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Abstract. In this paper we present a novel numerical approximation
scheme for anisotropic diffusion which is at the same time a special case
of iterated adaptive filtering. By assuming a sufficiently smooth diffusion tensor field, we simplify the divergence term and obtain an evolution equation that is computed from a scalar product of diffusion tensor
and the Hessian. We propose further a set of filters to approximate the
Hessian on a minimized spatial support. On standard benchmarks, the
resulting method performs in average nearly as good as the best known
denoising methods from the literature, although it is significantly faster
and easier to implement. In a GPU implementation video real-time performance is achieved for moderate noise levels.
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Introduction

Image denoising using non-linear diffusion [1] is a commonly used technique.
The anisotropic extension of non-linear diffusion using the structure tensor [2]
often leads to better results, in particular close to lines and edges. The numerical
implementation of anisotropic diffusion is however less trivial as expected, as can
be seen by the variety of algorithms and publications on the topic [3–5]. This is
even more severe as we observed that the applied numerical scheme has larger
influence on the quality of results than the choice of the method, i.e., using a suboptimal numerical scheme for anisotropic diffusion results in worse peak-signal
to noise ratios (PSNR) than a closer to optimal scheme for non-linear diffusion.
Besides non-linear diffusion, many different approaches for image denoising
have been published, too many to be covered here. Some of the more popular
approaches use iterated adaptive filters [6], bilateral filtering [7, 8], mean-shift
filtering [9, 10], channel decomposition [11], or multi-band filtering [12]. Optimal
results usually require estimates of image priors [13, 14]. Some of the mentioned
methods were related and compared in [15, 16]. The purpose of this paper is to
introduce a novel, very simple numerical scheme for anisotropic diffusion, which
– is competitive to state of the art methods for image denoising
– relates anisotropic diffusion directly to iterated adaptive filtering
– is extremely simple to implement and real-time capable on GPU hardware.
?
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The paper is structured as follows. In Sect. 2, we introduce some tensor notation
and calculus and we give some background on anisotropic diffusion and adaptive
filtering. In Sect. 3, we derive the novel scheme from the anisotropic diffusion
equation and relate it to iterated adaptive filtering, we propose concrete discrete
filters for all relevant steps and discuss the choices of parameters. In Sect. 4, we
present a number of standard denoising experiments in order to compare our
approach with methods from the literature. Finally, we discuss the advantages
and drawbacks of the proposed method in the concluding Sect. 5.

2

Tensors, Diffusion, and Adaptive Filtering

In this section we introduce some notation, terms, and methods from the literature, which will be required in subsequent sections.
2.1

Notation and Tensor Calculus

Despite the fact that tensors are coordinate-system independent algebraic entities, we restrict ourselves to matrix representations of tensors in this paper. In
what follows, (real) vectors are denoted as bold letters and matrices as bold capital letters. The scalar product between two column vectors a and b is usually
denoted by the matrix product of the transpose of a and b: aT b. Tensors (of second order) will be often built by outer products of vectors, e.g., T = abT . Since
second order tensors form a vector space, a scalar product (Frobenius product)
is defined, which reads for two tensors A and B
XX
hA|Bi = trace(ABT ) =
aij bij .
(1)
i

j

In most cases we will consider symmetric tensors, i.e., aij = aji and for these
tensors the spectral theorem allows a decomposition into real eigenvalues:
A = OΛOT = O diag(λi ) OT
where O is an orthogonal matrix formed by the eigenvectors of A and Λ is the
diagonal matrix containing the corresponding (real) eigenvalues λi . Note that
arbitrary powers of A can be computed as
An = (OΛOT )n = OΛn OT = O diag(λni ) OT

and due to linearity

exp(k A) = O diag(exp(k λi )) OT .

(2)

In many cases we deal with vector-valued or tensor-valued functions in this
paper, even if written as vectors or tensors. The spatial variable, mostly denoted
as x, is often omitted. In this context, differential operators are based on the
partial derivatives with respect to the components of x and are denoted using
the nabla operator ∇, such that
!


