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AbstratIn this thesis we study a onstraint optimisation problem alled the max-imum solution problem, heneforth referred to as Max Sol. It is de�nedas the problem of optimising a linear objetive funtion over a onstraintsatisfation problem (Csp) instane on a �nite domain. Eah variable in theinstane is given a non-negative rational weight, and eah domain elementis also assigned a numerial value, for example taken from the natural num-bers. From this point of view, the problem is seen to be a natural extensionof integer linear programming over a bounded domain. We study both thetime omplexity of approximating Max Sol, and the time omplexity ofobtaining an optimal solution. In the latter ase, we also onstrut someexponential-time algorithms.The algebrai method is a powerful tool for studying Csp-related prob-lems. It was introdued for the deision version of Csp, and has been ex-tended to a number of other problems, inluding Max Sol. With thistehnique we establish approximability lassi�ations for ertain families ofonstraint languages, based on algebrai haraterisations. We also showhow the onept of a ore for relational strutures an be extended in orderto determine when onstant unary relations an be added to a onstraintlanguage, without hanging the omputational omplexity of �nding an opti-mal solution toMax Sol. Using this result we show that, in a spei� sense,when studying the omputational omplexity of Max Sol, we only need toonsider onstraint languages with all onstant unary relations inluded.Some optimisation problems are known to be approximable within someonstant ratio, but are not believed to be approximable within an arbitrar-ily small onstant ratio. For suh problems, it is of interest to �nd the bestratio within whih the problem an be approximated, or at least give somebounds on this onstant. We study this aspet of the (weighted) Max Cspproblem for graphs. In this optimisation problem the number of satis�edonstraints is supposed to be maximised. We introdue a method for study-ing approximation ratios whih is based on a new parameter on the spaeof all graphs. Informally, we think of this parameter as an approximationdistane; knowing the distane between two graphs, we an bound the ap-proximation ratio of one of them, given a bound for the other. We furthershow how the basi idea an be implemented also for theMax Sol problem.
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Part IIntrodution





Chapter 1IntrodutionIn the researh �eld of omputational omplexity theory one studies prob-lems, and the e�ieny with whih these problems an be solved. Bothof these terms ome with non-standard interpretations whih really havequite little to do with what one would normally onsider �a problem� or�e�ient�. Let us therefore begin with some examples in order to highlightthis disrepany, and to introdue some related voabulary.Problems, instanes, and algorithmsEvery day we enounter problems of di�erent kinds. This may be anythingfrom appropriately dividing our time and energy between a number of dif-ferent tasks, or �guring out our urrent loating on a map of a lesser knownity, to determining the preise set of douments required in the appliationfor a Russian visa. Some problems are easy, others are hard. Most of theseproblems do not lend themselves very well to formalisation into the sort ofproblems we will be dealing with; for us, it will be important that both theproblem and a solution an be preisely desribed, and that the methodwith whih we want to obtain the solution has a preditable outome. Tosimplify things, we therefore narrow our disussion to problems whih arein some sense �mathematial�, or �ombinatorial�. As in all sienes, suhidealised models and approximations of real-world problems always omeequipped with limitations of appliability, but they have the advantage ofbeing muh more easily analysed in a formal setting. Let us have a look atthe following familiar problem:Solve for x: x2 − x − 1 = 0From the viewpoint of omplexity theory, this is in fat not a problem atall, but an instane of a problem. A problem onsists of a olletion ofsuh instanes. We solve a problem by means of an algorithm: a sequeneof preise instrutions whih produes a solution to any instane of theproblem. The quadrati equation above an be onsidered an instane of



4the problem of solving arbitrary quadrati equations. This problem anbe solved by means of the �ompleting the square�-algorithm. To speify aproblem we thus need to speify the set of instanes of the problem, butwe also need to speify what onstitutes a solution. In the aforementionedexample, the algorithm will deliver two solutions:
x =

1 ±
√

5

2
≈ 1.6180,−0.6180If we are happy with solutions in radials and elementary operations, thenthe �rst answer is aeptable, but sine both solutions are irrational, weannot produe a orret, �nite, deimal expansion, for either of them. Ifwe deide to settle for four orret deimal plaes, then the seond answeris aeptable. In either ase, we need to make sure that the form of thedesired output is preisely spei�ed, and we have to hoose an appropriateomputer representation for it. Similar onsiderations must be given to therepresentation of the instanes.We an of ourse de�ne other problems whih inlude the given equation

x2 − x− 1 = 0 as an instane. Consider the problem of solving an arbitrarypolynomial equation, regardless of degree. We know that if we ask for thesolutions in terms of radials and elementary operations, then for polynomi-als of degree greater than four, we are at a loss. Here, we will have to settlefor approximate solutions in the general ase, even if we an obtain exatsolutions for many suh problems.E�ieny and resouresThe idea of onsidering the general, worst ase appears again when we studythe e�ieny of our hosen algorithm. There are many ways of de�ning thee�ieny of an algorithm, but they all involve restriting the resoureswhih the algorithm needs to perform its task. Two of the main resouresin modern day omputers are time and memory. Either hoie leads to arih theory and poses many fasinating open problems, but we will restritourselves to the study of time. In fat, �time� is a slightly misleading term.One generally starts out observing that the same algorithm will omplete indi�erent amounts of time on di�erent omputer hardware, or even when runtwie on the same hardware, given today's elaborate omputer arhitetures.We remedy this by ounting not the number of lok yles it takes toperform a task, but rather the number of instrutions, or steps, whih arearried out by the algorithm. One therefore settles for some `reasonable'formal model of omputation, and regards di�erenes in multipliative andadditive onstants between suh models as uninteresting.In priniple, we ould now study a funtion t whih assumes the num-ber of steps a spei� algorithm will need, given an instane of the problem.This would probably beome a very ompliated funtion to determine, evenfor simple problems, and in addition, it might not tell us muh of what wewant to know. Often we are interested in solving �larger� instanes as we



1. Introdution 5gather more information, or as to better approximate some real-world prob-lem. Thus, it would make more sense to study the number of steps neededfor the algorithm to omplete its omputation as a funtion of the size ofthe instane. The size of an instane is a funtion whih is diretly relatedto the onrete representation that has been hosen for the problem. We anformally de�ne it as the number of bits needed to enode the instane, butwe will usually settle for a funtion whih grows asymptotially as the atualsize. The funtion t is then a funtion from natural numbers, representingthe size of the instane, to natural numbers, representing the maximal num-ber of steps required to solve an instane of a spei� size. This is alled aworst ase analysis; there may be instanes of a given size n whih the al-gorithm an solve very quikly, but in general it an do no better than t(n).Also note that t may be a partial funtion sine there may be no instanesat all for some partiular values of n. Now, we are not atually interested inthe exat values whih t assumes, but rather in how it behaves as n growslarge. This is formalised in the following asymptoti notation. For partialfuntions t and g, we write
t(n) ∈ O(g(n)),if there are onstants C and n0 suh that
t(n) ≤ C · g(n) for all n > n0.This notation, at the same time, takes are of reasonable approximations inthe hoie of instane size, and the uninteresting additive and multipliativeonstants due to the omputational model. For notational onveniene, wewrite `t ∈ O(n2)' instead of `t(n) ∈ O(g(n)) for a funtion g(n) = n2'. Inthis ase, we also say that the time omplexity of the algorithm assoiatedto t is O(n2).Example 1.1 Consider again the problem of solving general quadrati equa-tions. A quadrati equation an be given on a standard form as:
ax2 + bx + c = 0.An instane an thus be enoded by three numbers: a, b, and c. If weassume that a, b, and c are rational oe�ients, eah given by the ratioof two relatively prime integers, then the number of bits to represent theinstane is approximately the sum of the 2-logarithms of the absolute valuesof the six integers. Sine we are disregarding onstants, we an atuallylet the size be the 2-logarithm of the largest among the absolute valuesof the six integers. If we hoose to produe an expression in radials andelementary operations, then essentially all operations of the algorithm are a�xed number of additions, subtrations, and multipliations. It is reasonableto assume that additions and subtrations an be arried out in a numberof steps whih grows linearly as the size of the operands involved, and thatmultipliations an be performed in a quadrati number of steps. It follows



6that for this algorithm, t(n) ∈ O(n2); we say that the algorithm runs inquadrati time. It is also ommon to ount the number of arithmetialoperations, as opposed to the number of bit operations. In this ase wewould say that the previous algorithm runs in onstant time. Normally, weare muh less spei� in how we represent instanes of our problems, relyingheavily on aepted onventions, and the absorption of onstants into the
O-notation.`How about a nie game of hess?'The game of hess takes plae on an idealised battle�eld where the opponentspratise their strategi and tatial skills. It is the arhetypal �war game�.A hess problem, or puzzle, is a prespei�ed position given on a hess board,often aompanied by a short instrution on the form `white to play and win'.The objetive of the problem is to ome up the the best move in the givensituation. For the `. . . to play and win'-instanes, we an de�ne a best moveas one whih always leads to a win for the player. An example puzzle is givenin Figure 1.11. This is learly in line with what we mean by a problem; who is

Figure 1.1: White to play and win in 2.to play, the legal positions, and the moves between them are all well-de�nedand easy to enode in a omputer readable format. However from the pointof view of omputational omplexity theory, the problem as stated is trivial:it an be solved by an algorithm whih runs in a onstant number of steps.This was observed already in 1950 by Claude Shannon [125℄, where he givesa rough estimate on the number of possible positions in hess to about 1043.1This partiular example was omposed by Susan Polgár, one of the famous Polgársisters, at the age of 4.



1. Introdution 7We may want to onsider also some positions whih an never our fromnormal play but whih still pose interesting hess problems. In any ase,sine this number is bounded by some (admittedly very large) onstant, thenumber of possible instanes to a hess puzzle-solving algorithm is onstant.But then, we an simply hard-ode eah position and its solution into onegiganti table. This table may take a long time to produe, and it wouldhardly �t into any existing omputer memory, but the point is that it is �nitein size and ould, in priniple, be onstruted. The asymptoti growth ofthe number of steps required for an algorithm, whih given a puzzle looksup the answer in this table is thus also onstant: there is some puzzle whihtakes the most number of omputational steps to �solve�. The hess puzzleproblem an be turned into a (omplexity theoretially) non-trivial problem,for example by having it played on a generalised n times n hess board.Linear programmingWe now take a look at perhaps the most well-known problem in ombinato-rial optimisation: linear programming. An instane of linear programmingis spei�ed by a vetor c of size n, a vetor b of size m, and an m×n matrix
A. All entries in the vetors and in the matrix are supposed to be rationalnumbers. The linear program orresponding to this instane an be writtenas follows:Maximise cT xsubjet to Ax ≤ b,

x ≥ 0.The entries in the vetor x = (x1, . . . , xn)T are alled variables, and theaim is to assign rational values to the variables so that x resides in thepolytope spei�ed by the inequalities, and so that the objetive funtion
f(x) = cT x is maximised.The lassi algorithm for solving linear programs is the simplex algo-rithm, desribed by George Dantzig in 1947. (First mention of the term`linear programming' seems to be Dantzig [36℄. See also [37℄.) The simplexalgorithm performs very well in pratie, and simplex-based algorithms arestill at the heart of many linear program solvers today. The algorithm anroughly be desribed as follows: a �rst observation is that either the linearobjetive funtion an grow arbitrarily, in whih ase a maximal solutiondoes not exist, or it must attain its maximum in a vertex of the polytope.Furthermore, from a non-optimal vertex, we an always reah a better ver-tex along some edge of the polytope. The idea is therefore to pik a startingvertex, and to walk along the edges of the polytope, from vertex to vertex,always in a diretion whih inreases the objetive funtion. Unfortunately,this strategy has an, at least theoretial, draw-bak; it is possible to on-strut a polytope, a slightly �twisted� version of the hyperube [97℄, andpik a starting vertex suh that the simplex algorithm will walk through



8every vertex of the polytope before reahing the maximum. This onstru-tion works in any dimension, and in this fashion we an produe an in�nitesequene of polytopes whose vertex ount grow exponentially with the sizeof the instanes. The worst ase time omplexity of the simplex algorithmis therefore exponential, and the algorithm, from our point of view, annotbe onsidered e�ient at all.It took over three deades, and a ompletely di�erent approah, to omeup with a omplexity theoretially satisfying improvement (during whihtime, of ourse, the simplex algorithm ontinued to solve an ever inreas-ing number of instanes in pratial appliations all over the world.) In1979, Leonid Khahiyan presented the �rst polynomial-time algorithm forlinear programming, based on the the ellipsoid method introdued byNemirovsky and Yudin, and independently by Shor, in the 1970s. Paradox-ially, this method proved to perform worse in pratie than the simplexalgorithm. Advanes in siene, however, must be judged both on theirimmediate pratial impat as well as on the ideas and possibilities theybring to light, and the importane of this result is hard to overstate. Today,interior point methods, introdued by Karmarkar [90℄, provide linearprogram solvers whih both perform well in pratie, and run in worst asepolynomial time.Now that we have a better understanding of what we mean by a problem,and how we measure e�ieny, we will move on to the most famous questionin omputer siene, ompatly stated `P 6= NP?'.Complexity lasses, redutions and ompletenessOne of the interests of the omputational omplexity theorist is to deideupon some relevant measure of e�ieny, and then to try and express in somemore or less expliit way whih problems an (and often more importantly,whih problems an not) be solved with this e�ieny. The olletion of allsuh problems onstitutes what we all a omplexity lass. The inlusionof a problem in a omplexity lass an be proved by writing an algorithm forthe problem, and to prove that the algorithm is e�ient in the right sense.We begin by onsidering only deision problems, whih are problemswhere the set of solutions is taken to be {yes, no}. The most basi lassof problems is alled P, whih stands for polynomial time. This is the lassof deision problems for whih we an write an algorithm that, in the worstase, runs in a number of steps that is bounded by a polynomial in the sizeof the input. In this lass we �nd problems suh as `Is x a prime number?',and deiding whether there is a onneted path in a network from one pointto another. Many problems are more naturally stated as omputing somefuntion value in a larger domain than {yes, no}. For example, the greatestommon divisor of two integers an be omputed in polynomial time usingEulid's algorithm. Suh problems formally belong to a lass alled FP,but an usually be turned into deision problems by a reformulation, e.g.



1. Introdution 9`Is the greatest ommon divisor of a and b greater than or equal to c?' Itis generally onsidered that if a problem annot be solved in a polynomialnumber of steps, then as the size of the input grows, it will quikly beomeinfeasible to obtain a solution, even with tomorrow's omputers2. We haveseen that linear programming falls into this lass, although it was not provedbefore 1979. We have also seen that even though the simplex algorithm ingeneral annot be guaranteed to run within a polynomial number of steps,it is nonetheless the algorithm of hoie over the ellipsoid method for thisproblem. This issue seems to arise partly from the fat that we study worstase omplexity. The simplex algorithm may indeed run in an exponentialnumber of steps for a leverly ontrived input, but suh inputs do not ourfrequently in pratie. It is worth mentioning that the worst ase omplexityapproah is not the only one taken, and that, for example, the study ofaverage ase omplexity is a growing and interesting �eld in its ownright. Nevertheless, the distintion between problems inside and outside ofP, and the ontinued e�ort to try and understand this boundary, has provedextraordinarily fruitful, both from a theoretial and pratial point of view.The seond lass whih we will look at is alled NP, whih stands fornon-deterministi polynomial time. It an be roughly de�ned as the lass of(deision) problems for whih a orret solution an be heked in a numberof steps whih is bounded by a polynomial in the size of the solution3.The lass NP is known to ontain, in addition to all of P, also quitea few problems whih are believed not to be in P. To return to our hessexample, although it did not onstitute a very interesting problem from ourpoint of view, we intuitively �nd that it should be �easier�, in some sense,to verify a orret solution than to �nd one. Yet, almost 40 years after theoneption of the lass NP [29, 104℄, we still have no lue how to deidewhether or not P 6= NP, i.e. whether it is really harder to solve a problemin NP from srath, than it is to verify a solution whih is given to us. Ofourse, we strongly believe that it is harder, and it is not a ontroversialhypothesis to build one's work upon. Still, sine most of this thesis is abouttraing this boundary between easy and hard, if it were to turn out thatP = NP, i.e. that there is no boundary at all, then many of our resultswould be rendered null and void.One of the reasons why the question `P 6= NP?' seems so hard to answeris that a proof seems to require an expliit problem in NP whih is not amember of P, and a proof of suh a property must neessarily onsider allpossible known and unknown algorithms for solving this partiular problem.There is however a tehnique for singling out problems whih are �harder�than others (or at least �not easier�.) The basi omponents in this tehniquehas beome known as redutions, and the study of omplexity theory isso muh built around them that it ould, with some auray, be alled the2However, quantum omputing may put a dent in this long held �truth�.3The size of the solution is itself supposed to be polynomially bounded by the size ofthe input.



10 1.1. Constraint satisfationstudy of redutions. We will meet many types of redutions in this thesis,but we will mention here only the Karp redution, named in the honourof omputer sientist Rihard Karp, and more ommonly referred to as apolynomial-time redution.De�nition 1.2 A polynomial-time redution from a problem Π1 to a prob-lem Π2 is a funtion, omputable in polynomial time, whih takes as inputan instane I1 of Π1 and produes as output an instane I2 of Π2 suh thatthe solution to I1 in Π1 is yes if and only if the solution to I2 in Π2 is yes.It follows that suh redutions preserve both P and NP, in the sense thatif Π2 is in P (NP), then Π1 is in P (NP). If Π1 is polynomial-timereduible to Π2, then we think of Π1 as being no easier than Π2 to solve.Indeed, to any algorithm for Π2 we an add the redution as a �rst step andget an algorithm for Π1 whih is at most a polynomial fator slower thanthe original algorithm. Hene, if Π1 is not in P, then neither is Π2.A quite remarkable fat is that there are problems Π in NP whih areharder than any other problem in NP in the sense that every problemin NP is Karp reduible to Π. We all suh problems NP-omplete, andhundreds of them have been identi�ed sine the seminal papers of Cook [29℄,Levin [104℄, and Karp [91℄, many of whih appear in the standard refereneby Garey and Johnson [56℄. The notion of ompleteness ours in manyother omplexity lasses as well, and omplete problems are used as a basisfor proving other problems hard and/or omplete.We end this brief introdution to omplexity theory by mentioning that justas there are many more notions of e�ieny, there are many more omplexitylasses, most of whih we will not onsider at all. In fat, so many lasseshave been de�ned over the years, for various purposes, that they now residein a �Complexity Zoo� a dediated wiki urrently keeping 489 lasses4, andounting!1.1 Constraint satisfationIn this thesis we onsider a partiular lass of problems alled onstraintsatisfation problems, or Csps. The formal de�nition of a Csp is givenin the preliminaries, Setion 2.2. For the purposes of this introdution, itwill su�e with an informal desription, whih is given after the followingexample.Example 1.3 The struture in Figure 1.2 is known as a (ombinatorial)graph. Suh a graph onsists of a set of points, alled verties, and a setof lines onneting pairs of points, alled edges. They an be used to modelrelationships between various entities. As an example, we an think of thegraph in Figure 1.2 as a model of live variables in a omputer language4The Complexity Zoo is found at http://qwiki.stanford.edu/wiki/Complexity_Zoo.
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Figure 1.2: The Petersen graph.ompiler. The register alloation step in a ompiler assigns physial CPUregisters to the variables. In the graph, we let the verties represent thevariables, and an edge between two verties represents the fat that their liveranges overlap, i.e. there is some point during the exeution of the programwhen both variables may arry important values. An edge between twoverties thus implies that these two verties may not be alloated to thesame physial register.A proper vertex olouring of a graph is an assignment of �olours�to the verties of the graph so that no two verties whih share an edge areassigned the same olour. In our example, the olours represent the physialregisters, and a proper olouring orresponds to a realisable variable-registeralloation. We will use the set {reg1, reg2, reg3} as olours, and showthat three physial registers su�e to alloate all ten variables of the Pe-tersen graph. The following assignment f is a proper olouring:
f(u1) = f(u2) = f(v3) = f(v5) = reg1
f(u3) = f(u4) = f(v2) = reg2
f(u5) = f(v1) = f(v4) = reg3The problem 3-Colouring is that of deiding, for an arbitrary input graph,whether there exists a proper olouring using no more than three distintolours. The 3-Colouring problem is thus a deision problem, and it is astandard example of an NP-omplete graph problem.



12 1.1. Constraint satisfationInformal de�nitionA Csp instane is determined by three omponents, a set of variables, aset of values, and a set of onstraints. The set of variables, whih we willdenote by V , is in the ase of Example 1.3 given by the set of verties ofthe graph: {u1, . . . , u5, v1, . . . , v5}. We also need a set of values, or domainelements. This set, whih we will denote by D, is alled the domain. Inthe example, it is given by {reg1, reg2, reg3}. Finally, we need a setof onstraints, whih we will denote by C. Constraints are loal onditionson the values allowed for eah variable. The onstraints in Example 1.3 aregiven by the rule that no two verties sharing an edge may have the sameolour. For a spei� graph, this rule an be modelled in many di�erentways. It turns out that the most natural way is to have eah onstraintapply only to a single pair of verties, e.g. �u1 and u3 must be assigneddi�erent olours�. The example then ontains 15 di�erent onstraints, onefor eah edge in the graph.A funtion f : V → D is alled an assignment. The assignment fsatis�es a onstraint c ∈ C if it gives values to the variables in suh away that the given onstraint c holds. In the example, eah onstraint capplies to two verties, say v1 and v2, so we an verify that f satis�es c byheking that f(v1) 6= f(v2). A satisfying assignment, or solution, toa Csp instane is an assignment whih satis�es all of the onstraints in Csimultaneously. In the 3-Colouring example, the satisfying assignmentsare in one-to-one orrespondene with proper olourings.For a given Csp instane, and a suggested assignment f , it is easy tohek, in polynomial time, whether or not f is satisfying. Hene Csp isin the lass NP, and from Example 1.3 we onlude that the problem ofdeiding whether or not a given Csp instane has a satisfying assignment isNP-omplete.Parametrisation and the dihotomy onjetureSine the Csp framework an be used to model so many interesting andimportant problems, but is NP-omplete in general, one an try to restritits power in di�erent ways. One possibility is to restrit the size of thedomain D to obtain a parametrised problem in whih any instane mustsatisfy |D| ≤ k. Unfortunately even the problem Csp restrited to a two-element, or Boolean, domain is NP-omplete. It ontains the problem ofdeiding the satis�ability of a propositional logi formula, whih was amongthe �rst problems shown to be NP-omplete. A di�erent restrition on Cspis to allow only ertain types of onstraints. For example, we have seen that3-Colouring an be desribed with onstraints of the form f(u) 6= f(v).The binary relation 6= on the domain D is thus the only type of onstraintwe need, and the restrition of Csp to only suh onstraints will be denotedCsp({6=}). In general, we an take any set Γ of onstraints and let Csp(Γ)denote the restrition of Csp where only onstraints from the set Γ are



1. Introdution 13allowed. Shaefer [119℄ managed to lassify the restrition of Csp over aBoolean domain any �xed set of onstraints Γ as being either in P, or beingNP-omplete. This dihotomy theorem is quite remarkable. By Ladner'stheorem [101℄, we know that, unless P = NP, there are problems whihare neither in P, nor in NP. Yet, the Csp problem over a Boolean domainontains only two types of problems: easy and hard.A similar phenomenon ours for another lass of Csps, this time relatedto graphs. A graph homomorphism from a graph G to a graph H is afuntion from the verties of G to the verties of H suh that the image ofeah edge in G is an edge in H . The graph homomorphism problemparametrised by a graph H , and denoted Hom(H), is the problem of deid-ing, for a given graphG, whether there exists a graph homomorphism from Gto H . In partiular, the problem Hom(K3), where K3 denotes the ompletegraph on three verties, is nothing more than the 3-Colouring-problem indisguise. Hell and Ne²et°il [71℄ showed that for undireted graphs, Hom(H)is in P if H is either bipartite, or if it has a loop. In all other ases, Hom(H)is NP-omplete. Note that the ase H = K3 is not bipartite, and has noloop, hene Hom(K3) is NP-omplete. This is in agreement with our laimin Example 1.3 that 3-Colouring is NP-omplete.Guided by the ourrene of suh a dihotomy in two important sub-lasses of Csp, Feder and Vardi [53℄ onjetured that Csp(Γ) in generalmust exhibit a dihotomy. Their argument was based on a study of a lassnamed MMSNP (monotone monadi SNP without inequalities). Theyshowed that if either of the three restritions monotoniity, monadiity, orno inequalities is removed fromMMSNP, the resulting lass is polynomial-time equivalent to all of NP. In this sense they identi�ed MMSNP as thelargest sublass of NP whih an potentially exhibit a dihotomy. They fur-ther showed that Csp and MMSNP are polynomial-time equivalent. Thismeans that while in a strit sense Csp is a sublass of MMSNP, thereexists a polynomial-time redution from every problem in MMSNP to aproblem in Csp. Thus they asked the question: Is every problem in Cspeither in P or NP-omplete? The onjeture that this is indeed the asehas beome known as `the dihotomy onjeture':Conjeture 1.4 (The Dihotomy Conjeture) Given a family of on-straints Γ, the problem Csp(Γ) is either in P, or it is NP-omplete.The dihotomy onjeture has inspired muh of the theoretial researhon the onstraint satisfation problem. Progress towards settling Conje-ture 1.4 has largely been driven by a method whih has beome known as thealgebrai approah, or the algebrai method. An early and in�uentialpaper in this diretion is Jeavons, Cohen, and Gyssens [79℄. Bulatov, Jeav-ons and Krokhin [22℄ use haraterisations from universal algebra to studya speial ase the full onjeture. Other important ases whih have beensolved inlude maximal onstraint languages [23℄, onservative onstraint



14 1.2. Optimisationlanguages [18℄, onstraint languages over a three-element domain [20℄, anda polynomial-time algorithm for so-alled Mal'tsev onstraints [21℄.1.2 OptimisationTo merely know the existene of a solution to a given problem may be insuf-�ient. One may wish to obtain the �best� solution, in some spei� sense.This is the ase in partiular for linear programming, where the existeneof a solution only asserts that the polytope spei�ed by the inequalities isnon-empty, while the goal generally is to optimise an objetive funtion overthe polytope.Similar need for optimisation ours for the solution spaes of generalonstraint satisfation problems. There are several approahes to intro-duing an optimisation riterion on Csp instanes. We will primarily beonerned with the following two types of riteria:1. One an assign weights to the variables and domain elements andintrodue an objetive funtion based on these weights.2. One an allow onstraints to be unsatis�ed in a solution, and base theobjetive funtion on the number of satis�ed onstraints.For both of these approahes, the resulting problem is in general not easierthan its non-optimising ounterpart. In the �rst ase, if we an �nd anoptimal solution to a partiular problem using some restrited resoures,then we an learly �nd one. In the seond ase, there are solutions to thedeision problem if and only if a maximal solution satis�es all onstraints.We will now illustrate these two approahes with two examples, the problemsMaximum Independent Set andMax ut. Both examples also illustratethat an optimisation problem an be stritly harder (in this ase providedP 6= NP) than the original problem.1.2.1 Example: Maximum Independent SetA subset S of the verties of a graph is alled an independent set if thereis no edge between any pair of verties u, v ∈ S. For the Petersen graphin Figure 1.2 it is easy to �nd an independent set of size four, e.g. the set
{u1, u2, v3, v5}, whih is the set of verties of �olour� reg1 in Example 1.3.We also see that it is not possible to hoose more than two verties from theouter pentagon, nor more than two verties from the inner pentagram, if wewish to obtain an independent set. Hene the size of a largest independentset in the Petersen graph is exatly four.The problem Maximum Independent Set is to �nd an independentset of maximum size in a given input graph G. This optimisation problemwill appear many times throughout this thesis as a typial �hard� problem;it an be shown to be hard even to approximate within ertain bounds. In



1. Introdution 15partiular one an �nd a polynomial-time redution from an NP-ompleteproblem to Maximum Independent Set. We often express this by sayingthat Maximum Independent Set is NP-hard. However, it is learly easyto �nd one solution: the empty set is a subset of the verties of any graph,and it is always an independent set.To obtain a Csp-formulation of the problemMaximum Independent Set,we again take the verties as variables V , but this time we let the domain
D be {0, 1}. Our intended interpretation of an assignment f from V to D isthat if a vertex v is assigned the value 1 by f , then v ∈ S, and if f(v) = 0,then v 6∈ S. For eah edge between u and v, we have the onstraint:

(f(u), f(v)) ∈ {(0, 0), (0, 1), (1, 0)}.In order to solve Maximum Independent Set, we thus need to maximisethe number of ones assigned by a solution f subjet to onstraints of theform R = {(0, 0), (0, 1), (1, 0)}. This problem of maximising the number ofones in a solution to a Csp instane, expressed using only the onstraint R,is alled Max Ones({R}).The problem Max Ones is an optimisation problem for Csp of the �rsttype with the linear objetive funtion
∑

v∈V

f(v).1.2.2 Example: Max utThe most studied problem in the seond ategory is alled Max ut. Let
G be a graph with vertex set V and edge set E, and let S be a subset of
V . We say that S indues a ut in G, whih is the subset of edges that areattahed to one vertex in S and one vertex in the omplement, S = V \ S.The problem Max ut is then to �nd a ut of largest size in a given inputgraph G. This problem is also NP-hard, and has been extensively studied.Similar to our previous Csp-formulations, we identify the set of verties Vas variables and we let the domain D be {a, b}. For eah edge between twoverties u and v, we have a onstraint

(f(u), f(v)) ∈ {(a, b), (b, a)}.It is easy to see that the resulting Csp instane is satis�able if and only if
G is bipartite. This is preisely when the maximum ut in G is given bythe entire set E. The problem of determining whether or not a graph G isbipartite is in P.We obtain the problem Max ut by asking not if the instane is satis-�able, but instead for an assignment f whih satis�es as many of the on-straints as possible. Eah onstraint satis�ed by f orresponds to an edgein the ut indued by f . The set S an be reovered from f , for example byletting S = f−1(a).



16 1.3. Approximability1.3 ApproximabilityIn the previous setion, we enountered two optimisation problems: Maxi-mum Independent Set and Max ut. Both of these problems are NP-hard to solve to optimality. There is however a way to di�erentiate thehardness of the two, if we onsider approximation algorithms in plae ofexat algorithms.Example 1.5 Let G = (V, E) be a graph. Plae eah vertex v ∈ V into Sor S with equal probability. For eah edge e ∈ E, let Xe = 1 if the edge
e is in the ut indued by S, and let Xe = 0 otherwise. By linearity ofexpetation, we have

E

(
∑

e∈E

Xe

)

=
∑

e∈E

E(Xe) =
1

2
· |E|.Sine the expeted measure of a solution, piked at random, is half of thetotal number of edges, it follows that there exists some solution with ameasure at least this big. We an obtain suh a solution by the followingreursive proedure. If G onsists of only two verties, then we put one ofthem in S, and the other in S. This is a solution with more than half of theedges in the ut. Otherwise, arbitrarily pik a vertex v, and remove v, aswell as the edges onneted to v, from the graph G. We thus obtain a newgraph G′ = (V ′, E′), with fewer verties. Reursively apply this proedureto obtain a solution for the graph G′ with, by assumption, a measure of atleast 1

2 · |E′|. In this solution, some of the neighbours of v are in S, and theedges from v to these verties onstitute a set E1. The remaining neighboursof v are in S, and the edges from v to these verties onstitute another set
E2. The �nal solution to G is obtained by assigning v to either S or S,depending on the size of the sets E1 and E2. The measure of this solutionis bounded from below by

1

2
· |E′| + max {|E1|, |E2|} ≥ 1

2
· |E|,sine E = E′ ∪ E1 ∪ E2.We say that an algorithm approximates a maximisation problem withina onstant r, if it always returns a solution f , suh that the measure of fdivided by the measure of an optimal solution is bounded from below by

r. We all r the approximation ratio of the algorithm5. We similarlysay that an algorithm approximates a maximisation problem within somefuntion r(n), if the ratio between the measures of the solution provided bythe algorithm, and that of the optimal solution is bounded from below by
r(n). Here, the bound r(n) varies with the instane size n.5The approximation ratio for an algorithm of a maximisation problem is sometimesde�ned as the ratio between the measure of an optimal solution and that of the algorithm,i.e. as 1/r.



1. Introdution 17There are two natural omplexity lasses for optimisation problems, or-responding to the lasses P and NP for deision problems. These are alledPO and NPO. The omplexity lass APX is the lass of optimisationproblems in NPO whih an be approximated within some onstant r > 0.In Example 1.5, we gave an example of an algorithm whih approximatesMax ut within 1
2 . Hene we have shown that the problemMax ut is inAPX. It an further be shown that Maximum Independent Set is notin APX, and so, we have di�erentiated the hardness of these two problems.The problemMaximum Independent Set resides instead in a omplexitylass alled poly-APX, whih stritly ontains APX (if P 6= NP.) Bothof these lasses have omplete problems under the appropriate redutions(see Setion 2.4.) In fat, Max ut is APX-omplete, and MaximumIndependent Set is poly-APX-omplete.The two problems Max ut and Maximum Independent Set werehosen as representatives for two distint approahes to optimisation on in-stanes of Csp. Khanna et al. [93℄ studies both of these approahes in thease of Boolean Csp, from a perspetive of approximation. They onsiderboth maximisation and minimisation problems, resulting in the four prob-lems Max Ones, Min Ones, Max Csp, and Min Csp. In all ases they�nd that the problems, parametrised by a onstraint language, fall into asmall number of approximation lasses. In the ase of Max Ones, whihis of primary onern to us, they �nd that every problem Max Ones(Γ)is either in PO, it is APX-omplete, it is poly-APX-omplete, it is anNP-omplete problem to �nd a solution of non-zero measure, or the prob-lem of �nding any solution is NP-omplete. This situation resembles thedihotomy phenomenon, on a more re�ned sale.1.4 The maximum solution problemIn this setion, we will �nally meet the main problem of the thesis. TheMaximum Solution Problem, or Max Sol for short, an be seen ei-ther as a natural generalisation of Max Ones to larger domains, or as ageneralisation of integer linear programming. It is most easily de�ned asthe maximising optimisation version of Csp, with values assoiated to thedomain elements, and with a linear objetive funtion. It is often natural totake D = {0, 1, . . . , m−1}, so that the numerial values are impliitly givenby the domain elements themselves. The objetive funtion, or measure,of a satisfying assignment f : V → D, is in this ase given by

∑

v∈V

ω(v) · f(v),where the oe�ients ω(v) are non-negative rationals, and are onsidered tobe a part of the instane.Example 1.6 Assume that V = {v1, . . . , vn}, that a = (a1, . . . , an) is a rowvetor of rational numbers, and that b is a rational number. For eah suh



18 1.5. Methods and resultshoie of a, and b, we an de�ne an n-ary onstraint (a relation) Ineqa,b asfollows:
Ineqa,b = {(d1, . . . , dn) ∈ Dn |

n∑

i=1

ai · di ≤ b},If we let Γ = {Ineqa,b | a ∈ Qn, b ∈ Q}, then Max Sol(Γ) is the probleminteger linear programming over a bounded domain D. Note that Γ ontainsa �nite number of onstraints, even though it is not immediately apparentfrom its de�nition; there are only 2|D
n| distint relations of arity n.Exat algorithms for Max Sol (under the name of Max Value) weregiven by Angelsmark and Thapper [8℄. For the onstraint language param-eterisation, the problem has been studied for languages desribing solutionsto equations over abelian groups [99℄, for problems in multi-valued logi [83℄,and for ertain undireted graphs [85℄. The algebrai approah for studyingthe approximability of the maximum solution problem was introdued inJonsson et al. [82℄. It was used there for studying maximal as well as ho-mogeneous onstraint languages. Building on this work, Jonsson andThapper [86℄ used the algebrai approah to lassify the approximabilityof Max Sol for onstraint languages invariant under two large families ofalgebras. From the approximation side, all obtained results for the generalmaximum solution problem align niely with those of Khanna et al. [93℄ onthe Max Ones problem. In partiular, they suggest the following onje-ture:Conjeture 1.7 Let Γ be a onstraint language over a �nite domain D ⊆

N. The problem Max Sol(Γ) is either in PO, it is APX-omplete, it ispoly-APX-omplete, it is NP-hard to obtain a solution of non-zero mea-sure, or it is NP-hard to obtain any solution.A relatively up-to-date survey of the urrently known results relating tothe problem an be found in Jonsson and Nordh [84℄.1.5 Methods and resultsIn this thesis, we study the maximum solution problem from a number ofdi�erent points of view. We employ both well-established and novel methodsof analysis, as well as a few di�erent di�erent notions of e�ieny. A roughdivision of the thesis distinguishes the part that fouses on approximabilityand the part that deals with omputational omplexity. More spei�ally,in the �rst part, we look at a more �ne grained sale of e�ieny, wherewe aim to determine how hard it is to approximate an optimal solution,while in the seond, we aim to deide how hard it is to obtain an optimalsolution. However, there are variations even within this framework. As an



1. Introdution 19example, two of the hapters on approximability deal with spei� approx-imation onstants for problems that are known to be hard to approximate�arbitrarily well�. On the other hand, in the third hapter on approximabil-ity, Chapter 3, we treat a more general lass of problems, and onsequentlywe fous on lassifying these in the appropriate approximation lasses: PO,APX, poly-APX, et. Similarly, while the main subjet of the thesis isthe maximum solution problem, we make ontat with, and sometimes givemore attention to other problems, suh as Max H-Col (a restrition ofMax CSP) in Chapter 5, and Max Hamming Distane in Chapter 8.We now brie�y present the di�erent tehniques used, and desribe our mainresults and ontributions.The algebrai approahThis is one of the main tehniques used, and it appears several times through-out the thesis. It exploits a onnetion between onstraint languages repre-sented as sets of relations, and universal algebra, whih deals with sets ofpolymorphisms: funtions operating on the domain. The tehnique hasbeen used primarily for the Csp deision problem, with impressive suess.It was extended to the maximum solution problem by Jonsson et al. [82℄and used, among other things, to lassify homogeneous onstraint lan-guages. These are onstraint languages whih inlude a onstraint of theform
{(d, π(d)) | d ∈ D},for every permutation π : D → D. We ontinue this e�ort by lassifyingthe approximability of Max Sol(Γ) for onstraint languages Γ whih arepreserved by families of a�ne algebras. Suh onstraint languages aredesribed by ertain systems of linear equations over abelian groups. Thisresult allows us to give a simpli�ed proof for the lassi�ation of Max Solfor homogeneous onstraint languages (as a speial ase of languages pre-served by symmetri algebras.) We also lassify languages preserved bystritly simple surjetive algebras, whih an be seen as building bloksfor more omplex algebras [22℄.There exists another, more general, optimisation framework for Csp,alled the valued onstraint satisfation problem, or VCSP. It was intro-dued by Shiex et al. [120℄, and inludesMax Sol as a speial ase. An al-gebrai approah based on two generalised polymorphism onepts, namelymultimorphisms and frational polymorphisms, has been developedfor the study of VCSP. While these show great promise, we will not dealwith them in this thesis. We refer to the work of Cohen et al. [25, 26, 27℄for more on this topi.



20 1.5. Methods and resultsApproximation by relaxation and roundingThis is a ommonly applied tehnique for onstruting approximation algo-rithms for various restritions of integer linear programming. It is based onthe idea of relaxing the integrality onstraints of the program, after whiha solution to the relaxed program an be found in polynomial time. Theobtained solution is in general frational, and some kind of �rounding pro-edure� is needed to generate an integer solution. We use this tehnique forvarious restritions of the following integer linear program:Minimise cT xsubjet to Ax ≥ b,
x ∈ X,where c is non-negative, A is an integer matrix, and b ≥ 1 (omponentwise.)We show that suh programs, for whih the maximum absolute row sums arebounded by k, an be approximated within k when X = Nn, but annot beapproximated within k−ε, ε > 0, if Khot's Unique Games Conjeture holds(f. Setion 2.4.2.) We also show that �nding a feasible solution to the sameproblem is NP-hard in almost all ases when X = {0, . . . , a−1}n. Previousstudies have foused mainly on the speial ase when A is non-negative,so-alled overing integer programs.This problem is an example of a Csp optimisation problem over an in-�nite domain. Stritly speaking, it is a �Min Sol�, rather than a MaxSol-problem.Approximation distaneWe introdue a novel method designed to extend known approximation ra-tios for one problem to bounds on the ratio for other problems. The methodworks equally well for positive approximation results as for negative, inap-proximability results. The basis for the method is a binary parameter ongraphs whih, in a sense, measures a distane between the graphs. Thisdistane an be used to relate the approximation ratios of the problemsparameterised by the orresponding graphs. Our main appliation of thismethod is to the problem (Weighted) Maximum H-Colourable Sub-graph (Max H-Col,) whih is a restrition of the generalMax CSP prob-lem to a single, binary, and symmetri relation. We also show how themethod an be applied to the maximum solution problem, although in thissetting muh less is known about the approximation ratios, whih limits theappliability.Example 1.8 Goemans and Williamson [58℄ have designed an algorithmfor Max ut using semide�nite programming, whih approximates the op-timum within 0.87856. Our tehnique allows us to �measure the distane�between K2, whih is the graph orresponding to Max ut, and C11, theyle on 11 verties. This �distane� turns out to be s(K2, C11) = 10/11, and



1. Introdution 21we an apply Lemma 5.3 to �nd that Max C11-Col an be approximatedwithin 0.87856 · s(K2, C11) ≈ 0.79869.Conversely, Khot et al. [95℄ have shown that, if the Unique GamesConjeture holds (f. Setion 2.4.2,) then it is NP-hard to approximateMax ut within any onstant greater than 0.87856. We an now ap-ply our tehnique to this negative result, and �nd that, onditioned onthe same onjeture, it is NP-hard to approximate Max C11-Col within
0.87856/s(K2, C11) ≈ 0.96642.In addition to the appliation of the tehnique to Max H-Col for a widerange of graphs H , we also establish a lose onnetion to work by �ámalon ubial olourings [122, 123℄. This onnetion shows that our parameter
s(H, G) has the same numerial value as 1/χH(G), where χH is a speialtype of �hromati number�. We believe that this insight may turn out tobe ruial for understanding the behaviour of s, and in the extension, forunderstanding the approximability of Max H-Col.Constant produtionGiven a domain D, de�ne

CD = {{(d)} | d ∈ D}.The set CD ontains all onstant unary relations. For the deision problemCsp(Γ), it is known that when Γ is a ore (i.e. when all endomorphisms aresurjetive,) then Csp(Γ) is in P (NP-hard) if and only if Csp(Γ ∪ CD) is inP (NP-hard.) Furthermore, the restrition to a ore an be done withoutloss of generality. Previously, no suh result was known for Max Sol. Theonept of a ore has previously been generalised to that of a max-ore (f.Setion 2.5,) but the possibility of adding onstants to the language doesnot arry over. We present a new property whih also aims to mimi theore onept, but is more restritive than the max-ore (in the sense thatbeing a max-ore is a neessary, but not su�ient ondition for satisfying theproperty.) We show that this property identi�es ases when adding the on-stant relations an be done without hanging the omputational omplexityof the problem. We also show that for a language Γ without this property,we an dedue the omputational omplexity of Max Sol(Γ) from that ofits smaller endomorphi images.By onsidering what happens when onstants annot be added to theonstraint language, we show that the general Max Sol(Γ) exhibits a di-hotomy if and only if Max Sol(Γ ∪ {CD}) does. For the purpose of an-swering the dihotomy question for Max Sol, we an therefore assumethat all onstants are in the language. The tehnique is used to lassifyMax Sol({H}) for ertain undireted graphs H with a simple struture.Example 1.9 Let H be a yli graph on an even number of verties, atleast six. If we an add the onstant relations to H , then it is easy to



22 1.6. Outline of the thesissee that we an redue to this problem from the retration problem on
H , and this problem is NP-omplete [130℄. If we annot add the onstants,then our results show that the omputational omplexity ofMax Sol({H})is determined by that of the set of problems Max Sol({g(H)}) for non-surjetive endomorphisms g on H . But for all suh endomorphisms, g(H)is a path, and for paths, the maximum solution problem is in PO. We anonlude thatMax Sol(H) is in PO in this ase, hene we have establisheda dihotomy for yles.The overing methodIn addition to the previously mentioned omplexity analyses, we will alsoaddress the issue of onstruting exat, but exponential-time algorithms forCsp related problems. In this ontext, the ommon and preferred parame-terisation is to restrit the problem to (d, l)-Csp instanes, where d indiatesthe maximal allowed domain size and l the maximal arity of any onstraint.The overing method is a tehnique for extending an exponential-time algorithm whih solves some spei� problem for (d′, l)-Csp instanesto an algorithm whih solves the same problem for (d, l)-Csp instanes,where d is stritly greater than d′. The overing method an be seen as away of derandomising a standard probabilisti tehnique for doing the samething. The basi idea is as follows: assume that we restrit the domainof eah variable of the (d, l)-Csp instane to a random d′-subset of thedomain, hosen with uniform distribution. Under some mild onditions onthe spei� problem, we an then use the existing algorithm for solving thisresulting instane. The probability of suess, i.e. the probability that theintended solution still remains in the restrited instane, an be boundedby repeating this proess a prespei�ed number of times. Typially, onewill need to do about (d/d′)n repetitions to obtain a onstant bound onthis probability, where n is the number of variables of the instane. Whatthe overing method does, is to replae this probabilisti algorithm witha deterministi one, with a small penalty on the running time. We usethis tehnique to onstrut algorithms for Max Sol(d, 2), the version ofMax Sol restrited to (d, 2)-Csp instanes. It has also been suessfullyapplied to a large number of deision, ounting, and optimisation problems,f. Angelsmark [5℄.1.6 Outline of the thesisWe onlude this introdution with a �road map� of the thesis. The mainbody of thesis is, as has already been mentioned, divided into two mainparts, roughly separating onsiderations of approximability from those ofomputational omplexity. These two parts are prepended by a smallerpart ontaining this introdution, and a hapter with preliminaries.



1. Introdution 23Part IThis part ontains the introdution, as well as some preliminaries. In Chap-ter 2, we begin by (re-)introduing onstraint satisfation and the maximumsolution problem, and provide a proper formal framework for these prob-lems. We then proeed with formal treatments of approximability, and therelated redutions. Finally, we introdue the basi onepts of the algebraiapproah. This hapter also serves to establish onventions and notationwhih will be assumed throughout the thesis.Part IIIn the �rst main part we onsider approximability properties of Max Sol,integer linear programming, and of Max Csp for undireted graphs. InChapter 3, we apply the algebrai approah to two large families of algebras:stritly simple surjetive algebras, and symmetri algebras. Themain ontribution of this hapter is the results for a�ne algebras.Chapter 4 studies some restrited integer linear programs over an un-bounded domain. Modulo the truth of Khot's unique games onjeture,this hapter provides tight approximation ratios for these integer linear pro-grams using a deterministi rounding tehnique.The �nal hapter on approximability, Chapter 5, introdues the oneptof approximation distane, a novel tehnique for studying approximability.We apply this tehnique toMax H-Col (a restrition ofMax Csp) as wellas to Max Sol. The main onrete results are obtained for Max H-Col,but there is also a substantial part whih deals with the tehnique itself.A setion is also devoted to the Max Sol problem. The fat that theapproximability of Max Sol is muh less studied, however, restrits theappliability of the tehnique.Part IIIIn this part, we take a oarser view on Max Sol, and try to determinesimply when it is polynomial-time solvable to optimality, and when it isnot. Jonsson et al. [85℄ onjetured that Max Sol with arbitrary weightsand parameterised by a onservative onstraint language is polynomial-timeequivalent to Min Hom for the same onstraint language. Thanks to areent result by Takhanov [126℄, we prove this onjeture, in Chapter 7.Chapter 6 deals with the tehnique of onstant prodution. It extendsthe ideas from the paper `The maximum solution problem on graphs' [85℄to arbitrary �nite onstraint languages. Appliations are given for ertainundireted graphs with relatively simple struture.Finally, in Chapter 8, we give some exat, exponential-time algorithmsfor two Csp problem: Max Sol and the Max Hamming Distane prob-lem. In partiular, for the �rst of these, we disuss the overing tehniquefor Csp-related problems.





Chapter 2PreliminariesIn this hapter we formally de�ne onstraint satisfation and the maximumsolution problem. We also give the relevant theoretial bakground to ap-proximability, and its related redutions. Finally, we introdue the basionepts of the algebrai approah. This hapter also serves to establishonventions and notation whih will be assumed throughout the thesis.2.1 Basi de�nitions and notationIntegers, natural numbers, rational numbers, and real numbers are denotedby Z, N, Q, and R, respetively. Positive integers, rational numbers andreal numbers are denoted by Z+, Q+, and R+, respetively. Non-negativerational numbers, Q+ ∪ {0}, are denoted by Q≥0.Let S be any set, and k a positive integer. We denote by (Sk), the set ofall subsets S′ ⊆ S suh that |S′| = k. We denote by [N ] the set {1, . . . , N}.2.1.1 GraphsDe�nition 2.1 An (undireted) graph G is a tuple (V, E), where V is a�nite set of verties, and E ⊆
(
V
2

) is a set of edges.For a graph G = (V, E), we let n(G) = |V | denote the number of vertiesof G, and e(G) = |E| denote the number of edges. When e(G) > 0, we saythat G is non-empty. The neighbourhood, NG(v) = N(v), of the vertex
v ∈ V in the graph G, is de�ned as the set {u ∈ V | {v, u} ∈ E}. Thedegree, degG(v) = deg(v), of a vertex v ∈ V , an be de�ned as |NG(v)|. Agraph G = (V, E) is alled d-regular if deg(v) = d for all v ∈ V .Let G = (V, E) be a graph. If E′ ⊆ E, then we say that the graph
G′ = (V, E′) is a subgraph of G, and we denote this by G′ ⊆ G. If V ′ ⊆ Vis a subset of the verties of G, then the graph G|V ′ = (V ′, E ∩ V ′ × V ′) isalled the subgraph indued by V ′.



26 2.1. Basi de�nitions and notationAt times, we will allow edges, alled loops, whih go from a vertex v toitself. Sometimes one also allows for more than one edge to go from u to vfor a given pair of verties u, v ∈ V . Suh edges are alled parallel edges, andit is lear from our de�nition that we do not allow them. A graph (V, E) isalled simple if it does not ontain any loops or parallel edges.Example 2.2 The omplete graph, Kn, on vertex set [n], is the graphwith edge set E(Kn) =
(
[n]
2

). It is n − 1-regular, and ontains (n2) = n(n −
1)/2 edges. The yle graph, Cn, on vertex set [n], is the graph with edgeset E(Kn) = {{a, b} | |a − b| ≡ 1 mod n}. It is 2-regular, and ontains nedges. The graphs Kn and Cn are both simple. Cn is a subgraph of Kn, butnot an indued subgraph. The graphs K5 and C7 are depited in Figure 2.1.
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Figure 2.1: The graphs K5 (left), and C7 (right).De�nition 2.3 Let G and H be graphs. A graph homomorphism from
G to H is a funtion f : V (G) → V (H) suh that

{u, v} ∈ E(G) =⇒ {f(u), f(v)} ∈ E(H).The existene of a graph homomorphism from G to H is denoted by G → H.In this ase, we say that G is homomorphi to H.A vertex olouring of a graph G is a funtion f : V (G) → C, fromthe verties of G to a set of olours, C. If f is suh that for any edge
(u, v) ∈ E(G), we have f(u) 6= f(v), then f is alled a proper vertexolouring, or simply a proper olouring. Clearly, whether or not G hasa proper olouring with olours C depends only on the ardinality of C.This observation suggests the de�nition of the following important graphparameter:



2. Preliminaries 27De�nition 2.4 The hromati number, χ(G), of a graph G is the sizeof a smallest set C with whih G an be properly oloured.A graph parameter related to the hromati number onerns the notionof liques : a lique in G is a omplete subgraph of G.De�nition 2.5 The lique number, ω(G), of a graph G is the size of alargest lique in G.Clearly, one needs k olours to properly olour any lique of size k in G,hene ω(G) ≤ χ(G), for all graphs G. With the de�nition of a graph homo-morphism in mind, we ould alternatively de�ne χ(G) as the least positiveinteger k suh that G → Kk, and ω(G) as the largest positive integer l suhthat Kl → G.In onnetion to graph homomorphisms, we will state and prove a lemma,whih will be needed in Chapters 3 and 5.Lemma 2.6 For two non-empty, undireted, and simple graphs G and H,let mcH(G)1 denote the maximal number of edges in a subgraph G′ of Gsuh that G′ → H. Then,
mcH(G)

e(G)
>

∑

{u,v}∈E(H)

deg(u) deg(v)

2e(H)2
.Proof: The proof is a straightforward appliation of the probabilistimethod (f. [4℄.) In fat, it is only a slight generalisation of the alulationfrom Example 1.5 in the introdution. That partiular result is reoveredwhen H = K2.Let f : V (G) → V (H) be a funtion, hosen randomly as follows: forevery vg ∈ V (G), and vh ∈ V (H), the probability that f(vg) = vh is equalto deg(vh)/2e(H). Note that the subset of edges in E(G) that are mappedto an edge in E(H) by f de�nes a subgraph of G′ suh that G′ → H . Everypossible funtion f appears with non-zero probability, and we will show thatthere is at least one suh f whih de�nes a subgraph with the right numberof edges.For e ∈ E(G), and e′ = {u, v} ∈ E(H), let Ye,e′ = 1 if f maps e to

e′, and Ye,e′ = 0 otherwise. Then, E(Ye,e′ ) = 2 · deg(u) deg(v)/(2e(H))2.Let Xe = 1 if f maps e to some edge in E(H), and Xe = 0 otherwise, sothat Xe =
∑

e′∈E(H) Ye,e′ . Then, the total number of edges in G′ is equal to
∑

e∈E(G) Xe, and by linearity of expetation,
E(e(G′)) =

∑

e∈E(G)

E(Xe) = e(G)
∑

{u,v}∈E(H)

deg(u) deg(v)

2e(H)2
.Finally, we note that for an arbitrary �xed vertex vh ∈ V (H), the funtionde�ned by f(v) = vh for all v ∈ V (G) de�nes the empty subgraph, and has1The notation mcH(G) will be explained in Chapter 5.



