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Abstract

The first subject we investigate in this thesis deals with optimization prob-
lems on graphs. The edges are given costs defined by the values of inde-
pendent exponential random variables. We show how to calculate some or
all moments of the distributions of the costs of some optimization problems
on graphs.

The second subject that we investigate is 1-error correcting perfect
binary codes, perfect codes for short. In most work about perfect codes, two
codes are considered equivalent if there is an isometric mapping between
them. We call this isometric equivalence. Another type of equivalence is
given if two codes can be mapped on each other using a non-singular linear
map. We call this linear equivalence. A third type of equivalence is given if
two codes can be mapped on each other using a composition of an isometric
map and a non-singular linear map. We call this extended equivalence.

∙ In Paper 1 we give a new better bound on how much the cost of the
matching problem with exponential edge costs varies from its mean.

∙ In Paper 2 we calculate the expected cost of an LP-relaxed version
of the matching problem where some edges are given zero cost. A
special case is when the vertices with probability 1 − p have a zero
cost loop, for this problem we prove that the expected cost is given
by the formula
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n2
.

∙ In Paper 3 we define the polymatroid assignment problem and give a
formula for calculating all moments of its cost.

∙ In Paper 4 we present a computer enumeration of the 197 isometric
equivalence classes of the perfect codes of length 31 of rank 27 and
with a kernel of dimension 24.

∙ In Paper 5 we investigate when it is possible to map two perfect codes
on each other using a non-singular linear map.

∙ In Paper 6 we give an invariant for the equivalence classes of all
perfect codes of all lengths when linear equivalence is considered.

∙ In Paper 7 we give an invariant for the equivalence classes of all
perfect codes of all lengths when extended equivalence is considered.

∙ In Paper 8 we define a class of perfect codes that we call FRH-codes.
It is shown that each FRH-code is linearly equivalent to a so called
Phelps code and that this class contains Phelps codes as a proper
subset.
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I also would like to give many thanks to all my present and former
colleagues at the Department of Mathematics. In particular I would like to
mention Jens Jonasson, Ingemar Eriksson, Daniel Ying, Gabriel Bartolini,
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Populärvetenskaplig sammanfattning

Avhandlingen behandlar tv̊a huvudproblem. Det första problemet som betraktas
är hur värdet av en optimal lösning för optimeringsproblem över slumpdata kan
beräknas. Det andra problemet är hur mängden av binära perfekta koder kan hit-
tas och ges struktur. B̊ada typerna av problem har egenskapen att redan för små
problem blir tids̊atg̊angen för datorkörningar extremt stor. Beräkningsmässigt
är problemet att antalet möjliga lösningar/koder växer extremt snabbt.

Ett optimeringsproblem som betraktas i avhandlingen är att matcha noder
i en graf. Den graf vi i allmänhet betraktar, best̊ar av en mängd med 2n noder,
där varje par av noder har en kant mellan sig. Vi tänker oss att varje s̊adan kant
har en given kostnad. En matchning i grafen är en mängd av n kanter s̊adan att
varje nod har exakt en kant i matchningen. Lösningen till optimeringsproblemet
är den matchning som har lägst summa av kantkostnader. Antalet matchningar
är större än n! = n(n− 1) . . . 3 ⋅ 2 ⋅ 1. En naiv metod för att hitta optimum är att
beräkna kostnaden för alla matchningar. Om vi tänker oss att en 4 Ghz dator
kan beräkna kostnaden för en matchning per klockcykel skulle det ta ca 6 g̊anger
universums ålder att g̊a igenom 27! matchningar.

För att undersöka hur optimeringsproblem beter sig p̊a stora grafer kan vi
inte betrakta alla möjliga tilldelningar av kantkostnader. Det startantagande vi
använder i denna avhandling är att vi betraktar kostnaderna som slumpmässiga.
Grundtanken vi använder illustreras ofta med Schrödingers katt. Schrödingers
katt är tankeexperimentet att vi tänker oss en katt i en l̊ada och innan vi öppnar
l̊adan vet vi inte om katten lever eller är död. I v̊ara optimeringsproblem tänker
vi oss att vi betraktar en medelkant (eller en medelnod) och innan vi ”öppnar
l̊adan” vet vi varken vilken kanten är eller hur dyr den är.

Ett resultat är en bättre uppskattning av hur mycket vi kan förvänta oss att
kostnaden för matchningen i en specifik graf avviker fr̊an den förväntade kost-
naden. Vi introducerar ocks̊a en generalisering av det bipartita matchningsprob-
lemet. För denna generalisering ges en exakt metod för att beräkna alla moment
av den slumpvariabel som ger kostnaden för den generaliserade matchningen i
grafen.

En perfekt kod C är en mängd 0-1-strängar av längd n, s̊adan att alla
strängar av längd n kan f̊as genom att ändra p̊a maximalt en siffra i ett unikt
element i C. För att strukturera perfekta koder ger vi invarianter som f̊angar
de grundläggande egenskaperna hos koderna. En invariant är associerad till en
ekvivalensrelation och har den egenskapen att alla ekvivalenta koder har samma
värde. En enkel ekvivalens ges om tv̊a binära koder betraktas som ekvivalenta om
de bara skiljer sig p̊a vilken ordning ettorna och nollorna st̊ar i vektorerna. Dess
ekvivalensklasser är subklasser till de ekvivalensklasser som vi betraktar. Som
ett exempel kan vi se att C1 = {(1, 1, 0), (1, 0, 1)} och C2 = {(0, 1, 1), (1, 0, 1)}
är tv̊a ekvivalenta koder. Dock finns det n! olika sätt att ordna positionerna i
kodorden i en kod, och vi vet att n! snabbt blir väldigt stort.

Ett ytterligare resultat är att vi kan konstruera perfekta koder med varje
möjlig instans av en typ av invariant. Ett följdresultat är att varje perfekt kod
är en linjär transformation av de koder vi kan konstruera med hjälp av en av de
betraktade invarianterna.
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1 Introduction 59

2 Background and outline of our approach 60

3 The relaxed matching problem 61

4 The extended graph 62

5 A correlation inequality 64

6 The oracle process 64

7 Negative correlation 66

8 An explicit bound on the variance of Cn 68

9 Proof of Theorem 1.2 70

10 Proof of Theorem 1.3 73
10.1 The distribution of a sum of independent exponentials . 73
10.2 An operation on the cost matrix . . . . . . . . . . . . . 74

11 A conjecture on asymptotic normal distribution 76

Paper 2: LP-relaxed matching with free edges and loops 83
M. Hessler and J. Wästlund
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Introduction

1 Introduction

The first topic in this thesis is the research that I have done in collaboration
with Johan Wästlund, regarding how to characterize the distribution of the
optimum of some random optimization problems.

The second topic in this thesis is the work I have done in collaboration
with Olof Heden about binary 1-error correcting perfect codes. The part
of the introduction about coding theory is intended to give an introduction
and the main results along with more streamlined proofs than those in the
original Papers 4-7. Moreover this gives the opportunity to put the results
in the proper context and clarify some general principles that were not fully
developed in the original articles.

We will first give two explicit examples that will exemplify the two
types of problems we consider in this thesis. The examples are simple cases
of the types of problems explored in depth later in the introduction and
the appended papers.

The first problem is an example of the type of optimization problems
we will consider, only we will later consider the costs as random.

Example 1.1. The following problem is an example of a matching prob-
lem. We have four points {1, 2, 3, 4} on the real line. Suppose we want to
construct disjoint pairs and for each pair {x, y}, x ∕= y, we have to pay
∣x− y∣. We demand that every point is in exactly one pair. The optimiza-
tion problem is to do this so that the sum of the costs is minimized. Clearly
the solution is to pair {1, 2} and {3, 4}.

The second problem concerns partitions of sets of binary vectors into
equivalence classes. We give a very simple example of the type of problems
that we will consider.

Example 1.2. Consider all binary vectors of length 5 and suppose that
we want to partition all sets of cardinality two. We may define two sets
A and B as equivalent if there is a non-singular linear map µ, such that µ
maps the set A on B, that is, µ(A) = B.

For any two non-zero words x and y the sets A = {0, x} and B = {0, y}
there will always be a (non-unique) map µ such that A = µ(B) = {0, µ(y)}.
Similarly, any two sets A = {x1, x2} and B = {y1, y2}, each consisting of
two different non-zero vectors, will be equivalent.
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Both these subjects are born out of the need to partition some finite
set in some predefined way according to a well defined criterion. In the
Example 1.1, we partitioned the set {1, 2, 3, 4} in {1, 2} and {3, 4}. In the
Example 1.2 we partitioned the sets of cardinality 2 into two equivalence
classes.

When reading the mathematical descriptions, a simple picture is often
useful in order to structure the information presented. In this thesis I
believe that the picture which will facilitate understanding is a set with
certain properties that is partitioned. Another reason to try to use simple
arguments is to make it easier to find counterparts with similar properties
to the mathematical model. These counterparts give access to intuition
derived from the combined practical experience of other problems of the
same nature. Further, such a description is also helpful for people without
a background in this particular field of mathematics. Therefore we devote
some space in order to describe the general structure of the results that we
want to present in this thesis.

The main properties used here is actually closely related to simple
arguments concerning dimension and linear dependencies in vector spaces.
Such relations can be generalized in a number of ways. Historically a very
famous generalization was done by H. Whitney (1935), in his article ”On
the abstract properties of linear dependence” [32], where he introduced
the matroid concept. We will not give any details yet, these will come in
Section 4.

Many real-life optimization problems can be modelled by pairwise re-
lations among members of a set. Such pairwise relations are natural to
represent as a graph. Two examples closely related to this thesis are the
travelling salesman problem, TSP for short, and particle interactions.

In the parts that deal with random optimization all problems will be
formulated as if the edges have some specific although random cost. An
interesting problem in its own right is how to model specific problems with
costs on a graph. The TSP is a very natural problem in this respect. In
the TSP the vertices in the graph represent cities and the cost of each edge
is simply the distance between the two cities. The optimization problem
is to visit every city with minimal cost, that is, the shortest tour among
all the cities. In the particle interaction problem the costs are defined by
the binding energies of the atoms. The optimization problem is to form
bindings, how this can be done depends upon which types of atoms we have
in the system, in such a way that the total energy is minimized.

In the random optimization problems studied in the attached papers,
each edge in a graph is given a random cost. One of the results is a better
bound on how much the cost of the matching problem varies from the mean.
We calculate the mean and higher moments of some previously unsolved
generalizations of the matching problem.

In coding theory the corresponding real-life problem, is how to com-
municate information. That is, if we say something to someone we want
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to be reasonably sure that the person we are talking to understands what
we say. Observe that even if we assume that two persons speak the same
language there might be communication problems in between them. One
way to think of this is how easily words can be misheard if they closely re-
semble each other. The conclusion is that we do not want words to be too
similar. As an example, consider draft and graft, these words only differ
in one position and each of these words could easily be mistaken for the
other. Luckily their meanings are such that most of the time the context
will clarify which is the correct interpretation. But a misunderstanding
would be most unfortunate if we are communication with the authorities.
In a mathematical context this can be thought of as a partitioning problem.
The problem is how to partition all sequences of letters in such a way that
all small changes of the words result in something that is not a word. But
this should be done in an efficient way so that we do not get unnecessarily
long words in our language.

In coding theory we give a different approach to how to structure
the, so called, perfect codes. This new structure gives new tools how to
enumerate, classify and relate different classes of perfect codes. We give
new invariants for some equivalence relations on the set of perfect codes.
We also give a non-trivial result on how a certain class of perfect codes, the
Phelps codes, is related to an equivalence relation on the family of perfect
codes.

This study of perfect codes has been motivated by a need to find a new
approach that can overcome the problems inherited by the large number of
different representations in each equivalence class of perfect codes.

2 Graphs and optimization problems

We consider a graph as a pair of sets (V,E), the set V = {vi} for i = 1 . . . n,
is some numbering of the vertices in the graph and the set E denotes the
edges. The degree of a vertex vi in a graph is the number of edges eij ∈ E.
We will also in some cases refer to the degree of a vertex in some sub-graph,
(V, F ) for F ⊂ E, where it is defined in the natural way.

We will here always consider the case that we have undirected edges,
that is, for every edge eij ∈ E, eij = eji. This is natural in the travel-
ling salesman problem if we consider the costs of the edges as distances.
But if we consider the costs as ticket prices, we don’t necessary have this
symmetry.

A loop in a graph is an edge eii whose endpoints coincide. If we
consider graphs with loops we will state this explicitly, that is, the default
case is a graph without loops.

A graph is complete if there exists an edge eij for every pair i, j ∈ [1, n],
such that i ∕= j.

A bipartite graph is a graph where we can split the vertex set V into
two disjoint sets A and B such that every edge in E goes between a vertex
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in A and a vertex in B. A complete bipartite graph is a bipartite graph
such that for every pair vi ∈ A and vj ∈ B there exists an edge eij .

A forest is a graph without cycles. In a connected graph there is
a path connecting any pair of vertices. A tree is a forest such that the
subgraph, defined by the vertices having an edge in the forest, is connected.
A spanning tree is a tree that contains every vertex of the graph. Hence
there is a unique path connecting any two vertices in a spanning tree.

A k-matching on a graph is a set M ⊂ E such that the cardinality of
M is k and that it contains k vertex disjoint edges. A perfect matching is
a matching such that every vertex is covered by the matching.

Figure 1: A graph and a perfect matching.

In all the optimization problems we will consider, each edge is given a
random cost. One problem is then to find the perfect matching with the
minimum sum of edge costs. Prior to going into any detailed mathematical
descriptions, we will try to give a picture of the more probabilistic aspects
of optimization problems on graphs. The main difficulty in dealing with the
optimization problem lies in that the number of possible solutions grows
very fast as the number of vertices in the graph grows. We can as an
example consider matching on a complete n× n bipartite graph, for which
we have n! possible matchings.