X ∂ai
X ∂aij
∂b
∇T a = div(a) =
∇T A = div(A) =
.
∇b =
∂xi i
∂x
∂xi
i
i
i
j
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2.2

Anisotropic Diffusion

We will not go into much detail about the theory of anisotropic diffusion, the
reader is referred to, e.g., the work of Weickert [17]. The diffusion scheme is
defined as an evolution equation of an image b(x) over time t as:
∂b
= div(D(J)∇b)
(3)
∂t
where D(J) is the diffusion tensor which is computed by modifying the eigenvalues of the structure tensor J. The latter is computed by locally weighted
averaging the outer product of the image gradient [18, 19]:
Z
J(x) = w(y)∇b(x − y)∇T b(x − y) dy .
(4)
Note that the gradient operators in the equation above are normally regularized by some low-pass filter, e.g., using Gaussian derivatives. The local weight
function w is also mostly chosen as a Gaussian function.
When implementing anisotropic diffusion, an iterative algorithm that updates the input image successively has to be implemented. In each time-step,
the diffusion tensor and the image gradient have to be estimated. In the next
step, the divergence is approximated by another numerical approximation of a
derivative operator. Altogether, four numerical approximations of derivatives are
made: the time-derivative (mostly by an explicit scheme), the image gradient,
the image gradient used in the structure tensor (not necessarily the same) and
the divergence. There are however exceptions, where semi-analytic solutions are
implemented to reduce the number of numerical approximations [5].
2.3

Adaptive Filtering

Adaptive filtering is a more general and actually earlier published variant of
steerable filters [20], developed by Knuttson et al. [21, 22]. The main idea is to
compose a spatially variant filter kernel by linear combinations of shift invariant
kernels. The linear coefficients are locally estimated by an orientation-dependent
scheme. The final formulation of the method can be found in [6], Chapt. 10.
Adopting the notation above, the filter is composed as
X
hadapt = hLP +
hC(J)|Ñk ihHP,k
(5)
k

where hHP,k is an orientation selective high-pass filter with orientation n, Ñk
is the dual tensor for the orientation tensor nk nTk and C is the control tensor.
The high-pass filter with orientation n is defined in the Fourier domain by a
polar separable filter with radial component R(|u|) and an angular component
D(u/|u|) = (nTk u)2 /|u|2 . Consider for instance the case R(|u|) = |u|2 such that
HHP,k = (nTk u)2
(6)
p
p
with n1 = (1, 0)T , n2 = (0, 1)T , and n3 = ( 1/2, 1/2)T . The resulting frequency responses are HHP,1 = u21 , HHP,2 = u22 , and HHP,3 = u21 /2 + u1 u2 + u22 /2.
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The corresponding orientation tensors are given as






1 0
0 0
1/2 1/2
N1 =
N2 =
N3 =
0 0
0 1
1/2 1/2
The dual tensors can be computed via the isometric vector representation as






1 −1/2
0 −1/2
0 1
Ñ1 =
Ñ2 =
Ñ3 =
.
−1/2 0
−1/2 1
1 0
Finally, the rightmost term in (5) is proportional to the negative Hessian since
X
Ñk HHP,k = uuT .
k

The tensor controlled adaptive filter scheme is often applied in an iterated way
to achieve good denoising results [6], Chapt. 10. By selecting the high-pass filter
in the way we have done in the example above, but with a very small constant
multiplier 0 < γ << 1 and selecting the low-pass filter appropriately as
HLP = 1 − γR(|u|) = 1 − γ|u|2 ,

(7)

it is possible to show that, under some assumptions, the adaptive filtering implements a numerical scheme for anisotropic diffusion, see next section.

