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Abstract – This paper presents a novel algorithm that uses CCA and
phase analysis to detect the disparity in stereo images. The algorithm
adapts filters in each local neighbourhood of the image in a way which
maximizes the correlation between the filtered images. The adapted filters
are then analysed to find the disparity. This is done by a simple phase
analysis of the scalar product of the filters. The algorithm can even han-
dle cases where the images have different scales. The algorithm can also
handle depth discontinuities and give multiple depth estimates for semi-
transparent images.

I. I NTRODUCTION

An important problem in most signal processing tasks is
to find the best basis to represent the signal. Many unsuper-
vised learning methods have been proposed to handle this prob-
lem. Hebbian learning methods like Oja’s rule [15] and self-
organizing feature maps [12] are related to the principal com-
ponents of the signal distribution and, hence, base their selec-
tion of basis vectors on signal variance.

However, when the problem involves an analysis of the re-
lations between two sets of data, the principal components of
either set are not relevant. In recent years, unsupervised learn-
ing algorithms based onmutual information[17] have received
an increasing interest. Examples of this approach are theinfo-
max principle[13] and theImax principle[3]. Mutual infor-
mation based learning has been used for blind separation and
blind deconvolution [5] and disparity estimations in random-
dot stereograms [3].

A set of linear basis functions, having a direct relation to
maximum mutual information, can be obtained bycanonical
correlation analysis(CCA) [9]. CCA finds two sets of basis
functions, one in each signal space, such that the correlation
matrix between the signals described in the new basis is a di-
agonal matrix. The basis vectors can be ordered such that the
first pair of vectorswx1 andwy1 maximizes the correlation be-
tween the projections(xTwx1 ; yTwy1) of the signalsx andy
onto the two vectors respectively. A subset of the vectors con-
taining theN first pairs defines a linear rank-N relation between
the sets that is optimal in a correlation sense. In other words, it
gives the linear combination of one set of variables that is the
best predictor and at the same time the linear combination of an
other set which is the most predictable. It has been shown that
finding the canonical correlations is equivalent to maximizing
the mutual information between the sets if the underlying dis-
tributions are elliptically symmetric [11].

An iterative algorithm for successively finding the canonical
correlations and the corresponding vectors has been presented
[7], [8]. It has been shown that CCA can be used to find image
feature detectors that describe a particular feature while being
invariant to other features [7], [8]. The features to be described
are learned by the algorithm by giving examples that are pre-

Fig. 1. Scaling effect when viewing a tilted plane.

sented in pairs in such a way that the desired feature, e.g. ori-
entation, is equal for each pair while other features, e.g. phase,
are presented in an unordered way. It has also been shown that
CCA can be used to find higher order (quadratic) combinations
of filter outputs from a local neighbourhood to get orientation
estimates that are less sensitive to noise than the standard vec-
tor averaging method [7].

An important problem in computer vision that is suitable to
handle with this technique is stereo vision, since data in this
case naturally appears in pairs. The problem of estimating dis-
parity between pairs of stereo images, is not a new problem
[2]. Earlier approaches often used matching of some feature in
the two images [14]. Later approaches have been more focused
on using the phase information given by for example Gabor
or quadrature filters [16], [19], [10], [18]. An advantage with
phase based methods is that phase is a continuous variable that
allows for sub-pixel accuracy.

A problem with phase based stereo algorithms is that phase
estimation works only within a relatively small frequency band.
To solve this problem, the disparity estimation can be made se-
quentially beginning on a coarse scale and gradually refining
the estimates on finer scales [18]. A problem that is not solved
by this approach is when the observed surface is tilted in depth
so that the depth varies along the horizontal axis. In this situ-
ation, the surface will be viewed at different scales by the two
cameras as illustrated in Fig. 1. This means that phase infor-
mation on one scale in the left image must be compared with
phase information on another scale in the right image. In most
stereo algorithms this problem cannot be handled in a simple
way.

Another problem that most stereo algorithms are faced with
occurs at vertical depth discontinuities (but see [4]). Around
the discontinuity there will be a region where the algorithm ei-
ther will not be able to make any estimate at all, or the estimate
will be some average between the two correct disparities which
indicates a slope rather than a step.
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This paper presents a stereo algorithm that solves these two
important problems by a combination of phase and canonical
correlation analysis. It can also give multiple estimates for
semi-transparent images. Examples of such images are X-ray
images. The algorithm can, in a simplified way, be described
as follows: Canonical correlation analysis is used to create
adaptive linear combinations of quadrature filters. These lin-
ear combinations are new quadrature filters that are adapted in
frequency response and spatial position in order to maximize
the correlation (i.e. linear agreement) between the filter out-
puts in the two images. The coefficients given by the canonical
correlation vectors are then used as weighting coefficients in
a pre-computed table that allows for an efficient phase-based
search for the disparity (or disparities).

