vaKb + §gabchc - 2KaKb + §gachKc =0 . (67)

Proof. 1If (6.7) holds we see by skewing (6.7) that VK = 0, i.e. that
K* locally is a gradient from which the conformal factor can be found and
hence the space is conformally Einstein.

Conversely, if the space is conformally Einstein equation (6.7) is satisfied
for some (gradient) vector field K*. Also, from Theorem 5.3.1 we have that
the space is conformally a C-space, and Theorem 6.2.1 then tells us that
this vector is unique and hence is the one given by (6.6). O

Note the difference between Theorem 5.3.2 and Theorem 6.3.1 though both
have the same generic setting (det(C) # 0 or equivalently J # 0 ). The
two ingredients in Theorem 5.3.2 are the conditions that the space is a
conformal C-space and the vanishing of the Bach tensor: the first condition
is the first integrability condition for a space being conformally Einstein,
and the second one arise from taking a derivative of the first one.

In Theorem 6.3.1 on the other hand the condition of being a conformal
Einstein space and an explicit expression for the vector field K“ are the
conditions. However, in the construction of K* we use the condition that
the space is a conformal C-space, and hence K® “contains” the first inte-
grability condition for the space being conformally Einstein.



Chapter 7

Listing’s result in n
dimensions

In this chapter we briefly comment on the extension of the definition of
the non-degenerate Weyl tensor to arbitrary n dimensions. We will also
give the n-dimensional counterparts of Theorem 6.2.1 and Theorem 6.3.1
from the previous chapter as well as Theorem 5.2.1 and Theorem 5.3.1 in
Chapter 5. The theorems are essentially the same as those given by Listing
[28] although the formulation and notation differs somewhat.

7.1 Non-degenerate Weyl tensor

The concept of a non-degenerate Weyl tensor introduced in Chapter 6.1
transfers directly to arbitrary n dimensions and we define

Definition 7.1.1. An n-dimensional space is said to have a non-degenerate
Weyl tensor if the determinant of the matrix C associated with the linear
mapping

Fab _ Cabchcd , ch — F[cd] (71)
is non-zero, i.e., if det C # 0.
It follows directly that from the definition 7.1.1 that in a space with non-
degenerate Weyl tensor the equation

Cabchcd =0 , ch — F[cd] (72)

only has the trivial solution, F°* = 0.

In a space with non-degenerate Weyl tensor there exist a tensor field D
such that
D®qC ey = 6804 (7.3)

le

where 5{25?] is the “identity” in the space of two-forms.
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7.2 Conformal C-spaces

Before we formulate and prove the n-dimensional version of Theorem 6.2.1
we first note that the four-dimensional Theorem 5.2.1 has a natural exten-
sion to n-dimensional spaces with non-degenerate Weyl tensor:

Theorem 7.2.1. An n-dimensional space with non-degenerate Weyl tensor
18 locally conformal to a C-space if and only if there exists a vector field K¢
such that

VIC® 4+ (n—3)KIC?Py =0 . (7.4)

Furthermore, K® is unique.

Proof. The proof is analogous to the four-dimensional theorem. If the space
is a conformal C-space there exists a conformal transformation Gab = gap
such that V¢C?,; = 0 holds, i.e., expressed in the space with metric gq,
such that (7.4) holds with T¢ = V*(In Q).

If on the other hand (7.4) holds we see by differentiating (7.4), using
vevioeb , =0 and (7.4) again, that

VeKICW® = ViERAC® =0 | (7.5)

i.e., provided the that the Weyl tensor is non-degenerate that VICK? = 0.
Hence K¢ is locally a gradient from which the conformal factor can be
found.

Clearly a vector field satisfying (7.4) must be unique since in a given space
with non-degenerate Weyl tensor both C?.; and D%, are uniquely de-
termined. Hence, using D/, on (7.4), taking a trace over ¢ and f and
solving for K¢ we find

2
K¢ — Deca d abc )
h—1m=3) yVC%a (7.6)

which clearly must be unique. O

As a matter of fact the previous proof also proves the n-dimensional version
of Theorem 6.2.1:

Theorem 7.2.2. An n-dimensional space having a non-degenerate Weyl
tensor is locally conformal to a C-space if and only if

VIC® 4+ (n —3)KIC®,.4 =0 (7.7)
holds with the vector field K* defined by

2
e _ Dec dab ) )
K = g D VO (7.8)



7.3 Conformal Einstein spaces

We close this chapter with the n-dimensional version of Theorem 6.2.1 and
again the proof is very similar to the four-dimensional one.

First note that an n-dimensional space is conformally Einstein if and only
if there is a conformal transformation g,, = 924, such that

(n—2)

1
Rab - EgabR + (n - 2)vaTb - gabchC

(n—2)

n

— (n — Q)TaTb +

g XX =0 (7.9)

where T = V(In{?), and that the first integrability condition of (7.9), as
found in (3.12), is

VaC® 4+ (n—3)YC?y =0 (7.10)
hence we have the n-dimensional version of Theorem 5.3.1

Theorem 7.3.1. A conformal Einstein space is conformal to a C-space.

Finally we have Listing’s n-dimensional result,

Theorem 7.3.2. An n-dimensional space with a non-degenerate Weyl ten-
sor s locally conformal to an Einstein space if and only if the vector field
K defined by

2

K¢ = Deca d abp 11
m=Dn—g " @V (7.11)
satisfies
1 (’I’L — 2) c
Rab - ﬁgabR + (’I’L - 2)VaKb - gachK
KKy + 2 g KK~ 0 (7.12)

n

Proof. If (7.12) holds we see by skewing (7.12) that V[, Ky = 0, i.e., that
K* is locally a gradient from which the conformal factor can be found and
hence the space is conformally Einstein.

Conversely, if the space is conformally Einstein, equation (7.12) is satisfied
for some (gradient) vector field T*. Also, from Theorem 7.3.1 we have that
the space is conformally a C-space, and Theorem 7.2.2 then tells us that
this vector field is unique and hence is the one given by (7.8). O
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Chapter 8

Edgar’s result in n
dimensions

In this chapter we shall show how Edgar [13] reformulated the results of
KNT and Listing and showed how to get an explicit expression for the
vector field K® in Theorems 7.2.2, 7.3.2 without using the inverse map of
Listing.

The procedure (essentially using the Cayley-Hamilton Theorem) gives us
a generic expression in n dimensions, but due to dimensionally dependent
identities we are able to get expressions of considerable lower order. Ex-
amples in 4, 5 and 6 dimensions are discussed in detail.

8.1 Using the Cayley-Hamilton Theorem

We show how we can get around the implicit construction of the vector
field K® in the work of Listing. The non-degeneracy condition we impose
on the Weyl tensor, formulated in the matrix representation of the Weyl
tensor, is det(C) # 0, e.i., the same as used by KNT and Listing.

First we prove the following useful lemma:

Lemma 8.1.1. In an n-dimensional space in which det(C) # 0 the inho-
mogeneous algebraic equation for the vector field £¢

Cabcdgd — Habc (81)
has the unique solution,
2
(n—1en

+esCIN — 4]y + ..+ cN_Qc"/bef) : (8.2)

ga = Hefb (CQO[N — l]abef + CZC[N - 3]abef



where N = n(n —1)/2. The coefficients co, ¢1, ..., cN—2, ¢N are the usual
characteristic coefficients of the Cayley-Hamilton Theorem given in (A.6).