The combinatorial aspects of the optimization problems under con-
sideration are very hard to handle. Consider for example if we decide to
use a specific edge, this has consequences for all vertices in the graph when
deciding which edge is optimal to use. That is, if we demand that a specific
edge is used, this can change which edge is optimal for all other vertices in
the graph.

In the work leading to this thesis, quite a number of results have been
derived by making non-rigorous results rigorous. In paper 2, one such result
is presented, the non-rigorous background in briefly presented in Section 6.
The non-rigorous method presented there is a part of the rigorous proof
of the asymptotic expected cost of the matching problem with exponential
edge costs presented by Aldous [2]. Independent proofs [20, 22] of the ex-
pected cost of the matching problems was derived using two different but
related methods, both of which have inspired my work in random optimiza-
tion. The formula giving the expected cost was conjectured by Parisi [24],
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this formula gives the expected cost on the complete bipartite graph with
n+ n vertices as

1 +
1

4
+

1

9
+ ⋅ ⋅ ⋅+ 1

n2
→ ¼2

6
.

The method we use to solve problems in random optimization in this
thesis involves constructing something very much like an algorithm. This
algorithm recursively finds the optimum solution, i.e. we first find the opti-
mum 1-matching and then use the information gained to find the optimum
2-matching and so forth. Constructing such an algorithm mainly deals with
how to acquire information about the edge costs while maintaining some
nice probabilistic properties of the random variables involved. We will now
consider some examples of how choosing the right way to condition on the
random variables can help us answer questions about random structures.

Example 2.1. Suppose that we have two dice with six sides, one blue,
one red. Consider first that we condition on the event that at least one die
is equal to two. What is the probability that both dice are equal to two?
What if we instead condition on the event that the blue die is equal to two?
In the first case the probability is 1/11 and in the second case 1/6.

Example 2.2. Suppose that we have a thousand dice with six sides. What
is the probability that the sum is divisible by six? What happens if we
condition on that the sum of the first 999 dice is equal to n? The probability
is 1/6.

Example 2.3. Suppose we place 3 points independently randomly with
uniform distribution on a circle. What is the probability that we can rotate
the circle in such a way that all points lie on the right hand side of the circle?
One solution is to condition on the lines that we get through the centre of
the circle and the 3 points, but not on which side of the origin the points
lie. In principle there are only 6 ways to rotate the circle in order to get
the points on the right side. Further there are 8 ways to choose which side
of origin the points lie. Hence the probability is 3/4.

A fundamental property to maintain (or prove), is that the random
variables are independent. It is easy to see that in the travelling salesman
problem with costs given by distances between points, it is not even possible
to start with independent costs. As the edge costs must pointwise in the
probability space (every arrangement of the vertices in the plane) fulfil the
triangle inequality. Clearly the triangle inequality leads to a dependency for
the cost random variables. To get a manageable problem we define a related
problem where we assume that the random variables are independent. From
this approach a large class of interesting problems has evolved, some of
which are considered in the papers in this thesis.

In paper 1 we use an exact method to get a bound on how much the
cost varies from the average cost for the matching problem.

5
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In paper 2 we derive a formula for the expected cost of a specific
generalization of the matching problem.

In paper 3 we give a generalization of the bipartite matching problem
where we allow more intricate restrictions on each of the two sets of vertices.
For this problem we give an exact formula for all moments.

When we construct the methods used in this thesis, the most impor-
tant statements involve how different partial solutions are related to each
other. Whitney defined the class of matroids in his famous paper [32]. For
an optimization problem on a matroid, it is possible to make statements
about how partial solutions are related. In fact, matroids have a s stronger
property than we need, the property that we can find the optimal solution
using a greedy algorithm. But for the purpose of this thesis we will use
a language suitable for a larger class of optimization problems, to which
for example the assignment problem belongs. We will devote Section 4 to
give a short description of matroids. Although of limited practical use,
we believe that the matroid example is very informative in relation to our
papers about random optimization.

3 Notation and conventions in random opti-
mization

In this section, we specify the notation and definitions needed for our study
of some random optimization problems.

3.1 Exponential random variables

Many of the methods used in this thesis are completely dependent on spe-
cific properties of exponential random variables. An exponential random
variable X of rate ° > 0 is a random variable with the density function
fX(x) = ° exp(−°x). We get the probability

P (X ≤ x) =

∫ x

0

fX(t)dt.

We define FX(x) = P (X ≤ x) and F̄X(x) = P (X > x) = 1 − FX(x).
Hence, FX(x) is the probability function (the distribution) of the random
variable X. We list some of the properties of exponential random variables
below, we include short proofs of these properties.

Lemma 3.1. (The memorylessness property)
Let X be an exponential random variable of rate °. Conditioned on the
event that X is larger than some constant k, the increment size X − k is
an exponential random variable Xk of rate °, in other words,

P (X > k + t∣X > k) = P (X > t). (1)

6
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Proof. We only need to note that

P (X > k) = exp(−°k),

and

exp(°k) exp(−°(x+ k) = exp(−°x).

Lemma 3.2. For any set {X1, . . . , Xn} of independent exponential random
variables Xi of rates °i, Z = min(X1, . . . , Xn) is a rate ° = °1+°2+⋅ ⋅ ⋅+°n
exponential random variable.

Proof. P (Z > x) = exp(−°1x) ⋅ ⋅ ⋅ ⋅ ⋅ exp(−°nx) = exp(−°x)

Lemma 3.3. (The index of the minimum)
For any set {X1, . . . , Xn} of independent exponential random variables Xi

of rates °i and the minimum Z = min(X1, . . . , Xn). Then Xj = Z with
probability

°j
°1 + ⋅ ⋅ ⋅+ °n

.

Proof. Assume without loss of generality that j = 1. By Lemma 3.2, the
random variable Y = min(X2, . . . , Xn) is exponential of rate °2 + ⋅ ⋅ ⋅+ °n,
it follows that

P (X1 = Z) = P (X1 < Y ) =

∫ ∞

0

fX1(x)F̄Y (x)dx =
°1

°1 + ⋅ ⋅ ⋅+ °n
.

Lemma 3.4. (The independence property of the value and the
index of the minimum of a set)
For any set {X1, . . . , Xn} of independent exponential random variables Xi

of rates °i and the minimum Z = min(X1, . . . , Xn). Let I be the random
variable such that XI = Z. Then Z and I are independent.

Proof. Again assume that j = 1 and define the random variable Y =
min(X2, . . . , Xn). With this terminology we get

P (I = 1, Z > x) = P (Y > X1 > x) =

∫ ∞

x

fX1(t)F̄Y (t)dt =

°1 exp(−x(°1 + °1))

°1 + °2
= P (I = 1)P (Z > x).

7
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4 Matroids

A matroid is a generalization of the concept of linearly independent vectors.
There are a number of equivalent ways to define a matroid. We will only
mention two such definitions. A matroid is defined by considering some
ground set E. We define a matroid on the ground set by considering a
non-empty collection A of subsets of E, the members ai ∈ A are called the
independent sets. This collection of sets should fulfil the following proper-
ties

i) For any ai ∈ A if a ⊂ ai then a ∈ A.
ii) If ai, aj ∈ A and ∣ai∣ < ∣aj ∣ then there exists e ∈ aj ∖ ai such that
ai ∪ {e} ∈ A.

Observe that property i) implies that ∅ ∈ A as A is non-empty.
A subclass of the set of matroids is the class of matroids that can be

represented as members of a vector space over some field. As an example
of a ground set in this class is a set of binary vectors of length n. In
this case the independent sets are those containing linearly independent
vectors. Another example is the edges in a graph. Here an independent
set is a forest. An edge eij of an graph on n vertices can be represented
by the member of the binary vector space Zn

2 with zeros in all positions
except positions i and j. Note that the axioms imply that it is sufficient
to list the maximal elements of A in order to define the independent sets
of the matroid. Further note that the maximal elements all must have the
same cardinality.

Another way in which to turn the ground set into a matroid is to
define a rank function. The rank function maps subsets of the power set
of the ground set to the nonnegative integers. The rank of a set b ∈ 2E is
the cardinality of the largest independent set contained in b. But the only
thing we need to observe is that the independent sets are exactly those sets
with the same cardinality as their rank. This gives the connection to linear
algebra in a very natural way. That is, in a vector space the rank of a set
can be defined as the dimension of the linear span of the set. Note that if
we assume that the cardinality one sets are independent, then this implies
that we do not consider the zero vector as a member of our ground set.

5 Optimization on a matroid

From Section 4 we know that there exists an integer n equal to the car-
dinality of the maximal independent sets. By a k-basis, we mean any
independent set with cardinality k.

We associate a rate 1 exponential random variable Xi to each member
ei of the ground set, i.e. Xi is the cost of ei. The cost of a set is defined
as the sum of the costs of the elements in the set. In all the following
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discussions we will assume that no two subsets have the same cost. This
property makes it possible to use the notation that amin

k ∈ A is the unique
minimum cost k-basis.

Lemma 5.1. (The nesting property)
If k1 < k2 then amin

k1
⊂ amin

k2
.

Proof. By matroid property i) and the minimality of amin
k1

every subset

of cardinality k1 of amin
k2

is a k1-basis of equal or higher cost than amin
k1

.

By matroid property ii) there is a subset a of amin
k2

such that a ∪ amin
k1

is

a k2-basis. The minimality and uniqueness of amin
k2

implies that amin
k2

=

a ∪ amin
k1

.

We define the span of a set a as the largest set containing a with the
same rank as a.

5.1 The oracle process in the general matroid setting

An oracle process is a systematic way to structure information in an opti-
mization process. We assume that there is an oracle who knows everything
about the costs of the elements of the ground set.

We now give a protocol for how we ask questions to the oracle in the
matroid setting with exponential rate 1 variables. The protocol is formu-
lated as a list of information which we are in possession of when we know
the minimal k-basis.

1) We know the set amin
k , this implies that we know the set span(amin

k ).
2) We know the cost of all the random variables associated to the set
span(amin

k ).
3) We know the minimum of all the exponential random variables associ-
ated to the elements ei in the set E ∖ span(amin

k ).

Here we then conclude that we know exactly the information needed in
order to know the cost of the minimal k + 1-basis. To know the stipulated
information in the next step of the optimization process we need to ask
the oracle two questions. First we ask which member of the ground set
is associated to the minimum under bullet 3). Second we ask about all
the missing costs under bullet 2) and 3). Now we have reached the point
where we run into problems with the combinatorial structure of a particular
problem. That is when we ask for the cost of the minimum under bullet
(3) the expected value of this is just

1

∣E ∖ span(amin
k )∣ , (2)

larger than the value we got the last time we asked for this cost. The prob-
lem is that the cardinality depend on which set amin

k we have. Therefore we

9
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need to know the properties of these sets. The independence of the mini-
mum and its location often enables us to calculate the expected cardinality
of the above set.

By the construction of the questions 1)-3) to the oracle we control
exactly which information we are in possession of at any time. We be-
lieve that constructing a good protocol is the key to solving optimization
problems possessing the nesting property.

Note that only a few problems can be formulated directly as an opti-
mization problem on the ground set of a matroid. Most of the times we
need to use some generalization of the matroid. But such generalizations
seem to possess similar properties to the ones used above. Further the
intuition given by the basic matroid formulation seems to generalize in a
natural way. An additional motivation is that we will in some of the more
advanced problems, see Paper 3, in this thesis need to calculate the waiting
times in a two-dimensional urn-process. These waiting times correspond to
how much larger the next random variable we ask for in bullet 3).

5.2 The minimum spanning tree (MST) problem on
the complete graph

In terms of graphs the most natural matroid structure, where we have a
direct correspondence between the edges and the ground set, is the spanning
trees of a graph. In this setting a maximal independent set is the set of
edges from a spanning tree. The asymptotic cost ³(3) of the MST was first
calculated by Frieze [6]. We observed above that calculating Equation (2)
is the main difficulty in the oracle process. In this example we will show
how we here can calculate the number ∣E ∖ span(aj)∣P (amin

k = aj) for all j
and k.

We start by looking at two small examples where it is reasonable to
do the complete calculations needed to get the expected value of the mini-
mum spanning tree. We denote the random variable giving the cost of the
minimum k-basis on a complete graph by Tn

k .
For n = 3 the complete graph has 3 edges, as can be seen in Figure 2.

Observe, in this example, that the matroid structure does not restrict us
when we choose edges for the 2-basis. We can choose the two smallest edges
and get the result directly. By symmetry assume thatX1 < X2 < X3 giving
the result

ET 3
2 = E(min(X1 +X2, X1 +X3, X2 +X3)) = (3)

E(X1 +X2∣X1 < X2 < X3) = 1/3 + (1/3 + 1/2) = 7/6. (4)

The last equality follows from Lemmas 3.1 and 3.2.
For n = 4 the situation gets more complicated, as we must keep track

of where the minimum lies in the graph. We must do this because of the
matroid restriction. Not all sets of three edges are independent. Note that
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v1 v2

v3

v1 v2

v3v4

Figure 2: The complete graphs K3 and K4.

Figure 3: The two types of spanning trees in K4.
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there are two different kinds of independent sets, as seen in Figure 3. We
use the oracle process, clearly we start with no knowledge about anything.
Further, when we state the expected value, we always condition on the
information given by the oracle. This leads to the following.

Round 1 is by symmetry unique.
We know that ∣E ∖ ∅∣ = 6.
The Oracle: The minimum is x1, such that E(x1) = 1/6.
We know that T 4

1 = x1, we ask which edge has cost x1?
The Oracle: The minimum is e12.

Round 2 has by symmetry two possibilities.
We know that ∣E ∖ span({e12})∣ = 5.
The Oracle: The minimum is x2, such that E(x2) = 1/6 + 1/5.
We know that T 4

2 = x1 + x2, we ask which edge has cost x2?
The Oracle answers with probability 1/5 a) and with probability 4/5 b):
a) The minimum is e34.
b) The minimum is e14.