The following section gives a brief review of the theory of
canonical correlation. In section III, the concept of quadrature
filters and phase is described. In section IV the stereo algorithm
is presented and, finally, in section V some experimental results
are shown.

II. CANONICAL CORRELATION ANALYSIS

Consider two random variables,x and y, from a multi-
normal distribution:�
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ables respectively. The correlation betweenx andy is given by
(2), see for example [1]:
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A complete description of the canonical correlations is given
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where: ρ; λx; λy > 0 andλxλy = 1. Equation (3) can be
rewritten as: 8<

:
C�1

xx Cxyŵy = ρλxŵx

C�1
yy Cyxŵx = ρλyŵy

(4)

Solving (4) givesN solutionsfρn; ŵxn; ŵyng; n= f1::Ng. N is
the minimum of the input dimensionality and the output dimen-
sionality. The linear combinations,xn = ŵT

xnx andyn = ŵT
yny,

are termedcanonical variatesand the correlations,ρn, between
these variates are termed thecanonical correlations[9]. An im-
portant aspect in this context is that the canonical correlations
are invariant to affine transformationsof x andy. Also note
that the canonical variates corresponding to the different roots
of (4) are uncorrelated, implying that:8<

:
wT

xnCxxwxm= 0

wT
ynCyywym= 0

if n 6= m (5)

It should be noted that (3) is a special case of thegeneralized
eigenproblem[7]:

Aw = λBw:

III. QUADRATURE AND PHASE

There are many compelling arguments for designing edge
and line detection filters as pairs with one even part (line de-
tector) and one odd part (edge detector). The even part can
roughly be thought of as a period of a cosine wave centred
around zero and the odd part as a period of a sine wave also cen-
tred around zero. A convenient way to handle such filter pairs
is to combine them into complex filters, where the real part is
the even filter and the imaginary part is the odd filter. The type
of line/edge event can then be represented as the phase of the
complex filter output: zero phase indicates that the filter is on
the middle of a bright line, 90Æ indicates the middle of an edge
and so on.

If the magnitude of the filter output is invariant with respect
to phase when applied to a pure sine wave pattern, the filter is
defined as aquadrature filter. The Fourier transform of such a
filter is zero in one half plane (for example negative frequen-
cies in the one-dimensional case) and have zero DC compo-
nent. This means that any linear combination of quadrature
filters in the same direction is also a quadrature filter since the
negative frequency response and DC component remain zero.

IV. T HE STEREO ALGORITHM

The algorithm consists of two parts; CCA and phase analy-
sis. Both analyses are performed for each disparity estimate.

A. Canonical correlation analysis part

The inputx andy to the CCA come from the left and right
images respectively. Each input is a vector with outputs from a
set of quadrature filters. In the implementation described here,
this set consists of two identical one-dimensional (horizontal)
quadrature filters with two pixels relative displacement. (Of
course other and larger sets of filters can be used including,
for example, filters with different bandwidths, different centre
frequencies, etc.)

The data is sampled from a neighbourhoodN around the
point for the disparity estimate. The choice of neighbourhood
size is a compromise between noise sensitivity and locality.
The covariance matrixC is calculated using the vectorsx andy
in N . The fact that quadrature filters have zero DC component
simplifies this calculation to an outer product sum:

C = ∑
N

�
xi

yi

��
xi

yi

�T

(6)

The first canonical correlationρ1 and the corresponding vec-
torswx andwy are then calculated by solving (4). In the case
where only two filters are used, this calculation becomes very
simple. If very large sets of filters are used, the covariance ma-
trix gets very big and an analytical calculation of the canonical
correlation becomes computationally very expensive. In such
a case, an iterativeO(n) algorithm, that avoids outer products
and matrix inverses, can be used [7], [8].

2 c1998 IEEE



The canonical correlation vectors define two new filters,fx =

∑N
i=1wxif i andfy = ∑N

i=1wyif i wheref i are the basis filters,N is
the number of filters in the filter set andwxi and wyi are the
components in the first pair of canonical correlation vectors.fx

andfy have maximum correlated output inN , given the set of
basis filtersf i .

