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Abstract

A wave digital filter is derived from an analog filter, which is realized as classical doubly 

resistively terminated reactance filters. Perfectly designed wave digital filters express good 

dynamic signal range, low roundoff noise and excellent stability characteristics with respect to 

nonlinearity which are produced due to finite wordlength effects. Wave digital filters inherit  the 

sensitivity properties from analog filters, therefore, coefficients values can be selected to 

favorable  values. 

Wave digital filters, derived from ladder filters, have low coefficient sensitivity in the passband

and stopband. These WDFs are very complex and are non-modular. The lattice wave digital 

filters are modular and are not complicated. However, they have very high sensitivity in the 

stopband and thus require large coefficient wordlengths. The number of coefficients equals the 

filter order which have to be odd.

This thesis discusses the wave digital filter structures that are modular because they are designed 

by cascading the first-order and second-order sections. These WDFs can be pipelined. They also 

exhibit all the above mentioned favorable properties. Similar to lattice WDFs, these structures are 

restricted to symmetrical and antisymmetrical transfer functions. The synthesis of these 

structures is based on the factorization of the scattering matrix of lossless two-ports.

In this thesis work, lowpass wave digital filters based on circulator-tree structure are designed 

with different orders starting from 3 and going upto 13. In parallel to these circulator-tree wave 

digital filters, the simple digital filters are also designed with the same specification. The results 

of the two filters are compared with each other. It is observed that impulse response and 

attenuation response of the two kind of filters perfectly match. Therefore, it is can be concluded 

that circulator-tree WDF upto Nth-order can be synthesized. The implementation examples of 

two filter with order 3 and order 7 is presented in this documentation for ready reference. It has 

also been shown that the order of sections does not affect the transfer function of the filter. Noise 

has been introduced and adaptor sections are penetrated. From the results it is concluded that the 

order of the adaptor sections does not matter and also that the noise does not affect the other 

adaptors sections, it only propagates through other adaptors sections.
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Organization of the thesis

Chapter 1 introduces about digital filters and the properties of digital filters such as sensitivity, 

robustness, transfer function etc. The important characteristics of digital filters such as 

frequency response, magnitude response, attenuation, phase response, phase delay and group 

delay are also discussed.

Chapter 2 discusses about types of digital filters such as FIR and IIR. Analog filter 

approximations such as Butterworth, Chebyshev I, Chebyshev II and Cauer are discussed. The 

poles and zeros, impulse response and step response of Cauer filter are also discussed. 

Chapter 3 discusses the wave digital filters, wave flow building blocks and interconnection 

networks are described in detail. Symmetric two-port adaptor, series and parallel adaptors are 

discussed in detail.

Chapter 4 discusses about ladder wave digital filters. Ladder WDFs using separating unit 

element, ladder WDFs using directly interconnected adaptors are discussed. Kuroda identities 

and minimization of number of delay elements are also addressed.

Chapter 5 discusses about lattice wave digital filters. Lattice WDFs based on Richards’ and 

circulator structures are addressed. The steps to design lattice WDFs are described. Linear-phase 

lattice WDFs, bireciprocal lattice WDFs and roundoff noise in WDFs is also discussed.

Chapter 6 describes the synthesis of circulator-tree WDFs. The scattering matrix and circulator-

tree structure are described. The complete examples of implementation of 3rd- and 7th-order 

circulator-tree lowpass WDFs are described. At the end the ordering and scaling of the adaptor in 

circulator-tree WDFs is discussed.
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Chapter 1

Digital Filters

1.1 Filters

A device or a system which is required to have a prescribed response for a given input signal is 
called filter. The response requirement may be given in terms of its behavior either in frequency 
or time domain. A filter performs a function which is much more sophisticated than the task of 
simple amplification or logical operations that are most often encountered electronic systems.

1.2 Digital Filters

Digital filters are usually used to separate signals from noise or signals in different frequency 
bands. 

1.3 Properties of Digital Filters

1.3.1 Flexibility

The frequency response can easily and quickly be changed. This means that a digital filter can be 
time shared between a number of input signals and act as several filters. A digital filter can be 
multiplexed in such a way that it simultaneously acts as several filters with one input signal. This 
flexibility can also be used in time variable and adaptive filters.

1.3.2 Special transfer functions

Discrete-time and digital filters can realize special transfer functions that are not realizable with 
continuous-time lumped filters, for example exact linear phase and noncausal filters.

1.3.3 Sensitivity

Digital filters are not affected by temperature variations, variation in power supply, stray 
capacitances etc., which is an annoyance in analog filter. The reason for this is that the properties 
of a digital filter are determined by the numerical operations on numbers and not dependent on 
any tolerances of electrical components. For the same reason there is no aging or drift in digital 
filters. Independence of element sensitivity leads to high flexibility, miniaturization and high 
signal quality.
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1.3.4 Reproducibility

Exact reproducible filters can be manufactured. This is also a consequence of the fact that the 
properties of the filter are only dependent on the numerical operation and not on the electrical 
components. Thus, tolerance problem as such does not exist in digital filters. Furthermore, no 
trimming is necessary.

1.3.5 Precision

Digital filters can be manufactured, with in principle, arbitrary precision, linearity and dynamic 
range, however, at an increasing cost.

1.3.6 Frequency range

Digital filters can be manufactured to operate over a wide range of frequencies, from zero up to 
several hundred MHz, depending on the complexity of the filter and on the technology used for 
the implementation. The cost in terms of power consumption and the number of gates in the 
integrated circuits increases rapidly with the size of the filter and the sample frequency. Digital 
filters have the exclusive property that they need not operate in real time. 

1.3.7 Power consumption

Digital filters have in general rather high power consumption, but filters with low power 
consumption can be made for applications with low sample frequencies. However, when the 
geometries of the CMOS process used for the implementation is reduced the power consumption 
is also reduced. The power consumption compared to a corresponding analog filter counterpart 
will therefore become lower for digital filters.

1.3.8 Implementation techniques

Digital filters can be implemented by using several techniques. At low sample frequencies and 
arithmetic work loads, typically below 1 to 5 MHz, standard signal processors can be used while 
application-specific or algorithm-specific digital signal processors can be used up to about 10 
MHz. For high sample rates only special implementation techniques are suitable. 

1.3.9 Sensitivity

The major reason behind the increasing use of discrete-time and digital signal processing 
techniques is that problems caused by errors such as drift and aging of components are 
circumvented.

For analog frequency selective filters, realizations having minimum circuit element sensitivity 
have been developed. Thus, by using high-quality components high-performance filters can be 
implemented. However, there is a practical limit to the performance of analog components e.g., 
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the tolerances of resistors, capacitors and amplifiers cannot be arbitrarily low. Filters meeting 
very stringent requirements are therefore not possible to implement. At the other end of the 
spectrum, cheap and simple filters can be implemented using low-tolerance components. No 
such lower tolerance bound exists for digital signal processing techniques. In fact, the tolerances 
can easily be adjusted to the requirements at hand. However, it must be stressed that the ultimate 
performance of a composite system will be limited by the analog parts that are necessary at the 
interfaces to the outside world.

The flexibility of digital signal processing, which is indirectly due to the deterministic nature of 
the component errors, make a DSP system easy to change and also makes it easy to dynamically 
adapt the processing to changing situations. This feature can, for example, be exploited to allow 
hardware to be multiplexed to perform several filtering functions.

Another important application is adaptive filtering. Expensive tuning procedures, which 
contribute significantly to the overall cost of analog circuits, are completely eliminated in a 
digital implementation.

Further, sensitivity to coefficient errors in an algorithm determines a lower bound on the 
roundoff errors of signal quality. In practice an arbitrarily good signal quality can be maintained 
by using sufficiently high numerical accuracy in the computations. Note that the accuracy of 
floating-point numbers is determined by the mantissa. Generally, a large dynamic range is not 
required in good signal processing algorithms. There, DSP algorithms are normally implemented 
using fixed-point arithmetic.

1.4 Robustness

Latch-up and different types of oscillations resulting from abnormal disturbances may appear in 
analog systems, but most often analog systems return to normal operation when the disturbance 
disappears. Corresponding phenomena, so called parasitic oscillations, are also present in digital 
signal processing algorithms, but additionally some unique phenomena occur due to finite word 
length effects. In fact, a major design challenge is to maintain stability of the system and recover 
to normal operation in the presence of external disturbances. Of special interest therefore are 
algorithms that guarantee that the system will return to normal operation when the disturbance
has subsided. Disturbances that cause abnormal behavior can originate from transients on the 
power supply lines, ionic radiation, initial values in the memories at the start-up, or abnormal 
input signals.

The most important filter algorithms with guaranteed stability are wave digital filters and 
nonrecursive FIR filters.

1.5 Transfer Function

Many discrete-time and digital systems such as digital filters can be described by difference 
equations with constant coefficient. The input-output relation for an Nth-order LTI system can be 
described by
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A behavioral description of an LTI system is the transfer function which can be obtained by 
applying the z-transform to both sides of Equation (1.1). We get 
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The transfer function for an LTI system is a rational function in z and can therefore be described 
by a constant gain factor and the roots of the numerator and denominator polynomials. The roots 
of the numerator are called zeros, since no signal energy is transmitted to the output of the 
system for those values in the z-plane. The roots of the denominator are called poles.

For a causal, stable system, the poles are constrained to be inside the unit circle, i.e., in the stop-
band of the filter, in order to increase the attenuation in the stopband. Another common case 
occurs in allpass filters where the zeros are placed outside the unit circle. Each zero has a 
corresponding pole mirrored in the unit circle, so that

pole
zero z

z
1



1.6 Frequency response

A causal, linear, time-invariant system (LTI) can uniquely be described by its impulse response, 
h(n) which is obtained when an  impulse is applied as input sequence to a filter that is initially at 
rest. The output sequence can be obtained by convolving the impulse response and the input 
sequence.
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A useful behavioral characterization of a linear time-invariant (LTI) system is to describe the 
system response for typical input signals. Naturally, of great interest for frequency selective 
systems is their response to periodic inputs. 

The frequency response, )( TjeH  , is obtained with a complex sinusoidal input signal, 
nTjenx )( , from Equation (1.3) we get for an LTI system
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The frequency response, which is the Fourier transform of the impulse response, is a rational 
function in ejωT. The frequency response describes how the magnitude and phase of a sinusoidal 
signal are modified by the system.

1.7 Magnitude Response

The magnitude response, also called magnitude function, is related to the frequency response 
according to

)()()()( TjTj

n

TjnTj eeHenheH  




  (1.6)

where )( TjeH  is the magnitude response and Φ(ωT) is the phase response. 

Figure 1.1 shows the magnitude response of the third order lowpass filter of Cauer type.

The magnitude function can be shown in either linear or logarithmic (dB) scales, although the 
latter is more common. A Cauer filter has equiripple in both the passband and the stopband. The 
transmission zeros at ωT≈96o and ωT≈180o, i.e., in the stopband.

1.8 Attenuation

Instead of using the magnitude response, it is common to use the attenuation which is defined

))(log(20)( TjeHTA   (1.7)
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The magnitude response on logarithmic scale (dB) is the same as the attenuation, except for the 
sign. The maximum power that is transferred between the source and load is obtained at the 
frequencies of the attenuation zeros.

Figure 1.2 shows the attenuation of a third order lowpass filter of Cauer type. There are two 
attenuation zeros, the first at ωT = 0 and the second at about 65o. The transmission zeros 
correspond to frequencies with infinite attenuation and are therefore called attenuation poles.

1.9 Phase Response

The phase response (or phase function), of the frequency response is defined 

 


  )

)}(Re{

)}(Im{
tan()}(arg{)(

Tj
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aeHT (1.8)

Figure 1.1 Magnitude response for the third-order digital lowpass filter

0             20          40            60            80          100         120        140          160         180 
                                                                ωT  [deg]

0

-5

-10

-15

-20

-25

-30

-35

-40



Digital Filters 7

Figure 1.2 Attenuation for the third-order digital lowpass filter

Figure 1.3 Phase response for the third-order digital lowpass filter
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Figure 1.4 Group delay for the third-order digital lowpass filter

Figure 1.3 shows the phase response for the third order digital lowpass filter. The discontinuities 
in the phase response at the frequencies of the transmission zeros, the first at about 96o and the 
second at 180o and the phase response is almost linear up to about 45 degree. The jump from −л 
to л at about 89o is, however, not a discontinuity, it is just a consequence of the way the phase is 
plotted.