Proof. If we consider the Cayley-Hamilton Theorem for the N x N ma-
trix C, see Appendix A (A.5), in tensor notation, with the characteristic
coefficients given by (A.6), remembering that ¢; = 0 since C is trace-free,

coC[N]%cq + c2C[N — 2] g+ c3C[N — 3]% g+ ...
R CN_QO[Q]ade + CN_lc[].]abcd + CN(;Fé(sZ] =0 |, (83)

we obtain by multiplying by &,
£a (C()C[N]abcd + C[N = 2] g4 c3C[N = 3]% g + ...
ot en—2C[2 % + cN_lC[l]“de> + en et
—£,0%, (Coc[N — 1] g+ c2CIN = 3 g+ csCIN — 4] (g + ..
ot N2 O ) + N1 8aC™ et + eniedly =0 (8.4)

Taking the trace over b and d, remembering that the Weyl tensor is trace-
free we find

{aOabef (C()O[N — l]efcb + CQO[N — S]Sfcb + CgC[N — 4]efcb —+ ...
(n—-1)
2

ot cN_Qcmefcb) + enEe=0 . (8.5)

Since cy = (—1)¥ det(C) and det(C) # 0 there is no problem dividing
with ¢y and a trivial rearranging of the terms in this last equation gives
the required expression (8.2). O

Using Lemma 8.1.1 on
viCe ; + (n —3)KWC%y =0 (8.6)

ie., setting H*®, = K4C% 4 = — (n£3) VeiC®. ., we can directly reformu-

late Theorem 6.3.1 as

Theorem 8.1.1. A n-dimensional space having a non-degenerate Weyl
tensor is locally conformal to an FEinstein space if and only if the vector
field K defined by

2
K = e vices 4 (COC[N —1J%,; + ;[N — 3]t

+ CgC[N — 4]abef + ...+ CN_QCabef) R (87)
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where N = n(n — 1)/2 satisfies

1 -2
Rop = ~ga R+ (n = 2)V Ky - (n=2) VK

(n—2)

— (n—2)K, K, + g KK =0 . (8.8)

Note that substituting (8.7) into (8.8) gives necessary and sufficient condi-
tions defined in terms only depending on the geometry.

Four dimensions

In four dimensions N = 6, and from (8.7) in Theorem 8.1.1 we get the
following expression for the vector field

2
K¢ :T%Vdcefdb (CoC[5]abef + 020[3]abef
+ 3Oy + c4oabef) . (8.9)

It is clear that this expression involves powers of the Weyl tensor up to the
sixth order, but since the vector of the theorems is unique there must be
a link between the expression (8.9) and the ones given by KNT, (5.28) -
(5.31), and Listing, (6.5). This link has been exploited by Edgar [13].

Higher dimensions

Theorem 8.1.1 supplies an explicit expression for the vector field K* in all
dimensions n > 4. For example, in six dimensions where N = 15 we have

2
K === V10 (coC[L4] ey + caC12)" ey + eaC1)"
15

F o+ 11 O3] %es + 1202 % + clgcabef) , (8.10)

and clearly this expression contains powers of the Weyl tensor up to fif-
teenth order.

In general, Theorem 8.1.1 gives an expression of the vector field K* for
an n-dimensional space containing powers of the Weyl tensor up to order
n(n — 1)/2. Hence, the generic expression for K quickly grows in size as
the dimension becomes higher and higher.

However, in four dimensions we have seen that the generic expression (8.9),
having powers of the Weyl tensor up to sixth order, can be replaced with
an expression with much lower powers in the Weyl tensor obtained from
dimensionally dependent identities. In the next section we will extend this
approach to spaces of arbitrary dimension n.



8.2 Using dimensionally dependent identities

The method used by KNT to get their vector field! K¢ was to assume
that (at least) one of the scalar invariants of the Weyl tensor is non-zero
and use one of the dimensionally dependent identities (5.23) - (5.26) on the
equation

VCabed + K'Capea =0 . (8.11)

All four identities (5.23) - (5.26) are, as discussed in appendix B, a conse-
quence of the four-dimensional identity

Clob 67 =0 (8.12)

and they arise when we multiply (8.12) with more Weyl tensors.

The structure of these identities are of the type

i L
L{C[m]*;} = Z(SjL{C[m]} (8.13)
where L{C[m]’;} represents a 2-index tensor consisting of a linear combina-
tion of products of m Weyl tensors, and L{C[m|} = L{C[m]";} represents
a linear combination of scalar products of m Weyl tensors.

In general, an n-dimensionally dependent identity arising from the n-dimen-
sional analogue to (8.12) (see appendix B) has the structure

L{Clm]';} = %6}5L{C[m}} . (8.14)

Hence, for L{C[m]} # 0, we can use (8.14) on the n-dimensional analogue
to (8.11),
vdcvu,bcol + (n - 3)chabcd =0 (815)

to get the following expression for the vector field K¢
K'=nL{C[m]';} K’ /L{C[m]} | (8.16)

where all the terms involving the vector field K on the right hand side —
which will each contain a factor of the form C%.;K7 — can be replaced
using (8.15), i.e.,

1

C™ KT =~ "3 vIic?,; . (8.17)

Using the notation introduced above we are now able to state the following
theorem generalizing Theorem 5.3.2 of KNT,

I The same method was also used by Listing in [28] in his examples.
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Theorem 8.2.1. An n-dimensional space with a non-degenerate Weyl ten-
sor restricted by L{C[m|} # 0, where L{C[m]} is associated with an iden-
tity of the form

L{CIm]'s} =~ L{Clm]} (8.18)

1s locally conformally related to an FEinstein space if and only if the vector
field K® defined by

K" =nL{C[m]';}K? /L{Cm]}, (8.19)

with the appropriate substitutions

C" KT = — iceb,; 8.20
J (TL _ 3) v J ( )
satisfies
1 -2
R(Lb - EgabR + (n - 2)VaKb - (n n )gabvcf{C
(Tl _ 2) c
— (’I’L — 2)KaKb + " g KK =0 . (8.21)

A five-dimensional example

In Appendix B.2 we derive the following five-dimensional identity having
the structure (8.18),

5CHRI CiinC® caC
—8CUIRIC, 11, C® oy CY oy — ACTRIC, 51 O 1, C o
+8CURIC, 11 OV 4, CY 4y — 8CTRIC, Ok O oy
= (CURIC 41y O™ cgCpy — 4CTRIC 11, CP 1y O 1) 5T (8.22)
and multiplying this with K" using C“ijKj = —%VjC“bcj, we find
5CIES Gab 0o TR C i,
—8C kIt O W Cn — ACUTRIC, 51 CF B VO,
+8CIMIC 51 OV 4y V" Oy, — 8CTMIC 1 OV gV Oy,
= —2(CTRIC 1 C™ g Cpy — 4CTHIC 1 %y CC ) KT (8.23)

We know from Appendix B.2 that the scalar on the right hand side is not
identically zero and so for all spaces where

(CTHIC kg C® caCap — ACTHICj1e O g O ap) # 0, (8.24)



the necessary and sufficient condition in five dimensions in Theorem 8.2.1
is obtained by substituting

K7 :<—gcijkfcabchCdathCijkh +40ika b, O W Cijkn
+209kIC, 1 O GOy — ACTRIC, 5 O VO,
+ 4Cijkgcijkecbfagvhcaebh)
J(CI*9C 53, O g Oy — ACTRIC 51, CO Ly C° o) (8.25)

into

1 3 3
Rap — ggabR + 3V Ky — ggachKc —3K.Kp + ggachKc =0 .(8.26)

Six-dimensional examples

First we give an analogous example to the five-dimensional case. In Ap-
pendix B.3 we calculate that

C’ajbcc(agdec(bcde — 2Caj bgcﬂlctiec'f)cdc - 4Oajbccdgb600dae

1 , .
_ 6 (CadeCefachdEf _ 4Cab6dcaecfcdebf)6]g‘ , (827)
and multiplying this with K7, using C“bchj = —%VjC“bcj, and solving

for K9 we find
K9 = (= 20973,C3, 0 €y + 40 1o Co VI C,
180,04V CajbC)

/(CadeCefachdef — 4Cab6dcaecfcdebf> . (8.28)

We know from Appendix B.3 that the scalar on the right hand side is not
identically zero and so for all spaces where

(Cap®Cef™C g™ — 40,00 1 Cyt Ty #£0 (8.29)

the necessary and sufficient condition in six dimensions in Theorem 8.2.1
is obtained by substituting (8.28) into