B. Phase analysis part

The key idea behind this part is to search for the disparity
that corresponds to a real valued correlation between the two
new filters. This is based on the fact that canonical correlations
are real valued [7]. In other words, we want to find the disparity
δ such that the correlation coefficient function [6] between the
new filters’ output,qx andqy, is real valued, i.e.

Im
�
Corr

�
qx(ξ) ; qy(ξ+δ)

��
= 0 (7)

whereξ is the spatial (horizontal) coordinate.
A calculation of the correlation overN for all δ would be

very expensive. A much more efficient solution is to make the
simplified assumption that the signals can be modelled by the
covariance matrixCss. This assumption reduces the correlation
calculation to a scalar product between the filters coefficient
vectors weighted by the signal covariance matrix. The goal
then is to find the solution to

Im

"
f�xCssfy(δ)p

f�xCssfx f�yCssfy

#
= 0 (8)

where(�) denotes conjugate transpose andfy(δ) is a shifted
version offy.

A lot of the computations needed to solve (8) can be saved
since
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wheregi j (δ) = f�i Cssf j(δ) can be calculated in advance for dif-
ferent disparitiesδ and stored in a table. In the case of two basis
filters the table contains four rows. Hence, for a given disparity
a (complex) correlation can be computed as a normalized sum
of the four values from the table weighted with the coefficients
vi j given by the CCA.

The aim is now to find theδ’s for which this correlation is
real valued. This is done by finding the zero crossings of the
phase of the correlation. This can be done using a very coarse
quantization ofδ in the table since the phase is, in general,
rather linear near the zero crossing (as opposed to the imagi-
nary part which in general is not linear). Hence, first coarse es-
timates of the zero crossings are obtained. Then the derivatives
of the phases at the zero crossings are measured. Finally, the
errors in the coarse estimates are compensated for by using the
actual phase values and the phase derivatives at the estimated
positions:

δ = δc�
ϕ(δc)

∂ϕ=∂δ
(10)

−8 −6 −4 −2 0 2 4 6 8

−0.2

−0.1

0

0.1

0.2

Original filter

real part     
imaginary part

     
0

0.2

0.4

0.6

0.8

1

1.2

1.4
Spectrum of original filter

−π −π/2 0 π/2 π 

Fig. 2. The filter in the basis filter set. Solid lines show the real parts and
dashed lines show the imaginary parts.

whereδc is the coarse estimate of the zero crossing andϕ(δc)
is the phase at that position.

If more than one zero crossing is detected, the magnitudes
of the correlations can be used to select a solution. Since the
CCA searches for maximum correlation, the zero crossing with
maximum correlation is most likely to be the best estimate. If
two zero crossings have approximately equal magnitudes, both
disparity estimates can be considered to be correct within the
neighbourhood. This indicates a depth discontinuity.

If the images are differently scaled, the CCA tries to create
filters scaled correspondingly to fit the signals. In order to im-
prove the disparity estimates in these cases, the table can be
extended with scaled versions of the basis filters. The CCA
step is not affected by this and the phase analysis is performed
as described above on each scale. The correct scale is indicated
by having the maximum real valued correlation. The resolution
in scale can be very coarse. In our experiments, we have used
filters scaled between+=� one octave in steps of a quarter of
an octave, which seems to be quite a sufficient resolution.

V. EXPERIMENTAL RESULTS

In all experiments presented here a basis filter set have been
used consisting of two one-dimensional horizontally oriented
quadrature filters, both with a centre frequency ofπ=4 and a
bandwidth of two octaves. The filters have 15 coefficients in
the spatial domain and are shifted two pixels relative to each
other. The frequency function is a quadratic cosine on a log
scale:

F(u) = cos2 (k ln(u=u0)) (11)

wherek= π=(2ln(2)) andu0 = π=4. The filter is illustrated in
Fig. 2.
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Fig. 3. Disparity estimate for different depth discontinuities.
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Fig. 4. Top: line 20 from the disparity estimates in Fig. 3. The small dots in-
dicates the disparity estimates with the second strongest correlations. Bot-
tom: The corresponding correlations.