28 2.2. Constraint satisfationa non-zero probability. Sine G and H are non-empty we have E(e(G′)) > 0,so there must exist at least one f whih de�nes a G′ with stritly more thanthe expeted total number of edges.An interesting speial ase of Lemma 2.6 is when H is a d-regular graph.Then, d = 2e(H)/n(H), and we have mcH(G)/e(G) > d/n(H). In partiu-lar, for H = Kn, mcH(G)/e(G) = 1 − 1/n.2.2 Constraint satisfationThere are two di�erent, but equivalent, approahes to de�ning onstraintsatisfation problems. In the �rst, whih orresponds to the informal de�ni-tion given in the introdution, we work with onstraints, onstraint applia-tions, and satisfying assignments. In the seond, as suggested by Feder andVardi [53℄, we instead onsider homomorphism problems between relationalstrutures. We introdue both here, and use whihever is more onvenientin a spei� situation.2.2.1 Constraint languages and satisfying assignmentsLet V be a �nite set of variables, and let D, the domain, be a �nite setof values, or domain elements. For a non-negative integer n, the set ofall n-tuples of elements from D is denoted by Dn. Any subset of Dn is an
n-ary relation on D. The set of all �nitary relations over D is denoted by
RD.A onstraint ̺ is a relation in RD, and a onstraint appliation cis a pair (s; ̺), where s is a list of variables from V of length m, alledthe onstraint sope, and ̺ is an m-ary relation (onstraint) in RD. Aonstraint language over D is set of onstraints, i.e. a subset of RD.De�nition 2.7 A onstraint satisfation instane over a onstraintlanguage Γ, is a 3-tuple (V, D, C), where

• V is a �nite set of variables,
• D is a �nite set of values, and
• C is a �nite set of onstraint appliations {(s1; ̺1), . . . , (sq; ̺q)}, suhthat {̺i}1≤i≤q ⊆ Γ.Remark 2.8 We did not make the distintion between onstraint and on-straint appliation in the introdution. In fat, we will generally not makethis distintion, but let onstraint denote both onepts, and rely on theontext to resolve the ambiguity.De�nition 2.9 The Constraint Satisfation Problem over a onstraint lan-guage Γ, denoted Csp(Γ), is de�ned to be the following deision problem:



2. Preliminaries 29Instane: A Csp-instane (V, D, C) over Γ.Question: Is there an assignment f : V → D suh that for eah onstraintappliation (s; ̺) ∈ C, the image f(s) of the onstraint sope is in ̺.Example 2.10 Let NAE be the following ternary relation on {0, 1}:
NAE = {0, 1}3 \ {(0, 0, 0), (1, 1, 1)}.It is easy to see that the well-known NP-omplete problem Not-All-Equal Sat [119℄ an be expressed as Csp({NAE}).2.2.2 Relational strutures and homomorphismsA (relational) signature τ , is a set of tuples (Ri, ki), whereRi is a relationsymbol and ki ∈ N is alled the arity of Ri.De�nition 2.11 A (relational) struture Γ over the signature τ , some-times alled a τ-struture, is a �nite set DΓ, the domain, and for eahrelation symbol Ri, a ki-ary relation ̺Γ

i ∈ RDΓ .De�nition 2.12 Let ∆ and Γ be relational τ-strutures. A homomor-phism from ∆ to Γ is a funtion h : D∆ → DΓ suh that for every relationsymbol Ri, if (d1, . . . , dki
) ∈ ̺∆

i , then (h(d1), . . . , h(dki
)) ∈ ̺Γ

i .De�nition 2.13 The Constraint Satisfation Problem parameterised by the
τ-struture Γ is de�ned to be the following deision problem:Instane: A �nite τ-struture I.Question: Is there a homomorphism from I to Γ?The orrespondene to the de�nition given in Setion 2.2.1 is as follows: thedomain of the problem is DΓ, and the relations ̺Γ ∈ Γ are the onstraints.The domain of the struture I is the set of variables of the instane, andeah tuple in ̺I ∈ I orresponds to a onstraint appliation of ̺Γ.2.3 The maximum solution problemWe will use the setting of onstraints and satisfying assignments to give theformal desription of Max Sol. In Chapter 6 we will rede�ne it in terms ofvalued relational strutures.De�nition 2.14 The Maximum Solution Problem over a onstraint lan-guage Γ, or Max Sol(Γ) for short, is the maximisation problem withInstane: A 4-tuple (V, D, C, ω), where (V, D, C) is a Csp-instane over Γ,

D ⊆ N, and ω : V → Q≥0 is a weight funtion.



30 2.4. Approximability and redutionsSolution: A satisfying assignment f : V → D.Measure: m(f) =
∑

v∈V ω(v) · f(v).At times, it will be more natural to let D be some arbitrary �nite set andintrodue an expliit funtion ν : D → Q≥0 to assign numerial values tothe domain elements. We all ν a valuation on D, or even on Γ, and we allthe pair (Γ, ν) a valued onstraint language. For any subset D′ ⊆ D, wewill let ν(D′) denote ∑d∈D′ ν(d).De�nition 2.15 The Maximum Solution Problem over a valued onstraintlanguage (Γ, ν), or Max Sol(Γ, ν) for short, is the maximisation problemwithInstane: A 4-tuple (V, D, C, ω), where (V, D, C) is a Csp-instane over Γ,and ω : V → Q≥0 is a weight funtion.Solution: A satisfying assignment f : V → D.Measure: m(f) =
∑

v∈V ω(v) · ν(f(v)).The hoie between using N or Q≥0 as numerial values for D is not impor-tant: if we multiply the rational values by their lowest ommon denominator,we obtain an equivalent problem using natural numbers. However, the for-mulation using an expliit valuation funtion ν is more general, omparedto impliit numerial values given by D as a subset of N, in that distintdomain elements an be assigned equal numerial values. At times, there isalso a lear notational advantage of having an expliit valuation.2.4 Approximability and redutionsIn this setion, we review the basi de�nitions of an optimisation problem,the basi lasses of suh problems (NPO, APX, et.) and the relatedredutions. A omplete introdution to the subjet an be found in Ausielloet al. [9℄.De�nition 2.16 A ombinatorial optimisation problem Π is de�nedover a set of instanes (admissible input data); eah instane I has anassoiated �nite set Sol(I), of feasible solutions. The objetive is, givenan instane I, to �nd a feasible solution of optimum value, with respetto some measure (objetive funtion) m : Sol(I) → Q. The optimumvalue is the largest one for maximisation problems and the smallest one forminimisation problems, and is denoted by Opt(I).De�nition 2.17 A ombinatorial optimisation problem belongs to the lassNPO if its instanes and solutions an be reognised in polynomial time,the solutions are polynomially bounded in the input size, and the objetivefuntion an be omputed in polynomial time. An NPO problem belongs tothe lass PO if it an be solved to optimality in polynomial time.



2. Preliminaries 31We will sometimes say that anNPO problem isNP-hard. By this we meanthat we an redue an NP-omplete problem to it in polynomial time:De�nition 2.18 An NPO problem Π1 is said to be NP-hard if there ex-ists an NP-omplete problem Π2 and a polynomial-time algorithm A whihsolves Π2 using queries to an orale for Π1.De�nition 2.19 A solution σ ∈ Sol(I) to an instane I of an NPO prob-lem Π is alled r-approximate if it satis�es
max

{
m(σ)Opt(I)

,
Opt(I)

m(σ)

}

≤ r.An approximation algorithm for an NPO problem Π has approximationratio r(n) if, given any instane I of Π, it outputs an r(|I|)-approximatesolution.De�nition 2.20 An NPO problem Π is in the lass APX (poly-APX)if there is a polynomial-time approximation algorithm for Π whose approxi-mation ratio is bounded by a onstant (a polynomial in the input size).Completeness in APX and poly-APX is de�ned using appropriate redu-tions, alled AP -redutions and A-redutions, respetively [30, 93℄.De�nition 2.21 (A-reduibility) An NPO problem Π1 is said to be A-reduible to an NPO problem Π2 if two polynomial-time omputable fun-tions F and G, and a onstant α exist suh that(a) for any instane I of Π1, F (I) is an instane of Π2;(b) for any instane I of Π1, and any feasible solution σ′ of F (I), G(I, σ′)is a feasible solution of I;() for any instane I of Π1, and any r ≥ 1, if σ′ is an r-approximatesolution of F (I), then G(I, σ′) is an α · r-approximate solution of I.De�nition 2.22 (AP -reduibility) An NPO problem Π1 is said to be
AP -reduible to an NPO problem Π2 if two polynomial-time omputablefuntions F and G, and a onstant α exist suh that(a) for any instane I of Π1, F (I) is an instane of Π2;(b) for any instane I of Π1, and any feasible solution σ′ of F (I), G(I, σ′)is a feasible solution of I;() for any instane I of Π1, and any r ≥ 1, if σ′ is an r-approximatesolution of F (I), then G(I, σ′) is an (1+(r−1)α+o(1))-approximatesolution of I, where the o-notation is with respet to |I|.



32 2.4. Approximability and redutionsDe�nition 2.23 An NPO problem Π is alled APX-hard (poly-APX-hard) if every problem in APX(poly-APX) is AP -reduible (A-reduible)to it. If in addition, Π is in APX(poly-APX), then Π is alled APX-omplete (poly-APX-omplete).Every AP -redution is also an A-redution [93℄. It is a well-known fat (see,e.g., Setion 8.2.1 in [9℄) that AP -redutions ompose. It is also well-known(and not di�ult to prove) that every APX-hard problem is NP-hard. Wesay that a redution preserves a lass C, if the existene of a redution froma problem Π1 to a problem Π2 ∈ C implies Π1 ∈ C. AP -redutions do notgenerally preserve membership in PO [93℄. For this reason, we will oftenuse a stronger type of redutions, alled S-redutions. Every S-redution isalso an AP -, and an A-redution. S-redutions preserve all lasses that areof interest too us. In partiular, they preserve PO, APX, poly-APX, theproperty that �nding a solution of non-zero measure is NP-hard, and theproperty that �nding any solution is NP-hard.De�nition 2.24 (S-reduibility [32℄) An NPO problem Π1 is said tobe S-reduible to an NPO problem Π2 if two polynomial-time omputablefuntions F and G exist suh that(a) for any instane I of Π1, I ′ = F (I) is an instane of Π2 suh thatOpt(I ′) = Opt(I);(b) for any instane I of Π1, and any feasible solution σ′ to I ′ = F (I),
σ = G(I, σ′) is a feasible solution to I suh that

m1(σ) = m2(σ
′),where m1 is the measure for Π1 and m2 is the measure for Π2.In some of our hardness proofs, it will be onvenient to use a di�erent typeof approximation-preserving redution alled L-redutions [9℄.De�nition 2.25 (L-reduibility) An NPO problem Π1 is said to be L-reduible to an NPO problem Π2 if two polynomial-time omputable fun-tions F and G, and two positive onstants β and γ exist suh that(a) for any instane I of Π1, I ′ = F (I) is an instane of Π2 suh thatOpt(I ′) ≤ β · Opt(I);(b) for any instane I of Π1, and any feasible solution σ′ to I ′ = F (I),

σ = G(I, σ′) is a feasible solution to I

|m1(σ) − Opt(I)| ≤ γ · |m2(σ
′) − Opt(I ′)|,where m1 is the measure for Π1 and m2 is the measure for Π2.



2. Preliminaries 33We use L-redutions as follows: assume that Π is a problem in APX, andthat Π is L-reduible to an APX-hard problem. APX-ompleteness of Πis then dedued from the following lemma:Lemma 2.26 (Lemma 8.2 in [9℄) Let Π1, Π2 ∈ NPO suh that Π1 is
L-reduible to Π2. If Π1 ∈ APX, then Π1 is AP -reduible to Π2.2.4.1 Some omplete problemsThe following is a generalisation of the problem Max ut from the intro-dution.De�nition 2.27 Max k-ut is the maximisation problem withInstane: A graph G = (V, E).Solution: A partition of V into k disjoint sets C1, C2, . . . , Ck.Measure: The number of edges between the disjoint sets, i.e.,

|
⋃

i6=j

E ∩ (Ci × Cj)|.Using the idea of Lemma 2.6, we an onstrut a simple algorithm whihapproximates Max k-ut within 1 − 1/k, but better algorithms exist (see[55, 58℄). Papadimitriou and Yannakakis [110℄ showed that Max k-ut isomplete for the syntatially de�ned lassMAX SNP. It was then shownby Khanna et al. [92℄ how to essentially identify a losure of MAX SNPunder approximation-preserving redutions with the lass APX. As a on-sequene, results for MAX SNP-ompleteness translates into results forAPX-ompleteness.Proposition 2.28 The problem Max k-ut is APX-omplete, for k ≥ 2.Proposition 2.29 (Lemma 4.3 and 4.4 in [82℄) Let R be the relation
{(a, a), (a, b), (b, a)}. Then,

• Max Sol({R}) is APX-omplete, if 0 < a < b; and
• Max Sol({R}) is poly-APX-omplete, if 0 = a < b.2.4.2 The unique games onjetureDe�nition 2.30 An algorithm A for an NPO problem Π is alled a poly-nomial-time approximation sheme if, for any instane I of Π, andany rational r > 1, A(I, r) returns an r-approximate solution to I in timepolynomial in |I|.



34 2.5. The algebrai methodThe lass PTAS onsist of those NPO problems for whih a polynomial-time approximation sheme exists. It is a sublass of APX, and if P 6= NP,it is a proper sublass. In partiular, under this assumption, there is aproblem Π in APX, and a rational number c > 1 suh that Π annot beapproximated within any r ≤ c. In the absene of a PTAS, it is interestingto determine the best possible approximation ratio c within whih a probleman be approximated or, alternatively the smallest c for whih it an beproved that no polynomial-time approximation algorithm exists (typiallyunder some omplexity-theoreti assumption suh as P 6= NP).Khot [94℄ suggested the Unique Games Conjeture (UGC) as a possiblediretion for proving inapproximability properties of some important on-straint satisfation problems. Its subsequent appliability to a wide rangeof problems has been remarkable. In order to state the onjeture, we needto introdue the following problem:De�nition 2.31 The Unique Label Cover Problem is the maximisa-tion problem withInstane: A 5-tuple (V, W, E, [M ], {πv,w}(v,w)∈E), where (V
⊎

W, E) is abipartite graph, and πv,w : [M ] → [M ] is bijetive for eah (v, w) ∈ E.Solution: An assignment, label : V
⊎

W → [M ].Measure: The fration of edges (v, w) ∈ E suh that
πv,w(label(w)) = label(v).Now, UGC is the following:Conjeture 2.32 (Unique Games Conjeture) For any η, γ > 0, thereexists a onstant M = M(η, γ) suh that it is NP-hard to distinguishwhether the Unique Label Cover problem with label set of size M has op-timum at least 1 − η or at most γ.2.5 The algebrai methodLet A be a �nite domain. An operation on A is an arbitrary funtion

f : Ak → A. The set of all �nitary operations on A is denoted by OA. Anyoperation on A an be extended in a standard way to an operation on tuplesover A, as follows: Let f be a k-ary operation on A and let a1,a2, . . . ,akbe n-tuples in An. The n-tuple f(a1,a2, . . . ,ak) is de�ned as follows:
f(a1,a2, . . . ,ak) = ( f(a1[1],a2[1], . . . ,ak[1]),

f(a1[2],a2[2], . . . ,ak[2]),...
f(a1[n],a2[n], . . . ,ak[n])),



2. Preliminaries 35where aj[i] is the i-th omponent in the tuple aj. This onstrution isextended to relations ̺ ∈ RA, by f(̺) = {f(t) | t ∈ ̺}, and to sets ofrelations Γ ⊆ RA, by f(Γ) = {f(̺) | ̺ ∈ Γ}.De�nition 2.33 Let ̺ ∈ RA. If f is an operation suh that for all hoiesof tuples a1,a2, . . . ,ak ∈ ̺, we have f(a1,a2, . . . ,ak) ∈ ̺, then ̺ is said tobe invariant under f , and f is said to preserve ̺. We say that Γ ⊆ RAis invariant under f , or that f preserves Γ, if ̺ is invariant under f for all
̺ ∈ Γ.An operation f whih preserves Γ is alled a polymorphism of Γ. Theset of all polymorphisms of Γ is denoted by Pol(Γ). Given a set of operations
F , the set of all relations that are invariant under all the operations in F isdenoted by Inv(F ).Sets of operations of the form Pol(Γ) are known as lones, and they arewell-studied objets in algebra (f. [113, 135℄). We remark that the operators
Inv and Pol form a Galois orrespondene between the set of relations over
A and the set of operations on A. In partiular, for Γ, Γ′ ⊆ RA, and F, F ′ ⊆
OA, we have

Γ ⊆ Γ′ =⇒ Pol(Γ′) ⊆ Pol(Γ),and
F ⊆ F ′ =⇒ Inv(F ′) ⊆ Inv(F ).A basi introdution to this orrespondene an be found in [112℄, anda omprehensive study in [113℄.A �rst-order formula ϕ over a onstraint language Γ is said to be primitivepositive (we say ϕ is a pp-formula for short) if it is of the form
ϕ ≡ ∃x : (̺1(x1) ∧ · · · ∧ ̺k(xk))where ̺1, . . . , ̺k ∈ Γ and x1, . . . ,xk are lists of variables of length equal tothe arity of the orresponding relation. Note that a pp-formula ϕ with mfree variables de�nes an m-ary relation ̺ ⊆ Am; the relation ̺ is the set ofassignments to the m free variables whih satisfy ϕ:
̺ = {(a1, . . . , am) ∈ Am | ϕ(a1, . . . , am)}.In this ase, we say that ̺ is pp-de�nable from Γ. De�ne a losureoperation 〈·〉 on subsets of RA, suh that ̺ ∈ 〈Γ〉 if and only if the relation ̺is pp-de�nable from Γ. Sets of relations of the form 〈Γ〉 are alled relationallones, or olones. We have
〈Γ〉 = Inv(Pol(Γ)).The following theorem states that we have aess to a handy S-redutionfrom Max Sol over �nite subsets of 〈Γ〉 to Max Sol over Γ itself.Theorem 2.34 ([82℄) Let Γ be a onstraint language and Γ′ ⊆ 〈Γ〉 a �nitesubset. Then, Max Sol(Γ′) is S-reduible to Max Sol(Γ).



36 2.6. Post's lattieMax-oresThe onept of a ore of a onstraint language Γ has previously shownits value when lassifying the omplexity of Csp(Γ). Jonsson et al. [83℄de�ned the analogous onept of a max-ore for the optimisation problemMax Sol(Γ). When A ⊆ N, we say that a unary operation f on A isinreasing if f(a) ≥ a for all a ∈ A.De�nition 2.35 ([83℄) A onstraint language Γ is a max-ore if and onlyif there is no non-injetive, inreasing, unary operation f ∈ Pol(Γ). Aonstraint language Γ′ is a max-ore of Γ if and only if it is a max-ore, and
Γ′ = f(Γ) for some inreasing, unary operation f ∈ Pol(Γ).The following lemma shows that when studying the approximability ofMax Sol(Γ), it is su�ient to onsider onstraint languages Γ that aremax-ores.Lemma 2.36 ([83℄) If Γ′ is a max-ore of Γ, then Max Sol(Γ) and MaxSol(Γ′) are equivalent under S-redutions.2.6 Post's lattieThe lattie of all Boolean lones, i.e. lones on the domain {0, 1}, was de-sribed by Emil Post in 1941 [114℄, and is referred to as Post's lattie.We will however be more interested in the lattie of all Boolean relationallones (or o-lones.) Fortunately, the Hasse diagram of this lattie is ob-tained from the Hasse diagram of Post's lattie by simply turning it upsidedown; the two latties are anti-isomorphi (f. [113℄.) The result is shown inFigure 2.2. The bold irles indiate the maximal Boolean relational lones.It remains to assign meaning to the ontent of the nodes. We will dothis in terms of plain bases, as desribed by Creignou et al. [31℄. A basisfor a relational lone IC is a set of relations R ⊆ IC suh that every relation
̺(x1, . . . , xk) in IC is pp-de�nable from R. A plain basis is a strongernotion, and is de�ned similarly, but without existential quanti�ation, i.e.every relation ̺(x1, . . . , xk) in IC must be de�nable as a formula using onlyonjuntion and relations fromR. In partiular, only the variables x1, . . . , xkmay appear in the de�nition. For our purposes, the hoie between usingbases and plain bases does not make any di�erene, and we make the hoieof the latter based solely on the, in our opinion, slightly more appealingappearane of the plain bases.The plain bases for a seletion of the relational lones in Figure 2.2are given in Table 2.1. This partiular subset is hosen for the reasonthat it ontains all the relational lones whih will appear in Chapters 3and 7. The notation is given as follows: the onstant unary relations (0)and (1) are denoted by c0 and c1, respetively. A lause on the form
(¬x ∨ y) denotes the relation onsisting of the assignments whih satis-�es the lause, in this ase {(0, 0), (0, 1), (1, 1)}. The positive lause (x1 ∨



2. Preliminaries 37
· · · ∨ xk) of width k ≥ 1 is denoted by Pk, and similarly, Nk denotesthe negative disjuntive lause of width k. Eq denotes the equality rela-tion {(0, 0), (1, 1)}. Complk,l denotes the omplementive relation {0, 1}k+l \
{(0, . . . , 0, 1, . . . , 1), (1, . . . , 1, 0, . . . , 0)}, where in the �rst tuple there are k0s, and l 1s, and in the seond there are k 1s, and l 0s.

Figure 2.2: The lattie of Boolean relational lones. (The graph is from [13℄.)The nature of some of the lones may be a bit hard to digest fromthese desriptions alone. In partiular II0 (II1) is the relational lone ofall relations whih ontain an all-0 (all-1) tuple, so-alled 0-valid (1-valid)relations. The lone II2 ontains all relations. The lauses in the plain bases



38 2.6. Post's lattiePlain Basis
IR2 {c0, c1, Eq}
IM2 {c0, c1, (¬x ∨ y)}
IS2

1 {c0, (¬x ∨ ¬y), Eq}
ID1 {c0, c1, (x ⊕ y = 0), (x ⊕ y = 1)}
ID2 {c0, c1, (x ∨ y), (¬x ∨ y), (x ∨ ¬y)}
IL {x1 ⊕ · · · ⊕ xk = 0 | k even}
IL0 {x1 ⊕ · · · ⊕ xk = 0 | k ∈ N}
IL1 {x1 ⊕ · · · ⊕ xk = c | k ∈ N, c = k mod 2}
IL2 {x1 ⊕ · · · ⊕ xk = c | k ∈ N, c ∈ {0, 1}}
IL2 {x1 ⊕ · · · ⊕ xk = c | k even, c ∈ {0, 1}}
IV2 {Pk | k ∈ N} ∪ {(x1 ∨ · · · ∨ xk ∨ ¬y) | k ∈ N}
IE2 {Nk | k ∈ N} ∪ {(¬x1 ∨ · · · ∨ ¬xk ∨ y) | k ∈ N}
IN2 {Complk,l | k, l ∈ N}
II0 {(x1 ∨ · · · ∨ xk ∨ ¬y1 ∨ · · · ∨ ¬yl) | k ∈ N, l ≥ 1}
II1 {(x1 ∨ · · · ∨ xk ∨ ¬y1 ∨ · · · ∨ ¬yl) | k ≥ 1, l ∈ N}
II2 {(x1 ∨ · · · ∨ xk ∨ ¬y1 ∨ · · · ∨ ¬yl) | k, l ∈ N}Table 2.1: Plain bases for a seletion of the Boolean relational lones. Thispartial list is taken from Creignou et al. [31℄for IE2 and IV2 are usually alled Horn and dual Horn, respetively. Thelones IL and ILj are desribed by appropriately restrited systems of linearequations over Z2. For a more omprehensive introdution to this lattieand its lones, we refer to [12, 13℄, and for an exhaustive desription of theplain bases see [31℄.
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Chapter 3A�ne Algebras andApproximabilityIn this hapter we study the problem Max Sol(Γ) from the point of viewof approximation. The ultimate goal of suh a study is to fully lassify theapproximability of all onstraint languages Γ aording to some sale. Onean imagine several andidates for suh a sale, as well as several di�erenthoies of granularity for some partiular sale. We make our hoie of salebased on the observation that our omplete knowledge to this day suggeststhe following pentahotomy:Conjeture 3.1 For any onstraint language Γ over a �nite domain A, andvaluation ν : A → Q≥0, the problem Max Sol(Γ, ν) is either polynomial-time solvable, APX-omplete, poly-APX-omplete, it is NP-hard to ob-tain a solution of non-zero measure, or it is NP-hard to obtain any solution.The main method will be the algebrai approah, or algebrai method,desribed in Setion 2.5. The operators Pol and Inv introdued there omefrom universal algebra. In this setion we will need additional onepts fromthis �eld. We start with the de�nition of an algebra.De�nition 3.2 Let A be a domain. An algebra A over A is a tuple (A; F ),where F ⊆ OA is a family of �nitary operations on A.For all our purposes, the algebras will be �nite, i.e. the domain A will be�nite. The domains of our algebras will also at as domains of onstraintlanguages, whih explains why we will see more of the letter A than D inthis hapter.Our interest in the algebra A = (A; F ) lies in the fat that the relationsinvariant under its operations de�ne a relational lone (f. Setion 2.5).Therefore, when we study relational lones, we an make use of known har-aterisations of the dual onept of lones, and the algebras that they de�ne.Assuming 〈Γ〉 = Inv(F ), we an therefore, by referring to Theorem 2.34, use



42Max Sol(Γ), Max Sol(〈Γ〉), Max Sol(Inv(F )), or Max Sol(Inv(A)) asequivalent problems (under S-redutions.) Oasionally, we will abuse no-tation slightly further, and simply write Max Sol(A) for the same thing.This hapter naturally separates into two parts. In the �rst part, whih isintrodued in Setion 3.2, we study a�ne algebras and the relations whihare invariant under the term operations of suh algebras. These relationsturn out to be the solutions to ertain sets of linear equations over abeliangroups. The general problem of �nding a solution to a system of linearequations over an abelian group was shown to be in P by Goldmann andRussell [60℄. Kuivinen [99℄ has given tight inapproximability bounds (pro-vided that P 6= NP) for the problem of maximising a solution to a systemof linear equations over a yli group of prime order. As a part of a (on-jetured omplete) lassi�ation of the approximability of Max Sol(Γ) formaximal onstraint languages1, Jonsson et al. [82℄ showed APX-hardnessfor the set of relations invariant under minimal a�ne algebras. Here, weinvestigate subsets of suh relations, most notably relations obtained by re-striting the sum of the oe�ients in the linear equations to 0, and relationsobtained from homogeneous equations.The seond part of this hapter lassi�es ompletely, using some of theresults of the �rst part, and previously developed ontainment and hardnessresults, mainly from [82℄, the approximability of Max Sol(Γ) for two largefamilies of onstraint languages:Stritly simple surjetive algebrasThe �rst lassi�ation determines the approximability ofMax Sol(A) when
A is a stritly simple surjetive algebra. Suh an algebra has a very `simple'struture: all its smaller homomorphi images and all its proper subalge-bras are one-element. These algebras an be viewed as building bloks formore omplex algebras and they are well-studied in the literature; an un-derstanding of suh algebras is probably needed in order to make furtherprogress using the algebrai approah. We note, for example, that the proofof our seond lassi�ation result is partly based on the results for stritlysimple surjetive algebras. Conrete examples inlude when A is a �nite�eld of prime order or a Post algebra (f. Szendrei [135℄.) Furthermore,these algebras generalise the two-element ase niely sine every surjetivetwo-element algebra is stritly simple. Our proof is based on Szendrei'sharaterisation of stritly simple surjetive algebras [137℄. In eah ase ofthe haraterisation, we either use results from Jonsson et al. [82℄, or theresults obtained in Setion 3.3 and Setion 3.4 for a�ne, and two-elementalgebras. The orresponding lassi�ation of the Csp-problem was arriedout in [22℄.1A onstraint language Γ over A is alled maximal if 〈Γ ∪ {̺}〉 = RA, for any ̺ 6∈ Γ.



3. A�ne Algebras and Approximability 43Symmetri algebrasThe seond lassi�ation onsiders algebras that are symmetri in the senseof Szendrei [136℄. Examples inlude algebras whose automorphism groupontains the alternating group (i.e. the permutation group ontaining onlyeven permutations) and ertain three-element algebras with yli automor-phism groups [136℄. Well-known examples are the homogeneous algebras;an algebra A is homogeneous if its automorphism group Aut(A) is the fullsymmetri group. The approximability of Max Sol(A) is known for allhomogeneous algebras [82℄ and our result generalises this result.Example 3.3 Consider the equation x = y + 1 (mod3) over the domain
A = {0, 1, 2}. For brevity, we de�ne R = {(x, y) | x = y + 1 (mod 3)} andnote that R = {(x, σ(x)) | x ∈ A} for the permutation σ(0) = 2, σ(1) = 0,and σ(2) = 1. Let Γ be any relational lone ontaining R. It is knownthat for every permutation π : A → A, {(x, π(x)) | x ∈ A} ∈ Γ if and onlyif π(x) ∈ Aut(Pol(Γ)) where Pol(Γ) denotes the algebra with universe Aand the funtions that preserve Γ. It is now easy to see that Aut(Pol(Γ))ontains every even permutation on A: id, σ, and σ2 = σ−1. Thus, Pol(Γ)is symmetri and the approximability of Max Sol(Γ) an be determinedusing Theorem 3.36.The proof of our result is based on Szendrei's haraterisation of symmetrialgebras [136℄, and follows the same lines as that for stritly simple surjetivealgebras. In fat, the non-idempotent symmetri algebras are stritly simpleand surjetive (f. the proof of Theorem 3.36.) It should be noted thatthe proof of this result is onsiderably simpler than the original proof forhomogeneous algebras, whih is a fairly tedious ase-by-ase analysis. Asa by-produt of the proof, we also get a lassi�ation of Csp(Inv(A)) forsymmetri algebras (Theorem 3.37.) We note that this result agrees withConjeture 7.5 in Bulatov et al. [22℄ on the soure of intratability in �nite,idempotent algebras.Chapter outlineThe rest of the hapter is organised as follows. In Setion 3.1, we providethe de�nitions needed from universal algebra. We treat a�ne algebras inSetion 3.2 and Setion 3.3. We prove APX-hardness for maximising thesolution of systems of equations over �nite vetor spaes using a restritedset of equations. This provides APX-hardness of Max Sol(A) for a fam-ily of a�ne algebras. In Setion 3.4, review the main algebrai tools forMax Sol, from Jonsson et al. [82℄. The setion is onluded with a om-plete lassi�ation of Max Sol(Γ, ν), for arbitrary two-element onstraintlanguage Γ, and arbitrary ν. This is a slight, but useful, extension of theresult by Khanna et al. [93℄. While not a lengthy exerise in itself, thisresult immediately �nds its use in one of the main lassi�ations. Stritlysimple surjetive algebras are treated in Setion 3.5 and symmetri algebras



44 3.1. Universal algebrain Setion 3.6. The hapter is onluded in Setion 3.7 with a disussion ofthe obtained results and possible future extensions.3.1 Universal algebraAn operation f onA is alled a term operation of (A; F ) if f ∈ Pol(Inv(F )).The set of all term operations of A are denoted by Term(A). Two algebrasover the same universe are alled term equivalent if they have the same setof term operations. An operation f is alled idempotent if f(a, . . . , a) = afor all a ∈ A. The set of all idempotent term operations of A will be denotedby Termid(A).Example 3.4 An abelian group A = (A; +) is an algebra with term oper-ations
Term(A) = {

n∑

i=1

cixi | ci ∈ Z, n ≥ 1}.We will let 0A denote the neutral element in A.Let A = (A; F ) be an algebra and let B ⊆ A. For an operation f ∈ F , let
f |B denote the restrition of f to B. The restrition of F to B is de�nedby F |B = {f |B | f ∈ F}. If f |B preserves B, i.e. if f |B(B) ⊆ B, for every
f ∈ F , then the algebra B = (B; F |B) is alled a subalgebra of A. In thisase, we also say that B supports the subalgebra B. B is alled a propersubalgebra of A, if |B| < |A|.We will now de�ne algebra homomorphisms. To do this, it is onvenientto index the operations of the algebras involved by an index set I.De�nition 3.5 Let A = (A; F ) and B = (B; F ′) be two algebras suh that
F = {fi}i∈I and F ′ = {f ′

i}i∈I for an index set I. Furthermore, assume that
F and F ′ are indexed so that fi and f ′

i have the same arity, ki, for all i ∈ I.Then, an algebra homomorphism from A to B is a map h : A → B suhthat for all i ∈ I,
h(fi(a1, . . . , aki

)) = f ′
i(h(a1), . . . , h(aki

)).If h is surjetive, then B is alled a homomorphi image of A.A bijetive algebra homomorphism is alled an algebra isomorphism. Analgebra homomorphism from an algebra A to itself is alled an algebraendomorphism, and an algebra isomorphism from A to itself is alledan algebra automorphism. For brevity, we will often drop the `algebra'pre�x, and simply refer to homomorphisms, isomorphisms, endomorphisms,and automorphisms. Note that the set of endomorphisms and the set ofunary polymorphisms of an algebra A oinide.



3. A�ne Algebras and Approximability 453.1.1 Endomorphism ringsLet A = (A; +) be an abelian group, and let g and h be endomorphisms of
A. If we de�ne (g + h)(a) = g(a) + h(a) and (g · h) = (g ◦ h)(a), then theendomorphisms of A form a unitary ring under + and ·. This ring will bedenoted by End A.De�nition 3.6 Let A be an abelian group, and R be a subring of End A.The module RA over R is an algebra with term operations

Term(RA) = {
n∑

i=1

rixi | ri ∈ R, n ≥ 1}.The abelian group A an be seen as a module over the integers.We denote by KA the �nite-dimensional vetor spae on A over the�nite �eld K. It is a module over K (seen as a subring of End A.) Its termoperations are given by
Term(KA) = {

n∑

i=1

kixi | ki ∈ K, n ≥ 1}.The endomorphism ring End KA onsists of all linear transformations on
KA. We an onsider A as a module over End KA and this module will bedenoted (End KA)A. Although the notation beomes slightly umbersome,the following inlusions should be lear:

Term(A) ⊆ Term(KA) ⊆ Term((End KA)A) ⊆ Term(
End AA).When |A| is a prime, all sets are idential, but all inlusions an be strit.We make a �nal remark regarding the �nite vetor spae KA. If K isof ardinality q = pm for a positive integer m, then inside K there is aprime sub�eld L of ardinality p. The abelian group A an then be seenas a �nite vetor spae LA over L instead. Sine we have the inlusion

Term(LA) ⊆ Term(KA), the set of endomorphisms of LA is larger than thatof the original vetor spae. Hene,
Term((End KA)A) ⊆ Term((End LA)A). (3.1)3.2 A�ne algebrasWe begin with an example of a system of linear equations over Z2. We thentake a look at suh equations �from the other side�, using the language ofuniversal algebra and polymorphisms.



46 3.2. A�ne algebrasLet G be an undireted graph on n verties. Consider the followingsystem of linear equations in variables {xi | 1 ≤ i ≤ n} ∪ {ye | e ∈ E(G)}over Z2:maximise ∑

e∈E(G) yesubjet to ye = xi − xj , for eah e = {i, j},where xi, xj , ye ∈ Z2,

(3.2)where the sum in the objetive funtion is taken over the integers, ratherthan Z2. The program (3.2) desribes the problem Max ut (f. Se-tion 2.4.1.) From a solution to (3.2), we obtain a ut by taking the edge set
{e | ye 6= 0}. In fat, the redution from Max ut to the program (3.2)an be shown to be an AP -redution. In general, the set of solutions to anequation of the form ∑n

i=1 xi = d, where d ∈ Z2 is a onstant, desribes arelation over Z2 as follows:
{(x1, . . . , xn) ∈ Zn

2 |
n∑

i=1

xi = d}. (3.3)Let Λ be the set of all relations of the form (3.3). The preeding disussionshows that Max Sol(Λ, ν) is APX-hard, for ν(0) < ν(1), and with minoradjustments APX-hardness an be shown for ν(1) < ν(0) as well. The setof polymorphisms is given by Pol(Λ) = Pol(Inv(F )), where F is the followingset of operations:
F = {f(y1, . . . , yk) =

k∑

i=1

yi | k ≥ 1 and odd.} (3.4)The algebra (A; F ) is an example of an a�ne algebra.De�nition 3.7 Let A = (A; +) be a �nite abelian group. The operation
aA(x, y, z) = x − y + z is alled the a�ne operation of A. An algebra Ais said to be a�ne with respet to A if1. A and A have the same universe A;2. the 4-ary relation QA = {(a, b, c, d) ∈ A4 | a− b + c = d} is in Inv(A);and3. aA is a term operation of A.The following proposition desribes a�ne algebras up to term equivalene:Proposition 3.8 (Proposition 2.6 [135℄) Given an algebra A = (A; F )whih is a�ne with respet to an abelian group A = (A; +), there existsa unique unitary subring R of End A and a unique submodule M of the
R-module R ×R A suh that Term(A) is equal to the following set:

{ k∑

j=1

rixi + a | k ≥ 1, r1, . . . , rk ∈ R, (1 −
k∑

j=1

ri, a) ∈ M.
} (3.5)



3. A�ne Algebras and Approximability 47The systems of linear equations with integer oe�ients over prime ordergroups studied by Kuivinen [99℄ orrespond to the ase when A = Zp (pprime), R ∼= Zp, and M = (0, 0). The maximal a�ne algebras for whihMax Sol was proved APX-hard by Jonsson et al. [82℄ orrespond to thease when A is arbitrary, R = Z, and M = (0, 0). In the speial ase when
A = Z2, with ν(0) = 0 and ν(1) = 1, onstraint languages invariant underthe term operations of the a�ne algebras are inluded in the lassi�ation ofMax Ones (Khanna et al. [93℄.) The �ve relational lones of suh algebrasare desribed in the following example.Example 3.9 To illustrate the desription of a�ne algebras given in Propo-sition 3.8, we work out the a�ne lones (and orresponding relational lones)of Post's lattie. We thus let A = Z2 and R = End Z2

∼= Z2, where the endo-morphisms on Z2 are given by 0(a) = 0 and 1(a) = a. Assume that we have
k solutions x1, . . .xk to an arbitrary relation of the form (3.3) and apply anoperation f(y1, . . . , yk) =

∑k
j=1 yj + a. We �nd that

n∑

i=1

( k∑

j=1

xj [i] + a
)

= n · a +

k∑

j=1

( n∑

i=1

xj [i]
)

= n · a +

k∑

j=1

d. (3.6)In order for the original relation to be invariant under f , it must thus satisfythe relation
n · a + k · d ≡ d (mod 2). (3.7)(L) When M = R × RA, the set (3.5) onsists of all linear operationsover Z2. In this ase, the relation (3.7) splits into four ases, 0 ≡ d,
1 · d ≡ d, n · 1 ≡ d and n · 1 + 1 · d ≡ d (mod 2). We onlude that theequations invariant under the operations of the lone L are those forwhih d = 0 and n is even. These generate the relational lone IL, ofeven, homogeneous, linear equations.(L2) We see that (3.4) is given by using the submodule M = (0, 0) in (3.5).This is the lone L2 in Post's lattie, the lone of all linear, 0-, and1-reproduing operations. The orresponding relational lone, IL2, isgenerated by relations of the form (3.3), i.e. relations desribed byarbitrary linear equations over Z2.(L0) Next, we onsider the submodule M = R× 0. In addition to (3.4), wenow have operations ∑k

j=1 yj for even k as well. Suh operations areno longer 1-reproduing, so the resulting sublone of L is L0. Sine
a = 0, the relation (3.7) is satis�ed for both even and odd k if andonly if d = 0, i.e. if the equation is homogeneous. The relational lonegenerated by relations desribed by homogeneous linear equations is
IL0.



48 3.3. Linear equations over abelian groups(L1) Similarly, we an onsider the submodule M = {(0, 0), (1, 1)}. The op-erations are∑2k+1
j=1 yj and∑2k

j=1 yj+1, hene 1-, but not 0-reproduingand make up the lone L1. The relation (3.7) is satis�ed if and onlyif (2k + 1) · d ≡ d and n + 2k · d ≡ d (mod 2), i.e. if and only if n ≡ d(mod 2). These generate the relational lone IL1 of all 1-valid linearequations.(L3) Among the proper submodules, we are left with M = 0×R, where wehave operations ∑k
j=1 yj + a for odd k, and arbitrary a ∈ Z2. Suhoperations are self-dual, i.e. f(y1, . . . , yk) = 1+ f(1+ y1, . . . , 1+ yk),and L3 is the lone of all linear, self-dual operations. The relation(3.7) is satis�ed if and only if (2k + 1) · d ≡ d and n + 2k · d ≡ d (mod2), i.e. if and only if n ≡ d (mod 2). This is the relational lone IL3of even linear equations.3.3 Linear equations over abelian groupsThroughout this setion, A = (A; +) will be a �nite abelian group. ReallDe�nition 3.7 and Proposition 3.8 from the previous setion, whih give theomplete desription of the term operations of the a�ne algebras.Lemma 3.10 ([82℄) Let A be a �nite abelian group. Then, the problemMax Sol(Inv(aA)) is in APX.Hene,Max Sol(A) is in APX for all a�ne algebras A. Jonsson et al. [82℄also showed thatMax Sol(A) isAPX-hard for the (minimal) a�ne algebra

A = (A; aA). We extend this result to over some a�ne algebras with alarger set of term operations.We onsider linear equations over A of the form
g(x) =

n∑

i=1

cixi = d, (3.8)where ci ∈ Z and d ∈ A. Eah suh linear equation de�nes an n-ary relation
{(x1, . . . , xn) ∈ An | g(x) = d} on A. Let Λ(A) denote the set of all suhrelations. In Example 3.9, we determined a ondition (3.7) on a relation in
Λ(Z2) to be invariant under the term operations of an a�ne algebra A overthe group Z2. Here, we determine a similar ondition, for a general abeliangroup A.Let R be a unitary subring of End A, in partiular, R always ontains theendomorphisms n(a) = n · a for n ∈ Z, a ∈ A. Let M be an R-submodule of
R×RA, and let A be the a�ne algebra determined by R and M , aording toProposition 3.8. Let f(y1, . . . , yk) = a+

∑k
i=1 rjyj be a k-ary term operation



3. A�ne Algebras and Approximability 49of A, and x1, . . . ,xk be k solutions to the equation g(x) = d in (3.8). Notethat ci ∈ Z ommutes with rj ∈ R for all i and j. We �nd that
g(f(x1, . . . ,xk)) =

n∑

i=1

ci

(

a +

k∑

j=1

rjxj [i]
)

=

n∑

i=1

cia +

k∑

j=1

rj

( n∑

i=1

cixj [i]
)

= c · a + r · d,where c =
∑n

i=1 ci and r =
∑k

i=1 ri. Therefore, we must have
g(f(x1, . . . ,xk)) = d ⇔ c · a + r · d = d ⇔ c · a = (1 − r) · d (3.9)for all (1 − r, a) ∈ M .Remark 3.11 The ondition in (3.9) tells us exatly when a relation de�nedby a linear equation of the form (3.8) is in Inv(A). However, Inv(A) mayontain additional types of equations: let KA be a �nite vetor spae over the�nite �eld K. This is an a�ne algebra over A with R = K, and M = (R×0).In Inv(KA) we �nd all relations de�ned by homogeneous equations

n∑

i=1

lixi = 0,where the li are linear transformations on KA. With a larger R, this set ofequations shrinks: for R = End KA, the oe�ients must be in K.We have hosen to use only equations (3.8) with integer oe�ients sinethey ommute with any endomorphism of A. Thus, we will assume that
R = End A, unless otherwise spei�ed.Some partiular examples whih an be derived from (3.9) are the following:

• If M = (0, 0), then (3.9) holds unonditionally, whih means that
Λ(A) ⊆ Inv(A).

• If M = 0 × RA, then we must have c · a = 0 for all a ∈ A, hene
∑n

i=1 ci = 0 in R. Let Λ0(A) be the set of all suh relations.
• If M = R × 0, then we must have r · d = d for all r ∈ R, hene d = 0.Let Λ0(A) be the set of all suh relations.
• If M = R × RA, then we must have ∑n

i=1 ci = 0 in R and d = 0. Fora �xed R, this set of relations, whih we will denote by Λmin(A), isontained in Inv(A), for every a�ne algebra A over A.Before we move on to the lassi�ation of these speial ases, we derive a gen-eral tehnique for provingAPX-hardness of some problemsMax Sol(Λ, ν),where Λmin(A) ⊆ Λ ⊆ Λ(A), and ν is a valuation of Λ. We begin with aneasy lemma, whih allows us to ombine two equations into one.



50 3.3. Linear equations over abelian groupsLemma 3.12 If g(x) = d and h(z) = d′ determine two relations in Inv(A)for an a�ne algebra A, then the equation g(x)+h(z) = d+d′ also determinesa relation in Inv(A).Proof: Let g(x) =
∑n

i=1 cixi and h(y) =
∑n′

i=1 c′izi, and let f(y1, . . . , yk) =

a+
∑k

i=1 rjyj be a k-ary term operation of A. Let c =
∑n

i=1 ci, c′ =
∑n′

i=1 c′i,and r =
∑k

i=1 ri. From ondition (3.9), we know that c · a = (1 − r) · d and
c′ · a = (1 − r) · d′. Thus, (c + c′) · a = (1 − r) · (d + d′), whih proves thelemma.Let I be an instane of Max Sol(Λ, ν) desribed as a system of linearequations and �x one equation Eq in I. Let {Ia}a∈A be the instanesobtained by replaing Eq : g(v) = d in I by Eqa : g(v) = d+a. We will write
(Λ, ν) ⇒ ν′ to indiate the existene of an instane I of Max Sol(Λ, ν),and a valuation ν′ on A, suh that

ν′(a) = Opt(Ia).Note that Ia is not neessarily an instane of Λ.Lemma 3.13 Let A = (A; +) be a �nite abelian group with a valuation ν,and let Λ be suh that Λmin(A) ⊆ Λ ⊆ Λ(A). Assume that (Λ, ν) ⇒ ν′ sothat ν′ satis�es ν′(0A) < ν′(A)/|A|. Then, Max Sol(Λ, ν) is APX-hardif ν′(a + H) = ν′(A) · |H |/|A| for the osets a + H of every prime ordersubgroup H of A.Proof: First, note that the assumption that ν′ is onstant on the osets
a + H for every prime order subgroup H implies that ν′ is onstant on theosets of every (non-trivial) yli subgroup of A. We proeed by L-reduingfrom the APX-hard problem Max k-ut, where k = |A|.Let I = (V, E) be an instane of Max k-ut, and let I be the in-stane of Max Sol(Λ(A)) whih derived ν′. We reate an instane F (I) ofMax Sol(Λ(A)) as follows. For eah vertex vi ∈ V we add a variable xi to
F (I). For eah edge e = {vi, vj} ∈ E, and eah c ∈ [k], we add a opy of
I, eah with variables yc

e, where y are the variables in the instane I. The�xed equation in I is replaed by
c(xi − xj) = g(yc

e) − d. (3.10)The equation (3.10) is a sum of one equation from Λmin(A) ⊆ Λ, and oneequation from Λ. By Lemma 3.12, the equation (3.10) is therefore also in
Λ. Finally, we let the weights of the xi variables be ω(xi) = 0. Let σ′ be asolution to the resulting instane F (I). Note that if c(σ′(xi) − σ′(xj)) = a,then the ontribution to the measure m(σ′) from the variables yc

e is lessthan, or equal to ν′(a).



3. A�ne Algebras and Approximability 51Now, �x an edge e = {vi, vj} ∈ E and note that when σ′(xi) 6= σ′(xj),we have that {c(σ′(xi) − σ′(xj)) | c ∈ [k]} is equal to a oset a + H of a(non-trivial) yli subgroup H of A. Hene,
k∑

c=1

∑

y∈yc
e

ω(y) · ν(σ′(y)) ≤ |A|
|H |

∑

a′∈a+H

Opt(Ia′) = ν′(A) = D,with equality if σ′ is an optimal solution.On the other hand, if σ′(xi) = σ′(xj), then
k∑

c=1

∑

y∈yc
e

ω(y) · ν(σ′(y)) ≤ ν′(0A) · |A| = C,one again with equality if σ′ is optimal.Let π : A → [k] be an arbitrary bijetion between the elements of A and theindex set of the partition in Max k-ut. From a solution σ′ to F (I), wederive a solution σ to I by letting σ(vi) = Cj , where j = π(σ′(xi)). Assumethat σ determines a k-ut in I with m(σ) edges. The measure m′ of thesolution σ′ to F (I) an then be bounded by
m′(σ′) ≤ |E| · C + m(σ) · (D − C). (3.11)When σ′ is an optimal solution, the inequality in (3.11) an be replaed byan equality and it follows thatOpt(F (I)) = |E| · C + Opt(I) · (D − C). (3.12)By Lemma 2.6, Opt(I) ≥ |E| · (1 − 1/k), whih in turn implies thatOpt(F (I)) = Opt(I)

( |E| · COpt(I)
+ (D − C)

)

≤ Opt(I) ·
(

C

k − 1
+ D

)

.Note that both C andD are independent of the instane I. We may thereforetake β = C/(k − 1) + D as the �rst parameter in the L-redution. Bysubtrating (3.11) from (3.12) we getOpt(F (I)) − m′(σ′) ≥ (Opt(I) − m(σ)) · (D − C).Sine C = ν′(0A) · |A| < ν′(A) · |A|/|A| = D, we an take γ = 1/(D−C) > 0as the seond parameter in the L-redution, and the theorem follows.3.3.1 The ase M = 0 × RALet A = (A; +) be a �nite abelian group with a valuation ν. Let Λ0(A)denote the onstraint language onsisting of all relations of the followingform:
{(x1, . . . , xn) ∈ An |

n∑

i=1

ci · xi = a,where ci ∈ Z,

n∑

i=1

ci = 0, a ∈ A}.



52 3.3. Linear equations over abelian groupsThe aim of this setion is to prove thatMax Sol(Λ0(A) isAPX-hard (The-orem 3.18) and to derive some onsequenes from this result. In partiular,we show that the a�ne algebras whih appear in Setion 3.5 and Setion 3.6are APX-hard. First we derive a valuation ν∗ from Λ0(A) and a valuation
ν with some spei� properties. We will then apply Lemma 3.13 to this ν∗.Lemma 3.14 Let ν be non-onstant, and assume that ν(a + H) = ν(A) ·
|H |/|A| for the osets a + H of every prime order subgroup H of A. Then,there is a ν∗ suh that (Λ0(A), ν) ⇒ ν∗, with

ν∗(a) = ν(c + a) + C, (3.13)for some �xed c ∈ argminb∈A ν(b), and a positive onstant C. In partiular,
ν∗(0A) < ν∗(A)/|A|, and ν∗(a + H) = ν∗(A) · |H |/|A| for the osets a + Hof every prime order subgroup H of A.Proof: We begin by showing the seond part of the lemma, assumingthat ν∗ is given by the expression (3.13). Under this assumption, ν∗ isjust a `translation' of ν with an added onstant term. First we note that
ν∗(A) =

∑

b∈A ν(c + b) + C = ν(A) + |A| · C. Sine ν is non-onstant, theinequality ν(c) + C ≤ ν(b) + C is strit for some b ∈ A. By summing b over
A, we get |A| · ν∗(0A) < ν(A) + |A| ·C = ν∗(A). This proves the �rst laim.Similarly, for any a ∈ A, and any prime order subgroup H :

ν∗(a + H) = ν((c + a) + H) + |H | · C =

ν(A) · |H |/|A| + |H | · C = (ν(A) + |A| · C) · |H |/|A|,and the seond laim follows sine ν(A) + |A| · C = ν∗(A).We now show how to onstrut an instane I of Max Sol(Λ0(A)), fromwhih we derive the valuation ν∗ in (3.13). The instane has |A|+1 variables:
y, and zb for b ∈ A. It is de�ned by the equation

y − zc = 0, (3.14)together with the equations
zb − z0 = b, (3.15)for b 6= 0A. The oe�ients in these equations do indeed sum to 0, so theinstane an be expressed in Λ0(A).To de�ne the weights of I, it will be onvenient to introdue a fewparameters. Let ∆ = maxb,b′∈A ν(b) − ν(b′), νmax = maxb∈A ν(b), Amax =

{b ∈ A | ν(b) = νmax}, and δ = minb∈A\Amax
νmax − ν(b). That is, ∆ is the`span' of values, νmax is the largest value, Amax is the set of elements withmaximal value, and δ is the di�erene between the largest and seond largest



3. A�ne Algebras and Approximability 53value in ν. Due to ν being non-onstant, ∆, νmax, and δ are all greater than0. Let γ > ∆/δ, and de�ne the weights by
ω(v) =







1 if v = y,
γ if v = zb with b ∈ Amax, and
0 otherwise.In the instane Ia, we replae (3.14) by `y − zc = a'. The equations (3.15)fore a solution to map the zb variables to a translation of A. More preisely,Sol(Ia) is given by the set {σt}t∈A, suh that

σt(v) =

{

t + c + a if v = y, and
t + b if v = zb.The valuation ν∗(a) = Opt(Ia) an therefore be expressed as

ν∗(a) = max
t∈A

{ν(t + c + a) + γ
∑

b∈Amax

ν(t + b)}.We now laim that σ0A
is the unique maximum solution to Ia. Assume tothe ontrary, that the maximum is attained for some t′ 6= 0A, i.e.

ν(t′ + c + a) + γ
∑

b∈Amax

ν(t + b) ≥ ν(c + a) + γ|Amax|νmax.After a rearrangement of terms, we then obtain
∆ ≥ ν(t′ + c + a) − ν(c + a) ≥ γ · (|Amax|νmax −

∑

b∈Amax

ν(t′ + b)).If ν(t′+b) < νmax for some b ∈ Amax, then the right-hand side is greater thanor equal to γ · δ > ∆, whih is a ontradition. Otherwise Amax is invariantunder translations by t′, and trivially non-empty. Let K = {k · t′ | k ∈ Z}be the (non-trivial) yli subgroup generated by t′. For any b′ ∈ Amax, theoset b′ + K must be a subset of Amax, so ν(b′ + K) = |K|νmax. Let H bea prime order subgroup of K. In partiular, H is a prime order subgroupof A. By the assumption on ν we have ν(b′ + H) = ν(A) · |H |/|A|. But wealso have b′ + H ⊆ b′ + K whih implies ν(b′ + H) = |H |νmax. In this ase
ν(A) = |A|νmax, i.e. ν is equal to νmax on all of A. This in turn ontraditsthe hoie of a non-onstant ν.We onlude that σ0A

is indeed the unique solution to Ia, and hene ν∗is given by (3.13), with C = γ|Amax|νmax.We now ombine Lemma 3.14 with Lemma 3.13 to obtain the followingresult, and its immediate orollary for prime order groups A.Lemma 3.15 Let A = (A; +) be a �nite abelian group with a non-onstantvaluation ν and assume that ν(a + H) = ν(A) · |H |/|A| for the osets a + Hof every prime order subgroup H of A. Then, Max Sol(Λ0(A), ν) is APX-hard.



54 3.3. Linear equations over abelian groupsCorollary 3.16 Let A = (A; +) be an abelian group of prime order, and let
ν be a non-onstant valuation on A. Then, Max Sol(Λ0(A), ν) is APX-hard.The question is now what to do when ν(a + H) 6= ν(A) · |H |/|A| for someoset a+H of some prime order subgroup H . It turns out to be a good ideato pass to the quotient A/H with the valuation νH(a) =

∑

a∈a ν(a). Thereason for this is that the property ν(a + H) 6= ν(A) · |H |/|A| implies thatthe valuation νH is non-onstant on A/H .Lemma 3.17 Let A = (A; +) be a �nite abelian group with valuation ν, andlet H be any subgroup of A. Then, Max Sol(Λ0(A/H), νH) is S-reduibleto Max Sol(Λ0(A), ν), where νH(a) =
∑

a∈a ν(a) for a ∈ A/H.Proof: Let K = (K; +) ∼= A/H and let I = {{xi}1≤i≤n, K, Eqs, ω} be aninstane of Max Sol(Λ0(K), ν). Here, Eqs is a set of equations over K,eah of the form
n∑

i=1

cixi = d, (3.16)where ci ∈ Z with ∑i ci = 0 and d ∈ K. Variables of the instane J ofMax Sol(Λ0(A)) are given by the set {yh
i | 1 ≤ i ≤ n, h ∈ H}. The �rstset of equations of J is given by

yh
i − y0H

i = h, (3.17)for i = 1, . . . , n and h ∈ H . The equations (3.17) ensure that, in a solution
g to J , we have {g(yh

i ) | h ∈ H} = a + H for some a ∈ A. The seond setof equations orresponds to the equations (3.16) of the original problem I.For eah suh equation, and eah h ∈ H , we add the following equation to
J :

n∑

i=1

ciy
h
i = d.Finally, the weight funtions ω′ of J take the values ω′(yh

i ) = ω(xi) for
1 ≤ i ≤ n and h ∈ H .Let g be a solution to J and for eah i, let f(xi) be the element ki ∈ K thatorresponds to the oset {g(yh

i ) | h ∈ H} = ai + H under the isomorphism
K ∼= A/H. The measure of this solution is given by

m(f) =

n∑

i=1

ω(xi)νH(ki) =

n∑

i=1

ω(xi)
∑

h∈H

ν(ai + h) =

∑

1≤i≤n
h∈H

ω′(yh
i )ν(g(yh

i )) = m(g).