Round 3a is by symmetry unique.
We know that ∣E ∖ span({e12, e34})∣ = 4.
The Oracle: The minimum is x3a, such that E(x3a) = 1/6 + 1/5 + 1/4.
We know that T 4

3 = x1 + x2 + x3, we ask which edge has cost x3a?
The Oracle: The minimum is e13.

Round 3b has by symmetry two possibilities.
We know that ∣E ∖ span({e12, e14})∣ = 3.
The Oracle: The minimum is x3b, such that E(x3b) = 1/6 + 1/5 + 1/3.
We know that T 4

3 = x1 + x2 + x3, we ask which edge has cost x3b?
The Oracle answers with probability 1/3 c) and with probability 2/3 d):
c) The minimum is e13.
d) The minimum is e34.

Hence we know the expected value

ET 4
3 =

1

5
E(x1 + x2 + x3a) +

4

5
E(x1 + x2 + x3b) =

1

6
+

(
1

6
+

1

5

)
+

1

5

(
1

6
+

1

5
+

1

4

)
+

4

5

(
1

6
+

1

5
+

1

3

)
=

73

60
. (5)

We observe a systematic structure in Equation (5). If we want we can
represent this as two possible areas in the first quadrant, see Figure 4.

In the general case for a complete graph with n vertices, we can solve
the problem in the same way as we did in the example n = 4. Define the
vector

Ck = [c1, . . . , cn],

12
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6

-
1/6 11/30 37/60

1

2

3
20%

6

-
1/6 11/30 21/30

1

2

3
80%

Figure 4: The costs as areas in the first quadrant.

where ci ≥ ci+1 and the sum is equal to n, that is, Ck is a partition of n.
The number ci gives the number of vertices in the i:th largest tree in the
minimal k-basis. We therefore have that

C0 = [1, . . . , 1],

and

Cn−1 = [n, 0, . . . , 0].

Note that it is easy to see how to calculate the probabilities for a given
Ck to go to some specific Ck+1, also it is easy to calculate the rate of the
minimum in the oracle process. Explicitly, we have that the number of
exponential random variables is just the ordered sum of products of all ci.
For example if

C3 = [3, 2, 1, 0, 0, 0],

we get

3 ⋅ 2 + 3 ⋅ 1 + 2 ⋅ 1 = 11,

giving the expected value of the increment as 1/11. Further, two compo-
nents are joined with an edge with probability proportional to the number
of edges between them. For our example we get

C4 = [5, 1, 0, 0, 0, 0]

with a probability of 6/11,

C4 = [4, 2, 0, 0, 0, 0]

with probability of 3/11 and finally

C4 = [3, 3, 0, 0, 0, 0]

13
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with a probability of 2/11. We observe that we only need to do the sum-
mation over all such states to get the expected cost of the MST, but this
is time consuming to do on a computer even for moderately large n. As an
example see Gamarnik [7], for a different and more efficient algorithm how
to do this on a computer.

6 The Poisson weighted tree method

In this section we describe a non-rigorous method for computing the cost
of a matching on the complete graph.

In the normal matching problem every vertex must be matched. We
here study a related problem where we for each vertex with a coin flip decide
if the vertex must be matched with a probability p (p = 1 corresponds to
the normal matching problem). We call this problem the free-card match-
ing problem as we can think of the vertices that do not need to be in the
matching as having a card that allows them to be exempt from the match-
ing. The free-card matching problem is asymptotically equivalent (in terms
of expected cost) to the problem studied in Paper 2.

Results based on the Poisson weighted infinite tree, PWIT for short,
have been made rigorous in some cases. In [2] it was used to prove the ¼2/6
limit of the bipartite matching problem. Aldous also gave non-rigorous
arguments to motivated the calculations used in [2]. We generalize these
non-rigorous arguments in order to get a model suitable for the free-card
matching problem.

In the previous sections we have considered finite graphs, we here
consider the limit object of a complete graph Kn, when we let the number
of vertices grow. Hence in all further discussions we will regard n as large.

6.1 The PWIT

The PWIT is a rooted tree where each vertex has children given by a rate 1
Poisson process, see Figure 5. In a Poisson process of rate 1 each increment
size between the edge costs is independent exponential of rate 1. We think
of the leftmost children to each vertex as being the cheapest. We label
the vertices in the PWIT recursively in the following way, the root is the
empty sequence, the vertex we reach using the i:th smallest edge from vs
is labelled vs,i. This is continued recursively, hence, the second child to v1
is labelled v1,2. We will formulate an optimization problem on the PWIT
corresponding to the free-card matching problem. We do this by thinking
of the root of the PWIT as being some random vertex in the complete
graph. We rescale the edge costs in the complete graph by a factor n. We
see, by Lemma 3.2 and Lemma 3.1, that a finite sequence of the smallest
edges from the root will converge to a Poisson process of rate 1 as n grows.
Hence, the edge costs of the root in the PWIT is actually quite natural for
large n.

14
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Z

Z1 Z2 Z3

»1 »2 »3

Figure 5: The Poisson weighted infinite tree.

6.2 The free-card matching problem

Let p be any number such that 0 ≤ p ≤ 1 and consider a complete graph
Kn with independent exponential rate 1 edge costs. To each vertex we
independently give a free-card with probability 1 − p. The optimization
problem is to find the set of vertex disjoint edges with minimal cost that
covers every vertex without a free-card. We denote the random variable
giving the cost of the optimal free-card matching by Fn, for even n. The
cost is expressed in the dilog-function, this function is defined by

dilog(t) =

∫ t

1

log(x)

1− x
dx.

For the free-card matching problem we want to prove, within the framwork
of the PWIT-method, the following:

Conjecture 6.1. Let Fn be the cost of the optimal free-card matching, then

EFn −→ −dilog(1 + p).

In the PWIT we model the free-card matching problem by choosing
a free-card matching on the PWIT. As above, each vertex is given a free-
card independently with probability 1− p. We note that a vertex is either
matched to its parent or it is used in the free-card matching in its subtree.
We assume that we, by the above mentioned renormalization, have well
defined random variables Zv for each vertex v in the PWIT. These random
variables give the difference in cost between the minimal free-card matching
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in the subtree to v where we use the root in the free-card matching and the
free-card matching that does not use the root. We assume that each Zv is
only dependent on the random variables in the subtree with v as root. We
further assume that all Zv have the same distribution.

We describe the minimality condition on the free-card matching by a
system of “recursive distributional equations”. Recall that when we ran-
domly pick the root, it either owns a free-card or it does not own a free-card.
Denote the distribution of Zv conditioning on v getting a free card by Yv

and conditioning on that v do not get a free card by Xv. We describe the
relation between the random variables with the following system

{
X

d
= min (»i −Xi; ³i − Yi) ,

Y
d
= min (0; »i −Xi; ³i − Yi) .

(6)

Here » is a Poisson process of rate p and ³ is a Poisson process of rate
1 − p. This follows by the splitting property of a Poisson process. The
logic of the system is that, when we match the root, we do this in such a
way that we minimize the cost of the free-card matching problem on the
PWIT. Further, if we match the root to a specific child, the child is no
longer matched in its sub-tree.

6.3 Calculating the cost in the PWIT

In this section we describe a method for calculating the cost of a free-card
matching on the PWIT when we know the distribution of Zv. It will turn
out that we do not need the explicit distribution of Zv, as was first observed
by G. Parisi (2006, unpublished manuscript). We use the same basic idea
as Aldous used in [1, 2]. That is, we use the observation that an edge is
used if the cost of the edge is lower than the costs Z and Z ′ of not matching
the two vertices using some other edges. Hence we use the edge if the cost
z of the edge satisfies z ≤ Z + Z ′. We can think of this as connecting two
independent PWIT:s with the edge, and getting a bi-infinite tree structure,
see Figure 6.

What we in principle do in the following calculation, is to calculate
the expected cost per edge in the minimum cost free-card matching.

1

2

∫ ∞

0

zP (Z + Z ′ ≥ z) dz =

1

2

∫ ∞

0

z2

2

∫ ∞

−∞
fX(u)fY (z − u) du dz =

1

2

∫ ∞

−∞
F̄Z(u)

∫ ∞

0

F̄Z′(z − u) dz du (7)
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Z Z ′
z

Figure 6: The bi-infinite tree.

If we define the functions

TZ(u) =

∫ ∞

−u

F̄Z(t)dt

TZ′(u) =

∫ ∞

−u

F̄Z′(t)dt,

and if there exists a function Λ that takes TZ(−u) to TZ′(u), we see that
(7) is equal to

− 1

2

∫ ∞

−∞

d

du
(TZ(−u))TZ′(u) du =

− 1

2

∫ ∞

−∞

d

du
(TZ(−u)) Λ(TZ(−u)) du =

1

2

∫ ∞

0

Λ(x)dx. (8)

Observe that the factor 1/2 is just a rescaling constant from the fact that
we rescale with a factor n and that there is at most n/2 edges in the free-
card matching. Equation (8) can be interpreted as the area under the curve
when TZ(−u) is plotted against TZ′(u) in the positive quadrant, as we can
see below in Figure 7.

6.4 The solution to the free-card matching problem

We use the definition that F̄X(u) = 1 − FX(u) = P (X > u) and F̄Y (u) =
P (Y > u) and we also consider the corresponding derivatives F ′

X(u) =
−F̄ ′

X(u) = fX(u) and F ′
Y (u) = fY (u).

We note that F̄X(u) is the probability that there is no point (³i, Yi)
in the region ³i − Yi < u and that there is no point (»i, Xi) in the region
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»i −Xi < u. We get

F̄X(u) = exp

(
−
∫ ∞

−u

pF̄X(t) + (1− p)F̄Y (t)dt

)
,

and similarly for F̄Y (u).
With this observation we see that the system (6) corresponds to

fX(u) = pF̄X(u)F̄X(−u) + (1− p)F̄X(u)F̄Y (−u) (9)

F̄Y (u) =

{
0 if u > 0

F̄X(u) if u < 0.

It follows that

fX(u) =

{
pF̄X(u)F̄X(−u) if u < 0

F̄X(u)F̄X(−u) if u > 0.

This system implies that pfX(u) = fX(−u) if u > 0 and moreover that
pF̄X(u) = FX(−u). Using this we can solve (9) and get that

FX(u) = 1− 1

p+ eu+c
if u > 0.

The constant c follows from the fact that FX(0−)+ F̄X(0+) = 1 which
give that c = 0. We also get the probability

P (Y = 0) = F̄Y (0
−) = 1− pF̄X(0+) = (1− p)/(1 + p).

Collecting the above results give that

FX(u) = Â(−∞,0)(u)

(
p

p+ e−u

)
+ Â[0,∞)(u)

(
1− 1

p+ eu

)
(10)

FY (u) = Â(−∞,0)(u)

(
p

p+ e−u

)
+ Â[0,∞)(u).

In order to calculate the expected cost we use Equation (8). We define

T (u) =

∫ ∞

−u

pF̄X(s) + (1− p)F̄Y (s) ds.

Note that we consider a random choice of root in this expression. By
Equation (10) we see that for u > 0 we get that FX(−u) + pFX(u) = p,
which together with the relation F̄X(u) = exp(−T (u)) implies that

e−T (−u) + pe−T (u) = 1.
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Figure 7: The T (x) versus T (−x) plot of the free-card matching problem
for p = 0.5.

For u = 0 we know that T (0) = log(1 + p). For u < 0, the above relations
are still true for −u, giving the solution

Λ(x) =

{
log(p)− log(1− e−x) if x ≤ log(1 + p)

− log(1− pe−x) if x > log(1 + p),

see Figure 7.
By the symmetry of the solution we can calculate the cost as

1

2
log2(1 + p) +

∫ ∞

log(1+p)

− log(1− p exp(−x))dx = −dilog(1 + p).

This proves Conjecture 6.1 as far as possible given the non-rigorous
PWIT-method described in this section.

7 The main results in random optimization

The work leading to this thesis has given me an understanding of discrete
systems fulfilling some minimality condition. The thesis only presents some
of these systems.

One type of systems that I have spent quite some time looking at is
problems that are modelled by relations described by sets with more than
two members. We could call this type of problems hyper-graph match-
ing problems. But this class of problems have shown themselves to be ill
behaved in relation to the methods used in this thesis.
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The intention has been to communicate some of my understanding to
more people. Further, it is possible to derive the results in the papers from
well known results from calculus, often in the form of partial integration
or by changing the order of integration. This is the method I have mostly
used to derive the results. The reader should be aware of this as it is not
always clear from the composition of the papers. The presentation in the
papers is chosen with consideration to how easy it will be to generalize the
results, but also to put the results into a familiar framework to the typical
reader.

As a final remark we want to again note that perhaps the most im-
portant result in the papers is that they give further indications how to
approach similar problems in the future. They give additional evidence
that the methods used are well suited for giving strong results. The last
paper, gives an even more general interpretation of a 2-dimensional urn
process, this gives additional tools to find a combinatorial interpretation
of this method. Further it seems that approximating the higher moments
using the method in Paper 1, give better bounds than those attainable with
other methods.
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8 Error correcting codes

The fundamental problem that is studied in coding theory is how to send
information along some channel. This will be done under some given as-
sumptions about how this information channel behaves. Observe that cod-
ing theory does not deal with how to stop a third part from understanding
the information we send, only how to optimize the transmission of informa-
tion from point a to point b. We assume that there will be errors introduced
into our information in some known random way and we want to be able
to correct them. For example, if our information is represented by binary
vectors, any introduced error can be represented as an added binary vector.
Constructing a system to correct errors will be a choice of the best blend
of some basic properties of any encoding algorithm. What we want in a
transmission channel is high bandwidth (the amount of information sent
per time unit), low latency (the time we have to wait for the information)
and a high probability to correct all errors in the data stream. In this con-
text we don’t care about how the actual equipment transmits information,
just how errors are introduced.
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Figure 8: The encoding and decoding with added errors.

