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Abstract. Belief propagation methods are powerful tools for various
problems in computer vision. While most methods assume a discrete set
of labels for each node in the graphical model, there has recently been an
increased interest in using real-valued labels and continuous probability
density functions for such problems. We propose using channel representations (soft histograms) as a new way of moving from discrete to
real-valued labels. The soft histograms are related to continuous density
functions through the maximum entropy principle, and a complete soft
histogram-based belief propagation method is evaluated and compared
to hard discretization methods on simulated and real data.
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Introduction

Bayesian networks are a powerful modeling tool for many problems in artificial
vision and other areas. Two important special cases of Bayesian networks are
Hidden Markov Models (HMM) and Markov Random Fields (MRF). HMMs are
the underlying model for most tracking algorithms, and the Kalman filter is
derived from the special case of HMMs where the probabilities are all Gaussian.
Markov Random Fields have been successfully used for image restoration [1],
segmentation [11] and interpretation [2].
In the Kalman filtering case, there is an analytical solution available, which
makes it possible to use continuous state variables in a simple way, but for more
complicated graphical structures or non-Gaussian models, there is no such simple
solution. Most work on general Bayesian networks is performed in a discrete setting, where each node in the probabilistic structure can attain one out of several
discrete labels. However, in many application areas including image processing,
the underlying signals are continuous in nature, and the amount of discretization
introduced is rather arbitrary. Recently, there has been an increased interest in
representing real-valued labels and continuous density functions in belief propagation methods using e.g. ideas from particle filtering [8] or mixtures of Gaussians
[16].
This work examines another way of dealing with real-valued labels. The basic
idea is to replace hard discretizations with soft histograms, which use smooth,
overlapping basis functions instead of rectangular bins. When this type of representation is used to represent single values, it is referred to as a channel representation, and there is some biological motivation for such representations [15]
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Fig. 1. A continuous PDF measured using soft bins and reconstructed.

related to the concept of ensemble coding and population vectors [5], [4]. A similar type of representation is found in the visual cortex, where different neurons
are selective for e.g. different local orientations of visual stimuli, but where the
response patterns are overlapping, such that no single neuron responds uniquely
for one orientation. In [6], channel representations are used for machine learning,
and in [3] for denoising of image features. In [10], it was shown how to reconstruct
continuous probability density functions (PDFs) from channel vectors using the
maximum entropy method, which strengthens the theoretical basis for using
channel vectors as a representation of PDFs.
Using soft histograms, peaks in the PDF can be represented with an accuracy
higher than the bin spacing (known as hyperacuity in the perceptual sciences).
This is illustrated in Fig. 1, where a PDF is encoded into a soft histogram and
then reconstructed. Since the complexity of discrete message passing is quadratic
in the number of labels (or bins in the histogram), it would be of great benefit if
the state space resolution could be reduced without impairing the accuracy. As
an example, if the resolution can be reduced with a factor 4 in each dimension of
a 3D state space, the total number of bins required is reduced by a factor 43 = 64
and the complexity by a factor 642 = 4096. The main purpose of this paper is not
to present a ready-to-use algorithm, but rather to introduce important principles
and show the potential of using soft histograms for belief propagation.
The paper is organized as follows: First, a brief review of the belief propagation algorithm is given, mainly to introduce our notation. In Sect. 3 the maximum entropy principle is introduced and related to soft histograms. In Sect.
4, it is shown how to perform all operations on the soft histograms required
for the belief propagation algorithm. Finally, in Sect. 5 the method is evaluated
experimentally.