3. A�ne Algebras and Approximability 55This proves property (b) for the S-redution, and furthermore shows thatOpt(I) ≥ Opt(J ).Conversely, given a solution f to I, we de�ne the solution g to J by g(yh
i ) =

f(xi) + h. Indeed, g is a solution: for every i suh that 1 ≤ i ≤ n, and forevery h ∈ H , we have
g(yh

i ) − g(y0H

i ) = (f(xi) + h) − (f(xi) + 0) = h.For the other set of equations, we have
n∑

i=1

cig(yh
i ) =

n∑

i=1

ci(f(xi) + h) = d +

n∑

i=1

cih = d,sine∑i ci = 0. It is easy to verify that m(g) = m(f), so Opt(I) ≤ Opt(J ),and equality, i.e. property (a) in the S-redution, follows.Theorem 3.18 Let A = (A; +) be a �nite abelian group with a non-onstantvaluation ν. Then, Max Sol(Λ0(A), ν) is APX-hard.Proof: The proof is by indution over the size of the group A. The basease is when A is a prime order group, for whih the statement followsfrom Corollary 3.16. The indution hypothesis is the following: if for everyabelian group G with non-onstant valuation µ, and |G| < |A|, the problemMax Sol(Λ0(G), µ) is APX-hard, thenMax Sol(Λ0(A), ν) is APX-hard.If A is not a prime order group, then it has some proper prime ordersubgroup. If for every suh subgroup H , and every oset a + H , it holdsthat ν(a + H) = ν(A)/|H |, then Lemma 3.15 is appliable and proves thestatement.We are left with the ase that for some proper prime order subgroup
H, there is an a ∈ A suh that ν(a + H) 6= ν(A)/|H |. This in partiularimplies that ν is non-onstant on the osets of H , i.e. νH is non-onstant.Lemma 3.17 now shows that we an redue from Max Sol(Λ0(A/H), νH).Sine the group A/H is abelian and stritly smaller than A, and sine νHis non-onstant, we an use the indution hypothesis, from whih theoremfollows.The following orollary of Theorem 3.18 provides the speial ases whih areneeded in Setion 3.5 and Setion 3.6. T (A) denotes the group of translations
{f(y) = y + a | a ∈ A}.Corollary 3.19 Let KA be a �nite dimensional vetor spae over a �nite�eld K, and let ν be a non-onstant valuation on A. Then, the followingtwo problems are APX-omplete:

• Max Sol(A; Termid(KA)); and
• Max Sol(A; Termid((End KA)A) ∪ T (A)).



56 3.3. Linear equations over abelian groupsProof: Both algebras are a�ne, and the orresponding problems are there-fore inAPX by Lemma 3.10. We will now verify that both problems are alsoovered by Theorem 3.18. The theorem applies to the ase when R = End A.The set Λ0(A) ontains relations invariant under operations on the followingform:
f(y1, . . . , yk) =

k∑

j=1

rjyj + a, (3.18)where rj ∈ R, ∑k
j=1 rj = 1 in R, and a ∈ A. The ring R inludes End KA,the linear transformations on KA, whih in turn inludes K, seen as a ringof endomorphisms on KA. In partiular then, all operations in Termid(KA)and Termid((End KA)A) are on the form (3.18), with a = 0A. In addition,

T (A) = {f(y) = y + a | a ∈ A} is also on this form. Hene Λ0(A) isinvariant under all term operations of the respetive algebras, so APX-hardness follows from Theorem 3.18.Another proof of Corollary 3.19We end this setion by obtaining another proof of Corollary 3.19 in whih wereplae the indution needed in Theorem 3.18 by an analysis of the subspaestruture in �nite vetor spaes.Let KA be an n-dimensional vetor spae over a �nite �eld K of size
q = pm. From the �nal remark of Setion 3.1, and in partiular the re-lation in (3.1), we know that it su�es to treat the ase when m = 1,i.e. when K is a prime �eld. In this ase, we will show that there isalways a subspae (i.e. subgroup) H of KA, of size qn−1 = pn−1, suhthat νH(a) =

∑

a∈a ν(a) is non-onstant on a ∈ KA/H. With this H ,Corollary 3.16 shows that Max Sol(Λ0(KA/H), νH) is APX-hard, and byLemma 3.17, so is Max Sol(Λ0(KA), ν). It remains to show that suh asubspae always exists in KA. This an be dedued from the ontraposi-tive of Lemma 3.20, with g = ν; if ν is non-onstant on A, then for someodimension 1 subspae H , a oset a+H exists suh that ν(a+H) 6= ν(A)/q.We will need some de�nitions and notation. An a�ne hyperplane in
KA is a oset a + H , where a ∈ A and H is a odimension 1 subspaeof KA. Let H be the set of a�ne hyperplanes in KA. Denote by V the
qn-dimensional vetor spae over Q with basis A. For any subset B ⊆ A,let χ(B) denote the harateristi vetor of B, i.e., χ(B) =

∑

a∈B a. Let
g : A → Q be any funtion from A to the rational numbers. We an thenextend g to a linear transformation g : V → Q by letting g(v) =

∑

i vig(ai),when v =
∑

i viai. In partiular, g(χ(B)) =
∑

a∈B g(a). Note that theproof holds for any q, prime or prime power.Lemma 3.20 If g(χ(H)) = C for all H ∈ H and some onstant C, then
g(a) = C/qn−1 for all a ∈ A.



3. A�ne Algebras and Approximability 57Proof: We will show that the set X = {χ(H) | H ∈ H} spans V . Fromthis it follows that g is uniquely determined by its values on X .The q-binomial oe�ients are de�ned by
[
n

k

]

q

=
(qn − 1)(qn−1 − 1) · · · (qn−k+1 − 1)

(qk − 1)(qk−1 − 1) · · · (q − 1)
.They ount, among other things, the number of k-dimensional subspaesin an n-dimensional vetor spae over a �nite �eld of size q. The numberof odimension 1 subspaes (hyperplanes) ontaining a �xed 1-dimensionalsubspae (line) is ounted by [n − 1

1

]

q

(f. [59℄.) We let a ∈ A be �xedand for eah v ∈ A, v 6= a, we ount the number of (a�ne) hyperplanesthrough a that also ontain v. They are exatly the hyperplanes ontainingthe unique line through a and v. This number is [n − 1

1

]

q

= qn−1−1
q−1 . Thus,

∑

a∈H∈H

χ(H) =

[
n

n − 1

]

q

a +

[
n − 1

1

]

q

χ(A − a) =

qn−1 · a +

[
n − 1

1

]

q

χ(A).Now, hoose an arbitrary a�ne hyperplane H1 ∈ H and let H2, . . . , Hqdenote its translations. Obviously, we have ∑q
i=1 χ(Hi) = χ(A). Thisimplies that a an be written as the following linear ombination of vetorsin X :

a = q1−n

(
∑

a∈H∈H

χ(H) −
[
n − 1

1

]

q

·
q
∑

i=1

χ(Hi)

)

. (3.19)We now apply g to both sides of (3.19) and use linearity to obtain
g(a) = q1−n

([
n

n − 1

]

q

C −
[
n − 1

1

]

q

qC

)

=

q1−n

(
qn − 1

q − 1
− qn − q

q − 1

)

C = q1−nC,from whih the lemma follows.3.3.2 The ase M = R × 0We will let Λ0(A) denote the onstraint language onsisting of relations ofthe following form.
{(x1, . . . , xn) ∈ An |

n∑

i=1

ci · xi = 0, ci ∈ Z}.



58 3.3. Linear equations over abelian groupsIn this ase, we obtain a weaker result than in the last setion. In partiular,we only treat the ase when A ∼= Zp for some prime p.Let ν be a non-onstant valuation, νmin = minb∈A ν(b), Amin = {b ∈ A |
ν(b) = νmin}, νmax = maxb∈A ν(b), and Amax = {b ∈ A | ν(b) = νmax}.First, note that sine Λ0(A) is 0A-valid, it is lear that if 0A ∈ Amax, thenMax Sol(Λ0(A, ν)) is trivially in PO. We will therefore assume that 0A 6∈
Amax. Hene, every d ∈ Amax generates A. For r ∈ Z+, de�ne sets Ar

maxreursively as follows: let A1
max = Amax, and for r > 1, let Ar

max be theset of those d ∈ Ar−1
max whih maximise ν(r · d). Then, for every r ≥ 1,the set Ar

max is non-empty, and the sequene (ν(d), ν(2 · d), . . . , ν(r · d)) isindependent of the hoie of d ∈ Ar
max. Let l be the least positive integerfor whih ν(l · d) = νmin for all d ∈ Al

max, and let I be the instane ofMax Sol(Λ0(A)), on variables {x1, . . . , xl−1, y}, de�ned by the followingset of equations:
xr − r · x1 = 0A,for 2 ≤ r ≤ l − 1, and
y − l · x1 = 0A.Next, we determine a weight funtion ω for I so that in an optimal solution

σ to I, we must have σ(x1) ∈ Al
max. Let ω(y) = 1, and for the variables xr,

1 ≤ r ≤ l − 1, we reursively de�ne
ω(xr) =

(

ω(y) +
∑l−1

i=r+1 ω(xi)
)

νmax + 1

δ
,where δ is the minimal absolute di�erene between two non-idential valuesof ν. The instanes {Ia} are now obtained by replaing the last equation,`y − l · x1 = 0A' by `y − l · x1 = a'. Then, for any solution σ, and any twoelements d and c suh that d ∈ Amax and c 6∈ Amax,

ω(x1) · ν(c) +

(

ω(y) +

l−1∑

i=r+1

ω(xi)

)

νmax < ω(x1) · ν(d).If we assume that σ is optimal, then we must have σ(x1) ∈ Amax. Fur-thermore, σ(x2) = 2 · σ(x1), and the weight ω(x2) guarantees that ν(σ(x2))is maximal among all hoies for σ(x1) ∈ Amax, hene σ(x1) ∈ A2
max. Re-peating this argument, we arrive at proving σ(x1) ∈ Al−1

max in an optimalsolution σ. Due to the onstrution of the sequene {Ar
max}r≥1, this implies

σ(x1) ∈ Al
max.To apply Lemma 3.13, it now remains to prove that the derived valuation

ν′(a) = Opt(Ia) has the desired properties. Spei�ally, sine A does nothave any proper, non-trivial subgroups, we only need to verify that ν′(0A)is stritly less than ν′(A)/|A|. First, note that ν′(a) = C + ν(σ(y)) for someonstant C. For a = 0A, we have shown that y must be assigned an elementin Amin, hene it follows that ν′(0A) ≤ ν′(a) for all a ∈ A. To see that ν′ is



3. A�ne Algebras and Approximability 59non-onstant, so that this inequality must be strit, note that for a = d−l ·d,with d ∈ Al
max, the assignment σ with σ(x1) = σ(y) = d is satisfying, hene

ν′(d − l · d) = C + νmax. In onlusion, we have the following result:Lemma 3.21 Let A be an abelian group of prime order p and let ν be anon-onstant valuation. If ν(0A) = νmax, then Max Sol(Λ0(A), ν) is inPO. Otherwise, Max Sol(Λ0(A), ν) is APX-hard.3.4 Supplementary toolboxThe basis for the algebrai approah for Max Sol is Theorem 2.34. In thissetion, we review some ontainment results proved by Jonsson et al. [82℄for this framework. In Setion 3.4.1, we extend the lassi�ation of Khannaet al. [93℄ for Max Ones to Max Sol(Γ, ν) for a two-element onstraintlanguage Γ with an arbitrary valuation ν. We begin by de�ning some basioperations.De�nition 3.22 The disriminator operation t : A3 → A is the opera-tion de�ned by
t(a, b, c) =

{

c if a = b; and

a otherwise.De�nition 3.23 The dual disriminator operation d : A3 → A is theoperation de�ned by
d(a, b, c) =

{

a if a = b; and

c otherwise.De�nition 3.24 The swithing operation s : A3 → A is the operationde�ned by
s(a, b, c) =







c if a = b;

b if a = c; and

a otherwise.De�nition 3.25 A binary funtion f : A2 → A is alled a generalised
max-funtion if, for all a, b ∈ A,

• if a 6= b and f(a, b) ≤ min{a, b}, then f(b, a) > max{a, b}; and
• f(a, a) ≥ a, for all a ∈ A.In partiular, f(a, b) = max{a, b} is a generalised max-funtion.De�nition 3.26 An operation f on A is alled a 2-semilattie operationif, for all a, b ∈ A, it holds that



60 3.4. Supplementary toolbox
• f(a, a) = a;
• f(a, b) = f(b, a); and
• f(a, f(a, b)) = f(a, b).The following proposition summarises the results from [82℄ that we willrequire. All proofs are found there. Remember that CA denotes the set ofunary onstant relations on A.Proposition 3.27 The following holds:1. Max Sol(Inv(t)) is in PO. (Lemma 7.8)2. Max Sol(Inv(s)) is in APX. (Lemma 7.9)3. For every generalised max-funtion f , Max Sol(Inv(f)) is in PO.(Theorem 5.10)4. Let f be a 2-semilattie operation on A. Assume there exist a, b ∈ Asuh that a < b, f(a, b) = a, and a∗ > 0 where a∗ is the minimalelement suh that there is a b∗ satisfying a∗ < b∗ and f(a∗, b∗) = a∗.If this is the ase, then Max Sol(Inv(f)) is in APX. (Lemma 6.16)5. If Csp(Γ) is in P and 0 6∈ A, then Max Sol(Γ) is in APX. (Propo-sition 4.1)6. If Csp(Γ ∪ CA) is in P, then Max Sol(Γ) is in poly-APX. (Lemma4.2)Let I be a family of bijetions between subsets of a set A. By R(I) wedenote the set of operations on A whih preserve eah relation of the form

{(a, π(a)) | a ∈ A} for π ∈ I. By Rid(I) we denote the set of idempotentoperations in R(I).Lemma 3.28 Let I be a family of bijetions between subsets of A. Then,
{t, d, s} ⊆ Rid(I) ⊆ R(I).Proof: We give the proof for t, the remaining two ases follow similarly.An operation f ∈ R(I) if and only if for eah π ∈ I de�ned on a subset

B ⊆ A it holds that B is losed under f and f |B ommutes with π (f.Proposition 1.1() in [135℄). Let a, b, c be three elements on whih π is de-�ned. If a = b, then π(a) = π(b) so t(π(a), π(b), π(c)) = π(c) = π(t(a, b, c)).If instead a 6= b, then π(a) 6= π(b) sine π is a bijetion between twosubsets of A whih inlude a, b and π(a), π(b), respetively. Therefore,
t(π(a), π(b), π(c)) = π(a) = π(t(a, b, c)) and we onlude that t ∈ R(I).Inlusion in Rid(I) now follows from the fat that t is idempotent.



3. A�ne Algebras and Approximability 613.4.1 Two-element domainWe will now prove an extension of the lassi�ation of Max Ones(Γ) byKhanna et al. [93℄. Theorem 3.18 from the previous setion plays a role inthe latter part of the proof.Proposition 3.29 Let Γ be a onstraint language over a two-element do-main. Then, Max Sol(Γ) is either in PO, APX-omplete, poly-APX-omplete, it is NP-hard to �nd a solution of non-zero measure or it is NP-hard to �nd a feasible solution.Proof: Let D = {a, b}, 0 ≤ a < b. For a = 0 the statement followsfrom the Max Ones-lassi�ation by Khanna et al. [93℄. For a > 0 weshow that Max Sol(Γ) is either in PO, APX-omplete, or Csp(Γ) is NP-omplete. Nevertheless, we arry out both ases, as it is a good illustrationof the algebrai approah to Max Sol. In one ase we refer to Lemma 6.23from [93℄ for the proof that it isNP-hard to �nd a solution toMax Sol(II0)of non-zero measure.We use Post's lattie to guide the proof. (See Setion 2.6 for the relevantnotation and de�nitions.) Post's lattie has a symmetry under the ation
f(x1, . . . , xn) 7→ ¬f(¬x1, . . . ,¬xn). Beause of this, we will identify a with
0 and b with 1�the other ase follows analogously.By referring to Theorem 2.34 we may assume, without loss of generality,that Γ = 〈Γ〉. From Shaefer's dihotomy theorem [119℄, Csp(Γ) is NP-omplete if and only if Γ = BR or Γ = IN2, so we assume heneforth that
Γ 6∈ {BR, IN2}. Both for a = 0 and a 6= 0, the polynomial ases are given bythe relational lones II1, IV2 and ID1. This follows from Proposition 3.27(3)and 3.27(1) respetively, sine II1 is b-valid, IV2 is invariant under max(x, y),and ID1 is invariant under the disriminator operation t.Let A = (A, +) denote the yli group on {a, b} with a as the zeroelement and b as unity. From Lemma 3.10 we have IL2 ∈ APX. Thefollowing relational lones were reviewed in the introdution to this hapter:

IL0 = {x1 + · · · + xk = 0 | k ∈ N}
IL2 = {x1 + · · · + xk = c | k ∈ N, c ∈ {a, b}} (3.20)
IL3 = {x1 + · · · + xk = c | k even, c ∈ {a, b}}From Post's lattie, we have the inlusions IL0 ⊂ IL2 and IL3 ⊂ IL2.APX-hardness for Max Sol(IL0) now follows from Lemma 3.21, and forMax Sol(IL3) from Corollary 3.16. The relational lones IL and IL1 areontained in II1, hene Max Sol(IL) and Max Sol(IL1) are in PO.For a 6= 0 we have Max Sol(Γ) in APX for all Γ 6∈ {BR, IN2} byProposition 3.27(5) and for a = 0, we have Max Sol(Γ) in poly-APX forall relational lones ontained in, and inluding, IE2 and ID2, by Proposi-tion 3.27(6). The orresponding hardness results are obtained by observingthat the relation {(a, a), (a, b), (b, a)} is in IS2

1, whih implies APX-hardness(a 6= 0), and poly-APX-hardness (a = 0) by Proposition 2.29.



62 3.5. Stritly simple surjetive algebrasNow everything has been lassi�ed for a 6= 0. For a = 0, the ase
〈Γ〉 = II0 remains. In this ase we will use Lemma 6.23 from [93℄. Thislemma states that if a binary onstraint language is neither 1-valid (b-validin our ase), 2-CNF, a�ne, weakly positive (dual Horn), weakly negative(Horn) nor strongly 0-valid, then the problem of �nding solutions of non-zeromeasure is NP-hard. A relation is strongly 0-valid if it ontains all tupleswith at most one non-zero element. A onstraint language is strongly 0-validif all its relations are strongly 0-valid. We now produe suh a language ∆:

∆ = {x ∨ y ∨ ¬z,¬x ∨ ¬y} = {{0, 1}3 \ {(0, 0, 1)}, {0, 1}2 \ {(1, 1)}}.The relation x∨y ∨¬z is not in IE2, IL2, ID2, nor is it strongly 0-valid, andthe relation x∨y is neither in IV2, nor is it 1-valid. Hene, it is NP-hard to�nd a solution toMax Sol(∆) of non-zero measure. Now, ∆ ⊆ II0 = 〈Γ〉, soMax Sol(∆) S-redues toMax Sol(Γ) by Theorem 2.34. We an thereforeonlude that it is NP-hard to �nd a solution to Max Sol(Γ) of non-zeromeasure.3.5 Stritly simple surjetive algebrasThe stritly simple surjetive algebras were lassi�ed by Szendrei in [137℄.The omplexity of the onstraint satisfation problem over suh algebraswas studied in [22℄. Here, we do the orresponding lassi�ation of theapproximability ofMax Sol. First, we will need a few de�nitions to be ableto state Szendrei's theorem. We adopt the following notion of a surjetivealgebra used in [22℄:De�nition 3.30 An algebra is alled surjetive if all of its term operationsare surjetive. As a onsequene, a �nite algebra is surjetive if and only ifits unary term operations are all surjetive.De�nition 3.31 An algebra is simple if all its smaller homomorphi im-ages are trivial (one-element.) An algebra is stritly simple if, in addition,all its proper subalgebras are one-element.Let G be a permutation group on A. Then, G is alled transitive if, forany a, b ∈ A, there exists g ∈ G suh that g(a) = b. G is alled regular ifit is transitive and eah nonidentity member has no �xed point. G is alledprimitive, or is said to at primitively on A, if it is transitive and thealgebra (A; G) is simple.Let Fa
k denote the set of all operations preserving the relation

Xa
k = {(a1, . . . , ak) ∈ Ak | ai = a for at least one i, 1 ≤ i ≤ k}where a is some �xed element in A, and let Fa

ω =
⋂∞

k=2 Fa
k .With these de�nitions, we are ready to state the following haraterisationof stritly simple surjetive algebras:



3. A�ne Algebras and Approximability 63Theorem 3.32 ([137℄) Let A be a �nite stritly simple surjetive algebra.
• If A has no one-element subalgebras, then A is term equivalent to oneof the following algebras:(a) (A;R(G)) for a regular permutation group G ating on A;(b) (A; Termid((End KA)A) ∪ T (A)) for some vetor spae KA over a�nite �eld K; or() (A, G) for a primitive permutation group G on A.
• If A has one-element subalgebras, then A is idempotent and term equiv-alent to one of the following algebras:(a◦) (A;Rid(G)) for a permutation group G on A suh that every non-identity member of G has at most one �xed point;(b◦) (A; Termid((End KA)A)) for some vetor spae KA over a �nite�eld K;(d) (A;Rid(G) ∩ Fa

k ) for some k (2 ≤ k ≤ ω), some element a ∈ A,and some permutation group G ating on A suh that a is theunique �xed point of every nonidentity member of G;(e) (A; F ) where |A| = 2 and F ontains a semilattie operation; or(f) a two-element algebra with an empty set of basi operations.It turns out that the type (d) algebras require a slightly more arefulanalysis. We treat this ase separately in the following lemma.Lemma 3.33 Let A = (A;Rid(G)∩Fa
k ) be an algebra of type (d) and let adenote the unique �xed point of G.1. If a = maxA, then Max Sol(A) is in PO.2. If 0 6∈ A and a < max A, then Max Sol(A) is APX-omplete.3. If 0 ∈ A and 0 < a < max A, then Max Sol(A) is APX-omplete.4. If 0 ∈ A and a = 0, then Max Sol(A) is poly-APX-omplete.Proof: It is known [22℄ that the operation

f(x, y) =

{
x if x = y,
a otherwise.is a term operation of A. We immediately see that if a = max A, then f is ageneralised max-funtion and tratability follows from Proposition 3.27(3).We also note that f is a 2-semilattie operation: f is obviously idempotentand ommutative. If x = y, then f(x, f(x, y)) = f(x, f(x, x)) = f(x, x) =

f(x, y), and if x 6= y, then f(x, f(x, y)) = f(x, a) = a = f(x, y).



64 3.5. Stritly simple surjetive algebrasIf 0 6∈ A, then, sine f is a 2-semilattie operation, we know from [19℄ thatCsp(Inv(f)) is in P so Max Sol(Inv(f)) is in APX (Proposition 3.27(5).)Assume instead that 0 ∈ A. First, assume that 0 < a < maxA. Wesee that f(x, y) = x if and only if x = a or x = y. Thus, x < y im-plies that f(x, y) = x if and only if a < y. Sine a > 0, it follows that
a∗ > 0 (where a∗ is de�ned as in Proposition 3.27(4)). Proposition 3.27(4)implies that Max Sol(Inv(f)) is in APX. If a = 0, then we need toprove membership in poly-APX. By Proposition 3.27(6), it is su�ient toprove that Csp(Inv(A) ∪ CA) is tratable. The operation f is idempotent soInv(A) ∪ CA ⊆ Inv(f) and Csp(Inv(f)) is tratable sine f is a 2-semilattieoperation.Next, we prove hardness. If 2 ≤ k < ω, then the relation Xa

k is, by de�-nition, invariant under the operations in Fa
k ⊇ Fa

k ∩Rid(G) so Xa
k ∈ Inv(A).If k = ω, then Xa

2 is invariant under the operations Fa
2 ⊇ Rid(G)∩⋂∞

i=2 F a
k .Furthermore, A is idempotent so CA ⊆ Inv(A). It is therefore su�ient toprove poly-APX- and APX-hardness of Max Sol({Xa

k} ∪ CA), 2 ≤ k <
ω, in order to omplete the proof. Consider the binary relation r de�ned by

r(x, y) ≡pp ∃z : Xa
k (x, y, z, . . . , z) ∧ {maxA}(z).Note that r = (A × {a}) ∪ ({a} × A) and that the max-ore of r is givenby {(a, a), (a, maxA), (max A, a)}. Depending on whether a 6= 0 or a = 0,APX- and poly-APX-hardness now follows from Proposition 2.29.With Lemmas 3.28, 3.33 and the results from Setions 3.2 and 3.4 it isnow straightforward to prove the following lassi�ation of the approxima-bility of Max Sol(A) when A is a stritly simple surjetive algebra.Theorem 3.34 Let A be a �nite stritly simple surjetive algebra. Then,Max Sol(A) is either in PO, it is APX-omplete, poly-APX-omplete,or it is NP-hard to �nd a solution.Proof: We use Theorem 3.32 to guide a short ase-by-ase analysis.

• If A is of type (a) or (a◦), then by Lemma 3.28, the disriminatoroperation t(x, y, z) is a term operation of A. Tratability follows fromProposition 3.27(1).
• If A is of type (b◦), then aA is a term operation of A so Max Sol(A)is in APX by Lemma 3.10. Conversely, if A is of type (b), thenMax Sol(A) is APX-hard by Corollary 3.19. Hene, Max Sol(A)is APX-omplete in both ases.
• If A is of type (c) or (f), then Csp(A) is NP-omplete [22℄.
• If A is of type (d), then the result follows from Lemma 3.33.
• Finally, if A = (A; F ) is of type (e), then sine |A| = 2, the resultfollows from Proposition 3.29.



3. A�ne Algebras and Approximability 65All ases have been shown to fall into the stated lasses, whih proves thetheorem.3.6 Symmetri algebrasAn algebra A is symmetri (in the sense of Szendrei [136℄) if for everysubalgebra B = (B; F ) of A,1. the automorphism group of B ats primitively on B; and2. for any set C ⊆ A with |C| = |B|, C supports a subalgebra of Aisomorphi to B.Examples of symmetri algebras inlude homogeneous algebras and al-gebras whose automorphism group ontains the alternating group [136℄.If B and C support two subalgebras of A, then so does their intersetion
B ∩ C. Therefore, by taking appropriate intersetions of subalgebras, theseond ondition implies the following property for a symmetri algebra
A = (A; F ): if B = (B; F |B) is a proper subalgebra of A, then (C; F |C) is asubalgebra of A whenever C is a subset of A with |C| ≤ |B|. Consequently,we an assign a number ν(A), 0 ≤ ν(A) ≤ |A| − 1, to every symmetrialgebra suh that a proper subset B ⊂ A is the universe of a subalgebra of
A if and only if |B| ≤ ν(A). One may note that ν(A) ≥ 1 if and only if Ais idempotent.We will need some additional de�nitions and notation in order to desribethe symmetri algebras. An isomorphism between two subalgebras of analgebra A is alled an internal isomorphism of A. The set of all internalisomorphisms will be denoted Iso A.A k × l ross (k, l ≥ 2) is a relation on A2 of the form

X(B1, B2, b1, b2) = (B1 × {b2}) ∪ ({b1} × B2),where b1 ∈ B1, b2 ∈ B2, |B1| = k, and |B2| = l.Let D1 denote the lone of all idempotent operations on A, and E1 thesublone of D1 onsisting of all operations preserving every relation
La,b = {(a, a, a), (a, b, b), (b, a, b), (b, b, a)} (a, b ∈ A, a 6= b).For 2 ≤ m ≤ |A|, let Dm be the lone of all operations in D1 preservingevery m × 2 ross. For 2 ≤ m ≤ |A|, let Em be the lone onsisting of alloperations f ∈ D1 for whih there exists a projetion p agreeing with f onevery m-element subset B of A.We are now set to state the haraterisation of symmetri algebras, and toprove our Max Sol-lassi�ation.Theorem 3.35 ([136℄) Let A be a �nite symmetri algebra.



66 3.6. Symmetri algebras
• If A is not idempotent, then |A| is prime and there is a yli group

A = (A; +) suh that A is term equivalent to one of the followingalgebras:1. (A;R(T (A)));2. (A; Termid(A) ∪ T (A)); or3. (A; T (A)).
• If A is idempotent, then A is term equivalent to one of the followingalgebras:1. (A;R(Iso A) ∩ Dm) for some m with 1 ≤ m ≤ ν(A) or m = |A|;2. (A;R(Iso A) ∩ Em) for some m with 1 ≤ m ≤ ν(A) or m = |A|;3. (A; Termid(KA)) for a 1-dimensional vetor spae KA over a �-nite �eld K; or4. (A; Termid(A)) for a 4-element abelian group A of exponent 2.Theorem 3.36 Let A be a symmetri algebra. Then, Max Sol(A) is ei-ther in PO, it is APX-omplete, it is poly-APX-omplete, or it is NP-hard to �nd a solution.Proof: Assume �rst that A is not idempotent. It is possible to do a ase-by-ase analysis as the one for Theorem 3.34, or to note that eah ase is aspeial ase of Theorem 3.32. We hoose to show diretly that A is a stritlysimple surjetive algebra, after whih the result follows from Theorem 3.34.Let h : A → A be an endomorphism on A. De�ne h(0)(A) = A andfor n ≥ 0, let h(n+1)(A) = h(h(n)(A)). Then, h(1)(A) ⊆ h(0)(A) and for

n ≥ 1, h(n)(A) ⊆ h(n−1)(A) implies h(n+1)(A) ⊆ h(n)(A). Therefore, theremust exist a k ≥ 0 suh that h(k+1)(A) = h(k)(A). It is easy to verifythat h(k)(A) must support a subalgebra of A. But sine A is symmetriand non-idempotent, it has no proper subalgebras, so k = 0. Hene, anyhoie of h is an isomorphism and A is stritly simple. It remains to showthat A is surjetive. For a �nite algebra, this amounts to verifying thateah endomorphism on A is surjetive. An endomorphism f on A is alsoan endomorphism of (A; G), where G is the automorphism group of A.Sine A is symmetri, G ats primitively on A whih is equivalent to sayingthat G is transitive and (A; G) is simple. Thus, either f is surjetive or
f(A) = {a} for some a ∈ A. In the latter ase, a is a �xed point of eah
π ∈ G. But, the set of �xed points of any nonidentity isomorphism supportsa proper subalgebra of A and sine G is transitive, it must ontain at leastone nonidentity isomorphism. It follows that f , and thereby A, is surjetive.Assume instead that A is idempotent. We proeed with a ase-by-aseanalysis guided by the seond part of Theorem 3.35.
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• If A is term equivalent to (A;R(Iso A) ∩ Dm) with m = 1, then t ∈
Rid(Iso A), and aording to Lemma 3.28, Max Sol(A) is in PO.Assume that m ≥ 2. It is known (f. [34℄) that the dual disriminatoroperation d preserves rosses, so d ∈ Dm for all m ≥ 2. Furthermore,by Lemma 3.28, d ∈ R(IsoA). Therefore, d ∈ R(IsoA)∩Dm and sineCsp(Inv(d)) is in P (f. Theorem 5.7 [79℄), we have Max Sol(A) inAPX if 0 6∈ A by Proposition 3.27(5) andMax Sol(A) in poly-APXif 0 ∈ A by Proposition 3.27(6) (A is idempotent.) To show hardness,note that every m × 2-ross is in Inv(A). In partiular, if we hoose
B suh that {minA, max A} ⊆ B ⊆ A with |B| = m, then the ross
X = X(B, {minA, maxA}, min A, min A) is in Inv(A). The max-oreof X is {(minA, min A), (min A, max A), (max A, min A)}, from whihit follows that Max Sol(A) is APX-hard if 0 6∈ A, and poly-APX-hard if 0 ∈ A (Proposition 2.29.)

• Let A be term equivalent to (A;R(Iso A) ∩ Em) for some 1 ≤ m ≤
ν(A) or m = |A|. When m = 1, then the swithing operation sis idempotent, it preserves La,b for any a, b ∈ A, and s ∈ R(Iso A)from Lemma 3.28. Therefore, s ∈ R(Iso A) ∩ E1 and Max Sol(A)is in APX by Proposition 3.27(2). Note that if we identify a with
0 and b with 1, then La,b ∈ IL0. APX-hardness is thus obtainedby applying Proposition 3.29 to any La,b ∈ Inv(A) suh that a < b.Assume instead that m = 2. The de�nition of E2 implies that eahoperation in A restrits to a projetion on {a, b} for arbitrary, distint
a, b ∈ A. Therefore, every two-element subalgebra A′ = A|{a,b} istrivial, and the orresponding deision problem Csp(Inv(A′)) is NP-hard. Now, NP-hardness of Csp(Inv(A)) follows from the inlusionInv(A′) ⊆ Inv(A). Furthermore, sine E2 ⊇ Ek ⊇ R(IsoA)∩ Ek for any
2 < k ≤ ν(A) as well as for k = |A|, it follows that Max Sol(A) isNP-hard for all m ≥ 2.

• Finally, we onsider the exeptional ases 3 and 4. A 4-element abeliangroup A of exponent 2 is term equivalent to a two-dimensional vetorspae over a two-element �eld. Hene, both ases are APX-ompleteby Corollary 3.19.The proof is omplete.A ternary operation m(a, b, c) is a alled a Mal'tsev operation if, forall a, b ∈ A, it holds that m(a, b, b) = m(b, b, a) = a. Examples of Mal'tsevoperations inlude the operations t, s, and aA for an abelian group A. Bula-tov and Dalmau [21℄ have proved that Csp(Inv(m)) is in P for any Mal'tsevoperation m. Using this fat, and following the proof of Theorem 3.36, it isnot hard to do the lassi�ation of Csp(A) when A is a symmetri algebra.We state it here for omparison with [22, Conjeture 7.5℄, whih suggeststhat a �nite idempotent algebra is NP-omplete if there exists a non-trivialhomomorphi image of one of its subalgebras, all of whose operations are



68 3.7. Disussionprojetions, and otherwise it is tratable. If A is symmetri, but not idem-potent, then A is stritly simple surjetive and the lassi�ation follows from[22, Theorem 6.3℄. Otherwise, we have the following result:Theorem 3.37 Let A be an idempotent symmetri algebra. If there existsa non-trivial homomorphi image B of a subalgebra of A suh that the op-erations of B are all projetions, then Csp(A) is NP-omplete. OtherwiseCsp(A) is in P.Proof: We see that Csp(A) is in P due to the inlusion of the operations
t (ase 1, m = 1), d (ase 1, m ≥ 2), s (ase 2, m = 1), and aA (ases 3 and4). In ase 2, when m ≥ 2, the proof of Theorem 3.36 states that there isa two-element subalgebra, all of whose operations are projetions, and thisimplies NP-hardness.3.7 DisussionIt has been observed that lassifying the omplexity properties of Csp forall stritly simple algebras an be seen as a possible �base ase for indu-tion� [22℄. This is due to the neessary ondition that for a tratable algebra,all of its subalgebras and homomorphi images must be tratable. Further-more, it is su�ient to study surjetive algebras with respet toCsp sine theappliation of a unary polymorphism to a set of relations does not hangethe omputational omplexity of the set [78℄. For Max Sol, however, itis possible to turn a hard problem into an easy one by applying a unarypolymorphism.Example 3.38 A straightforward example is given by the relation

R = {(0, 0), (0, 1), (1, 0)},over the domain {0, 1}. The problem Max Sol({R}) is poly-APX-hard.Let f be the unary polymorphism 0(y) = 0. The image f(R) is the relation
{(0, 0)} over the a single element domain {0}, whih is trivially tratable.However, there are some unary polymorphisms, f , whih we an apply to aset of relations without hanging its approximability (up to S-redutions.)If f ∈ Pol(Γ), and f(a) ≥ a for all a ∈ A, then f(Γ) S-redues to Γ (f.Lemma 2.36.) Di�erently stated, we an always assume that Γ is a max-ore. A related notion is investigated in Chapter 6, whih provides a possibleway to make further use of the lassi�ation of Max Sol for stritly simplesurjetive algebras obtained in this hapter.We have proved APX-hardness for optimising a linear objetive funtionover some restrited systems of linear equations. The most extensive result



3. A�ne Algebras and Approximability 69was obtained when the sum of the oe�ients in eah equation must be 0.A weaker result was obtained for the ase of homogeneous linear equations.Based on the ase A = Z2, and the additional ases treated in thishapter, we expet the following onjeture to hold, in the general ase.Conjeture 3.39 Let A be a �nite a�ne algebra. If Inv(A) is not maxA-valid, then Max Sol(Inv(A)) is APX-hard.Note that Inv(A) being maxA-valid is equivalent to f ∈ A, where f(y) =
maxA. Aording to Proposition 3.8, this is the ase if and only if Montains (1, max), i.e. if R(1, max) = {(r, r(max)) | r ∈ R} is a submoduleof M .In addition to looking into extending the results for homogeneous linearequations to general abelian groups, further attention should also be givento the submodules of 0×RA. The orresponding linear equations ome fromsubsets of Λ0(A) where, in addition to having the sum of the oe�ients be0, only onstants from some subgroup of A are allowed.





Chapter 4Minimisation of IntegerLinear ProgramsWe will now hange the sale with whih we measure the approximabil-ity of optimisation problems to that of the approximation ratio whih anbe ahieved by an algorithm for the problem. Spei�ally, we study theapproximability of minimising integer linear programs with positive right-hand sides. Let n and m be positive integers, representing the number ofvariables and the number of inequalities, respetively. Let x = (x1, . . . , xn)Tbe a vetor of n variables, A be an integer m × n matrix, b ∈ (Z+)m, and
c ∈ (Q≥0)

n. Finally, let X be some given subset of Nn. We onsider herevarious restritions of the following integer linear program:Minimise cT xsubjet to Ax ≥ b,
x ∈ X.

(4.1)Typially, X is either Nn or {x ∈ Zn | 0 ≤ x ≤ d} for some d ∈ (Z+)n, wherethe inequalities are to hold omponentwise. A ommonly ourring instaneof the latter ase is when X = {0, 1}n, so-alled 0-1 programming. In all butvery restrited ases, (4.1) is NP-hard to solve to optimality. Instead, thee�ort is direted towards �nding approximation algorithms and improvingthe bound within whih it is possible to �nd approximate solutions.Let aj = (aj1, . . . , ajn) ∈ Zn be the jth row of A. We will use the norm
‖aj‖1 =

∑n
i=1 |aji| as well as the maximum absolute row sum normof A, de�ned as ‖A‖∞ = max1≤j≤m ‖aj‖1. Let IPk denote the problem ofoptimising (4.1), when the instanes are restrited by ||A||∞ ≤ k. We showthat IPk an unonditionally be approximated within k when X = Nn,but annot be approximated within k − ε, ε > 0, if Khot's Unique GamesConjeture (f. Setion 2.4.2) holds. We also show that �nding a feasiblesolution to IPk is NP-hard in almost all ases when X = {0, . . . , a − 1}n.



72We note that the problem IPk an be represented as a �Min Sol�-problemover a possibly in�nite domain. The onstraints an be given by n-aryrelations on the form {x | aTx ≥ b}, where b ∈ Z+ and a ∈ Zn is a vetorwith ‖a‖1 ≤ k. Hene, any onstraint essentially depends on at most k ofthe variables. While this view will not be the fous for this hapter, it isrevisited in the disussion in onnetion to an open problem.Previous workThe approximability of the program in (4.1) has been extensively studiedin the ase when A is restrited to non-negative entries. In this ase, theproblem is usually referred to as a (generalised, or apaitated) overingproblem. Among the problems desribed by suh programs one �nds theMinimum Knapsak Problem, Minimum Vertex Cover (and its k-uniform hypergraph ounterpart, desribed in Setion 4.1.1) and variousnetwork design problems [24℄. We will refer to the program (4.1) with non-negative onstraint matrix A as a CIP (overing integer program). Here, Xis often taken to be {x ∈ Zn | 0 ≤ x ≤ d}. Indeed, optimal solutions remainfeasible after introdution of the bounds xi ≤ ⌈maxj bj/aji⌉.Hall and Hohbaum [68℄ restrit A in CIP to a 0/1-matrix and give an
‖A‖∞-approximating algorithm for the ase when X = {0, 1}n. Bertsimasand Vohra [11℄ study the general CIP with X = {0, 1}n as well as X = Nn.They use both a randomised rounding heuristi with a nonlinear roundingfuntion and deterministi rounding using information about the dual pro-gram. For X = {0, 1}n, they show that CIP an be approximated within
‖A‖∞ using both a deterministi rounding funtion and a dual heuristi. For
X = Nn, they obtain an ‖A‖∞ + 1 approximating algorithm. Carr, Fleis-her, Leung and Phillips [24℄ lower the integrality gap of CIP by introduingadditional inequalities into the program and improve on the onstrained asewhen X = {x ∈ Zn | 0 ≤ x ≤ d} to obtain an approximation ratio equal tothe maximal number of non-zero entries in a row of A. Koufogiannakis andYoung [98℄ presents an approximation algorithm for a general frameworkof monotone overing problems, with an approximation ratio equal to themaximal number of variables upon whih a onstraint depends. The on-straints must be monotone (losed upwards), but an be non-onvex. Thisframework in partiular inludes every problem whih an be expressed asa CIP.Chapter outlineWe begin, in Setion 4.1, with the unbounded ase X = Nn by showinghow to approximate IPk within k. We also provide the orresponding lowerbound onditioned on the Unique Games Conjeture. In Setion 4.2, welook at IPk for bounded domains and show that it is NP-hard to �nd asolution in almost all ases. The hapter is onluded in Setion 4.3 with adisussion on possible extensions of the results.



4. Minimisation of Integer Linear Programs 734.1 Unbounded domainWe assume that X = Nn throughout this setion. Lower bounds for IPk aredisussed in Setion 4.1.1. Here, we begin by proving the following result:Proposition 4.1 IPk an be approximated within k.The problem IP1 is solvable in polynomial time: initially, let xi = 0 for all
i, and for eah inequality xi ≥ b, update xi to max{xi, b}. Any inequalityof the form −xi ≥ b implies that there are no solutions. In order to proveProposition 4.1 for k ≥ 2, we give a deterministi `rounding'-sheme, whihprodues an integer solution from a rational one, while inreasing the valueof the objetive funtion by at most k. For an integer k ≥ 2, and x ∈ Q≥0,de�ne the following operation:

x̂ =







0 if 0 ≤ x < 1/k

1 if 1/k ≤ x < 2/k

⌈(k − 1)x⌉ otherwise.For a vetor x = (x1, x2, . . . , xn)T , let x̂ = (x̂1, x̂2, . . . , x̂n)T . Note that
cT x̂ ≤ k ·cTx. We will show that in addition, x̂ satis�es Ax̂ ≥ b by showingthat for any integer b ≥ 1, we have a · x̂ ≥ b whenever a ·x ≥ b for any vetor
a = (a1, . . . , an)T with ‖a‖1 ≤ k. In order to do this, we �rst introdue alinear saling of x̂ whih will be easier to work with. Let x′ = x̂/(k− 1) andextend to vetors, x′ = (x′

1, x
′
2, . . . , x

′
k)T , as before.Our �rst step is to bound the di�erene ∆ = a ·x−a ·x′ from above. Let

δi = ai(xi−x′
i) so that ∆ =

∑n
i=1 δi. Let ti = sgn(ai)·xi and t′i = sgn(ai)·x′

i.Then, δi = |ai|(ti − t′i). Figure 4.1 illustrates how the t′i are determinedfrom the ti in the ases whih give positive ontributions to ∆. Eah arrowrepresents an interval, and for a ti in a partiular interval, t′i an be found atthe arrow head. Note that there are only two suh intervals on the positiveaxis. To the left of L5 follows an in�nite sequene of left arrows, eah of sizeequal to that of L5.
1
k

1
k−1

2
k0

L5
︷ ︸︸ ︷

L4
︷ ︸︸ ︷ ︷︸︸︷︷ ︸︸ ︷ ︷ ︸︸ ︷

L3 L2 L1

−1
k

−1
k−1

−3
k−1

−2
k−1

−2
kFigure 4.1: The intervals L1, . . . , L5 represented by arrows.



74 4.1. Unbounded domainFormally, the intervals Li, i ≥ 1 are de�ned as follows:
L1 = {x ∈ Q | 1/(k − 1) ≤ x < 2/k}
L2 = {x ∈ Q | 0 ≤ x < 1/k}
L3 = {x ∈ Q | −1/(k − 1) < x ≤ −1/k}
L4 = {x ∈ Q | −2/(k − 1) ≤ x ≤ −2/k}
Li = {x ∈ Q | −(i − 2)/(k − 1) ≤ x < −(i − 3)/(k − 1)}, i ≥ 5.When k = 2, the interval L1 vanishes while L3 and L4 beome adjaent.Let L =
⋃

i≥1 Li. Now, δi an be bounded as follows, given the value of ti:






0 ≤ δi/|ai| < (k − 2)/k(k − 1) if ti ∈ L1

0 ≤ δi/|ai| < 1/k if ti ∈ L2

0 ≤ δi/|ai| ≤ 1/k(k − 1) if ti ∈ L3

0 ≤ δi/|ai| ≤ 2/k(k − 1) if ti ∈ L4

0 ≤ δi/|ai| < 1/(k − 1) if ti ∈ Lj, j ≥ 5

δi ≤ 0 if ti 6∈ L.Note that when k = 2, the upper bound on δi/|ai| for ti ∈ L4 is atuallystrit. In partiular, δi < |ai|/(k − 1), for all i ≥ 1.Lemma 4.2 Let b ≥ 1 and k ≥ 2 be integers. If a · x ≥ b and ‖a‖1 ≤ k,then ∆ < 1.Proof: Assume that there is an index l suh that tl 6∈ L. Then, |al| > 0 so
∑

i6=l |ai| ≤ k − 1. We then have
∆ ≤

∑

i6=l

δi <
∑

i6=l

|ai|
k − 1

≤ k − 1

k − 1
= 1. (4.2)Therefore, we an assume that for all 1 ≤ i ≤ n we have ti ∈ L. Let

X1 = {i | ti ∈ L1} and X2 = {i | ti ∈ L2}. We will bound ∆ by separatelybounding the three parts of the sum with index sets X1, X2 and {1, . . . , n}\
(X1 ∪ X2). Let p =

∑

i∈X1
|ai| and q =

∑

i∈X2
|ai|. Sine ti ≥ 0 if and onlyif i ∈ X1 ∪ X2, we must have that ∑i∈X1∪X2
|ai|ti ≥ a · x ≥ b ≥ 1, hene

p · 2/k + q · 1/k > 1 ⇔ 2p + q > k. Upper bounding the three parts yields:
∆ < p · k − 2

k(k − 1)
+ q · 1

k
+ (k − p − q) · 1

k − 1
=

k2 − 2p− q

k(k − 1)
< 1.The lemma follows.We an now use Lemma 4.2 to prove the following lemma, and ompletethe proof of Proposition 4.1.Lemma 4.3 Let b ≥ 1 and k ≥ 2 be integers. If a · x ≥ b and ‖a‖1 ≤ k,then a · x̂ ≥ b.



4. Minimisation of Integer Linear Programs 75Proof: From Lemma 4.2, we have ∆ = a · x − a · x′ < 1 whih an berearranged to a · x′ > a · x − 1 ≥ b − 1. Multipliation by k − 1 now yields
a · x̂ = (k − 1)a · x′ > (k − 1)(b − 1). (4.3)When k ≥ 2 and b ≥ 1, we have (k − 1)(b− 1) ≥ b− 1, so (4.3) implies that

a · x̂ > b − 1. It now follows from the integrality of a · x̂ that a · x̂ must infat be greater than or equal to b.Proof: [Proposition 4.1℄ It remains to prove the statement for k ≥ 2. For aninstane of IPk, we solve the LP-relaxation and obtain a solution x suh that
Ax ≥ b, and cT x is less than or equal to the optimum of the orrespondinginteger program. In partiular, a · x ≥ b for every row vetor aT of A. ByLemma 4.3, it follows that a · x̂ ≥ b, and therefore Ax̂ ≥ b. The value ofthe objetive funtion for the solution x̂ is cT x̂ ≤ k · cT x, hene we haveapproximated IPk within k.4.1.1 Lower boundsA k-uniform hypergraph H is a pair (V, E), where V is a set of vertiesand eah hyperedge e ∈ E is a k-element subset of V . The Ek-Vertex-Cover problem is that of �nding a minimum size vertex over in a k-uniform hypergraph. Note that E2-Vertex-Cover is idential to the well-known Minimum Vertex Cover for ordinary graphs. Given H , there isan immediate redution to a CIP with one variable xi for eah vertex vi ∈ Vand one inequality of the form

xj1 + xj2 + . . . + xjk
≥ 1for eah hyperedge ej = {vj1 , vj2 , . . . , vjk

} ∈ E. Here, the domain X may beany superset of {0, 1}n sine we an always obtain a feasible solution x′ =
min{1,x} (omponentwise) with at least as small measure. Consequently,if Ek-Vertex-Cover is not approximable within a onstant α, then IPk isnot approximable within α either.The best lower bounds urrently known under the assumption of P 6=NP is 1.3606 for Minimum Vertex Cover by Dinur and Safra [40℄ and
k − 1 − ε for Ek-Vertex-Cover by Dinur et al. [39℄. Stronger bounds areobtainable by exploiting stronger omplexity theoretial assumptions suh asKhot's Unique Games Conjeture: Khot and Regev [96℄ show that modulothe truth of this onjeture, Ek-Vertex-Cover annot be approximatedwithin k − ε for any ε > 0. Thus, we have good reasons to believe that itmay in fat be NP-hard to approximate Ek-Vertex-Cover within k − εfor any ε. Combined with Proposition 4.1, this bound yields a (onjetured)tight approximation onstant of k for IPk. This bound also mathes theupper bound on CIP by Carr et al. [24℄.



76 4.2. Bounded domain4.2 Bounded domainLet X = {0, 1, . . . , a− 1}, a ≥ 2 and k ≥ 3, with at least one of the inequal-ities strit. In this ase, we show that it is NP-hard to �nd any feasiblesolution to IPk. The exeptional ase a = 2 and k = 3 turns out to be ap-proximable within 3. We will redue from the problemOne-in-three SAT,whih was shown to be NP-hard by Shaefer [119℄. It is de�ned as follows:De�nition 4.4 One-in-three SAT is the deision problem with:Instane: A set of lauses {C1, . . . , Cm} over variables U = {u1, . . . , un},where eah lause is a disjuntion ui∨uj∨uk of exatly three variables.Question: Is there a satisfying assignment ϕ : U → {0, 1} suh that pre-isely one variable in eah lause is assigned the value 1?Note that we do not allow negations of the variables. This is in agreementwith Shaefer's original formulation.Proposition 4.5 Let a ≥ 2 and X = {0, 1, . . . , a − 1}n. When k ≥ 4, it isan NP-hard problem to �nd feasible solutions to IPk.Proof: Let {C1, . . . , Cm} be an One-in-three SAT-instane over U . Foreah instane variable ui ∈ U , reate a variable xi, and for eah lause
C = ui ∨ uj ∨ uk, add the following inequalities:

xi, xj , xk ≥ a − 2
xi + xj + xk ≥ 3(a − 2) + 1

(4.4)The �rst equation restrits the variables xi, xj , xk to the set {a − 2, a − 1}.The seond equation ensures that at least one of the variables xi, xj and xkis assigned the value a− 1. Furthermore, we add a (unique) new variable y,and the following inequalities
y ≥ a − 1

xi + xj ≤ 2y − 1 ⇔ 2y − xi − xj ≥ 1
xi + xk ≤ 2y − 1
xj + xk ≤ 2y − 1

(4.5)Sine y must be a−1, the last three inequalities, together with the fat that
xi, xj , xk ∈ {a− 2, a− 1} implies that at most one variable from {xi, xj , xk}takes the value a − 1. We an thus solve the original One-in-three SAT-instane by assigning ϕ(ui) = 0 if xi = a− 2 and ϕ(ui) = 1 if xi = a− 1. Itfollows that �nding a solution to IPk is NP-hard.It turns out that we an redue the number of variables per inequality byone if we allow at least three values in the domain.Corollary 4.6 If X = {0, 1, . . . , a − 1}n with a > 2, then the problem of�nding a feasible solution to IP3 is NP-hard.



4. Minimisation of Integer Linear Programs 77Proof: The proof of Proposition 4.5 an be altered in the following way toprodue the result in the orollary. First, replae the equations (4.4) with
xi + xj + xk ≥ 1. Then, replae 2y − 1 in equations (4.5) with y − (a − 2).Finally, let ϕ(ui) = 0 if xi = 0 and ϕ(ui) = 1 otherwise.One ase is left out from the two previous redutions, namely IP3 with
X = {0, 1}n. It turns out that this remaining ase an be approximatedusing a straightforward rounding sheme.Proposition 4.7 The problem IP3 with domain X = {0, 1}n an be ap-proximated within 3.Proof: Let x be an optimal solution to the LP-relaxation of IP3. We round
x to an integer solution x̂ as follows:

x̂i =

{

0 if xi < 1/3,
1 otherwise.This inreases the value of the objetive funtion by at most 3. The prooffollows a similar strategy as that of Proposition 4.1. De�ne ti = sgn(ai) · xiand t̂i = sgn(ai) · x̂i. We note again that is su�es to show that

∆ = a · x− a · x̂ =

n∑

i=1

|ai|(ti − t̂i) < 1,sine we then have a · x̂ > a · x − 1 ≥ b − 1, and the result follows from theintegrality of a · x̂.Let X1 = {i | −1 ≤ ti ≤ −1/3} and X2 = {i | −1/3 < ti < 1/3}, and let
p =

∑

i∈X1
|ai| and q =

∑

i∈X2
|ai|. The values of p and q must satisfy

b ≤ a · x ≤ p · (−1/3) + q · 1/3 + (3 − p − q) · 1 (4.6)whih implies p · 2/3 + q · 1/3 ≤ 1, where we have used 1 as a lower boundfor b. In fat, we have p · 2/3+ q · 1/3 < 1: if q = 0, this follows immediatelyfrom the non-strit inequality, and if q > 0, then the term q · 1/3 in (4.6) isa strit upper bound on ∑i∈X2
ti.To �nish the proof, note that {i | ti − t̂i > 0} ⊆ X1 ∪ X2. We thereforehave the bound

∆ ≤
∑

i∈X1∪X2

|ai|(ti − t̂i) ≤ p · 2/3 + q · 1/3 < 1,and the proposition follows.



78 4.3. Disussion and future work4.3 Disussion and future workWe have obtained a tight approximation of a general lass of integer linearprograms under the parameterisation ‖A‖∞ ≤ k. It is however important tonote, that the result in Setion 4.1 is tight only with respet to this partiularparameterisation. It is still imaginable that there exists an approximationalgorithm whih approximates IPk within, for example, the maximum num-ber of non-zero entries in any row of A as was the ase for the CIP problems.The approah of Carr et al. [24℄ is based on adding so-alled Knapsak Cover(KC) inequalities to the program, whih lowers the integrality gap. The ex-ponentially many inequalities are then handled using a separation orale.We note that for (4.1), there seems to be no natural ounterpart to theKC-inequalities. The main obstale is that the validity of the inequalities of(4.1) does not uniformly improve upon inreasing individual variables, as isthe ase for ordinary overing problems.A �rst step in this diretion ould be to look for a 2-approximation of(4.1) with at most two variables per inequality (or, indeed, prove that suhan algorithm is unlikely to exist.) An algorithm is known for arbitraryright-hand sides when the variables are bounded, see Hohbaum et al. [72℄.The idea behind the proof is to redue the problem to program with onlymonotone inequalities (ax − by ≥ c, where a, b > 0.) This system an thenbe solved in pseudo-polynomial time, depending on the square of the upperbounds of the variables. The value of the �nal solution an then easily beseen to be o� by at most a fator of 2. To use a similar approah, one wouldlike to prove that polynomial time is retained for monotone inequalities,when arbitrary right-hand sides and bounded domain is substituted withpositive right-hand sides and unbounded domain. We note that this anbe seen as a onstraint satisfation problem over an in�nite domain, andthat the onstraint language of monotone inequalities is invariant under theoperations min and max.Dobson [41℄ and Fisher and Wolsey [54℄ both analyse greedy algorithmsfor CIP and derive bounds of O(log d), where d is the maximum olumnsum of A. As for the KC-inequalities, the orretness of these algorithmsruially uses the non-negativity of the A-matrix, and a diret generalisationto IP fails. Nevertheless, it seems reasonable to assume that some kind ofolumn-sum bound for IP should exist.