A linear phase response is a highly desirable property which is particularly important in filters 
where the information of interest is contained in the wave-form. A filter with a linear phase 
response delays all frequency components by an equal amount. Hence the waveform will not be 
distorted. Examples of such applications where linear-phase is important are filtering of images 
and EEG signals.

A linear phase response implies that the impulse response must be either symmetric or 
antisymmetric. Exact linear-phase response is only possible to realize using FIR filters. 
However, the phase response of an IIR filter can be made arbitrarily close to a linear-phase 
response with an increased cost.

1.10 Phase Delay

A measure of delay is the phase delay which is defined
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However, requirements or specifications of the phase delay are seldom used in practice. Instead 
the specification is usually made in terms of the group delay. It is from a mathematical point of 
view easier to find an approximation meeting a group delay requirement than one meeting a 
phase response requirement. Further, the group delay is often used in specifications, since it is a 
more sensitive indicator of deviations from the ideal linear-phase behavior than the phase delay.

1.11 Group Delay

An important issue in many applications is the delay associated with the processing of a signal. 
A common measure of delay is the group delay, which is defined








)(

)(
T

Tg (1.10)

The group delay should be constant in applications where the waveform of the signal is 
important, for example, in systems for obtaining ECG (Electrocardiogram). Images are 
particularly sensitive to variations in the group delay, but relatively insensitive to variations in 
the magnitude function.

Figure 1.4 shows the group delay for the Cauer filter.

The group delay can also be expressed in terms of the transfer function as 

))}(ln(Re{)( zH
dz

d
zTT     for Tjez  (1.11)

The transmission zeros on the unit circle yield an impulse in the group delay, but in practice the 
effect of these impulses can usually be neglected. Further, the group delay is proportional to the 
sample period. Hence, we have
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 (1.12)
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Chapter 2

Types of Digital Filters

Digital filters can be categorized into two classes:

1. FIR (finite-length impulse response filters)
2. IIR (infinite-length impulse response filters)

2.1 FIR Filters

Advantages of FIR filters over IIR filters are that they are guaranteed to be stable and to have a 
linear-phase response. Linear-phase FIR filters are widely used in digital communication 
systems, in speech and image processing systems, in spectral analysis and particularly in 
applications where nonlinear-phase distortion cannot be tolerated. FIR filters require shorter data 
wordlength than the corresponding IIR filters. 

However, they require much higher orders than IIR filters for the same magnitude specification 
and they sometimes introduce large delays that make them unsuitable for many applications. One 
of the major drawbacks of FIR filters is that large amounts of memory and arithmetic processing 
are needed. This makes them unattractive in many applications.

The most interesting FIR filters are filters with linear phase. The impulse response of linear-
phase filters exhibits symmetry or antisymmetry. Linear-phase response, i.e., constant group 
delay, implies a pure delay of the signal. Linear-phase filters are useful in applications where 
frequency dispersion effects must be minimized – for example, in data transmission systems. 

FIR filters with nonlinear-phase response are rarely used in practice although the filter order 
required to satisfy a magnitude specification may be up to 50% lower as compared to a linear-
phase FIR filter. The required number of arithmetic operations for the two filter types are, 
however, of about the same order. 

2.2 IIR Filters

Digital FIR filters can only realize transfer functions with effective poles at the origin of the z-
plane, while IIR filters can have poles anywhere within the unit circle. Hence, in IIR filters the 
poles can be used to improve the frequency selectively. As a consequence, the required filter 
order is much lower for IIR as compared to FIR filters. However, it is not possible to have 
exactly linear-phase IIR filters and neither it is necessary. It is only necessary to have a phase 
response that is sufficiently linear in the passband. In such cases it is often simpler and more 
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efficient to cascade two IIR filters than to use a linear-phase FIR filter. One of the IIR filters is 
designed to meet the frequency selective requirements while the other corrects the group delay so 
that the two filters combined meet the linear-phase requirements. In some cases, it may be 
efficient to use a combination of FIR and IIR filters. The improved frequency selective 
properties of IIR filters are obtained at the expense of increased coefficient sensitivity and 
potential instability. 

IIR filters require much less memory and fewer arithmetic operations, but they are difficult to 
design and they suffer from stability problems. Although the design is much more demanding, 
the use of an IIR filter may result in a lower system cost and higher performance.

2.3 Specification of IIR Filters

Frequency-selective filters are specified in the frequency domain in terms of an acceptable 
deviation from the desired behavior of the of the magnitude or attenuation function. Figure 2.1
shows a typical attenuation specification for digital lowpass filter. The variation (ripple) in the 
attenuation function in the passband may not be larger than Amax (= 0.5 dB) and the attenuation 
in the stopband may not be smaller than Amin (= 60 dB). It is convenient during the early stages 
of the filter design process to use a normalized filter with unity gain, i.e., the minimum 
attenuation is normalized to 0 dB. The filter is provided with the proper gain in the later stages of 
the design process. 

Figure 2.1 Typical specification of the attenuation for a digital lowpass filter

The passband and stopband frequencies (angles) and the acceptable tolerances in the different 
bands are specified. The passband for a digital lowpass filter is from 0 to ωcT and the stopband 
begins at ωsT and extends to л. The transition band is from ωcT to ωsT. There are no 
requirements on the attenuation in the transition band.

In many applications other frequency domain characteristics such as phase and group delay 
requirements must also be met. In some cases additional requirements in the time domain such as 
step response and intersymbol interference requirements are used.

The group delay variation within the passband is typically specified to be within certain limits so 
that signal distortion is acceptable. The total delay is often required to be below a certain limit. 

Amin

Amax

A(ωT)

ωcT ωsT л

ωT



Types of Digital Filters 13

For example, a speech coder must not have a delay of more than 20 ms. A long delay is often not 
acceptable.

The synthesis of a digital filter that shall meet requirements on the magnitude or attenuation 
function from the squared magnitude function which can be written

2

2

)(1

1
)(

Tj

Tj

eC
eH






 (2.1)

where C(ejωT) is the characteristic function. The magnitude of the characteristic function should 
be small in the passband and large in the stopband. We define the ripple factors:

passband: p
TjeC  )( (2.2)

stopband: s
TjeC  )( (2.3)

The attenuation requirements can be rewritten in terms of the ripple factors:

)1(log10 2
10max pA  (2.4)

)1(log10 2
10min sA  (2.5)

Synthesis of the transfer function, also referred to as the approximation problem, involves 
finding a proper characteristic function, C(z), satisfying Equations (2.2) and (2.3). 

2.4 Analog Filter Approximations

Many filter solutions, called filter approximation, have been developed to meet different 
requirements, particularly for analog filters. The main work has focused on approximations to 
lowpass filters. Since highpass, bandpass and stopband filters can be obtained from lowpass 
filters through frequency transformations. It is also possible to use these results to design digital 
filters. The classical lowpass filter approximations, which can be designed by using most 
standard filter design programs are given below.

2.4.1 Butterworth

The magnitude function is maximally flat at the origin and monotonically decreasing in both the 
passband and the stopband. The variation of the group delay in the passband is comparatively 
large. However, the overall group delay is larger compared to the other filter approximations. 
This approximation requires a larger filter order than the other filter approximations to meet a 
given magnitude specification.
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2.4.2 Chebyshev I

The magnitude function has equal ripple in the passband and decreases monotonically in the 
stopband. The variation of the group delay is somewhat worse than for the Butterworth 
approximation. The overall group delay is smaller than for Butterworth filters. A lower filter 
order is required compared to the Butterworth approximation.

2.4.3 Chebyshev II

The magnitude function is maximally flat at the origin, decreases monotonically in the passband 
and has equal ripple in the stopband. The group delay has a variation smaller than Butterworth 
approximation and much smaller overall group delay. The same filter order is required as for the 
Chebyshev I approximation.

2.4.4 Cauer

The magnitude function has equal ripple in both the passband and the stopband, but the variation 
of the group delay is smaller than Chebyshev II. The Cauer filter, also called an elliptic filter, 
requires the smallest order to meet a given magnitude specification.

These filter approximations represent extreme cases since only one property has been optimized 
at the expense of other properties. In practice they are often use directly, but they can serve as a 
starting point for an optimization procedure trying to find a solution that simultaneously satisfies 
several requirements.

Figures 2.2 and 2.3 show the attenuation and the group delay for Cauer filters of different order. 
Figure 2.4 shows the passband for corresponding attenuations for Cauer filters of different order.

Figure 2.2 Attenuation for Cauer filters with different orders with Amax = 1.25 dB, Amin = 40 dB 
and ωc = 1 rad/s
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Figure 2.3 Group delay for Cauer filters with different orders with Amax = 1.25dB, Amin = 40 dB 
and ωc = 1 rad/s

Figure 2.4 Attenuation in the passband for Cauer filters with different order

The order of a Cauer filter can be determined from the passband response as the sum of the 
number of maxima and minima in the passband.  Filters of even order have attenuation Amax at 
ω = 0 while odd-order filters have Amax = 0.

In tables, Cauer filters are usually represented by CNρθ, where C stands for Cauer-Chebyshev 
(the prefix CC is used.), N is the filter order, ρ is the reflection coefficient (%)

)1log(10 2
max A (2.6)

and θ is the modular angle (degrees). The three quantities are given with two digits. Cauer filters, 
which in tables are normalized with a passband edge of 1, are normalized by multiplying the 
poles and zeros with ωc.
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The modular angle is defined as

)arcsin(
s

c


  (2.7)

2.5 Poles and Zeros of Cauer Filters

The poles and zeros are complicated to derive. The transfer function has finite zeros. Filters of 
odd order have a zero at s = ∞, but for filter of even order, the magnitude function approaches 
the stopband attenuation, Amin. The gain constant G is chosen in the programs so 
that 1)(

max
jH .

The transfer function for a Cauer filter can be written as
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(2.8)

The poles and zeros for a fifth-order Cauer filter with Amax = 1.25 dB, Amin = 40 dB, ωc = 1 rad/s 
and ωs = 1.205 rad/s is show in Figure 2.5. One of the pole lies close to the jω-axis and that the 
lower finite zero pair lies close to the stopband edge.

Figure 2.5 Poles and zeros for a fifth-order Cauer filter
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2.6 Impulse and Step Response of Cauer Filters

Figure 2.6 shows the impulse and step response for the Cauer filter C055056. The impulse 
response contains a small impulse for t = 0 for Cauer filters of even order. The step response 
approaches asymptotically 1 and ׀H(0)׀ = 10−0.05A

max for normalized odd-order and even-order 
Cauer filters, respectively. The impulse response has larger ringing than any other filters, but 
they do not meet the same requirements on the magnitude function. Hence, we should not 
compare these filters. 

Figure 2.6 Impulse and step response for the Cauer filter C055056

2.7 Cauer Filters with Minimum Q Factors

A less expensive circuit, with smaller element spread, is required to implement a pole pair with a 
low Q factor. Cauer filters with the following relationship between Amax and Amin have minimal 
Q factors.

)
110

10
log(10

min

min

1.0

1.0

max 
 A

A

A (2.9)

Hence, for an arbitrary specification it may be favorable to modify the specification so that 
Equation (2.9) holds. For example, Amin = 40 dB yields Amax = 0.0004343 dB, which is a very 
small passband ripple.  It may appear that this is an unreasonable small ripple, but in fact it is 
advantageous to design the filter for a smaller ripple that required, as it results in a less sensitive 
LC filter. This special case is related to digital half-band filters where the poles lie on the 
imaginary axis in the z-plane.
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2.8 Notation

It is common to use the following notation to describe standard analog lowpass filters – for 
example, C051525. The first letter denotes a Cauer filter (P for Butterworth, T for Chebyshev I 
and C or CC for Cauer filters). There is no letter assigned to Chebysheve II filters. The first two 
digits (05) denote the filter order while the second pair denotes the reflection coefficient (15%) 
and the third pair denotes the modular angle (25 degrees). The latter is related to the cutoff and 
stopband frequencies by

)(sin 1

s

c

f

f

The reflection coefficient is related to the ripple in the passband. A Butterworth filter is uniquely 
described by its order, P05, except for the passband edge. To describe a Chebyshev I filter we 
also need the reflection coefficient – for example, T0710. The Cauer filter requires in addition 
the modular angle-for example, C071040.
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Chapter 3

Wave Digital Filters

A method to obtain a low-sensitive digital filter structure is to simulate a low-sensitive analog filter 
such that the sensitivity properties are retained. Insertion loss method can be used to design analog 
filters that have minimal element sensitivity. The simulated analog filter is called reference filter.