2

Belief Propagation

The most general formulation of belief propagation is excellently described in
[12]. Here, we briefly present a less general version of the algorithm, suitable for
the scope of this paper.
A Bayesian Decision Network (BDN) is a graph G where each node is a
random variable that is dependent of other nodes in the graph only through its
neighbors (the Markov property). Usually, the values of some nodes are known,

Fig. 2. A Bayesian network. The solid arrows illustrates one step in the belief propagation algorithm: two incoming messages are combined to give an outgoing message.
After the execution of the entire algorithm, messages between all connected pairs of
nodes have been evaluated, in both directions.

and the rest are to be found. Let N be the set of node connections, such that
(i, j) ∈ N if there is an edge between node i and j. Let N (i) denote the set
of neighbors to node i. If the maximal clique size is 2, e.g. if G is a tree, the
probability of a certain node labeling x can be factorized to
p(x) =

Y

ψi,j (xi , xj ) ,

(1)

(i,j)∈N

where ψi,j is a pairwise compatibility function of neighboring nodes i, j. These
compatibility functions can be defined either from some real probabilistic knowledge of the problem or in a heuristic manner.
The marginal posterior probability p(xi ) of a single label xi is obtained by
inserting the known labels into (1) and integrating out all other labels xj from
p(x). These marginals can be calculated efficiently when G is a tree through the
well-known belief propagation algorithm. Here, a message mi→j (xj ) represents
the belief from node i about the label of a neighboring node j, with consideration
also of all nodes behind node i. Each message is a probability distribution on
the set of labels, in our case a continuous probability density. Messages are
recursively evaluated as
Z
mj→k (xk ) = ψj,k (xj , xk )p̃(xj )dxj ,
(2)
where
p̃(xj ) =

Y

mi→j (xj )

(3)

i∈N (j)\{k}

is the aggregated incoming message to node j (see Fig. 2). Messages are propagated in all directions in the tree, starting at the leaves, and the marginal
posterior of a given node j is the product of all incoming messages from all
directions:
Y
p(xj ) =
mi→j (xj ) .
(4)
i∈N (j)

3

PDF Representations and Maximum Entropy

During the execution of the belief propagation algorithm, messages need to be
multiplied in (3) and transformed through ψ in (2). In the classical, discrete case,
messages are vectors which can be multiplied element-wise, and (2) gets replaced
by a matrix product. In the continuous case, things get more tricky. Since we
cannot represent arbitrary continuous functions, we must restrict ourselves to
some subset of continuous PDFs which is representable by a finite number of
parameters. In this section, the maximum entropy principle is used as a way
of relating a finite set of measurements to a continuous PDF. This knowledge
will then be used to understand what (2) and (3) become when using the soft
histogram representation.
3.1

Maximum Entropy Principle

Let {fn } be a set of arbitrary real-valued functions, and assume that we know
a PDF only through a finite number of measurements
Z
T
1X
fn (xt ) ≈ fn (x)p(x)dx = hfn , pi .
cn =
T t=1

(5)

We now want to reconstruct a continuous density function from these cn ’s. According to the maximum entropy method (MEM), we should choose the most
uniform distribution, i.e. the one with the highest entropy. The resulting continuous reconstruction from (5) is given by
max H(p)

subject to hfn , pi = cn , ∀n ,

where
H(p) = −

Z

p(x) ln p(x)dx

(6)

(7)

is the (differential) entropy of p(x). A well-known result [7] gives that the optimal
p(x) belongs to the exponential family
p(x) ∝ exp

X
n

!

λn fn (x)

,

(8)

where λn are some parameters to be determined. The vector λ = [λ1 , . . .] is
sometimes referred to as the natural or exponential parameters, the vector c =
[c1 , . . .] as a mean parameter vector, and the functions fn (x) as natural statistics
[18]. There is a one-to-one mapping between the vectors c and λ; these vectors
can be viewed as dual representations of the PDF. Note that two PDFs in the
same exponential family can be multiplied simply by summing their exponential
parameters, and that the product remains in the same family.