Every encoding algorithm will pick a number of messages mi, where
the set {mi} could be a collection of letters or a collection of messages
from different users i (not necessarily unique). All information will be
combined into a message m = [m1, . . . ,mn]. This is then encoded using
some function E and the encoded message is called a code word. To the
code word some random error e is added. In this discussion we assume
that the error in each position is an independent random variable. The
assumption of independent errors can be motivated by the fact that we can
rearrange the letters in the code word using a uniformly chosen permutation
¼ prior to transmission. Hence the dependency between adjacent errors can
be minimized as we apply ¼−1 before trying to interpret the received word.
With this notation we want the functions E and D to fulfil

D(E(m) + e) = m.

A very important parameter when we construct our coding protocol
is how much information we want to encode into each code word. If we
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make the code words long we have better control of how many errors each
code word can contain. Consider for example code words of length 1. Such
a word will either be correct or incorrect. However, if the code words are
long, one can easily deduce, from the central limit theorem in probability
theory, that with a high probability there will be less than some given
percentage of errors. Hence, we can use a relatively smaller part of each
code word for error correction. The negative side-effect of using long words
is higher latency, that is, we must wait for the whole word before we can
read the first part of the information encoded into each code word.

As an example we can consider a wired network in relation to a wireless
network. In the wired network the probability for errors is low, hence
we can use short code words that we send often. This corresponds to
the fact that we get low latency and if we have a 10 Mbit connection we
get very close to 10 Mbit data traffic. On the other hand in a wireless
network, the probability for errors is high. Therefore we must use long
words that we send more seldom. This corresponds to getting high latency
and only a small part of the code words will contain messages from users.
Observe that in real life the latency of a wireless network can be even
higher, simply because such networks have lower bandwidth, which implies
that our messages sometimes need to wait because there is a queue of
messages waiting to be sent.

Another possibility is to incorporate some resend function. Then, in
case we are unsure about the information we receive, we can ask the sender
to resend the information that we are unsure about. A resend function
will often increase the bandwidth of the transmission channel, but if the
message must be resent it will be delayed for quite a long time.

Coding theory has been and is studied from many points of view.
One very famous result is that of C. E. Shannon 1948, who gave an ex-
plicit bound on the bandwidth given a specific level of noise (more noise
gives a higher likelihood of an error in a position). An interesting problem
is then to construct a transmission system that approaches this so-called
information-theoretic limit. But this problem and many other equally inter-
esting problems will not fit in this thesis. For more information see for ex-
ample ”The theory of Error-Correcting Codes” by Sloane and MacWilliams
[21] or ”Handbook in Coding Theory” [27] by Pless et al. The problem that
we consider in this thesis is that we want every received word to correspond
exactly to one code word. This will maximize the bandwidth given some
fixed error correction ability. Moreover it gives, as we will see below, a
nice structure in a mathematical sense. However it might not be optimal
in real life as we have no direct possibility to see if too many errors have
been introduced. We will mostly assume that at most one letter is wrong
in each received word.

Let us finally remark that modern communication technologies, such
as 3G and wlan, would not work without error correcting codes. Hence
without the mathematical achievements in coding theory, society would
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look very different.

9 Basic properties of codes

A code C is here an arbitrary collection of elements from some additive
group D. Any element in the set D is called a word and an element in
the code C is called a code word. We will mostly consider codes such that
0 ∈ C. For all codes in this thesis, D will be a direct product of rings

Zn
N = ZN × ZN × ⋅ ⋅ ⋅ × ZN ,

for some integers n and N . Addition is defined by

(a1, . . . , an) + (b1, . . . , bn) = (a1 + b1 (modN), . . . , an + bn (modN) ),

and the inner product is defined by

(a1, . . . , an) ⋅ (b1, . . . , bn) =
n∑

i=1

aibi (modN).

The linear span of a set C ⊂ D is defined as

⟨C⟩ = {
∑

xici ∣xi ∈ ZN , ci ∈ C}.

We also define the dual of a set C ⊂ D as

C⊥ = {d ∣ c ⋅ d = 0 , c ∈ C}.

Note that if C is a vector space then C⊥ will be the dual space and that
C⊥ = ⟨C⟩⊥. We will denote a set A ⊂ Zn

N , as a full-rank set if the linear
span is the whole ring, that is,

⟨A⟩ = Zn
N .

We will always use the Hamming metric to measure distances. This
metric is defined in the following way: For any two words c and c′ we define
the Hamming distance ±(c, c′) as the number of non-zero positions in the
word c− c′. We define the weight of a word as w(c) = ±(c, 0), the number
of non-zero positions in c. Clearly this function is a metric

i) ±(c, c′) ≥ 0, and ±(c, c′) = 0 if and only if c = c′,

ii) ±(c, c′) = ±(c′, c),

iii) ±(c, c′) ≤ ±(c, d) + ±(d, c′).
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A code is m-error correcting if we can correct all errors e with weight
less than or equal to m, that is w(e) ≤ m. Further we define the parity of
a binary word c to be w(c) (mod 2).

A m-sphere Sm(c), for a positive integer m, around a word c is defined
as

Sm(c) = {d ∣ ±(c, d) ≤ m}.
(Observe that we in this paragraph use m to avoid confusion, but it is usual
in coding theory to use e to denote the radius of balls.)

In this thesis the focus is on so called perfect codes. A perfect m-error
correcting code is a code such that every word is uniquely associated to a
code word at a distance of at most m. We say that a code C is linear if
for any code words c and d any linear combination

x1c+ x2d = c+ ⋅ ⋅ ⋅+ c+ d+ ⋅ ⋅ ⋅+ d,

also will belong to the code for all positive integers x1 and x2. A conse-
quence of this definition is that all linear codes will contain the zero word.

9.1 On the linear equations of a matroid

Matroids were introduced in Section 4. The concept introduced there was
the pure theoretical form of matroids. Remember that a matroid consists
of a ground set E (for example a set of vectors in some vector space) and a
set A of subsets of E. The set A defines the independent sets in the matroid
(for example the linearly independent sets in the vector space example). In
this section we will need to describe not only the independent sets, but also
describe the dependent sets. This will be done using linear dependency over
some ring, that is we will associate a system of linear equations to a matroid
that represent the dependent sets on the ground set E. Of particular
interest is the minimal dependents set, the so-called circuits. These sets
have the property that every proper subset is independent. However, we
will start by making it precise what we mean by a matroid, that is, when do
two matroid representations (E,A) and (E′, A′) describe the same matroid.

A representation (E,A) of a matroid is equivalent (isomorphic) to
another representation (E′, A′), if there is a bijective function ¾ from E to
E′, which we by an abuse of notation extend linearly to also be a map from
2E to 2E

′
by ¾(e) = {¾(ei) ∣ ei ∈ e}, such that for any e ∈ 2E ,

¾(e) ∈ A′ ⇐⇒ e ∈ A.

Hence if two representations (E,A) and (E′, A′) are equivalent, then they
represent the same matroid.

We will use the notation that for x in the ring ZN , for some integer N ,
and e ⊂ E that xe is the element in ZE

N with x for the coordinate positions
in e and zero in all other coordinate positions.
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Example 9.1. Consider the ground set E = {b1, b2, b3} and N = 10, then
a = 6{b1, b3} would be such that a(b1) = 6, a(b2) = 0 and a(b3) = 6. It is
also possible to view a as a vector (6, 0, 6), depending on preference.

Many alternative ways to represent a matroid are known, see e.g. [32].
In the next theorem we describe a representation needed in the following
subsections. This representation may be known, but we have not been
able to find it in the literature. We will also remark that this result is not
contained in any of the papers 1-8.

Theorem 9.2. Any finite matroid (E,A) can be represented as a linear
code C ⊂ ZE

N , where N is non-unique and dependent of the matroid. The
correspondence between the independent sets A of the matroid and the code
C is that a ∈ A if and only if there is no word in C with support contained
in a.

Proof. Assign to every circuit bi a unique prime pi. Define C to be the
linear span ⟨Nibi⟩ in ZE

N and let N =
∏

pi and Ni = N/pi.

Suppose that a ∈ A and that there is some word c ∈ C with support
in the support of a. By the definition of C, we know that for some numbers
kj the word c can be expressed as a linear combination

c =
∑

kjNjbj .

As a is independent, we know that the support of a lies in the support of
some minimal dependent set bm such that kmNm ∕= 0 (modN) and such
that a (and hence c) is zero in a position q ∈ E, for which bm is not zero
(q ∈ bm). We will now consider only the words bj , which are non-zero in
position q (q ∈ bj). Define k′i = ki if bi are non-zero in position q and k′i = 0
if bi is zero in position q. From the assumption that c is zero in position q
it follows that for some integer k the following equality will hold

∑
k′iNi = kN. (11)

As we know that pm divides both N and Ni, for i ∕= m, we get from
Equation (11) that pm must divide kmNm. Consequently, kmNm is divisible
by N and therefore equal to zero in the ring ZN , a contradiction. Hence,
no such word exists.

Suppose a set a is not contained in the support of any word of C.
Suppose further that a is not independent. Then clearly some minimal
dependent set is contained in the support of a, a contradiction.

The natural interpretation of the code C in Theorem 9.2 is that the
set of words of C represents the set of linear relations of the members in
the matroid (E,A).
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10 The error correcting property

There are many ways in which an e-error correcting code can be repre-
sented. The most naive representation is to simply make a dictionary of all
words and in the dictionary translate each of the words into a code word.
It is easy to see that this is always possible if we have pairwise disjoint
spheres of radius e around all code words.

We will only consider constructions where we define a code by consid-
ering a set of code words C such that the code words is mapped into some
set B under multiplication with some matrix A. We will in this section see
that this construction is in fact possible for any code. We can also regard
A as a row-vector with elements from the ground set E of some matroid.
In the context when the columns of A are considered to be elements of
some general matroid we will below consider the code representation C ′ of
this matroid for some N as given by Theorem 9.2. We define equality using
this code C ′.

Example 10.1. Consider some elements b1, b2, b3 in some matroid. Then

4b1 + 3b2 = 7b3,

if (4, 3,−7, 0, 0, . . . ) ∈ C ′.

Observe that, if the elements of the matroid are not possible to repre-
sent as vectors (and hence A as a matrix), then the representation of the
code will always be in a ring which is not a field.

We will start with some well known and very nice properties of linear
codes.

Theorem 10.2. A linear code is an e-error correcting code, for a positive
integer e, if and only if the minimum (non-zero) weight of a code word is
at least 2e+ 1.

Proof. If the code is e-error correcting then the statement is trivial as the
zero word belongs to the code.

Suppose the minimum weight code word condition is true and that the
code is not e-error correcting. We then know that there exist two words
c and c′ at distance 2e or less. The code is linear and hence c − c′ ∈ C.
However, by assumption the only word of weight less than 2e+1 is the zero
word, hence c = c′.

The first and most basic definition of a code using matrix multiplica-
tion is that C = {c∣Ac = 0}. Observe that this imply that C is a linear
code. This construction was used in 1940’s by Hamming to give the first
construction of perfect codes, the Hamming codes [9]. The following theo-
rem is also well known.

Theorem 10.3. A code C = {c∣Ac = 0} is an e-error correcting code if
and only if every set of 2e-columns of A is independent.
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b1 b2 b3

b4
b5

b6

b7

Figure 9: The Fano matroid.

Proof. Suppose that every set of 2e-columns is independent. Then any
dependent set must be of size 2e + 1 or larger, and hence the minimum
weight word (the smallest dependent set) is of size at least 2e+ 1.

Suppose that the code C is e-error correcting. Then the minimum
distance is at least 2e+1 and hence the smallest dependent set must be of
size 2e+ 1 or larger.

Corollary 10.4. Every binary matrix A with non-zero and different columns
defines a linear 1-error correcting code.

Corollary 10.5. (Hamming codes)
Every binary matrix A of size n × (2n − 1) with non-zero and different
columns defines a perfect linear 1-error correcting code.

Another example of a binary linear perfect code is the Golay code of
length 23, which is a linear binary perfect 3-error correcting code, discov-
ered in 1948 by Golay [8].

During the first part of the history of perfect codes one believed that
only linear perfect codes existed. This was for example conjectured by
Shapiro and Slotnik in 1956 [28]. This conjecture was later disproved by
an example given by Vasil’ev in 1962 [31].

Any binary matrix defining a linear code as described above is called
a parity check matrix for the corresponding code.

Observe that Theorem 10.3 implies that we could try to define er-
ror correcting codes from any matroid, not only from those that we can
represent as a subset of a vector space.
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Example 10.6. Consider the Fano matroid depicted in Figure 9. We define
this matroid on the ground set E = {b1, b2, b3, b4, b5, b6, b7}. It is known
that the elements in the ground set of the Fano matroid is only possible
to represent by vectors that have characteristic 2, that is for example e1 =
[1, 0, 0] in Z3

2 could represent an element in the Fano matroid. In the Fano
matroid the circuits are those sets that they belong to a common line or
circle, or is the complement of such a set.

Hence, if we define a linear binary error correcting code from this
matroid, the code will be all linear combinations of the vectors representing
the circuits. Writing the sets with cardinality 3 explicitly gives us the words

c1 = (1, 1, 1, 0, 0, 0, 0)

c2 = (1, 0, 0, 0, 1, 1, 0)

c3 = (1, 0, 0, 1, 0, 0, 1)

c4 = (0, 1, 0, 1, 0, 1, 0)

c5 = (0, 1, 0, 0, 1, 0, 1)

c6 = (0, 0, 1, 0, 0, 1, 1)

c7 = (0, 0, 1, 1, 1, 0, 0).

We note that the set of cicuits is the perfect 1-error correcting linear code
of length 7. Observe that this code can be defined from the matrix (see
Corollary 10.5)

A =

⎡
⎣

1 1 0 1 1 0 0
0 1 1 0 1 1 0
0 0 0 1 1 1 1

⎤
⎦ ,

by the relation in Theorem 10.3, that is, we can identify bi with the i:th
column. Consider for example the independent set in the Fano matroid
{b1, b5, b7}. From the fact that {b1, b5, b7} is an independent set, it follows
that the corresponding set of vectors (1, 0, 0), (1, 1, 1) and (0, 0, 1) consti-
tutes a basis, which it in fact does.