An important property which wave digital filters inherit from reference filter is the guaranteed 
stability. The inductors in an LC ladder filter are nonlinear. These nonlinearities can produce 
parasitic oscillations. The passive LC filter dissipates signal power so the parasitic oscillations are 
attenuated in these filters and eventually disappear completely. Wave digital filters are modular and 
possess a high degree of parallelism. Thus, they are easy to implement in hardware. Wave digital 
filters are suitable for high-speed applications.

3.1 Reference Filter

Wave digital filter is a wide class of digital IIR filters. Wave digital filters have several powerful 
qualities. So they are very popular type of IIR filters. A wave digital filter is derived from an 
analog filter. This analog filter is called reference filter. A wave digital filter inherits many 
fundamental properties from its reference filter. The two most important properties are as follows.

 Stability properties
 Low sensitivity with respect to variations in element values

The approximation problems for wave digital filter can be solved in the analog domain using 
valuable design programs. 

A successful way to obtain low-sensitive filter structure is to simulate a doubly-terminated 
reactance network, which is designed for maximal power transfer. This simulated filter will be 
reference filter.

3.2 Wave Descriptions

3.2.1 Power Waves

Instead of describing one-port network with voltages and currents, it is described by incident and 
reflected waves. The power waves can be found by following equations. 
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(3.1)

Where A is the incident wave
  B is the reflected wave
  R is port resistance

Above equations are called power waves because their squared values have dimensions of power.

3.2.2 Current Waves

Current waves are defined in a similar way. They produce the similar digital filter structures as 
voltage waves. 

3.2.3 Voltage Waves

Voltage waves are defined as follows.

RIVB

RIVA




(3.2)

3.3 Transmission Lines

A commensurate-length transmission line filter is a filter network with distributed circuit elements. 
In such a filter all lines have common propagation time. A lossless transmission line is described as 
two-port by the following chain matrix.

(3.3)

where Z0 is characteristic impedance
τ/2 is propagation time in each direction (Figure 3.1)

 Z0 is sometime called characteristic resistance.
 Lossless transmission lines are called unit 

elements.
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Figure 3.1 Transmission line
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Wave digital filter imitate reference filters built by resistors and lossless transmission lines by 
incident and reflected voltage waves. If the reference filter is designed with such a transmission 
line, then computable digital filters are the synthesis of such reference filters.

Commensurate-length transmission line filters are a special case of distributed element networks. 
They can be designed by mapping them to a lumped element structure. This mapping can be made 
with Richards’ variable. It is a dimensionless complex variable and can be defined as follows.
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 (3.4)

The frequencies in S-domain and Ψ-domain are related by following equation.

)
2

tan(


 (3.5)

Substitute the Richards’ variable from Equation (3.5) in chain matrix in Equation (3.3). We get the 
following equation.

The programs used for lumped element design can be 
used for the synthesis of commensurate-length 
transmission line filters.

The transmission line filters are built with one-ports 
(Figure 3.2). The input impedance of transmission line, 
with the characteristic impedance Z0, and Z2 impedance 
as load can be found by following equation. 
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 (3.7)

Figure 3.2. Terminated Transmission 
line

3.4 Transmission Line Filters

The process to map a commensurate-length transmission line filter to a Ψ-domain filter is shown in 
Figure 3.3. The resistors do not depend on frequency, so they are not affected.

The steps to synthesize a transmission line filter are as follows.
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1. Map the specification of the transmission line filter to 
Ψ-domain according to Equation (3.5).

2. Synthesize a lumped element filter using this 
specification.

3. Relate the Ψ-domain elements to the normalized 
elements in the lumped filter. From Figure 3.3 we 
have following relations.

3
3
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4. Obtain the element values for the Ψ-domain filter 
from lumped filter.

3.5 Gyrator

A two-port that is described by the relation
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(3.9)

where r1 and r2 > 0 and real is called gyrator. The 
constants r1 and r2 are the gyrator resistances. The chain 
matrix for the gyrator is 

(3.10)

The gyrator is a nonreciprocal two-port and therefore the 
direction of the gyrator is essential. The direction is 
defined as shown in Figure 3.4, where a positive input 
current gives rise to a positive output voltage, according 
to Equation (3.9), with r2 > 0.

The energy that is absorbed by the gyrator is for r1 = r2

Figure 3.3 Mapping of transmission 
line filter on ψ domain and then to  

lumped element filter

Figure 3.4 Gyrator
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Thus, the gyrator is a lossless, reciprocal two-port for r1

= r2, and it cannot store energy.

An inductor can also be realized with a gyrator loaded 
with a capacitor. The gyrator is a PII (positive impedance 
inerter) with the input impedance for port 1

2

21

2
1 )(

1)(

Z

rr

ZsC

sB
Zin  (3.12)

For the circuit shown in Figure 3.5, the input impedance 
is

CsrsZin
2)(  (3.13)

Thus, an inductor can be simulated with a gyrator loaded 
with a capacitor. The inductors can be replaced with 
gyrators, loaded with capacitors. The implementation of 
HP filter, shown in Figure 3.6, with gyrator is shown in 
Figure 3.7.

Figure 3.5 Gyrator loaded with a 
capacitor

Figure 3.6 Minimum inductor HP filter

Figure 3.7 Gyrator-C HP filter

3.6 Reflectance Function

The reflectance function is similar to the impedance. A one-port can be described by the reflectance 
function. It is defined by the following equation. 

A

B
S  (3.8)

where A is the incident wave and B is the reflected wave

3.7 Wave-Flow Building Blocks

Basic building blocks for the reference filter are unit elements. At far end they can be open-circuit 
or short-circuit. The frequency response of such a unit element filter is periodic with a period of 
2л/τ. The signals and components of the unit element filter can be mapped to a digital filter by 
sampling with the sample period T = τ. 
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3.8 Circuit Elements

First we calculate the reflectances for open and short circuit unit elements. 

3.8.1 Reflectance for Open Circuit UE

The input impedance to an open-circuited unit element (a 
Ψ-plane capacitor) with Z0=R can be found by the 
following equation.

Y

R
Zin )(

Figure 3.8 Wave-flow of open-ended 
UE

The reflectance of the open circuited unit element can be found by the following equation.
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In Z-domain, the reflectance will be as follows.

1)(  zzS

Figure 3.8 shows the open-ended UE with its wave-flow equivalent. It corresponds to a pure delay.

3.8.2 Reflectance for Short Circuit UE

The input impedance to a short-circuited unit element (a 
Ψ-plane inductor) with Z0 = R can be found by the 
following equation. 

 RZin )(
Figure 3.9 Wave-flow of Short-Circuit 

UE

The reflectance of the short circuited unit element can be found by the following equation.
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In Z-domain, the reflectance will be as follows.
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Figure 3.9 shows the short-circuited UE with its wave-flow equivalent. It corresponds to a delay 
and 1800 phase shift.

3.9 Special Cases

Now we consider the reflectance of various cases

3.9.1 Reflectance of Resistance

The reflectance of a unit element, terminated with a 
resistor with Z0 = R (matched termination) can be found by 
following equation.

0)( 
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An input signal to unit element terminated with a resistor is 
not reflected. The wave-flow graph corresponding to this 
UE is shown in Figure 3.10. It is a wave sink.

Figure 3.10 Wave-flow equivalent of 
a resistor

3.9.2 Reflectance of Short Circuit

The reflectance of a unit element, terminated with a short 
circuit (V = 0) can be found by following equation.
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Above equations shows that B = −A. This holds 
independent of the port resistance. The reflectance of a 
short-circuit can be found by following equation. 
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The corresponding wave-flow graph is shown in Figure 
3.11

Figure 3.11 Wave-flow equivalent of 
a short-circuit

Figure 3.12 Wave-flow equivalent of 
an open-circuit

3.9.3 Reflectance of Open Circuit

The reflectance of a unit element, terminated with an open-
circuit (I = 0) can be found by following equation. 
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I = 0 yields B = A. This holds independent of the port 
resistance. 

The corresponding wave-flow graph is shown in Figure 
3.12. Figure 3.13 Wave-flow equivalent of 

a voltage source with source 
resistance

3.9.4 Signal Source

For a signal source with a source resistance we have following equation.

RIVVi 

It yields the following equation.

iVB 

The source resistance equals the port resistance so the incident wave is not reflected by the source. 
The corresponding wave-flow graph is shown in Figure 3.13.

3.9.5 Unit Element

A unit element is described by the following chain matrix.

By using Richards' variable we get matrix.

(3.19)

After some simplifications, following results are obtained.
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In the time domain, the equations will be as follows.
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3.10 Interconnection Networks

The Kirchhoff's laws must be followed at an interconnection to interconnect various wave-flow 
graphs. In general, the incident waves are partially transmitted and reflected at a point of 
connection, as shown in Figure 3.14. 

A wave-flow graph used to describe the transmission and reflection at the connection point is called 
adaptor.

For different types of interconnection networks there are various types of adaptors. In practice, to 
connect two ports only a few types of adaptors are used. All of the adaptors represent the same 
voltage and current constraints. They differ in the manner to compute the reflected waves.

Figure 3.14 Connection of two ports

3.10.1 Symmetric Two-Port Adaptor

The symbol for symmetric two-port adaptor is 
shown in Figure 3.15. The incident and reflected 
waves for the two-port are given by following 
equations.

Figure 3.15 Symmetric two-port adaptor
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The reflected waves for the two-port are given 
below.
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By using Kirchhoff's current and voltage laws at the 
interconnection, the current and voltage will be 
given by following equations.
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Figure 3.16 Symmetric two-port adaptor

By eliminating the voltages and currents from above equations, we get following equations. 

)( 1221 AAAB   (3.20)

)( 1212 AAAB   (3.21)
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 (3.22)

The wave-flow graph shown in Figure 3.16 describes the Equations (3.20), (3.21) and (3.22) in 
graphical form. It is almost symmetric wave-flow graph.

3.10.2 Special Cases

1. By putting R1 = R2 in Equation (3.22) we get 

α = 0

In this case the adaptor becomes a direct connection. At the point of interconnection, the 
incident waves are not reflected.

2. By putting R2 = 0 in Equation (3.22) we get

Α = 1

In this case, the incident wave at port 1 is reflected and multiplied by −1.

3. By putting R2 = ∞ in Equation (3.22) we get

+

+

+
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B1
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α
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α = −1

In this case the incident wave at port 1 is reflected without a change of sign at port 1. 

Several adaptor types exist to interconnect the circuit elements. The adaptor commonly used in 
lattice wave digital filters is the symmetric two-port adaptor.

3.10.3 Series Adaptors

Consider the network topology with N ports. Let the ports 
are connected in series. Thus, the currents flowing through 
all the ports are same. 

0.....

......

21

21
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By the symmetry of two ports we have following 
equations.
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where   Nk ,........,2,1

Figure 3.17 Series adaptor

By eliminating voltages and currents from above equations, we get following equations. 

0AAB kkk                (3.23)

where   
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and     
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Figure 3.17 shows the symbol for N-port series adaptor. The sum of the coefficients of an adaptor is 
equal to 2. 

2
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N

k
k   (3.26)

The adaptor coefficients are linearly dependent. One of the coefficients can be eliminated. Let we 
eliminate αN.
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3.10.4 Dependent Port

For the port N in N-port series adaptor, by eliminating αN, the value of BN can be as follows.







1

1
0

N

k
kN BAB (3.27)

Equation (3.27) shows that BN is independent of AN. Such a port is called a dependent port. 
Following are the two very important points to consider.

 The port with largest adaptor coefficient should be selected as dependent port.
 If port resistances for some ports are same, then the number of adaptor coefficients are reduced.

3.10.5 Reflection-Free Port

If a coefficient of a port of an adaptor has value 1, then 
the incident wave to this port will not be reflected. Such 
a port is called reflection-free port. Figure 3.18 Two-port series adaptor

3.11 Special Cases

3.11.1 Two-Port Series Adaptor

The symbol for two-port series adaptor is shown in 
Figure 3.18. Port 1 has adaptor coefficient α1 and port 2 
has adaptor coefficient α2. We know that 

221 

Let we eliminate α2 such that 

12 2  
Figure 3.19 Wave-flow graph for two-

port series adaptor

The advantage of eliminating one coefficient is that now only one multiplication will be required. 
The wave-flow graph with the elimination of α2 is shown in Figure 3.19. The value of α1 will be 
given by following equation.
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3.11.2 Three-Port Series Adaptor

The symbol for three-port series adaptor is shown in 
Figure 3.20. Port 1 has adaptor coefficient α1, port 2 has 
adaptor coefficient α2 and port 3 has adaptor coefficient 
α3. We know that 

2321  

Let we eliminate α3 such that 

)(2 213  

The wave-flow graph with the elimination of α3 (port 3 
as dependent port) is shown in Figure 3.21. 