3

A Novel Numerical Approximation Scheme for
Anisotropic Diffusion

In the first part of this section, we establish an equivalence between iterated
adaptive filtering and a certain subset of numerical approximation schemes for
anisotropic diffusion. We further propose a concrete scheme, which is used for
the experiments further below and discuss the choices of parameters.
3.1

On the Relaton between Anisotropic Diffusion and Iterated
Adaptive Filtering

The relation between anisotropic diffusion and adaptive filtering is based on the
assumption that the divergence of the structure tensor vanishes. This can be
justified since the structure tensor is obtained from local averaging, thus it is
varying slowly. Hence, the approximation error that is made by neglecting the
divergence of the tensor is small. We reconsider the anisotropic diffusion equation
(3) and obtain with the product rule, the mentioned approximation, and (1)
∂b
= div(D(J)) ∇b + trace(D(J) (∇∇T b)) ≈ 0 + hD(J)|Hbi .
(8)
∂t
As it has been shown in the example in Sect. 2, the Hessian can be written
in terms of a set of dual tensors and corresponding filters, such that a single
iteration in the proposed anisotropic diffusion scheme
bt+1 = bt + γhD(J)|Hbi

(9)
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is equivalent to an adaptive filtering according to (5) with low-pass filter (7)
(note that the example made use of the negative Hessian) and control tensor
C = Id − D. The time-discrete evolution (9) is the first step to establish a
numerical scheme for anisotropic diffusion. The required spatial discretizations
are developed in the next section.
3.2

A Novel Numerical Scheme for Anisotropic Diffusion

In order to implement (9) on a discrete grid, three filter (sets) have to be designed: The Hessian, the derivatives in (4), and the averaging kernel in (4). The
latter is chosen to be a Gaussian function with variance σ 2 = 1 throughout
the paper. The exact value for the variance is not crucial, as the experimental
results do not differ for small variations. The derivatives used in the structure
tensor (4) are implemented using Scharr filters [23], in order to obtain small
filtermasks with good isotropy (note that on recent computer hardware it is
counterproductive to implement such small filters as separable filters):
1
∂b
1
∂b
≈
([3 10 3]T [−1 0 1]) ∗ b
≈
([−1 0 1]T [3 10 3]) ∗ b .
∂x1
32
∂x2
32
Small filtermasks for gradients are preferable to large linear regularizers, as it
has been shown in [24]. The previous two filter choices have comparably little
influence on the quality of results – which is different for the design of the
Hessian. Once again, the filtermask should be as little as possible. The smallest
possible second order derivative approximation can be computed with a 3 × 3
filter, which we will derive from one-sided finite differences. Starting with the
second derivative for the horizontal coordinate, the 1D Laplace filter is obtained
by combining a left-sided and a right-sided difference:
∂2
≈ [−1 1 0] ∗ [0 − 1 1] = [1 − 2 1] .
∂x21
However, it shows to be preferable with respect to isotropy to also consider the
corresponding 2D filter that averages in the vertical direction with a 2-box filter
(see also [5]):

 



−1 1 0
0 0 0
1 −2 1
∂2
1
1
−1 1 0 ∗ 0 −1 1 = 2 −4 2 .
≈
∂x21
4
4
0 0 0
1 −2 1
0 −1 1
The actually used filters are the

1 −2
∂2
1
6 −12
≈
∂x21
8
1 −2

average of both approximations:



1
1
6
1
2
∂
1
6
≈ −2 −12 −2
∂x22
8
1
1
6
1

(10)

The corresponding mixed derivatives are fortunately the same for both derivative
approximations and equal the one for the centered differences:
   T


−1
−1
1 0 −1
∂2
1   
1
0 ∗ 0
0 0 0 .
≈
=
(11)
∂x1 ∂x2
4
4
1
1
−1 0 1
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3.3