Now consider ZN where N = 2 ⋅ 3 ⋅ 5 ⋅ 7 ⋅ ⋅ ⋅ ⋅ ⋅ 43. Observe that ZN will
not be a field and that the choice of numbers (2, 3, . . . , 43) is not important
only that the numbers are relatively prime. Further let Ni = N/i for i∣N
and consider again the words of weight 3 the words of weight 4 is defined
similarly

c2 = (N2, N2, N2, 0, 0, 0, 0)

c3 = (N3, 0, 0, 0, N3, N3, 0)

c5 = (N5, 0, 0, N5, 0, 0, N5)

c7 = (0, N7, 0, N7, 0, N7, 0)

c11 = (0, N11, 0, 0, N11, 0, N11)

c13 = (0, 0, N13, 0, 0, N13, N13)

c17 = (0, 0, N17, N17, N17, 0, 0).
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Observe that this is the code C as defined in the proof of Theorem 9.2. It
follows that this code represents the Fano matroid and that C is 1-error
correcting.

The example above illustrates a general result about the code repre-
sentation of a matroid.

Corollary 10.7. Any code C as defined in Theorem 9.2 is a linear e-error
correcting code, where e is the largest integer such that 2e+1 is smaller or
equal to the cardinality of the minimal cardinality of a dependent set.

Above we defined a linear code by the relation C = {c ∣Ac = 0}. A
natural generalization is to consider a set B such that the zero word belongs
to B and define the code as C = {c ∣Ac ∈ B}. This definition leads to the
following result that must be well known.

Theorem 10.8. Let A be a row vector with elements from some matroid
(E,F ). Let N be an integer such that the matroid (E,F ) is possible to
represent as a code with members in ZE

N (see Theorem 9.2). Further, let
B ⊂ E be a set such that 0 ∈ B and such that for every member b of B,
there exists c ∈ Zn

N such that Ac = b.
For any code C = {c ∈ Zn

N ∣Ac = xbi , bi ∈ B , x ∈ ZN}, the statement
that C is an e-error correcting code is equivalent to the statement that for
any set D ⊂ A such that ∣D∣ = 2e and any set G ⊂ B, such that ∣G∣ ≤ 2
and 0 ∕∈ G then D ∪G is independent.

Proof. Observe that there are three distinct possible cases for the set G

i) G = {b1, b2} for two different non-zero elements b1 and b2 in B,
ii) G = {b1} for a non-zero elements b1 in B,
iii) G = ∅.

Suppose that the code C is e-error correcting. Consider two different
and non-zero words b1, b2, such that they minimize the cardinality of the
set D, where D is the minimal set such that the set D ∪ {b1} ∪ {b2} is
dependent. Observe that the cases with only one b1 or no such element
will give a larger set D. Further, we know that the weight of the non-zero
word of minimum weight is at least 2e + 1. This proves the cases ii) and
iii). Moreover in case i) this imply that if D has smaller cardinality than
2e + 1, then the corresponding choice of coefficients is such that both b1
and b2 have non-zero coefficients x1 and x2 (otherwise there is a code word
with support D). Take any word c1 such that Ac1 = b1. Consider the two
code words x1c1 and c2 = x1c1 + d and observe that they differ only in the
positions given by D. Hence it follows that ∣D∣ > 2e.

Take two different words c1 and c2 such that they give the minimum
distance of the code C. Let d = c1 − c2, that is, w(d) is the minimum
distance of C. From the definition of the code C we know that Ac1 = x1b1
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and Ac2 = x2b2 for some members b1, b2 ∈ B. It follows that Ad− x1b1 +
x2b2 = 0. Let D be the support of d. Consider now the three possible
cases. In the first case when b1 and b2 are different and non-zero, we shall
consider the set D∪{b1}∪{b2}. In the second case one (i.e. b1) is non-zero
and the other word b2 is equal to b1 or zero. In that case we shall consider
the set D ∪ {b1}. In the third and final case when both b1 and b2 are zero,
we shall consider the set D. The observation we make is that the set we
are considering is dependent. From this we may conclude that the weight
of d must be at least 2e+ 1.

Observe that this theorem also implies that we could consider other
matroids than those possible to represent as a set in a vector space, but it
seems to have little practical use to do so.

Theorem 10.9. Every code C such that 0 ∈ C can be represented as
C = {c∣Ac = xbi , bi ∈ B}.
Proof. Let A = Id, B = C and all coefficients belong to the binary field,
these conditions imply that C = {c∣ c ∈ C}.

Note that for the choice of representation in the proof of Theorem 10.9,
Theorem 10.8 becomes ”a code is e-error correcting if and only if all words
differ in at least 2e+ 1 positions”.

A concept that is closely related to binary error correcting codes is
that of binary tilings. We will in the next subsection give the definition
and some general results for tilings.

11 Binary tilings

Two subsets A and B of the binary vector space Zn
2 is a tiling (A,B) if for

every d ∈ Zn
2 there is a unique pair ai ∈ A , bj ∈ B such that d = ai + bj .

Observe that as a consequence we know that ∣A∣ = 2m and ∣B∣ = 2n−m, for
some integer m. Binary tilings are closely related to perfect codes, consider
for example the following explicit example.

Example 11.1. Consider the tiling (C,E) for the linear perfect code of
length 3

(C,E) =

⎛
⎝

0 1
0 1 ,
0 1

0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎠ .

In the later sections about codes we will need the following result about
binary tilings.
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Lemma 11.2. The following statements are equivalent
i) The pair (¾(A), ¾(B)) is a tiling for some automorphism ¾ of Zn

2 .
ii) The pair (¾(A), ¾(B)) is a tiling for any automorphism ¾ of Zn

2 .
iii) The pair (A + a,B + b) is a tiling for some pair of words a ∈ Zn

2 and
b ∈ Zn

2 .
iv) The pair (A + a,B + b) is a tiling for any pair of words a ∈ Zn

2 and
b ∈ Zn

2 .

Proof. By renaming the sets we can assume that (A,B) is a tiling. The
number of elements in the two sets is such that it is sufficient to prove that
for any ¾ ∈ Aut(Zn

2 ) and any d ∈ Zn
2 their exists some ¾(ai) + ¾(bj) =

d. The tiling condition gives that their exists ai ∈ A, bj ∈ B such that
¾−1(d) = ai + bj . Hence d = ¾(ai) + ¾(bj). This proves i) and ii).

Again with similar arguments, suppose (A,B) is a tiling and d ∈ Zn
2 .

By assumption there exist aj , bj such that d + a + b = aj + bj and hence
d = (aj + a) + (bj + b), where clearly aj + a ∈ A + a and bj + b ∈ B + b.
This proves iii) and iv).

In all following sections we will assume that all tilings (A,B) are such
that A ∩B = 0.

Theorem 11.3. For every binary tiling (A,B) such that ∣A∣ = 2m, ∣B∣ =
2n−m and any index j for the words in A and B, the number of words in
A with 1 in position j is 2m−1 or/and the number of words in B with 1 in
position j is 2n−m−1.

Proof. Suppose the number of words of A with 1 in position j is a and that
the number of words of B with 1 in position j is b. The tiling condition
implies that we need to get a one in exactly half of the combinations of
columns from A and B, that is, the following equation must be fulfilled

a2n−m + b2m − 2ab = 2n−1. (12)

By symmetry we can assume that b ∕= 2n−m−1. We then get that the
equation (12) is equivalent to

a =
2n−1 − b2m

(2n−m − 2b)
= 2m−1.

We would like to remark that the weight condition described in Theo-
rem 11.3 plus some additional conditions also will give sufficient conditions
for two sets A and B to constitute a tiling (A,B). The proof of that fact
by Heden [10] uses the concept of Fourier coefficients and no direct proof
of this fact is known so far.
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12 Simplex codes

A simplex code is here defined to be a linear binary code of length n or
n+1, where n = 2m−1 for some integer m, such that every non-zero word
have weight (n+1)/2. By adding a zero position in the words of length n,
it will in most contexts be sufficient to consider the case of length n+ 1.

Lemma 12.1. Let A be a k× (n+1) full-rank matrix, where n+1 = 2m.
Then the row space of A is a simplex code if and only if A has as columns
every member of Zk

2 repeated exactly 2m−k times.

Observe that this lemma, in the case of length n, differs in that the
zero column would appear one time less than the other words in Zk

2 .

Proof. Consider any Zk
2 and repeat every word in this space an equal num-

ber of times as columns in A. Clearly the row space will constitute a
simplex code.

Proof by induction over the dimension k of the simplex code. It is clear
that any simplex code of dimension 1 have the property. Suppose that we
have k rows that define a simplex code. The k − 1 first of these rows will
define a simplex code of dimension k − 1. We observe that the support
of the last row must intersect all non-zero words in the k − 1 dimensional
simplex code in half of their supports. In particular this is true for the k−1
first rows that we picked when defining the k−1 dimensional simplex code.
By the induction hypothesis the first k− 1 positions contain every word in
Zk−1
2 at least twice. It follows that we will get all words in the space Zk

2

an equal number of times as the remaining row will split every set of words
of Zk−1

2 into two sets, one by adding zero and one by adding a one in the
k:th position of the column.

13 Binary perfect 1-error correcting codes

In this section we will only consider binary 1-error correcting perfect codes
of length n = 2m − 1. We shall call such codes perfect codes for short.
Recall that all perfect codes are sets C such that the words of C defines
a disjoint covering of Zn

2 with radius 1-spheres. In the tiling notation
this is the same as saying that the pair (C,E) is a tiling for the set E =
{0, e1, . . . , en}, where ei is the weight one word with support in position i,
compare Example 11.1.

The rank of a perfect code is defined as the dimension of the linear
span ⟨C⟩ of the code.

A period of a code C is a word p ∈ Zn
2 such that p+ C = C. The set

of all periods of the code C is called the kernel of C, ker(C). As we assume
that 0 ∈ C it follows that any period belongs to C, that is, ker(C) ⊂ C.

A natural problem to consider is for which parameters (n, r, k) does
there exist a perfect code C, where n is the length, r the rank and k
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the dimension of the kernel of the perfect code C. This so called ”Etzion
Vardy”-problem posed in 1998 [5] was solved in a number of steps, see for
example [3, 12, 23, 26, 30]. We will not give the details here, only note that
this problem was not laid to rest until very recently (2006). The final step
was completed by Heden [11].

The definition of the kernel gives a natural disjoint covering of a perfect
code. For m = ∣C∣/∣ ker(C)∣ − 1 there are words ci such that

C = ker(C) ∪ (c1 + ker(C)) ∪ ⋅ ⋅ ⋅ ∪ (cm + ker(C)).

One of the first non-trivial properties discovered about perfect codes is that
all perfect codes have a unique number of words with a specific weight [28].

Theorem 13.1. The function fn
i (C) = ∣{c∣w(c) = i , c ∈ C}∣ where C is

a perfect code of length n is independent of the perfect code C.

Proof. Proof by induction. We know by assumption that fn
0 = 1. Assume

that fn
i is uniquely determined for i < j. Consider the words of weight

j − 1. Every such word is either a code word or a neighbour to a code
word. This fact gives the equation

(
n

j − 1

)
= (n− j + 2) ⋅ fn

j−2 + j ⋅ fn
j + fn

j−1,

which determine the value of fn
j and hence proves the statement.

Observe that the equality is derived using only the fact that the radius
1-balls around code words are disjoint and cover Zn

2 . This property is
preserved if we translate a perfect code C to the translated perfect code
d + C for any word d. This follows as the mapping +d is an isometric
mapping, that is, it preserve the distance between any two words c1 and
c2,

±(c1, c2) = ±(c1 + d, c2 + d) = w((c1 + d)− (c2 + d)) = w(c1 − c2).

Theorem 13.2. fn
i = fn

n−i.

Proof. Consider first the all one word. Either it is contained in the code or
there will be just one single word of weight n − 1. Consider secondly the
recursion used in the proof of Theorem 13.1. We observe that the formula
giving the recursion will also work if we start the recursion with the number
of words with weight n. This implies that if the all one word belongs to
the set of code words, then the theorem follows by symmetry. Suppose
that the all one word does not belong to the code. In that case we have
a unique word c of weight n − 1 in the code. We then know that starting
the recursion with 0 words of weight n always will give that there must
be one word of weight zero. Pick some i in the support of c and consider
the translated perfect code C + ei (where ei is the weight one word with
support in i). As the minimum distance is three this code does not contain
the all one word either. Hence, by the recursion it contains the zero word,
which is a contradiction as this would imply that ei ∈ C.
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Note that, as a consequence of the above theorem, we know that the
all one word will always belong to every perfect code C. In fact something
even stronger is true and well known [28].

Theorem 13.3. The all one word 1 is contained in the kernel of every
perfect code C.

Proof. We need to prove that for every c ∈ C then c+1 ∈ C. Consider the
perfect code c+ C then 1 ∈ c+ C and hence c+ 1 ∈ C.

Closely related to perfect codes is the concept of extended perfect
codes. Extended perfect codes are often needed when working with and
constructing perfect codes, as we will see in later sections.

13.1 Extended perfect codes

Consider the injective linear function f+ from Zn
2 to Zn+1

2

f+(c1, . . . , cn) = (c1, . . . , cn,
∑

ci).

For every perfect code C we can get a new 1-error correcting code
C+ = {f+(c)∣c ∈ C}. Codes of the type C+ are denoted by extended
perfect codes. It is easy to see that an extended perfect code have minimum
distance 4. Further we can also consider the surjective function f− from
Zn+1
2 to Zn

2

f−(c1, . . . , cn, cn+1) = (c1, . . . , cn).

Obviously f− ∘ f+ = Id.