The equations correspond to the adaptor are as follows.
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(3.28)

where 3210 AAAA 

3.12 Parallel Adaptors

Consider the network topology with N ports. Let the 
ports are connected in parallel.  Thus the voltage across 
all the ports is same. 

NVVV  ........21

Also   0........21  NIII

By the symmetry of two ports, we have following 
equations.

Figure 3.20 Three-port adaptor

Figure 3.21 Three-port series adaptor
with port 3 as dependent port

Figure 3.22 N-port parallel adaptor
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where Nk ,.......,3,2,1

By eliminating voltages and currents from above equations, we get following equations.

kk AAB  0 (3.29)





N

k
kk AA

1
0  (3.30)




 N

n
n

k

G

G

1

2 (3.31)

where kk RG 1

Figure 3.22 shows the symbol for N-port parallel adaptor. The sum of the coefficients of an adaptor 
is equal to 2.
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The adaptor coefficients are linearly dependent. One of the coefficients can be eliminated. Let we 
eliminate αN.
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3.13 Special Cases

3.13.1 Two-Port Parallel Adaptor

The symbol for two-port parallel adaptor is shown in 
Figure 3.23. Port 1 has adaptor coefficient α1 and port 2 
has adaptor coefficient α2. We know that 

221 

Let we eliminate α2 such that 

12 2  

The advantage of eliminating one coefficient is that now 
only one multiplication will be required. The wave-flow 

Figure 3.23 Two-port parallel adaptor

Figure 3.24 Wave-flow graph for two-
port adaptor
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graph with the elimination of α2 is shown in Figure 3.24. 
The value of α1 will be given by following equation.
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 Figure 3.25 Three-port parallel adaptor

3.13.2 Three-Port Parallel Adaptor

The symbol for three-port parallel adaptor is shown in 
Figure 3.25. Port 1 has adaptor coefficient α1, port 2 has 
adaptor coefficient α2 and port 3 has adaptor coefficient 
α3. We know that 

2321  

Let we eliminate α2 such that 

)(2 312  

The wave-flow graph with the elimination of α2 (port 2 
as dependent port) is shown in Figure 3.26. 

The equations correspond to the adaptor are as follows.
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    (3.28)

Figure 3.26 Three-port parallel adaptor
with port 2 as dependent port

3.14 Adaptor Networks Modifications

By using various transformations, the adaptor networks can be modified. These transformations 
provide following advantages. 

1. Improved dynamic range
2. Lower sensitivity
3. Lower roundoff noise
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4. Simpler adaptor coefficients
5. Improved algorithmic computational properties

3.15 Direct Interconnection of Adaptors

Two-port, three-port and four-port series and parallel 
adaptors can be used to design interconnection networks. 
When two adaptors are connected, generally, delay-free 
loops occur, as shown in Figure 3.27. To remove this 
problem, the port resistance of the connected ports must 
be equal. It can be made by selecting the port resistance 
such that one of the adaptor coefficients of the connected 
ports is equal to 1.

1N

For series adaptor, it is equivalent to the following 
equations.
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For parallel adaptor, it is equivalent to the following 
equations.
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Figure 3.27 Potential delay-free loop

Figure 3.28 Three-port series adaptor 
with port 2 as dependent port and port 3 

as reflection-free port

For both series and parallel adaptors, the BN is independent of AN. It means in the wave-flow graph, 
the path from AN to BN does not exist. Thus, the ports can be connected without delay-free loop. 

As one coefficient αN = 1, the sum of remaining coefficients will be equal to 1. One coefficient 
from the remaining coefficients can be eliminated.
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3.15.1 Three-Port Series Adaptor

Figure 3.28 shows a three-port series adaptor with port 2 as dependent port and port 3 as reflection 
free port. There is no path exist between A3 and B3. The equations correspond to the three-port 
series adaptor are as follows.
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          (3.36)

3.15.2 Three-Port Parallel Adaptor

Figure 3.29 shows a three-port parallel adaptor 
with port 2 as dependent port and port 3 as 
reflection free port. The equations correspond to 
the three-port series adaptor are as follows.
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Figure 3.29 Three-port parallel adaptor with 
port 2 as dependent port and port 3 as 

reflection-free port

3.16 Connecting Series and Parallel Adaptor

Consider the connection of a series and parallel adaptor as shown in Figure 3.30. The 
corresponding wave-flow graph contains multiplier with −1. They are due to the definitions of 
currents and voltages of the port. These multipliers can take the following forms. 

 They can cancel in a filter structure.
 They can change the sign of the filter output.

A1

B1

−1

A2

B2

−α1

+ +

+ +

B3

A3

−1

−1+
V1

− I2

I1    I3

I3

I1        I2

−V2+

+
V3

−

+
V2

−
Figure 3.30 Connection of series and parallel adaptors
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3.17 Design of Wave Digital Filters

A wave digital filter is derived from an analog reference filter. Figure 3.31 summarizes the basic 
relations between the following filters.

 Wave digital filter
 Corresponding reference filter
 Lumped element filter

The lumped element filter is used to simplify the design process by allowing the use of 
conventional, lumped element filter theory and design tools. The commensurate-length 
transmission line networks can be used as reference filters for wave digital filters. As lumped 
element networks can be uniquely mapped onto commensurate-length transmission line networks 
using Richards' variable so wave digital filters representing classical filter structures are also 
feasible. However, certain reference structures produce the wave digital filter algorithms that are 
not sequentially computable. The reason for this is that the wave-flow graph contains delay-free 
loops. The main approaches used to avoid delay-free loops in wave digital filters are given below:

 Use of cascaded transmission lines (Richards' structures) and certain types of circulator filters.
 Introduction of transmission lines between cascaded two-ports.
 Use of reflection-free ports

3.18 Feldtkeller’s Equation

Feldtkeller's equation explains the low-sensitivity property of doubly resistively terminated LC 
filter inherited by wave digital filters.

1)()(
22
 Tj

c
Tj eHeH  (3.38)

where

)(/)()( 12 zAzBzH  is normal transfer function

)(/)()( 11 zAzBzHc  is complementary transfer function

The outputs b1(n) and b2(n) are indicated in Figure 3.31. The voltage across R5 is the normal output 
and the voltage across R1 is the complementary output in the reference filter.

Since the reactance network is lossless, the power delivered by the source will appear at two 
outputs. Thus, Feldtkeller's equation is a power relation. The complementary transfer function is 
called the reflection function. The maximal value of the magnitude of the relation function in the 
passband is called the reflection coefficient and it is denoted by ρ. Thus,

max
)( Tj

c eH        passbandT 



Wave Digital Filters 37

Figure 3.31 Summary of the design process for WDFs
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Figure 3.32 Normal and complementary magnitude response of a
third-order wave digital filter of Cauer type

The magnitude responses for a lowpass filter of Cauer type are shown in Figure 3.32. When 

)( Tj
c eH  has an attenuation zero the )( TjeH  has attenuation peak and vice versa. The 

attenuation at the crossover frequency is 3 dB.

3.19 Sensitivity

For doubly terminated reference filter containing only transmission lines, the deviation in the 
passband can be found by the following equation.

)(
686.8

)( 2
max

max
 g

H
A 


[dB] (3.39)

Where ε is the tolerance of the characteristic impedances of the unit element. 
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Above equation shows that the derivation is larger close to the band edges where the group delay is 
larger. Cauer and Chebyshev II filters have smaller group delays than Butterworth and Chebyshev I 
filters. If the filter is designed such that the complementary magnitude function, 

maxcH , is 

small in the passband then the deviation (sensitivity) becomes smaller. Thus the ripple in the 
normal magnitude function ׀H׀ in the passband is small. This implies that a filter with 3 dB ripple 
in the passband is more sensitive than a filter with only 0.01 dB. The disadvantage is that the filter 
order may be increased if the passband ripple is decreased. The advantage is that the filter becomes 
less sensitive to component errors. Thus, there is a trade-off between increased filter order and
reduced sensitivity.
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Chapter 4

Ladder Wave Digital Filters

Ladder Wave Digital Filters can only realize minimum-phase transfer functions. Two different 
approaches are treated. The first method uses separating unit elements between the adaptors to 
avoid delay-free loops. In the second approach, the adaptors are directly interconnected. In this 
case, delay-free loops are avoided by using reflection free ports.

4.1 Ladder WDFs Using Separating Unit Elements

Many important structures are built by using cascaded two-ports, e.g., ladder structures. Unit 
elements are inserted between the two-ports to avoid the delay-free loops. The insertion of unit 
elements can be done in the synthesis stage, which is the most efficient way, because then their 
filtering capability can be utilized. Another suboptimal way is to insert unit elements into the 
ladder structure by using Kuroda-Levy identities.

Unit elements can be inserted from source or from the load side. In case of inserting UEs from 
source side a more symmetric filter is obtained. In this case two adaptors with reflection-free 
ports are obtained. Hence, the number of multipliers is reduced. The use of inserted unit elements 
removes any potential delay-free loop and increases the parallelism in the computations. 
However, the inserted unit elements do not perform any frequency selective filtering if they are 
inserted by using Kuroda-Levy identities.

4.2 Kuroda-Levy Identities

Kuroda-Levy identities relate two networks shown in Figures 4.1 and 4.2. Kuroda-Levy 
identities can be determined for various networks by using the chain matrices. By using Kuroda-
Levy identities, reference filters can be derived that do not lead to delay-free loops. However, 
these structures are suboptimal, because they contain delay elements that are not contributing to 
the selectivity of the filters, i.e., the filter order is higher than necessary.

Figure 4.1 Kuroda-Levy Identities
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Figure 4.2 Kuroda-Levy Identity

An interesting special case that, we will frequently use is shown, is shown in Figure 4.2. The 
relation between the characteristic resistances are

1
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(4.1)

4.3 Ladder WDFs Using Directly Interconnected Adaptors

Figure 4.3 shows a third-order transmission line filter of ladder type. The corresponding ladder 
wave digital filter with directly interconnected three-port adaptors is shown in Figure 4.4. Note 
the special marking in the series adaptors, which indicates that the corresponding port is a 
reflection-free port. The use of reflection free port is necessary in this approach to avoid delay-
free loops, i.e., to get a sequentially computable algorithm. The input a1(n) corresponds to the 
voltage source Vin and b2(n) is the normal output corresponding to the voltage across R5. The 
complementary output b1(n) corresponds to the voltage across R1.

4.4 Minimizing the Number of Delay Elements

The number of delay elements can be reduced so that the filter becomes canonic by using the fact 
that the ladder filter contains capacitive loops. One delay element can be removed in each 
capacitive loop. Delay elements can also be removed in filters with inductive stars.
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Figure 4.3 Reference filter of ladder type

Figure 4.4 Third-order ladder wave digital filter
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Chapter 5

Lattice Wave Digital Filters

5.1 Introduction

Lattice wave digital filters are derived from analog lattice filters. Lattice wave digital filters are 
suitable to implement because they are modular and regular. A properly designed lattice structure 
has low element sensitivity in passband but high element error sensitivity in stopband. Because 
of high sensitivity, the lattice structure is not useful to be used as analog filter with lumped 
components.

Reference filters with lattice structure can be use to derive wave digital filter with low coefficient 
sensitivity in the passband and low roundoff noise. The coefficients in a digital filter are fixed, so 
stopband sensitivity is not a problem. Wave digital filters derived from lattice structures have 
better sensitivity properties that those derived from ladder structure. Any modification of an 
element of a symmetric ladder destroys its symmetry. A lattice filter is symmetric for any 
element values. 

5.2 Characteristics of lattice WDFs

Important characteristics of lattice wave digital filters are as follows.

 The filter order (lowpass and highpass)

orderoddZorderZorderHorder  }{}{}{ 21

 Number of multiplications = number of delay elements = order {H} 

 Passband sensitivity is better than ladder filters

 High degree of computational parallelism, so can be pipelined

 Modular building blocks

5.3 Transfer Function

An analog lattice filter has the transfer function give by following equations.
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They are related to scattering parameters by following equations.
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Figure 5.1 Lattice WDF

A wave digital filter can be obtained by assuming that the impedances Z1 and Z2 are realized by 
commensurate-length transmission lines and mapped to the wave domain by using bilinear 
transformation. The lattice wave digital filter described by Equations (15.3) and (15.4) is shown 
in Figure 5.1. The transfer function of the filter for A1 as input and B2 as output can be found by 
following equation.