The first experiment illustrates the algorithm’s ability to han-
dle depth discontinuities. The test image is made of white noise
shifted so that the disparity varies between+=� d along the
horizontal axis andd varies as a ramp from�5 pixels to+5
pixels along the vertical axis in order to get discontinuities be-
tween+=� 10 pixels. A neighbourhoodN of 13� 7 pixels
was used for the CCA. Fig. 3 shows the estimated disparity for
this test image. Disparity estimates with a correlation less than
0.7 at the zero crossing have been removed. In Fig. 4 and Fig. 5,
two lines from the disparity estimate are shown. In Fig. 4, line
20 with a disparity of+=�2:5 pixels is shown and in Fig. 5¡,
line 38 with a disparity of 1 pixel is shown. The figures at the
top shows the most likely (large dots) and second most likely
(mall dots) disparity estimates along these lines. The bottom
figures show the corresponding correlations at the zero cross-
ings. Fig. 3, Fig. 4 and Fig. 5 shows that for small disconti-
nuities, the algorithm interpolates the estimates while for large
discontinuities, there are two overlapping estimates.

The second experiment shows that the algorithm can esti-
mate disparities between images that are differently scaled.
The test image here is white noise warped to form a ramp along
the horizontal axis. The warping is made so that the right im-

0 10 20 30 40 50 60 70 80 90
−5

0

5

δ

0 10 20 30 40 50 60 70 80 90
0

0.5

1

horizontal position

co
rr

el
at

io
n

Fig. 5. Top: line 38 from the disparity estimates in Fig. 3. The small dots in-
dicates the disparity estimates with the second strongest correlations. Bot-
tom: The corresponding correlations.

Fig. 6. Disparity estimate for a scale difference of one octave between the
images without scale analysis (top) and with scale analysis (bottom).

age is compressed 50% which means that there is a scale differ-
ence of one octave. For a human, this corresponds to looking
at a point on a surface with its normal rotated 67Æ from the ob-
server at a distance of 20 centimetres. Here, a neighbourhood
N of 3� 31 pixels was used. In Fig. 6 the results are shown
for the basic algorithm without the scaling parameter (top) and
the extended algorithm that search for the optimal scaling (bot-
tom). The lines at the back of the graphs show the mean value.

The filters used created by the CCA is illustrated in Fig. 7 in
the spatial domain and Fig. 8 in the frequency domain.

The third experiment illustrates the algorithm’s capability of
multiple disparity estimates on semi-transparent images. The
test images in this experiment were generated as a sum of two
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Fig. 7. The filter created by CCA in the spatial domain. Solid lines show the
real parts and dashed lines show the imaginary parts.

     
0

0.5

1
Spectrum of left filter

−π −π/2 0 π/2 π 

     
0

0.2

0.4

0.6

0.8
Spectrum of right filter

−π −π/2 0 π/2 π 

Fig. 8. The filter created by CCA in the frequency domain.

images with white uncorrelated noise. The images were tilted
in opposite directions around the horizontal axis. The disparity
range was+=� 5 pixels. Fig. 9 illustrates the test scene. A
neighbourhoodN of 31�3 pixels was used for the CCA. The
result is shown in Fig. 10. The result show that the disparities
of both the planes are approximately estimated. In the middle,
where the disparity difference is small, the result is an aver-
age between the two disparities in accordance with the results
illustrated in figure 5.

The final experiment, illustrates how the algorithm works on
a real stereo image pair. The stereo pair is two air photographs
of Pentagon (see Fig. 11). A neighbourhoodN of 7�7 pixels
was used in this experiment. The result is shown in Fig. 12.

Fig. 9. The test image scene for semi-transparent images.
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Fig. 10. The result for the semi-transparent images.

Fig. 12. Result for the pentagon images.

Note the discontinuities in the depth estimates at the walls.

VI. CONCLUSIONS AND DISCUSSION

We have presented a novel stereo algorithm with sub-pixel
accuracy that can handle depth discontinuities and different
scalings of the images. The algorithm combines canonical cor-
relation analysis and phase analysis. The algorithm can effi-
ciently handle scale differences of up to one octave between
the images. Scale differences occur when the image patch is
not perpendicular to the observer. So far we have only used
a basis filter set of two identical filters shifted two pixels. A
larger filter set can be used which can contain both filters with
different spatial positions and filters with other frequency func-
tions. Such a set would allow for a wider range of disparities
and scales to be analysed.

Another natural extension of the algorithm is to include also
vertical shifts. Such an extended algorithm could for example
be used for motion detection.
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