1 2 2
Rap — ggabR + 4V, Ky — ggabchc — 4K, Ky + ggachKC =0 (830)

Secondly, we close this section with another six-dimensional example using
a six-dimensional identity, discussed in Appendix B.4, due to Lovelock [29].
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be

This identity involves the tensor A;;;**¢ which is quadratic in the Weyl

tensor and defined by

Ay = 40" C b (8.31)

The analogous identity to (8.18) is (B.20),
AabiCdeAcdeabj + 3AabiabcAcdedej + 6Aabia0dAcdebej
- 3Aabcad6Adeiij - AabcabcAdeidej + 6AabcabdAdeicej
1 , 3 )
+ gAabcabcAdefdef(Sji + iAabcadeAdefbcf(S]i
3

- §AabcabdAdefCEf5ji - gAabchfAdefabc(S]i = 0, (832)

and multiplying by K? and solving for K7 we have (provided we can perform
the division)

Kj =6 (KiAabi CdeAcde abj + 3KiAabiabcAcde dej + GKZ AabiaCdAcde bej

_ 3Aabcad€KiAdeiij _ AabcabCKiAdeidej + 6AabcabdfriAdeicej)

/(AabcdefAdefabc _ AabcabcAdefdef
- 9AabcadeAdefbcf + 9AabcabdAdef cef) . (833)

Hence in this case we get the necessary and sufficient condition in six di-
mension in Theorem 8.2.1 by first substituting all the terms involving K*
on the right hand side via

KAy = V'Cy P10y, % — VIC3, 140 W (8.34)
and all the other terms on the right hand side via
Ayte = 40" Cy, b (8.35)

into (8.33) and then this expression into

1 2 2
Rap — égabR + 4V Ky — ggabchc — 4K, Ky + ggachKc =0 . (836)



Chapter 9

Generalizing the Bach
tensor 1n n dimensions

In this chapter we will introduce the concept of a generic space and seek
to find n-dimensional generalizations of the Bach tensor. We will also gen-
eralize the KNT four-dimensional result to arbitrary n-dimensional generic
spaces and give explicit examples in five and six dimensions.

9.1 A generic Weyl tensor

To generalize the KNT result we need to impose a non-degeneracy condition
on the Weyl tensor generalizing the four-dimensional condition J # 0.
Guided by the two lemmas (5.1.1) and (5.1.2) we now give the definition:

Definition 9.1.1. A Weyl tensor is said to be generic if it locally has the
two properties

a) given a real two-form Fed = Fledl the only solution of ClapeqFe? =0
is Fed =0 ,

b) given a real symmetric and trace-free tensor H%¢ = HG@d ge, =0
the only solution of

CabcdHad =0
d
*C’ilig...in_Q(lCdHa = O

is H = 0.

Note that any generic Weyl tensor is non-degenerate — the converse in not
true.

Definition 9.1.2. A space having a generic Weyl tensor is called a generic
space.
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From the definitions above we note that in four dimensions a generic space is
equivalent to a space having a non-degenerate Weyl tensor, e.g., det(C) # 0
or J #0.

9.2 The generalization of the KNT result

In this section we will generalize the KN'T four-dimensional Theorem 5.3.2
to arbitrary n-dimensional generic spaces.

Theorem 9.2.1. An n-dimensional generic space is locally conformal to
an Einstein space if and only if there exists a vector field K such that

VdCabcd + (TL - 3)chabcd =0 (9.1)

and

(n—3)
(n—2)
Proof. The proof has an analogous structure to the four-dimensional proof

of Theorem 5.3.2. An n-dimensional space is conformal to an Einstein space
if there exists a conformal transformation gu, = Q2g,; such that

VVIC ypeq — RYCluped — (n —3)(n —4)K K Capeq =0 . (9.2)

(n —2)

1
Rab - ﬁgabR + (n - 2)vafrb - gabchC

S A S )

gap LY =0 (93)

holds with T* = V*(InQ), 2 some scalar field.

In Chapter 3.2 we found that the first integrability condition of (9.3) is
(9.1) with K, = V,(InQ), and that taking another derivative of (9.1) gives
us (9.2). Hence (9.1) and (9.2) are necessary conditions.

Conversely if (9.1) and (9.2) hold for a vector field K* we see that differ-
entiating (9.1) and using (9.1) gives

VVIC ypeq + (0 — 3)VEKCueq — (N — 3)° KK Clapeq =0 . (9.4)

Since the last term is zero and V°V9C . = 0 we have from (9.4) that
VK ped = VEKNC poq = 0, and from the Definition 9.1.1 of generic
spaces it follows that VK% = 0 and hence that K¢ is locally a gradient
vector from which the conformal factor can be found.

Differentiating (9.1) and again using (9.1) we find

vadcabcd + (n - 3)VbKdCabcd — (n — 3)2KbKdCabcd =0 . (9.5)



Subtracting this from equation (9.2) gives

(n—3) (Rbd +(n—2)VPE? — (n— 2)KbKd) Copea =0 ,  (9.6)
and this equation will serve as the first equation in Definition 9.1.1b with
He = R + (n —2)VeK? — (n — 2)K°K1.
Next we take the left dual of equation (9.1),

Vd*cilizminfzai + (TL - 3)Kd*ci1i2min726d =0 (97)
and after differentiating this with Vi»—2 we have

Vinizvd*ciliz»--in—wd + (n - S)VLHZKd*ciliz...in_wd
+(n=3)KV"2Ciiy iy pea=0 . (9.8)

Using (2.7) and (9.1) the third term in this expression can be rewritten as

) N 1 )
KdVZn_Q Ci1i2.4.in720d = 5"’]7:11‘2...7;7172abKdVln_?Cabcd
1 .
= imliz...in,gZ"‘QabKdV[in,ZCab]cd
1 T
= _5772,11,2.“%73%—211 (n — 3)K (gc[acbinfz]df;f

+ gd[acin,zb]cf;f>

1 % a
- iniliz...’in_g no2 bKdKf (gc[acbin,g]df
+ gd[acin_gb]cf)
1 2 a
= _iniliz.-in—s n? beK[infzc@b]Cf

1 )
br-d n—
= 75772-11'2...7;‘”_201 K KZ 2Cabcd

= —K K" 2"Ciiy i, _sed (9.9)
and hence equation (9.8) is equivalent to
V2 VYCiriy.inged + (0= 3)V "2 KYCliy i ged
— (n=3)K'K">Ciiy iy pea=0 . (9.10)
Taking the the dual of the contracted Bianchi identity (2.8),

d
v CiliQ...in_QCd

= En — 23 §ni1i2...i”72ab< — QV[aRb]c + mgc[bva]R) 5 (911)
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and then the divergence with respect to i,,_o of this, using the Ricci identity
and decomposing the Riemann curvature tensor into its irreducible parts
we find

G2 \Td*Y ) _ (n_g)
\Y \Y Czlzg.“zn,zcd - (TL — 2)

If we now use (9.12) to eliminate Vi»-2V¥*C; .. . .4 in (9.10) we have

Clivig..i_sin_sea B2 (9.12)

(n—3)
(n—2)
—(n=3)KIK"™*"Ciyiy. i yea =0 (9.13)

* in—od T — d*,
Ci1i2~~7;n73in72CdR e (n - 3)V " K Ci1i2<~'in720d

or equivalently

(n—3) <Ri"*2d + (n—2)Vin2 K — (n — Q)KdKi”’Q)*Ciliz...z‘n,zcd =0,
(9.14)

giving us the second equation in Definition 9.1.1b.