21sH  (5.5)

With Feldtkeller’s equation we have following relation.
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The power complementary transfer function of the filter for A1 as input and B1 as output can be 
given by following equation.

11sHc  (5.7)

Thus, if H is a lowpass filter, the Hc will be a highpass filter.

5.4 Lattice WDF Structures

Lattice wave digital filters can be derived by the realizations of reactances that design simple and 
efficient structures. Several methods can be used to realize canonic reactances. Some examples 
are given below.

1. Classical LC structures, some examples are Foster and Cauer I and II
2. Richards’ structures
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3. Circulator structures

5.5 Lattice WDF Structures based on Richards’ and 
Circulator Structures

Lattice WDF structures can be derived by combining Richards’ and circulator structures. The 
lattice WDFs so obtained will be modular as well as regular. Such WDFs are easy to implement.

5.5.1 Richards’ Structures

A Richards’ structure with a cascade of lossless commensurate-length transmission line is shown 
in Figure 5.2. It can realize an arbitrary reactance according to Richards’ theorem. The far end of 
the structure can have open-circuit or short-circuit. The corresponding wave digital filter, using 
symmetric two-port adaptors is shown in Figure 5.3

By using certain adaptor equivalences, the symmetric two-port adaptors can be replaced by other 
two-port adaptors. Adaptor coefficients can be computed from the reflectance functions of the 
reference filter. Richards’ structures are modular. They are suitable to implement high-speed and 
systolic wave digital filters.

The wave-flow graph in Figure 5.3 is using a multiplier with −1 sign. In such cases it is good to 
use a series resonance circuit, because it will avoid −1 sign.

Figure 5.2 Richards’ structure cascaded UEs
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Figure 5.3 Richards’ structure equivalent to second-order parallel resonance 
circuit with corresponding wave-flow graph

5.5.2 Circulator Structures

A circulator reflects an incident wave to the next port. Figure 5.4 shows a three-port circulator 
circuit and its wave-flow graph. An arbitrary reflectance function can be realized by low-order 
reactances as shown in Figure 5.5. The reflectance S for the structure, shown in Figure 5.5, can 
be found by following equation. 

))...()(( 21 nSSSS  (5.8)

Circulators in the microwave range can be realized by using ferrites. In a radar system, the 
circuits are used to direct the signals from transmitter to antenna and from antenna to the 
receiver.  The circulators circulate an incident wave to the next port.

Figure 5.4 Three-port circulator and the corresponding wave-flow graph

5.5.3 Lattice WDFs Based on Richards’ and Circulator Structures

By combining low-order Richards’ structures and circulators, highly parallel and modular filter 
algorithms can be obtained, as shown in Figure 5.5. Figure 5.6 shows the wave-flow graph of the 
structure shown in Figure 5.5. The structure contains n cascaded allpass sections. An even 
number of multiplier with −1 sign can be removed. A multiplier with −1 sign, in the recursive 
loop, can be removed by change of sign of the adaptor coefficients.

The structure of a lattice WDF based on first and second order Richards’ and circulator 
structures is shown in Figure 5.7. 

 The normal output is obtained by a difference between two allpass branches.
 The complementary output is obtained by adding the outputs of the two branches. 

The simplified structure, by removing the multipliers with −1 sign, is shown in Figure 5.8. The αi

in Figure 5.8 have opposite signs to αi in Figure 5.7, where i = 1,2, …., N. The main advantage of 
these structures is that they are modular. Also they can be pipelined by placing delay elements at 
the outputs of the allpass sections in the two branches.
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Figure 5.5 Circulator structure with first- and the second-order Richards’ structure

Figure 5.6 Wave-flow graph for the structure of Figure 5.5

5.6 Maximal Sample Frequency

For lattice WDFs’ shown in Figures 5.7 and 5.8, the recursive loops occur within first and 
second-order allpass sections as shown in Figures 5.9 and 5.10. The maximal sample frequency 
for first-order section is given in the following equation.
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Figure 5.7 Nth-order Lattice WDF

Figure 5.8 Simplified Nth-order lattice WDF
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The maximal sample frequency for second-order section is given in the following equation.

addmult TTT
f

42

11

min
max 

 (5.10)

The maximal sample frequencies for the lattice WDFs in Figures 5.7 and 5.8 are determined by 
equation (5.10). By using three-port adaptors in place of Richards’ structures for the second-
order allpass sections, the maximal sample frequency can be increased by a factor of two.

5.7 Design of Lattice WDFs

Now we consider the synthesis of lattice WDFs shown 
in Figures 5.7 and 5.8. The adaptor coefficients can be 
obtained from the poles of the filter. 

For lowpass and highpass filters, the order N must be 
odd. This implies the following properties. 

 One allpass branch has even order.
 Other allpass branch has odd order.
 The orders of the allpass branches differ by 1.

Let we realize the filter by the structure shown in 
Figure 5.8. Let even order branch is denoted by H0(z)
and odd order branch is denoted by H1(z). The H0 is 
equal to S2 as in Equation 5.4. Also H1 is equal to S1 as 
in Equation 5.3. 

The H0(z) and H1are allpass filters. There function can
be written as follows.
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The H(z) can be written as follows.

Figure 5.9 Tmin for a first-order allpass
section of Richards’ type

Figure 5.10 Tmin for a second-order 
allpass section of Richards’ type

)(

)(

)(

)(
)(

1

1
1

0

1
0 10

zD

zD
z

zD

zD
zzH NN





)()(

)()()()(

10

1
101

1
0

10

zDzD

zDzDzzDzDz NN  
     (5.12)

α1

T
+

+

+

T
Tmin

α1

x(n) y(n)

−

x(n) y(n)

Tmin

+

+

+
α1

x(n) y(n)

α2

T

x(n) y(n)

α1

T

−

T

+

T

+

+
α2 −



Lattice Wave Digital Filters 52

The poles of H(z) are given by the poles of H0(z) and H1(z). The procedure to computer the 
adaptor coefficients for H0(z) or H1(z) is shown in following steps. 

 Synthesize H(z) to obtain poles of H(z).
 Determine the poles of H0(z) and H1(z).
 Compute the adaptor coefficients of H0(z) and H1(z) with respective poles. 

5.7.1 Step 1

It is performed by using same standard approximation such as Butterworth, Chebyshev or Cauer. 
It can also be performed by using a nonstandard approximation. 

5.7.2 Step 2

The poles of H(z) are sorted as follows.

]...[ 2
21

mj
m

j ererr  

where m = (N + 1) / 2.

The sorting is done such that θ1 < θ2 < … θm. 

The first pole is real. It is assigned to odd-order allpass branch. 

The remaining poles are complex conjugated pole pairs. 
They are assigned alternatively between the two allpass 
branches.

The poles of H0(z) are as follows. 

]...[ 53
531

 jj ererr  odd-order

The poles of H1(z) are as follows.

...][ 42
42

 jj erer  even-order

Figure 5.11 shows the distribution of poles in lattice 
filters.

5.7.3 Step 3

The real pole and each complex conjugated pole are 
treated separately.

Figure 5.11 Distribution of poles 
between two poles allpass branches in 

lattice WDF
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Let the real pole is realized by first-order allpass section 
as shown in Figure 5.12.

The transfer function of this section is given in equation 
below. 
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If we consider that Hap(z) has a pole at p1, 
Equation (5.13) gives the value of adaptor coefficient as 
shown in following equation. 

11 p                        (5.14)

Let a complex conjugated pole pair is realized by 
second-order section as shown in Figure 5.13. The 
transfer function of this section is given in equation 
below.
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Figure 5.12 First-order allpass section

Figure 5.13 Second-order allpass 
section

If we consider that Hap(z) has poles at p and p*, the adaptor coefficients α1 and α2 can be 
computed as follows.

Let Hap(z) has poles at p1 and p2. The denominator polynomial can be expressed as follows.

**)(*))(( 2 ppzppzpzpz     (5.16)

p and p* is a complex conjugated pole pair. Equation (15.16) can be written as follows.
22 }Re{2*))(( pzpzpzpz    (5.17)

By comparing the denominator in Equation (5.15) to that in Equation (5.17) we get the 
following. 
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Following MATLAB program can be used to synthesize the lattice WDF.

% Lattice Wave Digital Filter
wcT = 0.58*Pi;   wsT = 0.6*Pi;
Amax = 1;
Amin = 50;
N = 9;      % It must be odd
[Z,P,G] = ellip(N, Amax, Amin, wcT/Pi);
P = flipud (cplxPair(P));
% Adaptor coefficients computation.
for k = 2: 2: N-1
Alfa(k) = abs (p(k))^2;
Alfa (k+1) = −real(2*p(k))/(1+Alfa(k));
End
Alfa(1) =  abs (p(1));
Alfa’

5.8 Linear-Phase Lattice WDFs

To design linear-phase lattice WDFs with 
approximately linear phase in the passband, 
following approaches are used. 

 Filter with a pure delay branch.
 General linear-phase lattice WDF structures

5.9 Filters with a Pure Delay 
Branch

In this approach, a lattice WDF with approximately 
linear phase in the passband is obtained by 
constraining one of the allpass subfilters to 
correspond to a pure delay. The transfer function for 
this approach can be found by following equation.

Figure 5.14 Magnitude response of a 
bireciprocal filter
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The order of H0(z) for lowpass and highpass filters must be M+1 or M−1. These filters generally 
require higher orders than the non-linear phase filters. The order will be much higher when 
transition band is narrow. 

5.10 General Linear-phase Lattice WDF Structure
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In this approach, a lattice WDF with approximately linear-phase is obtained by synthesizing 
lattice WDFs in Figures 5.7 and 5.8 to meet simultaneously the magnitude and phase response 
requirements. This approach produces filters with lower arithmetic complexity. 

5.11 Bireciprocal Lattice WDFs

If magnitude functions ׀s11׀ and ׀s21׀ are antisymmetric around л/2, a significant simplification of 
the digital filter algorithm is possible, as shown in Figure 5.14, with

Sp  1 (5.20)

where   110 min1.0  A
S (5.21)

These types of lattice wave digital filters are called bireciprocal filters or half-band filters. They 
have less computational complexity. In lattice wave digital filter shown in Figure 5.7, every 
adaptor coefficient αi with even index becomes zero in bireciprocal WDF as shown in Figure 
5.15. For this type of filter

Number of adaptors and multipliers = (N−1)/2
Number of adders = 3(N−1)/2+1
where N = odd

Figure 5.15 Bireciprocal lattice WDF
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The filter can be optimally scaled in L∞-norm by selecting appropriate adaptor types. The 
maximal sample frequency will be increased because there are two delay elements in the 
recursive loop. The transfer function of bireciprocal filter is given in figure below. 
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The complementary function is given in the following equation.
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Above two equations are polyphase representations of the transfer function. These two equations 
imply that 

)()( zHzHc  (5.24)

For frequency response, we have following equation.

)()()( )( TjTjTj eHeHeH   (5.25)

H(z) and Hc(z) are power complementary. By using this property we get the following equation. 

1)()()()(
2)(22
 wTjjwTjwT

c
jwT eHeHeHeH (5.26)

Above equation imply that attenuation at ωT = л/2 is 3.01 dB. The relation between passband 
and stopband ripples can be found by following equation. 

1)()1( 22  sc  (5.27)

=>   2)(5.0 sc   (5.28)

The maximal sample frequency of bireciprocal lattice WDF is found by the following equation.

addmult TTT
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 (5.29)

5.12 Bireciprocal Linear-Phase Lattice WDFs

To obtain a bireciprocal lattice WDFs with approximately linear phase, one method is to make 
allpass subfiltes to correspond a pure delay. The transfer function of this filter can be found by 
following equation. 
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For a general bireciprocal lattice WDF, all poles lie on the imaginary axis.

For a bireciprocal linear-phase lattice WDF, the poles lie on real and imaginary axes in pairs and 
in sets of four of these axes. The approximately linear-phase bireciprocal filer generally requires
much higher orders than nonlinear phase counterpart. The order will be much higher if transition 
band is narrow. 

5.13 Roundoff Noise in WDFs

The coefficient sensitivity of the WDF is inherited from reference filter. For a well designed 
doubly resistively terminated reactance network, the passband sensitivity will be minimal. Also, 
the sensitivity for a filter with small group delay is lower. The Cauer and Chebyshev II filter 
have the smallest group delay. The coefficient sensitivity for WDFs can be found by following 
equation. 

)(),(
)(

21
Tj

i

Tj

eFRRK
a

eH 






(15.43)

where K(R1, R2) is a constant which depends on R1 and R2 in reference filter. 

