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Abstract—A new projection operator is presented and eval-
uated. This operator has been designed to suppress aliasing
artifacts due to (i) false high frequencies contained in the
footprint function, and (ii) high frequencies caused by a divergent
beam geometry. It is easy to implement and allows for efficient
computer implementations.

Instead of sampling the footprint as done in most projection
operators, the footprint is integrated. This integration suppresses
false high frequencies, frequency components that cause aliasing
and approximately takes into account the finite size of focus and
detector.

Two-dimensional parallel beam experiments are presented.
These experiments confirm that artifacts due to false high fre-
quencies can be suppressed by the proposed technique. In order
to investigate the advantages for divergent beam geometries,
current experiments must be complemented with cone-beam
experiments.

I. INTRODUCTION

The projection operator, calculating projection data from a
discretized image, is an important part of every iterative recon-
struction method. It defines (i) how the continuous function to
be estimated is represented by a finite set of parameters, and
(ii) how projection data are calculated from this continuous
function.

Much effort has been put into finding representations suit-
able for image reconstruction, i.e. point (i) above. Important
examples of such representations include the square basis
function [16], the Joseph projection operator [5], generalized
Kaiser-Bessel basis functions [8], [9], and the tri-linear basis
function [7].

Less attention has been paid to point (ii) above, i.e. calcu-
lation of projection data from the interpolated function. The
most common way to do this is to calculate pure line integrals
or collections of line integrals. Mueller et al. [11] pointed out
that this may induce aliasing artifacts in the case of divergent
rays. As a remedy, low-pass filtering controlled by the distance
to the focal spot was suggested. Ziegler [17] later showed
that these artifacts also can be suppressed by calculating
strip integrals [4], [15] instead of line integrals. Although
formulated differently, a similar solution was proposed by De
Man and Basu [10].

In this paper we propose a new projection operator based on
the Joseph projection operator [5], the distance driven operator
by De Man and Basu [10], and the technique for calculation
of strip integrals suggested by Hanson and Wecksung [4]. This
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operator is potentially faster than the blob-based operator by
Ziegler et al. [17], and produces a smaller amount of artifacts
than the operator by De Man and Basu [10].

The new projection operator is mainly motivated by the
divergence in the cone-beam geometry. However, as a first
step we present theory and experiments for a parallel two-
dimensional geometry.

II. METHOD

A. Basis and irradiation functions

A finite set of parameters {f1, ..., fN} is usually connected
to a continuous function by means of a basis function b : R2 →
R, and a predefined set of spatial coordinates {r1, ..., rN}, so
that the continuous function fc : R2 → R can be calculated
as

fc(r) =
N∑
j=1

fib(r− rj). (1)

Given this continuous function fc(r), the contribution to a
certain detector element pi can be calculated by

pi =
∫

R2
wi(r)fc(r)dr (2)

where the function wi(r), which we call irradiation function,
determines how much various areas in R2 contribute to this
particular detector element. Two types of irradiation functions
will be considered here, namely Dirac lines corresponding
to line integrals and strip functions corresponding to strip
integrals.

Insertion of (1) into (2) yields

pi =
∫

R2
wi(r)

N∑
j=1

fjb(r− rj)dr

=
N∑
j=1

fj

∫
R2
wi(r)b(r− rj)dr︸ ︷︷ ︸

=:pij

. (3)

If wi(r) is a Dirac line, the expression for pij becomes a
line integral taken through the basis function. This observation
takes us to the important notion of footprints. Let θ be the
projection angle and let t denote a parallel displacement. Then,
the direction of the rays is given by

s(θ) =
(

cos(θ)
sin(θ)

)
∈ S1 ⊂ R2. (4)



and the displacement is given by

t(θ, t) = t

(
− sin(θ)
− cos(θ)

)
∈ (S1)

⊥ ⊂ R2 (5)

Having introduced these entities, we may define the footprint
g(θ, t) as

g(θ, t) =
∫

R
b(t(θ, t) + ls(θ))dl. (6)

According to the Fourier slice theorem, the Fourier transform
of g(θ, t) with respect to t equals the two-dimensional Fourier
transform of b(r) in the direction perpendicular to s. Thus, the
footprint can be used to study Fourier domain properties of a
basis function. For rotationally symmetric basis functions, a
look-up table of the footprint can be pre-calculated for fast
implementations [12].