We now assume that the space is generic. This means from Definition 9.1.1
and the equations (9.6) and (9.14) with

H* = R 4 (n - 2)V*K? — (n — 2)K*K* (9.15)

that
1
R 4 (n —2)V*K? — (n - 2)K°K¢ = —g%T | (9.16)
n

where T is the trace of the left hand side, e.g.,

1 -2
Rap = ~gar R+ (n = 2) VK, - (n=2) VoK

(n—2)

—(n—2)K, K + g KK =0 . (9.17)
Since K is locally a gradient vector the space is conformally Einstein. This
completes the proof. O

As in Chapter 5.3, when we proved the four-dimensional version of Theorem
9.2.1, it is relevant to ask if both of the two conditions (9.1) and (9.2) really
are needed in generic spaces, or if one of them is redundant. It is clear from
the four-dimensional case that there exist spaces which are conformal C-
spaces having a non-vanishing Bach tensor, and from these four-dimensional
spaces we can easily construct corresponding spaces in higher dimension.
However, it is still an open question whether condition (9.2) alone might
be a necessary and sufficient condition in generic spaces.



9.3 n dimensions using generic results

In Theorem 9.2.1 we considered the symmetric 2-index tensor

(n—3)

bd .
\aY% Cabcd (n — 2)

RYCluped — (n —3)(n —4)K°KCupeq (9.18)
and this tensor clearly reduces to the original Bach tensor in four dimensions
so we know that this tensor is divergence-free and conformally well-behaved
in four dimensions. We will examine its conformal and divergence-free
properties in n > 4 dimensions in the next chapter.

As already mentioned a generic space has non-degenerate Weyl tensor and
hence in generic spaces we can use the tensor D ,p.q introduced in Chapter
7 to get an explicit expression for the vector K* in Theorem 9.2.1. Using
this notation we can restate Theorem 9.2.1 as

Theorem 9.3.1. An n-dimensional generic space is locally conformal to
an Finstein space if and only if

V4C apea + (n = 3)KCupea = 0 (9.19)
and
V'VCabea — EZ : 2; R"Caped — (n = 3)(n = 4) K"K Capea =0,
(9.20)
where K® is the vector field defined by
K= e 1)2(n DV (9.21)

Alternatively, using Edgar’s approach in Chapter 8 we have that

Theorem 9.3.2. An n-dimensional generic space is locally conformal to
an Finstein space if and only if

VIC apea + (0 — 3)KCupea = 0 (9.22)
and
vadcabcd - EZ : 2; Rbdcabcd — (n — 3)(7’L — 4)KbKdCabcd =0 |,
(9.23)
where K is the vector field defined by
2
K® — dref N —1 ab N — ab
(nfl)(nf?))CNv C db(COC[ ] ef+CQC[ 3] ef
+e3CIN — 4" s+ ...+ en20y) (9.24)

¢; being the usual characteristic coefficients of the Cayley-Hamilton theorem
(given in Appendiz A).
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Although Theorem 9.3.2 gives an explicit expression for the vector field
K*°, we know from the discussion in Chapter 8 that in higher dimensions
this expression becomes very large and difficult to use. However, we saw
in Chapter 5 that we can get expressions of considerable lower order in
the Weyl tensors using dimensional dependent identities, and using the
notation in Chapter 8 we can reformulate Theorem 9.2.1 as

Theorem 9.3.3. An n-dimensional generic space with a Weyl tensor re-
stricted by L{C[m]} # 0, where L{C[m]} is associated with an identity of
the form

i L
L{Clm)Y'; = ~8L{Clm]} (9.25)
1s locally conformal to an Einstein space if and only if
VIC aped + (1 — 3)KC ypeq = 0 (9.26)

and

VVAC 4peq — HRbdcabcd —(n=3)(n—4)K°K¥Cua =0 , (9.27)
where the vector field K is defined by

K'=nL{Cm]}';K? /L{C[m]}, (9.28)
with the appropriate substitutions

, 1 .
ab ab
oK) =— 1C%. . 2
C*¢;j (n_3)VC y (9.29)

To illustrate Theorem 9.3.2 we close this chapter with explicit examples in
five and six dimensions.

9.4 Five-dimensional spaces using dimensional
dependent identities

We saw in Chapter 8.2 that using the five-dimensional identity (B.13) on
the five-dimensional version of (9.26),

VeC sped + 2KCuea =0 (9.30)
assuming (CiijC’ijkgCabchCdab — 4Cijk90ijkeC“ngCceab) # 0 and using
C;KI = —1VIC™,;, we find

5 g
Kf :(_iczjkfcabcdccdabvhcijkh +4C'L]kgCabcgccfabthijkh
+ Zcijkgcijkecefabvhcabgh - 4CijkgcijkeCbeagvhcafbh
+ 4Cijkgcijkecbfagvhoaebh)
J(CT*C 51, C g Oy — ACTRIC, 11 C7,C% ) . (9.31)



Hence the necessary and sufficient condition for a five-dimensional generic
space with (C’”’“gCijkgC’“bchCdab74C’”kgCijkeCabch’ceab) # 0 to be con-
formally related to an Einstein space is that

VIC aped + 2KCrapeqg = 0 (9.32)
and )
vbvdc’abcd - gRdeabcd - 2KbKdCabcd =0 (933)

hold, where K* is given by (9.31).

9.5 Six-dimensional spaces using dimensional
dependent identities

In six dimensions, equation (9.26) become
vdealu:d + 3KdCabcd =0 3 (934)

and, as in Chapter 8.2, after the use of the six-dimensional dependent
identity (B.15) and C*; K’/ =—1VI/C,;, we find that

K9 =— ZCagdercderCajbc + 4Cacfdecbcdevj0ajbg
+8C Y, C g™V C o5t
J(Cap®@Cep™Cog® — 4C 4 4C* s C ety | (9.35)
providing (CijkgCijkgC“bchCdab — 4CijkgCijkeC“ngCceab) #0.
So, a six-dimensional generic space, in which the scalar
(CHRIC 51y C® cqC gy — 4CTRIC 53, O g O ) # O (9.36)
is conformally related to an Einstein space if and only if

vdc’abca{ + 3chabcd =0 (937)

and
3
VVIC wpeq — ZRbdcabcd — 6K KC gpeq = 0 (9.38)

hold, where K* is given by (9.35).
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Chapter 10

Conformal properties of
different tensors

In Chapter 4 we showed that some obvious attempts for an n-dimensional
generalization of the Bach tensor were not conformally well-behaved nor
divergence-free in dimensions n > 4. Now we have found another general-
ization of this tensor, B,

(n—3)
(n—2)

with important properties, and in this chapter we will investigate conformal
properties of this and related tensors.

Bae = VVIC ypeq — RYC ypeq — (n — 3)(n — ) K K9Cupeq (10.1)

10.1 The tensors b, and B,. and their con-
formal properties in generic spaces

The tensor B, is, as the original four-dimensional Bach tensor B,., moti-
vated by the second integrability condition for a space being conformal to
an Einstein space; it is found by taking a derivative of

VdC’abcd + (TL — 3)chabcd =0 (10.2)
and is given by

(n—3)

D) RMClopeq — (n = 3)(n — ) K"K Crpea =0

(10.3)

Bac = vbvdctabcd -

where we replaced the vector field T¢ connected with a conformal trans-
formation with the vector field K.



In general we cannot discuss the conformal properties of the form (10.3)
for B,. because of the non-geometric vector K*. However, we encountered
Bac as one of the two sufficient and necessary conditions for a space to be
conformal to an Einstein space, so we look at these two conditions together
and check their conformal behavior.