Chapter 5Approximation DistaneIn this hapter, we ontinue to study approximation ratios for optimisationproblems. We introdue a novel method designed to extend known approx-imation ratios for one problem to bounds on the ratio for other problems.We start out in a quite general setting, but will keep things relatively infor-mal before we onretise. The added generality is only meant to highlightthe underlying idea�our results reside almost exlusively in the onretesetting.General formulationLet P be a family of maximisation problems parameterised by a family Mof strutures, so that P(M) is an optimisation problem for eah M ∈ M,Assume that the set of instanes, IP(M), is the same for every struture M ,and all this set IP . Denote by OptM (I) the optimal measure of a solutionto I as an instane of the problem P(M). We will assume that all measuresare non-negative. Finally, we will assume that there is a quasi-order (are�exive and transitive binary relation) � on the set of strutures suh thatif M � N , then there exists a polynomial-time omputable funtion FM,N :SolP(M)(I) → SolP(N)(I) suh that mM (f) ≤ mN (F (f)). In partiular,
M � N implies OptM (I) ≤ OptN (I).The basi idea is to ask how far o� we would be if, instead of solving aninstane I ∈ IP for P(N), we solve it for the problem P(M). We will takethe following quantity as the answer to this question:

s(M, N) = inf
I∈IP

OptM (I)OptN (I)
. (5.1)Some are must be taken to ensure that OptN (I) is not 0, for example byexluding all suh instanes from the set IP . Assuming M � N , we have

0 ≤ s(M, N) ≤ 1, and if there are instanes for whih OptM and OptN arevery di�erent, then s(M, N) is lose to 0. On the other hand, if s is lose to1, then for all instanes, OptM and OptN are similar, and hene we expet



80that a bound for the approximation ratio of P(M) should translate intosome bound for P(N). Indeed, this is preisely what happens. From (5.1),it follows that for any I ∈ IP , we haveOptM (I) ≥ s(M, N) ·OptN (I). (5.2)Using this observation, we an show the following:Lemma 5.1 Let M � N be two strutures. If OptM an be approximatedwithin α, then OptN an be approximated within α · s(M, N).Proof: Let A(x) be the solution returned by an algorithm whih approxi-mates OptM within α. For any I ∈ IP , we have mM (A(I)) ≥ OptM (I) · α,and also (5.2). Consequently,OptN (I) ≥ mN (A′(I)) ≥ mM (A(I)) ≥ OptM (I) · α ≥
≥ OptN (I) · s(M, N) · α,where A′(I) = FM,N (A(I)). The onlusion is that if we solve I for P(M)using the algorithm A, then the measure of the solution A′(I) is within

α · s(M, N) of the optimum of I as an instane of P(N).The ontrapositive of Lemma 5.1 is also of interest: if M � N and OptN annot be approximated within β, then OptM annot be approximated within
β/s(M, N), unless P = NP. Hene s(M, N) allows us to extend knownupper and lower bounds on the approximation ratio of one problem P(M)to bounds for another problem P(N), provided that s(M, N) is lose to1. Clearly, to gain some advantage from this method, we must be able todetermine s(M, N) in some generality. From the de�nition (5.1) it is notat all obvious how to do this, or even if it an be done within reasonabletime restritions, but we will see that this is in fat possible in the ases westudy.Graph homomorphism problemsWe now onretise the method just desribed by assuming that the family
P is some optimisation variation of a graph homomorphism problem onundireted graphs. We note already here that we ould have hosen towork with general homomorphism problems between relational strutureswithout hanging muh of the results. The two main reasons for hoosingundireted graphs are that things tend to be easier to visualise in this setting,and seondly, that graph homomorphisms are understood in muh greaterdetail than their general ounterparts. But see the disussion in Setion 5.7for some onsiderations on possible generalisations of the obtained results.Let G and H be undireted graphs. If both G is homomorphi to H and
H is homomorphi to G, then we say that G and H are homomorphiallyequivalent and denote this by G ≡ H . The set of all homomorphisms from
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G to H is denoted by Hom(G, H). The family M of strutures, as well asthe instanes, will onsist of undireted, sometimes weighted, graphs. Theweights on the graphs will a�et the measure m and, in one ase, also therelation �.We onsider two di�erent problems of this type. In addition to the usualsuspet, Max Sol, we will look at the following problem:De�nition 5.2 The weighted maximum H-olourable subgraph problem, orMax H-Col for short, is the maximisation problem withInstane: An undireted graph G with edge-weight ω : E(G) → Q≥0.Solution: A subgraph G′ ⊆ G suh that G′ → H.Measure: The weight of G′ with respet to w.The solutions to aMax H-Col instane have an alternative desription,whih is better suited for our needs: for any vertex map f : V (G) → V (H),let f# : E(G) → E(H) be the (partial) edge map indued by f . Eahfuntion f then uniquely determines a subgraph G′ = (f#)−1(H) ⊆ G,but two distint funtions, f and g, do not neessarily determine distintsubgraphs. In this notation h : V (G) → V (H) is a graph homomorphismpreisely when (h#)−1(E(H)) = E(G) or, alternatively when h# is a totalfuntion. The set of solutions to an instane (G, ω) of Max H-Col anthen be taken to be the set of vertex maps f : V (G) → V (H) with themeasure

mH(f) =
∑

e∈(f#)−1(E(H))

ω(e). (5.3)We will predominantly use this desription of solutions.The following are short instantiations of the general method for our twoproblems of interest. The details are worked out in Setions 5.1 through 5.4for Max H-Col and in Setion 5.6 for Max Sol.
P(M) = Max M -ColWe use as solution set SolP(M)(G) = V (M)V (G), the set of all funtionsfrom V (G) to V (M). The instane graph G is edge-weighted by a funtion
ω : E(G) → Q≥0. The measure of f ∈ SolP(M)(G) is given by (5.3).The relation � is taken to be the homomorphism relation →, and we musthek that it satis�es the requirements. Let M → N , f ∈ SolP(M)(G)and h ∈ Hom(M, N). Then, g = h ◦ f is a solution to Max N -Col,and (g#)−1 = (f#)−1 ◦ (h#)−1. Sine (h#)−1(E(N)) = E(M), we have
(g#)−1(E(N)) = (f#)−1(E(M)), whih in turn implies mN (h◦f) = mM (f),as required.



82
P(M) = Max Sol(M)In this ase SolP(M)(G) = Hom(G, M). The graphs G and M have vertexweights given by the funtions ω : V (G) → Q≥0 and ν : V (M) → Q≥0,respetively. For a solution f , we have mM (f) =

∑

v∈V (G) ω(v) · ν(f(v)).The relation � is not ompletely obvious, and will depend on the vertexweights. We give one possible de�nition in Setion 5.6.For a ouple of reasons we mainly over the problem Max H-Col.The de�nitions turn out to be more natural and easier to deal with forMax H-Col than for Max Sol(M). More importantly, there has beenmuh more researh onduted on the approximability of Max H-Col andthis is vital to the appliation of our method.Chapter outlineIn Setion 5.1, we begin by (re-)introduingMax H-Col as a generalisationof Max k-ut, and as a speial ase of Max Csp. We review knownresults on exat approximation ratios of this problem, inluding some upperbounds obtained by Khot et al. [95℄ under the assumption of the UniqueGames Conjeture. The basi properties of s in this setting are workedout in Setion 5.2, and we show that the expression for s an be drastiallysimpli�ed when N is an edge-transitive graph. A linear program is presentedfor the omputation of s, and we exemplify this in some small ases. Wealso introdue a losely related parameter d, whih is shown to be a metrion the spae of undireted graphs, modulo homomorphi equivalene.In Setion 5.3 we use the tools developed in Setion 5.2 to make somehands-on omputations of s for some families of graphs. In Setion 5.4,we use s for studying the approximability of Max H-Col and investigateoptimality issues, for several lasses of graphs. Comparisons are made tothe bounds ahieved by the general Max 2-Csp-algorithm by Håstad [75℄.Our investigation overs a spetrum of graphs, ranging from graphs withfew edges and/or ontaining long shortest yles to dense graphs ontaining
Θ(n2) edges. Dense graphs are onsidered from two perspetives; �rst asgraphs having a number of edges lose to maximal and seondly as graphsfrom the G(n, p) model of random graphs, pioneered by Erd®s and Rényi [48℄.In Setion 5.5, we start out studying a seemingly di�erent problem,formalised as a frational edge-overing problem, and a related �hromatinumber�. It turns out that this onstrution is strongly related to s, andthat we an pass e�ortlessly between the two views, gaining insights intoboth. This part is highly inspired by work of �ámal on ubial olour-ings [122, 123, 124℄. We work out some details for the Max Sol problemas well, in Setion 5.6. Finally, we summarise the future prospets and openproblems of the method in Setion 5.7.



5. Approximation Distane 835.1 Approximation distane for Max H-ColLet G be a simple and undireted graph. Given a subset S ⊆ V (G), a utin G with respet to S is the set of edges from a vertex in S to a vertex in
V (G) \ S. The Max ut problem asks for the size of a largest ut in G.More generally, a k-ut in G is the edges going from Si to Sj , i 6= j, where
S1, . . . , Sk is a partitioning of V (G), and the Max k-ut problem asks forthe size of a largest k-ut (f. Setion 2.4.1.) The problem is readily seen tobe equivalent to �nding a largest k-olourable subgraph of G. As we havenoted,Max k-ut is APX-omplete for every k ≥ 2 and onsequently doesnot admit a polynomial-time approximation sheme (Ptas).Sine the 1970s, the trivial approximation ratio of 1/2, obtained by theargument in Example 1.5, was the best known forMax ut. It was not until1995 that Goemans and Williamson [58℄, using semide�nite programming(SDP), ahieved a ratio of 0.87856. Until very reently no other methodthan SDP was known to yield a non-trivial approximation ratio for Maxut. Trevisan [128℄ broke this barrier by using algebrai graph theory teh-niques to reah an approximation guarantee of .531. Frieze and Jerrum [55℄determined lower bounds on the approximation ratios forMax k-ut usingSDP tehniques. Sharpened results for small values of k have later beenobtained by de Klerk et al. [38℄.Under the assumption that the Unique Games Conjeture (UGC) holds,Khot et al. [95℄ proved the approximation ratio for k = 2 to be essentiallyoptimal and also provided upper bounds on the approximation ratio for
k > 2. Håstad [75℄ has shown that SDP is a universal tool for solving thegeneralMax 2-Csp problem over any domain, in the sense that it establishesnon-trivial approximation results for all of those problems. Assuming UGC,Raghavendra's SDP algorithms [116℄ have optimal performane for everyMax Csp, but the exat approximation ratios are not yet known and maybe hard to ompute. In ombination with our results, suh ratios ould beused to on�rm or disprove UGC.Here, we study approximability properties ofMax H-Col for undiretedgraphs H , a problem whih generalises Max k-ut, and speialises thegeneral Max Csp problem. Jonsson et al. [81℄ have shown that whenever
H is loop-free, Max H-Col does not admit a Ptas, and otherwise theproblem is trivial. Langberg et al. [103℄ have studied the approximabilityof Max H-Col when H is part of the input. We present approximabilityresults for Max H-Col where H is taken from di�erent families of graphs.Many of these results turn out to be lose to optimal under UGC.Denote by G the set of all non-empty, simple, and undireted graphs. Fora graph G ∈ G, let W(G) be the set of weight funtions ω : E(G) → Q≥0.We will further assume that ω ∈ W(G) is not identially 0. For ω ∈ W(G),we let ‖ω‖1 =

∑

e∈E(G) w(e) denote the total weight of G. Given an edge-weighted graph (G, ω), denote by mcH(G, ω) the measure of an optimalsolution to the problemMax H-Col. Denote by mck(G, ω) the (weighted)



84 5.2. Properties of the parameter ssize of a largest k-ut in (G, ω). This notation is justi�ed by the fat that
mck(G, ω) = mcKk

(G, ω) and in this sense, Max H-Col generalises Max
k-ut. The deision version of Max H-Col, the H-olouring problem,has been extensively studied (see [70℄ and its many referenes). Hell andNe²et°il [71℄ were the �rst to show that this problem is in P if H ontains aloop or is bipartite, and NP-omplete otherwise.The parameter s for Max H-ColWe �x the family of problems to P = {Max H-Col}H∈G . The de�nitionof s in (5.1) then takes the following form:

s(M, N) = inf
G∈G

ω∈W(G)

mcM (G, ω)

mcN (G, ω)
. (5.4)Note that mcN (G, ω) is always non-zero, as G and N are both non-empty,and ω is not identially 0.Lemma 5.3 Let M → N be two graphs. If mcM an be approximatedwithin α, then mcN an be approximated within α · s(M, N). If it is NP-hard to approximate mcN within β, then then mcM is not approximablewithin β/s(M, N), unless P = NP.Example 5.4 The algorithm by Goemans andWilliamson forMax ut[58℄is a 0.87856-approximating algorithm for Max K2-Col. In Setion 5.3, wewill see that s(K2, C11) = 10/11. We an now apply Lemma 5.3 to K2 →

C11, and we �nd that thisMax ut-algorithm approximatesMax C11-Colwithin 0.87856 · s(K2, C11) ≈ 0.79869.5.2 Properties of the parameter sIn this setion we start out by establishing some basi properties of theparameter s, essentially that it is invariant under homomorphi equivalene.We then move on to �nding a simpli�ed expression for s, more suitablefor omputations. The setion is onluded by a partiularly useful result,Lemma 5.12, whih we will use repeatedly throughout this hapter. We alsodetermine how s behaves under ategorial produt and disjoint union.Lemma 5.5 Let M, N ∈ G and M → N . Then, for every G ∈ G and everyweight funtion ω ∈ W(G),
mcM (G, ω) ≤ mcN (G, ω).Proof: If G′ → M for some subgraph G′ of G, then G′ → N as well. Thelemma immediately follows.



5. Approximation Distane 85Corollary 5.6 If M ≡ N , then mcM (G, ω) = mcN (G, ω).Corollary 5.7 Let M1 ≡ M2 and N1 ≡ N2 be two pairs of homomorphiallyequivalent graphs. Then, s(Ni, Mj) = s(Nk, Ml) for i, j, k, l ∈ {1, 2}.Proof: Corollary 5.6 says that for all G ∈ G and ω ∈ W(G), we have
mcMj

(G, ω)

mcNi
(G, ω)

=
mcMl

(G, ω)

mcNk
(G, ω)

.Now, take in�ma over graphs G and weight funtions ω on both sides.5.2.1 Exploiting symmetriesWe are interested in �nding an expression for s whih an be omputedmore easily than the one in (5.4). In Lemma 5.9, we show that a partiulartype of weight funtion provides a lower bound on mcM (G, ω)/mcN (G, ω),and in Lemma 5.11, we provide a simpler expression for s(M, N) whihdepends diretly on the automorphism group and thereby the symmetries of
N . This expression beomes partiularly simple when N is edge-transitive.An immediate onsequene of this is that, for edge-transitive graphs H , wehave s(K2, H) = b(H), where b(H) is the bipartite density of H ; thebipartite density an be de�ned as the ratio between the maximum ut, andthe number of edges in H , and is a well-studied graph parameter [2, 10, 16,73, 105℄.The optimum mcH(G, ω) is sub-linear with respet to the weight fun-tion, as is shown by the following lemma.Lemma 5.8 Let G, H ∈ G, α ∈ Q≥0 and let ω, ω1, . . . , ωr ∈ W(G) beweight funtions on G. Then,

• mcH(G, α · ω) = α · mcH(G, ω),
• mcH(G,

∑r
i=1 ωi) ≤

∑r
i=1 mcH(G, ωi).Proof: The �rst part is trivial. For the seond part, let G′ be an optimalsolution to the instane (G,
∑r

i=1 ωi) ofMax H-Col. Then, the measure ofthis solution equals the sum of the measures of G′ as a (possibly suboptimal)solution to eah of the instanes (G, ωi).Let f : V (G) → V (H) be an optimal solution to the instane (G, ω) ofMax H-Col. De�ne ωf ∈ W(H) as follows:
ωf (e) =

∑

e′∈(f#)−1(e)

ω(e′)

mcH(G, ω)
. (5.5)The following lemma is the warm-up for Lemma 5.11.



86 5.2. Properties of the parameter sLemma 5.9 Let M, N ∈ G be two graphs. Then, for every G ∈ G, every
ω ∈ W(G), and any optimal solution f to (G, ω) of Max N -Col, it holdsthat

mcM (G, ω)

mcN (G, ω)
≥ mcM (N, ωf ).Proof: Arbitrarily hoose an optimal solution g : V (N) → V (M) to theinstane (N, ωf ) of Max M -Col. Then, g ◦ f is a solution to (G, ω) asan instane of Max M -Col. The weight of this solution is mcM (N, ωf ) ·

mcN(G, ω), whih implies that
mcM (G, ω) ≥ mcM (N, ωf ) · mcN(G, ω).The result follows after division by mcN(G, ω).From Lemma 5.9, we have the following orollary, whih shows that it ispossible to eliminate G ∈ G from the in�mum in the de�nition of s.Corollary 5.10 Let M, N ∈ G be two graphs. Then,
s(M, N) = inf

ω∈W(N)
‖ω‖1=1

mcM (N, ω).Proof: Lemma 5.9 shows that s(M, N) ≥ infω∈W(N),‖ω‖1=1 mcM (N, ω),sine ‖ωf‖1 = 1. For the other diretion, we speialise G to N , and restrit
ω to obtain:

s(M, N) ≤ inf
ω∈W(N)
‖ω‖1=1

mcM (N, ω)

mcN (N, ω)
= inf

ω∈W(N)
‖ω‖1=1

mcM (N, ω).This onludes the proof.Let M and N ∈ G be graphs and let A = Aut∗(N) be the (edge) auto-morphism group of N , i.e. π ∈ A ats on E(N) by permuting the edges. Thegraph N is edge-transitive if and only if A ats transitively on E(N). Let
Ŵ(N) be the set of weight funtions ω ∈ W(N) whih satisfy ‖ω‖1 = 1, andfor whih ω(e) = ω(π · e) for all e ∈ E(N), π ∈ Aut∗(N). That is, ω is on-stant on the orbits of Aut∗(N). Corollary 5.10 an be further strengthenedto the following lemma:Lemma 5.11 Let M, N ∈ G. Then,

s(M, N) = inf
ω∈Ŵ(N)

mcM (N, ω).In partiular, when N is edge-transitive,
s(M, N) = mcM (N, 1/e(N)).



5. Approximation Distane 87Proof: From Corollary 5.10, we have that
s(M, N) = inf

ω∈W(N)
‖ω‖1=1

mcM (N, ω) ≤ inf
ω∈Ŵ(N)

mcM (N, ω).To omplete the �rst part of the lemma, it will be su�ient to prove thatfor any graph G ∈ G and ω ∈ W(G), there is an ω′ ∈ Ŵ(N) suh that thefollowing inequality holds:
mcM (G, ω)

mcN (G, ω)
≥ mcM (N, ω′). (5.6)Taking in�ma on both sides of this inequality then shows that

s(M, N) ≥ inf
ω′∈Ŵ(N)

mcM (N, ω′).Let A = Aut∗(N) be the automorphism group of N and let π ∈ A be anarbitrary automorphism of N . If f is an optimal solution to (G, ω) as aninstane of Max N -Col, then so is fπ = π ◦ f . By Lemma 5.9, inequality(5.6) is satis�ed by ωπ◦f . Summing π in this inequality over A gives
|A| · mcM (G, ω)

mcN (G, ω)
≥
∑

π∈A

mcM (N, ωπ◦f ) ≥ mcM (N,
∑

π∈A

ωπ◦f ),where the last inequality follows from Lemma 5.8. The weight funtion
∑

π∈A ωπ◦f is determined as follows:
∑

π∈A

ωπ◦f(e) =
∑

π∈A

∑

e′∈(f#)−1(π·e) ω(e′)

mcN(G, ω)

=
|A|
|Ae| ·

∑

e′∈(f#)−1(Ae) ω(e′)

mcN (G, ω)
,where Ae denotes the orbit of e under A. We have now shown that theinequality in (5.6) is satis�ed by ω′ =

∑

π∈A ωπ◦f/|A|, and that ω′ is in
Ŵ(N). The �rst part of the lemma follows.For the seond part, note that when the automorphism group A ats transi-tively on E(N), there is only one orbit Ae = E(N) for all e ∈ E(N). Then,the weight funtion ω′ is given by

ω′(e) =
1

e(N)
·
∑

e′∈(f#)−1(E(N)) w(e′)

mcN (G, ω)
=

1

e(N)
· mcN (G, ω)

mcN (G, ω)
,sine f is optimal.We see from Lemma 5.11 that when H is edge-transitive, we have s(K2, H) =

mc2(H, 1/e(H)) = b(H), i.e. s(K2, H) is the bipartite density of H . We notethat while s is invariant under homomorphi equivalene, this is not true forbipartite density.



88 5.2. Properties of the parameter s5.2.2 A sandwihing lemmaIn some ases, for graphs M , H , and N , it may be di�ult to determine
s(M, H), or s(H, N) diretly. However, if we know that H is �homomor-phially sandwihed� between M and N , so that M → H → N , then wean provide an upper bound on these parameters by using s(M, N). Moregenerally, we have the following lemma:Lemma 5.12 Let M → K and H → N . Then,

s(M, H) ≥ s(M, N) and s(K, N) ≥ s(M, N).Proof: Sine H → N , it follows from Lemma 5.5 that mcH(G, w) ≤
mcN(G, w). Thus,

s(M, H) = inf
G∈G

ω∈W(G)

mcM (G, ω)

mcH(G, ω)
≥ inf

G∈G
ω∈W(G)

mcM (G, ω)

mcN (G, ω)
= s(M, N).The seond part follows similarly.We will see several appliations of this lemma in Setion 5.3 and Se-tion 5.4, as well as in the following results. First, we give a bound on

s(M, N), for a �xed graph M .Proposition 5.13 Let M ∈ G be a �xed graph. Then, for any N ∈ G,
1 ≥ s(M, N) >

∑

{u,v}∈E(M)

deg(u) deg(v)

2e(M)2
.Proof: The upper bound is an immediate onsequene of Corollary 5.10.For the lower bound, let n = χ(N) be the hromati number of N , and notethat N → Kn. Therefore, s(M, N) ≥ s(M, Kn) = mcM (Kn, 1/e(Kn)) byLemma 5.12 and the seond part of Lemma 5.11, respetively. The resultfollows from Lemma 2.6.For a d-regular graph M , we have

s(M, N) >
d

n(M)
,and in partiular,

s(Km, N) >
m − 1

m
.The homomorphism relation → de�nes a quasi-order, but not a partialorder on the set G. The failing axiom is that of antisymmetry, sine G ≡ Hdoes not neessarily imply G = H . To remedy this, let G≡ denote the setof equivalene lasses of G under ≡. The relation → is de�ned on G≡ inthe natural way and (G≡,→) is a lattie denoted by CS . Let M, N ∈ G be



5. Approximation Distane 89two representatives of elements in the lattie CS . The greatest lower bound(meet) an be found by taking the ategorial produt, M×N , whih hasvertex set V (M) × V (N) and an edge between (u1, v1) and (u2, v2) if andonly if {u1, u2} ∈ E(M) and {v1, v2} ∈ E(N). The least upper bound (join)is found by taking the disjoint union M ∪ N . This situation is depited inFigure 5.1. For a more in-depth treatment of this lattie in partiular, andgraph homomorphisms in general, see [70℄.
M × N

M N

M ∪ N

Figure 5.1: Meet (M × N) and join (M ∪ N) in CS .Lemma 5.14 For graphs G, Gi, H, Hi ∈ G, it holds that:
• s(G, H1 ∪ H2) = min{s(G, H1), s(G, H2)};
• s(G, H1 × H2) ≥ max{s(G, H1), s(G, H2)};
• s(G1 ∪ G2, H) ≥ max{s(G1, H), s(G2, H)}; and
• s(G1 × G2, H) ≤ min{s(G1, H), s(G2, H)}.Proof: Using Lemma 5.11 we get:

s(G, H1 ∪ H2) = inf
ω∈Ŵ(H1∪H2)

(mcG(H1, ω|H1) + mcG(H2, ω|H2)) =

= inf
0≤α≤1

inf
ω1∈Ŵ(H1)

ω2∈Ŵ(H2)

(mcG(H1, α · ω1) + mcG(H2, (1 − α) · ω2)) =

= min

{

inf
ω1∈Ŵ(H1)

mcG(H1, ω1), inf
ω2∈Ŵ(H2)

mcG(H2, ω2)

}

=

= min {s(G, H1), s(G, H2)} ,whih proves the �rst part. The inequalities are straightforward appliationsof Lemma 5.12. It is easy to see that the �rst and seond inequalities anbe strit: let H1 and H2 (G1 and G2) be inomparable graphs, and hoose
G = H1 × H2 (H = G1 ∪ G2.)



90 5.2. Properties of the parameter sCorollary 5.15 For M, N ∈ G, s(M × N, N) ≤ s(M, N) = s(M, M ∪ N).Proof: We have s(M × N) ≤ min{s(M, N), s(N, N)} = s(M, N), and
s(M, M ∪ N) = min{s(M, M), s(M, N)} = s(M, N).5.2.3 The spae (G≡, d)The parameter s(M, N) enjoys many properties whih make it at as somekind of distane between the graphs M and N . Lemma 5.12 stands outas a partiularly lear example. This interpretation is also present in ourmain appliation of the parameter, namely Lemma 5.3. As was noted inthe introdution, this result essentially says that graphs whih are �lose�in s, in the sense of having an s-value lose to 1, also have losely relatedapproximation ratios. In the end of the previous setion, we de�ned G≡ tobe the set of undireted graphs modulo homomorphi equivalene. Here weendow G≡ with a metri d de�ned in the following way: for M, N ∈ G, let

d(M, N) = 1 − s(M, N) · s(N, M)Corollary 5.7 shows that d is well-de�ned as a funtion on the set G≡.We now show that d is indeed a metri on this spae.Lemma 5.16 The pair (G≡, d) forms a metri spae.Proof: Positivity and symmetry follows immediately from the de�nitionand the fat that 0 ≤ s(M, N) ≤ 1 for all M and N . Sine s(M, N) = 1 ifand only if N → M , it also holds that d(M, N) = 0 if and only if M and
N are homomorphially equivalent. That is, d(M, N) = 0 if and only if Mand N represent the same member of G≡. Furthermore, for graphs M, Nand K ∈ G:

s(M, N) · s(N, K) = inf
G∈G

ω∈W(G)

mcM (G, ω)

mcN (G, ω)
· inf

G∈G
ω∈W(G)

mcN (G, ω)

mcK(G, ω)

≤ inf
G∈G

ω∈W(G)

mcM (G, ω)

mcN (G, ω)
· mcN(G, ω)

mcK(G, ω)
= s(M, K).Therefore, with a = s(M, N) · s(N, M), b = s(N, K) · s(K, N) and c =

s(M, K) · s(K, M) ≥ a · b,
d(M, N) + d(N, K) − d(M, K) = 1 − a + 1 − b − (1 − c) ≥

≥ 1 − a − b + a · b = (1 − a) · (1 − b) ≥ 0,whih shows that d satis�es a triangle inequality.Finally we show that proximity of graphs G and H in d allows us to de-termine bounds on the approximability ofMax H-Col from known boundson the approximability of Max G-Col. This is a (slightly) more generalversion of Lemma 5.3.



5. Approximation Distane 91Lemma 5.17 Let M and N be undireted graphs. If mcM an be approxi-mated within α, then mcN an be approximated within α · (1 − d(M, N)). Ifit is NP-hard to approximate mcN within β, then mcM is not approximablewithin β/ (1 − d(M, N)), unless P = NP.Proof: Let f = A(G, ω) be the solution returned by an algorithm whihapproximates mcM within α. The algorithm A′ for approximating N beginsby obtaining f in polynomial time from the algorithm A. It then proeeds tosolveMax N -Col for the instane (M, ωf ) (f. (5.5)) to produe a solution
f ′ : V (G) → V (N). This takes onstant time sine M and N are �xed. Forthe �rst part of the lemma, it remains to show that f ′ is a su�iently goodapproximation of mcN (G, ω). The measure of f ′ an be bounded as follows:

mN (f ′) = mM (f) · mcN (M, ωf )

≥ mM (f) inf
ω∈W(M)
‖ω‖1=1

mcN (M, ω)

= mM (f) · s(N, M),where the �nal equality follows from Corollary 5.10. From (5.4) we have theinequality mcM (G, ω) ≥ s(M, N) · mcN(G, ω) for all G ∈ G and ω ∈ W(G).Consequently,
mcN (G, ω) ≥ mN(f ′) ≥ mM (f) · s(N, M) ≥

≥ mcM (G, ω) · α · s(N, M) ≥ mcN(G, ω) · α · s(N, M) · s(M, N) =

mcN (G, ω) · α · (1 − d(M, N)).The seond part follows immediately from the �rst.5.2.4 A linear program formulationWe start out with a linear program for s based on Corollary 5.10. Later wewill see how to redue the size of this program, but it serves as a good �rstexerise, and it will also be used for omparison with the linear programstudied in Setion 5.5.Eah vertex map f : V (N) → V (M) indues an edge map f#, whihprovides a lower bound on s of the following form:
∑

e∈(f#)−1(E(M))

ω(e) ≤ s(M, N). (5.7)By Corollary 5.10, we want to �nd the least s suh that for some weightfuntion ω ∈ W(N), ‖ω‖1 = 1, the inequalities (5.7) hold. Let the variablesof the linear program be {we}e∈E(N) and s. We then have the followinglinear program for s(M, N):Minimise ssubjet to ∑

e∈(f#)−1(E(M)) we ≤ s, for f ∈ V (M)V (N),
∑

e∈E(M) we = 1,where wi, s ≥ 0

(5.8)



92 5.2. Properties of the parameter sGiven an optimal solution {we}e∈E(N), s to (5.8), a weight funtion whihminimises mcM (N, ω) is given by ω(e) = we for e ∈ E(N). The measure ofthis solution is s = s(M, N). The program will learly be very large with
|E(N)| + 1 variables and |V (M)||V (N)| inequalities. Fortunately it an beimproved upon.From Lemma 5.11 it follows that in order to determine s(M, N), it issu�ient to minimise mcM (N, w) over Ŵ(N). We an use this to desribea smaller linear program for omputing s(M, N). For i ∈ {1, . . . , r}, let Aibe the orbits of Aut∗(N). The measure of a solution f when ω ∈ W(N)is equal to ∑r

i=1 fi · ωi, where ωi is the weight of an edge in Ai and fi isthe number of edges in Ai whih are mapped to an edge in M by f . Notethat given an ω, the measure of a solution f depends only on the vetor
(f1, . . . , fr) ∈ Nr. Therefore, take the solution spae to be the set of suhvetors:

F = { (f1, . . . , fr) | f is a solution to (N, ω) of Max M -Col}.Let the variables of the linear program be w1, . . . , wr and s, where wi rep-resents the weight of eah element in the orbit Ai and s is an upper boundon the solutions.Minimise ssubjet to ∑r
i=1 fi · wr ≤ s for (f1, . . . , fr) ∈ F,

∑r
i=1 |Ai| · wi = 1,where wi, s ≥ 0

(5.9)Given an optimal solution wi, s to this program, a weight funtion whihminimises mcM (N, ω) is given by ω(e) = wi for e ∈ Ai. The measure of thissolution is s = s(M, N).Example 5.18 The wheel graph on k verties, Wk, is a graph that on-tains a yle of length k − 1 plus a vertex v, whih is not in the yle, suhthat v is onneted to every other vertex. We all the edges of the k−1-yleouter edges and the remaining k − 1 edges spokes. It is easy to see thatthe lique number of Wk is equal to 4 when k = 4 (in fat, W4
∼= K4) andthat it is equal to 3 in all other ases. Furthermore, Wk is 3-olourable ifand only if k is odd, and 4-olourable otherwise. This implies that for odd

k, the wheel graphs are homomorphially equivalent to K3.We will determine s(K3, Wn) for even n ≥ 6 using the previously de-sribed onstrution of a linear program. The graph W8 is shown in Fig-ure 5.2. Note that the group ation of Aut∗(Wn) on E(Wn) has two orbits,one whih onsists of all outer edges (solid in the �gure) and one whih on-sists of all the spokes (dashed). If we remove one outer edge or one spokefrom Wk, then the resulting graph an be mapped homomorphially onto
K3. Therefore, it su�es to hoose F = {f, g} with f = (k − 1, k − 2) and
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Figure 5.2: The wheel graph W8.
g = (k − 2, k − 1) sine all other solutions will have a smaller measure thanat least one of these. The program for Wk looks as follows:Minimise ssubjet to (k − 1) · w1 + (k − 2) · w2 ≤ s

(k − 2) · w1 + (k − 1) · w2 ≤ s
(k − 1) · w1 + (k − 1) · w2 = 1where w1, w2, s ≥ 0The optimal solution to this program is given by w1 = w2 = 1/(2k − 2),with s(K3, Wk) = s = (2k − 3)/(2k − 2).Example 5.19 In the previous example, the two weights in the optimalsolution were equal. Here, we provide another example, where the weightsturn out to be di�erent for di�erent orbits. The irular omplete graph

K8/3 has vertex set {v0, v1, . . . , v7}, whih is plaed uniformly around airle. There is an edge between any two verties whih are at a distane atleast 3 from eah other. Figure 5.3 depits this graph.We will now alulate s(K2, K8/3). Eah vertex is at a distane 4 fromexatly one other vertex, whih means that there are 4 suh edges. Theseedges, whih are dashed in the �gure, form one orbit under the ation ofAut∗(K8/3) on E(K8/3). The remaining 8 edges (solid) form a seond orbit.Let V (K2) = {u0, u1}. We an obtain a solution f by mapping f(vi) = u0 if
i is even, and f(vi) = u1 if i is odd. This solution will map all solid edges to
K2, but none of the dashed, hene f = (0, 8). We obtain a seond solution
g by mapping g(vi) = u0 for 0 ≤ i < 4, and g(vi) = u1 for 4 ≤ i < 8.This solution will map all but two of the solid edges in K8/3 to K2, hene
g = (4, 6). The inequalities given by f and g imply the inequalities given by
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v0

v1
v2

v3

v4

v5
v6

v7Figure 5.3: The graph K8/3.any other solution, so we have the following program for s(K2, K8/3):Minimise ssubjet to 0 · w1 + 8 · w2 ≤ s
4 · w1 + 6 · w2 ≤ s
4 · w1 + 8 · w2 = 1where w1, w2, s ≥ 0The optimal solution to this program is given by w1 = 1/20, w2 = 1/10,and s(K2, K8/3) = s = 4/5.5.3 Cirular omplete graphsThe suessful appliation of our method relies on the ability to ompute

s(M, N) for various graphs M and N . In the previous setion we saw howthis an be aomplished by the means of linear programming. This insightis put to use in this setion in the ontext of irular omplete graphs.We have already ome aross examples of suh graphs in the form of yles,(ordinary) omplete graphs, and the graph in Figure 5.3. We will now takea loser look at them.De�nition 5.20 Let p and q be positive integers suh that p ≥ 2q. Theirular omplete graph, Kp/q, has vertex set {v0, v1, . . . , vn−1} and edgeset {{vi, vj} | q ≤ |i − j| ≤ p − q}.The image to keep in mind is that of the verties plaed uniformly around airle with an edge onneting two verties if they are at a distane at least
q from eah other.



5. Approximation Distane 95Example 5.21 Some well-known graphs are extreme ases of irular om-plete graphs:
• The omplete graph Kn, n ≥ 2 is a irular omplete graph with p = nand q = 1.
• The yle graph C2k+1, k ≥ 1 is a irular omplete graph with p =

2k + 1 and q = k.These are the only examples of edge-transitive irular omplete graphs.A fundamental property of the irular omplete graphs is given by thefollowing theorem:Theorem 5.22 (see Hell and Ne²et°il [70℄) For positive integers p, q,
p′, and q′,

Kp/q → Kp′/q′ ⇔ p/q ≤ p′/q′Due to this theorem, we may assume that whenever we write Kp/q, thepositive integers p and q are relatively prime.The main reason for introduing irular omplete graphs is that theyre�ne the notion of omplete graphs. In partiular, that they re�ne thenotion of the hromati number χ(G). Note that an alternative de�nition of
χ(G) is given by χ(G) = inf{n | G → Kn}. With this in mind, the followingis a natural extension of proper graph olouring, and the hromati number:De�nition 5.23 The irular hromati number, χc(G), of a graph Gis de�ned as inf{p/q | G → Kp/q}. A homomorphism from G to Kp/q isalled a (irular) p/q-olouring of G.For more on the irular omplete graphs and the irular omplete num-ber, see the book by Hell and Ne²et°il [70℄, and the survey by Zhu [134℄.Complete graphsLet ω(G) denote the lique number of G. The Turán graph T (n, r) is agraph formed by partitioning a set of n verties into r subsets, with sizesas equal as possible, and onneting two verties whenever they belong todi�erent subsets. Turán graphs have the following properties [129℄:

• e(T (n, r)) = ⌊
(
1 − 1

r

)
· n2

2 ⌋;
• ω(T (n, r)) = χ(T (n, r)) = r;
• if G is a graph suh that e(G) > e(T (v(G), r)), then ω(G) > r.



96 5.3. Cirular omplete graphsProposition 5.24 Let r and n be positive integers and let H be a graphsuh that ω(H) = r and χ(H) ≤ n. Then,
s(H, Kn) = e(T (n, r))/e(Kn) =

⌊(

1 − 1

r

)

· n2

2

⌋/(n

2

)

.In partiular, this holds with H = Kr.Proof: The graph Kn is edge-transitive. Therefore, by the seond part ofLemma 5.11, it su�es to show that mcH(Kn, 1/e(Kn)) = e(T (n, r))/e(Kn).By de�nition, T (n, r) is an r-partite subgraph of Kn, so T (n, r) → H .Hene, mcH(Kn, 1/e(Kn)) ≥ e(T (n, r))/e(Kn). Conversely, any subgraph
G of Kn suh that G → H must satisfy ω(G) ≤ ω(H) = r. Thus,by the third property of Turán graphs, e(G) ≤ e(T (n, r)) whih implies
mcH(Kn, 1/e(Kn)) ≤ e(T (n, r))/e(Kn).Cyle graphsThe even yles are all bipartite and therefore homomorphially equivalentto K2. The odd yles, on the other hand, form a hain in the lattie CSbetween K2 and C3 = K3 in the following manner:

K2 → · · · → C2i+1 → C2i−1 → · · · → C3 = K3.Note that the hain is in�nite on the K2-side. The following lemma givesthe value of s(M, N) for pairs of graphs in this hain. The value dependsonly on the target graph.Proposition 5.25 Let m > k be positive integers. Then,
s(K2, C2k+1) = s(C2m+1, C2k+1) =

2k

2k + 1
.Proof: Note that C2k+1 6→ K2 and C2k+1 6→ C2m+1. However, afterremoving one edge from C2k+1 the remaining subgraph is isomorphi to thepath P2k+1, whih in turn is homomorphi to both K2 and C2m+1. Hene

mc2(C2k+1, 1/(2k + 1)) = mc2m+1(C2k+1, 1/(2k + 1)) = 2k/(2k + 1). Sine
C2k+1 is edge-transitive, the result follows from Lemma 5.11.We now proeed to investigate the general ase s(Kr, Kt) for rational num-bers 2 ≤ r < t ≤ 3. In Setion 5.3.1, we �x r = 2 and hoose t so thatAut∗(Kt) has few orbits. We will �nd some interesting properties of thesenumbers whih lead us to look at ertain �onstant regions�, in Setion 5.3.2,and at the ase r = 2+1/k, in Setion 5.3.3. Our method is based on solvinga relaxation of the linear program (5.9) that was presented in the last se-tion, ombined with arguments that the hosen relaxation in fat �nds theoptimum in the original program. Most of the alulations, whih involvesome rather lengthy ad ho-onstrutions of solutions, are left out. Theomplete proofs are found in the tehnial report [44℄.



5. Approximation Distane 975.3.1 Maps to K2We onsider s(K2, Kt) for t = 2 + n/k with k > n ≥ 1, where n and k areintegers. The number of orbits of Aut∗(Kt) then equals ⌈(n + 1)/2⌉. Wewill denote these orbits by
Ac = {{vi, vj} ∈ E(Kp/q) | j − i ≡ q + c − 1 (mod p)},for c = 1, . . . , ⌈(n+1)/2⌉. Sine the number of orbits determine the numberof variables of the linear program (5.9), we hoose to begin our study of

s(K2, Kt) using small values of n. For n = 1 we have seen that the graph
K2+1/k is isomorphi to the yle C2k+1. For n = 2 we an assume that kis odd in order to have 2k + n and k relatively prime. We will write thisnumber as t = 2 + 2/(2k − 1) = 4k

2k−1 . Note that the graph K8/3 fromExample 5.19 is overed by Proposition 5.26, for k = 2, and that the proofis very similar in the general ase.Proposition 5.26 Let k ≥ 1 be an integer. Then, s(K2, K 4k
2k−1

) = 2k
2k+1 .Proof: Let V (K 4k

2k−1
) = {v0, v1, . . . , v4k−1} and V (K2) = {w0, w1}. Westart by presenting two maps f, g : V (K 4k

2k−1
) → V (K2). The map f sends

vi to w0 if i is even and to w1 if i is odd. Then, f maps all of A1 to K2but none of the edges in A2, so f = (4k, 0). The solution g sends a vertex
vi to w0 if 0 ≤ i < 2k and to w1 if 2k ≤ i < 4k. It is not hard to seethat g = (4k− 2, 2k). It remains to argue that these two solutions su�e todetermine s. But we see that any map h = (h1, h2) with h2 > 0 must utat least two edges in the even yle A1. Therefore, h1 ≤ 4k − 2, so h ≤ g,omponentwise. The proposition now follows by solving the relaxation of(5.9) using only the two inequalities obtained from f and g.For n = 3, t = 2 + 3/k, we see that if k ≡ 0 (mod 3), then Kt is anodd yle. If k ≡ 2 (mod 3), then 2 + 1/k ≤ t ≤ 2 + 2/(2k − 1) and byTheorem 5.22, Lemma 5.12, and known values on s, we have

2k

2k + 1
= s(K2, C2k+1) ≥ s(K2, Kt) ≥ s(K2, K 4k

2k−1
) =

2k

2k + 1
.It follows that s(K2, Kt) must be 2k/(2k + 1) as well. Therefore we assumethat t is of the form 2 + 3/(3k + 1) = 6k+5

3k+1 for an integer k ≥ 1.Proposition 5.27 Let k ≥ 1 be an integer. Then,
s(K2, K 6k+5

3k+1
) =

6k2 + 8k + 3

6k2 + 11k + 5
= 1 − 3k + 2

(k + 1)(6k + 5)
.For t = 2 + 4/k, we �nd that we only need to onsider the ase when

k ≡ 1 (mod 4) . We then have graphs Kt with t = 2 + 4/(4k + 1) = 8k+6
4k+1for integers k ≥ 1.



98 5.3. Cirular omplete graphsProposition 5.28 Let k ≥ 1 be an integer. Then,
s(K2, K 8k+6

4k+1
) =

8k2 + 6k + 2

8k2 + 10k + 3
= 1 − 4k + 1

(k + 1/2)(8k + 6)
.The expressions for s in Propositions 5.27 and 5.28 have some interestingsimilarities, but for n ≥ 5 it beomes muh harder to hoose a suitable setof solutions. Using brute fore omputer alulations, we have determinedthe �rst two values (for k = 1, 2) in eah of the ases t = 2 + 5/(5k + 1)(t = 17/6, 27/11) and t = 2+6/(6k+1) (t = 20/7, 32/13). These values aresummarised in the following table:

s(K2, Kt) t = 2 + 5/(5k + 1) t = 2 + 6/(6k + 1)

k = 1 322/425 ≈ 0.7576 67/89 ≈ 0.7528
k = 2 5/6 ≈ 0.8333 94/113 ≈ 0.83195.3.2 Constant regionsIn the previous setion we saw that s(K2, C2k+1) = s(K2, K 4k

2k−1
) and used itto prove that s(K2, Kt) is onstant in the interval t ∈ [2+1/k, 2+2/(2k−1)].This is a speial ase of a phenomenon desribed more generally in thefollowing proposition:Proposition 5.29 Let k ≥ 1, and let r and t be rational numbers suh that

2 ≤ r < 2k+1
k ≤ t ≤ 4k

2k−1 . Then,
s(Kr, Kt) =

2k

2k + 1
.Proof: From Theorem 5.22, we have the following hain of homomor-phisms:

K2 → Kr → K 2k+1
k

→ Kt → K 4k
2k−1

.By Lemma 5.12, this implies
s(Kr, K 2k+1

k
) ≥ s(K2, K 2k+1

k
) =

2k

2k + 1
,but sine K 2k+1

k
6→ Kr, and K 2k+1

k
is edge-transitive with 2k + 1 edges,

s(Kr, K 2k+1
k

) ≤ 2k
2k+1 and therefore s(Kr, K 2k+1

k
) = 2k

2k+1 . Two more appli-ations of Lemma 5.12 show that
2k

2k + 1
= s(Kr, K 2k+1

k
) ≥ s(Kr, Kt) ≥ s(K2, K 4k

2k−1
) =

2k

2k + 1
,whih proves the proposition.We �nd that there are intervals Ik = {t ∈ Q | 2 + 1/k ≤ t ≤ 2 + 2/(2k− 1)}where the funtion sr(t) = s(Kr, Kt) is onstant for any 2 ≤ r < (2k+1)/k.



5. Approximation Distane 99
2 9

4
16
7

7
3

12
5

5
2

8
3 3

sr(t)
8
9

6
7

4
5

tFigure 5.4: The intervals Ik marked for k = 2, 3, 4.In Figure 5.4 these intervals are shown for the �rst few values of k. Theintervals Ik form an in�nite sequene with endpoints tending to 2.It turns out that similar intervals appear throughout the spae of irularomplete graphs. Indeed, it follows from Proposition 5.24 that for a positiveinteger n and a rational number r suh that 2 ≤ r ≤ n, we have
s(Kr, Kn) =

⌊(

1 − 1

⌊r⌋

)

· n2

2

⌋/(n

2

)

. (5.10)From (5.10) we see that s(Kr, Kn) remains onstant for rational num-bers r in the interval k ≤ r < k + 1, where k is any �xed integer k < n.Furthermore, for positive integers k and m, we have
e(T (km − 1, k)) =

⌊(

1 − 1

k

)

· (km − 1)2

2

⌋

=

=

⌊
(k − 1)km2

2
− (k − 1)m +

k − 1

2k

⌋

=
(k − 1)km2

2
− (k − 1)m =

=

(
k

2

)

m2 ·
(

1 − 2

km

)

= e(T (km, k)) ·
(

km − 1

2

)/(km

2

)

.Thus, s(Kk, Kkm−1) = s(Kk, Kkm). When we ombine this fat with (5.10)and Lemma 5.12, we �nd that s(Kr, Kt) is onstant on eah region (r, t) ∈
[k, k + 1) × [km − 1, km].5.3.3 Maps to odd ylesIt was seen in Proposition 5.29 that s(Kr, Kt) is onstant on the region
(r, t) ∈ [2, 2+ 1/k)× Ik. In this setion, we will study what happens when tremains in Ik, but r assumes the value 2 + 1/k. A �rst observation is thatthe absolute jump of the funtion s(Kr, Kt) when r goes from being lessthan 2 + 1/k to r = 2 + 1/k must be largest for t = 2 + 2/(2k − 1). Let
V (K2+2/(2k−1)) = {v0, . . . , v4k−1} and V (K2+1/k) = {w0, . . . , w2k}, and letthe funtion f map vi to wj , with j =

⌊
2k+1
4k · i

⌋. Then, f maps all edgesexept {v0, v2k−1} from the orbit A1 to some edge in Kr. Sine the subgraph
A1 is isomorphi to C4k, any map to an odd yle must exlude at least oneedge from A1. It follows that f alone determines s, and we an solve the



100 5.4. Approximation bounds for Max H-Collinear program (5.9) to obtain s(K2+1/k, K2+2/(2k−1)) = (4k−1)/4k. Thus,for r < 2 + 1/k, we have
s(K2+1/k, K2+2/(2k−1)) − s(Kr, K2+2/(2k−1)) =

2k − 1

4k(2k + 1)
.Smaller t ∈ Ik an be expressed as t = 2 + 1/(k − x), where 0 ≤ x < 1/2.We will write x = m/n for positive integers m and n whih implies the form

t = 2 + n/(kn− m), with m < n/2. For m = 1, it turns out to be su�ientto keep two inequalities from (5.9) to get an optimal value of s. From thiswe get the following result:Proposition 5.30 Let k, n ≥ 2 be integers. Then,
s(C2k+1, K 2(kn−1)+n

kn−1
) =

(2(kn − 1) + n)(4k − 1)

(2(kn − 1) + n)(4k − 1) + 4k − 2
.There is still a non-zero jump of s(Kr, Kt) when we move from Kr < 2+1/kto Kr = 2+1/k, but it is smaller, and tends to 0 as n inreases. For m = 2,we have 2(kn − m) + n and kn − m relatively prime only when n is odd.In this ase, it turns out that we need to inlude an inreasing number ofinequalities to obtain a good relaxation. Furthermore, we are not able toensure that the obtained value is the optimum of the original (5.9). We willtherefore have to settle for a lower bound on s. Brute fore alulations haveshown that, for small values of k and n, equality holds in Proposition 5.31.We onjeture this to be true in general.Proposition 5.31 Let k ≥ 2 be an integer and n ≥ 3 be an odd integer.Then,

s(C2k+1, K 2(kn−2)+n

kn−2

) ≥

≥ (2(kn − 2) + n)(ξn(4k − 1) + (2k − 1))

(2(kn − 2) + n)(ξn(4k − 1) + (2k − 1)) + (4k − 2)(1 − ξn)
,where ξn =

(

z
n−1

2
1 + z

n−1
2

2

)

/4, and z−1
1 , z−1

2 are the roots of 2k−3
4k−2z2−2z+1.5.4 Approximation bounds for Max H-ColIn this setion we apply our method, onsisting of Lemma 5.3 and someof the values determined for s in Setion 5.3, to determine bounds on theapproximation ratio of Max H-Col for various families of graphs.We address two main points for eah family of graphs under onsidera-tion. First, we ompare the performane of our method with that of someexisting, leading, approximation algorithm. Seondly, we investigate near-optimality of our method, i.e. the di�erene in our obtained upper and lowerbounds on approximability. Reall that our method is based on the idea to



5. Approximation Distane 101measure how well an algorithm for one problem Max M -Col performs onanother problem Max N -Col. Our main algorithmi tools will be the fol-lowing two theorems:Theorem 5.32 (Goemans and Williamson [58℄) Max ut an be ap-proximated within
αGW = min

0<θ<π

θ/π

(1 − cos θ)/2
≈ 0.87856.Theorem 5.33 (Frieze and Jerrum [55℄) Max k-ut an be approxi-mated within αk, where

αk −
(

1 − 1

k

)

∼ 2 ln k

k2
.Here, the relation ∼ indiates two expressions whose ratio tends to 1 as

k → ∞. We will abuse this notation in the following, ommonly ourringway; for two expressions f and g, we write f ∼ g to indiate that whenwe move all but the fastest vanishing term of g to the left-hand side, theratio of these two quantities tends to 1. As an example, we may write theexpression in Theorem 5.33 as αk ∼ 1 − 1
k + 2 lnk

k2 . This notation failitatesthe use of ∼ when alulations span several lines. We note that de Klerk etal. [38℄ have presented the sharpest known bounds on αk for small values of
k; for instane, α3 ≥ 0.836008.Håstad [75℄ has shown the following:Theorem 5.34 (Håstad [75℄) There is an absolute onstant c > 0 suhthat mcH an be approximated within

1 − t(H)

d2
·
(

1 − c

d2 log d

)

,where d = n(H) and t(H) = d2 − 2 · e(H).We will ompare the performane of this algorithm on Max H-Col withthe performane of the algorithms in Theorems 5.32 and 5.33 when analysedusing Lemma 5.3 and estimates of the parameter s. For this purpose, weintrodue two funtions, FJk and Hå, suh that, if H is a graph, then
FJk(H) denotes the best bound on the approximation guarantee when Friezeand Jerrum's algorithm forMax k-ut is applied to the problemmcH , whileHå(H) is the guarantee when Håstad's algorithm is used to approximate
mcH . This omparison is not entirely fair sine Håstad's algorithm was notdesigned with the goal of providing optimal results�the goal was to beatrandom assignments. However, it is urrently the best known algorithm forapproximating Max H-Col, for arbitrary H ∈ G, whih also provides aneasily omputable bound on the guaranteed approximation ratio. This isin ontrast with the (onjetured) optimal algorithms of Raghavendra [116℄(f. the disussion in Setion 5.7.)