When adaptor coefficients are quantized, the quantization errors correspond to changes in 
resistances R1 and R2. The factor K(R1, R2) increases the lower bound from a roundoff noise point 
of view. For lattice WDFs, the factor K(R1,R2) = 0. Thus, they have roundoff bound and will 
produce lower noise as compared to ladder structures.
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Chapter 6

Synthesis of Circulator-Tree 
Wave Digital Filters

6.1 Introduction

A wave digital filter is derived from an analog filter, which is referred to classical doubly 
resistively terminated reactance filters. Perfectly designed WDFs express good dynamic signal 
range, low roundoff noise and excellent stability characteristics compared with nonlinearity, by 
the effects of finite wordlength. To require the large coefficient wordlengths, therefore the lattice 
WDFs are used and they are modular, but with very high sensitivity in the stopband. An 
advantage is that number of coefficients equals to the filter order, which must be odd.

In this chapter the discussion is about the WDFs that have a high degree of modularity, since it 
exist a cascade of first and second order sections. Therefore they can be pipelined. Of course, 
they also show all above mentioned favorable properties. In fact, they have similar to lattice filter 
even lower passband sensitivity than ladder WDFs. It is most common practice to determine the 
coefficient wordlength is therefore from stopband requirements. A disadvantage of these 
structures is that they are restricted to symmetrical and antimerical transfer functions similarly to 
lattice WDFs. Therefore, extension to arbitrary transfer function is possible, including FIR 
filters. To synthesis these type of structure which is depend upon the factorization of the 
scattering matrix of lossless two-ports.

6.2 Scattering Matrix

Wave digital filters are derived from classical commensurate transmission-line networks by 
using the Richards’ variable, and the wave quantities that may be select as either voltage, current 
or power waves. However, the structures obtained by using voltage or current waves are the 
same. The transformation from voltage current network to voltage wave network. In general a 
linear time-invariant (LTI) electrical N-port network can be illustrated as in 6.1

The signal quantities at each port consists of a voltage (Vi) and a current (Ii). We can represent 
the pair of equations for the ith port as follows.

iiii IRVA  (6.1)

iiii IRVB  (6.2)

where Ai is the incident voltage wave and Bi is the reflected voltage wave.
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Figure 6.1 An LTI N-port network in the voltage-current domain

The wave quantities (Ai, Bi) for the entire network can be described by a voltage vector V and 
current vector I. We define a vector transformation from voltage-current vector domain to 
voltage-wave vector domain. The incident Voltage Vector A is given by

RIVA  (6.3)

and the reflected voltage  wave vector  B is given by

RIVB  (6.4)

Now we consider the two-port, N, shown in 6.2 with the (steady-state) voltages V1, V2 and 
currents I1, I2 As we discussed above Ai and Bi is the incident waves and reflected waves 
respectively. Here we discuss the two-port network so the A1 and A2 are the two inputs, B1 and B2  
are the two outputs and with port resistance R1 and R2 We have
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B  (6.6)

where i = 1,2 and c = 11 R for voltage and power waves respectively.
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Figure 6.2 Two-port

We know that transformation from voltage current to voltage wave is mapping of the signal 
quantities port by port. In this chapter we will focus on voltage wave case. The scattering matrix 
S is

If N is the lossless and real positive, S can be written  as

Where g is a Hurwitz polynomial. The Hurwitz conjugate is represent by "*" sign, which is g*(ψ)
= g(−ψ). The zeros of g, f and h are the poles, attenuation poles (transmission zeros) and 
reflection zeros respectively, while a = ±1 is a constant. For example, for a series inductor we 
have

Figure 6.3 Circulator-tree structure
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6.3 Circulator-Tree Structure

By factorizing of the scattering matrix S = S4 S3 S2 S1 into the elementary scattering matrices Si
an efficient WDF structure can be obtained. This Leads to structures involving circulator-tree as 
shown in 6.3. The reactance network Ni are elementary two ports. The structure is doubly 
resistively terminated the transfer of energy and show all the known advantageous properties of 
such networks. They require in general, N coefficient for an Nth-order filter, as the lattice WDF 
requires. Furthermore, they presenting the well-known properties in relation to the finite 
wordlength effects and have the same high modularity as the cascade form. The elementary two-
port reactance networks Ni are shown in 6.4

Figure 6.4 Elementary reactance two-ports

6.4 Lowpass Circulator-Tree Wave Digital Filter
The three port circulator is shown in Figure 6.5, its realization using the gyrator, and the 
corresponding wave flow diagram.  In this Figure 6.5, it is shown that the incident wave to the 
port 1 is reflected to port 2, and an incident wave to port 2 is the reflected to port 3, and so on. 
Hence, the circulator "circulate" the incident waves to the next port in the corresponding order.

The input port to the port 1 in the Figure 6.5 is
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 (6.7)

The corresponding reflectance is
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 (6.8)

Hence, the resulting reflectance is the products of the lower-order reflectance. Higher-order 
reflectance can therefore be realized by connecting the circulator, loaded with lower-order 
reactance. The wave flow diagram of a corresponding circulators with simple by-connection, i.e., 
without any additional hardware, as shown in Figure 6.5.
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Figure 6.5 Circulator and corresponding wave-flow diagram

Figure 6.6 Three-port series adaptor and equivalent wave-flow diagram with port 3 as the 
dependent port

Figure 6.7 Realization of four-port series adaptor with port four as a dependent port
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Figure 6.8 Equivalent realization of a second-order scattering matrix using a four-port adaptor 
with ports one and two as dependent ports

Figure 6.6 and 6.7 shows the equivalent realization of three-port series adaptor and four-port 
series adaptor with port four as the dependent port.

To implement the circulator-tree wave digital filter as lowpass structure. We assume that the first 
adaptor block that is one two port block consist of series inductor in the ψ-plane, which is 
corresponding to a short-circuited transmission line and the rest of other two port consist of 
alternating series and resonance circuits. Figure 6.8 show the equivalent realization of a second 
order scattering matrix.

The scattering matrix of the four-port adaptor can be derived from Figure 6.8. Where a1 and a2

are the inputs and x1 and x2 are inputs to the delay elements, which is shown in Figure 6.8. Where 
b1, b2 are the outputs and x1n and x2n are the outputs of the delay elements. The equations can be 
derived as follows.

1111121111  xxaaab  (6.9)
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       )( 212131 xxaax  

4241424122  xxaaxx n  (6.12)

       )( 212142 xxaax  

where
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1 43
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and

324 22  

The scattering matrix will be as follows.

The synthesis method in the ψ-plane are available, here we propose a shortcut method that 
allows a designer to design the circulator-tree WDF directly in the z-plane. The scattering matrix 
of the series inductor in Z-plane is

where α1 = 2R/(L+2R) and R is the port resistance. The scattering matrix corresponding to the 
second order series resonance circuit is

where
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Figure 6.9 Equivalent networks

Here, we replaced each shunt circuit with a series resonance circuit that is embedded between a 
pair of gyrators as shown in Figure 6.9 The result is that the sign of each input and output should 
be inverted, where we are using the gyrator. The reason is that it may simplify the 
implementation of the adaptors since they are only one type of adaptor. Note, however that it 
may be beneficial to perform adaptor transformation in order to optimize the dynamic range. In 
general, it may be favorable to consider a circulator-tree structure with more general two-ports 
Ni. Once the filter structure has been designed, we may perform network transformations either 
on the ψ-plane network or on WDF domain.

In this case, a first-order section is placed first, but the order of section is arbitrary, since the 
scattering matrices are commutative. However, the factorization of the scattering matrix of 
reactance two-port into a product of elementary scattering matrices is, only possible if the filter 
network is symmetric or antimetric. Hence only odd order lowpass filter are feasible, which also 
in the case for lattice filters.

Moreover, to implement the nth order lowpass circulator-tree WDF. The first-order section is the 
series inductor. Due to not getting the proper response the first order series inductor is replaced 
into shunt circuit, that is embedded between the pair of gyrator. From the second-order section 
towards Nth order sections, the even and odd order sections are series and shunt circuits 
respectively. Note that in the above lines we are talking about the gyrator, to make the simplified 
circuit. So in this case we are using the pair of gyrator to embed between the odd order sections 
that is shunt circuit and replaced into series circuit, to make a simplified circuit. Nth-order 
circulator-tree WDF is shown in Figure 6.10 where we have used a third order adaptor and 
remaining sections are four-port adaptors.

The normal lowpass transfer function corresponds to s21 while the power complementary 
function is s11. Where n represents the n-port adaptor and k represent the number of adaptor is 
described by following equation.
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The adaptor coefficients are linearly dependent and one of the coefficients can be eliminated, i.e., 
expressed in terms of others. By eliminating αn we get
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Figure 6.10 Lowpass circulator-tree WDF
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The adaptor coefficients are linearly dependent and one of the coefficients can be eliminated, i.e., 
expressed in terms of others. By eliminating αn we get
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Now, let us instead make the port with identical port resistance the dependent ports. This will 
provide advantages in the implementation as the dependent port will not be in a recursive loop. 
From Equation 6.15. we get
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 (6.16)

Based on this assumption a possible realization of a second-order scattering matrix is then shown 
in Figure 6.8. Note that the simple right shift data can be performed by introduced multiplication 
by 1/2. The minimum sample period for the recursive parts of Figure 6.8 is
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addmult TTT 3min  (6.17)

Which is identical to three-port adaptor of the lattice wave digital filter and significantly less 
than symmetric two-port adaptor of lattice wave digital filters.

6.5 Pipelining

Pipelining, which is another method of increasing the throughput of a sequential algorithm, can 
be used if the application permits the algorithmic delay to be increased. This is usually the case 
when the system (algorithmic) is not inside the recursive loop, but there are many cases when the 
algorithmic delay must be kept within certain limits.

It is often possible to modify a partly sequential algorithm so that the data throughput of the new 
algorithm becomes higher. This means that the parallelism is increased and this may lead to a 
more efficient utilization of the computational resources.

Pipelining can be introduced in the feedforward paths in the structure shown in Figure 6.10. This 
corresponding to the two port in the reference filter that contain unit elements. Pipelining allows 
the maximal sample rate to be increased to the bound determined by the recursive loops in the 
section [9]. Moreover, it breaks long computational paths.

6.6 Design of Circulator-Tree Filters

Gaszi has derived equations for computing the adaptor coefficients in lowpass cauer filter that is 
realized as a lattice WDF [2]. We can adapt these equations for also computing circulator-tree 
WDF. Using the terminology and corresponding equations in [2], the computation of the adaptor 
coefficients becomes simple. We have for the first-order section realized with a three-port series 
adaptor

2

1 0
1





 (6.18)

Where γ0 is computed as in [2]. For the remaining second-order sections we get the adaptor 
coefficient in the series four-port adaptors for i = 1,2,...,(N  − 1) /2
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For a reciprocal filter, i.e., half band  filter, we get
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The complete scattering matrix is

(6.21)

The two diagonal matrices in Equation 6.21, which changes the sign of the antidiagonal elements 
in the even fundamental matrices, are due to the definitions of the voltages and current in the 
series adaptors are different from the definitions used for the scattering matrix.

The adaptor coefficient in the circulator-tree WDF shown in Figure 6.10 can be computed by 
using the MATLAB program shown below.

% Circulator-Tree Wave Digital Filter

P = flipud(cplxpair(P))
P (imag(P) < 0) = [];

NoSec = length(P);
Alfa = zeros(NoSec, 5);

Alfa(1, 1) = (1 − P(1))/2;
Alfa(1, 2) = Alfa(1, 1);
Alfa(1, 4) = 2 − 2 * Alfa(1, 1);
Alfa(1, 5) = −1;
Alfa(2, 5) = +1;

for k = 2 : NoSec
Alfa(k, 1) = (1 − abs(P(k))2)/2;
Alfa(k, 3) = 1 − Alfa(k, 1) − real(P(k));
Alfa(k, 4) = 2 − Alfa(k, 3) − 2 * Alfa(k, 1);

end

Alfa(:, 2) = Alfa(:, 1);

6.7 Implementation of Lowpass Circulator-Tree WDF

Now we are designing the lowpass circulator-tree WDF with different order and synthesis the 
lowpass digital filter as a lowpass circulator-tree WDF. We synthesis this filter upto 13th-order, 
from that we can conclude that, can we realize the circulator-tree WDF upto Nth-order. In the 
next session we are giving the two different examples with complete results and fact and figures, 
that it can be realize as circulator-tree WDF.
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6.7.1 3rd-Order Lowpass Circulator-Tree WDF

To implement the 3rd order lowpass cauer filter the following specification can be used Amax = 1 
dB, Amin = 35 dB, ωcT = 0.12π rad, and ωsT = 0.6π rad. Minimum order is Nmin = 2.2515, and
which is increased to N = 3, since as we mention above that only odd order are feasible. After 
computing the order we compute the poles and zeros. We get the following poles and zeros 
respectively, which are given below

P1 = 0.8600 − 0.3342i
P2 = 0.8600 + 0.3342i
P3 = 0.8138

Z1  = −0.6740 - 0.7387i
Z2  = −0.6740 - 0.7387i
Z3  = −1.0000

From these poles, zeros and gain, we get the impulse response. From this impulse response we 
compute the transfer function. After computing the transfer function, we get the magnitude and 
attenuation. The impulse response and attenuation of digital cauer filter is shown in Figure 6.11 
and 6.12. Note that to synthesis the circulator-tree wave digital filter, we can compare the result 
like impulse response, attenuation and transfer function of digital cauer filter with circulator-tree 
WDF.