In a space with non-degenerate Weyl tensor let us define the vector field
Bty

2 , ,
Kt=—= D%, vVIiCiF, 10.4
N = Doy VT (104)

where D ; is the tensor satisfying
D™ Oy = 6184 (10.5)

Hence, in a space with non-degenerate Weyl tensor, guided by (10.2), we
will define

babc = vdC’abcol + [G{dcabcd

= Vdcabcd + mcabcdDdljleCJkﬂ (10.6)

and, guided by B,. in (10.3) we define,

-3
%ac :vbvdcabcd - EZ — 2§ Rbdcabcd — (n — 3)(n _ 5)I§b§dcabcd
v vi _(n=3)
=V°’V Cabcd (n — 2)R Cabcd
4n—4 . )
_ (n_(ln)g(n)_S)DbljkvlOjkilDdrpqvaqumcade . (107)

Since the right hand side of equation (10.5) is conformally invariant under
a conformal transformation Gn, = Q2¢g,5, we have

[H'E(S?] = ﬁabcdécdef — Q_2ﬁabcd00def ’ (108)

and multiplying this with Defgh, solving for ﬁ“bcd, we find that the con-
formal behavior of D is

D% g =D, . (10.9)

Using (10.5) and the conformal property of D%.; as well as the well-known
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ones for the Weyl tensor we see that the conformal behavior of b, is

. N 2 A A A
bave = VCaped + ———Capea D" 1, V'CT*y
(n—1)

- VdC’abcd + (n - 3)TdCabcd

2 ) ; .
+ 7(71 — I)CabcdDdzjk (Vlcjkil + (TL — 3)Tlcjkil)

= V*Cbea + e 1)CabcdDdijkvlekil
2(n—3 ) )
+ (n = 3)Y9Cpea + (sl_l))TlCadeDdljkC]kil
= bape (10.10)

i.e., that by is conformally invariant.

Turning to the tensor B,. we find after some calculation that under a
conformal transformation g, = 92g4s, we have

%ac = Q_Q%ac + (n — 4)9_2 (Tb (Cabcd;d + (n — 3)chabcd)

+d (Oabcd;b +(n— 3)KbCabcd)> , (10.11)

meaning that in general B, is not conformally well-behaved.

However, in a space with non-degenerate Weyl tensor we can use (10.6) to
rewrite (10.11) as

Boe = 0 2Bye + (n— )02 (T”babc + Tdbacd> , (10.12)

and it is clear from (10.12) that under the condition that bu,. = 0 we see
that 2B, is in fact conformally weighted with weight —2. We collect these
results in the following theorem:

Theorem 10.1.1. In a space with non-degenerate Weyl tensor the tensor

2 . )
babc = Vdcvabcd + mcabcdDdzjkvlcjkil (1013)

s conformally invariant but the tensor

%GC :vbvdcabcd - L_?))Rbdcabcd
(n—2)
4(n—4 . )
_ (n_(]’-n)2(n)_3)DszkvlcjkilDdrpqvmcqumCabcd (1014)

is in general not. Howewver, if bgp. = 0, then By is conformally weighted
with weight —2.



Note that, remembering that generic spaces are subspaces of the class of
spaces with non-degenerate Weyl tensor, and using the notation (10.6) and
(10.7) we can reformulate the sufficient and necessary condition for a space
being conformal to an Einstein space, i.e., Theorem (9.2.1), as

Theorem 10.1.2. A generic space is conformal to an Einstein space if
and only if the conformal invariant condition hold,

bape =0 (10.15)
and

Bp. =0 . (10.16)

10.2 The tensor £, and its conformal prop-
erties

Motivated by Listing’s n-dimensional result (Theorem (7.3.2)) we will de-
fine, in a space with non-degenerate Weyl tensor, the tensor

1 -2
Lab =Rap — *gabR +(n—2)V, Kb + (n )gabv K°
(n 2)

(’I’L — 2)K Kb + gabK Kc s (10.17)

where IG(“ is defined by (10.4) .

Hence, in a space with non-degenerate Weyl tensor, the tensor £, is built
up purely from geometry, and we find that under a conformal transforma-
tion Gup = Q2g,p, using

~e 2 ~ ~ ~
K = —Deca dcabc
¢ T nm-g @Y
_ 2 D, (Vdcabcd+(n_3)~rdcabcd>
(n—1)(n—3)
2 2
_ Deca d abc Td Deca abc
DL @V at Ty D el

= K°®—T° | (10.18)
G
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that

c

~ a1 A s =2 & =
Sab - Rab - EgabR + (n - Q)Valgb - n achIG{

(n—2) ~ =c

- (n_2)-[§aIG<b+ n gab}gcg
=Rup+ (n—2)V Yo+ gt VX — (n —2)T Ty + (n — 2)gap LT

— %gab (R +2(n — 1)V, Y+ (n—1)(n — 2)TCTC)

+ (0= 2)(Valy = VaTy = 2K (0 Toy + 20, Ty + g T (K. — T.))

n—2
! - )gab (VJG{C -V X+ (n— 2)TCI§C —(n— 2)TCTC>

=02 (fa ) (K0-70) + P () (57 7)
(10.19)

= Sab ;
i.e., that £,p is conformally invariant, and we have

Theorem 10.2.1. In a space with non-degenerate Weyl tenor, the tensor
Lab defined by equation (10.17), with all the IG{a substituted using (10.4), is

conformally invariant.



Chapter 11

Concluding remarks and
future work

In this thesis we began by reviewing the developments of the problem of
finding necessary and sufficient conditions for a space to be conformal to
an Einstein space.

Since the Bach tensor featured in some four-dimensional results, we looked
to see if there was an obvious n-dimensional analogue of the Bach tensor.

A theorem due to Belfagén and Jeian was strengthened and a basis, con-
sisting of three tensors, for all n-dimensional symmetric, divergence-free
2-index tensors which are also quadratic in the Riemann curvature tensor,
was presented. We were able to show that the Bach tensor is a linear com-
bination of these tensors in four dimensions, and that the Bach tensor is
the only (up to constant rescaling) 2-index tensor in four dimensions which
is symmetric, divergence-free, conformally well-behaved, and quadratic in
the Riemann curvature tensor; however, there was no such n-dimensional
result. Specifically, we have shown for dimensions n > 4, in general, that
there is no 2-index symmetric and divergence-free tensor quadratic in the
Riemann curvature tensor which is also of good conformal weight.

So rather than focus on a generalization of the Bach tensor itself we looked
for a generalization of the four-dimensional KNT result, which provided
two necessary and sufficient conditions (one of which involves the Bach
tensor) for the existence of conformal Einstein spaces.

We have introduced the concept of a generic Weyl tensor and a generic
space, which is stronger than the KNT condition J # 0, and so we were
able to generalize the KNT four-dimensional result to n dimensions, n > 4.
We found that a generic space is locally conformal to an Einstein space if
and only if two conformally invariant conditions hold:

Bape = 0 (11.1)
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and
B, =0 . (11.2)

The tensor B,;, in a sense generalizes the Bach tensor B, to n dimensions.
We have also shown that the tensors by, and £4; are conformally invariant
in spaces with non-degenerate Weyl tensor, and that for spaces in which
babe = 0 the tensor B, is conformally weighted with weight —2.

Explicit examples of these new results have been given in four, five and
six dimensions using (in the five- and six-dimensional cases) newly derived
tensor identities.

As well as obtaining a number of new identities in Appendix B, we also
found in Appendix C the explicit relation between the two complex scalar
invariants of the Weyl spinor and four real invariants of the Weyl tensor.

There are some questions that would be interesting to address in the future.
We have already mentioned that a generic Weyl tensor also is a non-
degenerate Weyl tensor, but not vice-versa'. The natural questions arise:
what is the difference between these two, and how much bigger is the class of
spaces having non-degenerate Weyl tensor compared to the class of generic
spaces? Is there a way to extend the results for the generic class so that
they apply to the larger class of spaces having non-degenerate Weyl tensor?
Is there a way of extending such results even to a larger class than the class
of spaces having non-degenerate Weyl tensor, i.e., to spaces where J = 0.
We have pointed out that the question of whether B,, = 0 in a space
having non-degenerate Weyl tensor in four dimension is alone a necessary
condition for conformal Einstein spaces is still open. We suspect it is not
so, and it would be good to find a precise counterexample.