102 5.4. Approximation bounds for Max H-ColNear-optimality of our approximation method will be investigated usingKhot's Unique Games Conjeture. From hereon, we therefore assume thatUGC is true, whih gives us the following inapproximability results:Theorem 5.35 (Khot et al. [95℄) The following holds modulo the truthof the Unique Games Conjeture:
• For every ε > 0, it is NP-hard to approximate mc2 within αGW + ε.
• It is NP-hard to approximate mck within

1 − 1/k + (2 ln k)/k2 + O((ln ln k)/k2).5.4.1 Sparse graphsIn this setion, we investigate the performane of our method on graphswhih have relatively few edges, and we see that the girth of the graphsplay a entral role. The girth of a graph G is the length of a shortest yleontained in G. Similarly, the odd girth of G is the length of a shortest oddyle in G. Hene, if G has odd girth g, then Cg → G, but C2k+1 6→ G for
3 ≤ 2k + 1 < g.Proposition 5.36 Let k ≥ 3 be odd. Then, FJ2(Ck) ≥ k−1

k · αGW andHå(Ck) = 2
k + c

k2 log k − 2c
k3 log k . Furthermore, mcCk

annot be approximatedwithin k
k−1 · αGW + ε for any ε > 0.Proof: From Lemma 5.25 we see that s(K2, Ck) = k−1

k whih implies(using Lemma 5.3) that FJ2(Ck) ≥ k−1
k · αGW . Furthermore, mc2 annotbe approximated within αGW + ε′ for any ε′ > 0. From the seond part ofLemma 5.3, we get that mcCk

is not approximable within k
k−1 · (αGW + ε′)for any ε′. With ε′ = ε · k−1

k the result follows.Finally, we see thatHå(Ck) = 1 − k2 − 2k

k2
·
(

1 − c

k2 log k

)

=
ck + 2k2 log k − 2c

k3 log k
=

=
2

k
+

c

k2 log k
− 2c

k3 log k
.Håstad's algorithm does not perform partiularly well on sparse graphs; thisis re�eted by its performane on yle graphs Ck where the approximationguarantee tends to zero when k → ∞. We will see that this trend is apparentfor all graph families studied in this setion.We ontinue with a result on a lass of graphs with large girth:



5. Approximation Distane 103Proposition 5.37 Let m > k ≥ 4. If H is a graph with odd girth g ≥
2k + 1 and minimum degree δ(G) ≥ 2m−1

2(k+1) , then FJ2(H) ≥ 2k
2k+1 · αGW .Asymptotially, Hå(H) is bounded by

c

n2 log n
+

2(ng/(g−1))3

n4n1/(g−1)
− 2ng/(g−1)n1/(g−1)c

n4 log n
,where n = n(H). Finally, mcH annot be approximated within 2k+1

2k ·αGW +
ε, for any ε > 0.Proof: Lai & Liu [102℄ have proved that if H is a graph with the prop-erties stated in the proposition, then there exists a homomorphism from
H to C2k+1. Thus, K2 → H → C2k+1 whih implies that s(K2, H) ≥
s(K2, C2k+1) = 2k

2k+1 . By Lemma 5.3, FJ2(H) ≥ 2k
2k+1 · αGW , but mcHannot be approximated within 2k+1

2k · αGW + ε for any ε > 0.Dutton and Brigham [42℄ show an upper bound on e(H) of asymptotiorder n1+2/(g−1). This lets us determine Hå(H) as follows:Hå(H) ∼ 1 − n2 − 2 · n1+2/(g−1)

n2
·
(

1 − c

n2 log n

)

=

=
cn2 + 2n(3g−1)/(g−1) log n − 2n(g+1)/(g−1)c

n4 log n
=

=
c

n2 log n
+

2(ng/(g−1))3

n4n1/(g−1)
− 2ng/(g−1)n1/(g−1)c

n4 log n
.If we restrit the sope to planar graphs, then it is possible to prove tighterbounds:Proposition 5.38 Let H be a planar graph with girth at least g = 20k−2

3 .With n = n(H), FJ2(H) ≥ 2k
2k+1 · αGW andHå(H) ≤ 6

n
− 12

n2
+

c

n2 log n
− 6c

n3 log n
+

12c

n4 log n
,where n = n(H). Finally, mcH annot be approximated within 2k+1

2k ·αGW +εfor any ε > 0.Proof: Borodin et al. [17℄ have proved that H is (2 + 1
k )-olourable whihis equivalent to saying that there exists a homomorphism from H to C2k+1.The proof of the �rst part, and the statement of inapproximability, thenfollows as in the proof of Proposition 5.37.A planar graph H annot have more than 3n − 6 edges so Hå(H) isbounded from above by

1 − n2 − 2(3n− 6)

n2
·
(

1 − c

n2 log n

)

=
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=

cn2 − 6nc + 12c + 6n3 log n − 12n2 log n

n4 log n
=

=
6

n
− 12

n2
+

c

n2 log n
− 6c

n3 log n
+

12c

n4 log n
.(In fat, H ontains no more than max{g(n − 2)/(g − 2), n − 1} edges, butusing this only makes for an even more onvoluted expression, and the onewe have derived su�es for omparison.)Proposition 5.38 an be strengthened and extended in several ways. For

K4-minor-free graphs, Pan and Zhu [109℄ have given odd girth-restritionsfor 2k + 1-olourability whih is better than the girth-restrition in Propo-sition 5.38.Dvo°ák et al. [43℄ have proved that every planar graph H of odd girth atleast 9 is homomorphi to the Petersen graph P (Figure 1.2.) The Petersengraph is edge-transitive and its bipartite density is known to be 4/5 (f. [10℄.)In other words, s(K2, P ) = 4/5. Consequently, mcH an be approximatedwithin 4
5 · αGW but not within 4

5 · αGW + ε for any ε > 0. This is animprovement on the bounds in Proposition 5.38 for planar graphs with girthstritly less than 13.We an also onsider graphs embeddable on higher-genus surfaes. Forinstane, Proposition 5.38 is true for graphs embeddable on the projetiveplane, and it is also true for graphs of girth stritly greater than 20k−2
3whenever the graphs are embeddable on the torus or Klein bottle. Thesebounds are diret onsequenes of results in Borodin et al. [17℄.We onlude the setion by looking at a lass of graphs with small girth.Let 0 < β < 1 be the approximation threshold for mc3, i.e. mc3 is approx-imable within β but not within β + ε for any ε > 0. Currently, we knowthat α3 ≤ 0.836008 ≤ β ≤ 102

103 [38, 88℄. The wheel graphs Wk from Exam-ple 5.18 are homomorphially equivalent to K3 for odd k and we onlude(by Lemma 5.3) that mcWk
has the same approximability properties as mc3in this ase. For even k ≥ 6, we have the following result:Proposition 5.39 For k ≥ 6 and even, FJ3(Wk) ≥ α3 · 2k−3

2k−2 but mcWk
isnot approximable within β· 2k−2

2k−3 . Hå(Wk) = 4
k− 4

k2 + c
k2 log k− 4c

k3 log k + 4c
k4 log k .Proof: We know from Example 5.18 that K3 → Wk and s(K3, Wk) = 2k−3

2k−2 .The �rst part of the result follows by an appliation of Lemma 5.3.Hå(Wk) = 1 − t(Wk)

d2
·
(

1 − c

d2 log d

)

= /d = k, e(Wk) = 2k − 2/ =

= 1 − k2 − 4(k − 1)

k2
·
(

1 − c

k2 log k

)

=

=
k2c + 4k3 log k − 4kc − 4k2 log k + 4c

k4 log k
=
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=

4

k
− 4

k2
+

c

k2 log k
− 4c

k3 log k
+

4c

k4 log kWe see that FJ3(Wk) → α3 when k → ∞ while Hå(Wk) tends to 0.5.4.2 Dense and random graphsWe will now study dense graphs, i.e. graphs H ontaining Θ(n(H)2) edges.For a graph H on n verties, we obviously have H → Kn. If we assume thatthe lique number, ω(H), is greater than or equal to r, then we also have
Kr → H . From Proposition 5.24 we know the value of s(H, Kn), whih wean use to bound FJn(H):Proposition 5.40 Let n = n(H) and pik r ∈ N and σ ∈ Q suh that

⌊(

1 − 1

r

)

· n2

2

⌋

≤ σ · n2 = e(H) ≤ n(n − 1)

2
.Then,

FJn(H) ≥ αn ·
2
⌊(

1 − 1
r

)
· n2

2

⌋

n · (n − 1)
∼ 1 − 1

r
− 1

n
+

2 ln n

n(n − 1)
, andHå(H) = 2σ +

c

n2 log n
− 2σ · c

n2 log n
.Proof: We have Kr → H due to Turán and H → Kn holds trivially sine

n = n(H). By Proposition 5.24,
s(Kr, Kn) =

⌊(

1 − 1

r

)

· n2

2

⌋/(n

2

)

.By Lemma 5.12, s(H, Kn) ≥ s(Kr, Kn), so the �rst part of the result followsfrom Lemma 5.3. The seond part is obtained by the following alulation:Hå(H) = 1 − n2 − σ · n2

n2
·
(

1 − c

n2 log n

)

=

=
c + 2σ · n2 log n − 2σ · c

n2 log n
=

c

n2 log n
+ 2σ − 2σ · c

n2 log n
.Note that when r and n grow, FJn(H) tends to 1. This means that,asymptotially, we annot do muh better. If we ompare the expressionfor FJn(H) with the inapproximability bound for mcn (Theorem 5.35), wesee that all we ould hope for is a faster onvergene towards 1. As σ sat-is�es (1 − 1

r

)
· 1

2 ≤ σ ≤
(
1 − 1

n

)
· 1

2 , we onlude that Hå(H) also tends to
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1 as r and n grow. To get a better idea of how Hå(H) behaves, we look attwo extreme ases.For a maximal σ =

(
1 − 1

n

)
· 1

2 , Hå(H) beomes
1 − 1

n
+

c

n3 log n
.On the other hand, this guarantee, for a minimal σ =

(
1 − 1

r

)
· 1

2 is
1 − 1

r
+

c

rn2 log n
.At the same time, it is easy to see that Frieze and Jerrum's algorithm makesthese points approximable within αn (sine, in this ase, H ∼= Kn) and αr(sine Turán's theorem tells us that H → Kr holds in this ase), respetively.Our onlusion is that Frieze and Jerrum's and Håstad's algorithms havesimilar performane on these graphs.Another way to study dense graphs is via random graphs. Let G(n, p)denote the random graph on n verties in whih every edge is hosen uni-formly at random, and independently, with probability p = p(n). We saythat G(n, p) has a property A asymptotially almost surely (a.a.s.) if theprobability that it satis�es A tends to 1 as n tends to in�nity. Here, we let

p = c for some 0 < c < 1.For G ∈ G(n, p) it is well known that a.a.s. ω(G) assumes one of at mosttwo values around 2 lnn
ln(1/p) [15, 108℄. It is also known that, almost surely

χ(G) ∼ n

2 ln(np)
ln

(
1

1 − p

)

,as np → ∞ [14, 106℄. Let us say that χ(G) is onentrated in width sif there exists u = u(n, p) suh that a.a.s. u ≤ χ(G) ≤ u + s. Alon andKrivelevih [3℄ have shown that for every onstant δ > 0, if p = n−1/2−δ then
χ(G) is onentrated in width s = 1. That is, almost surely, the hromatinumber takes one of two values.Proposition 5.41 Let H ∈ G(n, p). When np → ∞,

FJm(H) ∼ 1 − 2

m
+

2 ln m

m2
+

1

m2
− 2 lnm

m3
,where m = ω(H).Hå(H) = p − p

n
+ (1 − p) · c

n2 log n
+

pc

n3 log n
.Proof: Let k = χ(H).

FJm(H) ≥ αm · s(Km, Kk) ∼
(

1 − 1

m
+

2 lnm

m2

)

·
2
⌊(

1 − 1
m

)
k2

2

⌋

k(k − 1)
∼
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∼ (m2 − m + 2 lnm)(m − 1)k

m3(k − 1)
=

=
k

k − 1
− 2k

m(k − 1)
+

k

m2(k − 1)
+

2k ln m

m2(k − 1)
− 2k ln m

m3(k − 1)
(∗∗)If n is large, then k ≫ m and

(∗∗) ∼ 1 − 2

m
+

2 lnm

m2
+

1

m2
− 2 lnm

m3
.The expeted number of edges for a graph H ∈ G(n, p) is (n2)p, soHå(H) = 1 − t(G)

d2
· (1 − c

d2 log d
) = /d = n, e(G) =

(
n

2

)

p/ =

= 1 − n2 − (n2 − n)p

n2
· (1 − c

n2 log n
) =

= 1 − (1 − p +
p

n
) · (1 − c

n2 log n
) =

=
pn3 log n + nc − pnc − pn2 log n + pc

n3 log n
=

= p − p

n
+ (1 − p) · c

n2 log n
+

pc

n3 log nWe see that, in the limiting ase, Hå(H) tends to p, while FJm(H) tendsto 1. Again, this means that, for large enough graphs, we annot do muhbetter. With a more areful analysis, one ould possibly reah an expressionfor FJm(H) that has a faster onvergene rate.We onlude this setion by looking at what happens for graphs H ∈
G(n, p) where np does not tend to ∞ when n → ∞. The following theoremallows us to do this.Theorem 5.42 (Erd®s and Rényi [48℄) Let c be a positive onstant and
p = c

n . If c < 1, then a.a.s. no omponent in G(n, p) ontains more thanone yle, and no omponent has more than ln n
c−1−ln c verties.Now we see that if np → ε when n → ∞ and 0 < ε < 1, then G(n, p)almost surely onsists of omponents with at most one yle. Thus, eahomponent resembles a yle where, possibly, trees are attahed to ertainverties of the yle, and eah omponent is homomorphially equivalent tothe yle it ontains. The result in Setion 5.4.1 on yle graphs is thereforeappliable in this part of the G(n, p) spetrum.



108 5.5. Frational overing by H-uts5.5 Frational overing by H-utsIn the following, we generalise the work of �ámal [122, 123, 124℄ on frationalovering by uts to obtain a omplete orrespondene between a family ofhromati numbers χH(G) and s(H, G). These hromati numbers are ageneralisation of �ámal's ubial hromati number χq(G), the latter or-responds to the ase when H = K2. We believe that this alternative viewon our parameter s an provide great bene�ts to the understanding of itsproperties. We transfer a result in the other diretion, in Setion 5.5.1, dis-proving a onjeture by �ámal on χq, and settle another onjeture by himin the positive, in Setion 5.5.2.We start by realling the notion of a frational olouring of a hy-pergraph. Let G be a (hyper-) graph with vertex set V (G) and edge set
E(G) ⊆ 2V (G). A subset I of V (G) is alled independent in G if no edge
e ∈ E(G) is a subset of I. Let I denote the set of all independent sets of
G and for a vertex v ∈ V (G), let I(v) denote all independent sets whihontain v. Let I1, . . . , In ∈ I be a olletion of independent sets.De�nition 5.43 An n/k independent set over is a olletion I1, . . . , Inof independent sets in I suh that every vertex of G is in at least k of them.The frational hromati number χf (G) of G is given by the follow-ing expression:

χf (G) = inf{n

k
| there exists an n/k indep. set over of G.}The de�nition of frational overing by uts mimis that of frational ov-ering by independent sets, but replaes verties with edges and independentsets with ertain ut sets of the edges. Let G and H be undireted simplegraphs and f be an arbitrary vertex map from G to H . The map f induesa partial edge map f# : E(G) → E(H) from E(G) to E(H). We will allthe preimage of E(H) under f# an H-ut in G. When H is a ompletegraph Kk, this is preisely the standard notion of a k-ut in G. Let C de-note the set of H-uts in G and for an edge e ∈ E(G), let C(e) denote all

H-uts whih ontain e. The following de�nition is a generalisation of ut
n/k-overs [123℄ to arbitrary H-uts:De�nition 5.44 An H-ut n/k-over of G is a olletion C1, . . . , CN ∈ Csuh that every edge of G is in at least k of them.The graph parameter χH is de�ned as:

χH(G) = inf{n

k
| there exists an H-ut n/k-over of G.}For H = K2, �ámal [123℄ alled the parameter χH(G) in De�nition 5.44, theubial hromati number of G. Both the frational hromati numberand the ubial hromati number also have linear programming formu-lations. This, in partiular, shows that the value in the in�mum of theorresponding de�nition is obtained exatly for some n and k. For our



5. Approximation Distane 109generalisation of the ubial hromati number, the linear program is thefollowing:Minimise ∑

C∈C f(C)subjet to ∑

C∈C(e) f(C) ≥ 1 for all e ∈ E(G),where f : C → Q≥0.

(5.11)Proposition 5.45 The graph parameter χH(G) is given by the optimum ofthe linear program in (5.11).Proof: The proof is ompletely analogous to those for the orrespondingstatements for the frational hromati number (f. [57℄) and for the ubialhromati number (Lemma 5.1.3 in [123℄):Let C1, . . . , Cn be an H-ut n/k-over of G. The solution f(C) = 1/k if
C ∈ {C1, . . . , Cn}, and f(C) = 0 otherwise, has a measure of n/k in (5.11).Thus, the optimal measure of the linear program is at most χH(G).For the other diretion, note that the oe�ients of the program (5.11)are integral. Hene, there is a rational optimal solution f∗. Let N be theleast ommon multiple of the divisors of f∗(C) for C ∈ C. Assume that themeasure of f∗ is n/k. Construt a olletion of H-uts by inluding the ut
C a total of N · f∗(C) times. This olletion overs eah edge at least Ntimes using ∑C∈C N · f∗(C) = N · n/k uts, i.e. it is an H-ut n/k-over,so χH(G) is at most equal to the optimal measure of the linear program.For frational olourings, it is well-known that an equivalent de�nition isobtained by taking χf (G) = inf{n/k | G → Kn,k}, where Kn,k denotes theKneser graph, the vertex set of whih is the k-subsets of [n] and with anedge between u and v if u∩ v = ∅. For H = K2, a orresponding de�nitionof χH(G) = χq(G) was obtained in [123℄ by taking the in�mum (atuallyminimum due to the formulation in (5.11)) over n/k for n and k suh that
G → Qn/k. Here, Qn/k is the graph on vertex set {0, 1}n with an edgebetween u and v if dH(u, v) ≥ k, where dH denotes the Hamming distane.This type of parameterised graph family whih determines a partiularhromati number is often referred to as the sale of the hromati number.In addition to the previously mentioned frational olouring χf , where thesale is made up of Kneser graphs, and ubial olouring χq where the saleis {Qn/k}, another prominent example is the irular hromati number(Setion 5.3) for whih the sale is given by the family of irular ompletegraphs Kn/k.Here we generalise the family {Qn/k} to produe one sale for eah χH . Tothis end, let Hn

k be the graph on vertex set V (H)n and an edge between
(u1, . . . , un) and (v1, . . . , vn) when |{i | {ui, vi} ∈ E(H)}| ≥ k. The proof ofthe following proposition is straightforward, but instrutive.Proposition 5.46 For G, H ∈ G, we have

χH(G) = inf{n

k
| G → Hn

k }. (5.12)



110 5.5. Frational overing by H-utsProof: Both sides are de�ned by in�ma over n/k. Therefore, it will su�eto show how to translate eah of the parameterised objets (an H-ut n/k-over on the left-hand side and a homomorphism from G to Hn
k on theright-hand side) into the other, for some given values of n and k.Let h : V (G) → Hn

k be a homomorphism and denote by pri h the proje-tion of h onto the ith oordinate. Then, for eah edge e ∈ E(G), at least kof the edge maps (pri h)# must map e to an edge in H . Hene, the H-uts
Ci = {e ∈ E(G) | (pri h)#(e) ∈ E(H)}, for 1 ≤ i ≤ n, onstitute an H-ut
n/k-over of G.For the other diretion, note that eah H-ut Ci an be de�ned by a ver-tex map fi : V (G) → H . For v ∈ V (G), let h′(v) = (f1(v), f2(v), . . . , fn(v)).To verify that h′ is a homomorphism, note that for every edge {u, v} ∈ E(G),at least k of the fi must inlude e in their orresponding ut Ci. Hene
|{i | {fi(u), fi(v)} ∈ E(H)}| ≥ k, so by de�nition {h′(u), h′(v)} ∈ E(Hn

k ).�ámal further notes that χq(G) is given by the frational hromati num-ber of a ertain hypergraph assoiated to G. Inspired by this, we provide asimilar formulation in the general ase:Proposition 5.47 Let G′ be the hypergraph obtained from G on vertex set
V (G′) = E(G) with edge set E(G′) taken to be the set of minimal subgraphs
K ⊆ G suh that K 6→ H. Then,

χH(G) = χf (G′).Proof: We will let I denote the set of independent sets in G′ and C the setof H-uts in G. The parameter χH(G) is the in�mum of n/k over all n/k-overs of E(G) by sets in C. Similarly, the parameter χf (G′) is the in�mumof n/k over all n/k-overs of V (G′) = E(G) by sets in I. By de�nition, theindependent sets of G′ orrespond preisely to the edge sets E(K) of thosesubgraphs K ⊆ G suh that K → H . Hene, C ⊆ I, so χH(G) ≥ χf (G′).On the other hand, assume that K ⊆ G is a subgraph suh that K → H ,and that the independent set E(K) ∈ I is not in C. Then, any homomor-phism h : V (K) → V (H) indues an H-ut C of G, and learly we musthave E(K) ⊆ C. Thus, we an replae all edge sets in a over by sets from C,without violating the onstraint that all edges are overed at least k times.The proposition now follows.Finally, we work out the orrespondene to s(H, G). Consider the dualprogram of (5.11):Maximise ∑

e∈E(G) g(e)subjet to ∑

e∈X g(e) ≤ 1 for all H-uts X ∈ C,where g : E(G) → Q≥0.
(5.13)



5. Approximation Distane 111In (5.13) let 1/s =
∑

e∈E(G) g(e) and make the variable substitution w = g·s.This leaves the following program:Maximise s−1subjet to ∑

e∈X w(e) ≤ s for all H-uts X ∈ C,
∑

e∈E(G) w(e) = 1where w : E(G) → Q≥0.

(5.14)Sine the maximal value of s−1 is the same as 1 over the minimal value of
s, a omparison with (5.8) now reveals the following fat:Proposition 5.48 For G, H ∈ G, we have

χH(G) = 1/s(H, G). (5.15)We now move on to address two onjetures by �ámal [123℄ on the ubialhromati number χq = χK2 . In Setion 5.5.1 we disuss an upper boundon s whih relates to the �rst onjeture, Conjeture 5.5.3 [123℄, whihasserts that χq(G) an be determined by measuring the maximum ut overall subgraphs of G. We show that this is false by providing a ounterexamplefrom Setion 5.3.1. We then onsider Conjeture 5.4.2 [123℄, whih onerns�measuring the sale� of the ubial hromati numbers, i.e. determining χqfor the sale graphs Qn/k themselves. We prove that this onjeture is true,and state it as Proposition 5.49 in Setion 5.5.2.5.5.1 An upper boundIn Setion 5.3 we obtained lower bounds on s by relaxing the linear program(5.9). In most ases, the orresponding solution was proved feasible in theoriginal program, and hene optimal. Now, we take a look at the only knownsoure of general upper bounds for s.Let G, H ∈ G, with H → G and let S be suh that H → S → G. Then,applying Lemma 5.12 followed by Lemma 5.11 gives
s(H, G) ≤ s(H, S) = inf

ω∈Ŵ(S)
mcH(S, ω) ≤ mcH(S, 1/|E(S)|). (5.16)We an therefore upper bound s(H, G) by the least maximal H-ut takenover all graphs S homomorphi to G. For H = K2, we have

s(K2, G) ≤ min
S⊆G

b(S),where b(S) denotes the bipartite density of S. �ámal [123℄ onjetured thatthis inequality, expressed on the form χq(S) ≥ 1/(minS⊆G b(S)), an bereplaed by an equality. We answer this in the negative, using K11/4 asour ounterexample. Lemma 5.27 with k = 1 gives s(K2, K11/4) = 17/22.If s(K2, K11/4) = b(S) for some S ⊆ K11/4 it means that S must have atleast 22 edges. Sine K11/4 has exatly 22 edges it follows that S = K11/4.However, a ut in a yle must ontain an even number of edges. Sine the



112 5.5. Frational overing by H-utsedges of K11/4 an be partitioned into two yles, we have that the maximumut in K11/4 must be of even size, hene |E(K11/4)| · b(K11/4) 6= 17. This isa ontradition.5.5.2 Con�rmation of a saleAs a part of his investigation of χq, �ámal [123℄ set out to determine thevalue of χq(Qn/k) for general n and k. This question is suggested by theguise of χq as a hromati number. For the frational hromati numberand the irular hromati number, results for suh measuring of the saleexist and provide very appealing formulae: χf (Kn,k) = χc(Cn/k) = n/k.For χq(Qn/k) = 1/s(K2, Qn/k), we are immediately out of luk as 1/2 <
s(K2, G) ≤ 1, i.e. 1 ≤ χq(G) < 2 for all non-empty graphs. For 1 ≤ n/k < 2,however, �ámal gave a onjeture (Conjeture 5.4.2 in [123℄). We ompletethe proof of his onjeture to obtain the following result:Proposition 5.49 Let k, n be integers suh that k ≤ n < 2k. Then,

χq(Qn/k) =

{

n/k if k is even, and
(n + 1)/(k + 1) if k is odd.Corollary 5.50 Let k, n be integers suh that 1/2 < k/n ≤ 1. Then,

s(K2, Qn/k) = k/n if k is even, and (k + 1)/(n + 1) if k is odd.If we make sure that k is even, possibly by multiplying both k and n by afator two, we get the following:Corollary 5.51 For any rational number r, with 1/2 < r ≤ 1, there existsa graph G suh that s(K2, G) = r.�ámal [123℄ provides the upper bound for Proposition 5.49, and an ap-proah to the lower bound of Proposition 5.49 using the largest eigenvalueof the Laplaian of a subgraph of Qn/k. The omputation of this eigenvalueboils down to an inequality (Conjeture 5.4.6 in [123℄) involving some bino-mial oe�ients. We �rst introdue the neessary notation and then provethe remaining inequality in Proposition 5.53, whose seond part, for odd k,orresponds to one of the formulations of the onjeture. Proposition 5.49then follows from Theorem 5.4.7 in [123℄, onditioned on the result of thisproposition.Let k, n be positive integers suh that k ≤ n, and let x be an integer suhthat 1 ≤ x ≤ n. For k ≤ n < 2k, let So(n, k, x) denote the set of all k-subsetsof [n] that have an odd-sized intersetion with [n]\ [n−x]. De�ne Se(n, k, x)analogously as the k-subsets of [n] that have an even-sized intersetion with
[n]\ [n−x], i.e. Se(n, k, x) =

(
[n]
k

)
\So(n, k, x). Let No(n, k, x) = |So(n, k, x)|and Ne(n, k, x) = |Se(n, k, x)|. Then,

No(n, k, x) =
∑

odd t

(
x

t

)(
n − x

k − t

)

,
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Ne(n, k, x) =

∑

even t

(
x

t

)(
n − x

k − t

)

.When x is odd, the funtion f : So(2k, k, x) → Se(2k, k, x), given by theomplement f(σ) = [n] \ σ, is a bijetion. Sine No(n, k, x) + Ne(n, k, x) =
(
n
k

), we have
No(2k, k, x) = Ne(2k, k, x) =

1

2

(
2k

k

)

. (5.17)Lemma 5.52 Let 1 ≤ x < n = 2k − 1 with x odd. Then, Ne(n, k, x) =
Ne(n, k, x + 1) and No(n, k, x) = No(n, k, x + 1).Proof: First, partition Se(n, k, x) into A1 = {σ ∈ Se(n, k, x) | n − x 6∈ σ}and A2 = Se(n, k, x) \ A1. Similarly, partition Se(n, k, x + 1) into B1 =
{σ ∈ Se(n, k, x + 1) | n − x 6∈ σ} and B2 = Se(n, k, x + 1) \ B1. Note that
A1 = B1. We argue that |A2| = |B2|. To prove this, de�ne the funtion
f : 2[n] → 2[n−1] by

f(σ) = (σ ∩ [n − x − 1]) ∪ {s − 1 | s ∈ σ, s > n − x}.That is, f ats on σ by ignoring the element n− x and renumbering subse-quent elements so that the image is a subset of [n − 1]. Note that f(A2) =
Se(2k−2, k−1, x) and f(B2) = So(2k−2, k−1, x). Sine x is odd, it followsfrom (5.17) that |f(A2)| = |f(B2)|. The �rst part of the lemma now followsfrom the injetivity of the restritions f |A2 and f |B2 . The seond equalityis proved similarly.Proposition 5.53 Choose k, n and x so that k ≤ n < 2k and 1 ≤ x ≤ n.For odd k,

Ne(n, k, x) ≤
(

n − 1

k − 1

)

,and for even k,
No(n, k, x) ≤

(
n − 1

k − 1

)

.Proof: We will proeed by indution over n and x. The base ases aregiven by x = 1, x = n, and n = k. For x = 1,
No(n, k, x) =

(
n − 1

k − 1

) and Ne(n, k, x) =

(
n − 1

k

)

≤
(

n − 1

k − 1

)

,where the inequality holds for all n < 2k. For x = n and odd k, we have
Ne(n, k, x) = 0, and for even k, we have No(n, k, x) = 0. For n = k,

Ne(n, k, x) = 1 − No(n, k, x) =

{

1 if x is even,
0 otherwise.



114 5.6. Approximation distane for Max SolLet x > 1 and onsider Ne(n, k, x) for odd k and k < n < 2k − 1. Partitionthe sets σ ∈ Se(n, k, x) into those for whih n ∈ σ on the one hand and thosefor whih n 6∈ σ on the other hand. These parts ontain No(n−1, k−1, x−1)and Ne(n − 1, k, x − 1) sets, respetively. Sine k − 1 is even, and sine
k ≤ n − 1 < 2(k − 1) when k < n < 2k − 1, it follows from the indutionhypothesis that

Ne(n, k, x) = No(n − 1, k − 1, x − 1) + Ne(n − 1, k, x − 1) ≤

≤
(

n − 2

k − 2

)

+

(
n − 2

k − 1

)

=

(
n − 1

k − 1

)

.The ase for No(n, k, x) and even k is treated identially.Finally, let n = 2k − 1. If x is odd, then Lemma 5.52 is appliable, sowe an assume that x is even. Now, as before
Ne(2k − 1, k, x) = No(2k − 2, k − 1, x − 1) + Ne(2k − 2, k, x − 1) ≤

≤ 1

2

(
2k − 2

k − 1

)

+

(
2k − 3

k − 1

)

=

(
n − 1

k − 1

)

,where the �rst term is evaluated using (5.17). The same inequality an beshown for No(2k − 1, k, x) and even k, whih ompletes the proof.5.6 Approximation distane for Max SolIn this setion, we will retrae some of the steps taken in the analysis of theparameter s for Max H-Col, when we replae this problem by Max Sol.Our main objetive is to �nd out how muh an be arried over toMax Sol,and what hanges need to be done. Sine our knowledge of the approxima-bility ofMax Sol is so limited, we have no diret appliations. Instead, weend our investigation after obtaining a linear programming formulation for
s. The �rst hange will be to allow undireted graphs with loops, sinethese are no longer trivial for Max Sol. For suh graphs G, let Ω(G) bethe set of weight funtions ω : V (G) → Q≥0. Let M be the set of vertexweighted undireted graphs with loops allowed, i.e. if (G, ω) ∈ M, then Gis an undireted graph, possibly with loops, and ω ∈ Ω(G).For Max Sol(M, ν), with (M, ν) ∈ M, it is NP-hard even to �nd asolution, unless M either ontains a loop, or M is bipartite. There arealso some problems in this family that are in PO, and some that are inpoly-APX. For suh problems, our results, whih ultimately relates on-stant approximation ratios, do not make muh sense. We will keep this inmind, but for now it will not make any di�erene whether we keep theseproblems in our de�nitions or not. We de�ne � as follows:



5. Approximation Distane 115De�nition 5.54 Let (M, ν) � (N, ν′), if for all ω ∈ Ω(M), there exists ahomomorphism h ∈ Hom(M, N) suh that
∑

u∈V (M)

ω(u) · ν(u) ≤
∑

u∈V (M)

ω(u) · ν′(h(u)). (5.18)It will be onvenient at this point to introdue a bit of notation. Wewill use the same notation in Chapter 6, and it will be explained there ina little more detail. Let (M, ν), (M ′, ν′) ∈ M, and assume that M and M ′are de�ned on the same vertex set V . Then,
〈ν, ν′〉 =

∑

v∈V

ν(v) · ν′(v).The notation hides the set over whih the summation takes plae, but it willalways be lear from the ontext. For an instane (G, ω) ofMax Sol(M, ν),and a solution f ∈ Hom(G, M), we an now write
mM (f) = 〈ω, f(ν)〉,where f(ν) ∈ Ω(G) is de�ned as the omposition ν ◦ f .Let M and N be undireted graphs with loops allowed, and let g ∈

Hom(M, N). We then de�ne the funtion gt : Ω(M) → Ω(N) by:
gt(ν)(u) =

∑

v∈g−t(u)

ν(v),for ν ∈ Ω(M), and u ∈ V (N). It is easy to hek that following identityholds:
〈ω, g(ν)〉 = 〈gt(ω), ν〉.We are now ready to see if our de�nition of � will su�e.Proposition 5.55 Let (M, ν) � (N, ν′). Then, there is a funtion F :SolM (G, ω) → SolN (G, ω), where (G, ω) ∈ M, and omputable in time poly-nomial in G, suh that for any f ∈ SolM (G, ω),
mM (f) ≤ mN (F (f)).Proof: Let f : V (G) → V (M) be a solution to (G, ω). Sine M � Nwe an �nd a homomorphism h ∈ Hom(M, N) suh that (5.18) holds for

f t(ω) ∈ Ω(M). Let F be de�ned by F (f) = h ◦ f . We have,
mM (f) = 〈ω, f(ν)〉 = 〈f t(ω), ν〉 ≤ 〈f t(ω), h(ν′)〉 =

= 〈ω, f(h(ν′))〉 = 〈ω, (h ◦ f)(ν′)〉 = mN (F (f)).Sine Hom(M, N) does not depend on G, an appropriate h an be found intime polynomial in G.



116 5.6. Approximation distane for Max SolExample 5.56 Let (M, ν) ∈ M, and let h be an endomorphism on M (i.e.
h is a homomorphism from M to M) suh that ν(h(v)) ≥ ν(v) for all v ∈
V (M). Let (N, ν′) = (h(M), ht(ν)). In this ase we have (M, ν) � (N, ν′),but learly also (N, ν′) � (M, ν) sine the identity funtion on N an beseen as a homomorphism from N to M . We onlude that (M, ν) and itsmax-ore are equivalent under �.We have obtained a reasonable de�nition of �, and we an attempt thefollowing de�nition of s. Let (M, ν) � (N, ν′), and de�ne

s(M, N) = inf
(G,ω)∈M

OptM (G, ω)OptN (G, ω)
. (5.19)We must onsider two things in relation to this de�nition. The �rst is thatfor some instanes (G, ω), there may be no solutions at all. We an solve thisissue by assuming that the graphs M and N are either bipartite or ontainsat least one loop. The instanes with solutions are then easily reognisable,and we will assume that the in�mum is taken only over suh instanes. Theseond potential problem is that one, or both, of the optima may be 0. IfOptN (G, ω) is 0, then OptM (G, ω) must be 0 too, sine (M, ν) � (N, ν′).We may safely ignore suh instanes (G, ω) in the in�mum, sine we are sureto make a su�iently good approximation in any ase. If OptM (G, ω) is 0,but OptN (G, ω) is not, then we must simply aept that our method willnot provide an approximation guarantee for Max Sol(N, ν′), as indiatedby the fat that s(M, N) = 0. This will not be a problem when M and Nare both bipartite, but it is harder to determine what will happen in otherases. Further progress on the approximability of Max Sol for graphs mayvery well resolve this issue ompletely.With these onsiderations, we an now use Lemma 5.1 with the param-eter s de�ned as in (5.19). We would also like to �nd a reasonable way toompute s, and therefore proeed as in Setion 5.2.1. As we move on, it willprove ruial to be able to map solutions bak from N to M as well. Forthis reason, we will only be able to ompare problems Max Sol(M, ν) andMax Sol(N, ν′) when either both M and N are bipartite, or both ontainat least one loop. In the following results, we will assume that the pair ofgraphs, M and N , ful�ls this requirement.Lemma 5.57 Let (M, ν), (N, ν′) ∈ M be suh that M ≡ N . Then, forevery (G, ω) ∈ M suh that OptN (G, ω) > 0, and any optimal solution fto the instane (G, ω) of Max Sol(N, ν′), there is a µ ∈ Ω(N) suh that

〈µ, ν′〉 = 1, andOptM (G, ω)OptN (G, ω)
≥ OptM,ν(N).Proof: Let m∗ = 〈ω, f(ν)〉 be the measure of the optimal solution f , andlet µ = f t(ω)/m∗. First, we hek that µ satis�es the requirement:

〈µ, ν′〉 = 〈f t(ω)/m∗, ν′〉 = 〈ω, f(ν′)〉/m∗ = 1.



5. Approximation Distane 117We now proeed as in the proof of Lemma 5.9. Let g ∈ Hom(N, M) be anyoptimal solution to (N, µ) of Max Sol(M, ν). Then, g ◦ f is a solution to
(G, ω) as an instane of Max Sol(M, ν). Hene,OptM (G, ω) ≥ 〈ω, (g ◦ f)(ν)〉 = 〈f t(ω), g(ν)〉 = 〈µ · m∗, g(ν)〉 =

= 〈µ, g(ν)〉 · m∗ = OptM (N, µ) · OptN (G, ω),where the �nal equality follows sine g is an optimal solution.For any (M, ν) ∈ M, we de�ne
Ω̂(M, ν) = {µ ∈ Ω(M) | 〈µ, ν〉 = 1}.By speialising the set over whih we take the in�mum in (5.19), we �ndthat

s(M, N) = inf
(G,ω)∈M

OptM (G, ω)OptN (G, ω)
≤

≤ inf
ω∈Ω̂(N,ν′)

OptM (N, ω)OptN (N, ω)
= inf

ω∈Ω̂(N,ν′)
OptM (N, ω).Therefore, we have the following orollary from Lemma 5.57:Corollary 5.58 For (M, ν), (N, ν′) ∈ M suh that M ≡ N , we have

s(M, N) = inf
ω∈Ω̂(N,ν′)

OptM (N, ω).It is possible to improve on the expression for s in Corollary 5.58, analo-gously to the improvement arried out in Lemma 5.11, based on the edgeautomorphism group of N . Here, the ordinary (vertex) automorphism groupplays a similar role, but a little extra are is needed, sine for Max Sol, Nomes with a weight funtion ν′. We omit the details.Thus far, we have ignored a somewhat troublesome onsequene of ourde�nitions, whih we will have to address. Consider (M, ν) ∈ M, and arational onstant c > 0. We would like (M, ν) and (M, c ·ν) to be equivalentin some sense, as they learly give rise to the same problem. However,from De�nition 5.54 it follows that (M, ν) and (M, c · ν) are not equivalentunder � (unless c = 1,) and furthermore, that s((M, ν), (M, c · ν)) = 1/c.To resolve this, we note that we only need M ≡ N in order to obtainCorollary 5.58. The idea is the same as in Setion 5.2.3, where we de�neda symmetri parameter d(M, N) = 1 − s(M, N) · s(N, M). That is, thequantity s(M, N) · s(N, M) does behave as we would like:
s((M, ν), (M, c · ν)) · s((M, c · ν), (M, ν)) = 1.For (M, ν), (N, ν′) ∈ M, it is then possible to prove a result in the spiritof Lemma 5.17, whih holds for all (M, ν), (N, ν′) ∈ M suh that M ≡ N



118 5.7. Disussion and open problems(and some additional onstraints on when an optimum of 0 is obtained forthe two problems.)We onlude this setion by working out the linear program orrespond-ing to the formulation of s in Corollary 5.58. A �rst attempt yields thefollowing program:Minimise ssubjet to 〈w, f(ν)〉 ≤ s for eah f ∈ Hom(N, M),
〈w, ν′〉 = 1where w ∈ Ω(N), s ≥ 0.As was noted in Setion 5.5, we an rewrite suh a program into anequivalent maximisation program for 1/s as follows:Maximise 〈w, ν′〉subjet to 〈w, f(ν)〉 ≤ 1 for eah f ∈ Hom(N, M),where w ∈ Ω(N).The dual program is again a frational overing problem. Here we over

ν′ with weight funtions f(ν) for various f ∈ Hom(N, M). The inequality
ω ≥ µ, where ω, µ ∈ Ω(N), indiates that ω(v) ≥ µ(v) for all v ∈ V (N).Minimise ∑

f∈Hom(N,M) z(f)subjet to ∑

f∈Hom(N,M) z(f) · f(ν) ≥ ν′where z : Hom(N, M) → Q≥0.5.7 Disussion and open problemsWhat started out as a very simple idea has diverged in a number of di-retions, with plenty of room in eah for further investigation and im-provements. We single out two main topis, and disuss their respetivefuture prospets and interesting open problems. These two topis relateto the appliation of our approah to the approximability of the problemMax H-Col (and more generally to Max CSP(Γ),) and to the omputa-tion and interpretation of the parameter s in this ase.Appliation to Max H-ColAs we applied the initial idea to the problem Max H-Col, we arrived at abinary graph parameter s that, in a sense, measures how well one graph anbe embedded in another. While not apparent from the original de�nition in(5.4), whih involves taking an in�mum over all possible instanes, we haveshown that the parameter an be omputed e�etively by the means of linearprogramming. Given a graph H and known approximability properties forMax H-Col, this metri allows us to dedue bounds on the orrespondingproperties for Max H ′-Col for graphs H ′ that are �lose� to H . Our ap-proah an be haraterised as loal; the loser together (in the metri d) two



5. Approximation Distane 119graphs are loated, the more preise are our bounds. In priniple, given adense enough �base set� of problems with known approximability properties,our method ould be used to derive good bounds on the approximability ofMax H-Col for all graphs.For the appliations in Setion 5.4, we have used the omplete graphs asour base set of known problems. We have shown that this set of graphs issu�ient for ahieving new, non-trivial bounds on several di�erent lassesof graphs. That is, when we apply Frieze and Jerrum's algorithm [55℄ toMax H-Col, we obtain results omparable to, or better than those guar-anteed by Håstad's Max 2-Csp algorithm [75℄, for the lasses of graphs wehave onsidered. This omparison should however be taken with a grain ofsalt. The analysis of Håstad's Max 2-Csp algorithm only aims to prove itbetter than a random assignment, and may leave room for strengthening ofthe approximation guarantee. At the same time, we are overestimating thedistane for most of the graphs under onsideration. It is likely that bothresults an be improved, within their respetive frameworks. When on-sidering inapproximability, we have strongly relied on the Unique GamesConjeture�hene, we are part of the growing body interested in seeingUGC settled. Weaker inapproximability results, independent of UGC, existfor both Max ut [74℄ andMax k-ut [88℄, and they are appliable in oursetting. We want to emphasise that our method is not per se dependent onthe truth of the UGC.Our results suggest two lear diretions of researh. On the one hand,to progress further, we will need approximability/inapproximability resultpairs for Max H-Col on a substantially larger lass of graphs. The draw-bak of our urrent lak of a larger base set an be exempli�ed by the prob-lem Max C5-Col: we have s(K2, C5) = 4/5 and s(C5, K3) = 2/3, whihgives us the inonsequential inapproximability bounds αGW · 5/4 > 1, and
α3 · 3/2 > 1. Clearly, the graph C5 is too far separated from the ompletegraphs for our loal approah to work. Raghavendra [116℄ has presented analgorithm for Max CSP(Γ) based on semi-de�nite programming. Underthe Unique Games Conjeture, this algorithm optimally approximatesMaxCSP(Γ) in polynomial-time, i.e. no other polynomial-time algorithm anapproximate the problem substantially better. However, it seems notori-ously di�ult to determine the approximation ratio implied by this result,for a givenMax CSP(Γ): Raghavendra and Steurer [117℄ gives an algorithmto ompute this ratio for any Γ, but the algorithm is doubly exponential inthe size of the domain (whih is the number of verties in our ase.) Forour purposes, it would su�e to be able to work out the approximation ra-tios for some restrited set of graphs, i.e. a set of onstraint languages, eahonsisting of a single binary and symmetri relation. It is possible that theanalysis of suh a restrited ase is more manageable.The seond diretion of researh is to obtain a re�ned knowledge of howto alulate, or estimate, the parameter s. In our appliations, we usuallydo not measure the atual distane from eah graph to the losest omplete



120 5.7. Disussion and open problemsgraph. Instead, we bound this distane for a lass of graphs by the distanefrom K2 to some yle, or by the distane between two omplete graphs.Erd®s [47℄ has proved that for any positive integers k and l there exists agraph of hromati number k and girth at least l. Suh graphs annot besandwihed between K2 and a yle, as was our approah for the graphs ofhigh girth, in Setion 5.4.1. Additionally, there are obviously graphs with anarbitrarily large gap between lique number and hromati number, whihauses that approah to fail as well. In general, to apply our method morepreisely, we need a better understanding of the struture of CS and howthis struture interats with our metri d.Clearly, progress in either one of the diretions will in�uene what typeof result to look for in the other. We suggest two interesting andidatesfor future investigations: the irular omplete graphs, for whih we haveobtained partial results for the parameter s in Setion 5.3, and the Knesergraphs, see for example [70℄. Both of these lasses generalise the ompletegraphs, and have been subjet to substantial previous researh. The Knesergraphs ontain many examples of graphs with low lique number, but highhromati number. They ould thus prove to be an ideal starting point forstudying this phenomenon in relation to our parameter.We onlude this part of the disussion by onsidering three possible ex-tensions of our results. We have already noted thatMax H-Col is a speialase of the Max CSP(Γ) problem, parameterised by a �nite onstraint lan-guage Γ. It should be relatively lear that we an extend the parameter s toa funtion from pairs of onstraint languages to Q≥0. This would onstitutea novel method for studying the approximability of Max CSP�a methodthat, hopefully, may ast some new light on the performane of Raghaven-dra's algorithm. However, in this general setting, it may be a lot harder to�nd usable results regarding the homomorphism relation. A di�erent ap-proah is found in Kaporis et al. [89℄ who show that mc2 is approximablewithin 0.952 for any given average degree d, and asymptotially almost allrandom graphs G in G(n, m =
⌊

d
2n
⌋
). Here, G(n, m) is the probability spaeof random graphs on n verties and m edges, seleted uniformly at random.In a similar vein, Coja-Oghlan et al. [28℄ give an algorithm that approxi-mates mck within 1 − O(1/

√
np) in expeted polynomial time, for graphsfrom G(n, p). It would be interesting to know if these results ould be arriedfurther, to ahieve better approximability bounds on Max H-Col.Parameter-spei� onernsFor a graph G with a irular hromati number r lose to 2 we an useLemma 5.12 to bound s(K2, G) ≥ s(K2, Kr). Due to Proposition 5.26, wehave also seen that with this method, we are unable to distinguish betweenthe lass of graphs with irular hromati number 2 + 1/k and the (larger)lass with irular hromati number 2 + 2/(2k − 1). Nevertheless, themethod is quite e�etive when applied to sequenes of graph lasses for whihthe irular hromati number tends to 2, as was the ase in Proposition 5.38.



5. Approximation Distane 121Muh of the extensive study onduted in this diretion was instigated by therestrition of a onjeture by Jaeger [77℄ to planar graphs. This onjetureis equivalent to the laim that every planar graph of girth at least 4k hasa irular hromati number at most 2 + 1/k, for k ≥ 1. The ase k = 1is Grötzsh's theorem; that every triangle-free planar graph is 3-olourable.Currently, the best lower bound on the girth of a planar graph whih impliesa irular hromati of at most 2 + 1/k is 20k−2
3 , and is due to Borodin etal. [17℄. We remark that Jaeger's onjeture implies a weaker statement inour setting. Namely, if G is a planar graph with girth greater than 4k, then

G → Ck implies s(K2, G) ≥ s(K2, Ck) = 2k/(2k + 1). Deiding this to betrue would ertainly provide support for the original onjeture, and wouldbe an interesting result in its own right. Our starting observation showsthat the slightly weaker ondition G → K2+2/(2k−1) implies the same result.For edge-transitive graphs G, in our ase the yles and the ompletegraphs, it is not surprising that the expression s(Kr, G) assumes a �nitenumber of values, as a funtion of r. Indeed, Lemma 5.11 states that
s(Kr, G) = mcKr

(G, 1/e(G)), whih leaves at most e(G) possible valuesfor s. This produes a number of onstant intervals whih are partly re-sponsible for the onstant regions of Proposition 5.29, and the disussionin Setion 5.3.2. More surprising are the onstant intervals that arise from
s(Kr, K2+2/(2k−1)). They give some hope that the behaviour of s is possibleto haraterise more generally. One diretion ould be to identify additionalonstant regions, perhaps showing that they tile the entire spae.In Setion 5.5 we generalised the notion of overing by uts due to �á-mal. In doing this, we have found a di�erent interpretation of our parameteras an entire family of hromati numbers. It is our belief that these alter-nate viewpoints an bene�t from eah other. The refuted onjeture inSetion 5.5.1 is an immediate example of this. As a natural next step fromProposition 5.49, we would like to have some result for a general graph H .A trivial upper bound of s(H, Hn

k ) ≤ k/n is obtained from Proposition 5.46,but we have not identi�ed anything orresponding to the parity riterionwhih appears in the ase H = K2. This leads us to believe that this boundan be improved upon. The approah of �ámal on the lower bound does notseem to generalise. The reason for this is that it uses bounds on maximaluts obtained from the Laplaian of (a subgraph of) Qn/k. We know of nosuh results for maximal k-uts, with k > 2, muh less for general H-uts.





Part IIIComputational Complexity





Chapter 6Constant ProdutionRemember that CA is the set of all unary onstant relations over the domain
A. For the deision problem Csp(Γ), with a �nite onstraint language Γ, it isknown that if all unary polymorphisms of Γ are permutations, then Csp(Γ)is in P (NP-hard) if and only if Csp(Γ ∪ CA) is in P (NP-hard) [22℄. Thepreondition an be reformulated into requiring that Γ is a ore. Sine theomputational omplexity of Csp, with respet to Γ, is diretly determinedby that of the ore of Γ, this allows for the inorporation of all unary on-stant relations when studying Csp. For Max Sol(Γ), taking the ore of aonstraint language may hange its omputational omplexity. If instead,we onsider max-ores, then we annot always introdue all onstant unaryrelations without hanging the omputational omplexity. In this hapter,we derive a property whih is a slight restrition of the max-ore ondition,so as to allow the addition of onstants. We also show that when onstantsannot be added in this way, we an derive the omputational omplex-ity of Max Sol(Γ) from that of its stritly smaller endomorphi images,i.e. from the onstraint languages g(Γ) obtained by applying non-surjetiveunary polymorphisms g. The problem Max AW Sol(Γ) is de�ned simi-larly to Max Sol(Γ) with the di�erene that arbitrary rational weights areallowed in the input instanes. While the results of this hapter are statedfor Max Sol, our method also applies to Max AW Sol, with minor mod-i�ations. (In partiular, the proof of Lemma 6.2 must be altered slightlyto aommodate for the possibility of negative weights.)We begin by illustrating one of the key ideas with an example. For aonstraint language (or relational struture) Γ, we let End(Γ) denote the setof all endomorphisms on Γ, i.e. the set of homomorphisms from Γ to itself,and we let Aut(Γ) denote the set of automorphisms (that is, surjetive en-domorphisms) on Γ. Let H be the graph in Figure 6.1. H is isomorphi to
C8 and it is easy to verify that it is a max-ore. Nevertheless, we will seethat the omplexity of Max Sol(H) an be naturally derived from that ofthe stritly smaller endomorphi images of H . Let (G, ω) be an instane
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7Figure 6.1: The graph H is an 8-yle and a max-ore.of Max Sol(H) and let f : V (G) → V (H) be an optimal solution to thisinstane. For i = 1, . . . , 8, let µi =
∑

v∈f−1(i) ω(v) be the total weight ofthose nodes in G whih are mapped to i. Pik a non-surjetive endomor-phism π ∈ End(H). Then, π(H) is an irre�exive path, so Max Sol(π(H))an be solved in polynomial time (f. Proposition 6.27.) Now, assume that
8∑

i=1

µi · i =

8∑

i=1

µi · π(i). (6.1)We ould then have solved (G, ω) on π(H) instead, and obtained the sameoptimal measure. But of ourse, we annot a priori know what the valuesof µi will be. It is even possible that some other optimal solution exists, forwhih (6.1) does not hold. However, sine H is �xed, End(H) is of onstantsize, and we an try to solve Max Sol(π(H)) for every non-surjetive π ∈End(H). Sine every solution toMax Sol(π(H)) in partiular is a solutionto Max Sol(H), we an hoose the maximal one in hope that it will bemaximal also for Max Sol(H). There ould exist instanes for whih thisapproah fails if there were onstants µ1, . . . , µ8 suh that
8∑

i=1

µi · i >

8∑

i=1

µi · π(i) (6.2)for every π ∈ End(H) \ Aut(H). If this was the ase, then we will seethat it would be possible to produe all onstant unary relations, and thatthis in turn would imply NP-hardness for Max Sol(H). Conversely, theapproah will sueed, i.e. it will produe a polynomial-time algorithm forMax Sol(H) if, for every hoie of onstants µ1, . . . , µ8, there is at leastone π ∈ End(H) \ Aut(H) suh that (6.2) does not hold. We will see inProposition 6.34 that for our example graph H , the latter is the ase, sothat Max Sol(H) is in PO.



6. Constant Prodution 127Chapter outlineThe general struture of this hapter is as follows. In Setion 6.1 we startby introduing a number of onepts whih will be used in the proof ofthe main result. In partiular, in Setion 6.1.1 we extend the notion ofpp-de�nability to weighted pp-de�nability, in order to be able to produeonstants in ertain situations. Setion 6.1.2 introdues some notation whihsimpli�es the manipulation of expressions for the measure of solutions toMax Sol instanes, and Setion 6.1.3 extends the idea of onnetedness torelational strutures. Setion 6.2 is dediated to the proofs of Lemma 6.20and Lemma 6.21, whih help establish the main theorem, Theorem 6.22.Some of the tools developed are then used, in Setion 6.3, in order to lassifythe omputational omplexity of Max Sol(H), for some simple lasses ofgraphs H . The hapter ends with a disussion, in Setion 6.4, on possiblefuture extensions of the results.6.1 PreliminariesIn this hapter we will mainly use the viewpoint of onstraint satisfationas a homomorphism problem between relational strutures. We will assumethat all relational strutures are �nite, i.e. the signature τ is assumed to be�nite. However, we will oasionally use the term onstraint language inorder to emphasise that we are speaking of the �xed relational struture onthe right-hand side. In the same spirit, we will often keep the alligraphitypefae, I,J , for the left-hand side instanes, as opposed to the apitalGreek letters, Γ, ∆, used for onstraint languages and relational strutures.The weight funtion ω of an instane I, an be viewed as a valuationof the relational struture I. We will all both (I, ω) and (Γ, ν) valuedrelational strutures. The problem Max Sol(Γ, ν) is then a homomor-phism problem between valued relational strutures, with preferene givento solutions of high measure, with respet to the valuations.Formally, let Γ be a τ -struture with valuation ν : A → Q≥0. Thede�nition ofMax Sol(Γ), orMax Sol(Γ, ν) then takes the following form:Instane: A valued relational struture (I, ω), where I is a τ -strutureover a domain V , and ω : V → Q≥0.Solution: A homomorphism f from I to Γ.Measure: The measure of a solution f is given by the following sum:
m(f) =

∑

v∈V

ω(v) · ν(f(v)). (6.3)To keep the notation less umbersome, we will make some simpli�a-tions. An instane I of Max Sol(Γ) must have the same signature as Γ,



128 6.1. Preliminariesin order for the problem to be de�ned. For this reason, we will usuallynot mention the signatures, but simply assume that they exist, and agreefor the relational strutures we disuss. Similarly, the relational strutureswhih we onsider will always ome equipped with valuations. Sometimesthese valuations do not hange over the ourse of an argument, or may sim-ply be assumed to exist, but not neessary to mention expliitly. In suhases, we will often write Γ for (Γ, ν), I for (I, ω), and Max Sol(Γ) forMax Sol(Γ, ν), respetively. When nothing else is stated, A will denotethe domain of Γ.6.1.1 Weighted pp-de�nabilityLet I be an instane of Max Sol(Γ) over a domain A, and with variables
V = {v1, . . . , vn}. A solution f to I an be represented as the n-tuple
(f(v1), . . . , f(vn)) ∈ An. With this in mind, we de�ne Optsol(I) as theset of all n-tuples whih represent optimal solutions to I, i.e. Optsol(I)is a subset of An. For any suh subset S = {(aj

1, . . . , a
j
n)}1≤j≤m ⊆ An,and a sequene of indies (i1, . . . , ik) ⊆ [n]k, we will let πi1,...,ik

S denotethe set {(aj
i1

, . . . , aj
ik

)}1≤j≤m. We then have the following extension of pp-de�nability (f. Setion 2.5):De�nition 6.1 A k-ary relation ̺ is weighted pp-de�nable over Γ ifthere is an instane I of Max Sol(Γ) with optimal solutions Optsol(I)and ̺ ≡ πi1,...,ik
Optsol(I). The set of all relations whih are weightedpp-de�nable from Γ is denoted by 〈Γ〉w.Lemma 6.2 Let Γ be a onstraint language and Γ′ ⊆ 〈Γ〉w a �nite subset.Then, Max Sol(Γ′) is polynomial-time reduible to Max Sol(Γ).Proof: Let I ′ = (V ′, A, C′, ω′) be an instane of Max Sol(Γ′). First, wewill assume that there is only one onstraint appliation ((u1, . . . , uk), ̺) in

I ′ suh that ̺ ∈ Γ′, but ̺ 6∈ Γ. We modify I ′ to an instane I = (V, A, C, ω)of Max Sol(Γ) as follows: let J̺ be an instane of Max Sol(Γ) withvariables V (J̺) disjoint from V ′, and suh that ̺ ≡ πi1,...,ik
Optsol(J̺).Now substitute the variable vij

by uj , for 1 ≤ j ≤ k, to obtain an instane
J ′

̺ whih shares some variables with I ′. Let
V = V ′

⋃

V (J ′
̺), C = (C′ \ {((u1, . . . , uk), ̺)})

⋃

C(J ′
̺),and de�ne

ω(v) =







ω′(v) if v ∈ V \ V (J ′
̺),

M · µ(v) + ω′(v) if v ∈ V
⋂

V (J ′
̺), and

M · µ(v) if v ∈ V (J ′
̺) \ V ,where µ is the weight funtion of J ′

̺, and M is a onstant.