Figure 6.11. Impulse response of 3rd-order lowpass digital filter
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As we mentioned above the adaptor coefficients of circulator-tree wave digital filter can be 
computed by using the MATLAB Program shown below.

% Circulator-Tree Wave Digital Filter

P = flipud(cplxpair(P))
P(imag(P) < 0) = [];
NoSec = length(P); 
Alfa = zeros(NoSec, 5);

Alfa(1, 1) = (1 − P(1))/2;
Alfa(1, 2) = Alfa(1, 1);
Alfa(1, 4) = 2 − 2 * Alfa(1, 1);
Alfa(1, 5) = −1;
Alfa(2, 5) = +1;

for k = 2 : NoSec
Alfa(k, 1) = (1 − abs(P(k))2)/2;
Alfa(k, 3) = 1 − Alfa(k, 1) − real(P(k));
Alfa(k, 4) = 2 − Alfa(k, 3) − 2 * Alfa(k, 1);

end

Alfa(:, 2) = Alfa(:, 1);

Figure 6.12 Attenuation of 3rd-order lowpass digital filter
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Figure 6.13 Lowpass circulator-tree WDF of third-order

We get following adaptor coefficients

α1 = 0.0931
α2 = 0.0743
α3 = 0.0656

To get the adaptor coefficients, note that now we have to design the 3rd-order lowpass circulator-
tree WDF. The first order section is shunt circuit, and other section is series resonance circuit. 
Figure 6.13 shows the design of 3rd order lowpass circulator-tree WDF. If we cut this structure 
from the middle, it is a symmetric structure, so that we gave the input impulse at a1 = 1 and a2 = 
0 and to check the output impulse response at b2 and vice versa for other input. Now we can 
compare the results of digital cauer filter with circulator-tree WDF. It seems like the same, also 
we can compare the transfer function and impulse response of both filters. From these results we 
can say that we realize the circulator-tree WDF accurately.

Figures 6.14 and 6.15 show the impulse and attenuation response of second order sections of 
lowpass circulator-tree WDF respectively.

6.7.2 7th-Order Lowpass Circulator-Tree WDF
To implement the 7th-order lowpass cauer filter the following specification can be used 
Amax = 1 dB, Amin = 50 dB, ωcT = 0.55π rad, and ωsT = 0.6π rad. Minimum order is 
Nmin = 6.1818, and which is increased to N = 7, since as we mention above that only odd order 
are feasible. After computing the order we compute the poles and zeros. We get the following 
poles and zeros respectively, which are given below.

P1 = −0.2000 − 0.7016i
P2 = −0.2000 + 0.7016i
P3 = −0.0630 − 0.9161i
P4 = −0.0630 + 0.9161i
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Figure 6.14 Impulse response of lowpass circulator-tree WDF

P5 = −0.1532 − 0.9707i
P6 = −0.1532 + 0.9707i
P7 = −0.4681

Z1  = −0.6578 − 0.7532i
Z2  = −0.6578 + 0.7532i
Z3  = −0.3541 − 0.9352i
Z4  = −0.3541 + 0.9352i
Z5  = −0.2581 − 0.9661i
Z6  = −0.2581 + 0.9661i
Z7  = −1.0000

Figures 6.16 and 6.17 show the impulse and attenuation response of 7th order lowpass digital 
cauer filter. Figure 6.18 shows the fourth-order section of circulator-tree WDF. We get the 
following adaptor coefficients. 

α 1= 0.2660
α2= 0.2339
α3= 0.5661
α4= 0.0784
α5= 0.9846
α6= 0.0171
α7= 1.1360
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Figure 6.15 Attenuation of lowpass circulator-tree WDF

Figure 6.16 Impulse response of 7th-order lowpass digital filter
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Figure 6.17 Attenuation of 7th-order lowpass digital filter

Figure 6.18 Lowpass circulator-tree WDF with fourth-order sections
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Figure 6.19 Impulse response of lowpass circulator-tree WDF

Figure 6.20 Attenuation response of lowpass circulator-tree WDF
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6.8 Ordering and Scaling

The order of the section does not affect the transfer function. It mean that the 3rd-order Cauer 
filter have a two adaptor sections and have to permutate both sections with all possible 
combinations, which are two maximum combination, since product of scattering is commutative, 
although the ordering has an effect on the dynamic signal range. Figure 6.21 shows the first- and 
second-order section with all possible permutation and transfer function of Figure 6.21 a and b is 
given below respectively.

numer   = 0.0187 −0.0065 −0.0065 −0.0187
denum  = 1.0000 −2.5339 −2.2512 −0.6928

numer1  = 0.0187 −0.0065 −0.0065 −0.0187
denum1  = 1.0000 −2.5339 −2.2512 −0.6928

numer and denum represent the transfer function of Figure 6.21a and numer1 and denum1
represent the transfer function of Figure 6.21b. It can be analyzed clearly that the transfer 
function of both the figures is same. It means that ordering of section does not affect the transfer 
function. In Figure 6.21 a and b, their is a one dotted line, we can say that this represent the cut 
line. From this cut line we can separate the two sections easily and take the one section to replace
it to another section and vice versa.

Scaling coefficient can be inserted in the feedforward path between the sections. The 
transformations of adaptor, i.e., replacing the series adaptors with parallel adaptors and vice 
versa, yet the same multiplier coefficient can be used to improve the dynamic signal range [2]. 
This approach in the reference filter is to embed a series impedance between identical gyrators. 
In such a way, a series adaptor is replaced by a parallel adaptor with the pair of inverse multiplier 
at all port and an inverter at all output terminal as shown in Figure 6.22. A pair of inverse 
multiplier can be eliminated and thereby changing the signal levels of the two sub networks.

Figure 6.21 Circulator-tree WDF with all possible permutation of first- and second-order 
sections
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Figure 6.22 Series and parallel equivalence

These equivalent transformation changes neither the adaptor coefficients and nor the transfer 
function. Hence, network with n adaptors, have 2n equivalent realization, which, after all differ 
with relation to roundoff noise and overflow, i.e., dynamic range. The dynamic range can in 
some cases be improved by inserting transformer into the reference filter, which corresponds to 
the pair of multipliers. These coefficients are selected to power of two in order not to affect the 
transfer function. In some cases, however the pair of inverse multipliers can be shifted into 
adaptors to avoid the realization of the multiplier with the fractional coefficient.

6.9 Roundoff Noise

In most digital filter implementations, a few arithmetic operations such as addition, subtraction 
and multiplication by constant coefficients are used.

In application-specific ICs, fixed-point arithmetic is used. This is because the hardware for fixed-
point arithmetic is very simple and fast as compared to floating-point arithmetic. The 
quantization methods, to suppress parasitic oscillations in wave digital filters, are more complex 
for floating-point arithmetic. The analysis of the effect of roundoff errors is very complex. This 
is because the quantization of products, addition and subtraction produces errors that depend on 
the signal values. In fixed-point arithmetic, the errors are independent of the signal values. Thus, 
they can be analyzed independently. 

Generally, the additions and multiplications, with suitable adjusted signal levels and with fixed-
point arithmetic do not produce overflow errors. Rounding or truncation must be used to 
quantize the products. Rounding errors appear as roundoff noise at the output of the filter. The 
factors which govern this roundoff noise are as follows.

 Type of nonlinearity
 Filter structure
 Type of arithmetic
 Representation of negative numbers
 Properties of input signal

α2

−1/α1

α1 α2

α3

α1 α2

α3

α1

α3 −1/α3

−1/α2



Synthesis of Circulator-Tree Wave Digital Filters 79

Figure 6.23 Linear noise model for quantization

If the signal varies over several quantization levels then a linear model of the quantization 
operation in fixed-point arithmetic can be used. Such a model is shown in Figure 6.23. The 
quantization of a product yQ(n) = [axQ(n)]Q is modeled by an additive error as shown below. 

)()()( nenaxny QQ  (6.22)

where e(n) is a stochastic process.

Normally, e(n) can be assumed white noise and independent of the signal. The average value and 
variance for the noise source are as follows.

(6.23)

222 )1(  cee Qk 

where

2 = Q2/12, where Q is the data quantization step and Qc is the coefficient quantization step.

Due to the average quantization error, generally, the output of a digital filter has a DC offset. A 
digital filter with M quantization points has a DC offset as given by following equation.
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where gi(n) are the impulse responses measured from the noise sources to output of the filter as 
shown  in Figure 6.24.
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Figure 6.24 Noise model for digital filters

Sometimes it is possible to select the quantization node such that the average values tend to 
cancel. The DC offset also can be removed by adding an appropriate offset at the output. AT the 
output of the filter, the noise sources contribute to the noise. The variance from the source I, at 
the output can be found by following equation.
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 (6.25)

The variance of the roundoff noise at the output is equal to the sum of the contributions from all 
the uncorrelated noise sources.
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The noise e(n) is introduced after each delay element as shown in Figure 6.25. Then an impulse 
(n) = 1 is given at each delay element, one at a time. The impulse response is measured from
the noise source to the b2 output of the filter. The L2-norm is computed for each of the adaptor 
sections at the output. The output of each adaptor section is squared and then all values are 
added. The variance of the roundoff noise is computed by using Equation (6.26).

The L2-norm for the 3rd, 5th and 7th order circulator-tree WDFs are computed as shown in 
respective tables above. The x1n, x2n, ….., xnn values represent the delay elements. The noise is 
injected in the first order section and the output is computed after each adaptors section. The 
results are compared with the output of each of the adaptor sections. The comparison shows very 
interesting results. The tables for the 3rd, 5th and 7th order filters show that the noise will be 
same after computation of the first order section till the Nth order section. It means the noise 
does not affect the other adaptor sections. It will only propagate through the other adaptor 
sections.

+
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Figure 6.25 Lowpass circulator-tree WDFs with noise sources

Different combinations of adaptor sections are shown in Tables 6.1, 6.2 and 6.3. The adaptor 
sections are penetrated by injecting noise sources after each delay elements. The results are 
compared for different combinations of the adaptor sections. The L2-norm column of the 
respective tables shows a small variation in the values. This small variation in the values is 
caused by penetrating the adaptor sections (penetrating the adaptors coefficients). These results 
conclude that the order of the adaptor sections in the filter does not matter.

Combination x1n x2n x3n L2-norm
ADP section 1, ADP section 2 5.63x10-9 7.07x10-6 1.07x10-9 5.01x10-11
ADP section 2, ADP section 1 1.07x10-9 7.51x10-5 5.63x10-9 5.64x10-9

Table 6.1 shows L2-norm of all possible combinations of 3rd-order 
Cauer filter from noise source to output
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Combination x1n x2n x3n x4n x5n L2-norm
1 0.0017 0.0081 0.0013 1.93x10-5 3.18 x10-4 1.23 x10-4
2 0.0013 0.0406 0.0017 1.93x10-5 3.18 x10-6 0.0019
3 3.18x10-6 0.0081 0.0013 0.0408 0.0017 2.70x10-3
4 3.18x10-6 0.0408 0.0017 0.0081 0.0013 2.70x10-3
5 0.0013 1.93x10-5 3.18x10-6 0.0408 0.0017 0.0019
6 0.0017 1.93x10-5 3.18x10-6 0.0081 0.0013 1.23x10-4

Table 6.2 shows L2-norm of all possible combinations of 5th-order 
Cauer filter from noise source to output

The combinations details for 5th order filter are given in Table 6.3.

S.No
.