We have not distinguished between positive definite and Lorentz metrics;
it would appear that when we make this distinction we can get stronger
results for the positive definite cases. The Lorentz case is well covered in
four dimensions, but not in higher dimensions. The conditions put on the
Weyl tensor in four dimensions are related to the Petrov classification, but
in n dimensions, n > 4, no such classification is known. However, recently
Coley, Milson, Pravda and Pravdové [8], [9], [10] developed a classification
of the Weyl tensor in higher dimension using aligned null vectors of various
orders of alignment. It would be interesting to see how the conditions for
a generic space look in their formalism, and if their formalism gives rise to
other natural necessary and sufficient conditions in higher dimensions.
Finally, we note that the very recent work of Gover and Nurowski [16]
offers wider possibilities within differential geometry; an obvious next step
is to try and exploit our new identities in higher dimensions within these
developments.

n four dimensions they are equivalent.



Appendix A

The Cayley-Hamilton
Theorem and the
translation of the Weyl
tensor /spinor to a matrix

In this appendix we will review the Cayley-Hamilton Theorem and see how
we can translate the Wely tensor and/or the Weyl spinor to a matrix. We
we also formulate the Cayley-Hamilton Theorem in tensor notation.

A.1 The Cayley-Hamilton Theorem

The Cayley-Hamilton Theorem' states that a matrix satisfies its character-
istic polynomial, i.e., for a n X n matrix A with characteristic polynomial

p(z) = apx™ + a1z ' 4 ... fap 1z +a, (A1)

p(A) = 0.

It is a well-know fact [19], [38] that the relation between the determinant
of a n x n matrix A and the coefficient a,, in its characteristic polynomial
is

(—1)" det(A) = a, . (A.2)

A linear transformation on an n-dimensional vector space V given by an
n X n matrix A can be interpreted as a tensor A%, and vice-versa. In this
context the Cayley-Hamilton Theorem can be written

AU A o ATt A 5 =0 (A.3)

1See [38] for a general proof.
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i.e., as a consequence of antisymmetrising over n + 1 indices, and one can

calculate the coefficients aq,as, ..., a, of the characteristic polynomial in
terms of traces of the matrix from

ap = Aliv, A=, AL k=1...n (A.4)
(aozl).

So, for an n x n matrix A the Cayley-Hamilton Theorem is given by
apA" + alA”_l + agA"_2 + ...+ anszQ +an_1A+a,I=0 |, (A5)

where I is the n x n identity matrix, and denoting the trace of a matrix
with square brackets the characteristic coefficients are given by [19]

4 =1, a=—[A] as— —% ([A?] - ([A])2>,

an:—<(n—1)![A"]+...+...> . (A.6)
Note that if the matrix is trace-free we will have [A] = 0 in the expressions
for the coefficients ay above, and especially, a; = 0.

For future reference we write out two special cases of particular interest for
us.
The case where n = 3 and the matrix is trace-free.

In the case of a 3 x 3 trace-free matrix A the Cayley-Hamilton Theorem
becomes

aoA® + asA +asI=0 (A7)
where ) 1
ap =1, az= *i[AQ]a as = *g[Ag'] ) (A.8)
ie.,
A3 %[AQ]A - %[A?’]I —0 . (A.9)

The determinant in terms of traces of A is

det(A) = %[Ag] ) (A.10)



The case where n = 6 and the matrix is trace-free.

In the case of a 6 x 6 trace-free matrix A the Cayley-Hamilton Theorem
states

aoAG =+ a2A4 —+ a3A3 —+ a4A2 —+ a5A + CLGI = 0 s (A].].)

1 1
ap=1, az= —§[A2]7 ag = —3

=7 ([A‘*] - ;([Aﬂ)Q), a5 = ([AE’] - Z[AQ][A3]>,

%:—;([Aﬁ]-jww—;QAS])Z;([AQ])B) (A

[Ag]a

The formula expressing the determinant of A in terms of traces is then

det(A) = —¢ ([AG] RN %([A?’])Q + ;([A2]>3> . (A13)

A.2 Translation of C%_. to a matrix C4p

The n-dimensional Weyl tensor can be translated to a N x N trace-free
matrix, where N = n(n — 1)/2. We write this as

Cle=0C"y (A.14)

where A = [ab] and C' = [cd] so that A,C = 1,2,...,N. In doing this
we only use the fact that the Weyl tensor is a double two-form, i.e., that
C%.q = Cl,p, not the other symmetries, C.y = Cq® and Clypeq = 0.
Also note that, in this construction, we are not defining a metric for the
N-dimensional space.

In the case of n = 6, the Cayley-Hamilton Theorem applied to C gives
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and from (A.13) we have

dmm»:—éocﬂ—imﬂwﬂ—;(mﬂf+;(wﬂf> . (A16)

In four dimensions on the other hand, there is a more efficient represen-
tation of the Weyl tensor using duals. In this case the Weyl tensor can
be represented via the trace-free complex 3 x 3 matrix C representing
C%.q +i*C%,q, where *C.q = In®iiC;; 4 is the left dual of the Weyl
tensor.

So, in four dimensions, the Cayley-Hamilton Theorem (A.9) applied to the
trace-free matrix C gives

C3—%Wﬂ0—%WﬂL:O (A.17)

and according to (A.10), the determinant in terms of traces of C is

dmazg&}. (A.18)

A.3 Translation of V48,, to a matrix ¥

In four dimensions we can represent the Weyl spinor as a complex ma-
trix, and this is done in detail in for instance [33]. The information of the
Weyl tensor Cgpeq in spinor languages is described by the fully symmet-
ric Weyl spinor Y apcp = W(apcp), and writing the Weyl spinor in the
form AP -p we may regard it as a linear transformation on the (three-
dimensional) complex space of symmetric spinors ¢p4F = ¢(AB)

and hence, analogous to the previous sections, can be described by a 3 x 3
complex matrix W.

Looking at the eigenvalue problem for the mapping (A.19),
VAP opg P = AP (A.20)

we see by expressing (A.20) in components with respect to a specific basis?
that an eigenvalue A of equation (A.20) also is an eigenvalue in the ordinary

2See [33] for details



sense of the matrix W. Given that A1, A2 and A3 are the three eigenvalues
of ¥ we have

M4 X+ A3 =T, =0 (A.21)
A2 +2=VapPUepP =1 (A.22)
N 4N+ A3 = Vg PV p PO A8 = (A.23)

where I and J are the two complex scalar invariants of the Weyl spinor.
By cubing (A.21) and subtracting 3 times the product of (A.21) and (A.22)

we get
J =3 A3 (A.24)

i.e., that
1
We note that the Weyl spinor has therefore two complex or four real inde-

pendent scalar invariants. This result can be transfered to the Weyl tensor,
where a direct proof is more complicated.
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Appendix B

Dimensionally dependent
tensor identities

The dimensionally dependent tensor identities are a class of identities based
on the trivial idea that antisymmetrising a tensor expression over more
indices than the number of dimensions makes the expression vanish.

In the late 1960’s Lovelock [29] studied some apparently unrelated tensor
identities and showed that they where all special cases of two dimensionally
dependent identities. Lovelocks results have been generalized by Edgar and
Hoéglund [14] and they proved the following theorem:

Theorem B.0.1. Let Tal“,akbl“'bm be antisymmetric in the upper and
lower indices respectively and d =n—k —m+1>0. Then

bm .
0="Tia;..k, [bl"'b’“'ézz"rll . .5%;?] = T, a0 is trace-free.

We will use this basic theorem to derive dimensionally dependent identities
suitable for our purpose. Although the process of deriving these identities
results in a vast number of identities, only those relevant for us will be
accounted for here.