Hanson and Wecksung [4] showed how the footprint can be
used for calculation of strip integrals. By storing the integral

I(θ, t) =
∫ t

−∞
g(θ, t̃)dt̃, (7)

a particular strip integral coefficient pij can be calculated as
the difference

pij =
∫ t2

t1

g(θ, t)dt = I(θ, t2)− I(θ, t1). (8)

B. The Joseph projection operator

Using the notation introduced in the previous section, the
projection operator proposed by Joseph [5] can be defined by
its footprint

gJ(θ, t) =


1

| cos θ|Λ
(

t
∆x| cos θ|

)
| cos θ| ≥ | sin θ|

1
| sin θ|Λ

(
t

∆x| sin θ|

)
| cos θ| < | sin θ|

(9)

where ∆x is the sampling distance for the voxel grid, and
Λ(t) = max(0, 1 − |t|). Unfortunately, this footprint violates
the Helgason-Ludwig consistency condition [13]. Thus, no
basis function corresponding to this footprint exists. Therefore,
in the following we will speak of sampling and integration
of footprints rather than line and strip integration of basis
functions respectively.

The Fourier transform of gJ with respect to the second
argument is given by

GJ(θ, ρ) =
{

∆x sinc2(∆x| cos θ|ρ) | cos θ| ≥ | sin θ|
∆x sinc2(∆x| sin θ|ρ) | cos θ| < | sin θ|

(10)
Obviously, this function equals zero for

ρ = k∆−1
x , θ = 0◦ + l · 90◦, (11)

and for
ρ =
√

2k∆−1
x , θ = 45◦ + l · 90◦, (12)

where k ∈ Z+\{0}, l ∈ Z. Danielsson and Magnusson [2]
used this fact to show that practically no DC-aliasing is
generated by the Joseph operator. Equivalently, the Joseph
projection operator acting on a constant image will produce
constant projection data.

For the Joseph operator, the contribution from a pixel to
a projection data element is given by sampling the footprint
function. In the case of an existing basis function, this would
correspond to using Dirac lines as irradiation functions. One
problem that arise here is that the triangular footprint function
gives rise to a certain amount of false high frequencies that
result in aliasing distortion in the sampling step. The results
presented in Section III suggest that artifacts due to these false
high frequencies can be suppressed by integrating the footprint
instead of sampling it.

C. The distance driven projection operator

The distance driven projection operator by De Man and
Basu [10] is here presented using notation of footprints in-
troduced in described in Section II-A. We refer to the origi-
nal publication for a more direct presentation. The footprint
gDMB(θ, t) of this operator is given by

gDMB(θ, t) =

{
1

| cos θ|Π(t) | cos θ| ≥ | sin θ|
1

| sin θ|Π(t) | cos θ| < | sin θ| (13)

where Π(t) denotes a rectangular function of unity width. For
the same reason as for the Joseph operator, constant images
are projected onto constant projections. However, this footprint
function suffer from even more false high frequencies than the
Joseph footprint function.

In order to take into account the distance ∆t between the
rays, the footprint is integrated over a strip of width ∆t.
This works as a ray distance adapted anti-aliasing filter that
removes false high frequencies and high frequencies caused
by a divergent geometry.

An important property of both the Joseph and the distance
driven projection operator is that it can be implemented as
a series of row- and column-wise resampling operations on
the image. This makes it possible to access data in a highly
sequential way, which is important for efficient computer
implementations.

D. The new projection operator

In the new projection operator, the footprint gJ(θ, t) of the
Joseph operator is combined with with the footprint integration
from the distance driven operator. This modification brings
two advantages. First, aliasing distortion due to false high
frequencies in the footprint is reduced. Second, in the fan-
and cone-beam geometries, the amplitude of frequencies that
are too high for the local ray density is reduced. Thus, aliasing
due to divergent rays is suppressed.

Thanks to the integration technique (8), this projection op-
erator is well suited for an efficient computer implementation.
As a first step in the implementation, the image is divided into
layers that are maximally orthogonal to the ray direction as
shown in Fig. 1. Because of the stretching of the Joseph foot-
print (see Eq. (9)), its projection onto these layers will always
be a triangle of width 2∆x. Below follows a brief algorithmic
description of our implementation.
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Fig. 1: Illustration of how the image is divided into layers maximally
orthogonal to the ray direction. Here, maximally orthogonal
means that the angle between the rays and the layers shall
not be less than 45◦. The projection of the Joseph footprint
onto these layers is always a triangle of length 2∆x.

Projected and integrated footprint IP(θ,t-xj)

xjt1 t2

Fig. 2: The contribution from the jth pixel to the indicated ray is
given by IP (θ, t2 − xj)− IP (θ, t1 − xj).

1: Calculate integrated footprint table
2: for all projection angles θ do
3: Divide image into pixel layers maximally orthogonal to

the ray direction (see Fig. 1).
4: for all pixel layers do
5: for all intersecting rays do
6: Determine the integration interval
7: Determine which pixels that contribute to this ray.
8: for all contributing pixels do
9: Calculate the contribution from the current voxel

as the difference IP (θ, t2−xj)− IP (θ, t1−xj)
(see Fig. 2).