Combinations

1 ADP section 1, ADP section 2, ADP section 3
2 ADP section 2, ADP section 1, ADP section 3
3 ADP section 3, ADP section 2, ADP section 1
4 ADP section 3, ADP section 1, ADP section 2
5 ADP section 2, ADP section 3, ADP section 1
6 ADP section 1, ADP section 3, ADP section 2

Table 6.3 Combination details of 5th-order Cauer 

Combina
tion

x1n x2n x3n x4n x5n X6n X7n L2-norm

1 6.73x10-5 1.20x10-4 3.19x10-5 1.34x10-8 2.14x10-8 6.34x10-14 2.13x10-13 4.80x10-8

2 6.73x10-5 1.34x10-8 2.14x10-8 1.20x10-4 3.19x10-5 6.34x10-14 2.13x10-13 4.80x10-8

3 6.73x10-5 6.34x10-14 2.13x10-13 1.34x10-8 2.14x10-8 1.25x10-4 3.39x10-5 5.15x10-8

4 6.73x10-5 6.34x10-14 2.13x10-13 1.25x10-4 3.39x10-5 1.34x10-8 2.14x10-8 2.27x10-4

5 6.73x10-5 1.34x10-8 2.14x10-8 6.34x10-14 2.13x10-13 1.25x10-4 3.39x10-5 5.15x10-8

6 6.73x10-5 1.20x10-4 3.19x10-5 6.34x10-14 2.13x10-13 1.34x10-8 2.14x10-8 4.80x10-8

7 1.97x10-4 0.005 2.50x10-5 6.34x10-14 2.13x10-13 1.34x10-8 2.14x10-8 2.72x10-5

8 1.97x10-4 6.34x10-14 2.13x10-13 1.34x10-8 2.14x10-8 0.005 2.50x10-5 2.72x10-5

9 1.97x10-4 1.34x10-8 2.14x10-8 6.34x10-14 2.13x10-13 0.005 2.50x10-5 2.72x10-5

10 1.97x10-4 6.34x10-14 2.13x10-13 0.005 2.50x10-5 1.34x10-8 2.14x10-8 2.72x10-5

11 1.97x10-4 1.34x10-8 2.14x10-8 0.005 2.50x10-5 6.34x10-14 2.13x10-13 2.72x10-5

12 1.97x10-4 0.005 2.50x10-5 1.34x10-8 2.14x10-8 6.34x10-14 2.13x10-13 2.72x10-5

13 4.33x10-6 0.005 3.19x10-5 0.005 2.50x10-5 6.34x10-14 2.13x10-13 2.68x10-5

14 4.33x10-6 0.005 2.13x10-13 1.25x10-4 3.39x10-5 0.005 2.50x10-5 2.69x10-5

15 4.33x10-6 1.20x10-4 2.13x10-13 0.005 2.50x10-5 1.25x10-4 3.39x10-5 2.69x10-5

16 4.33x10-6 1.20x10-4 2.50x10-5 1.20x10-4 3.19x10-5 6.34x10-14 2.13x10-13 2.68x10-5

17 4.33x10-6 6.34x10-14 2.50x10-5 6.34x10-14 2.13x10-13 1.25x10-4 3.39x10-5 2.69x10-5

18 4.33x10-6 6.34x10-14 3.19x10-5 6.34x10-14 2.13x10-13 0.005 2.50x10-5 2.68x10-5

19 4.84x10-9 0.005 2.50x10-5 1.34x10-8 2.14x10-8 1.25x10-4 3.39x10-5 2.68x10-5

20 4.84x10-9 0.005 2.50x10-5 1.25x10-4 3.39x10-5 1.34x10-8 2.14x10-8 2.68x10-5

21 4.84x10-9 1.25x10-4 3.39x10-5 1.34x10-8 2.14x10-8 0.005 2.50x10-5 2.68x10-5

22 4.84x10-9 1.25x10-4 3.39x10-5 0.005 2.50x10-5 1.34x10-8 2.14x10-8 2.68x10-5

23 4.84x10-9 1.34x10-8 2.14x10-8 1.25x10-4 3.39x10-5 0.005 2.50x10-5 2.68x10-5

24 4.84x10-9 1.34x10-8 2.14x10-8 0.005 2.50x10-5 1.25x10-4 3.39x10-5 2.68x10-5

Table 6.4 shows L2-norm of all possible combinations of 7th-order 
Cauer filter from noise source to output
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The combinations details for 7th order filter are given in Table 6.5.

S.No
.

Combinations

1 ADP section 1, ADP section 2, ADP section 3, ADP section 4
2 ADP section 1, ADP section 3, ADP section 2, ADP section 4
3 ADP section 1, ADP section 4, ADP section 3, ADP section 2
4 ADP section 1, ADP section 4, ADP section 2, ADP section 3
5 ADP section 1, ADP section 3, ADP section 4, ADP section 2
6 ADP section 1, ADP section 2, ADP section 4, ADP section 3
7 ADP section 2, ADP section 1, ADP section 4, ADP section 3
8 ADP section 2, ADP section 4, ADP section 3, ADP section 1
9 ADP section 2, ADP section 3, ADP section 4, ADP section 1

10 ADP section 2, ADP section 4, ADP section 1, ADP section 3
11 ADP section 2, ADP section 3, ADP section 1, ADP section 4
12 ADP section 2, ADP section 1, ADP section 3, ADP section 4
13 ADP section 3, ADP section 1, ADP section 2, ADP section 4
14 ADP section 3, ADP section 1, ADP section 4, ADP section 2
15 ADP section 3, ADP section 2, ADP section 4, ADP section 1
16 ADP section 3, ADP section 2, ADP section 1, ADP section 4
17 ADP section 3, ADP section 4, ADP section 2, ADP section 1
18 ADP section 3, ADP section 4, ADP section 1, ADP section 2
19 ADP section 4, ADP section 1, ADP section 3, ADP section 2
20 ADP section 4, ADP section 1, ADP section 2, ADP section 3
21 ADP section 4, ADP section 2, ADP section 3, ADP section 1
22 ADP section 4, ADP section 2, ADP section 1, ADP section 3
23 ADP section 4, ADP section 3, ADP section 2, ADP section 1
24 ADP section 4, ADP section 3, ADP section 1, ADP section 2

Table 6.5 Combination details of 7th-order Cauer

Further, the L2-norm of the A0 node of each of the adaptor section is computed. The L2-norm for 
the A0 node of the 3rd, 5th and 7th order circulator-tree WDFs are calculated as shown in the 
respective Tables 6.6, 6.7, 6.8. The first column in these tables is for combinations. The adaptor 
sections are penetrated with all possible combinations. Other columns represent the A0 node of 
all the adaptor sections. The impulse (n) = 1 is given only at the input and L2-norm of A0 node 
of each adaptor section is computer. The interest was to find the maximum values of A0 node of 
the adaptor sections. The tables show that there is very small variation in the maximum values of 
the A0 node of the adaptor sections as compared to other adaptor sections. The results conclude 
that the order of the filter does not affect.

Combinations Adaptor Section 1 Adaptor Section 2
ADP section 1, ADP section 2 10.7435 13.4458
ADP section 2, ADP section 1 13.4458 10.7435

Table 6.6 L2-norm of all possible combinations of 3rd-order filter 
(from input to A0 node)
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Combinations Adaptor 
Section 1

Adaptor
Section 2

Adaptor 
Section 3

ADP section 1, ADP section 2, ADP section 3 4.9485 5.7782 26.8395
ADP section 2, ADP section 1, ADP section 3 5.7782 4.9485 26.8395
ADP section 3, ADP section 2, ADP section 1 26.9220 5.7782 4.9849
ADP section 3, ADP section 1, ADP section 2 26.9220 4.9349 5.7782
ADP section 2, ADP section 3, ADP section 1 5.7782 26.9220 4.9349
ADP section 1, ADP section 3, ADP section 2 4.9485 26.8395 5.7782

Table 6.7 L2-norm of all possible combinations of 5th-order filter 
(from input to A0 node)

Combinations Adaptor 
Section 1

Adaptor
Section 2

Adaptor 
Section 3

Adaptor 
Section 4

ADP sect.1, ADP sect.2, ADP sect.3, ADP sect.4 3.7599 4.2754 12.7591 46.7324
ADP sect.1, ADP sect.3, ADP sect.2, ADP sect.4 3.7599 12.7591 4.2754 46.7324
ADP sect.1, ADP sect.4, ADP sect.3, ADP sect.2 3.7599 47.9697 12.7591 4.1933
ADP sect.1, ADP sect.4, ADP sect.2, ADP sect.3 3.7599 47.9697 4.1933 12.7591
ADP sect.1, ADP sect.3, ADP sect.4, ADP sect.2 3.7599 12.7591 47.9697 4.1933
ADP sect.1, ADP sect.2, ADP sect.4, ADP sect.3 3.7599 4.2754 46.7324 12.7591
ADP sect.2, ADP sect.1, ADP sect.4, ADP sect.3 4.2754 3.7599 46.7324 12.7591
ADP sect.2, ADP sect.4, ADP sect.3, ADP sect.1 4.2754 46.7324 12.7591 3.7589
ADP sect.2, ADP sect.3, ADP sect.4, ADP sect.1 4.2754 12.7591 46.7324 3.7589
ADP sect.2, ADP sect.4, ADP sect.1, ADP sect.3 4.2754 46.7324 3.7599 12.7591
ADP sect.2, ADP sect.3, ADP sect.1, ADP sect.4 4.2754 12.7591 3.7589 46.7324
ADP sect.2, ADP sect.1, ADP sect.3, ADP sect.4 4.2754 3.7599 12.7591 46.7324
ADP sect.3, ADP sect.1, ADP sect.2, ADP sect.4 12.7591 3.7599 4.2754 46.7324
ADP sect.3, ADP sect.1, ADP sect.4, ADP sect.2 12.7591 3.7599 47.9697 4.1933
ADP sect.3, ADP sect.2, ADP sect.4, ADP sect.1 12.7591 4.2754 46.7324 3.7589
ADP sect.3, ADP sect.2, ADP sect.1, ADP sect.4 12.7591 4.2754 3.7589 46.7324
ADP sect.3, ADP sect.4, ADP sect.2, ADP sect.1 12.7591 47.9697 4.1933 3.7589
ADP sect.3, ADP sect.4, ADP sect.1, ADP sect.2 12.7591 47.9697 3.7598 4.1933
ADP sect.4, ADP sect.1, ADP sect.3, ADP sect.2 47.9697 3.7599 12.7591 4.1933
ADP sect.4, ADP sect.1, ADP sect.2, ADP sect.3 47.9697 3.7599 4.1933 12.7591
ADP sect.4, ADP sect.2, ADP sect.3, ADP sect.1 47.9697 4.1933 12.7591 3.7589
ADP sect.4, ADP sect.2, ADP sect.1, ADP sect.3 47.9697 4.1933 3.7599 12.7591
ADP sect.4, ADP sect.3, ADP sect.2, ADP sect.1 47.9697 12.7591 4.1933 3.7589
ADP sect.4, ADP sect.3, ADP sect.1, ADP sect.2 47.9697 12.7591 3.7598 4.1933

Table 6.8 L2-norm of all possible combinations of 7th-order filter 
(from input to A0 node)
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6.10 Conclusions

We have shown that the circulator-tree wave digital filters are an interesting alternative to lattice 
WDFs. They have very low sensitivity in the passband. By using short-cut methods, a designer 
can easily design the circulator-tree lowpass WDFs. In general, they require the same number of 
coefficients as lattice WDFs, i.e., N coefficients for an Nth-order filter. They exhibit the well-
known properties with respect to finite wordlength effect. They have high modularity and can be 
cascaded. 

We have presented the gyrator transformation to transform elementary networks into the 
equivalent networks. The equivalent realization of four port adaptors and the scattering matrix of 
series resonance circuit are also provided. To design the circulator-tree WDFs, the MATLAB 
code is also provided. After successfully designing the circulator-tree lowpass WDFs, the 
adaptor sections are penetrated with all possible combinations. The results obtained, by the 
penetration of the adaptor sections, have shown that the order of the adaptor sections does not 
matter. 

The noise was introduced after each delay element, one at a time. The L2-norm at the output of 
each adaptor section was computed. The results have shown that the noise does not affect the 
other adaptor sections. It only propagates through the other adaptors section. To see whether the 
penetration of the adaptor sections have some effect, we penetrated the adaptor sections with all 
possible combination, after introducing the noise. We have found that the order does not affect in 
any case. This is one of the favorable properties of circulator-tree WDFs that they are power 
complementary and lossless.
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