B.1 Four-dimensional identities

Theorem B.0.1 tells us that for the trace-free Weyl tensor C*.; in four
dimensions, we have
ClPgdy =0 (B.1)
Expanding the left hand side and using the antisymmetry of C' gives
0= Cabcddij o Cabjd(;ic _ Cabcj(;id
+Cbicd5aj i Oaijdabc _ Cibjc(;ad
+C1 g% + C™ g8 + O 6%



Multiplication by C°¢,, and using the trace-free properties of the Weyl
tensor yields the well-know four-dimensional identity

) 1 ..
O e = Z&;cabcdcabcd : (B.2)

Using this identity (B.2) we can multiply (B.1) by C4% Ces@ and then
simplify this to

, 1.
CPeqCefCl gy = 10,0 caCesClap (B.3)
We can also in a similar manner derive the identities
A 1.
*Czbcdcjbcd — Z(S;‘*CadeCabcd , (B4)
; 1.
*O g Co Oy = Z5;.*Cabcd*ccdef*o'#ab : (B.5)

starting with the dual version of (B.1).

Note that the scalars on the right of the equations (B.2) - (B.5) are four
real invariants of the Weyl tensor [33]; since these are independent they can
be chosen as the basis for the invariants.

Also note that (B.2) is the only identity with two free indices one can
construct from (B.1) involving a product of two Weyl tensors.

B.2 Five-dimensional identities
In five dimensions, from Theorem B.0.1, the analogue to (B.1) is
C[ab[cdcsgaif]] =0 , (B.6)

which has eight free indices. Note that our “five-dimensional identity” (B.6)
is also valid for four dimensions and that clearly we cannot get a quadratic
expression for C?.4 involving only two free indices.

The only identity with two free indices cubic in the Weyl tensor is given by
O peC oy Cla 6507 =0 (B.7)
Expanding, collecting, and using the trace-free property gives
CH e C¥ 4 C% apy = 20 1 C* 4 C% o — 4C . CP 0y O g

1
= g (CabchCdegcegab - 4Cabcdcceagcdgbe)5fh (B8)

and the structures of (B.8) and (B.2) appear to be analogous. However, it
turns out that the right hand side of (B.7) is identically zero for n < 5. This
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can be realized by looking at the five-dimensional scalar identity closely
related to (B.7)

ClegC oy Croy 55011 =0, (B.9)
which gives!

40 O s OV = O™ qC o CY oy (B.10)

Since we are interested in an identity with two free indices this case is not
useful for our purpose.
Nevertheless we note that (B.8) and (B.10) yields an interesting 2-index
five-dimensional identity which will be useful in other contexts,
Cafbccbcdecdeah - 2Cafbhcbcdecdeac - 4Cafbccbdehccead =0 . (Bll)
On the other hand, if we consider a quartic identity in five dimensions,
CIC 1 O e Crap 0501 = 0 (B.12)
we obtain
5CTH CienC® caC%
*8Cijkgcijkhcabcgccfab - 4CijkgcijkecabghCefab
+8Cijkgcijkecafbhcbeag - 8Cijkgcaebhcijkecbfag
= (CTMC 1y O g Cypy — ACT*IC 51 C™ g C )87, . (B.13)
which again appears to have analogous structure to (B.2). To determine if
the right hand side of (B.13) is identically zero, one could either look on
all of the quartic scalar identities or try to find a counter example. Unlike
in the cubic case where there was only one possible scalar identity (B.10),
there will be a number of quartic scalar identities in five dimensions, so

rather than starting to find all quartic scalar identities, a simple counter
example? shows that the right hand side cannot be identically zero.

B.3 Six-dimensional identities

In six dimensions, from Theorem B.0.1, the analogue to (B.1) and (B.6) is

Clobd5616% = 0 (B.14)

I This five-dimensional scalar identity was also noted in [24], where it was obtained
from the five-dimensional identity Cab[chCdefCefab] =0.
2Using the Maple package GRTensorII [18] with the metric

ds? = ———U0 o 41240 + 12 sin?(0)dg? — (1 - 5h — A5 + 5 )dt? + da?
)

provides such a counterexample.



and this expression has 10 free indices. Hence there is only one possibility
to create an identity with two free indices involving three Weyl tensors.
Expanding (B.14) and multiplying with Cy,°?C. /" we get

Cajbccagdecbcde _ QC«ajbgCacdeC«bcde _ 4Cajbccdgbeccdae
1 .

= 6(oabcdCefabccdef —ACW O C )%y (B5)
Unlike for the case of the five-dimensional 2-index identity (B.8), there is
no related scalar identity cubic in the Weyl tensor, analogous to (B.9).
So therefore we do not need to worry about the possibility of the right
hand side of (B.15) being identically zero, but we confirm this fact by
a counterexample®, and so we have an identity which has precisely the
structure (B.2).

B.4 Lovelock’s quartic six-dimensional iden-
tity

There are few explicit examples in the literature of identities for the Weyl
tensor in higher dimensions, but in the original paper [29] introducing di-
mensionally dependent identities Lovelock gives an explicit example of a
six-dimensional 2-index tensor identity quartic in the Weyl tensor. It in-
volves the double three-form, H ;0679 ,

Habcdef = H[abc] [def]
Habcdec =0 ) (BlG)

which in six dimensions (and lower) satisfies the identity
- ,
H i " H go p% = gégHabcdefHdef““ . (B.17)

Making the choice

9 i
Hijkabc :Aijlcabc _ mAr[jk [bc(sa]i]
18 rslcga b
+ mAm[i °5 0 ]k]
6
+ Apgemotole 6050 (B.18)

(2—=n)(3—=n)(4—n)

3 Again, using Maple and GRTensorlI [18] with the metric
d? = — 4> o 20 o2 sin? (0)dg? (1- 55 = 2 + & )di? + da® + dy?

1__1 _Ar2 2m 3
2m 3 2

provides such a counterexample.
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(B.17) gives a quartic identity for the Weyl tensor with
Ay = 40" Cp b (B.19)

Substituting (B.18) into (B.17) reveals

AabiCdeAcdeabj + 3AabiabcAcdedeJ + 6AabiaCdAcdebeJ

- 3AabcadeAdeiij - AabcabcAdeidej + 6AabcabdAdeicej
1 abc e ) 3 ade c ]
+ éAabc b Adefd f(sji + §Aabc d Adefb faj'i
3 a ce i 1 e abc 5j
- §Aabc bdAdef f(sji - éAabcd fAdef b 5ji =0 ) (BQO)

i.e., an identity of the structure analogous to (B.2).



Appendix C

Weyl scalar invariants

In this Appendix in four dimensions we derive relations between the two
complex scalar invariants of the Weyl spinor and the four real standard in-
variants of the Weyl tensor. It will be useful first to recollect some notation:

c,c" (bold letter) a matrix and a power of a matrix
[C"] the trace of the matrix C™
0 the zero matrix
I the identity matrix
0[2]abcd = Cabijcijcda
Cn]®.q = ... a chain of n Weyl tensors
0[2] = CabchCdab7
Clnl=... the double trace taken over a chain of

n Weyl tensors

C.1 Weyl scalar invariants in 4 dimensions.

In four dimensions, we know from Appendix A that we can consider the
Weyl tensor C%,; as a trace-free 6 x 6 matrix, C, noting that this repre-
sentation will yield the five independent trace invariants [C?], [C3], [C*],
[C®] and [CS]; but because of the Cayley-Hamilton theorem

6 1 2 5 1 3 4 1 4 1 2 2 3
C - S[CC° - Z[CFC —4([0]—2([0 ]) )C

1 5 ) 2 3
—5<[c |- Zlc?C 1)0

| =

([Cﬁ]—j[cﬂ[cﬂ—;([03])2+;([021)3>1=0 RN(eR)
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any higher trace invariant will be dependent on these five. These five trace
invariants translate directly into the five Weyl scalar invariants C[2], C[3],
C[4], C[5] and C16] as follows

[C? = C*cCC ) = % yCyy, = C[2),
[03] — CAcCCECEA _ CabchCdefCefab _ C[g],

ey

[CO] =CACC...CK = C%yC .. .CHyy=C[6] .  (C2)

However it is well known that there are only four independent scalar in-
variants for the Weyl tensor in four dimensions. This reduction from five
to four is due to the first Bianchi identity Cypeq) = 0, which is not incor-
porated in the 6 x 6 matrix representation; so clearly there must be one
relationship between the five invariants C[2], C[3], C[4], C[5] and C|[6].