6. Constant Prodution 129The idea is now to hoose M large enough, so that if I ′ is satis�able, thenin any optimal solution s to I, the restrition of s to the set V (J ′
̺) is foredto be an optimal solution to the instane J ′

̺. It then follows that we willhave (s(u1), . . . , s(uk)) ∈ ̺, and that we an reover an optimal solution to
I ′ from s. This is ahieved as follows: if J ′

̺ does not have any sub-optimalsolutions, we an let M = 0. Otherwise, let ∆ be the minimal di�erene inmeasure between an optimal solution, and a sub-optimal solution to J ′
̺, andlet M = (U + 1)/∆, where U =

∑

v∈V (I′) ω(v) · maxa∈A ν(a). Note that Uis a bound, not only on the measure of an optimal solution to I ′, but on theoptimum of any instane over A with valuation ν whih has the same set ofvariables and weights as I ′. In partiular, we will use that it is a bound onthe instane obtained from I ′ by removing the appliation of ̺.Next, we show how to obtain an optimal solution to I ′ by solving I.Assume �rst that I ′ is satis�able, and let s′ be any satisfying assignment to
I ′. Then, we an de�ne a satisfying assignment s to I by letting s(v) = s′(v)if v ∈ V , and otherwise hoose s so that its restrition to V (J ′

̺) is an optimalsolution to J ′
̺. The measure of this solution will be m(s) = M · Opt(J ′

̺) +
m(s′), heneOpt(I) ≥ M ·Opt(J ′

̺) + Opt(I ′).The onstrution of s also shows that if I is unsatis�able, then so is I ′.So let us assume that I is satis�able, and let s be any solution to I. Ifthe restrition of s to V (J ′
̺) is an optimal solution to J ′

̺, then we have
(s(u1), . . . , s(uk)) ∈ ̺, so the restrition s|V is a solution to I ′. The measureof s|V is m(s) − M ·Opt(J ′

̺), soOpt(I ′) ≥ Opt(I) − M ·Opt(J ′
̺),and we onlude that s|V is an optimal solution to I ′.On the other hand, if the restrition of s to V (J ′

̺) is not an optimalsolution to J ′
̺, then ∆ must be de�ned, and we have

m(s) ≤ M ·
(Opt(J ′

̺) − ∆
)

+ U = M · Opt(J ′
̺) − (U + 1) + U.In this ase, Opt(I) ≤ M · Opt(J ′

̺) − 1, hene I ′ is not satis�able. Insummary: if I is unsatis�able, or if Opt(I) < M · Opt(J ′
̺), then I ′ isunsatis�able, and otherwise Opt(I ′) = Opt(I) − M ·Opt(J ′

̺).We now extend the redution to the ase when I ′ uses more than oneonstraint from Γ′ \ Γ and/or ontains multiple appliations of the sameonstraint: for eah appliation of the same onstraint ̺, we introdue oneopy of J̺, and identify the di�erent opies of the variables vi1 , . . . , vikwith the di�erent onstraint sopes of the appliations. Similarly, for eahadditional onstraint ̺′, we introdue opies of some instane J̺′ whih pp-de�nes ̺′ in the weighted sense. When more than one onstraint is involved,say ̺1, . . . , ̺r, we de�ne ∆ to be the minimal di�erene in measure betweenan optimal, and a sub-optimal solution to any of the instanes J̺i
, 1 ≤ i ≤ r.



130 6.1. PreliminariesThe weight of a variable v ∈ V whih is in the sope of a set of appliations,
(s1, ̺1), . . . , (sr, ̺r), will be ω(v) = ω′(v) + M ·∑r

i=1 µi(v).We must also argue that the size of I is polynomial in the size of I ′.The number of new variables and onstraint appliations introdued into
I ′ depends on the sizes of the instanes {J̺}̺∈Γ′ , and on the number ofappliations in I ′. The latter is learly at most linear in the size of I ′,and sine Γ′ is �nite, the set {J̺}̺∈Γ′ an be omputed and �xed ahead oftime, so the sizes of these instanes are onstant with respet to I ′. Finally,the onstant M will depend on the sum of all weights in I ′, hene at mostlinearly on the size of I ′.Example 6.3 To illustrate the use of Lemma 6.2, we show NP-hardnessof Max Sol(H), where H is the graph in Figure 6.2a on the vertex set
A = {0, 1, 2}.

a)
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1 b)

v1

v2

v3Figure 6.2: The graph H , and the instane J̺ in Example 6.3.Let ̺ denote the onstraint {0, 1}2\{(1, 1)}, and let J̺ = (V, A, C, ω) bethe instane in Figure 6.2b, with V = {v1, v2, v3}, the onstraint appliations
H(vi, vj) for i 6= j, and weights given by ω(v1) = 1, and ω(v2) = ω(v3) = 0.For this instane, Optsol(J̺) = {(2, 0, 0), (2, 0, 1), (2, 1, 0)}, i.e. an optimalsolution maps v1 to 2, and (v2, v3) to the set {0, 1}2 \ {(1, 1)}. Hene, ̺ ≡
π2,3Optsol(J̺) is in 〈{H}〉w. By Lemma 6.2, with Γ = {H} and Γ′ = {̺},we have a polynomial-time redution from Max Sol(̺) to Max Sol(H).Sine the problem Max Independent Set is polynomial-time reduibleto Max Sol(̺), it follows that both Max Sol(̺) and Max Sol(H) areNP-hard.Next, we sketh how the polynomial-time redution works in this ase.We assume that the instane of Max Sol(̺) is an undireted graph G, i.e.eah edge {ui, uj} in G represents two appliations, ̺(ui, uj) and ̺(uj , ui),of the onstraint ̺. Sine ̺ is symmetri, we only need to onsider oneof these appliations. An example is illustrated in Figure 6.3. The graph
G is drawn to the left, with white verties. For eah edge of G, we adda opy of the instane J̺, and multiply the weights of this instane by alarge onstant M . Eah suh instane is a triangle on some verties v1, v2,and v3, and we identify (indiated by dotted lines in the �gure) v2 with ui,and v3 with uj, and add the weight of v2 (v3) to that of ui (uj). In thisase, the weights of v2 and v3 are both 0, so the total weight of ui and ujare given by their original weights, while the weight of the (new) variable



6. Constant Prodution 131
v1 is M . The result of this proedure is shown to the right in Figure 6.3,where we also give the total weights, with ωi = ω(ui). To determine M ,we note that ∆, i.e. the least di�erene between an optimal solution to J̺,and any sub-optimal solution, is 1. Hene, we an let M = U + 1, where
U = (ω1 + ω2 + ω3 + ω4) · 2. In any optimal solution, we have now fored
f(v1) = 2 for all opies of v1 so that for any pair of adjaent verties ui and
uj, we have (f(ui), f(uj)) ∈ ̺, as intended. Thus, any optimal solution hasa measure equal to 8M plus the maximal weight of an independent set in G.Note that in this partiular example we ould have identi�ed all the opiesof v1 as well.

u2
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u4

u1 ω2
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ω4
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M

Figure 6.3: An instane G of Max Sol(̺) and four opies of J̺ (left), andthe orresponding instane of Max Sol(H) with weights (right.)6.1.2 The measure m(f) as a bilinear formIn order to work more easily with expressions suh as (6.2) and (6.3), it willbe onvenient to introdue a bit of notation for the measure. We start in amore general setting of funtionals on vetor spaes over Q and linear mapsbetween the dual spaes. This is eventually redued to funtions from �nitesets to Q≥0, and funtions between these sets. While the generality �rstintrodued is by no means neessary for our appliation, it provides somemotivation for the notation used. The essential de�nitions are found in (6.6)and (6.7) and the identity (6.8) shows two ways of representing the measureof a solution.Let U and W be two �nite-dimensional vetor spaes over Q. Denote by
U∗ (W ∗) the dual spae of U (W ), onsisting of all linear maps from U (W )to Q. De�ne 〈·, ·〉U : U∗ × U∗ → Q to be the following symmetri, bilinearform:

〈α, β〉U =

dim U∑

i=1

α(ei) · β(ei), (6.4)



132 6.1. Preliminarieswhere {ei} is an orthonormal base for U and α, β ∈ U∗.Now, let γ ∈ W ∗ and let F : W ∗ → U∗ be a linear map. Then, thetranspose of F , denoted F t : U∗ → W ∗, an be de�ned as the uniquelinear map whih satis�es
〈α, F (γ)〉U = 〈F t(α), γ〉W . (6.5)As the notation suggests, F t an also be de�ned as the map whose matrixrepresentation is the transpose of the matrix representation for F .We now restrit this idea to our urrent setting. Let A and V be two�nite domains. If we identify the elements of A with the basis {ei}, thenmaps in U∗ an be identi�ed with maps from A to Q. We then have ade�nition of 〈·, ·〉A from (6.4):
〈µ, ν〉A =

∑

a∈A

µ(a) · ν(a), (6.6)where µ, ν : A → Q. Now, we an let a funtion f : V → A at on ν by
f(ν) = ν ◦ f . Thus, f maps funtions from A to Q into funtions from V to
Q. The equality (6.5) now orresponds to

〈ω, f(ν)〉V = 〈f t(ω), ν〉A,where f t is given by
f t(ω)(a) =

∑

v∈f−1(a)

ω(v), for all a ∈ A. (6.7)Now we take the �nal step, and replae Q by Q≥0. We then moveaway from the setting of vetor spaes, as we an no longer subtrat ve-tors (weight funtions) freely, but this will never atually pose any prob-lem. Let (Γ, ν) be a valued onstraint language and (I, ω) an instane ofMax Sol(Γ, ν), with A being the domain of Γ and V the domain of I. If
f is a homomorphism from I to Γ, then by ombining (6.3) and (6.6) weobtain two expressions for the measure of f , namely

m(f) = 〈ω, f(ν)〉 = 〈f t(ω), ν〉. (6.8)From here on, we will drop the subsripts A and V on 〈·, ·〉, as they will beevident from the ontext. We an expand the last expression in (6.8) to seethat what we have done is essentially a rearrangement of terms in the sumrepresenting the measure:
〈f t(ω), ν〉 =

∑

a∈A

f t(ω)(a) · ν(a) =

=
∑

a∈A

∑

v∈f−1(a)

ω(v) · ν(f(v)) =
∑

v∈V

ω(v)f(ν(v)).We mention an additional manipulation of 〈µ, ν〉, whih is obtained byapplying an arbitrary permutation π : A → A to both arguments. Sine



6. Constant Prodution 133this orresponds to a hange in the summation order, we get the followingidentity:
〈π(µ), π(ν)〉 = 〈µ, ν〉. (6.9)Example 6.4 Reall the example in Figure 6.1. In order to introdue avaluation on the verties, instead of the expliit numbers 1 to 8, we start byrelabelling the graph. Let A = {a1, . . . , a8} and let Γ = {H} be a relationalstruture over A, where H is the binary, symmetri relation given by thegraph in Figure 6.4. Let the valuation of ν be given by the integers on theorresponding verties in Figure 6.1: ν = {a1 7→ 8, a2 7→ 1, . . . , a8 7→ 3}.Let (I, ω) be an instane, where I = {G} and G is a graph on vertex set V .

a7

a8

a1

a2

a3

a4

a5

a6Figure 6.4: A relabelling of the graph from Figure 6.1.A solution to Max Sol(Γ, ν) for this instane is a (graph) homomorphism
f : V → A, and by (6.8) we an write m(f) = 〈ω, f(ν)〉. Let µ(ai) =
∑

v∈f−1(ai)
ω(v) for i = 1, . . . , 8, or equivalently, let µ = f t(ω). Then, (6.2)takes the form

〈µ, ν〉 > 〈µ, π(ν)〉, (6.10)where π is some unary polymorphism of H . Using the identity (6.8), we seethat the right-hand side of (6.10) is equal to 〈πt(µ), ν〉. This value an beinterpreted as the measure, m(id), of the identity solution to the instane
(Γ, πt(µ)). This idea is used in the proof of Lemma 6.16.Let id be the identity operation on A. In Setion 6.2, we will want todetermine when CA is a subset of 〈Γ〉w. For this, we use the following result,whih is easily derived from Lemma 6.2.Lemma 6.5 Let Γ be a �nite onstraint language with valuation ν, andassume that there exists a µ : A → Q≥0 suh that for all g ∈ End(Γ) \ {id},

〈µ, ν〉 > 〈µ, g(ν)〉. (6.11)Then, CA ⊆ 〈Γ〉w.



134 6.1. PreliminariesProof: Consider (Γ, µ) as an instane of Max Sol(Γ, ν). The ondition(6.11) shows that id is the unique maximal solution to this instane, i.e.Optsol(Γ, µ) = {(a1, a2, . . . , an)}. Consequently, for eah i, 1 ≤ i ≤ n, wehave {(ai)} ≡ πiOptsol(Γ, µ) ∈ 〈Γ〉w . Thus, CA ⊆ 〈Γ〉w .6.1.3 Conneted substruturesWhen determining properties, or parameters, of undireted graphs, it isoften possible, and onvenient, to �rst deompose the graph under studyinto its onneted omponents. These omponents an then be dealt withseparately, and the results for the separate omponents are �nally aggregatedto produe the answer to the question for the original graph.Examples inlude the hromati number, χ, of a graph, the existene ofgraph homomorphisms, and, α, the maximal size of an independent set. Inthe ase of the hromati number, one has the identity:
χ(G

⊎

H) = max{χ(G), χ(H)}, (6.12)where ⊎ denotes disjoint union. In general, thus, the hromati number isthe maximum of the hromati number of its onneted omponents. Forthe other examples, G → H if and only if Gi → H for all i, where Gi arethe onneted omponents of G, and �nally, α(G) =
∑

i α(Gi).The notion of onnetedness and that of a disjoint union are related inthe sense that an undireted graph an be written as a disjoint union of itsonneted omponents. This deomposition is unique, up to reordering ofthe omponents. If G and H have partially overlapping vertex sets, we anintrodue an isomorphi opy, G′, of G, for whih we let V (G′) = V (G)×{1},and similarly, for H , we an introdue a opy H ′, with V (H ′) = V (H)×{2}.Finally, we let G
⊎

H = G′
⋃

H ′.Here, we de�ne a notion of onnetedness for relational strutures. Wewant to retain two properties from the ordinary undireted graph onnet-edness. Namely,1. Every struture an be deomposed into a disjoint union of onnetedomponents, and an optimal solution to an instane an be obtainedby omposing optimal solutions to the separate omponents.2. The homomorphi images of a onneted struture are onneted.Let Γ be a relational struture over a �nite set A. De�ne the relation
CΓ ⊆ A×A by letting (a, b), (b, a) ∈ CΓ if there is a tuple (. . . , a, . . . , b, . . .) ∈
̺ for some relation ̺ ∈ Γ. The relation CΓ is turned into an equivalenerelation by adding (a, a) for eah a ∈ A, and taking the transitive losure.De�nition 6.6 Let A′ ⊆ A and let ∆ = Γ|A′ be the relational strutureindued by A′. If A′ is an equivalene lass of CΓ, then we say that ∆ is aonneted omponent of Γ.



6. Constant Prodution 135Example 6.7 Let D be a direted graph. In graph theory, one distin-guished two notions of onnetedness for direted graph. A subgraph D′ of
D is alled strongly onneted, if for every ordered pair of verties u, v ∈ D′,there is a direted path from u to v. De�ne the underlying graph of D asthe undireted graph G, with V (G) = V (D) and {u, v} ∈ E(G) if either
(u, v) or (v, u) (or both) is a direted edge in D. A subgraph of D is alledweakly onneted if the underlying graph is onneted (in the usual, undi-reted, sense). The onnetedness of De�nition 6.6 is equivalent to weakonnetedness for direted graphs.Let Γ be a relational struture overA. Up to reordering, there is a uniquepartition of A into sets A1, . . . , Ak (i.e., A =

⋃k
i=1 Ai and Ai

⋂
Aj = ∅ for

i 6= j,) given by the equivalene lasses of CΓ, suh that {Γ|Ai
}k

i=1 are theonneted omponents of Γ. In addition to deomposing strutures intotheir onneted omponents, we will need to build larger strutures fromtheir individual omponents. For this purpose, we introdue a disjoint unionof relational strutures, in the natural way.De�nition 6.8 Let I be an index set and {Ai}i∈I be a olletion of rela-tional strutures of a ommon signature τ over sets Ai. The disjoint unionof {Ai}i∈I , denoted ∐i∈I Ai, is a relational struture of signature τ over theset ⋃i∈I(Ai×{i}). For j ∈ I, let ιj : Aj → Aj ×{j} be the injetion ιj(a) =
(a, j), extend it to tuples by ιj(t) = ιj(t1, . . . , tl)) = (ιj(t1), . . . , ιj(tl)), andto relations by ιj(̺) =

⋃

t∈̺ ιj(t). Eah relation of ∐i∈I Ai is given by
⋃

i∈I ιi(̺
i), where ̺i ∈ Ai.The following two propositions verify that onnetedness aording toDe�nition 6.6 has the properties we desire; we want to solve instanes bydeomposing them, and then solve eah onneted omponent separately.Additionally, we want the homomorphi images of onneted strutures tobe onneted. For onveniene, if I does not have any solutions, then wede�ne Opt(I) = −∞.Proposition 6.9 Let (I, µ) be an instane of Max Sol(Γ), for some on-straint language Γ. Then, Opt(I) =

∑

1≤i≤k Opt(Ii), where I1, . . . , Ik arethe onneted omponents of I. Furthermore, the deomposition {Ii}k
i=1 anbe found in time whih is polynomial in the number of tuples of I.Proof: For the �rst part, it su�es to note that if (u, v) 6∈ CI , then u and

v an be assigned values independently of eah other, i.e., no assignment to
u an a�et the possible assignments to v, and vie versa. More generally,let Ai be the domain of Ii. Then, Ai × Aj

⋂
CI = ∅ for i 6= j, so Ai and

Aj an be assigned values independently. Hene, the optimal solution to Iis given by the sum, over i, of the optimal solutions to Ii.For the seond part, we assume that Γ is represented by a list of relations,eah onsisting of a list of the tuples in that relation. To ompute the



136 6.1. Preliminariesequivalene lasses {Ai}k
i=1 of CΓ, we an use a union-�nd data struture.We perform a �rst pass over all tuples and merge all lasses orrespondingto the domain elements in eah given tuple. Using the equivalene lasses,it is then straightforward to extrat eah onneted omponent from Γ in aseond pass.Proposition 6.10 Let Γ be a onneted onstraint language. Then, anyhomomorphi image of Γ is onneted.Proof: Let f : A → B be a surjetive homomorphism from Γ to f(Γ)over domain B. For a onneted Γ over A, we have CΓ = A × A. Thisimplies f(CΓ) = B × B ⊇ Cf(Γ). Hene, it su�es to show that we have

f(CΓ) ⊆ Cf(Γ).To this end, pik a tuple (b, b′) ∈ f(CΓ), and some preimage (a, a′) ∈ CΓ.A path in Γ from a1 to ak in Γ, is a (�nite) sequene of tuples t1, . . . , tk−1from relations in Γ suh that a1 is an element in t1, ak is an element in
tk−1, and for i = 2, . . . , k − 1, ai is an element both in ti−1 and in ti.Sine (a, a′) ∈ CΓ, suh a path must exist between a = a1 and a′ = ak.The endomorphism f maps this path to a path in f(Γ) from f(a) = bto f(a′) = b′, onsisting of the tuples f(t1), . . . , f(tk−1). Consequently,
(b, b′) ∈ Cf(Γ), whih �nishes the proof.One of the main reasons for introduing onnetedness of relational stru-tures, apart from deomposing instanes into onneted omponents, is thefollowing immediate onsequene of Proposition 6.10.Corollary 6.11 Let Γ, Γ1, . . ., Γk be onneted and let h : Γ →∐

i Γi be ahomomorphism. Then, h(Γ)
⋂

ιi(Γi) = ∅ for all but one i ∈ {1, . . . , k}.Remark 6.12 Similarly to weak onnetedness for direted graphs dis-ussed in Example 6.7, we an give an alternative de�nition of a onnetedsubstruture, equivalent to De�nition 6.6, by introduing an underlyinggraph of an arbitrary relational struture. For a single relation, this graph isobtained by adding a lique for eah tuple, onneting all domain elementsourring in that tuple. The graph for the relational struture is then takenas the union of the graphs of the relations appearing in the struture. Then,a substruture is onneted (in sense of De�nition 6.6 if and only if theunderlying graph is onneted.Remark 6.13 A third, and equivalent, de�nition of onnetedness for rela-tional strutures an be obtained from De�nition 6.8. Namely, a substru-ture is onneted (in the sense of De�nition 6.6) if and only if it annot bewritten as a disjoint union of two non-empty strutures.In the following, we will use the same relational struture I as an instaneof the problem Max Sol(Γ) for various onstraint languages Γ. To makethe intended problem expliit in the notation, we will denote the optimumof I by Opt(I, Γ).



6. Constant Prodution 137De�nition 6.14 Let {Γ1, . . . ,Γk} be a non-empty olletion of onnetedonstraint languages. Let I be a relational struture suh that Opt(I, Γi) >Opt(I, Γj) for all j 6= i. We then say that Γi is essential in ∐k
i=1 Γi, andwe all I a witness.In the speial ase that the olletion in De�nition 6.14 ontains only a singleonstraint language Γ, then Γ is always essential, and every instane I ofMax Sol(Γ) whih has any solution is a witness. The following propositionprovides a �rst reason for introduing the notion of essentiality:Proposition 6.15 Let {Γ1, . . . ,Γk} be a olletion of onneted onstraintlanguages, and assume that for some i, Γi is not essential in ∐j Γj . Then,Max Sol(∐j 6=i Γj) is polynomial-time equivalent to Max Sol(∐j Γj).Proof: Let I be a relational struture. By Proposition 6.9 we may assumethat I is onneted whih, by Corollary 6.11, implies that Opt(I,
∐

j Γj) =
maxj{Opt(I, Γj)}. Furthermore, maxj{Opt(I, Γj)} = maxj 6=i{Opt(I, Γj)},sine Γi is not essential, i.e. Opt(I, Γi) ≤ Opt(I, Γj) for all j 6= i. Finally,with I onneted, and again due to Corollary 6.11, maxj 6=i{Opt(I, Γj)} =Opt(I,

∐

j 6=i Γj).Proposition 6.15 shows that we an disard non-essential strutures. Wewould also like to say something about essential strutures, namely that wean redue from them. This is proved in Proposition 6.17(2), but beforewe do so, we need an additional lemma, whih shows that witnesses an beassumed to have a partiular form.Lemma 6.16 Let {Γ1, . . . ,Γk} be a olletion of �nite, onneted onstraintlanguages, and assume that for some i, Γi is essential in ∐j Γj . Then, thereexists a witness of the form (Γi, µ), µ : Ai → Q≥0, where Ai is the domainof Γi. Furthermore, the identity homomorphism on Γi is an optimal solutionto this witness.Proof: Sine Γi is essential, we an �nd some witness I to this fat.Let f be an optimal solution to I as an instane of Max Sol(Γi), andonsider the instane J = (Γi, f
t(ω)). The identity homomorphism on Γiis a solution to J of measure 〈f t(ω), νi〉 = 〈ω, f(νi)〉 = Opt(I, Γi). Hene,Opt(J , Γi) ≥ Opt(I, Γi). Now, let g : Γi → Γj be an optimal solution to

J as an instane of Max Sol(Γj), possibly with j = i. Then, g ◦ f is asolution to I as an instane of Max Sol(Γj), and the measure of g ◦ f is
〈ω, (g ◦ f)(νj)〉 = 〈f t(ω), g(νj)〉 = Opt(J , Γj).Hene, Opt(I, Γj) ≥ Opt(J , Γj) for all j. When j = i, we therefore haveOpt(J , Γi) = Opt(I, Γi), and the identity homomorphism is one of the op-timal solutions to the instane J . Furthermore, when j 6= i, Opt(J , Γj) ≤Opt(I, Γj) < Opt(I, Γi) = Opt(J , Γi), so J is indeed a witness.



138 6.2. Constant produtionProposition 6.17 Let {Γ1, . . . ,Γk} be a olletion of �nite, onneted re-lational strutures and let Γ =
∐k

j=1 Γj .1. If Max Sol(Γi) is in PO for 1 ≤ i ≤ k, then Max Sol(Γ) is in PO.2. If Γi is essential in Γ, then Max Sol(Γi) is polynomial-time reduibleto Max Sol(Γ).Proof: Due to Proposition 6.9, we may assume that the input instane isonneted. If not, we an deompose it in polynomial time and treat theparts separately. The �rst part of the lemma is immediate; for an instane
I of Max Sol(Γ), solve I for the k problems Max Sol(Γi) and return themaximal solution.For the seond part, sine Γi is essential, we an �nd a witness J whihmaximises stritly on Γi and by Lemma 6.16, J an be hosen as (Γi, µ).Let Ai be the domain of Γi and de�ne the relations ̺a ≡ πaOptsol(J ), for
a ∈ Ai. Sine the identity map from J to Γi is one of the optimal solutions,we have (a) ∈ ̺a for all a ∈ Ai. From Corollary 6.11, we know that anoptimal solution to the onneted instane J of Max Sol(Γ) has an imagewhih lies entirely in Γi. From this, we get ̺a ⊆ {(b) | b ∈ Ai}. Now, we�x one variable v in the input instane I, and reate one instane Ia foreah a ∈ Ai, by taking a opy of I, and adding the onstraint ((v); ̺a).By Lemma 6.2, we an solve Ia as an instane of Max Sol(Γ ∪ {̺a}). Byanother appliation of Corollary 6.11, and the fat that the image of v underany solution is in Γi, we know that the entire image of I under any solutionis in Γi. For every a, we have Opt(Ia, Γ) ≤ Opt(I, Γi), and equality willhold for some a, sine a ranges over the entire set Ai. It follows that wean solve I for Max Sol(Γi) by taking the maximal of the solutions to theinstanes Ia.6.2 Constant produtionIn this setion, we make use of weighted pp-de�nability and onnetednessto show that, in a sense, we an always assume that we have aess to allonstants. The preise statement of this result is given in Theorem 6.22. Itsays that Max Sol has a dihotomy if and only if OAL Max Sol does,whereOAL Max Sol(Γ) is de�ned asMax Sol(Γ ∪ CA). The abbreviationOAL stands for One-or-All Lists, whih means that, in addition to theonstraints in Γ, we may hoose the domain of eah variable either to be theentire domain of Γ, or to be just one spei� domain value, i.e. we may useany onstant, unary onstraint. The main goal will be to prove Lemma 6.21,from whih this theorem is derived.Let Γ be a onstraint language, and let F ⊆ End(Γ). De�ne

∐

F

Γ =
∐

f∈F

f(Γ),



6. Constant Prodution 139the disjoint union of all onstraint languages obtained by applying an en-domorphism from F to Γ. Here we index the disjoint union by the endo-morphisms of Γ. Let a be an element from the domain of Γ. It will beunderstood that a valuation ν on Γ is extended to ∐F Γ by ν(ιf (a)) = ν(a)for all f ∈ F .The following lemma is easy but ats as an important starting point forLemma 6.21.Lemma 6.18 Let Γ be a �nite, onneted onstraint language with valua-tion ν, and let P ⊆ End(Γ) \ {id} be a set of endomorphisms on Γ. Then,the problems Max Sol(Γ) and Max Sol(∐P∪{id} Γ) are polynomial-timeequivalent.Proof: For any endomorphism f ∈ P , it is lear that f(Γ) annot beessential in∐P∪{id} Γ. Hene, we an remove f from P by Proposition 6.15.The lemma follows by repeating this proess until P is empty.Note that if g ∈ P ⊆ End(Γ) \ {id} for some automorphism g on Γ, then
Γ an never be essential in ∐P∪{id} Γ. However, we an show that if P =End(Γ) \ Aut(Γ), and Γ is essential in ∐P∪{id} Γ, then all unary onstantrelations are in 〈Γ〉w. This is a onsequene of Lemma 6.20, and in order toprove this result, we �rst need a tehnial lemma.Lemma 6.19 Let Γ be a �nite onstraint language with an injetive valua-tion ν, let µ : A → Q≥0, and assume that S, T ⊆ End(Γ) are suh that, forall hoies of f, g ∈ S, and h ∈ T ,

〈µ, f(ν)〉 = 〈µ, g(ν)〉,and
〈µ, f(ν)〉 > 〈µ, h(ν)〉.Then, there exists a µ′ : A → Q≥0, and an f ′ ∈ S suh that,
〈µ′, f ′(ν)〉 > 〈µ′, g′(ν)〉,for all g′ ∈ (S ∪ T ) \ {f ′}.Proof: First, for any ω : A → Q≥0, de�ne Sω to be the endomorphisms

f ∈ S ∪ T for whih 〈ω, f(ν)〉 is maximised, and de�ne Tω = (S ∪ T ) \ Sω.Note that we have Sµ = S and Tµ = T . To prove the lemma, we will showthat it is possible to hange µ slightly and obtain a µ′ for whih Sµ′ = {f ′},with f ′ ∈ S. To this end, de�ne the �distane�, ∆µ(S, T ), between S and T ,with respet to µ, by
∆µ(S, T ) = min

f∈S,h∈T
〈µ, f(ν)〉 − 〈µ, h(ν)〉.



140 6.2. Constant produtionWe let µ0 = µ, and for i = 1, . . . , n, we arry out the following onstru-tion. Let εi > 0, and de�ne the valuation µi as follows:
µi(aj) =

{

µi−1(aj) if i 6= j, and
µi−1(aj) + εi otherwise.We now laim that for eah i ≥ 1, we an hoose εi > 0 in suh a way that

Sµi
⊆ Sµi−1 . Note that this follows if we an ensure that ∆µi

(Sµi−1 , Tµi−1) >
0. Let γ = maxa∈A ν(a) − mina∈A ν(a) > 0. Then,

∆µi
(Sµi−1 , Tµi−1) = min

f∈Sµi−1
,h∈Tµi−1

〈µi, f(ν)〉 − 〈µi, h(ν)〉 =

min
f∈Sµi−1

,h∈Tµi−1

εi · (ν(f(ai)) − ν(h(ai))) + 〈µi−1, f(ν)〉 − 〈µi−1, h(ν)〉

> −εi · γ + ∆µi−1(Sµi−1 , Tµi−1).By de�nition, we have ∆µi−1 (Sµi−1 , Tµi−1) > 0, hene if we pik εi so that
0 < εi < ∆µi−1(Sµi−1 , Tµi−1)/γ, then the laim follows.With this property established, we �nd that Sµ1 ontains those f ∈ Sµ0for whih ν(f(a1)) is maximised, and in general, for i ≥ 1, Sµi

ontainsthose f ∈ Sµi−1 for whih, ν(f(ai)) is maximised. This shows that forany two f1, f2 ∈ Sµn
, we have ν(f1(aj)) = ν(f2(aj)), for all j. Sine ν isassumed to be injetive, this is equivalent to f1(aj) = f2(aj) for all j, hene

f1 = f2. Therefore, Sµn
ontains a single endomorphism f ′, and furthermore

f ′ ∈ Sµn
⊆ Sµn−1 ⊆ · · · ⊆ Sµ0 = S. The lemma follows with this f ′ and

µ′ = µn.Lemma 6.20 Let Γ be a onneted onstraint language with valuation ν. Ifthere exists a µ : A → Q≥0 suh that for all f ∈ End(Γ) \ Aut(Γ), it holdsthat
〈µ, ν〉 > 〈µ, f(ν)〉, (6.13)then CA ⊆ 〈Γ〉w.Proof: Let I = (Γ, µ) be an instane of Max Sol(Γ). Then, the set ofoptimal solutions to I is a subset of Aut(Γ). Let S be this set, and let

T = End(Γ) \ S. By Lemma 6.19, we an �nd a µ′ : A → Q≥0, and an
f ′ ∈ S suh that f ′ is the unique maximal solution to (Γ, µ′). We laim thatthe identity is the unique maximal solution to I ′ = (Γ, (f ′)−1(µ′)); sine f ′is an automorphism, and by (6.9), we have

〈(f ′)−1(µ′), ν〉 = 〈µ′, f ′(ν)〉 > 〈µ′, h(ν)〉 = 〈(f ′)−1(µ′), (f ′)−1(h(ν))〉,for all solutions h di�erent from f ′. Sine (f ′)−1 is an automorphism,we have {h ◦ (f ′)−1 | h ∈ End(Γ) \ {f ′}} = End(Γ) \ {id}. Therefore,



6. Constant Prodution 141
〈(f ′)−1(µ′), ν〉 > 〈(f ′)−1(µ′), h′(ν)〉 for all h′ 6= id, i.e. the identity is theunique maximal solution to I ′. The proof now follows from Lemma 6.5.Lemma 6.19 is atually more general than neessary for its use in theproof of Lemma 6.20. It is not hard to make the modi�ations so that if
S onsists only of automorphisms, then we an single out a µ′ for whih
f ′ = id is the unique solution, without having to use (f ′)−1(µ′).The ondition (6.13) will be our replaement for the onept of a ore. Itensures that we an add onstants to Γ, and as the following lemma shows,in the ase that it does not hold, we an redue to Max Sol(Γ) from some�simpler� problem. However, unlike for the ase of a ore (and for the aseof a max-ore,) we annot �nd a unique smaller struture, and in fat, wemay need a disjoint union of several.Lemma 6.21 Let Γ be a �nite, onneted onstraint language with an in-jetive valuation ν. If ondition (6.13) does not hold for Γ, then one of thefollowing holds:1. There exists a non-surjetive endomorphism g on Γ suh that g(Γ)is not in PO, and Max Sol(g(Γ)) is polynomial-time reduible toMax Sol(Γ), or2. There exists a set P of non-surjetive endomorphisms on Γ suh that

g(Γ) is in PO for all g ∈ P , and Max Sol(∐P Γ) is polynomial-timeequivalent to Max Sol(Γ).Proof: Let F = End(Γ)\Aut(Γ). Assume that Γ is essential in∐F∪{id} Γ.By Lemma 6.16, we an �nd an instane I = (Γ, µ) ofMax Sol(Γ), with theidentity as one of the maximal solutions, and suh that all maximal solutionsto I are surjetive. But then µ satis�es (6.13), hene we onlude that Γ isnot essential in ∐F∪{id} Γ. By Lemma 6.18 and Proposition 6.15, we havethat Max Sol(Γ) is polynomial-time equivalent to Max Sol(∐F Γ). Wenow proeed by reduing the set F , one endomorphism at a time, until wean show that either (1) or (2) holds. We use an indutive argument on thesize of F , whih is �nite, where in eah step, we maintain the property thatMax Sol(∐F Γ) is polynomial-time equivalent to Max Sol(Γ).Note that unless (6.13) holds, F must be non-empty. Therefore, ourbase ase will be when F = {g}, in whih ase g(Γ) is trivially essential in
∐

{g} g(Γ). Sine we have maintained that Max Sol(∐F Γ) is polynomial-time equivalent to Max Sol(Γ), either (2) or (1) holds, respetively de-pending on whether Max Sol(g(Γ)) is in PO or not.If |F | > 1, and F onsists entirely of endomorphisms g suh that g(Γ) isin PO, then by Proposition 6.17(1), we see thatMax Sol(∐F Γ) is in PO,and sine it is also polynomial-time equivalent to Max Sol(Γ), (2) holdswith P = F , and we are done.Hene, we an assume that F ontains a g suh that g(Γ) is not in PO.If in addition, g(Γ) is essential in ∐F Γ, then by Proposition 6.17(2), we



142 6.3. Appliation: graphssee that Max Sol(g(Γ)) is polynomial-time reduible to Max Sol(∐F Γ),whih in turn is polynomial-time equivalent to Max Sol(Γ). In this ase,(1) holds, and we are done.Finally, if F ontains a g suh that g(Γ) is not in PO, and g(Γ) is notessential in ∐F Γ, then we an apply the indution hypothesis on the set
F ′ = F \ {g}. By Proposition 6.15, Max Sol(∐F ′ Γ) is polynomial-timeequivalent to Max Sol(∐F Γ), and hene polynomial-time equivalent toMax Sol(Γ), so this property is preserved.Theorem 6.22 Max Sol exhibits a dihotomy i� OAL Max Sol does.Proof: Obviously, ifMax Sol(Γ) is either in PO orNP-hard for arbitrary�nite Γ, then in partiular this is true for languages of the form Γ′ = Γ∪CA.To prove the other diretion, assume that OAL Max Sol exhibits adihotomy. We proeed by indution over the size of the domain A. Thebase ase, when |A| = 1, is trivial. We may assume that Γ is onneted.Indeed, if it is not, we deompose it into onneted omponents. Sine allof the onneted omponents have a domain of size less than |A|, we use theindution hypothesis and apply Proposition 6.17.If Lemma 6.20 is appliable, then all onstants are in 〈Γ〉w, and byLemma 6.2, it follows that Max Sol(Γ ∪ CA) is polynomial-time reduibleto Max Sol(Γ). The other diretion is trivial, so in this ase the assumeddihotomy of OAL Max Sol arries over to Max Sol.Otherwise, Lemma 6.21 is appliable, and one of the two listed asesholds. If ase 1 holds, then there is a non-surjetive endomorphism g ∈
F = End(Γ) \ Aut(Γ) suh that g(Γ) is not in PO, and Max Sol(g(Γ)) ispolynomial-time reduible toMax Sol(Γ). By the indution hypothesis, weonlude that Max Sol(g(Γ)), and thereby Max Sol(Γ), are in fat NP-hard. Finally, if ase 2 of the lemma holds, then by Proposition 6.17(1),Max Sol(Γ) is in PO.A remark is in order, before we move on to study some examples on graphs.Namely, Theorem 6.22 does not state that Max Sol and OAL Max Solare polynomial-time equivalent. Indeed, it is easy to see that they are not(see for example Proposition 6.34.) Instead, it shows that in order to prove(or disprove) a dihotomy property for Max Sol, it su�es to do the samefor OAL Max Sol, whih is likely to simplify the task substantially. How-ever, given a dihotomy theorem for OAL Max Sol, it is not lear thatthe boundary between easy and hard onstraint languages will be easilydeduible.6.3 Appliation: graphsHaving onsidered the general ase in the previous setions, we now turnto some onrete examples, namely undireted graphs. Throughout this



6. Constant Prodution 143setion, we will assume that all graphs de�ning onstraint languages aremax-ores and onneted. Due to Lemma 2.36, Proposition 6.15, and Propo-sition 6.17, we an do this without loss of generality. We will (usually) avoidthe use of an expliit valuation for the onstraint language de�ning graphs,and instead assume that the vertex sets of these graphs are subsets of thenatural numbers, to be used for alulating the measure of solutions.We onsider H = (V, E) both as an undireted graph on the vertex set
V , and as a relation on V . For instane, we may write both {1, 2} ∈ Eand (1, 2) ∈ H to indiate an edge between verties 1 and 2. We also write
H(x, y) to denote that the instane variables x and y are onstrained by
H . Sine we mostly work with onstraint languages onsisting of a singleonstraint, we will often write Max Sol(H) instead of Max Sol({H}).Several of the hardness results will be established by redution from theindependent set problem, using Proposition 2.29. As in the statement ofthis proposition, we will let R{a,b} denote the relation {(a, a), (a, b), (b, a)}.Two additional problems will play important roles by providing someuseful redutions. The �rst of these two onerns retrats of graphs. Let Gbe a graph and H be a subgraph of G. H is a retrat of G if there existsa graph homomorphism f : G → H suh that f(v) = v for all v ∈ V (H).De�nition 6.23 The Retration Problem, denoted Ret(H), is the de-ision problem with:Instane: A graph G, whih ontains H as a subgraph.Question: Is H a retrat of G?In the retration problem, we an assume that V (H) ⊆ V (G), so thatit is straightforward to see how H , as a subgraph, is ontained in G. Thefollowing establishes the onnetion between Max Sol and the retrationproblem:Lemma 6.24 Let H be an undireted graph on the vertex set V . Then,Ret(H) is polynomial-time reduible to Max Sol(H ∪ CV ).Proof: We an use the onstant relations in CV to �x the subgraph Hin G. Then, this instane of Max Sol has solutions if and only if H is aretrat of G.The seond problem is an optimisation problem introdued by Gutin etal. [67℄ to model problems in defene logistis.De�nition 6.25 The problem MinimumCost Graph Homomorphismover a graph H, denoted Min Hom(H), is de�ned to be the minimisationproblem withInstane: a graph G and osts funtions ci : V (G) → Q≥0 ∪ {∞}, for

i ∈ V (H);



144 6.3. Appliation: graphsSolution: a graph homomorphism f : V (G) → V (H);Measure: m(f) =
∑

v∈V cf(v)(v).It is easy to see that we an model the measure of the maximum solutionproblem by the more general ost funtions of the Min Hom problem. Thisprovides us with the following redution:Lemma 6.26 Let H be a graph with V (H) ⊆ N. Then, Max Sol(H) ispolynomial-time reduible to Min Hom(H).Proof: De�ne the ost funtions of the Min Hom instane by ci(v) =
M − µ(v) · i, where µ is the weight funtion of the Max Sol instane, and
M is a large enough onstant to make all the ost funtions non-negative.Gutin et al. [62℄ established a dihotomy result for Min Hom on undi-reted graphs with loops allowed. We will have a loser look at this result inChapter 7. Here, we will only use one partiular polynomial-time solvablelass for Min Hom, to prove the following proposition:Proposition 6.27 For every irre�exive path H, Max Sol(H) is in PO.Proof: It is easy to hek that paths are proper interval graphs (f. De�-nition 7.6.) The proposition then follows from Theorem 1.1 in [62℄ togetherwith the redution in Lemma 6.26.The �nal tool will be weighted pp-de�nability and Lemma 6.2. Thesewill be used in the form of the following three lemmas:Lemma 6.28 Let Γ be a onstraint language, with a unary relation U ∈ Γ.Let m be the maximal element in U . Then, Max Sol(Γ) is polynomial-timeequivalent to Max Sol(Γ ∪ {(m)}).Proof: Let the instane I = (V, A, C, ω) be de�ned by V = {v1}, C =
{((v1); U)}, and ω(v1) = 1. Then, {(m)} = π1Optsol(I) ∈ 〈Γ〉w, and theresult follows from Lemma 6.2.Lemma 6.29 Given an undireted graph H, let U = {(ai) | {ai, aj} ∈
E(H) and ai + aj ≥ a′

i + a′
j for all {a′

i, a
′
j} ∈ E(H)}. Then, Max Sol(H)is polynomial-time equivalent to Max Sol(H ∪ {U}).Proof: Let the instane I = (V, A, C, ω) be de�ned by V = {v1, v2},

C = {H(v1, v2)}, and ω(v1) = ω(v2) = 1. Then, U = π1Optsol(I) ∈ 〈H〉w,and the result follows from Lemma 6.2.



6. Constant Prodution 145Lemma 6.30 Let H = (V, E) be a onneted bipartite graph with bipar-tition V = A ∪ B. Then, Max Sol(H) is polynomial-time equivalent toMax Sol(H ∪ {{(maxA)}, {(maxB)}}).Proof: For the non-trivial diretion, assume that a = max A, b = maxB,and without loss of generality that a > b. Let
ω(v) =







2 if v = a,

1 if v = b, and
0 otherwise.Let f be a solution to the instane (H, ω) of Max Sol(H). Then,

m(id) − m(f) = 2 · (a − f(a)) + 1 · (ω(b) − f(b)).Hene, if f is suh that f(a) ∈ A, and either f(a) 6= a or f(b) 6= b, then
m(id) > m(f). On the other hand, if f is suh that f(a) ∈ B, then m(id)−
m(f) ≤ 2 · (a − b) + 1 · (b − a) = a − b > 0. We onlude that an optimalsolution f must �x both a and b. Therefore, {(a)}, {(b)} ∈ 〈H〉w, and theresult follows from Lemma 6.2.6.3.1 Paths and ylesThere are two types of onneted, irre�exive graphs H with deg(v) ≤ 2 forall v ∈ V (H): paths and yles. We have already seen, in Proposition 6.27,that Max Sol(H) is in PO when H is a path.When H is an odd yle, we have that Csp(H) is NP-omplete andtherefore Max Sol(H) is NP-hard. It remains to investigate even yles.Ignoring multiple edges, C2 an be treated as a single edge, for whih MaxSol is in PO (for example by Proposition 6.27.)For even yles of length greater than or equal to 6, it has been shownin [51℄ that the retration problem is NP-omplete. We will use this withLemma 6.24 to prove the NP-hard ases. The tratable ases follow fromProposition 6.27 together with the observation that the image of any non-surjetive endomorphism on a yle must be a proper, onneted, subset ofthe yle itself. This implies that suh an image must in fat be a path.For even yles H , we will assume a bipartition V (H) = {a1, . . . , ak} ∪
{b1, . . . , bk} suh that a1 < a2 < · · · < ak and b1 < b2 < · · · < bk. Further-more, without loss of generality, we will assume that ak > bk. In the generalase, we have the following proposition:Proposition 6.31 Let H be a graph isomorphi to C2k, for k ≥ 2. If thereexists a µ : A → Q≥0 suh that for every f ∈ End(H),

〈µ, ν〉 > 〈µ, f(ν)〉,then Max Sol(H) is NP-hard. Otherwise, Max Sol(H) is in PO.



146 6.3. Appliation: graphsProof: Any image of a non-surjetive endomorphism on a yle is a proper,onneted, subgraph of the yle, i.e. a path. By Proposition 6.27,Max Solon a path is in PO. The proposition now follows from Lemma 6.21.We now give more expliit forms of Proposition 6.31 for the ases when His isomorphi to C4, C6, or C8.Proposition 6.32 If H is isomorphi to C4, then Max Sol(H) is in PO.Proof: Let H be the graph in Figure 6.5. The endomorphism f whihsends a1 to a2, b1 to b2, and leaves a2 and b2 �xed, is inreasing. Thisshows that the graph onsisting solely of the edge {a2, b2} is the max-oreof H . The proposition now follows either from Proposition 6.27 diretly, orby Proposition 6.31 sine 〈µ, f(ν)〉 > 〈µ, ν〉, for any µ : V (H) → Q≥0 with
µ(a1), µ(b1) > 0.

a2

b1 a1

b2Figure 6.5: The graph H in Proposition 6.32, with max-ore H |{a2,b2}.Proposition 6.33 Let H be isomorphi to C6 and a max-ore. Then,Max Sol(H) is NP-hard.Proof: If (ai, bi) ∈ H for i = 2 or i = 3, then f(aj) = aj, f(bj) = bj for
j ≥ i and f(aj) = ai, f(bj) = bi for j < i de�nes a non-injetive, inreasingendomorphism f on H . So in order for H to be a max-ore, we must have
(ai, bi) 6∈ H for all i. The graph H an then be drawn as in Figure 6.6.

b3

a1 b2

a3

b1a2H

M ′

0 1

M

01µFigure 6.6: The max-ore H , and the weights µ used in Proposition 6.33.



6. Constant Prodution 147We laim that, with onstants M and M ′ hosen appropriately, theweights µ : A → Q≥0 given on the right in the �gure ful�ls the ondi-tion for NP-hardness in Proposition 6.31. To see this, we onsider an op-timal solution to Max Sol(H) of the instane G. If we hoose M and M ′large enough, with M > M ′, then for any endomorphism f ∈ End(H) suhthat 〈µ, f(ν)〉 ≥ 〈µ, ν〉, we must have f(a3) = a3 and f(b3) = b3. Thereare now four remaining possibilities for f , one of whih is the identity. If
f(a1) = a2, f(b2) = b1, and f ats as the identity on {b1, a2, a3, b3}, then
m(f) − m(id) = µ(a1) · (a2 − a1) + µ(b2) · (b1 − b2) = b1 − b2 < 0. Theother ases follow similarly, hene we onlude, by Proposition 6.31, thatMax Sol(H) is NP-hard.Proposition 6.34 Let H be isomorphi to C8 and a max-ore. If H is thegraph to the left in Figure 6.7, and

(a4 − a3)(b4 − b3) ≥ (a3 − a2)(b3 − b2),then Max Sol(H) is in PO. Otherwise it is NP-hard.
b2

a4b1

a3

b3

a1 b4

a2

v2

a4v3

v4

v5

v6 b4

v1

Figure 6.7: The graph H in Proposition 6.34 (left), and the position of a4and b4 in a max-ore isomorphi to C8 (right.)Proof: Sine H is a max-ore, we know that (a4, b4) 6∈ H , hene wean draw H as the graph on the right in Figure 6.7. By Lemma 6.30,we an work with Max Sol(H ∪ {{(a4)}, {(b4)}}), and for this onstraintlanguage, any endomorphism must �x a4, b4, v1 and v2. This also impliesthat any non-injetive endomorphism must map either {v3 7→ v2, v4 7→ v1}or {v5 7→ v2, v6 7→ v1}. Hene, for H to be a max-ore, it is su�ient (andneessary) that
v3 > v2 ∨ v4 > v1 and v5 > v2 ∨ v6 > v1.



148 6.3. Appliation: graphsThere are �ve non-identity endomorphisms on H ∪ {{(a4)}, {(b4)}}:
v3 v4 v5 v6

f1 v3 a4 v2 v1

f2 v2 a4 v2 v1

f3 v2 v1 v2 v1

f4 v2 v1 b4 v1

f5 v2 v1 b4 v6By Proposition 6.31, Max Sol(H) is NP-hard if and only if we an �nd asolution µ ≥ 0 to the following system of equations:
6∑

i=3

µ(vi) · (id− fj)(vi) > 0, j = 1, . . . , 5. (6.14)Instead of �nding expliit solutions, we will use a variation of the Farkaslemma (f. [107℄,) whih states that (6.14) has solutions i� the followingsystem does not have any solutions x = (x1, . . . , x5)
T 	 0:







0 v3 − v2 v3 − v2 v3 − v2 v3 − v2

v4 − a4 v4 − a4 v4 − v1 v4 − v1 v4 − v1

v5 − v2 v5 − v2 v5 − v2 v5 − b4 v5 − b4

v6 − v1 v6 − v1 v6 − v1 v6 − v1 0







x � 0. (6.15)Here, � indiates omponentwise less than or equal, but not identiallyequal vetors. On this form, we see that if v3 > v2, then x2 = · · · = x5 = 0,whih fores x1 > 0, but sine either v5 > v2 or v6 > v1 in order for H tobe a max-ore, either the third, or the last equation of (6.15) does not hold.NP-hardness for the ase when v6 > v1 follows similarly.Hene, we must have v3 < v2, v4 > v1, v5 > v2, and v6 < v1, i.e. the aseshown on the left-hand side in Figure 6.7. This gives strit inequalities ineither the �rst or the last equation. We also see that we may take x3 = 0in any solution. The system (6.15) therefore redues to the following:
(

a3 − a4 a3 − a2

b3 − b2 b3 − b4

)

y ≤ 0,with y 	 0. This system has solutions if and only if the determinant isnon-negative, i.e. i� (a3 − a4)(b3 − b4) − (a3 − a2)(b3 − b2) ≥ 0.In the previous proof, we ould have produed an expliit µ for eah individ-ual ase, as we did in Proposition 6.33. However, the alternative approahof studying the system (6.15) may sometimes be preferable. In partiular,for Max AW Sol, when we allow negative weights, the alternative systembeomes a system of equalities.



6. Constant Prodution 1496.3.2 Graphs on at most three vertiesIn this setion we determine the omplexity of Max Sol(H) for arbitrarygraphs H = (V, E) on at most 3 verties, i.e., |V | ≤ 3. In the proess wedisover a new tratable lass for theMax Sol(H) problem whih is loselyrelated to the ritial independent set problem. We will use the notationid[ai 7→ aj] to denote the funtion whih sends the domain element ai to aj ,and whih ats as the identity funtion on all other elements.The ase |V | = 1 is trivial, there are only two graphs, an isolated ver-tex, and an isolated vertex with a loop, both of whih are max-ores, andtratable. For |V | = 2 there are also two max-ores, shown in Figure 6.8.The irre�exive path in Figure 6.8a is in PO by Proposition 6.27, and thegraph in Figure 6.8b is NP-hard by Proposition 2.29.
a1

a2

a1

a2

a) b)Figure 6.8: The two max-ores on two verties, with a1 < a2.For |V | = 3 we have the following lassi�ation:Theorem 6.35 There are six (types of) max-ores over {a1, a2, a3} where
a1 < a2 < a3, denoted H1, . . . , H6 and shown in Figure 6.9. Max Sol(H) isNP-hard for all of these exept for H5. Max Sol(H5) is in PO if a3+a1 ≤
2a2 and NP-hard otherwise.

H1

a1 a3 a2

H2

a3

a1

a2

H3

a3 a2 a1

H4

a3 a1 a2

H5

a3 a1 a2

H6

a3

a1

a2Figure 6.9: The six max-ores on three verties, with a1 < a2 < a3.Proof: We begin by proving that H1, . . . , H6 are the only max-ores over



150 6.3. Appliation: graphs
{a1, a2, a3} where a1 < a2 < a3. We onsider three di�erent ases dependingon the neighbourhood, N(a3), of a3.
N(a3) = {a1, a2}: Assume �rst that a1 and a2 are not adjaent, so that a1�
a3�a2 forms a path. If a1 has no loop, or if a1 and a2 have loops, thenid[a1 7→ a2] is a non-injetive, inreasing endomorphism on H , so H is nota max-ore. Therefore, we an assume that there is a loop at a1, but not at
a2, hene H = H1.Assume instead that a1 and a2 are adjaent. If a2 has a loop, thenid[a1 7→ a2] is a non-injetive, inreasing endomorphism on H , so we anassume that a2 has no loop. If a1 has a loop, then H = H2, otherwise
H = H6.
N(a3) = {a2}: Sine H is onneted, a3�a2�a1 forms a path. If there is noloop at a1, then id[a1 7→ a3] is a non-injetive, inreasing endomorphism on
H , and if If a2 has a loop, then id[a1 7→ a2] is a non-injetive, inreasingendomorphism. We onlude that there is a loop at a1, but not at a2, and
H = H3.
N(a3) = {a1}: Sine H is onneted, a3�a1�a2 forms a path. If there is noloop at a2, then id[a2 7→ a3] is a non-injetive, inreasing endomorphism on
H . Hene, there must be a loop at a2, and H = H4 or H = H5.The omputational omplexity of Max Sol(Hi) for 1 ≤ i ≤ 6 is givenin Lemma 6.36 through 6.41 below, whih �nishes the proof.Lemma 6.36 Max Sol(H1) is NP-hard.Proof: The unary relation U = {(a1), (a3)} an be implemented by thepp-formula U(x) ≡ ∃y : E(y, y) ∧ E(y, x). The lemma follows, sine MaxSol(E|{a1,a3}) is NP-hard by Proposition 2.29.Lemma 6.37 Max Sol(H2) is NP-hard.Proof: This was essentially shown in Example 6.3.Lemma 6.38 Max Sol(H3) is NP-hard.Proof: Analogous to the proof of Lemma 6.36.Lemma 6.39 Max Sol(H4) is NP-hard.Proof: By Lemma 6.29, we an work with the onstraint languageH4∪{U},where U is the unary relation U = {(a2), (a3)}. The relation R(x, y) = V 2 \
{(a3, a3)} an be implemented by the pp-formula ∃z, w : H4(x, z)∧H4(z, w)∧
H4(w, y). We onlude that we an redue fromMax Sol(R|{a2,a3}), whihis NP-hard by Proposition 2.29.