3.2

Gaussians

R
Assume that
we know about p(x) is the first two moments c1 = xp(x)dx
R all
and c2 = x2 p(x)dx. Using the maximum entropy principle, we get p(x) ∝
exp(λ1 x + λ2 x2 ), i.e. a Gaussian distribution. This famous result gives a theoretical motivation for approximating a PDF with a Gaussian when only the mean
and variance is known. In this case, it is possible to express the relationship
between c and λ analytically, and it is easy to verify that λ1 = c1 /(c2 − c21 )
and λ2 = −1/(2(c2 − c21 )). Two Gaussians represented with a mean and a variance can now be multiplied by computing the λ-coefficients, adding them and
switching back to c1 and c2 .
3.3

Hard Histograms

Assume that we have measured a hard histogram of p(x), i.e. our c vector consists
of1
Z
Z
ξn +w/2

cn =

1(|x − ξn | < w/2)p(x)dx =

p(x)dx,

∀n ,

(9)

ξn −w/2

where
Pξn are the bin centers. The MEM choice of p(x) is now of the form p(x) =
exp( i λi 1(|x − ξi | < w/2)), i.e. we have a piecewise constant expression in the
exponent, which makes the entire p(x) piecewise constant. But then
Z ξn +w/2
exp(λn )dx ,
(10)
cn =
ξn −w/2

so we must have λn = ln cn /w. In this case, p(x) can truly be treated as a
discrete distribution, and two PDFs can be added and multiplied just by adding
and multiplying the cn coefficients.
3.4

Soft Histograms

Now consider what happens if we create a histogram where the bins are no longer
rectangular. Let
Z
T
X
Bn (xt ) ≈ Bn (x)p(x)dx ,
(11)
cn =
t=1

where Bn (x) = B0 (x − ξn ) is some smooth, local function centered at ξn . This
produces a soft histogram (or a channel vector, where each cn is a channel
coefficient). In this work, the 2nd order B-spline kernel [17] will be used. This is
a continuous piecewise quadratic function with compact support, and the centers
ξn are located such that exactly three Bn -functions are non-zero for each x. From
a channel vector c, the MEM choice of p(x) is [10]
!
X
p(x) ∝ exp
λn B(x − ξn ) .
(12)
n

1

If P (x) is a logical proposition depending on x, 1(P (x)) is the function that is 1
when P (x) is true and 0 otherwise

Unfortunately, there is no simple closed-form solution for finding the vector λ
from a channel vector c. In [10], this transformation was done iteratively using
a Newton method, which converges in around 10 − 20 iterations. Furthermore,
in the hard histogram case, we could do additions and multiplications directly
on the histogram c, but for soft histograms, we need to explicitly compute and
sum the exponential parameters in order to multiply two PDFs.
Reconsider (12). Since B(x) is a piecewise quadratic function, so is the entire
exponent of (12). This means that p(x) is actually a piecewise Gaussian function.
This is an interesting and perhaps surprising observation. But since we know that
global quadratic measurements result in a Gaussian PDF, and that the B-splines
make local quadratic measurements of the PDF, it is natural that we end up with
a locally Gaussian-looking function. In contrast, the popular Gaussian Mixture
Models (GMMs) are not piecewise Gaussian, since the sum of two Gaussians is
not again a Gaussian.
The soft histogram technique described here is related to kernel density estimation (KDE), but in classical KDE there is never an attempt to reconstruct
a density which is consistent to some measurements. Instead, an over-smoothed
PDF is accepted as the final estimate.

4

The Integral Operator

As a step in the belief propagation algorithm, we need to propagate the aggregated messages at a current node through ψ to obtain the new outgoing message:
Z
m(xout ) = ψ(xin , xout )p̃in (xin )dxin .
(13)
This is essentially (2), but with some indices dropped to simplify the notation.
In general the resulting m(xout ) is not in exponential family of p̃in (xin ). In order
to stay within this family, we let the output message be m̃(xout ) such that
hm, Bi i = hm̃, Bi i, ∀i, i.e. m and m̃ have the same soft histogram. This choice
of m̃ minimizes the KL-divergence D(m||m̃) subject to m̃ being in the desired
exponential family [14].
In order to avoid double subscripts, we let vector indexing be denoted by
[·]. Each coefficient cout [n] of the soft histogram cout representing the outgoing
message m̃(xout ) is then

Z
Z
cout [n] =hBn , mi = Bn (xout )
ψ(xin , xout )p̃in (xin )dxin dxout = (14)

Z Z
(15)
=
Bn (xout )ψ(xin , xout )dxout p̃in (xin )dxin .
By defining
qn (xin ) =

Z

Bn (xout )ψ(xin , xout )dxout ,

(16)

we get the simple relationship
cout [n] = hqn , p̃in i .

