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Abstract. This paper presents a proposal (not entirely new) 
for combining analytical and algebraic reconstruction 
techniques. Such a combination bears the promise to improve 
the image quality of fast but non-exact, reconstruction of the 
filtered backprojection type. The difference between the 
present proposal and traditional ART is that we compute a 
full error image with FBP, applied to projection differences, 
to update the solution in each iteration step. The main road-
block seems to be the same that has been an obstacle for 
many ART-algorithms in CT applications, namely that the 
forward projections are subjected to ailiasing, which tend to 
override the intended benefits of the updating loop. We 
present an analysis of this problem and indicate some 
possible solutions.  
 
The iteration loop 
 
Iterative methods such as Algebraic Reconstruction 
Techniques (ART), in combination with analytical 
Fourier methods, such as Filtered Backprojection 
(FBP), have been considered in the past by several 
workers in the field. It comes rather naturally to 
suggest ART as a post-processing step that could 
possibly improve a reconstruction result, primarily 
obtained by FBP, or equivalently, to propose an initial 
FBP reconstruction step to give the ART process a 
head start. Surprisingly few articles on this matter can 
be found in the CT- literature, however. In this paper 
we like to propose the reconstruction scheme shown in 

Fig. 1. This is not very different from the ILIN180-
method, investigated by Nuyts et al in [1]. Similarities 
and differences will be discussed shortly.  
 
Definitions and notations for our proposal are inserted 
at various places in Fig.1, which should be interpreted 
as follows.  is the original volume and ),,( zyxf

),,( stp θ  are the measured projections. Assume that 
the latter are utilized in a non-exact reconstruction 
attempt, e.g. for space-invariant one-dimensional 
filtering in 3D-reconstruction from helical cone-beam 
projections. In any case, such filtering followed by 
backprojection produces the volume . The iterative 
part of the algorithm then produces forward projected 
data

1f

), st,(pi θ , using the same geometry as was 
employed for the measured data ),,( stp θ . The 
projection differences ),,( stpi θ∆ are utilized for FBP-
reconstruction, and the resulting volume ( 1)f∆  is 
accumulated to  yielding . Note that the iterative 
loop is not the conventional Kaczmarz method [4] but 
a full FBP-reconstruction. Also, no updating of  
takes place until all projections have been generated 
from its present result, a principle, which is sometimes 
called simultaneous ART. 
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Fig. 1.  Proposal for iterative filtered back-projection. 
 

 
Ideally, in an exact reconstruction situation the filtered 
back-projection delivers the wanted object function up 
to a precision that is determined by the detector 
resolution and number of projections. In operator 
notation we write the exact reconstruction 
as ),(),( yxfyxf =PHB . In case the reconstruction is 

non-exact we have B  so that we do not obtain 
exactly  but, say,   
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where fδ  is the artifact portion of the FBP-
reconstructed image. In the following iterations we get  
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Here,  should be spelled artifacts of the artifacts, 
i.e. the artifacts produced by the non-exact 
reconstruction given the artifact image 

f2δ

fδ  as input. 
The artifact component changes sign for each iteration, 
and in practice it might be wise to employ only a 
fraction α  of the full values in the volume .   if )(∆
 
Let us interpret (1) as the linear system (3). Here,  is 
an -dimensional vector and the linear operator 

f
N
PHB is the sum of one identity and one error matrix 

of size  as in (4), NxN
 
 fff δ+= IPHB , (3) 
 δ+= IPHB . (4) 
 
Intuitively, it seems that the iteration (2) should 
converge under very liberal and often fulfilled 
conditions. The convergence rate should be 
exponential in nature, but will certainly depend 
strongly on the degree of correctness in the filterH , 
which is just to say that the convergence must be 
proportional to the exactness of the inversion 
process PHB . The iteration (2) belongs to the class of 
generalized Landweber iterations, the convergence rate 
of which is discussed at considerable length by Pan et 
al. in [2]. Another treatment of this convergence 
problem is found in Press et al. [3]. However, at the 
present stage we do not have experiments to compare 
with either of these theoretical results.  
 
Nuyts et al. [1] investigated an algorithm called 
LIN180, using the updating loop in Fig.1 with the 
purpose to improve the quality of single detector-row 
helical CT-reconstruction algorithms. Therefore, the 
first reconstruction step in LIN180 employs rebinning 
of measured projection data, from the original 
projection ray geometry, where the source path and its 
fan beam rays are “skewing” themselves through a 
cross-sectional slice, to a parallel set of projection rays 
all of which are parallel and in-slice over 180 degrees. 
The negative effect of this rebinning step seems to 
overshadow the potential improvements. While the 

investigation [1] attempted to use ART updating to 
compensate for a mismatch in projection geometry, we 
are instead aiming to compensate a mathematically 
non-exact analytical reconstruction, typically embodied 
in an oversimplified filtering step. To underline our 
assumptions, the recursion expression in the bottom 
line of (2) is clearly dependent on the identity P Pin ≡  
in the top line. Hence, the possibility to identify [2] 
with the Landweber iteration would be severely 
tarnished byP Pin ≠ . 
 