6. Constant Prodution 151Lemma 6.40 Max Sol(H5) is in PO if a3 + a1 ≤ 2a2 and NP-hardotherwise.Proof: The proof of this Lemma requires slightly more intriate ideas andis given in Setion 6.3.3.Lemma 6.41 Max Sol(H6) is NP-hard.Proof: Csp(H6) is the NP-omplete three olouring problem, so MaxSol(H6) is NP-hard.6.3.3 Proof of Lemma 6.40In this setion we prove Lemma 6.40, regarding the graph H5 in Figure 6.9.Let G denote an undireted simple graph and for B ⊆ V (G), let N(B)denote the neighbourhood of B, i.e. , the set ⋃b∈B N(b). The input graph
G is weighted, so that eah vi ∈ V (G) has a nonnegative integer weight wi.Given a set S ⊆ V (G), we denote the sum ∑

vi∈S wi by w(S), the totalweight of the verties in S.De�nition 6.42 For a graph G, de�ne the parameters α(G) and β(G) of
G as follows.

α(G) = max{w(B) − w(N(B)) | B ⊆ V (G)}

β(G) = max{w(I) − w(N(I)) | I is an independent set in G}A set of verties BC ⊆ V (G) is alled ritial if
w(BC) − w(N(BC)) = α(G).An independent set IC ⊆ V (G) is alled ritial if
w(IC ) − w(N(IC )) = β(G).Zhang [133℄ observed that α(G) = β(G) and managed to prove that α(G)(and hene β(G)) an be omputed in polynomial time. The weighted ver-sion of the problem (eah vertex vi of G have a nonnegative weight wi) wasproved to be in P by Ageev [1℄.We begin by extending the notion of ritial independent sets.De�nition 6.43 For a graph G, and any non-negative onstants k and m,de�ne the parameter βkm(G) of G as follows.
βkm(G) = max{kw(I) − mw(N(I)) | I is an independent set in G}A (k, m)-ritial independent set is an independent set IC ⊆ V (G) suhthat
k · w(IC) − m · w(N(IC)) = βkm(G).



152 6.3. Appliation: graphsWe de�ne αkm(G) and (k, m)-ritial sets in the analogous way. Note thatthe maximum independent set problem is exatly the problem of �nding a
(1, 0)-ritial independent set.The graph H5 is given in Figure 6.9(e), where a1 < a2 < a3 (other-wise the graph is not a max-ore). The onnetion between the ritialindependent set problem and Max Sol(H5) is explained in the followingproposition.Proposition 6.44 IC is a (a3 − a2, a2 − a1)-ritial independent set in Gif and only if the homomorphism h from G to H5, de�ned by h−1(a3) = ICand h−1(a1) = N(IC) is an optimal solution for Max Sol(H5).Proof: Assume that IC is a (a3 − a2, a2 − a1)-ritial independent set in
G but h is not an optimal solution to Max Sol(H5), i.e., there exists ahomomorphism g from G to H5 suh that m(g) > m(h). That is,

w(g−1(a3)) · a3 + w(g−1(a1)) · a1 + w(g−1(a2)) · a2 >

w(h−1(a3)) · a3 + w(h−1(a1)) · a1 + w(h−1(a2)) · a2.Subtrating w(V (G)) · a2 from both sides, we get
w(g−1(a3)) · (a3 − a2) − w(g−1(a1)) · (a2 − a1) >

w(h−1(a3)) · (a3 − a2) − w(h−1(a1)) · (a2 − a1).This ontradits the fat that IC is a (a3 − a2, a2 − a1)-ritial independentset. The proof in the other diretion is similar.When a3 + a1 > 2a2, then by Lemma 6.29, we get a redution fromMax Sol(H5 ∪ {U}), to Max Sol(H5), where U = {(a1), (a3)}. Using H5and U we an implement the relation Ra1,a3 , and use Proposition 2.29 toprove NP-hardness. We get the following orollary for the omplexity ofthe (k, m)-ritial independent set problem.Corollary 6.45 The (k, m)-ritial independent set problem is NP-hardwhen k > m.We will now prove that Max Sol(H5) is in PO in the remaining ases,i.e., when a3 + a1 ≤ 2a2. This will be done by proving that the (k, m)-ritial independent set problem is in P when k ≤ m. The proofs are simplemodi�ations of the proofs presented in [1℄.We begin with the observation that when k ≤ m, then the searh for
(k, m)-ritial independent sets an be redued to the searh for (k, m)-ritial sets.Proposition 6.46 When k ≤ m, we have that βkm(G) = αkm(G). More-over, if BC is a (k, m)-ritial set, then the set of isolated (and non-looped)verties in BC is a (k, m)-ritial independent set (and hene a (k, m)-ritial set).



6. Constant Prodution 153Proof: Obviously, βkm(G) ≤ αkm(G). Assume that βkm(G) < αkm(G).Then, there exists a (k, m)-ritial set BC ontaining some edge {x, y} (pos-sibly x = y) in the subgraph of G indued by BC . Furthermore assume that
BC is a minimal (k, m)-ritial set with respet to the number of induededges. Denote the set BC with both x and y removed by B′

C . Sine x and
y are both in BC and in N(BC), we get that k · w(BC) − m · w(N(BC)) ≤
k ·w(B′

C) −m ·w(N(B′
C)) whih ontradits the fat that BC is a minimal

(k, m)-ritial set.The problem of �nding (k, m)-ritial sets (for any k, m) an be modelledas a Max AW Sol(Γ) problem over the domain {0, 1} where Γ is the on-straint language onsisting of the relation R = {(1, 0), (1, 1), (0, 0)}. Notethat Γ is losed under both max and min, and hene, Max AW Sol(Γ)is in PO by a result in [83℄. Given an instane G of the (k, m)-ritial setproblem where V (G) = {x1, . . . , xn} and the weights are {w1, . . . , wn} weonstrut the following instane (V, {0, 1}, C, ω) of Max AW Sol(Γ). Let
V = {y1, . . . , yn, z1, . . . , zn}, ω(yi) = kwi, ω(zi) = −mwi, C = {R(zi, yj) |
(xi, xj) ∈ E(G)}. It an be veri�ed that s is an optimal solution to thisinstane if and only if BC = {yi | s(yi) = 1} is a (k, m)-ritial set in G.Consult [1℄ for more details.6.3.4 Graphs on the vertex set {0, 1, 2, 3}We now give a omplexity lassi�ation of Max Sol(H) for all graphs H ,with V (H) = {0, 1, 2, 3}. Just as in the ase where |V (H)| ≤ 3 we makeheavy use of the fat that only graphs that are max-ores need to be las-si�ed. Our seond tool is the following lemma, whih states that for suhmax-ores H , we an add the unary onstant relations to the onstraintlanguage, without hanging its omputational omplexity.Lemma 6.47 Let H be a max-ore over the domain A = {0, 1, 2, 3}. Then,Max Sol(H) is in PO (NP-hard) if and only if Max Sol(H ∪ CA) is inPO (NP-hard.)Proof: The proof of the lemma is given in Lemma 6.49 through 6.52.As an immediate orollary of Lemma 6.47 we get thatMax Sol(H) is NP-hard for all max-ores H on A = {0, 1, 2, 3} where the retration problem,Ret(H), is NP-omplete. Note that the omplexity of the retration prob-lem for all graphs on at most 4 verties has been lassi�ed in [130℄. Ourlassi�ation is ompleted by onsidering the remaining max-ores, for whihRet(H) is in P, in a similar fashion to what was done for the graphs on 3verties. The result is stated in the following theorem.Theorem 6.48 Let H be a max-ore on A = {0, 1, 2, 3}. Then, MaxSol(H) is in PO if H is an irre�exive path, and otherwise, Max Sol(H)is NP-hard.



154 6.3. Appliation: graphsProof: The proof of the theorem is given in Lemma 6.53 through 6.56.Lemma 6.49 Let H be a max-ore over the domain A = {0, 1, 2, 3}. As-sume that N(3)∩{1, 2} 6= ∅. Then, Max Sol(H) is polynomial-time equiv-alent to Max Sol(H ∪ CA).Proof: Assume that 2 ∈ N(3), the other ase is treated similarly. Aord-ing to Lemma 6.28 we may assume that {(3)} ∈ H . Furthermore, sine theneighbourhood of 3 an be implemented by the pp-formula N3(x) ≡ ∃y :
{(3)}(y) ∧ H(x, y), we may, again by Lemma 6.28, assume that {(2)} ∈ H .Hene, any non-identity endomorphism π must have π(1) = 0. Let Γ =
H ∪ {{(2)}, {(3)}}, µ(0) = µ(2) = µ(3) = 0, and µ(1) = 1 in Lemma 6.5.This �nishes the proof.Lemma 6.50 Assume that N(3) = {0}, {1, 2, 3} ⊆ N(0), and that (1, 2) 6∈
H. Then H is not a max-ore.Proof: If (2, 2) 6∈ H , then id[2 7→ 3] is an inreasing endomorphism, and if
(2, 2) ∈ H , then id[1 7→ 2] is an inreasing endomorphism. In both ases, His not a max-ore.Lemma 6.51 Assume that N(3) = {0}, {1, 2, 3} ⊆ N(0), and that (1, 2) ∈
H. Then, H is a max-ore if and only if (2, 2) 6∈ H, and in this aseMax Sol(H) is polynomial-time equivalent to Max Sol(H ∪ CA).Proof: If (2, 2) ∈ H , then id[1 7→ 2] is a non-injetive, inreasing endomor-phism. Hene, H is not a max-ore.The ase when (2, 2) /∈ H is divided into two subases depending onwhether or not (0, 0) ∈ H . If (2, 2) /∈ H and (0, 0) /∈ H , then H is amax-ore sine if (1, 1) 6∈ H there are no non-injetive endomorphisms (theonly non-idential endomorphism swaps 1 and 2) and if (1, 1) ∈ H the onlynon-injetive endomorphism is id[2 7→ 1]. In both ases, let µ(3) = µ(1) =
µ(0) = 0, and µ(2) = 1, and apply Lemma 6.5 to get a polynomial-timeredution from Max Sol(H ∪ CA) to Max Sol(H).If (2, 2) /∈ H , (0, 0) ∈ H , and (1, 1) ∈ H , then H is a max-ore, and byonsidering the set of endomorphisms on H it is easy to hek that applyingLemma 6.5 with µ(3) = µ(0) = 0, and µ(2) = µ(1) = 1, we again have apolynomial-time redution from Max Sol(H ∪ CA) to Max Sol(H).Finally, if (2, 2) /∈ H , (0, 0) ∈ H , and (1, 1) /∈ H , then H is the graphin Figure 6.10. By following the steps in the proof of Lemma 6.21, we �ndthatMax Sol(g(H)) is polynomial-time reduible toMax Sol(H) for g =id[1 7→ 0, 2 7→ 3]. Sine the former problem is NP-hard (Proposition 2.29)it follows that both Max Sol(H) and Max Sol(H ∪ CA) are NP-hard.
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02

1

3Figure 6.10: The �nal ase in the proof of Lemma 6.51.From the preeding lemmas, we now know that the remaining graphs Hmust have N(3) = {0} and either 1 /∈ N(0) or 2 /∈ N(0), i.e., H must be a(partially re�exive) path.Lemma 6.52 If N(3) = {0} and either 1 /∈ N(0) or 2 /∈ N(0), thenMax Sol(H) is polynomial-time equivalent to Max Sol(H ∪ CA).Proof: Sine H is onneted, it must be a (partially re�exive) path. A-ording to Lemma 6.28 we may assume that {(3)} ∈ H . Furthermore, sine
N(3) = {0} we an assume that {(0)} ∈ H . We divide the remaininganalysis into two ases depending on whether there is a loop at 0 or not.If (0, 0) ∈ H , then the subgraph of H indued by N(0) is a three vertexgraph H ′ on the vertex set {0, c, 3}, where c an be either 1 or 2. If c = 2,we note that, by the assumption that H is a max-ore, we must have (2, 2) /∈
H ′. Thus, there are three possible graphs H ′, namely c = 2, c = 1 with
(1, 1) ∈ H ′, and �nally c = 1 with (1, 1) /∈ H . By Theorem 6.35, it followsthat Max Sol(H ′), and thereby Max Sol(H) is NP-hard for these threegraphs.Now, onsider the ase where (0, 0) /∈ H , and assume that 2 ∈ N(0).By the assumption that H is a max-ore, we have (2, 2) /∈ H . Therefore,
N3(3) = {0, 1}, and by Lemma 6.28, we an assume that {(1)} ∈ H . More-over, N(0) ∩N(1) = {2}, whih implies that {(2)} an be assumed to be in
H as well. The ase where 1 ∈ N(0) an be handled by similar reasoning.In the proofs of Lemma 6.53 through 6.56, we will always assume thatthe vertex 3 is not looped, sine we are onsidering max-ores. Further-more, we will use a general result for the retration problem, whih statesthat Ret(H) is NP-omplete whenever the looped verties in H indue adisonneted graph, f. [130℄. Thus, by Lemma 6.24 we know that MaxSol(H) is NP-hard whenever the looped verties of H indue a dison-neted graph. We onlude that it is su�ient to onsider the ases wherethe looped verties in H indue a onneted graph.By Lemma 6.28, we an always assume that we have aess to the on-stant relation {(3)}. Using the neighbourhood of 3, and another appliationof Lemma 6.28, we an also assume that we have the onstant relation
{(maxN(3))} in H .



156 6.3. Appliation: graphsLemma 6.53 Let H be a max-ore on A = {0, 1, 2, 3} whih is a path.Then, Max Sol(H) is in PO if H is an irre�exive path, and NP-hardotherwise.Proof: Proposition 6.27 shows that Max Sol(H) is in PO if H is anirre�exive path. Hene, we an assume that H ontains a looped vertex.We will use the fat that H3 = (V, E3) is the omplete graph on four ver-ties where a vertex v ∈ V is looped preisely when v itself, or one of itsneighbours, is looped.Assume that 3 has no looped neighbour. Then, the max-ore of H3 iseither R2,3 (if 2 is looped) or the graph H2 in Figure 6.9, with a1 = 1,
a2 = 2, and a3 = 3. Both of these are NP-hard.Now assume instead that 3 has a looped neighbour c1. If c1 is a leaf, thenthe graph indued by N(c1) is Rc1,3 whih is NP-hard by Proposition 2.29.Otherwise, the graph H ′ indued by N(c1) is either H1 or H2 in Figure 6.11.If H ′ = H1 or H ′ = H2 with c2 < c1, then the max-ore of H ′ is again Rc,3,

H1

c2 c1 3

H2

c2 c1 3

H3

2 0 3 1Figure 6.11: H1 and H2 are the two possible graphs indued by N(c1), H3is the original max-ore when (c1, c2) = (0, 2) in H2.and NP-hardness follows from Proposition 2.29. If H ′ = H2 with c2 > c1,the we have the possibilities (c1, c2) ∈ {(0, 1), (0, 2), (1, 2)}.
• If (c1, c2) = (0, 1), we an use the result of Theorem 6.35 for the graph

H5 with a3 = 3, a2 = 1 and a1 = 0.
• The ase (c1, c2) = (1, 2) annot our sine H is supposed to be amax-ore; either id[0 7→ 2] or id[0 7→ 1] is an inreasing endomorphismon H , depending on where 0 is attahed.
• Finally we onsider (c1, c2) = (0, 2). In this ase, the graph H must bethe graph H3 in Figure 6.11. Here, H3 = A2 \ {(1, 1)}, whih impliesthat H3|N(3) = R0,1, and we are done.This �nishes the proof of the lemma.Lemma 6.54 Let H be a graph on {0, 1, 2, 3} whih is a tree but not a path.Then, H is not a max-ore.



6. Constant Prodution 157Proof: If H is a tree, then there is a unique entre vertex and three leaves.Either at least two of the leaves have loops, or at least two of the leaves donot have loops. In either ase, H is not a max-ore.We an now assume that H ontains a yle.Lemma 6.55 Let H be a max-ore on A = {0, 1, 2, 3} whih is a (partiallyre�exive) 4-yle. Then, Max Sol(H) is NP-hard.Proof: By [130℄ we only need to onsider the ase when the looped ver-ties indue a onneted graph. Let the verties of H be labelled as inFigure 6.12(a). Vertex c must have a loop, or else id[c 7→ 3] is an inreas-
a)

3

a c

b

b)

3

0 2

1Figure 6.12: a) The labelling of the 4-yle, and b) the �nal ase onsideredin Lemma 6.55.ing endomorphism, and H is not a max-ore. Similarly, preisely one ofthe verties a and b must have a loop, and without loss of generality, wemay assume that a has a loop. Furthermore, b > a, or else id[b 7→ a] is aninreasing endomorphism.If H is the graph shown in Figure 6.12(b), then the unary relation U =
{(1), (2), (3)} an be implemented by Lemma 6.29. Now, E|{1,2,3} is thegraph H2 in Figure 6.9, whih is NP-hard by Theorem 6.35.Otherwise, let H ′ be the graph indued by NH(a). If a > c, then themax-ore of H ′ is Ra,3 whih is NP-hard by Proposition 2.29. If not, weare left with the ase a = 0, b = 2 and c = 1, and Theorem 6.35 shows thatMax Sol(H ′) is NP-hard.The remaining ase is when H ontains a (partially re�exive) 3-yle.Lemma 6.56 Let H be a max-ore on A = {0, 1, 2, 3} whih ontains a(partially re�exive) 3-yle. Then, Max Sol(H) is NP-hard.Proof: By Vikas' lassi�ation [130℄ of retration for all 4-vertex graphsand the redution from retration to Max Sol in Lemma 6.24 we knowthat Max Sol(H) is NP-hard when H is irre�exive and ontains a 3-yle.Hene, we an assume that at least one of the verties 0, 1 and 2 is looped.



158 6.4. DisussionFirst assume that 3 has no looped neighbour. Sine the maximum dis-tane between two verties is H is two, there must be at least one neighbourof 3 whih in turn has a looped neighbour. Now, either H3 = A2 \{(3, 3)} ifall verties apart from 3 have a looped neighbour, orH3 = A2\{(3, 3), (a, a)}if there is one additional vertex a whih does not have a looped neighbour.In the �rst ase, the max-ore of H3 is R2,3 whih is NP-hard by Proposi-tion 2.29, and in the seond ase, the max-ore of H3 is either R2,3, if a 6= 2,or it is the graph H2 in Theorem 6.35, if a = 2. In both ases, it followsthat Max Sol(H3) is NP-hard.Otherwise, 3 has a looped neighbour a. We now hoose a 3-yle {a, b, c}in H whih has a minimum number of looped verties. If there are twodistint suh yles, then we hoose the one on whih 3 lies. Depending onthe number of looped verties on the hosen yle, we have four ases.0: The looped vertex d is not on the yle, so it must have 3 as its onlyneighbour. Then, H |N(d) = Rd,3 for whih Max Sol is NP-hard.1: If 3 is not on the yle, then 3 an only have one neighbour, the loopedvertex of the yle. Sine H is a max-ore, the looped vertex must thereforebe 0. This is the graph in Figure 6.10, and the �nal part of the proof ofLemma 6.51 shows that this ase is NP-hard.If 3 is on the yle, then let a be the other non-looped vertex on thisyle, and onsider H ′ = H |N(a). If H ′ is a max-ore, then it is NP-hard byTheorem 6.35. Otherwise, the max-ore of H ′ is Rb,3, where b is the loopedvertex of the yle.2: If 3 is on the yle, then in order for H to be a max-ore, one of the loopedverties on the yle must have two neighbours, and the other looped vertexmust have three neighbours. Let a be the looped vertex on the yle withtwo neighbours, and observe that the max-ore of H |N(a) is Ra,3, whih isNP-hard.If 3 is not on the yle, then it must have preisely one neighbour, ain the yle, and by assumption a is looped. It is easily heked that Hmust be the graph in Figure 6.10, with an extra loop at 1. The max-ore of
H |N(1) is R1,2, whih is NP-hard.3: In this ase H onsists of a re�exive yle, a single vertex of whih isonneted to 3. Thus H is not a max-ore.6.4 DisussionWe have given a ondition (6.13) on valued onstraint languages Γ whihfor the problem Max Sol(Γ) mimis ertain aspets of the ore oneptfor Csp(Γ). For a onstraint language Γ over A with an injetive valuation
ν, the ondition is that there exists a µ : A → Q≥0 suh that for all non-surjetive endomorphisms f , 〈µ, ν〉 > 〈µ, f(ν)〉. We have shown that if



6. Constant Prodution 159this ondition holds, then we an produe all onstant unary relations, andthat if the ondition does not holds, then we an derive the omputationalomplexity from that of the stritly smaller endomorphi images of Γ.We an make the onnetion between ondition (6.13) and ores more ex-pliit. Although Lemma 6.20 requires ν to be injetive, we an still onsiderwhat happens if we allow the onstant valuation ν ≡ 1 in (6.13). In thisase, we �nd that the ondition is satis�ed if and only if all endomorphismsof Γ are surjetive, hene we reover the de�nition of an ordinary ore as aspeial ase. An interesting open question is how to make Lemma 6.20 workfor non-injetive valuations as well.The immediate onsequene of our result is that in the searh for a di-hotomy theorem for Max Sol, we an shift attention to OAL Max Sol,i.e.Max Sol(Γ ∪ CA). This provides a lose tie-in with the retration prob-lem, as for any NP-hard problem Ret(Γ), we have that OAL Max Sol(Γ)is also NP-hard. However, this only helps as far as the retration prob-lem is lassi�ed, and moreover, already for small graphs, we �nd exampleswhere instanes, suh as the graph H5 in Theorem 6.35, are easy for theretration problem, but poses a subtle problem in our setting; for any inje-tive valuation, we an produe the onstants for H5, but the omputationalomplexity of Max Sol(H5) still depends on the partiular valuation.Another impliation of our result relates to Chapter 3. There we studiedthe approximability of Max Sol(A), when A is a stritly simple and sur-jetive algebra. We noted that this restrition is, at �rst sight, less naturalin the ase of Max Sol than for Csp. In partiular, it was not lear how tonaturally impose surjetivity and simpliity. Here, we see that if we are will-ing to settle for a lassi�ation of languages as solvable in polynomial time,or NP-hard, we an in fat ensure surjetivity by the result of this hapter;when we have all onstants in the onstraint language, the orrespondingalgebra is even idempotent. For an algebra A with only one-element propersubalgebras, this also implies simpliity: let A′ be a homomorphi image of
A under an algebra homomorphism π. Then, π indues an equivalene rela-tion ̺ by ̺(a, b) i� π(a) = π(b), and it is not hard to show that ̺ ∈ Inv(A).Let U be an equivalene lass of ̺, and let u be an element of u. Sine A isidempotent, {(u)} ∈ Inv(A), and the unary relation U an be de�ned by thepp-formula U(x) ≡ ̺(x, y) ∧ {(u)}(y). Hene, U supports a subalgebra of
A. By the assumption that all proper subalgebras of A are one-element, weonlude that U = {u}, or U = A, where A is the domain of A. Therefore,either π is an isomorphism, or A′ is a one-element algebra.Finally, we onsider the problem of deiding the ondition (6.13) for agiven onstraint language. The solutions µ to this equation determine anopen one in the spae of weight funtions µ : A → Q≥0, and hekingthe ondition amounts to verifying that this one is non-empty. In theproof of Proposition 6.34, we used a variation of the Farkas lemma to dothis for varying ν. We have noted that our method is also appliable toMax AW Sol(Γ), i.e. when we allow arbitrary weights in the instanes. In



160 6.4. Disussionthis ase, the variation of the Farkas lemma appliable leads to a systemof equalities instead of inequalities. In general, we would like to answerquestions suh as when a onstraint language Γ satis�es ondition (6.13) forvarying ν. The speial ase for general even yles C2k is a good startingpoint. Here, the endomorphisms are easily determined, but the size of theresulting system of inequalities grows exponentially in k.



Chapter 7Conservative ConstraintLanguages and ArbitraryWeightsWhen faing an seemingly insurmountable task (suh as that of ompletelylassifying the omputational omplexity of Max Sol), there are two fre-quently applied approahes. The �rst is to restrit the task to somethingmore manageable, and the seond is, somewhat ounter-intuitively, to gen-eralise it. The idea of the latter approah is that by introduing some more,but not too muh, freedom into the problem at hand, we an remove somerough orners and outliers from the original problem. In this hapter, weapply both of these approahes to the lassi�ation task of Max Sol. Thegeneralisation will be to allow arbitrary weights, i.e. to studyMax AW Solin plae of Max Sol. As we will see, this does indeed remove some of therough orners. More spei�ally, as we have observed in the previous hap-ters, the hoie of valuation on the onstraint language often has deisiveimpliations on the omplexity of the resulting problem. Combined with therestrition to onsider only onservative onstraint languages, to be de�nedbelow, the freedom of arbitrary weights will in fat remove the dependeneon the partiular valuation used. As we move on, we will see how thesehoies suggest an investigation of the lose relationship between this varia-tion ofMax Sol and theMin Hom-problem enountered in Chapter 6, andultimately, to a proof that the two are in fat polynomial-time equivalent.Conservative onstraint languagesA onstraint language whih ontains all unary relations on the domainis alled a onservative onstraint language. For an atual instane,it is su�ient to have one unary onstraint per instane variable. Indeed,assume an instane whih ontains two unary onstraints, u1(v) and u2(v)



162on the variable v. Then, we an replae these two onstraints with thesingle onstraint u(v) = u1(v) ∩ u2(v) and obtain an instane with thesame set of solutions. To make this more expliit, we introdue additionallist omponents into the instane, one for eah variable. Formally, a list
L(v) for a variable v is a subset of the domain. The list L(v) indiatesthe domain values that are allowed for v and one an simply regard it asa unary onstraint with a speial name. We de�ne List Max AW Sol,the restrition of Max AW Sol to onservative onstraint languages, asfollows:De�nition 7.1 List Max AW Sol(Γ), over the onstraint language Γ, isthe maximisation problem withInstane: A tuple (V, A, C, L, ω), where A is a �nite subset of N, (V, A, C)is a Csp instane over Γ, L : V → 2A is a funtion from V to subsetsof A, and ω : V → Q is a weight funtion.Solution: An assignment f : V → A to the variables suh that all on-straints are satis�ed and suh that f(v) ∈ L(v) for all v ∈ V .Measure: ∑v∈V ω(v) · f(v)In the ase of List Max AW Sol, we an either onsider the problem as arestrition to onservative onstraint languages, or as the result of introdu-ing a list omponent in the instane. For other problems, the list view is themore natural one, e.g. in ases when the onstraint languages are graphs,as in the list homomorphism problem, L-HOMH [50, 51℄.Conservative onstraint languages are quite well-behaved and have re-eived previous attention in di�erent guises [18, 126℄. Sine it is possibleto indue any subset of the domain, one immediately obtains a set of ne-essary onditions for tratability; eah indued onstraint language mustbe tratable. In partiular, sine two-element onstraint languages are wellunderstood, via Post's lattie, one an dedue a set of neessary onditionsbased on these two-element subsets. The omputational omplexity of thelassial Csp deision problem has been lassi�ed for onservative onstraintlanguages [18℄ and for a generalisation ofMin Hom, whih is inherently on-servative, a lassi�ation was reently obtained by Takhanov [126, 127℄.Relation to Min HomThe graph problem Min Hom was introdued by Gutin et al. [67℄ to modelproblems in defene logistis. The omputational omplexity was deter-mined for undireted graphs with loops allowed [62℄ and in a series of papers[61, 63, 64, 65, 66℄, Gutin and o-authors deided the omputational om-plexity for an inreasing number of families of direted graphs. The �naldihotomy result on direted graphs was proved by Ra�ey and Hell [115℄.



7. Conservative Constraint Languages and Arbitrary Weights163The study of List Max AW Sol was initiated by Jonsson et al. [85℄,where they show that for undireted graphs (with loops allowed), the om-putational omplexity oinides with that of Min Hom. This is somewhatsurprising, sine Min Hom learly has more general means of onstrutinginstanes. The proof of this result is given in Setion 7.2.Sine the List Max AW Sol has a natural generalisation to arbitraryonstraint languages, Jonsson et al. were led to introdue the followinggeneralisation of Min Hom:De�nition 7.2 Min Hom(Γ), over the onstraint language Γ, is the min-imisation problem withInstane: Tuple (V, A, C, {ca}a∈A), where (V, A, C) is a Csp instane over
Γ, and ca : V → Q≥0 ∪ {∞}.Solution: An assignment f : V → A to the variables suh that all on-straints are satis�ed.Measure: ∑v∈V cf(v)(v)It was noted [85℄ that List Max AW Sol(Γ) and Min Hom(Γ) arepolynomial-time equivalent for Γ over a Boolean domain. Lemma 7.5 provesthis diretly. The following question pratially suggests itself:([85℄) Is it the ase that the omplexity of List Max AW Sol(Γ) andMin Hom(Γ) are equal for all onstraint languages Γ?This question is answered in the a�rmative in Setion 7.3, using reentprogress on Min Hom by Takhanov [126, 127℄.7.1 Basi redutionsIn this setion we give two redutions. Proposition 7.3 is a general redutionfrom List Max AW Sol toMin Hom. Proposition 7.4 goes in the oppositediretion, but puts ertain restritions on the Min Hom-instanes. Despitethis apparent lak of generality, it turns out that this redution su�es forthe proofs of two following setions.In the following proposition, note in partiular how the valuation ν on Γis ompletely absorbed by the more expressive weight funtions {ca} of theMin Hom-framework. Conversely, the statement in Proposition 7.4 holdsfor any injetive valuation of the onstraint language. This provides thebasis for the observation in the introdution, that the simultaneous re-strition to onservative onstraint languages and generalisation to arbi-trary weighted variables remove the impat of spei� valuations. Notethat the injetivity of the onstraint language is neessary. For example,take the relation ̺ = {(a, a), (a, b), (b, a)}. For ν(a) 6= ν(b), we have thatList Max AW Sol({R}, ν) is NP-hard. But for ν(a) = ν(b), this problemis trivially solvable, simply map all variables to the element a.



164 7.1. Basi redutionsProposition 7.3 Let (Γ, ν) be a valued onstraint language. Then, theproblem List Max AW Sol(Γ, ν) is polynomial-time reduible to the prob-lem Min Hom(Γ).Proof: Let I = (V, C, A, L, ω) be an instane of List Max AW Sol(Γ).We modify it to an instane J = (V, C, A, {ca}a∈A) of Min Hom(Γ) asfollows. Let Z = maxv∈V ω(v) and de�ne
ca(v) =

{

(Z − ω(v)) · ν(a) if a ∈ L(v)

∞ otherwise. (7.1)Thus, if Opt(J ) is �nite, then a solution to J yields a solution to I withOpt(I) = |V | ·
∑

a∈A ν(a) · Z − Opt(J ).The following result is a generalisation of the redutions fromMin Homto List Max AW Sol given by Jonsson et al. [85℄.Proposition 7.4 Let Γ be a onstraint language. The problemMin Hom(Γ)restrited to instanes for whih eah ost funtion ca takes at most two �-nite values, is polynomial time reduible to List Max AW Sol(Γ, ν), forany injetive valuation ν on Γ.Proof: Let J = (V, C, A, {ca}a∈A) be an instane of Min Hom(Γ). Weonstrut an instane I = (V, C, A, L, ω) of List Max AW Sol(Γ, ν) asfollows. For eah v ∈ V , de�ne L(v) = {a ∈ A | ca(v) 6= ∞} and notethat |L(v)| ≤ 2 by assumption. For a �xed v, if L(v) = {av}, then weunonditionally assign v to av and propagate this value to all onstraintsinvolving v. Thus, we will assume that L(v) = {av, bv} for all v ∈ V . It islear that an assignment from V to A is a feasible solution to I if and onlyif it is a solution to J of measure stritly smaller than ∞. Ideally we wouldlike the assignment v 7→ av to ontribute preisely cav
(v) to the measure ofa solution to I, and similarly, v 7→ bv to ontribute cbv

(v). The followingalmost does the trik:
ω(v) =

cbv
(v) − cav

(v)

ν(av) − ν(bv)
.Here, of ourse, the injetivity of ν is ruial. Under the assumption that

v 7→ av, we an express v's ontribution to the measure as follows:
ω(v) · ν(av) = ω(v) ·

(
ν(av) − ν(bv)

)
+ ω(v) · ν(bv) =

cbv
(v) − cav

(v) + ω(v) · ν(bv).Given a solution s : V → A to I and a variable v ∈ V , we thus have
ω(v) · ν(s(v)) = −cs(v) + cbv

(v) + ω(v) · ν(bv). Let m(s) denote the measureof s as a solution to the List Max AW Sol-instane and let m′(s) denote



7. Conservative Constraint Languages and Arbitrary Weights165the measure of s as a solution to theMin Hom-instane. The two measuresare then related as follows:
m(s) =

∑

v∈V

ω(v) · ν(s(v)) =

−
∑

v∈V

cs(v)(v) +

(
∑

v∈V

cbv
(v) + ω(v) · ν(bv)

)

= −m′(s) + C,where C an be alulated in polynomial time from J . Hene, if there is asolution to I, then Opt(J ) = C − Opt(I), otherwise Opt(J ) = ∞.Lemma 7.5 Let Γ be a Boolean onstraint language. Then, Min Hom(Γ)and List Max AW Sol(Γ) are polynomial-time equivalent.Proof: Sine Γ is a onstraint language over a two-element domain, we�nd that the restrition in Proposition 7.4 is trivially satis�ed. Hene, thelemma immediately follows from Proposition 7.3 and Proposition 7.4.7.2 Undireted graphs with loopsIn this setion we set out to prove a dihotomy theorem for problems of theform List Max AW Sol(H), whereH is an undireted graph with loops al-lowed. The result is inspired by the orresponding result forMin Hom [62℄,and is stated in terms of proper interval graphs and bigraphs.De�nition 7.6 Let F = {I1, . . . , Ik} be a family of intervals on the real line.A graph G with V (G) = F and (Ii, Ij) ∈ E(G) if and only if Ii ∩ Ij 6= ∅ isalled an interval graph. If the intervals are hosen to be inlusion-free,
G is alled a proper interval graph.De�nition 7.7 Let F1 = {I1, . . . , Ik} and F2 = {J1, . . . , Jl} be two familiesof intervals on the real line. A graph G with V (G) = F1 ∪ F2 and (Ii, Jj) ∈
E(G) if and only if Ii∩Jj 6= ∅ is alled an interval bigraph. If the intervalsin eah family are hosen to be inlusion-free, G is alled a proper intervalbigraph.Interval graphs are neessarily re�exive, while interval bigraphs are ir-re�exive and bipartite. The main result an now be stated as follows:Theorem 7.8 Let H be an undireted graph with loops allowed. Then,List Max AW Sol(H) is tratable if all omponents of H are proper inter-val graphs or proper interval bigraphs. Otherwise, List Max AW Sol(H)is NP-hard.



166 7.2. Undireted graphs with loopsTheorem 7.8 desribes a dihotomy for List Max AW Sol whih isidential to that of Min Hom [62℄. We therefore have the following as animmediate orollary.Corollary 7.9 Let H be an undireted graph with loops allowed. Then,List Max AW Sol(H) is polynomial-time equivalent to Min Hom(H).The tratable ases of Theorem 7.8 follow from Theorem 1.1 in [62℄ om-bined with the redution in Proposition 7.3. The remaining part of thissetion is devoted to showing the other diretion, i.e. if some omponentof H is neither a proper interval graph nor a proper interval bigraph, thenList Max AW Sol(H) is NP-hard. We will assume that the input in-stane is onneted. If it is not, then we an solve eah onneted omponentseparately and add up the measures of the obtained solutions.The following lemma is trivial, but essential.Lemma 7.10 Let H be an undireted graph and U ⊆ V (H). Then, ListMaxAWSol(H |U ) is polynomial-time reduible to ListMaxAWSol(H).Proof: Let I = (V, A, C, L, ω) be an instane of List Max AW Sol(H |U ).We reate a new instane J = (V, A, C, L′, ω) of List Max AW Sol(H),where L′(v) = L(v)∩U . Then, there is a solution to J of measure m if andonly if there is a solution to I of the same measure.Lemma 7.11 Let H be a onneted undireted graph in whih there existsboth loop-free verties and verties with loops. Then, List Max AW Sol(H)is NP-hard.Proof: We will redue from the problem of �nding a maximal inde-pendent set in an undireted graph G, whih is NP-hard. The redu-tion is straightforward to do diretly, but we do it using Proposition 7.4in order to illustrate its use. To this end, we �rst redue maximal in-dependent set to Min Hom(H). Let V = V (G), A = V (H) and C =
{H(x, y) | (x, y) ∈ E(G)}. Create an instane J = (V, A, C, {ca}a∈A) ofMin Hom(H) as follows. By assumption, we an �nd a1, a2 ∈ V (H) suhthat H |{a1,a2} = {(a1, a1), (a1, a2), (a2, a1)}. For eah v ∈ V , let

ca(v) =







1 if a = a1,
0 if a = a2, and
∞ otherwise.It is obvious that any independent set I of G yields a solution to J ofmeasure |V \ I|, by assigning the verties of the independent set to a2, andall other verties to a1. Conversely, any solution f to J of measure mindues an independent set f−1(a2), with |f−1(a2)| = |V |−m. Therefore, a



7. Conservative Constraint Languages and Arbitrary Weights167minimal solution to J indues an independent set of maximal size. Now, weinvoke Proposition 7.4 to �nish the redution to List Max AW Sol(H).The following theorem by Hell and Huang haraterises proper intervalbigraphs in terms of the absene of ertain indues subgraphs.Theorem 7.12 (P. Hell, J. Huang [69℄) A bipartite graph H is a properinterval bigraph if and only if it does not ontain an indued yle of lengthat least six, or a bipartite law, or a bipartite net, or a bipartite tent (f.Figure 7.1.)
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a) b) c)Figure 7.1: a) bipartite law, b) bipartite net, c) bipartite tent.In light of the preeding theorem, it is now lear that in order to provethe part of Theorem 7.8 whih refers to proper interval bigraphs, we mustshow that List Max AW Sol(H) is NP-hard for yles of length at leastsix and for the graphs in Figure 7.1. By Lemma 7.10, we an then induesuh a graph in any bipartite graph whih is not a proper interval bigraph.We start with the yles.Lemma 7.13 Let H be a yle of length at least six. Then, List Max AWSol(H) is NP-hard.Proof: We will redue from the retration problem Ret(H) (De�ni-tion 6.23.) This problem is known to be NP-hard for yles of length atleast six [51℄. Let G be a graph suh that H ⊆ G, and onstrut the instane
I = (V (G), V (H), {H(x, y) | (x, y) ∈ E(G)}, L, ω), where

L(v) =

{

{v} if v ∈ V (H)

V (H) otherwise,and let ω be arbitrary. Then, H is a retrat of G if and only if I has anysolution.



168 7.2. Undireted graphs with loopsThe proofs of the three following lemmas all follow the ideas from [62℄.They are done by redution from the problem of �nding a maximum inde-pendent set in a 3-partite graph G. This problem is known to be NP-hard,even when the three partite sets are known (they an be alulated from Gin polynomial time). The proofs by Jonsson et al. [85℄ goes by redutiondiretly from the independent set problem to List Max AW Sol, whihintrodues a good amount of lutter in the hoie of weights for the vari-ables. We avoid this by keeping loser to the original proofs for Min Hom,and using Proposition 7.4.Lemma 7.14 Let H be the re�exive law graph shown in Figure 7.2. Then,List Max AW Sol(H) is NP-hard.
x4

x1

x2 x3Figure 7.2: The re�exive law graph.Proof: Let G be a 3-partite graph with partite sets V1, V2 and V3. Let
V = V (G), A = V (H) = {x1, x2, x3, x4} and C = {H(u, v) | (u, v) ∈ E(G)}.We reate an instane J = (V, A, C, {ca}a∈A) of Min Hom(H) as follows.For j = 1, 2, 3, and eah v ∈ Vj , let

ca(v) =







1 if a = x4,
0 if a = xj , and
∞ otherwise.Let I = I1∪I2∪I3 be an independent set of G, where Ij ⊆ Vj for j = 1, 2, 3.Then, f(v) = x1 if v 6∈ I and f(v) = xj if v ∈ Ij is a solution to J ofmeasure |V \ I|. Conversely, any solution f to J of measure m induesan independent set f−1({x1, x2, x3}) of size |V | − m. Therefore, a minimalsolution to J indues an independent set of maximal size. An appliationof Proposition 7.4 �nishes the proof.Corollary 7.15 Let H be the bipartite law shown in Figure 7.1(a). Then,List Max AW Sol(H) is NP-hard.Proof: Let V = {x1, x2, x3, x4} and let H2 be the graph with vertex set

V (H) and edge set {(u, v) | ∃w : (u, w), (w, v) ∈ E(H)}. Then, H2|V isisomorphi to the re�exive law.



7. Conservative Constraint Languages and Arbitrary Weights169Lemma 7.16 Let H be the bipartite net graph shown in Figure 7.1(b).Then, List Max AW Sol(H) is NP-hard.Proof: Let G be a 3-partite graph with partite sets X, Y and Z and Wereate a new graph G′ from G as follows. For eah vertex u in X ∪ Y , welet u be a vertex in G′. For eah vertex z in Z, we reate a path sz
1t

zsz
2 in

G′. Finally for eah edge e ∈ E(G) ∩ (X × Y ), we reate a new vertex mein G′. The edges in G′ are as follows:
E(G′) = {(x, me), (me, y) | e = {x, y} ∈ E(G) ∩ (X × Y )} ∪

{(sz
1, t

z), (tz , sz
2) | z ∈ Z} ∪

{(x, sz
1) | (x, z) ∈ E(G) ∩ (X × Z)} ∪

{(sz
2, y) | (z, y) ∈ E(G) ∩ (Z × Y )}Let V = V (G′), A = V (H) = {x1, x2, x3, x4} and C = {H(u, v) | (u, v) ∈

E(G′)}. The instane J = (V, A, C, {ca}a∈A) ofMin Hom(H) is ompletedby the following de�nitions. For x ∈ X, y ∈ Y, z ∈ Z, and e ∈ E(G) ∩ (X ×
Y ), let

ca(x) =







1 if a = x4,
0 if a = x1,
∞ otherwise. ca(y) =







1 if a = x4,
0 if a = x2,
∞ otherwise.

ca(me) =







0 if a = y1,
0 if a = y2,
∞ otherwise. ca(tz) =







1 if a = x4,
0 if a = x3,
∞ otherwise.

ca(sz
1) =







0 if a = y3,
1 if a = y1,
∞ otherwise. ca(sz

2) =







0 if a = y3,
1 if a = y2,
∞ otherwise.Let I = Ix ∪ Iy ∪ Iz be an independent set of G, where Ix ⊆ X, Iy ⊆ Y and

Iz ⊆ Z. We an turn I into a solution f of J by assigning eah variable in
X to x1 if it is in the independent set and to x4 otherwise and similarly forthe variables in Y . The variables in the path orresponding to z ∈ Z aregiven the values

f(sz
1) = f(sz

2) = y3, f(tz) = x4when z is in the independent set and
f(sz

1) = y1, f(sz
2) = y2, f(tz) = x3otherwise. Finally, me is assigned to either y1 or y2, depending on whih ofits neighbours is assigned to x4. The measure of f equals |V | + |Z| − |I|.Conversely, any solution f to J of measure m < ∞ indues an independentset f−1({x1, x2})∪{z ∈ Z | f(sz

1) = f(sz
2) = y3} of size |V |+ |Z|−m. Thus,



170 7.2. Undireted graphs with loopsa minimal solution to J indues an independent set of maximal size. Thelemma now follows from Proposition 7.4.Example 7.17 This is a good time to take a loser look at the numbersinvolved in an appliation of Proposition 7.4. We exemplify by the use inthe previous proof, and onretise by �xing some values on the bipartitenet graph, f. Figure 7.3. Assuming we have reated G′ as in the proof,
3

4

5

27 1

6

Figure 7.3: The bipartite net graph with a valuation.we are left with the task of assigning lists and weights to the variables in
V (G′) to omplete a List Max AW Sol(H)-instane. The lists are easilyread o� from the de�nition of the ca-funtions: L(x) = {x1, x4} for x ∈ X ,
L(me) = {y1, y2} for e ∈ E(G) ∩ (X × Y ), and so on. The weights aregiven by the di�erene between the two �nite ca-values divided by minusthe di�erene between the orresponding ν-values. They turn out to be

ω(u) =







1/(ν(x1) − ν(x4)) = 1/(6 − 3) = 1/3 if u ∈ X ,
1/(ν(x2) − ν(x4)) = 1/(7 − 3) = 1/4 if u ∈ Y ,
1/(ν(x3) − ν(x4)) = 1/(1 − 3) = −1/2 if u = tz,
−1/(ν(y1) − ν(y3)) = −1/(5 − 4) = −1 if u = sz

1,
−1/(ν(y2) − ν(y3)) = −1/(2 − 4) = 1/2 if u = sz

2,
(0 − 0)/(ν(y2) − ν(y1)) = 0 if u = me.Hene, we an alulate the ontribution of a vertex x ∈ X whih is assignedto x1 as 1/3 · 6 = 2. If, instead, it is assigned to x4, then this ontributionis 1/3 · 3 = 1. Similarly, for a vertex y ∈ Y , the orresponding ontributionsare 1/4 · 7 = 7/4 and 1/4 · 3 = 3/4. Note that the di�erenes (2 − 1, and

7/4−3/4, respetively) are equal. This di�erene is the positive ontributionof letting x (or y) be in the independent set. We an also sum up theontributions for the possible assignments of sz
1, s

z
2 and tz. There are fourassignments to onsider when z is left out of the independent set. Three ofthese ontribute −9/2, and one ontributes −11/2 (and never ours in anoptimal solution.) For a z in the independent set, i.e. {sz

1 7→ 4, tz 7→ 3, sz
2 7→

4}, the ontribution is −7/2.Finally, let us alulate the onstant C =
∑

v∈V (G′) cbv
(v) + ω(v) · ν(bv),where, as before, we hoose av as the domain value of the �rst ase listed



7. Conservative Constraint Languages and Arbitrary Weights171in the de�nition of the ca-funtions (and bv as the seond.) Then, C =
2 · |Z|+ |X | · 1/3 · 6+ |Y | · 1/4 · 7+ |Z| · (−1/2 · 1+ (−1) · 5+1/2 · 2)+0 = 2 ·
|X |+7/4·|Y |−5/2·|Z|. Let f be a solution orresponding to the independentset I = Ix∪Iy∪Iz . Then, m(f) = |Ix|·2+|X\Ix|·1+|Iy |·7/4+|Y \Iy|·3/4+
|Iz | · (−7/2)+ |Z \ Iz| · (−9/2) = |Ix|+ |Iy|+ |Iz|+(|X |+3/4 · |Y |−9/2 · |Z|).The same measure is obtained from (7.1) using m′(f) = |V | + |Z| − |I| andthe previously determined value of C.The proof of the following lemma is similar to those of Lemma 7.14 and7.16, and is therefore omitted.Lemma 7.18 Let H be the bipartite tent graph shown in Figure 7.1(c).Then, List Max AW Sol(H) is NP-hard.We are now equipped to �nish the proof of Theorem 7.8.Proof: [Theorem 7.8℄ It remains to show that List Max AW Sol(H) isNP-hard if some omponent of H is neither a proper interval graph nor aproper interval bigraph. By Lemma 7.10, we an assume, without loss ofgenerality, that H is itself onneted. If H is neither loop-free nor re�exive,then List Max AW Sol(H) is NP-hard by Lemma 7.11.If H is loop-free and non-bipartite, we an redue from the graph homo-morphism problem whih isNP-hard for non-bipartite loop-free graphs [71℄.So assume that H is bipartite. If H is not a proper interval bigraph, then,due to Theorem 7.12, H has either an indued yle of length at least 6,an indued bipartite law, an indued bipartite net or an indued bipartitetent. In either ase, we an use Lemma 7.10 to indue the partiular graph.NP-hardness now follows from Lemma 7.13, Corollary 7.15, Lemma 7.16,or Lemma 7.18, respetively.Finally, if H is re�exive, then it is either not an interval graph, or a non-proper interval graph. If H is not an interval graph, then we an reduefrom the list homomorphism problem, L-HOMH , whih has been shownto be NP-hard for re�exive, non-interval graphs [50℄. In the seond ase,Roberts [118℄ has shown that H must ontain an indued (re�exive) law,and Lemma 7.14 shows that the problem is then NP-hard.7.3 A omplete lassi�ationDespite the additional onstraint of only two �nite values per funtion
ca in Proposition 7.4, we saw in the previous setion that it was never-theless strong enough in order to show polynomial-time equivalene be-tween Min Hom(H) and List Max AW Sol(H) for undireted graphs
H with loops allowed. In fat, a reent lassi�ation of Min Hom(Γ) byTakhanov [126, 127℄ for an arbitrary onstraint language Γ allows us to prove



172 7.3. A omplete lassi�ationthe full onjeture, that List Max AW Sol(Γ) and Min Hom(Γ) are in-deed polynomial-time equivalent. Takhanov originally studied the problemfrom the viewpoint of supervised learning. In this setting, the right-handside an be seen as a priori knowledge and the measure is given by a sum overa set of tuples (v, a, w), alled the training set, where the assignment v 7→ a isgiven weight w. Of ourse, given an arbitrary number of tuples, this is equiv-alent to a �Max Hom�-problem, whih was also soon realised. Furthermore,the minimising and maximising versions of Min Hom are polynomial-timeequivalent.

Figure 7.4: The onservative relational lones on two elements.In this setion, we review the main points of Takhanov's proof, in orderto properly work out the equivalene to List Max AW Sol. We stressthat the proof is not ours. Takhanov's proof is based on the algebraiapproah, and in partiular uses relational lones 〈Γ〉 in plae of Γ. ForMin Hom and List Max AW Sol it is obvious that one an produe allunary onstraints in polynomial time. Indeed, in the latter ase we ouldde�ne List Max AW Sol(Γ) as Max AW Sol(Γ ∪ CA), where A is thedomain of Γ. Takhanov shows that for any �nite subset Γ′ ⊆ 〈Γ〉, theproblemMin Hom(Γ′) is polynomial-time reduible toMin Hom(〈Γ〉). ForList Max AW Sol, we have Theorem 2.34. This forms the foundation of



7. Conservative Constraint Languages and Arbitrary Weights173the algebrai approah. The relational lone IR2 is the unique minimal on-servative relational lone. The lattie of all onservative relational lonesare shown in Figure 7.4. This �gure and the statement of the �rst the-orem, whih establishes neessary onditions for tratability of Min Homand List Max AW Sol uses the naming onvention for relational lonesgiven in Setion 2.6. The statement of the original theorem [126℄ uses adi�erent onvention (and also does not mention IR2 as it is ontained in thetwo other relational lones.)The proof onsists of four main omponents. The �rst is the lassi�-ation of two-element subalgebras (Corollary 7.20) whih in turn providesneessary onditions for tratability (De�nition 7.21). The seond is theonstrution of an assoiated graph, (Mo, P ), and a proof that unless thisgraph is bipartite, then List Max AW Sol isNP-hard (Proposition 7.22).Thirdly, it is shown that if the neessary onditions for tratability are metand the graph (Mo, P ) is bipartite, then the majority operation is a poly-morphisms of the onstraint language. It is known (see for example [79℄)that this implies that we only need to onsider the binary onstraints of therelational lone. The �nal step uses a graph assoiated to the remainingonstraints, whih we will all the mirostruture graph (see Chapter 8,)and proves that under the aforementioned onditions, the mirostruturegraph is a perfet graph. This allows an optimal solution to be found inpolynomial time. The two last steps are summarised as Proposition 7.23.Theorem 7.19 (Theorem 5 in [126℄) Over a two-element domain, theonservative relational lones IR2, IM2, and ID1 are tratable forMin Hom.All other onservative relational lones are NP-hard.Using Lemma 7.5, we have the following orollary:Corollary 7.20 Theorem 7.19 holds for List Max AW Sol.Let B be a two-element domain, let f∧ and f∨ be the two distint bi-nary, ommutative and onservative operations on B, and let f : B3 → Bbe suh that f(x, x, y) = f(y, x, x) = f(y, x, y) = y. Then, the relationallones IM2 and ID1 an be expressed as Inv({f∧, f∨}), and Inv({f}), re-spetively. Furthermore, from Figure 7.4 we see that IR2 ⊆ IM2 and
IR2 ⊆ ID1. This, together with Corollary 7.20 implies that if some two-element subalgebra of A ontains neither of the two sets {f∧, f∨} or {f},then List Max AW Sol(A) is NP-hard. We therefore have the followingneessary onditions for tratability:De�nition 7.21 Let A be a onservative lone over a domain A. If forevery two-element subset B ⊆ A, A|B either ontains both f∧ and f∨,or it ontains a funtion f : B3 → B suh that f(x, x, y) = f(y, x, x) =
f(y, x, y) = y, then A is said to satisfy the neessary loal onditions.



174 7.3. A omplete lassi�ationLet A be a onservative lone over a domain A and let M be the set oftwo-element subsets of A whih support a subalgebra ontaining both f∧and f∨. Let Mo = {(a, b) | {a, b} ∈ M} be the orresponding set of orderedtwo-element subsets. Let P ⊆ Mo × Mo, be de�ned by ((a, b), (c, d)) ∈ P ifthere is no f ∈ A suh that f(a, b) = f(b, a) = b and f(c, d) = f(d, c) = d.Proposition 7.22 If the graph (Mo, P ) is not bipartite, then the problemList Max AW Sol(Inv(A)) is NP-hard.Proof: The proof of Theorem 7 in [126℄ shows that Inv(A) must ontain aset of onstraints {̺0, . . . , ̺2k}, where
̺i = {(ai, ai+1), (bi, ai+1), (ai, bi+1)},and the elements in a0, . . . , a2k, b1, . . . , b2k are distint, f. Figure 7.5. It

ai

bi

ai+1

bi+1Figure 7.5: The relation ̺i represented by a direted graph.is also shown (Lemma 15.1 [126℄), that suh a onstraint language is NP-hard for Min Hom. We must thus argue that the same holds in the ase ofList Max AW Sol. The proof is a redution from the problem of �nding amaximal independent set in a graph G for whih G → C2k+1, where C2k+1is the yle on 2k + 1 verties. This is the extension of the problem inSetion 7.2 of �nding a maximal independent set in a 3-partite graph G,i.e. when G → C3. Takhanov shows that the generalised problem is stillNP-hard even when the homomorphism to the yle is known. Hene, wean assume that the preimages V0, . . . , V2k of the verties in C2k+1 undersuh an homomorphism are known.Let A = {a0, . . . , a2k} and B = {b0, . . . , b2k}. We onstrut an instane
J ofMin Hom({̺i}). Identify the variables of J with the verties of G, letthe domain be A

⋃
B, and de�ne the ost funtions as follows:

ca(v) =







1 if v ∈ Vi and a = ai,
0 if v ∈ Vi and a = bi,
∞ otherwise.For eah i = 0, . . . , 2k, and eah (ordered) pair (vi, vi+1) ∈ Vi × Vi+1, addthe onstraint ̺i(vi, vi+1) to J . Here, the indies are assumed to be reduedmodulo 2k + 1.