13.2 Equivalence and mappings of perfect codes I

If we consider an error correcting code as some set that fulfils a minimum
distance criteria, then it is very natural to consider two perfect codes C and
C ′ of length n as equivalent if there exists some isometric mapping of Zn

2

that maps C on C ′. We get a different equivalence relation if we consider
two codes as equivalent if there is a linear bijective mapping on Zn

2 , that
maps C on C ′. In all further discussions we will mean isometric equivalence
when we refer two codes as equivalent and if we state that two codes are
linearly equivalent we will mean that there is a linear bijective mapping
on Zn

2 that maps C on C ′. In some cases we will also talk about linearly
equivalent sets (codes). If these sets do not have a common representation,
then the linear bijective map is between the linear span of the sets, that is
⟨C⟩ and ⟨C ′⟩.

A well know and very useful property is given in the following well
known theorem which also gives a canonical representation of an isometric
mapping between binary spaces.
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Theorem 13.4. Every isometric mapping !: Zn
2 → Zn

2 , can be written as
!(c) = ¼(c) + c0 for a unique word c0 and a unique permutation ¼.

Proof. Clearly we must pick c0 = !(0). Further we know from the isometric
property that !(ei) = c0 + ej , for some index j. Remember that ei is the
weight one word with support in i. Hence it is clear that we can define
a unique permutation ¼ from this action, that is, we define ¼(i) = j. It
remains to prove that for this choice of ¼, !(c) = ¼(c) + c0 for arbitrary c.
Proof by induction over the weight of code words. Suppose the equality is
true for all words of weight p such that p < q. For every i in the support
of c let ci be the word with weight q − 1 such that ci + ei = c, then by
the induction hypothesis !(ci) = ¼(ci) + c0. By the isometric property it
follows that !(c) = ¼(ci) + c0 + ej for some index j. Further we know that
!(ei) = c0 + ¼(ei), hence q − 1 = ±(!(c), !(ei)) = ±(¼(ci) + ej , ¼(ei)). It
remains to prove that ej = ¼(ei). We know that ej is either equal to ¼(ei)
or in the support of ¼(ci). Suppose that they are not equal. Then this fact
implies that !(ci + ¼−1(ej)) = ¼(ci) + ej + c0. Furthermore, the fact that
! is injective implies that ci+¼−1(ej) = c, which is a contradiction. Hence
we can conclude that ej = ¼(ei).

Define the symmetry group Sym(C) of a perfect code C to be the
group of permutations ¼ such that ¼(C) = C. We define here the auto-
morphism group Aut(C) to be the group of bijective linear mappings ¾
such that ¾(C) = C and finally let the isometry group Iso(C) be all the
isometric mappings ! such that !(C) = C. Observe that it is common
in coding theory to use the convention to denote the isometric group by
the automorphism group. This can cause confusion when reading articles
about coding theory and we believe that our terminology would be better.
Further it is clear that

Sym(C) ⊂ Aut(C)

and
Sym(C) ⊂ Iso(C).

The following theorem is well known, but we again include a proof for
completeness.

Theorem 13.5. The symmetry group of a linear perfect code C of length
n is isomorphic to the general linear group GL(n, log2(n+ 1)).

Proof. Let A be the parity check matrix of C, that is C = {c∣Ac = 0}.
Suppose ¼ ∈ Sym(C). Then ¼(A) will be a parity check matrix for the
code C. However the dual space is fixed, and hence ¼ only changes the
basis for the row space of A. We can conclude that ¼(A) = BA for
B ∈ GL(n, log2(n+ 1)).

Suppose that B ∈ GL(n, log2(n+1)). We know that A contains every

non-zero vector of Z
log(n+1)
2 . Consequently B is a permutation ¼ of the

columns of A.
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Before we continue this discussion of the automorphism group of a
code C we need a systematic way to structure the linear properties of a
perfect code.

13.3 The coset structure of a perfect code

In Paper 5 a systematic way of factoring the linear structure of a perfect
code was presented. The terminology used in that paper was a bit unfor-
tunate as it was a direct translation of the Swedish terminology. Here we
will therefore use the terminology ”the coset structure” instead of ”the side
class structure”. We hope this will avoid some of the misunderstandings
that seem to have been caused by the old terminology.

To every perfect code we will associate a basis ci, i ∈ [1, r] to the space
⟨C⟩ such that, for i = 1 . . . k, ci ∈ ker(C), where k is the dimension of the
kernel and r is the rank of the code. We extend this basis to a basis of
Zn
2 by using some words cr+1 . . . cn. Note that ci, for k < i ≤ r, do not

necessarily lie in the code C. Consider the matrix

A = [ck+1, . . . , cr].

This matrix defines the (non-unique) coset structure of the code C as the
set SC defined by

SC = {s ∈ Zr−k
2 ∣As ∈ C}.

Observe that SC depends upon which basis we choose and in which order
we place this basis in A, but it is clear that 0 ∈ SC . We will see by the
results in this section that the ”non-uniqueness” is not a problem as we
can think of SC as an equivalence class under the set of bijective linear
mappings. We also need to consider the full rank matrix

Ae = [c1, . . . , cn]. (13)

Observe that it follows from the definition of the coset structure that the
set SC must be aperiodic, that is for any non-zero s ∈ SC we know that
s + SC ∕= SC , otherwise As would belong to the kernel of C. We will
sometimes omit the index C when it is clear which code we are working
with.

The definition of the coset structure gives us a very practical decom-
position of a code in the following way

C = AeSe, (14)

where the set Se = Zk
2 × S × 0n−r.

The following theorem first appeared in Paper 5.

Theorem 13.6. Two perfect codes C and C ′ of the same length n, are
linearly equivalent if and only if there exists a linear bijective mapping !
on Zr−k

2 such that SC′ = !(SC).
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Proof. Suppose that ¾ exists. Represent this mapping with a matrix B.
Then by assumption we know that BC = C ′, which is equivalent to
BAeSe = Ae

′S′
e. Hence (Ae

′)−1BAeSe = S′
e. Let D = (Ae

′)−1BAe.
For any word c ∈ ker(C) we know by linearity and the definition of S that
Bc ∈ ker(C ′). It follows that D will map {ei} for i ∈ [1, k] to a basis for
Zk
2 ×0n−k. Next pick any basis B ⊂ S for S and consider 0k×B×0n−r. Let

P : Zn
2 → Zr−k

2 , be the projection on the coordinate positions representing
the coset structure. By the bijectivity and the above fact that the kernel
is mapped to the kernel we know that

P
(
D(0k ×B × 0n−r)

)

is a basis. Further, for every s ∈ S we have s =
∑

¸ibi, for bi ∈ B, and
then D[0k, s, 0n−r]T ∈ C ′ if and only if [0k, s, 0n−r]T ∈ C. Hence D defines
a linear bijective mapping !: S → S′ by defining it to be

!(bi) = P ∘D(bi),

and extending this linearly to all elements in S.

Suppose that ! exists. Then trivially we can extend this mapping to a
linear bijective mapping B such that B(Zk

2 × S × 0n−r) = Zk
2 × S′ × 0n−r.

It follows that we can define ¾ by the matrix Ae
′BAe

−1.

The interpretation of the above theorem is that two codes are linearly
equivalent if their coset structures considered as matroids are the same. In
fact something stronger is true as the following theorem reveals.

Theorem 13.7. Two sets of binary vectors S and S′ are linearly equivalent
if and only if they represent the same matroid.

Proof. Clearly two linearly equivalent sets of binary vectors represent the
same matroid.

Suppose two binary sets are the same when considered as two matroids
(S,A) and (S′, A′). Then by definition there is a bijective function ¾ such
that ¾(a) for a ∈ 2S independent, i.e. ¾(a) ∈ A′, if and only if a ∈ A.
Pick any set ab of maximal cardinality in A. Then ¾(ab) ∈ A′ and ¾(ab)
will also be of maximal cardinality in A′. Clearly, by the bijectivity of ¾,
∣ab∣ = ∣¾(ab)∣. Further, the maximal cardinality implies that ab is a basis
for ⟨S⟩ and that ¾(ab) is a basis for ⟨S′⟩. We can therefore pick a linear
bijective mapping D from ⟨S⟩ to ⟨S′⟩, such that for any ® ∈ ab,

D® = ¾(®).

Note that we extendD to sets in the same way as ¾, that isD{®i} = {D®i}.
Observe that for any independent set a of binary vectors, a∪s is a minimal
dependent set if and only if (

∑
®∈a ®) + s = 0. Moreover s is a unique
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element. Pick any s ∈ S. Then there is a unique set a ⊂ ab, such that a∪ s
is minimal dependent set. It follows that

Ds = D(
∑
®∈a

®) =
∑
®∈a

D® = ¾(s).

As we have previously remarked, it is sometimes more convenient to
work with extended perfect codes. If we for example consider isometric
equivalence, extending the code can change the correspondence between
two codes. For example if we extend a code C in the last coordinate
position and then remove some other coordinate position, we may get a
code C ′, which is not isometric equivalent to C. The precise conditions
under which they are isometric equivalent were solved by V. A. Zinoviev
and D. V. Zinoviev [33]. The following theorem shows that this situation
does not occur when linear equivalence is considered.

Theorem 13.8. Two extended perfect codes C+ and (C ′)+ are linearly
equivalent if and only if the corresponding perfect codes C and C ′ are lin-
early equivalent.

Proof. We can without loss of generality assume that we always add and
remove position n+ 1.

If (C+)′ = Á(C+) then C ′ = f−(Á(f+(C)) will be a bijective mapping,
and hence C is linearly equivalent with C ′.

Suppose C ′ = Á(C). Observe that we cannot use the mapping f+ ∘Á∘
f− as this map is only a bijection on the set of even weight words. Suppose
we represent Á as a matrix

A =

⎛
⎜⎜⎜⎜⎝

− a1 −
− ⋅ −
− ai −
− ⋅ −
− an −

⎞
⎟⎟⎟⎟⎠

.

Let Á+ be the following linear map

T =

(
A 0
a 1

)
. (15)

where a is the sum of the rows in A plus the all one word,
∑

ai+1. Observe
that A has full rank and hence that T has full rank. In order to check that
this is a correct mapping we simply need to check that every word in C+ is
mapped to a word in (C ′)+. Consider any word c in the code C+. Clearly
c have even weight and hence 1 ⋅ c = 0 and Tc = [Ac−,

∑
ai ⋅ c−]T . We

know from the assumptions that Ac− = (c′)− which belongs to C ′. Hence,
adding a parity to this word gives us a word in (C ′)+.
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Theorem 13.9. A non-singular linear map of Zn
2 represented by a matrix

A−1 maps a perfect code C onto a perfect code C ′ if and only if (C,D) is a
tiling, where D is the set containing the columns of the matrix A plus the
all zero column.

Proof. Suppose C ′ = A−1C. Then we know that (A−1C,E) is a tiling,
where E = {0, e1 . . . en}. Hence (C,DE) is a tiling by Lemma 11.2.

Suppose (C,D) tiling. Then (A−1C,E) is a tiling which implies that
C ′ = A−1C is a perfect code.

One may call any set with the same properties as the set D in Theo-
rem 13.9 an error set. This terminology comes from the observation that
these sets are all possible full rank sets such that we, for the perfect code C,
get a tiling (C,D). One example of an error sets is the set E = {0, e1 . . . en}
containing the weight one errors. A natural question to ask is if it is possi-
ble to find a set D, that does not have full rank and is such that 0 ∈ D and
such that (C,D) is a tiling for some perfect code C. It is easy to see that
there are always such sets as we can to each non-zero odd element in an
error set add the all one-word (or any other odd weight word in the kernel).
This will turn the error set into a set containing only words of even weight.
The easiest example is

A =

⎛
⎝

01
01
01

∣∣∣∣∣∣

0011
0101
0110

⎞
⎠ .

In fact the following theorem will be true.

Theorem 13.10. For any perfect code C every full-rank set D = {ei +
ci∣ci ∈ ker(C) , i ∈ [1, n]} ∪ {0} gives a mapping D−1 which maps C onto
a perfect code C ′ = D−1C.

Proof. By definition C and C + ei, i = 1, 2, . . . , n, give a disjoint covering
of Zn

2 . Hence the theorem follows from the fact that C + ei + ci = C + ei
and Theorem 13.9.

Further we can also derive the following lemma.

Lemma 13.11. For any perfect code C and every full-rank matrix D−1

such that C ′ = D−1C is a perfect code, the error set D is on the form
D = {ei + ci∣ci ∈ C} ∪ {0}.
Proof. By the definition of a perfect code any word not in C can be written
as ci+ei. Hence every mapping can be written on the form stipulated.

Theorem 13.12. Let C = AeZ
k
2 ×S×0n−r be any perfect code with coset

structure S. Then a non-singular linear map ¾ is an automorphism of C
if and only if there exists a map ° ∈ Aut(S) such that

¾ (Ae(z1, s, 0)) = Ae(z2, °(s), 0),

for any words z1 and z2 in Zk
2 .
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Proof. The theorem follows by the same arguments as Theorem 13.6.

One construction of an automorphism ¾ of a perfect code C that fol-
lows by Theorem 13.12 is if we construct ¾ such that it is a transformation
on the space ⟨c1, . . . , ck⟩ and the identity on ⟨ck+1, . . . , cr⟩. This construc-
tion is used in the following example, that shows that the set of bijective
linear maps D such that DC is a perfect code is not in general closed under
composition.

Example 13.13. We express a Hamming code C of length 7 using Equa-
tion (14)

C = AeSe =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 1 0 0
1 0 0 1 0 1 0
1 1 1 1 0 0 0
0 1 0 1 0 0 1
0 0 1 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎧
⎨
⎩

Z2

Z2

Z2

Z2

0
0
0

⎫
⎬
⎭

.

Consider the following matrices

D1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 0 0
0 0 0 1 1 0 0
0 0 0 0 1 0 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, D2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 1
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

It is easy to check that D1C and D2C are perfect codes and that D1D2C
is not a perfect code.