Aliasing in forward projections of sampled 
images 
 
As can be understood from the previous discussion, we 
will always make sure that the basic ray geometry of 
measured projection data and the ones used for 
subsequent projections and backprojections will be 
identical. Even so, can we be certain, that in Fig.1 and 
the iteration (2), the projections ),,( stp θ from the 
object volume have been obtained with an operator that 
is mathematically identical to the following ones 
generated from the sampled reconstructions? Fig.2, top 
row, middle, shows the image , which is a sub-
sampled and smoothed version of the mathematically 
defined Shepp-Logan phantom. Second row shows the 
result of a standard filtered back-projection 
reconstruction applied to projection data generated 
from

(xf s , )y

( )yxf s , . The image quality for this image is 
appallingly low, much lower than what is obtained 
with the same reconstruction applied to projections 
from the original non-sampled phantom. We may 
rightfully suspect that the technique to compute 
forward projections from the available samples was 
inadequate. The culprit is a form of ailiasing that we 
will discuss in qualitative terms with the help of Fig. 3 
and 4. Observations of this kind are not overly 
common. However, Matej and Lewitt motivate their 
choice of blobs with similar reasoning in [5].  
 
The projections to be used in the second row of Fig.2 
are computed from the sampled image ( )yxf s ,  in a 
common pixel-driven fashion. Each pixel value is 
transported from the pixel center along a ray to the 
detector axis, and distributed to the nearest two 
detector positions with the window (interpolation) 
function )/()( ∆Λ= ttw . This is  
 i) to assume a continuous function 

, where a is 
rotationally symmetric and the inverse Radon 
transform of the triangle function  and then   

),(),(),(
~

yxfyxayxf s∗= ),( yx

)/( ∆Λ t
~

ii) to compute the Radon transform of ),( yxf  
sampled at intervals of ∆  along the detector axis  
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Figure 2. Reconstructions of the sampled Shepp-Logan phantom. 
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 Figure 3. The Fourier domain  of the sampled image  ),( vuFs

),( yxfs  overlayed with three radial lines on which we find the 
contributions from three different projections.   

Figure 4. The sinc2-func
components along the t
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tion and the repeated DC-
ree radial lines in Figure 3. 
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Due to the Fourier slice theorem, we should be able 
to retrieve the Fourier transforms ( )θτ ,P

Fs

 of these 
projections in the 2D-Fourier transform  of 
the image  in Fig.3. But since the 
projections have been convolved with the same 
triangle function for all angles in the above step ii), 
the corresponding Fourier components have been 
modulated with the same sinc-function 

 for all angles in Fig.4. The 
period of this function (see the two circles in Fig.3) 
matches the double Nyquist limits of the Fourier 
transform in the x- and y-directions, which 
means that aliasing from the DC-component and 
the lower frequencies in these projections are much 
subdued. But this is not so for other directions. The 
strongest aliasing appears in the 45 degree 
direction, where the first repeated instance of 

, including its large DC-component, is 

intercepted by

),( vu
( yxf s ,

)(2 ∆τ

),( vu

)

sinc)( ∆=τW

Fs

),( vuF

( )4, πtP  close to the maximum of the 

second lobe of the sinc2-function. The effect is 
directly visible in Fig. 2, second row, left, as a 
checkered band in the zoomed difference sinogram.  
 
We have investigated two alternative methods to 
combat the above aliasing phenomena. The first 
one is to interpolate with a triangle function of 
width θcos∆  which is to employ the method due 
to Joseph [7]. The second is to use a more 
sophisticated interpolation function with very small 
contributions outside the main lobe. The 
generalized Kaiser-Bessel function was proposed 
by Lewitt [6] for latter purpose. Here, we will use 
what we call the four-point sincot-function [8], 

which suppresses the side lobes outside 
scw
1−∆ very 

good. With 605.0=α  in the following formula the 
largest side-lobe in the power spectrum peaks at 
less than -65 dB. 
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To suppress aliasing from the part of the main lobe 
that lies outside the Nyquist falls limit, we also 
have to decrease the sampling density along the 
detector axis to ∆=∆ 3

2
t

/(

. The results of these two 
attempts are shown in the two bottom rows of 
Fig.2. Note that in both cases, the back-projection 
in the reconstruction is still done with the linear 
interpolation kernel )∆Λ t . Although the linear 
interpolation à la Joseph in the third row produces 
much better image quality than the result in the 
second row, it is still inferior to the result in the 
fourth row, where the computation cost is 

approximately twice as high. We expect that 
forward projections of this type will be necessary to 
include in the combination of FBP and ART 
proposed in the first part of this abstract. 
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