(17)

We see that it is enough to consider a finite number of functions qn that measure
the contribution to each output channel from the input density. In order to
represent ψ efficiently, we can restrict ourselves to functions qn (xin ) that can be
expressed using a finite number of parameters. The goal is to find the equivalent
of the matrix representing ψ(xin , xout ) in the discrete case. The following two
choices fit well with the soft histogram representation:
4.1

Linear q representation

By letting
qn (xin ) =

X

an,ν Bν (xin ) ,

(18)

ν

(17) becomes
cout [n] =

X

an,ν hBν , p̃in i =

ν

X

an,ν cin [ν] ,

(19)

ν

and the entire operation can be expressed as a linear operation directly on the
channel vectors, i.e. we have
cout = Acin
(20)
This is analoguous to the hard histogram case, and is intuitively appealing since
the operation remains a linear mapping. An optimal A could be found by creating training samples of input vectors cin and cout and using the least squares
technique described in [9].
4.2

Exponential q representation

The second approach is to consider functions qn (xout ) that can be expressed in
the same exponential form as p̃in , i.e.:
!
X
qn (xin ) = exp
an,ν Bν (xin ) .
(21)
ν

Now, the scalar product (17) can be computed by adding the exponential parameters of p̃in and qn and integrating the corresponding continuous PDF, e.g. using
some erf lookup-table operation. Each such integral operation gives one element
of the output channel vector, and by repeating the process for each qn , we get
the entire soft histogram of m(xout ). The coefficients an,ν can be organized in a
matrix A which summarizes the entire ψ.
In a preprocessing step, the functions qn can be computed from ψ according
to (16). The exponential parameter of each qn can then be computed by finding
the soft histogram of each qn and do the “c to λ conversion”, i.e. projecting qn
into our exponential family.
In Fig. 3 an example is shown where a PDF is transformed through a smoothing kernel using this method. Note the accuracy compared to the channel centers.

Before
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Channel Centers

Fig. 3. An example of a PDF represented as a soft histogram transformed through a
smoothing integration kernel

4.3

Closedness of the integral operator

For a general linear mapping A operating on a channel vector c, there is no
guarantee that the output cout = Ac is a valid channel vector, i.e. a vector
containing the mean parameters of some PDF. One example of an invalid vector
is [0, 0, 1, 0, 0]. Since the channels are overlapping, even the most peaked PDF
would produce non-zero entries in several bins. For the exponential representation above, there is also no theoretical guarantee of closedness, eventhough this
has not been a problem in practise so far. Finding compact, expressive representations of ψ(xin , xout ) free of this problem definitely requires more attention.

5
5.1

Experiments
Hidden Markov Model

As a first experiment, a simple Hidden Markov Model was considered. A sequence
of hidden states {xt } following a Brownian motion was constructed, from which
a sequence of observations {yt } was obtained. Formally, we have
xt =xt−1 + vt
yt =g(xt )

(22)
(23)

where vt is an independent Gaussian noise term. The observation function g gives
a random-length vector of measurements, where each element yt [i] is distributed
according to


p(yt [i]) = k1 + k2 exp −(yt [i] − xt )2 /σ 2 ,
(24)

i.e. each measurement is either a normally distributed inlier or an outlier. The
goal is to find the MSE estimate of the hidden state sequence by first finding the
marginal distribution of the hidden state at each time step. The MSE estimate is
the expectation of each xt from these marginals. The marginals are found using
belief propagation in a forward and a backward step.
To have an “ideal” method to compare with, the state space was quantized
to a fine grid of 200 levels, such that the standard discrete belief propagation
algorithm on this fine grid gives the optimal solution. This is referred to as the