13.4 Equivalences and mappings of perfect codes II

We now have a systematic way to think about linear mappings of perfect
codes and we are ready to prove a few statements about the automorphism
group of a perfect code. We start by giving a result that is a consequence
of Theorem 13.1 and Equation (14).

Theorem 13.14. For any perfect code C, if the symmetry group Sym(C)
is a normal subgroup of the automorphism group Aut(C) then every ¼ ∈
Sym(C) is the identity on the kernel of C.

Proof. Suppose Sym(C) is a normal subgroup of Aut(C). Consider the
kernel of the perfect code. By Theorem 13.3 the case when the kernel
has rank one is trivial as the only non-zero element is the all-one word.
Assume that the kernel is a subspace of rank at least two. Consider the
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basis {c1, c2, . . . , cn} in the representation defined by Equation (13). Let
c1 and c2 be two different non-zero words of ker(C) and let c2 = 1. Proof
by contradiction. Assume that ¼ is not the identity on c1. It is clear by
Theorem 13.12 that there is ¾ ∈ Aut(C) such that ¾(c1) = c2, ¾(c2) = c1
and ¾(ci) = ci all 2 < i ≤ n. By considering the weight of the words
we get that ¼(c1) ∕= c2, ¼(c1) ∕= c1 + c2. By Theorem 13.12 we get that
¼(c1) ∈ ker(C). As we can choose the basis ci arbitrarily, we can assume
that ¼(c1) = c3. This implies that ¾−1 ∘ ¼ ∘ ¾ maps c2 on c3 and moreover
that it is not a permutation. We may conclude that ¼(c1) = c1 for arbitrary
c1 ∈ ker(C).

By Theorem 13.5 and Theorem 13.4 we also get.

Corollary 13.15. For a linear perfect code C of length n and rank r =
n− log2(n+ 1),

∣Sym(C)∣ = Πm−1
i=0

(
2m − 2i

)
,

∣Iso(C)∣ = 2rΠm−1
i=0

(
2m − 2i

)
,

∣Aut(C)∣ = Πr−1
i=0 (2

r − 2i)Πn−1
i=r (2

n − 2i),

where m = n− r.

Example 13.16. Let us consider perfect codes of length n = 15. The size
of the isometry group of the Hamming code is simply ∣GL(4)∣ ⋅ ∣ ker(C)∣ =
20160 ⋅ 2048 = 41287680.

Observe that the number of linear automorphisms is directly related
to how the coset structure behaves in terms of linear mappings. In Paper 4,
a computer search was used to find the number of non-equivalent perfect
codes of length 31 with rank 27 and a kernel of dimension 24. The search
found 197 equivalence classes of codes in this case. The search was made
possible by the form of the coset structure. Note that the coset structure
in this case is a set of dimension 3 and of cardinality 4. Hence the only
possible equivalence class can be represented by

S = {(0, 0, 0)T , (1, 0, 0)T , (0, 1, 0)T , (0, 0, 1)T , }.
This will imply that any element in the automorphism group will act as a
permutation on the members of this set (that is will map a non-zero coset
representative to another non-zero coset representative plus some member
in the kernel). This observation is generalized to all coset structures of size
2s of rank 2s−1 in the following proposition that follows by Theorem 13.12.

Proposition 13.17. For any integer s ≥ 2, such that C is a perfect code
of length n, of rank r = k + 2s − 1 and with a kernel of dimension k =
n− log2(n+ 1)− s. Then

∣Aut(C)∣ = (
Πk−1

i=0

(
2k − 2i

)) ⋅ (r − k)! ⋅ 2k(r−k) ⋅ (Πn−1
j=r

(
2n − 2j

))
. (16)
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Note that for any choice of parameters such that n = 2m − 1 and such
that r ≤ n in Proposition 13.17, there exists a perfect code. This will follow
by a construction similar to that in a later subsection, see Example 13.26.

Theorem 13.18. If two extended perfect codes C and C ′ are linearly equiv-
alent then there is a linear bijective map Á such that C ′ = Á(C) which
preserves the parity of every vector in V n+1.

Proof. By the proof of Theorem 13.8 we can for every bijective linear map
Á′, such that C ′ = Á′(C) construct a new linear map Á defined by the
matrix

T =

(
A 0
a 1

)
, (17)

as defined in (15). We observe that the two mappings are identical when
restricted to the code C. Trivially by the bijectivity it is sufficient to prove
that all even weight words are mapped to even weight words. Let c be any
word of even weight. Then this word is mapped to [Ac−,

∑
ai ⋅c−]+1⋅c]T =

[Ac−,
∑

ai ⋅ c−]T .

13.5 The tiling representation (A,B) of a perfect code
C

In this subsection we shall be concerned with perfect codes. We will fre-
quently need to represent a set both as a set and as a matrix. We will use
the convention that for any set A the matrix A is the matrix we get by
arranging the non-zero words from A as columns in a matrix. Further we
will always consider codes as equal if they only differ by a permutation of
the coordinate positions. The main observation is given in the following
well known theorem, see [4].

Theorem 13.19. If (A,B) is a tiling then C = {c∣Ac ∈ B} is a perfect
code. Further the dual space of the row-space of A is contained in the kernel
of C.

Proof. Let ai denote column number i of the matrix A and similarly for
matrix B. Pick any word d. Then Ad = f and uniquely f = ai + bj , for
ai ∈ A and bj ∈ B, which implies that either ai ∕= 0 and then the word
d+ ei is the unique word at a distance of one from d or if ai = 0 and then
d is a word in the code. The second part of the theorem follows directly
from the definition of the code C in this theorem and the definition of the
kernel of a perfect code.

Theorem 13.20. Let C be any perfect code and D any subspace of the
kernel of C. If A is a matrix with a basis for D⊥ as rows and B =
{Ac∣ c ∈ C} then (A,B) is a tiling.
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Proof. By assumption A is a m × n matrix of rank m, where m ≥ n −
dim(ker(C)). For any word f ∈ Zm

2 , there exists at least one word d,
such that Ad = f . Further, for every choice of d, there exists a unique
c such that d = c + ei. By the definition of B there is a word bj ∈ B,
such that bj = Ac. We know therefore that there is at least one way to
write f = ai + bj , which imply that ∣A∣ ⋅ ∣B∣ ≥ 2m. Further we know that
∣A∣ ≤ n + 1 and ∣B∣ ≤ 2n−log(n+1)/2n−m, which imply that f = ai + bj is
unique.

We will say that the tiling (A,B) as given by Theorem 13.20 when
D = ker(C) is the tiling representation of the perfect code. We will in the
next theorem prove that the set B will be the coset structure of the perfect
code.

Theorem 13.21. The set B in the tiling representation of any perfect code
C is the coset structure of the code.

Proof. Recall that we consider the equivalence class given by all linearly
transformations to be the coset structure of the code. That is, by definition
all properties we are investigating are fixed under linear transformations.
Hence we can assume that the first rows in A is a basis for ⟨C⟩⊥. By
Theorem 13.20 we know that the dimension of the basis ck+1 . . . cr, defined
in (13) and used in the definition of the coset structure, is preserved under
multiplication with A. Hence B is a linear bijective embedding of the coset
structure which simply adds zeros in the first positions of the words used
in the definition of the coset structure.

Lemma 13.22. To every representation S of the coset structure of a
code C there is a matrix P such that C = {c∣Pc ∈ Se} where Se =
{[0, . . . , 0, s] , s ∈ S}.

Proof. Let (A,B) be the tiling representation of C. Hence, B is another
representation of the coset structure. Suppose that B ⊂ Zm

2 . Then embed
S in a space Zk

2 of higher dimension by adding zeros to produce the set Se,
consequently k ≥ m. By definition we know that we can find a bijective
linear mapping D from ⟨B⟩ to ⟨Se⟩ such that DB = S. Represent D with
a matrix of full rank. Hence we know that Dd ∈ Se if and only if d ∈ B
which imply that we can take P = DA.

Corollary 13.23. If C is a perfect code with the tiling representation
(A,B), then C + c has the tiling representation (A,B + b) where b rep-
resents the coset of the kernel to which c belongs.

Corollary 13.24. If C is a perfect code with the tiling representation
(A,B), then all equivalent perfect codes can be represented as (A,B+b) for
b ∈ B.
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13.6 The invariant LC

For a perfect code C with the coset structure B we will denote the row space
of B with MC . Observe that we by Theorem 13.21 get the same row space
if we start with the tiling representation (A,B). We denote the dual space
with LC , that is, LC = M⊥

C . This concept, together with Theorem 13.25
below, was first introduced and proved in Paper 6.

The important fact is that MC , LC are not dependent on how we
represent the coset structure B, that is, they are uniquely determined by
C up to a permutation of the coordinate positions (which order are the
columns in B).

The following theorem, first proved in Paper 6, tells us that in order
to classify perfect codes up to linear equivalence it is sufficient to classify
all kernels of perfect codes.

Theorem 13.25. A non-periodic set B is the coset structure of some per-
fect code C if and only if the dual of the row span of B, LC , is contained
in the kernel of some perfect code C ′.

Proof. Suppose B is the coset structure of some perfect code C. Consider
the standard tiling (A,B). Then (B,A) is also a tiling. By picking C ′ =
{c′∣Bc′ ∈ A}, we have, by Theorem 13.19, proved the first implication of
the theorem.

Suppose LC ⊂ ker(C). Pick a set B such that B is a full rank matrix
with the rowspan L⊥

C . Define the set A as

A = {Bc ∣ c ∈ C}.
It follows from this construction and Theorem 13.20 that (B,A) is a tiling.
If A is an m× n matrix with rank m we are done. If not, pick q such that
2q ≥ m+ q. We will now extended the sets A and B in order to produce a
tiling (Ae, Be), such that the matrix Ae has full rank. We define the first
extended set in the following way

Be = {(0q, b)∣b ∈ B}.
Let zi, for i = 0, 1, . . . , 2q − 1, be the natural enumeration of the words in
Zq
2 , i.e., z0 = (0, . . . , 0), z1 = (0, . . . , 0, 1) and z3 = (0, . . . , 0, 1, 1), etc. We

further need to define the following sequence of sets

Ai = {(zi, a+ xi)∣a ∈ A},
where x0 = 0 and xi is chosen in such a way that the set Ae = ∪Ai gets
rank m + q. This is clearly always possible by the choice of q, that is, we
have sufficiently many degrees of freedom to ensure full rank. Further it is
clear, by iv) in Theorem 11.2, that (Ae, Be) is a tiling.

Note that one possible choice is to choose xi = 0 for i = 2j and then
taking the appropriate standard basis elements for some of the remaining
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xi elements. It is thus not time-consuming to construct a perfect code using
the implied algorithm in the above proof.

We will in the following example demonstrate how to apply the algo-
rithm above for a simple choice of a kernel. Observe that we have not made
the systematic choice xi = 0 for i = 2j .

Example 13.26. The least hard example we can consider is the linear
perfect code of length 3, C = {(0, 0, 0), (1, 1, 1)} where there is two possible
subspaces. Consider the subspace consisting of the whole code, LC = C.
We then get

B =

(
1 1 0
0 1 1

)
.

However, the set B is then equal to Z2
2 and therefore not an aperiodic

set. Now consider the subspace consisting of only the zero word, LC =
{(0, 0, 0)}. We then get

B =

⎛
⎝

1 0 0
0 1 0
0 0 1

⎞
⎠ .

The set B is aperiodic and hence, by Theorem 13.25, the coset structure
of some perfect code. We now follow the construction in the proof of
Theorem 13.25. First we calculate A = BC and get A = {(0, 0, 0), (1, 1, 1)}.
Clearly A does not have full row rank. We pick q = 3, as 22 ∕≥ 3 + 2 but
23 > 3 + 3. This gives

Be =

⎧
⎨
⎩

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
0
1
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
1
0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0
1

⎞
⎟⎟⎟⎟⎟⎟⎠

⎫
⎬
⎭

.

Using this notation is quite cumbersome and we will use a more compact
notation for tilings (A,B). Following the next step in the construction
above we finally get

(Ae, Be) =

⎛
⎜⎜⎜⎜⎜⎜⎝

0000000011111111
0000111100001111
0011001100110011
0101010101010101
0110010101010101
0101100101010101

∣∣∣∣∣∣∣∣∣∣∣∣

0000
0000
0000
0100
0010
0001

⎞
⎟⎟⎟⎟⎟⎟⎠

.

It is in fact possible to use this construction in order to get the known
fact, derived in Paper 4, that there are three equivalence classes of perfect
codes of length n = 15, rank r = 12 and a kernel of dimension k = 9 and
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197 equivalence classes in the case n = 31, r = 27 and k = 24. This is
non-trivial to prove and we will not give the details how to do it, only note
that the algorithm in Paper 4 can be motivated and used by the results
presented here. We can explicitly write the three codes that represent these
three equivalence classes. The first is the one given above, that is

C1 = (Ae, Be),

where we identify a code to the tiling using Theorem 13.19. The other two
are

C2 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0000000011111111
0000111100001111
0011001100110011
0101010101010101
0110010101010101
0101101001010101

∣∣∣∣∣∣∣∣∣∣∣∣

0000
0000
0000
0100
0010
0001

⎞
⎟⎟⎟⎟⎟⎟⎠

and

C3 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0000000011111111
0000111100001111
0011001100110011
0101010101010101
0110100101010101
0110011001010101

∣∣∣∣∣∣∣∣∣∣∣∣

0000
0000
0000
0100
0010
0001

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Observe that in the above algorithm, we must use a minimal exten-
sion of the sets A and B, such that we can construct a full rank matrix Ae.
Otherwise we will miss the shortest codes with the coset structure B.

We remark that every perfect code is a linear transformation of a
perfect code given by the algorithm used in the example above. Hence,
if we know all subspaces LC and the class of linear transformations that
transform a perfect code into another perfect code, we then can construct
every perfect code.

For any perfect code C, we will let DC denote the set of non-singular
linear maps D such that DC is a perfect code.

Theorem 13.27. For any perfect code C and any map D in DC , if C
′ =

DC
Aut(C ′) = DAut(C)D−1.