10: Accumulate ray contribution.
11: end for
12: end for
13: end for
14: end for

E. Reconstruction method

For evaluation of the new projection operator, the linear
conjugate gradient method (see e.g. Nocedal and Wright[14])
was used to minimize the function

z(f) =
1
2
‖Pf − pin‖2W + β

N∑
i=1

N∑
j=1

dij(fi − fj)2. (14)

In this formula the first term is the data term measuring how
well projections of the estimated image fit to input data. The
second term is a regularization term, imposing a smoothness
constraint on the estimated image. More specifically,

TABLE I: Scanning and reconstruction parameters

Number of channels 336
Number of projections (1/2 turn) 290
Number of pixels 512× 512
Detector width 500mm
Width of reconstructed volume 500mm

TABLE II: Root mean squared errors calculated over the whole
image (σe1) and central low-contrast parts (σe2) respec-
tively.

P Joseph Joseph New op. Dist. driven
B Lin. int. PT PT PT

σe1 (HU) 89.85 87.91 86.39 86.61
σe2 (HU) 1.25 1.36 1.08 1.39

• f ∈ RN is a vector representing the image to be
estimated;

• pin ∈ RM is the input data vector;
• P = (pij) is the matrix representation of the projection

operator;
• W is a spectral weighting matrix (rampfilter) as sug-

gested by Delaney and Bresler [3];
• ‖ · ‖W is defined as

√
< W · |· >, where < ·|· > is the

standard Euclidean inner product;
• dij are the inverse distances between pixels i and j in a

3× 3 neighborhood;
• β is a parameter determining how much differences

between neighboring pixels shall be penalized.

III. RESULTS

For experimental evaluation, reconstructions generated by
the method described in the previous section were studied.
Input data were generated from a Shepp-Logan phantom with a
length of 368mm (see e.g. Kak and Slaney [6] for a definition).
Each detector contribution was calculated as a mean of 7
parallel sub-rays. Other parameters are listed in Table I.

Four different projection/backprojection pairs were com-
pared, namely

1) P: Joseph, B: Linear interpolation on the detector.
2) P: Joseph, B: Transpose
3) P: New operator, B: Transpose
4) P: Dist. driven, B: Transpose

Here, P and B denote projection and backprojection matrices
respectively. Image quality was studied by visual inspection
and measurement of the error

σe =

√
1
|Ω|
∑
i∈Ω

(fi − f̃i)2. (15)

where fi and f̃i are components of the reconstructed image
and the sampled phantom respectively. The set Ω over which
the summation was carried out was chosen as (i) the complete
image and (ii) a disc containing only low contrast objects.

Fig. 3 shows reconstruction results after 10 conjugate gra-
dient iterations. Clearly the lowest artifact level is obtained



a) P: Joseph
B: Lin. int.

b) P: Joseph
B: PT

c) P: New op.
B: PT

d) P: Dist. dr.
B: PT

Fig. 3: Reconstruction results after 10 conjugate gradient iterations
for the four projection/backprojection pairs listed in Section
III. Greyscale window (20± 15)HU.

with the new operator. This result is confirmed by the error
measurements listed in Table II. The new operator performs
better than the others both with respect to σe measured over
the whole image and σe measured over central low contrast
parts.

IV. CONCLUSION

From the results presented in the previous section, it is clear
that the new projection operator pair produces images with
lower artifact levels than the other projection/backprojection
pairs examined. We believe that this reduction of artifacts in
relation to the Joseph/JosephT -pair is due to (i) reduction of
false high-frequency information and (ii) better modeling of
the projection data acquisition process.

So far, experiments have only been performed on the
parallel two-dimensional geometry. However, generalization
to three-dimensional cone-beam CT is straightforward. In this
divergent geometry, the new operator should possess the same
anti-aliasing properties as the operators presented by Mueller
et al. [11], De Man and Basu [10], and Ziegler et al. [17].

To further improve the accuracy of the linear model for
data capture, gantry rotation can be taken into account. It

has been shown by Danielsson [1] that this can be done
by an additional convolution with a rectangle function. The
resulting interpolation function projected onto the layers in
Fig. 1 consists of the projected footprint convolved with two
rectangles of different widths: one corresponding to the finite
focus and detector size and one corresponding to the gantry
rotation. This may seem complicated to perform. However, it
is shown in [1] that the integration technique (8) by Hanson
and Wecksung [4] can be generalized to include convolution
with more than one rectangle function.
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