An alternative, more efficient, representation for the Weyl tensor is via the

trace-free complex 3 x 3 matrix, C which represents %(C“bcd + i*C"“’Cd>,

where *C_; = %n“bijCijcd is the dual tensor to C%_,.

Note that for the Weyl tensor
*Cabcd = O*abcda **Cabcd = *C*abcd = _Cabcd (03)

and that

) 1 ... 1
Cade*Oefgh = iﬁab” Cij «d §nequ0pqgh

= —69."9;"9," 9,7 Ci; ' CP g1
o CedeOabgh + Cprdebghgea
o CBPCdCbpghgfa + CepCdCapghgfb + Cpfcdcapghgeb

1 1
+ icqudeqghgebgfa - §szq6dcpqgh96a9fb - (C4)
We are using the property that an expression with two duals (or more

generally any even number of duals) can be written equivalently without
any duals. For instance it follows from (C.4) that

*Cabcd*crcdab —_ *CabchCdab ) (05)

The trace-free property of the complex matrix C incorporates the trace-free
property of the Weyl tensor as well as the first Bianchi identity since

. 1, .
Cyy = gnabwcz‘jbd = inabZ]C[ijb]d

Due to the Cayley-Hamilton Theorem for the matrix trace-free C (A.7),



coC3 4+ cC+c3I=0

there are only two complex trace invariants of this complex three-dimen-
sional trace-free matrix, I = [C?] and J = [C?], and so four real invariants
are obtained directly. (These two complex invariants also follow easily from
spinor considerations, as shown in Appendix A )

Clearly there must be simple direct relationships between I, J and C]2],
C[3], C[4],C[5] and C[6], and just writing out I,J in terms of the Weyl
tensor and its dual we get

1=[c* = i(cabcd +i* 0% ) (C%ap +i°C )
:% (O eaCotay +iC e Co) (C.6)
and
J=[c? = %(Cabcd F 0 ) (g + 07O p) (O gy + 170 o)

1 Sk Ya * YC * e
:§(Cabcd00defcefab - C bcd C def C fab) . (C.7)

We would now like to eliminate the duals in these expressions and we do
this by using (C.4). So, for the complex term in (C.6) we find,

(*CadeCcdab)2 :*Cabcdocdab*cefghcghef
= - 2C(abcdcmdefCmfghC’ghab - 4Cabcdcef6dcafghcbegh
= —20[4] — 40 4CC 1,1 Cpe™ . (C.8)
Since it is known that there are only four scalar invariants of the Weyl
tensor in four dimensions, the second term must be expressible in terms of
C12],C[3], C[4], C[5], C[6]. Note that since this term is quartic in the Weyl

tensor it must be a linear combination of (C[2])? and C[4]. To find this
linear combination

2
O AT o Cpe" = o C4] + 5(0[2}) (C.9)

(o and B constants) we can use dimensionally dependent identities or we
can start by making the ansatz (C.9), calculate! the expression for a few
metrics, and thereby determine v and .

Doing this we find

1 1 2
CeaCICanCoe”™ = 5 Cld] - Z(C[z]) (C.10)

!Here the computer tools are very useful, for example GRTensor II [18].
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and hence we get from (C.8) that

("Cap™Ceq™)’ = —4C[4] + (0[2])2 . (C.11)

Using similar methods as described above we can find an expression for
*C’abcd*CCdef*Cefab in (C.7) in terms of C[2],C[3], C[4], C[5], C[6]

(Car™ Ot Ces™)” = —6C[61+(C)) +oClI0H - (C2)) (C12)
and also
(*Cap P Ceq®*Ces™) (\C o7 Ci;9") = %20[5] —C2Icl3] . (C13)

From (C.11), (C.12) and (C.13) we now find

1
I=[c?] = 1 (C™ g 400 ) (Cap + 0 )

:% (ca”cdccdab + z'ca"cd*ccdab) = % <0[2] - Z\/ —4C4] + (C[Q]) 2)

and
=1 = (O OOy 47C7g) (OO )

1
_ CabchCde Cefab _ i*Cabcd*CCdE *Cefab
9 ! f

-3 (c{s} - ¢ ~6c(6) + (013])” + 2020l - j‘(cm)?’) - (C.15)

It follows directly that

1T= ) + 5 (cp)’ (C.16)
77 = =20+ 5 (0B)" + 2oplow - 2(c2)” . (©)

. 2
( (*Oade*Ccdef *Cefab) (*Cgh” Cijgh) )
= (*C’abCdcvcdab)2(*Cfabai*cvcd@l*Cfefab)2 (ClS)



we obtain the relationship between C[2], C[3], C[4], C[5] and C[6],

(1520[5] - 0[2]0[3]>

_ ( —6C6] + (0[3})2 + 20[2](1[4] - Z(C[Q])2> ( —acH] + (0[2])2> .
(C.19)

This confirms that C[2], C[3], C[4], C[5] and C]6] are not independent.

From the Cayley-Hamilton Theorem for a 6 x 6 trace-free matrix we have
an expression for det(C) in terms of [C?], [C?], [C%],[C?] and [CF]

Qet(C) = ¢ ([cﬂ et - (1) + ;([021)3> ,

which enables us to obtain an expression in terms of C[2], C[3], C[4], C[5]
and C[6]

det(C) —é <0[6] - 20[210[4] - %(0[3])2 + ;(0[2])3>

Hence we can confirm the relationship between det(C) and J,

det(C) = %Jj : (C.20)
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Appendix D

Computer tools

In this thesis we have carried out some long calculations, often with expres-
sions involving several hundreds of terms. To perform these calculations
two software packages have proven particularly useful, GRTensor II and
Tensign. In this appendix we give a short introduction to each of them and
how they have been used.

D.1 GRTensor II

On http://grtensor.phy.queensu.ca/ or http://grtensor.org/ , where also
GRTensor II can be downloaded free of charge, one can read:

“GRTensor II is a computer algebra package for performing calculations
in the general area of differential geometry. Its purpose is the calculation
of tensor components on curved spacetimes specified in terms of a metric
or set of basis vectors. The package contains a library of standard defini-
tions of a large number of commonly used curvature tensors, as well as the
Newman-Penrose formalism. The standard object libraries are easily ex-
pandable by a facility for defining new tensors. Calculations can be carried
out in spaces of arbitrary dimension, and in multiple spacetimes simultane-
ously. Though originally designed for use in the field of general relativity,
GRTensorll is useful in many other fields. GRTensor II is not a stand alone
package, but requires an algebraic engine. The program was originally de-
veloped for MapleV.GRTensorIl runs with all versions of Maple, Maple V
Release 3 to Maple 9.5. A limited version (GRTensorM) has been ported
to Mathematica.”

In this thesis we have mainly used GRTensor II to prove negative results
via explicit counterexamples.



D.2 Tensign

Tensign is a program developed by Anders Hoglund for handling and ma-
nipulating indices associated with tensor expressions. The program aids
the user in keeping track of all details in calculations, such as coeflicients,
symmetries, signs, trace properties etc., and is an invaluable tool for sim-
plifying, expanding and rewriting tensor expressions.

In Tensign one can define tensors with any kind of symmetries and of
arbitrary order. In addition, all other properties, e.g., relations to other
tensors or trace properties, are defined by rules which can be applied to
an expression or part of an expression. A defined rule can only be applied
to a specific type of tensor, making it impossible to make mistakes in the
calculations.

One of the strengths with Tensign is that the user has full control over
the calculation at all times, and all operations are, and have to be, made
“by hand” — the program is not “smart” in the sense that it does any
calculations, simplifications or other operations by itself.

In this thesis Tensign was used to derive the identities in Appendix B and
the conformal calculations in Chapter 4

To learn more about Tensign, its interface, etc, see either [23] or visit the
homepage http://www.lysator.liu.se/~andersh/tensign/ .
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