Proof. Suppose A ∈ Aut(C). We get that AC = C and we know by
assumption that C = D−1C ′, which imply that

DAD−1C ′ = DAC = DC = C ′.

We hence know that DAD−1 ∈ Aut(C ′) and hence that

Aut(C ′) ⊃ DAut(C)D−1.
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The other inclusion follows by the same arguments if we consider an element
A′ ∈ Aut(C ′).

Corollary 13.28. Let C be any perfect code. The number of linear equiv-
alence classes of perfect codes in the linear equivalence class containing the
perfect code C will be equal to

∣DC ∣
∣Aut(C)∣ .

Proof. By the relation

DC = D′C ⇐⇒ C = D−1D′C,

it follows that the set DC is a union of mutually disjoin cosets of Aut(C).

The results in this subsection give the following program for finding
and enumerating all perfect codes:

Step 1: Identify all subspaces that are kernels of perfect codes.

Step 2: Calculate DC and Aut(C) for some perfect code C in each
linear equivalence class.

13.7 The invariant L+
C

In the previous section we considered the invariant LC , an invariant that
was shown to be sufficient in order to classify all linear equivalence classes
in terms of the subspaces of kernels to perfect codes. This equivalence class
partitioning of the family of perfect codes does not take into account the
possibility that we can add a word c in a perfect code C and get a new
perfect code C ′ = C + c. Observe that the code C ′ is equivalent to C
but not necessarily linearly equivalent. In this section we will consider an
equivalence definition that also takes into account the possibility of adding
words to the code. We will call this concept extended equivalence, that is,
two perfect codes C and C ′ are extended equivalent if

C ′ = '(C + c),

for some word c in C and for some bijective linear map '.
The invariant LC seems to be very natural as we can interpret it in

terms of the dual of the row-space of the coset structure B of C, a structure
we have shown to appear in the tiling representation of a perfect code. In
this section we will start with the invariant LC . Observe that the name
can be a little confusing here as we don’t start with the perfect code C
but with a subspace LC of the kernel of some other perfect code C ′. We
will then consider the extended perfect code (C ′)+ and the subspace of this
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code corresponding to the invariant LC . Remember that we for any code
define the extended code by adding parity in the last position, for example

L+
C = {[l,

∑

i

li] ∣ l ∈ LC}. (18)

We will in this section to each perfect code C associate the linear code L+
C .

Define M+
C = (L+

C)
⊥ and let B+ be a matrix such that its row-space

is equal to M+
C . We define B+ as equivalent to any other matrix that have

the same row-space after a permutation of the columns. It is convenient to
consider some special representation; one such is given in the next lemma.
The main results about L+

C in this section first appeared in Paper 7.

Lemma 13.29. For any perfect code C of length n with a coset structure
B we have the representation

B+ =

[
1 1
B 0

]
,

where 0 is a zero column and [1 1] is a row with only ones.

Proof. By considering the last column we know that the row-space will
have the correct dimension. From the definition of L+

C it follows that all
words of L+

C will have even weight and will be equal to a word in LC if we
remove the last position. From the fact that the row-space of B is the dual
space of LC we are done.

Lemma 13.30. For any perfect code C of length n with an B+ on the
form

B+ =

[
x 1
S 0

]
, (19)

where 0 is a zero column and [x 1] is a row with a one in the last position,
it is true that S is the coset structure of the perfect code C + c for some
c ∈ C.

Proof. By definition, the row-space of our matrix B+ will be the same as
a matrix of the same size with the representation as given in Lemma 13.29
after some permutation P of the columns. Denote a matrix on this form by
B+′

. This imply that there are row operations that we can describe using
a linear bijective mapping D on the columns such that

DB+ = B+′
P.

Suppose P fixes the last column. By considering the last column we see
that the first row is never added to the remaining rows. Hence, there is
a linear bijective mapping D− such that D−S = B, which implies that
the perfect codes have linearly equivalent coset structures. Suppose on the
other hand that P moves the column [1, bi]

T to the last position. Then
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D−1 must add the all one row to all rows in which bi have the value one.
Thus B is mapped to B + bi which implies that S is linearly equivalent to
the coset structure of C + c where c is contained in the coset of the kernel
given by bi.

The two above results are more or less a proof of the following main
result of this subsection as we always can, by a linear transformation, get
the last column on the form stipulated above, for details see below.

Theorem 13.31. Two perfect codes C and C ′ are extended equivalent if
and only if B+ and B+′

are linearly equivalent.

Proof. Suppose that the codes are extended equivalent, that is, there is a
word c′ such that C and C ′ + c′ are linearly equivalent. We can then, by
Corollary 13.24, assume that the coset structures are B and B + b for C
and C ′ respectively. This assumption implies that B+ is mapped to B+′

by
adding the all one row to all rows where b is non-zero in the representation
given by Lemma 13.29.

Suppose that the codes C and C ′ have linearly equivalent extended
coset structures B+ and B+′

and hence that DB+ = B+′
, for some non-

singular matrix D. Assume that

B+ =

[
1 1
B 0

]
,

as given in Lemma 13.29. The matrix D maps the columns in B+ corre-
sponding to B to some of the columns in B+′

. We can assume that these
columns are the first columns in B+′

if we assume that B+′
is on the form

given by Lemma 13.30. The result now follows from that lemma.

13.8 The natural tiling representation of a perfect code.

It was proved by Hergert [17] that the dual of the linear span of a per-
fect code is a simplex code. It is easy to deduce Hergerts result from the
following lemma.

Lemma 13.32. For any perfect code C of length n of rank r and with a
kernel of dimension k, the tiling representation (A,B) can without loss of
generality be assumed to be such that ai = (zj , xi) for 0 ≤ i ≤ n and j is
fixed for i such that 2qj − 1 ≤ i < 2q(j+1)− 1, where q = log2(n+1)−n+ r
and zi ∈ Zn−r

2 is the natural binary representation of i and bi = (0n−r, yi).
That is,

(A,B) =

(
S , 0

A1, . . . , An , B′

)
, (20)

where B′ have full-rank and S is the simplex code given by the words zj ∈
Zn−r
2 .
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Proof. From the definition of the tiling representation it follows that A is
a full-rank set and that B is of dimension r − k. Hence, there is a linear
transformation such that we can get the words bi on the form as described
in this lemma. By the fact that (A,B) is a tiling we know that every word zj
must be present in the first positions of the words ai as the words bi are zero
in these positions. Further, the last r−k positions of the words with a fixed
zj must give a tiling (Aj , B

′). Therefore each set Aj , for j = 1, 2, . . . , n,
must be of the same cardinality and we are, by Lemma 12.1, done.

Observation 13.33. By Lemma 13.32 we can represent every perfect code
by defining sub-tilings Ai such that (zi, aj) ∈ A where aj ∈ Ai and 0 ∈ A0.
Further any set of tilings (Ai, B

′) as described above gives a perfect code
with the coset structure B if we make sure that A has full rank.

The strength of the representation given by Lemma 13.32 is exemplified
by another result that seems hard to prove. However using the above
presented representation it will be a triviality. The next lemma was also
proved in [13].

Lemma 13.34. Let (A,B) be any tiling with a full-rank set A and with
the associated perfect code C. Then ei ∈ ⟨C⟩ if and only if there exists d
such that Bd = ai.

Proof. Suppose that ei ∈ ⟨C⟩. Then

ei =
∑

j∈J

cj , (21)

for some minimal index set J and words cj in the code C. From the
definition of C we get that Acj = bj , where we get a unique bj from the
minimality of J (observe that the indexing of cj is a bit artificial as every
bj is associated to a coset ker(C)+ cj and not specifically to the cj we pick
from equation (21)). We conclude that

ai = Aei = A
∑

j∈J

cj =
∑

j∈J

Acj =
∑

j∈J

bj = Bd , (22)

where d is the word with support equal to J .
Suppose that Bd = ai (and remember that ai ∕= 0). Define J to be

the index set of the support of d. As A has full-rank we know that we for
every index j in J can find a cj such that Acj = bj . Either

∑
j∈J cj = ei

in which case we are done or
∑

j∈J cj ∕= ei. If that case we use the fact
that

A

⎛
⎝∑

j∈J

cj + ei

⎞
⎠ = 0.

Hence we know that
∑

j∈J cj+ei ∈ ker(C) and moreover that ei ∈ ⟨C⟩.
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Theorem 13.35. For any perfect code C of length n and of rank r with
the tiling representation (A,B), then ei ∈ ⟨C⟩ if and only if A, such that
C = {c ∣Ac ∈ B}, has the column ai = [z0, xi]

T , z0 = 0, in position i. As
a consequence of this equivalence there is a index set I such that

∣I∣ = n+ 1

2n−r
− 1,

fulfilling the conditions in the equivalence.

Proof. Suppose that we have the representation as given in Lemma 13.32,
then by Lemma 13.34 we know that

I =

{
1, . . . ,

n+ 1

2n−r
− 1

}
.

Observe that it is possible to prove Theorem 13.35 directly from the
fact that the dual of a perfect code ⟨C⟩⊥ is a simplex code. The theorem
then follows by noting that all the positions corresponding to the zero
columns in Theorem 12.1 will correspond to a word ei in the linear span of
the code.

13.9 Phelps codes

In this section we will give the bare minimum needed to describe a class of
codes that are called Phelps codes.

A Phelps code C = (D,Dp
i,j , Q) is an extended perfect code of length

n + 1 which is defined from some other codes. There is an ”outer”-code
D which is an extended perfect code of length nO. Further for each fixed
index set {i, j, p}, where i ∈ [1, nO], j ∈ [0, nI − 1] and p ∈ [0, 1], there is a
translated (they do not necessarily contain the zero word) extended perfect
”inner”-code Dp

ij . These codes are translates of extended perfect codes of
length nI = (n + 1)/nO, such that every word in such a code is of even
weight if p = 0 or of odd weight if p = 1. The ”inner codes” Dp

ij have the
additional property that for each fixed i the indices p, j give a partition of
ZnI
2 . The last code needed for the definition of a Phelps code is a 1-error

detecting (minimum distance 2) code Q of length nO over an alphabet with
nI letters and with nnO−1

I number of words. These codes Q belong to a
class of codes called MDS-codes. These objects define the Phelps code as

C = {[c1, . . . , cnO
] ∣ ci ∈ D

d(i)
i,q(i) , d ∈ D , q ∈ Q}, (23)

where d(i) is position i in the word d and q(i) is position i in the word q.
Observe that from the assumption 0 ∈ C it follows that 0 ∈ D. Phelps

[25] gave a more general construction, but it is not needed here. It must
be remarked that this construction has been used in many contexts to find
perfect codes with certain given prescribed properties.
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13.10 FRH-codes

Let H be a Hamming code of length nH . Let CF be a full-rank perfect code
of length nH . Let T be a sub-space of H∩ker(CF ) such that the dual space
of the row-space of a matrix T gives a coset structure B as described by
Theorem 13.25. A perfect code C with a coset structure linearly equivalent
to B belongs to the class of perfect codes that we call FRH-codes, where
FRH is an acronym for Full-Rank-Hamming.

The next theorem was first proved in Paper 8 and the only difference
in the proof below, from the proof in that paper, is the presentation.

Theorem 13.36. Any non-full rank FRH-code C is linearly equivalent to
a Phelps code.

Proof. We consider the natural tiling representation of the code C, that is,

C = (A,Be) =

(
S , 0

A0, . . . , AnO−1 , B

)
, (24)

where S is the simplex code with zero columns in the positions associated
to the sub-tiling A0, B will be a full-rank set. Observe that if follows from
the non-full rank condition that rank(S) ≥ 1. It remains to prove that
there is a Phelps code linearly equivalent to this code.

Define P0 = {Bc ∣ c ∈ CF } and Pi = {Bℎ ∣ℎ ∈ H} for i ∈ [1, nO − 1].
By Theorem 13.20 the pairs (Pi, B) are tilings for i ∈ [0, s]. Further, as
CF and B have full-rank, it follows that P0 have full-rank. Hence, by
Theorem 13.6, the code CP defined by

CP = (AP , B
e) =

(
S , 0

P0, . . . , PnO−1 , B

)
, (25)

is linearly equivalent to C.
Assume, without loss of generality, that in all sets Pi the enumera-

tion of the words is such that the zero word have index 1, that is, P1 =
[0, p2, . . . pnI

] and assume further that Pi = P1 if i ≥ 1. Observe that we
here assume that we have extended a code by adding parity in the first
position (corresponding to the zero column).

We then proceed by finding a Phelps representation of the code CP

and thus proving that it is a Phelps code. For details see Paper 8.

14 Concluding remarks on perfect 1-error cor-
recting binary codes

The work about perfect codes in this thesis started with a master thesis,
consisting of the Papers 4-5, a master thesis that was more or less driven
by the need to do a fast enumeration of perfect codes. The master thesis
started a work that has involved solving and trying to solve a number
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of problems in this challenging and interesting field of mathematics. The
experience from this work is that all the methods mentioned in this short
introduction are important when working with perfect codes. Furthermore,
these methods allow us to reformulate problems in a number of ways, which
is often invaluable to understand and solve the problem.

The most recent application of the methods presented here can be
found in Paper 8. The main results from this article can also be found
in Subsection 13.10. That article gives the first results in the work that
I hope will give relations between some of the different constructions of
perfect codes.

Translating all results and constructions in the theory of perfect codes
into a common language seems to be an interesting problem. I believe this
would greatly benefit the future development of the theory about perfect
codes. An example of such a problem is to give the tiling representation of
an arbitrary Phelps code.

The central (and hard problem) that would be nice to solve is the
classification of all kernels of perfect codes and to find the symmetry groups
of these kernels and their sub-spaces. This would more or less classify the
perfect codes in terms of their equivalence classes and the cardinality of
them. Another related problem, that seems to be open, is to determine if
every kernel of a perfect code is contained in some Hamming code. If this
were the case then the solution of many problems mentioned above would
be simplified.
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