Useful Parameter Settings

Anisotropic diffusion has a fair amount of parameters. One of the most critical ones, the stopping time, is not considered in this paper. Same as in most
denoising experiments, we report the best PSNR during the evolution. Preliminary experiments with a stopping time depending on the estimated noise level
(see below), gave reasonable, but slightly worse results (about 0.3 dB). A second
parameter that we have not investigated further is the time step γ: We use in
all experiments γ = 0.05 (small γ limits the time-discretization error), but the
results do not change significantly under small variations of γ.
What we experienced as the most critical part of the algorithm in order to
obtain comparative results, is the diffusivitiy function D(J). It is known from
the literature that the diffusivity determines the relation between non-linear
diffusion and robust estimation [14, 25]. The width of the influence function in
robust estimation is much more important than the exact shape [25], such that
we decided to choose an algebraically simple diffusivity of exponential form:


1
(12)
D(J) = exp − J .
k
Due to (2), this corresponds to applying the corresponding exponential mapping
to the eigenvalues. Although it appears to be preferable to apply the exponential
mapping directly on the matrix instead of an eigenvalue manipulation, the latter
is faster since the eigenvalues can be extracted in closed form [5, 26]. In contrast
to some diffusion schemes that combine explicitly isotropic and anisotropic diffusion [27], this is not necessary in our approach. We also apply the same scheme
to edge-like images (e.g. the peppers image) and finger print images.
The most important parameter is the relative width k in (12). Based on our
set of test images, however with different added noise, we empirically selected
k = 8 · 10−6 (9 + σe )2

(13)

where σe is the estimated noise according to the method described in [28].

4

Experiments

This section consists of two parts: the experiment and the discussion of results.
4.1

Experimental Results

For the experiments, we used a popular set of images that has already been
used in earlier publications [12, 13, 29]1 . The evaluation criteria is the PSNR.
The still most successful method in terms of PSNR is published by Portilla et
al. [12], so that we compare our method with their implementation. We evaluate
1

Where the authors in [29] miss the fact that they are actually using a DCT as
mentioned in their reference [20].
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each image and noise level with ten different instances of noise. Our method is
entirely implemented in Matlab and took about 2.5 hours on a 1.66 GHz Intel
Core Duo. Portilla’s method is a combination of Matlab and C code and took
more than 12 hours on the same machine.
The resulting PSNRs for both methods are plotted in Fig. 1 for a selection of
images. Since the PSNR does not reflect what terms of artifacts are introduced,
we also show the resulting image in one case where both methods performed
equally well (see Fig. 2). Finally, we also show the standard deviation of the
PSNR for both methods as a function of the noise level.
4.2

Discussion of Results

As it can be seen from the PSNRs in Fig. 1, the proposed method works in
average nearly as good as the method of Portilla, in certain cases it is even
better. In nearly all cases it works better than other recently published results,
e.g., [13]. The remaining errors in the denoised result have however entirely
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Fig. 1. Experimental results for the proposed method and Portillas method for four
different images.
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different appearance. As shown in Fig. 2, the method by Portilla introduces
serious oscillation artifacts in contrast to the proposed method. The variance of
the PSNR results is neglectable in both cases.
The proposed method is significantly faster then Portilla’s method. Furthermore, it is extremely simple to implement and due to the low number of sequential steps in each iteration well suited for a GPU implementation. First
performance evaluations on the GPU (own framework within DirectX) allowed
us to run 50 iterations in video real-time on PAL image size (720 × 576). 50 iterations are sufficient for noise levels up to σ = 25 (see also Fig. 2), i.e., in most
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Fig. 2. Experimental results part two, row-wise from left to right: The peppers image
with heavy noise (σ = 25), the result from Portillas method, the result of the proposed
method, and the standard deviation of the PSNRs.
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practical relevant cases. The method can be made even faster by not updating
the diffusion tensor in every iteration, but only in every second or third.

5

Conclusion

We consider the proposed scheme for anisotropic diffusion to be on the same
level as state of the art image denoising methods concerning PSNR. Visually,
the results contain fewer artifacts and the scheme is real-time capable. Hence, we
believe that our scheme is a good choice in many practical denoising tasks. What
remains for future work is to analyze the asymptotic stability of the scheme, to
further improve isotropy, to evaluate other quantitative measures, and finally to
try to find upper bounds for the approximation error caused by neglecting the
divergence of the diffusion tensor.
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