Fig. 4. Example of a true process together with the observations

“high resolution” method in the experiments. In addition to this, the state space
was further quantized down to just 10 bins, using both hard and soft histograms.
The true state sequence and observations of a typical run is shown in Fig. 4.
The RMS errors for different number of bins for the hard and soft histogram are
shown in Fig. 5 using both the linear and exponential representation of ψ. The
result was averaged over 10 runs for each bin configuration. Since the exponential
representation produced the best results, this method was selected for a more
detailed examination.
Figure 6 shows the posterior densities and the resulting MSE state sequence
estimates of the same example. We clearly see the quantization caused by the
hard bins. On the contrary, the soft histogram method is faithful to the measurements and gives nearly the same result as the high resolution method.
Figure 7 shows the posterior at two distinct time steps as 1D plots, to further
visualize the representative power of soft histograms. In the left plot, the highresolution marginal is a peak much more narrow than the bin spacing, which is
represented well in the soft histogram. This plot is taken from a time t when
the trajectory passes exactly through a measurement. In the right plot, there is
more uncertainty about the exact position of the trajectory, visible as a small tail
extending at the right side of the peak of the high-resolution posterior. The soft
histogram is not able to represent this, and gives a more blurred PDF. However,
the peak is still quite accurate compared to the hard histogram.
5.2

Boundary Detection

As a more realistic demonstration, the method was applied to boundary detection in ultrasonic imagery. The image is of a blood vessel, and the objective is
to locate the boundary between two different types of tissue. In [13], this problem was solved using dynamic programming, which can be viewed as a special
case of the Viterbi algorithm for MAP estimation in a hidden markov model.
Each column of the image is viewed as an observation, and the position of the
boundary is the sought hidden variable.
In absence of a true statistical model, and in order to keep things simple,
a heuristic model was constructed from the sobel filter response, such that the
probability of boundary position yx at column x given the observed image column
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Fig. 5. The RMS error for different number of bins, averaged over 10 runs
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Fig. 6. Left: The posterior marginal densities produced from the three methods. Right:
Estimated state trajectories for the three compared methods, zoomed for better visibility.

obsx is
p(yx |obsx ) = k1 exp [−k2 Iy (x, yx )] ,

(25)

where Iy is the vertical component of the image gradient. Two adjacent boundary
positions are related by


ψ(yx , yx+1 ) = k3 exp −k4 (yx − yx+1 )2
(26)

The constants ki were selected manually for good results.
The space of boundary positions was quantized to 16 levels, and the marginals
were calculated using both hard discretization and using soft histograms with the
exponential representation of ψ. Each marginal was then maximized to produce
a boundary position for each image column. The qualitative results are shown in
Fig. 8. The bin centers are displayed to the left. The superior resolution produced
by the soft histograms can clearly be seen, eventhough the result is not perfect.
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Fig. 7. Zoomed 1D plot of the marginals at two distinct time steps

Fig. 8. Detection results in an ultrasonic image using both hard quantization and soft
histograms
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Conclusions

Using soft histograms instead of hard discretizations is intuitively appealing.
The maximum entropy principle provides a natural framework in which to link
the histograms to continuous density functions. Within this framework, hard
discretizations, Gaussian representations and soft histograms are just three different instances of the same underlying principle. The equivalents of multiplying
two PDFs and transforming a PDF through an integration kernel have been
examined, which are the two key operations of belief propagation methods. Furthermore, the neurological basis of the channel representation makes this combination a plausible candidate for how information is represented, transported
and integrated in the human visual system.
There is however still some open questions regarding the representation of
the integral operator, as discussed in Sect. 4, and the computational complexity

of the conversion between c and λ is prohibitive. In the current implementation,
the conversion is performed using an iterative method, where each step involves
calculating integrals over Gaussians. For low state-space dimensionalities, this
can be done using lookup-table techniques, but for higher dimensionalities, there
is currently no satisfying solution. For some applications, like grayscale image
reconstruction and stereo, one-dimensional state spaces are sufficient. However,
it is the belief of the authors that it is possible to find some approximation that
enables this technique also for higher dimensionalities. Finding good approximations is a subject for future research.
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