7. Conservative Constraint Languages and Arbitrary Weights175Let s : V (G) → A
⋃

B be a solution to J . If m(s) < ∞, then the set
J = s−1(B) is an independent set in G, and

m(s) =
∑

v∈V (G)

cf(v) =

2k∑

i=0

|s−1(ai)| = |V (G) \ J |.Conversely, any independent set I in G indues a solution by assigning
f(vi) = bi if vi ∈ I and f(vi) = ai otherwise. The measure of suh asolution equals |V (G) \ I|. Therefore, a minimal solution to J produes amaximal independent set in G. It remains to observe that the ost funtionsone again ful�l the ondition of Proposition 7.4, and we are done.The following proposition deals with the remaining tratable ases, whihwe get for free by Proposition 7.3. It shall be noted that the proof forthe Min Hom-ase is non-trivial: the neessary loal onditions of De�ni-tion 7.21 and the bipartiteness property of (Mo, P ) are used twie��rstto prove that the onstraint language ontains a majority operation, whihimplies that the problem is polynomial-time equivalent to �nding a max-imal weighted, maximal sized lique in the mirostruture of the binaryonstraints of the onstraint language. The seond time the neessary on-ditions and bipartiteness are used to show that the mirostruture is a per-fet graph. Finally, a modi�ation of an algorithm for �nding a maximalweighted lique in a perfet graph an be applied.Proposition 7.23 If A satis�es the neessary loal onditions, and (Mo, P )is bipartite, then List Max AW Sol(Inv(A)) is tratable.Proof: The orresponding result for Min Hom is shown in [126℄, henethe result follows by Proposition 7.3.We now ombine Corollary 7.20, Proposition 7.22 and Proposition 7.23to show the following dihotomy of List Max AW Sol:Theorem 7.24 If A satis�es the neessary loal onditions, and (Mo, P ) isbipartite, then List Max AW Sol(Inv(A)) is tratable. In all other asesList Max AW Sol(Inv(A)) is NP-hard.Additionally, we have:Theorem 7.25 List Max AW Sol(Γ) and Min Hom(Γ) are polynomial-time equivalent for all onstraint languages Γ.7.4 ConlusionsWe started out by generalising and restriting the Max Sol problem in thehope of �nding some new, simplifying struture of the problem. As it turned



176 7.4. Conlusionsout, this led us to the surprising link to the seemingly muh more expressiveproblem Min Hom. For graphs, and in the end for arbitrary onstraintlanguages, the restrited power of Proposition 7.4 was su�ient for provingthe polynomial-time equivalene between the problems.Takhanov's proof of a dihotomy for Min Hom, and its immediate ap-pliability to List Max AW Sol ould be seen as the �nal word on thesubjet. Furthermore, in private ommuniation, Takhanov has been able tomodify his proof to work for the onservativeMax Sol ase, i.e. when onlynon-negative weights are allowed in the instanes. This indiates that theruial simplifying ingredient was for the onstraint language to be onser-vative, as previously indiated by the suessful lassi�ation of Csp for suhlanguages [18℄. However, for onservativeMax Sol, and forMax AW Sol,the omputational omplexity for a onstraint language is still sensitive tothe partiular valuation used, unlike the ase of List Max AW Sol.We onlude by mentioning that, in spite of the great leap forward in ourunderstanding of List Max AW Sol provided by Takhanov's result, thepolynomial-time equivalene between Min Hom and List Max AW Solremains intriguing, and it is still an open problem to �nd a �simple� reasonfor the existene of a redution fromMin Hom to List Max AW Sol, onewhih does not take the detour via a omplete lassi�ation.



Chapter 8Exponential-TimeAlgorithmsThe general, non-parameterised Max Sol problem has no e�ient (i.e.polynomial-time) algorithm, unless P = NP. In previous hapters, wehave taken the approah of studying hardness at di�erent granularities, fora onstraint language parameterisation. Despite the onjetured theoretialobstale to �nding general, e�ient algorithms for NP-omplete problems,there has been signi�ant progress on designing exponential-time algorithms.Atually, one may argue that this is a natural approah to take; althoughwe a priori onsider exponential-time algorithms ine�ient, we also stronglybelieve that P 6= NP, hene this may very well be the only option.As usual, one an approah this problem either from a pratial, or atheoretial point of view. On the pratial side, NP-hard problems needto be solved every day, and improvement in algorithms and hardware keeppushing the limit on the sizes of instanes whih an be handled. However,these algorithms are usually based on heuristis, and provide little guaranteeon the running time. From the theoretial point of view, whih is where ourinterest lies, one studies upper bounds on the worst ase running time, butthese bounds may hide large onstant fators whih make them unsuitablefor immediate implementation.It is ommon, when dealing with exponential-time algorithms, to not onlyignore onstant fators in the expressions for the time omplexity, but alsopolynomial fators. To this end, let O∗(cn) denote the lass of funtionswhih asymptotially grows no faster than cn, up to a polynomial fatorin n. The goal is to �nd a low onstant c for a partiular problem, inthis ase Max Sol. This an be ahieved either by onstruting a newalgorithm, or by tightening the analysis of some already existing one. Inthis hapter, we will be using a di�erent parameterisation of our problems,in whih we impose an upper bound on the domain size and onstraint arity.Suh parameterisations are more onvenient to work with when onstruting



178this type of algorithms.De�nition 8.1 A (d, l)-onstraint satisfation instane, I, is a 3-tuple
(V, D, C), where

• V is a �nite set of variables,
• D is a �nite set of values, with |D| ≤ d, and
• C is a �nite set of onstraint appliations {(s1, ̺1), . . . , (sq, ̺q)}, where

̺i is an li-ary relation, with li ≤ l for all 1 ≤ i ≤ q.Under this parameterisation, the deision problem of �nding a satisfying as-signment to a (d, l)-Csp instane is still NP-hard, exept for the ase where
d = l = 2, whih is the 2-SAT problem. The urrently best known runningtimes of exat, exponential-time algorithms for the deision problem for thease when l = 2 and d ≥ 3 are due to Eppstein for 3 ≤ d ≤ 10 [46℄, witha running time of O∗((0.4518d)n), Feder & Motwani for 11 ≤ d ≤ 45 [52℄,with a running time of O∗((d!)n/d), and Williams for d ≥ 46 [132℄, witha running time of O∗(dω·n/3), where ω < 2.376 is the matrix multiplia-tion exponent. For onstraints with arities greater than 2, the algorithm byIwama & Tamaki [76℄ is the fastest for (2, 3)-Csp and (2, 4)-Csp, and for
(2, 5)-Csp, the algorithm by Paturi et al. [111℄ runs in O∗(1.5692n) time.For general (d, l)-Csp, the algorithm by Shöning [121℄ has a running timeof O∗((d − d/l + ε)n). These results are summarised in Table 8.1. Exeptfor the (2, 2), (3, 2), (4, 2)-Csp algorithms, and the (d, 2)-Csp algorithm byWilliams, these are all probabilisti.

d = 2 d = 3 d = 4 d = 10 11 ≤ d ≤ 45 d ≥ 46

l = 2 poly(n) 1.3645n 1.8072n 4.5180n (d!)n/d dω·n/3

l = 3 1.3238n 2n 2.6667n 6.6667n (d − d
l + ε)n

l = 4 1.474n 2.25n 3n 7.5n �
l = 5 1.5692n 2.4n 3.2n 8n �Table 8.1: Time omplexities of the urrently best known Csp-algorithms.The problem Max Sol(d, l) is that of maximising a solution (in the or-dinaryMax Sol sense) of a (d, l)-Csp instane. In some ases, we will solvethe slightly more general problemMax Hom(d, l). This is the maximisationounterpart ofMin Hom, restrited to (d, l)-Csp instanes (V, D, C), i.e., inaddition the the (d, l)-Csp instane, we are given weight funtions {ca}a∈D,where eah ca is a funtion from V to Q, and the goal is to �nd a satisfyingassignment f : V → D suh that

m(f) =
∑

v∈V

cf(v)(v)is maximised.



8. Exponential-Time Algorithms 179We will use three main tools in the onstrution of our algorithms. The�rst is an algorithm for the following problem:De�nition 8.2 (Dahllöf et al. [35℄) Let F be a 2-SAT formula, and let
L be the set of all literals for all variables ourring in F . Given a weightfuntion w on L, and a satisfying assignment f for F , let m(f) be de�nedas

m(f) =
∑

{l∈L | l is true in f}

w(l)The problem of �nding a maximum satisfying assignment to F is alled theweighted 2-SAT problem.It should be lear that this problem is equivalent to Max Hom(2, 2).Wahlström [131℄ presents the urrent best algorithm for ounting the numberof maximum weighted solutions to 2-SAT instanes. This algorithm has arunning time of O∗(1.2377n), and it an easily be modi�ed to return one ofthe solutions. We will denote this modi�ed algorithm by 2-SATw.Example 8.3 Any (2, 2)-Csp instane an be represented as a 2-SAT in-stane. For a Max Sol(2, 2) instane I = (V, {0, 1}, C, ω) with a valuation
ν : {0, 1} → Q≥0, we an de�ne a weight vetor w as follows:

w(l) =

{

ω(v) · ν(0) when l = ¬v, and
ω(v) · ν(1) when l = v.Therefore, we an solve the Max Sol(2, 2) instane I in O∗(1.2377n) timeby running 2-SATw on the instane (V, {0, 1}, C, w).The seond tool is alled the mirostruture graph, and was intro-dued by Jégou [80℄. It provides a representation of a (d, 2)-Csp instane on

n variables as an undireted graph, G, on dn variables. The mirostruturegraph makes it easier to visualise loal properties of the instane, and wean also apply known graph algorithms diretly to G.The third and �nal tool is a general method for obtaining algorithms forvarious (d, l)-Csp problem, provided the existene of an algorithm for someorresponding (d′, l)-Csp problem, with d′ < d. We all this the overingmethod and it has suessfully been applied to a large range of deision,ounting, and optimisation problems, f. Angelsmark [5℄.In the analysis of the algorithms, we will enounter reursions on theform
T (n) =

k∑

i=1

T (n − ri) + p(n),where p(n) is a polynomial in n, and ri ∈ Z+. These equations satisfy
T (n) ∈ O∗(λ(r1, . . . , rk)n), where λ(r1, . . . , rk) is the largest real-valued root



180 8.1. The mirostrutureto 1−∑k
i=1 x−ri (see Kullmann [100℄.) Note that this bound does not dependon neither p(n) nor the boundary onditions T (1) = b1, . . . , T (k) = bk. Wewill usually all λ the work fator (in the sense of [46℄.)In addition to the Max Sol(d, l) problem, we also give algorithms fora di�erent optimisation problem on (d, l)-Csp instanes. This problem asksus to �nd two solutions that are as far away from eah other as possible; i.e.we want to �nd two satisfying assignments that disagree on the values for asmany variables as possible. It is known as the Max Hamming Distaneproblem, and was �rst introdued in Cresenzi & Rossi [33℄, where it wassuggested as a domain independent measure of ignorane, quantifying howmuh we do not know of the world.Chapter outlineWe begin by formally de�ning the mirostruture graph, in Setion 8.1,and presenting the overing method, in Setion 8.2, where we also give animmediate appliation of this method, in whih we derive a Max Sol(d, 2)algorithm from 2-SATw. In Setion 8.3, we �rst give an algorithm for thegeneral Max Sol(d, l) problem. We then use the 2-SATw algorithm toonstrut a speialised Max Sol(3, 2) algorithm, to whih we again applythe overing method. In Setion 8.4, we look theMax Hamming Distaneproblem, and derive a number of algorithms for di�erent domain sizes andonstraint arities. We end the hapter, in Setion 8.5, with some suggestionsfor future work.8.1 The mirostrutureThe following is the original de�nition of the mirostruture graph:De�nition 8.4 (Jégou [80℄) Given a binary Csp I = (V, D, C), the mi-rostruture graph of I is an undireted graph G de�ned as follows:1. For every variable v ∈ V , and domain value a ∈ D, there is a vertex

v[a] ∈ V (G).2. There is an edge {u[a1], v[a2]} ∈ E(G) i� (a1, a2) satis�es the on-straint between u and v.We assume that there is exatly one onstraint between any pair of variables,and any variables with no expliit onstraint is assumed to be onstrained bythe universal onstraint whih allows all values.Satisfying assignments to a binary Csp instane are enoded as liques ofsize |V | in the mirostruture graph G. For tehnial reasons, we atuallyonsider the omplement of the mirostruture graph, in whih there is anedge between two partial assignments u[a1] and v[a2] if and only if both
u[a1] and v[a2] may not appear simultaneously in a satisfying assignment.



8. Exponential-Time Algorithms 181In this omplement, satisfying assignments appear as independent sets ofsize |V |. An example for the ase instane V = {x, y}, D = {0, 1}, and
C = {¬(x ∧ y)} is shown in Figure 8.1.

x[0]

x[1]

y[0]

y[1]

Figure 8.1: The (omplement) mirostruture graph of ¬(x ∧ y).For the rest of this hapter, whenever we use the mirostruture, it is thisomplement graph that we have in mind. Obviously, the mirostruture ofa �nite domain problem will use polynomial spae, sine there will be dnverties in the graph.By adding weights to the verties of the mirostruture, we get a graphwhih we all the weighted mirostruture. When the graph representsa weighted 2-SAT instane, eah vertex orresponds to a variables beingassigned a spei� value, and we an e�iently move from a weighted 2-SAT instanes to its weighted mirostruture, and bak.8.2 The overing methodWe will now formally introdue the overing method. Let n, d and d′ bepositive integers, with d′ ≤ d, and let D be a set of size d. De�ne the set
Qn

D,d′ =

n∏

i=1

(
D

d′

)

.A subset X ⊆ Qn
D,d′ is alled a d′-overing of Dn if ⋃X = Dn. Let

Cn
d,d′ denote the smallest size of a d′-overing of Dn for a set D of size d.Obviously, Cn

d,d′ = (d/d′)n if d′|d. This is also a lower bound for arbitrary
d and d′, whih an be strengthened to

Cn
d,d′ ≥

⌈
d

d′
Cn−1

d,d′

⌉

.We now prove an upper bound for arbitrary d and d′.Theorem 8.5 For any ε > 0, there exists an integer n0 suh that
Cn

d,d′ ≤
(

d

d′
+ ε

)nwhenever n ≥ n0.



182 8.2. The overing methodProof: Let D be a set of size d. Pik a random set D′ =
∏n

i=1 Di ∈ Qn
D,d′ ,with uniform distribution, and let v be an arbitrary vetor in Dn. Then,

Pr (vi ∈ Di) = d′/d implies Pr (v 6∈ D′) = 1 − (d′/d)
n. Now, with uniformdistribution, randomly pik X from the set of t-subsets of Qn

D,d′ . For eah
v ∈ Dn, let Av be the event that v 6∈ ⋃X . Then,

Pr (Av) =
(
1 − (d′/d)

n)t
< e−t(d′/d)n

.To see this, note that (1 − 1/x)x < e−1 when 1/x ≤ 1. Then, let 1/x =
(d′/d)n, raise both sides of the equation to the power of t(d′/d)n, and theinequality follows.The event that X will fail to be a overing is equal to the union of theevents Av over all v. By the union bound,

Pr

(
⋃

v∈Dn

Av

)

≤
∑

v∈Dn

Pr (Av) < dne−t(d′/d)n

.If we let t = cn(d/d′)n, c ≥ ln d, then we have dne−t(d′/d)n ≤ 1. Thisproves that there exists a overing of size cn(d/d′)n. We note that, forsu�iently large n0, we have
(

d

d′
+ ε

)n

≥ cn (d/d′)
n ≥ Cn

d,d′ ,for all n ≥ n0. This ompletes the proof.The overing asserted by Theorem 8.5 is thus optimal (up to ε). The seondingredient in the overing method is problem spei�. For Max Hom(d, l),it an be stated as the following lemma:Lemma 8.6 Let d′ and d be positive integers with d′ < d, and assume thatMax Hom(d′, l) an be solved in O(an) time. Let Id denote the set of (d, l)-Csp instanes satisfying the following restrition: for every (V, D, C) ∈ Id,and every x ∈ V , there exists a unary onstraint (x; S) in C suh that
|S| ≤ d′. Then, the problem Max Hom(d, l), restrited to instanes in Idan be solved in O(an) time.Proof: Let (V, D, C) be a (d, l)-Csp instane and let {ca}a∈D be the givenweight funtions. For eah variable x in (V, D, C), we know that it an beassigned at most d′ out of d value, due to the onstraint (x; S). Thus, wean modify the onstraints so that x takes values in the set D′ = {1, . . . , d′},and so that ϕx : D′ → D is an injetive funtion with S ⊆ ϕx(D′) whihgives bak the original domain values of x. The weight funtions of the newinstane are given by c′a′(x) = cϕ(a′)(x) for a′ ∈ D′. This transformationan be done in polynomial time, and the result is a instane of the MaxHom(d′, l) problem, whih an be solved in O(an) time.



8. Exponential-Time Algorithms 183Using Lemma 8.6, we an produe a simple probabilisti algorithm forMaxHom(d, 2): randomly, and independently restrit eah variable to some 2-element subdomain of D, and solve the resulting instane. The probabilityof failure, i.e. of not �nding a globally maximal solution, will be boundedby a onstant if this is repeated O∗((d/2)n) times. The running time ofthis algorithm is O∗((1.2377d/2)n) = O∗(0.6189dn). The overing methodis essentially a way to derandomise this type of probabilisti onstrution,with the penalty of an arbitrarily small, but �xed, ε. Next, we exemplifythis use of Theorem 8.5.Proposition 8.7 The exists a deterministi algorithm for Max Hom(d, 2)(Max Sol(d, 2)) whih runs in O∗((0.6189d + ε)n) time.Proof: First, let ε′ > 0 be a onstant, depending on ε, to be �xed later.By Theorem 8.5, there exists an n0 suh that Cn0

d,2 ≤ (d/d′ + ε′)n0 = N ,thus let X ⊆ Qn0

D,2 be a overing of this size. Sine n0 and d are �xed,
X is of onstant size with respet to n, and an be hard-oded into thealgorithm. Assume, without loss of generality, that |V | ≡ 0 (mod n0), andlet V = V1 ∪ · · · ∪ VK be a partition of V into K disjoint subsets Vi of Vsuh that |Vi| = n0. Let the variables in Vi be {vj

i }n0

j=1.Let X = {X1, . . . , XN}, and note that eah member Xi ∈ X is of theform Xi =
∏n0

j=1 Xj
i , where |Xj

i | = 2. Let ϕ : [K] → X be an arbitraryfuntion. Intuitively, ϕ assigns, to eah variable vj
i , in eah of the subsets Vi,the unary onstraint (vj

i ; X
j
ϕ(i)). De�ne a set of onstraints, Cϕ, as follows:

Cϕ = C ∪
{

(vj
i ; X

j
ϕ(i)) | 1 ≤ i ≤ K, 1 ≤ j ≤ n0

}The instane Iϕ = (V, D, Cϕ) now satis�es the requirements of Lemma 8.6,with d′ = 2. Hene, we an use the algorithm 2-SATw to solve it in time
O∗(1.2377n).Our algorithm for Max Hom(d, l) works as follows: for every funtion
ϕ, solve the orresponding instane Cϕ. Finally, pik, among the solutionsfound, one of maximal measure. Sine X is a overing, eah satisfyingassignment in (V, D, C) will be satisfying in at least one of the instanes
Iϕ, hene the algorithm will eventually �nd a maximal assignment for theoriginal instane. The number of instanes whih need to be solved is equalto |X |K ≤ (d/2 + ε′)n0·n/n0 = (d/2 + ε′)n, and the total running timebeomes (1.2377 · (d/2 + ε′))n = (0.6189d + ε)n, if we let ε′ = ε/1.2377.From the proof of Proposition 8.7, we see that, in addition to the penaltyof an ε in the running time, we must also be able to �nd an appropriateoveringX . Theorem 8.5 asserts the existene of suh an objet, but we haveno e�ient proedure of �nding one. However, sine it is of onstant sizewith respet to n, it ould be alulated ahead of time using an exhaustivesearh of all possible overings. It is lear that the onstant involved is huge,and prevents any pratial appliation of the method. Finding an e�ient



184 8.3. Algorithms for Max Solway of produing overings is an important open problem. A probabilistiapproah is brie�y disussed in Setion 8.58.3 Algorithms for Max SolWe begin by studying theMax Hom(2, l) problem. Let γl denote the largestreal-valued root of the equation 1 − 1/x − 1/x2 − . . . − 1/xl = 0; γi ≈
1.6180, 1.8393, 1.9276, . . . when i = 2, 3, 4, . . ..Lemma 8.8 The Max Hom(2, l) problem an be solved in O∗(γn

l ) time.Proof: Let (V, {0, 1}, C, {ca}a∈{0,1}) be an instane of Max Hom(2, l). Areursive algorithm A for this problem an be outlined as follows: pik oneonstraint (x1 ∨ . . .∨ xm) in C and return the maximum of the following mvalues:
c1(x1) + A(C[{x1 = 1}]),

c0(x1) + c1(x2) + A(C[{x1 = 0, x2 = 1}]),...
m−1∑

i=1

c0(xi) + c1(xm) + A(C[{x1 = 0, . . . , xm−1 = 0, xm = 1}])Here, C[α] represents the result of applying the partial assignment α to theonstraint C. Note that all possible satisfying assignments are overed bythese m reursive branhes. Sine the arity of a onstraint is at most l, therunning time T (n) satis�es T (n) ≤ ∑l
i=1 T (n − i). Using the previouslydesribed results by Kullmann, it follows that T (n) ∈ O∗(γn

l ).By ombining this lemma with Lemma 8.6 and Theorem 8.5, we get thefollowing result:Proposition 8.9 There exists an algorithm that solves the Max Hom(d, l)(Max Sol(d, l)) problem in O∗((d/2 · γl + ε)n) time.The fat that γl < 2 for all l implies that this algorithm is faster than the
O∗(dn) exhaustive searh algorithm.For binary onstraints (l = 2), the algorithm in Proposition 8.9 runs in time
O∗((d/2 ·1.6180+ε)n) ⊆ O∗((0.8091d+ε)n). As we found in Setion 8.2, weatually get an O∗((0.6189d+ ε)n) by using the 2-SATw algorithm togetherwith the overing theorem. We will now present a further improvement onthis problem. We begin by onstruting an algorithm for Max Hom(3, 2)



8. Exponential-Time Algorithms 185with a running time of O(1.7458n), to whih we then apply Theorem 8.5in order to obtain an algorithm for Max Hom(d, 2) (Max Sol(d, 2).) Theidea behind the algorithm is to use the mirostruture graph and reursivelybranh on variables with three possible values until all variables are eitherassigned a value or only have two possible values left. We then transformthe remaining mirostruture graph to a weighted 2-SAT instane and solvethis instane using the 2-SATw algorithm.Before we start, we need some additional de�nitions: A variable havingthree possible domain values will be alled a 3-variable, and a variable havingtwo possible domain values will be alled a 2-variable. In order to analysethe algorithm we de�ne the size of an instane I as |I| = n2 + 2n3. Here,
n2 and n3 denote the number of 2- and 3-variables in I, respetively. Thismeans that the size of an instane an be dereased by 1 by either removinga 2-variable or removing one of the possible values for a 3-variable, thusturning it into a 2-variable.For a variable x ∈ V with possible values {d1, d2, d3} ordered so that
cd1(x) > cd2(x) > cd3(x), let δ(x) := (δ1, δ2, δ3) where δi = degG(x[di]),
G being the mirostruture graph. If x is a 2-variable then, similarly, wede�ne δ(x) := (δ1, δ2). We will use ≥ i and · (dot) as wildards, to denotesets of possible degree vetors. As an example, δ(x) ∈ (≥ i, ·, ·) should beinterpreted as δ(x) ∈ {(n1, n2, n3) ∈ N3 | n1 ≥ i}. The maximal valueof a variable x, i.e. the domain value a for whih ca(x) is maximal, will bedenoted xmax. The algorithm is presented as a series of lemmas. Applyingthese as shown in Algorithm 1 solves the Max Hom(3, 2) problem.Lemma 8.10 For any instane I, we an �nd an instane I ′ with the sameoptimal measure as I, with size smaller or equal to that of I and to whihneither of the following ases apply.1. There is a 2-variable x for whih δ(x) ∈ (2,≥ 1).2. There is a variable x for whih the maximal value is unonstrained.Proof: The transformation in Figure 8.2 takes are of the �rst ase, remov-ing one 2-variable (and therefore dereasing the size of the instane). Forthe seond ase, we an simply assign the maximal value to the variable,leaving us with a smaller instane.Lemma 8.11 If there is a variable x with δ(x) ∈ (≥ 3,≥ 2) then we anredue the instane with a work fator of λ(3, 2).Proof: We branh on the two possible values of x and propagate the hosenvalue to the neighbours of x. In one of the branhes, the size will dereaseby at least 3 and in the other by at least 2.
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w2

w1

v1 v2
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Figure 8.2: The transformation done in Lemma 8.10. (Note that vi, wj arethe weights of the verties, and that w1 > w2 by assumption.)Lemma 8.12 If there is a variable x for whih δ(x) ∈ (3, ·, ·) then we anredue the instane with a work fator of λ(3, 2).Proof: In one of the branhes, we hoose x = xmax and propagate thisvalue, dereasing the size by at least 3. In the other branh, hoosing x 6=
xmax implies that the value of its exterior neighbour must be hosen in orderto fore a non-maximal value to be hosen in x. Therefore, in this branh,the size dereases by at least 2.Lemma 8.13 If there is a variable x with δ(x) ∈ (≥ 5, ·, ·) then we anredue the instane with a work fator of λ(5, 1).Proof: Choosing x = xmax dereases the size of the instane by at least5. In the other branh, we hoose x 6= xmax, turning a 3-variable into a2-variable and thereby dereasing the size by 1.If none of Lemma 8.10 to Lemma 8.13 is appliable, then every 3-variablemust satisfy δ(x) ∈ (4, ·, ·) and every 2-variable must satisfy δ(x) ∈ (≥ 3, 1).Lemma 8.14 If none of Lemma 8.10 to Lemma 8.13 is appliable, then wean remove every remaining 3-variable with a work fator of λ(4, 4, 4).Proof: Let x1 be a 3-variable with maximal value d1, and let x2[d2] and
x3[d3] be the external neighbours of x1[d1], as in Figure 8.3. First note thatif both x2[d2] and x3[d3] have degrees 4, then we an branh on xi = di for
1 ≤ i ≤ 3, sine either x1 is assigned its maximal value, or at least one ofthe assignments to x2 and x3 must prevent this. This dereases the size by4 in eah branh. Therefore, we may assume that at least one of x2[d2] and
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x3[d3] have degree 3. If one of x1's neighbours, say x2, is a 2-variable, theneither δ(x2) = (3, 1), or δ(x2) ∈ (≥ 4, 1). If δ(x2) = (3, 1) (see Figure 8.3a),then we an let one of the branhes be x1 = d1 and the other be x1 6= d1.This makes δ(x2) = (2, 1) in the latter branh, and x2 an be removed byLemma 8.10. This means we an derease the size by 2 in this branh,giving a work fator of λ(4, 2) < λ(4, 4, 4). Otherwise, if δ(x2) ∈ (≥ 4, 1),or if x2 is a 3-variable and x2[d2] has degree 4, then x3[d3] must have threeneighbours, and sine it annot be a 2-variable (as we would again be in the�rst ase), we onlude that x3 must be a 3-variable. This implies that d3annot be the maximal value in x3. The situation when x2 is a 2-variableis depited in Figure 8.3b. We an now branh on x1 = d1, x2 = d2 and
{x3 = d3, x2 6= d2}, and derease the size by 4 in eah branh. In the�nal ase, if both x2[d2] and x3[d3] are of degree 3 (Figure 8.4), and it isnot possible to hoose a variable x1 without this property, then for everyremaining 3-variable, the maximal value an be assigned without branhingat all.
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Figure 8.3: The �rst 2 ases in Lemma 8.14. (Note that xi denotes a variable,while dj denotes a value.)The input to Algorithm 1 is the mirostruture graph G and a set ofweight funtion {ca}a∈D. The algorithm returns an assignment of maximalmeasure. Note that in order to atually get a solution to the original prob-lem, one has to a) keep trak of the variables eliminated by Lemma 8.10,and b) extrat them from the solution returned on line 4.Proposition 8.15 There exists an algorithm that solves theMaxHom(3, 2)problem in O∗(1.7548n) time.Proof: We laim that Algorithm 1 orretly solves Max Hom(3, 2). Firstwe show the orretness of the algorithm. Lemma 8.10 does not remove
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Figure 8.4: The �nal ase in Lemma 8.14. (Again, xi denotes a variable,and dj denotes a value.)
Algorithm 1 Algorithm for Max Hom(3, 2).
MaxHom(G, {ca}a∈D)1. if, at any time, the domain of a variable beomes empty, that branhan be pruned2. Apply the transformations in Lemma 8.10, keeping trak of eliminatedvariables3. if appliable, return the maximum result of the branhes desribedin Lemma 8.11 to 8.134. else if appliable, return the maximum result of the branhes de-sribed in Lemma 8.145. else return 2-SATw(G, w)



8. Exponential-Time Algorithms 189any solutions to the problem, it merely redues the number of verties inthe mirostruture. Lemma 8.11 branhes on both possible values for thehosen variable, while Lemma 8.12 and Lemma 8.13 try all three possibleassignments, as is the ase for Lemma 8.14. This, together with the proofof orretness of the 2-SATw algorithm by Wahlström [131℄, shows the or-retness of the algorithm.Now, apart from the all to 2-SATw, the highest work fator found inthe algorithm is λ(3, 2) = λ(1, 5) ≈ 1.3247. Reall that we measure the sizeof I by |I| = n2 + 2n3 whih, for a (3, 2)-Csp, is 2n, where n is the numberof variables in I. If we an solve weighted 2-SAT in O∗(cn), then the entirealgorithm will run in O∗(max(1.3247, c)2n). Using the onstrution withweighted mirostrutures mentioned earlier, a weight funtion w(xi[d]) =
cd(xi), together with 2-SATw, we get c ≈ 1.2377, and the result follows.Analogously to how we extended the 2-SATw algorithm to the prob-lem Max Hom(d, 2) in Proposition 8.7, we an now use Theorem 8.5 andLemma 8.6 to extend Algorithm 1.Proposition 8.16 For d > 3, there exists an algorithm for solving theMax Hom(d, 2) (Max Sol(d, 2)) problem whih has a running time of
O∗((0.5849d + ε)n).Proof: The proof is idential to that of Proposition 8.7 with d′ = 3 andAlgorithm 1 in plae of d′ = 2 and the algorithm 2-SATw. Sine Algorithm 1has a running time of O∗(1.7548n), the running time for the obtained MaxHom(d, 2) algorithm is O∗((1.7548d/3 + ε)n) = O∗((0.5849d + ε)n).8.4 The Max Hamming Distane problemIn this setion we study the problem of �nding two satisfying assignments, fand g, to a (d, l)-Csp instane so that the number of variables, x, for whih
f(x) 6= g(x) is maximised. This Hamming distane is de�ned by

dH(f, g) = |{x ∈ V | f(x) 6= g(x)}|.The following formalises the problem:De�nition 8.17 The Max Hamming Distane (d, l)-Csp problem is thefollowing maximisation problem:Instane: A (d, l)-Csp instane I = (V, D, C).Solution: A pair of satisfying assignments (f, g) of I.Measure: The Hamming distane, dH(f, g), between f and g.A naïve enumeration algorithm for this problem would have a time omplex-ity of O∗(d2n). In the following setions we will present ways to signi�antlyimprove this upper bound.



190 8.4. The Max Hamming Distane problem8.4.1 Algorithm for Max Hamming Distane(2, 2)-CspBefore we desribe our Max Hamming Distane(2, 2)-Csp algorithm, weintrodue the main idea by giving a slight improvement over the naïveenumeration algorithm for the ase of (2, 2)-Csp. For eah satisfying as-signment f of I, we solve an instane, (V, {0, 1}, C, w), of the weighted
2-SAT problem. The weights w are given as follows: w(x[0]) = f(x) and
w(x[1]) = 1−f(x). That is, we give preferene to the assignment of x whihis opposite to that of f . Sine a omplete enumeration of all solutions f takes
O∗(2n) time and the weighted 2-SAT problem an be solved in O∗(1.2377n)time, this algorithm runs in O∗(2.4754n) time, whih is already a lear im-provement over the naïve O∗(4n) time algorithm. Our algorithm furtherre�nes this idea by making a more lever enumeration of the assignments fand by using some additional power of the weights handed to the weighted
2-SAT solver.Algorithm 2 The main algorithm forMax Hamming Distane(2, 2)-Csp.
MH1 (α, G, I)1. if δ(x) ∈ {(4, 1), (3, 1), (2, 2), (2, 1), (1, 1)} for all variables x in G then2. return MH2 (α, G, I)3. end if4. Choose a variable x in G with δ(x) ∈ {(≥ 3,≥ 2), (≥ 5, 1)}5. (α0, β0) = MH1 (α ∪ {x[0]}, G− NG(x[0]) − {x[0]}, I)6. (α1, β1) = MH1 (α ∪ {x[1]}, G− NG(x[1]) − {x[1]}, I)7. return (αi, βi), i ∈ {0, 1} maximising dH(αi, βi)As in the previous setion, we will use δ(x) to denote a tuple of degreesfor the two verties of the mirostruture assoiated with the variable x.Here, however, we will let δ(x) = (deg(x[i]), deg(x[1 − i])), where x[i] isthe vertex with highest degree. We will again write expressions suh as
δ(x) ∈ (≥ 3,≥ 2) for δ(x) ∈ {(n1, n2) ∈ N2 | n1 ≥ 3, n2 ≥ 2}. We will saythat a variable x with δ(x) = (a, b) is an (a, b)-variable.The main algorithm, MH1 (Algorithm 2), takes as input a partial as-signment α, a mirostruture graph G, and the original problem instane
I. First, the algorithm heks if every variable x in the mirostruture has
δ(x) in the set {(4, 1), (3, 1), (2, 2), (2, 1), (1, 1)}. If this is the ase, thenthe helper funtion MH2 is alled. Otherwise, there is a variable x with
δ(x) ∈ (≥ 3,≥ 2) ∪ (≥ 5, 1). We note that for δ(x) ∈ (≥ 3,≥ 2), there willbe at least 3 variables less in one branh and 2 variables less in the seondbranh, and for δ(x) ∈ (≥ 5, 1), there are at least 5 and 1 variables less,respetively. Thus the time omplexity is desribed by the following tworeurrenes:

T(3,2)(n) = T (n− 3) + T (n− 2) + p(n)
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· · · · · · · · ·

Figure 8.5: A (proper) hain.and
T(5,1)(n) = T (n− 5) + T (n− 1) + p′(n)where p(n) and p′(n) are polynomials. Using the method by Kullmann [100℄desribed earlier, the two ases have running times of T(3,2) ∈ O∗(τ(3, 2)n)and T(5,1) ∈ O∗(τ(5, 1)n). Both of these are in O∗(1.3247n).MH2 (Algorithm 3)The �rst helper funtion, MH2 (Algorithm 3), takes over when all variableshave degrees in the set {(4, 1), (3, 1), (2, 2), (2, 1), (1, 1)}. Apart from lines 1to 3, whih we will ome bak to later, the algorithm �rst heks if thereis a variable of degree (4, 1). If not, then the algorithm will look for y-les. Note that yles may onsist of zero or more (3, 1)-variables, withthe remaining variables all being (2, 2)-variables. The algorithm ignores theall-(2, 2)-variable yles, and leaves them for MH3 to handle.ChainsTo fully analyse how the algorithm behaves on yles, we will �rst look atwhat happens when there are no yles, i.e. when the algorithm reahesline 12. All (3, 1)-variables are then ontained in hains. A hain is eitheran isolated (1, 1)-variable, or onsists of two (2, 1)-variables, one in eahend of the hain, and a number of (3, 1)-variables, onneted by paths of

(2, 2)-variables, f. Figure 8.5. The length of a hain is the number ofvariables it ontains. We say that a hain is proper if it ontains at leastone (3, 1)-variable. Non-proper hains, i.e. paths of (2, 2)-variables with one
(2, 1)-variable in eah end, are ignored by MH2. They are instead handledwithout further branhing by MH3.We will distinguish between the ase when a proper hain ontains morethan one (3, 1)-variable, and the ase when it ontains a single (3, 1)-variable.In the �rst ase, we �nd the �rst (3, 1)-variable, y, from one of the ends,and let x denote the variable following y. We now have two possibilities:
δ(x) = (3, 1), or δ(x) = (2, 2), as shown in Figure 8.6, top and bottom,respetively. In the �rst ase, when we assign the value to x as indiatedin the top part of the �gure, x, y, and x's right neighbour are removed.Additionally, a new non-proper hain is reated from z to y's left neighbour
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Algorithm 3 The helper funtion MH2.
MH2 (α, G, I)1. if δ(x) ∈ {(2, 2), (2, 1), (1, 1)} for all variables x in G then2. return MH3 (α, G, I)3. end if4. if δ(x) 6= (4, 1) for all variables x in G then5. if G ontains a yle C suh that δ(x) = (3, 1)for some x in C then6. if there is a variable z in C s.t. δ(z) = (2, 2) then7. Choose x in C s.t. δ(x) = (3, 1) and x[i] has aneighbour y with δ(y) = (2, 2)8. else9. Choose x in C arbitrarily10. end if11. else % G ontains a proper hain12. Choose x whih is two variables from the end of a hain,if possible, otherwise, hoose x one variable from the end ofa hain13. end if14. (α0, β0) = MH1 (α ∪ {x[0]}, G− NG(x[0]) − {x[0]}, I)15. (α1, β1) = MH1 (α ∪ {x[1]}, G− NG(x[1]) − {x[1]}, I)16. return (αi, βi), i ∈ {0, 1} maximising dH(αi, βi)17. end if18. if {x[i], y[j]} in E(G) s.t. δ(x) = (4, 1) and δ(y) 6= (4, 1) then19. Branh aording to Figure 8.820. else if G ontains a (4, 1)-omponent with a triangle x�y�z then21. Branh aording to Figure 8.922. else % G ontains a triangle-free (4,1)-omponent23. Branh aording to Figure 8.1024. end if
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xyz

· · · · · · · · ·
x

yzFigure 8.6: The variable x follows the �rst (3, 1)-variable, y.(whih may oinide with z.) This hain is later removed by MH3, and thuswe remove at least 4 variables in this branh. In the other branh, the samevariables are removed, exept for x's right neighbour, i.e. at least 3 variables.The bottom ase is similar, but here the new non-proper hain is from z to
y. The work fator for this step is therefore at most τ(3, 4) ≈ 1.2207. Foreah ase, the blak verties in the �gure indiate the assignments hosen inthe �rst branh.In the seond ase, when the hain ontains a single (3, 1)-variable, x, webranh on this variable. In both branhes, x is removed, and a number ofnon-proper hains remain, whih are later removed by MH3. Thus, we ananalyse this ase as if we removed the entire hain in both branhes. Sinea proper hain must ontain at least 3 variables, we have a work fator ofat most τ(3, 3) ≈ 1.2599 for this step.CylesGetting bak to disussing yles; when we reah line 17 of algorithm MH2,the algorithm onsiders two ases. If there is some (2, 2)-variable in thehosen yle, then we branh on a (3, 1)-variable x whih has a neighbour
y with δ(y) = (2, 2). If the yle onsists of only 2 variables, then x has aunique assignment, and no branhing is neessary. If the yle onsists of3 variables, then all of them are removed in both branhes. Otherwise, weremove at least 4 variables in one branh (x, its two neighbours, and onemore neighbour of y,) and 1 variable in the other. In the seond branh, ahain of length at least 3 is reated, and a future step of the algorithm willredue this hain with a work fator of at most τ(3, 3). This results in awork fator of τ(4, 4, 4).If there are only (3, 1)-variables in the yle, we branh on one of them.If the yle ontains 3 variables, then in both branhes, the entire yleis removed, for a work fator of τ(3, 3). If the yle ontains 4 variables,
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Figure 8.7: Simpli�ation of the mirostruture.then in one branh, the entire yle is removed, and in the other, a hain oflength 3 is reated. This, in turn, is removed in its entirety by one additionalbranhing, for a total work fator of τ(4, 4, 4) for both steps. Otherwise, inone branh 3 variables are removed, and in the other 1 variable is removed.However, in the seond branh, we have now reated a hain of length at least4, and one branhing step on this hain removes at least 4 and 3 variables,respetively. In total, for these two steps, we have therefore removed at least3, 4, and 5, variables, respetively, for a work fator of τ(3, 4, 5) ≈ 1.3247.Degree (4, 1)-vertiesWe now turn to lines 18 through 24. To improve the larity of our �gures andmake the reasoning about the mirostruture easier, we will make the follow-ing simpli�ations. For eah variable x with δ(x) ∈ (≥ 1, 1), we suppress thevertex of degree 1. Additionally, if there is a path x = x0, x1, . . . , xk−1 = y,
k > 1, suh that δ(x0), δ(xk−1) ∈ (≥ 1, 1) and δ(xi) = (2, 2) for 1 ≤ i < k−1,then we remove all verties for the variables δ(xi), 1 ≤ i < k−1 and replaethe path with a thik edge {x, y}. This �redued mirostruture� is thusan undireted graph with verties of degree less than or equal to 3, eahrepresenting a distint variable, and with either thin or thik edges, f. Fig-ure 8.7. We stress that, although they are no longer represented by vertiesin our �gures, we annot yet remove the (2,2)-variables from onsideration,and some are must be taken when we branh on a vertex whih is inidenton a thik edge. As an example, say that we branh on x in Figure 8.7.In the branh where we make the assignment x[1], this value is propagatedas expeted. From the redued mirostruture, we an dedue that we willremove at least 5 variables (remember that a thik edge represents a non-proper hain of length at least one.) However, in the branh where we makethe assignment x[0], we remove x, but after this removal, δ(z) = (2, 1), so znow appears as a vertex in the redued mirostruture, onneted to y.When line 18 is reahed, there is at least one variable of degree (4, 1),



8. Exponential-Time Algorithms 195i.e. at least one vertex in the redued mirostruture graph of degree 3. Ifwe were to branh on a degree 3 vertex only, we would in general remove4 verties in one branh and 1 in the other, for a work fator of τ(1, 4) =
1.3803. To redue the graph more e�iently, and obtain a better workfator, we will have to analyse a large number of sub ases. The mainbranhing tehnique is however the same in eah ase; we hoose a sequeneof verties, x1, . . . , xk, to branh on. In the �rst branh, we an remove
x1 and its neighbours by assigning the value to x1 whih is involved insome onstraint(s). In the seond branh, we an only remove x1, but inaddition, we branh on x2 in order to remove more verties. In the thirdbranh, we remove x1, x2, and branh further on x3, et. In total, we get
k + 1 branhes with a di�erent number of verties removed in eah branh.The suess of this tehnique relies on the fat that we eventually manage toremove verties so as to produe isolated omponents with verties of degrees
{(2, 2), (2, 1), (1, 1)}. These an then also be removed (they are handled byMH3 without extra branhing,) and it is these additional removals whihhelp to improve the overall work fator.Informally, the algorithm works by �rst removing degree 3 verties whihhave some neighbour of lower degree. We are then left with a graph Gwhih ontains a number of 3-regular onneted omponents in addition to anumber of omponents in whih eah vertex has degree stritly smaller than3. At this point, we start to remove triangles from the 3-regular omponents,after whih the struture of the remaining 3-regular omponents is simpleenough to overview, and exploit. In eah all to MH2, the algorithm heksthe ases in order, and applies the �rst appliable one; later ases mayhange the struture of G and make earlier ases appliable again.Obtaining 3-regular omponentsFormally, the algorithm �rst heks if there is a vertex x of degree 3 (δ(x) =
(4, 1)) whih is inident on a thik edge, see Figure 8.8a. If so, it branhes on
x, and removes at least 5 verties in one branh, and at least 1 in the other,for a work fator of τ(5, 1) ≈ 1.3247. Otherwise, the algorithm heks if thereis a vertex x of degree 3 whih has a neighbour y of degree 1 (Figure 8.8b.)If so, when we branh on x, 4 variables are removed in one branh, and 2(x and y) in the other, implying a work fator of τ(2, 4) ≈ 1.2720.Otherwise, if there is a vertex x of degree 3 whih has a neighbour y ofdegree 2, then the algorithm heks the neighbour z 6= x of y. If NG(z) ⊆
{x, y}, then we branh on x, whih removes 4 and 3 variables, respetively,for a work fator of τ(3, 4) ≈ 1.2207. The edge {y, z} may be thik, but thisonly improves the performane of the algorithm, as the entire non-properhain between y and z gets removed in both ases. Otherwise, z has someadditional neighbour w 6∈ {x, y}. If z is inident on a thik edge, then bybranhing �rst on x, and then on z, we will remove at least 4 (x and itsneighbours), 5 (all named variables plus one on the thik edge,) and 3 (x, yand z) variables, respetively, for a work fator of τ(3, 4, 5) ≈ (1, 3247). From
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Figure 8.8: Branhing rules for obtaining 3-regular omponents.now on, we an thus assume that all edges from z are thin. If deg(z) = 2(Figure 8.8d), or if deg(z) = 3 and NG(z) = {x, y, w} (Figure 8.8e), thenin one branh we remove x and its neighbours, and in the other branh,we remove x and further branh on w. This removes w and its neighbours(whih inlude z), and thereby y, in one sub-branh, and {x, y, z, w} in theother. In total, we get 3 branhes, eah removing at least 4 verties, for awork fator of τ(4, 4, 4) ≈ 1.3161. If, on the other hand, deg(z) = 3 but
x 6∈ NG(z) (Figure 8.8f), then we an branh �rst on x, and then on z,and remove at least 4, 5 and 3 verties, respetively, with a work fator of
τ(3, 4, 5) ≈ 1.3247.Triangle removalWe are now left with the ases when all neighbours of every degree 3 vertexare themselves of degree 3. That is, G onsists of some onneted, 3-regularomponents, and otherwise only verties of degree 2 or less. We may addi-tionally assume that the 3-regular omponents ontain no thik edges, sinesuh verties were removed in the ase of Figure 8.8a. First, we show that wean make the 3-regular omponents triangle-free. If we have two trianglesonneted by an edge, as in Figure 8.9a, then we an branh on y and w,and in eah of the three branhes remove at least 4 verties. This implies awork fator of τ(4, 4, 4) ≈ 1.3161. Otherwise, for a triangle x�y�z, eah ofits neighbours x′, y′ and z′ must be distint. We have two ases, dependingon whether or not all of the edges {x′, y′}, {x′, z′}, and {y′, z′} are present in
G. If they are, then the entire omponent must be as shown in Figure 8.9b.Here, we an branh on any vertex to remove all 6 verties in one branh,and 1 in the other for a work fator of τ(1, 6) ≈ 1.2852. If there is at leastone edge missing, say {x′, y′} (Figure 8.9), then we an branh on x′, y′,and z, in order, for a work fator of τ(4, 5, 5, 6) ≈ 1.3247.
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Figure 8.9: Branhing rules for eliminating triangles.Reduing 3-regular triangle-free omponentsWe an now assume that all degree 3 verties in G reside in 3-regular om-ponents, and that all 3-regular omponents are triangle-free. We distinguishfour additional ases. In eah ase, the algorithm tries to �nd a vertex xwhih satis�es some partiular ondition. We will denote the neighbours ofthis x by y1, y2, and y3.First, if there is a vertex z ∈ NG(y1)∩NG(y2)∩NG(y3) suh that z 6= x(Figure 8.10a), then we an branh on y1, y2, and y3, to remove 4, 5, 6,and 5 verties, respetively, for a work fator of τ(4, 5, 5, 6) ≈ 1.3247. Thisruially depends on the fat that there are no edges between the verties
{y1, y2, y3}.Seond, if we an label the neighbours of x so that NG(y1) ∩ NG(y2) =
NG(y1) ∩ NG(y3) = {x} (Figure 8.10b), then we branh on z1, z2, y2, and
y3, where NG(y1) = {x, z1, z2}. This removes 4, 5, 7, 8, and 6 verties for awork fator of τ(4, 5, 6, 7, 8) ≈ 1.3247.Third, if we an label the neighbours of x so that NG(y1)∩NG(y2) = {x},but NG(y1)∩NG(y3) = {x, z13}, then we must also have NG(y2)∩NG(y3) =
{x, z23}. (Otherwise, we would be in the seond ase with y2 as the vertex
y1.) This situation is depited in Figure 8.10. We now branh on z2, z13, y2,and y3. The �rst two branhes remove 4 and 5 verties, respetively. (Notethat there is no edge between z2 and z13 sine the omponent is triangle-free.) In the third, we additionally remove y2 and its neighbours, whihinlude z23 and x, but annot inlude z2 nor z13. Sine we have previouslyremoved z2 and z13, both y1 and y3 are also removed, for a total of 8 verties.In the last two branhes, 7 and 6 verties are removed, and again we have
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Figure 8.10: Branhing rules for eliminating 3-regular triangle-free ompo-nents.the work fator of τ(4, 5, 6, 7, 8) ≈ 1.3247. Note that this branhing rule isthe same as in Figure 8.10b, but the analyses di�er.In the fourth and last ase, eah pair of distint yi and yj must havetwo neighbours: x and zij . Furthermore, the verties zij are distint (orelse we would be in the �rst ase with a ommon neighbour of all of the
yi,) and there are no edges among {z12, z13, z23}, sine this would indue atriangle. This situation is depited in Figure 8.10d. Here, we branh on z12,
z13, z23, and x, and remove 4, 5, 8, 7, and 7 verties respetively. We have
τ(4, 5, 7, 7, 8) = 1.3138. In summary, the maximal work fator for MH4 is
1.3247.MH3 (Algorithm 4)When algorithm MH3 is alled, the graph G only ontains variables of de-gree (2, 2), (2, 1), or (1, 1), i.e. every variable will be of one of the formsfound in Figure 8.11. The weights shown in the �gure are now added tothe orresponding assignments in the original problem, I, and the resultingweighted 2-SAT problem is given to a weighted 2-SAT solver. If the solu-tion β returned by the solver has weight W , this means that we an addassignments (i.e. verties) to α to reate a solution whih di�ers from β on
W assignments. First of all, sine all assignments in α are given weight 0,if any of these are hosen, they will not add anything to the distane, whilethe other possible value for all these variables will add one to the distane(and are onsequently given a weight of 1 on line 3.) For the variables xwith δ(x), we an hoose freely whih value they should assume, and thus



8. Exponential-Time Algorithms 199Algorithm 4 The helper funtion MH3.
MH3 (α, G, I)1. Let w be a vetor of weights, initially all set to 02. for eah x[i] ∈ α do3. add weight w(x[1 − i]) := 14. for eah onneted omponent of G do5. Add weights to w, as shown in Figure 8.11.6. (β, W ) := 2-SATw(I, w)7. for eah variable x in G do8. if x[i] in β then9. If possible, add x[1 − i] to α, otherwise, add x[i].10. end if11. end for12. return (α, β)we an always �nd an assignment whih adds one to the distane from β byhoosing the other value for α.For omponents of the form seen in Figure 8.11b, we an reason as fol-lows. If β ontains both assignments with weight 1/2, then obviously, wehave to add one of them to α, sine not both assignments with weight 3/2are allowed simultaneously�and thus we get a distane of 1, whih is thesum of the weights in β. On the other hand, if β ontains one 3/2 and one
1/2 assignment, then we an hoose the opposing value for both of these andget a distane of 2. A similar argument applies for the omponents of theform seen in Figure 8.11, and �nally, for the yles (Figure 8.11d), there areonly 2 mutually exlusive assignments. Therefore, the sum of the weights in
β is equal to the number of variables partiipating in the yle, and we anlet α be the opposite assignment on these variables. Consequently, the pairreturned on line 12 will have a Hamming distane equal to the weight of β,and with α and G given, no pair with greater Hamming distane an exist.Exept for the all to 2-SATw on line 6, every step of algorithmMH3 an bearried out in polynomial time, thus the time omplexity is fully determinedby that of the 2-SATw algorithm.To summarise this setion, we state the following proposition, and its im-mediate orollary:Proposition 8.18 Algorithm MH1 orretly solves the problem Max Ham-ming Distane(2, 2)-Csp and has a running time of O∗((a · 1.3247)n),where n is the number of variables in the problem, and O∗(an) is the timeomplexity of solving a weighted 2-SAT problem.Proof: The orretness follows from the previous disussion, and among thesteps in the algorithm, O∗(1.3247n) dominates. Sine the 2-SATw algorithm



200 8.4. The Max Hamming Distane problemis alled for every leaf in the searh tree, we get a total time omplexity of
O∗((a · 1.3247)n).
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Figure 8.11: Weights assigned by the algorithm MH3.Corollary 8.19 The problem Max Hamming Distane(2, 2)-Csp an besolved in O∗(1.6396n) time.Proof: The algorithm 2-SATw by Wahlström [131℄ with a running time of
O∗(1.2377n), together with Proposition 8.18 gives the result.8.4.2 Algorithm for Max Hamming Distane(d, l)-CspFor problems where the arity of the relations is greater than 2, the mi-rostruture graph beomes a hypergraph, and is not as onvenient to workwith. Here, we �nd a di�erent approah for the general ase.Let us �rst onsider the following problem: given a Csp instane I =
(V, D, C), an we �nd a pair of solutions with Hamming distane equal to



8. Exponential-Time Algorithms 201Algorithm 5 Algorithm sketh for Max Hamming Distane(d, l)-Csp.Max Hamming Distane(d, l) −Csp(I = (V, D, C))1. Pik a subset U of V with |U | = k2. Create a opy I ′ = (V ′, D, C′) of I, where eah
x ∈ V is renamed to x′ ∈ V ′3. for eah x ∈ U do4. add a onstraint x 6= x′ to C′5. for eah x 6∈ U do6. add a onstraint x = x′ to C′7. if I ′ is satis�able with solution f then8. for eah x ∈ V do9. add f(x) to α10. for eah x′ ∈ V ′ do11. add f(x′) to β12. return (α, β) with distane k13. end if

k? One way of doing this is skethed in Algorithm 5. There are 2n ways tohoose U on line 1, so if we an solve the satis�ability problem for I ′ on line7 in time O∗(h(n)), then, sine the number of variables in I ′ is twie that of
I, we an �nd a pair of solutions with maximum Hamming distane in time
O∗(2nh(2n)). For example, sine 2-SAT an be solved in polynomial time,we would, using this approah, get a running time of O∗(2n) for the MaxHamming Distane(2, 2)-Csp. This does give a slower running time thanthe algorithm we presented in the previous setion, but it an be applied toCsp instanes with domain size and onstraint arity greater than 2.Note that in this algorithm, it is atually unneessary to make a opy ofall the variables. Having seleted k variables that should be di�erent in thetwo solutions, we only need to make opies of those, leaving the remaining
n− k variables unhanged. With this improvement, we get Algorithm 6 forMax Hamming Distane(d, l)-Csp.Theorem 8.20 If we an solve (d, l)-Csp in O∗(an), then there exists analgorithm for the Max Hamming Distane(d, l)-Csp problem whih runsin O∗((a(1 + a))n).Proof: In Algorithm 6, the instane I ′′ will ontain 2n − k variables, andthere are (nk) ways of hoosing χ. Consequently, given that we an solve
(d, l)-Csp in O∗(an), the algorithm has a total running time of

O∗

(
n∑

k=0

(
n

k

)

a2n−k

)

= O∗

(

an
n∑

k=0

(
n

k

)

an−k

)

= O∗(an(1 + a)n),and the result follows.



202 8.4. The Max Hamming Distane problemAlgorithm 6 Algorithm for Max Hamming Distane(d, l)-Csp.Max Hamming Distane(d, l) −Csp(I = (V, D, C))1. for k := |V | down to 0 do2. for eah U ⊆ V with |U | = k do3. Let I ′ = (V ′, D, C′) be a opy of I4. Let γ ⊆ C be all onstraints involving variables from U5. Create γ′ by exhanging all variables not in U withtheir ounterparts from V ′6. C′ := C′ ∪ γ′7. for eah x ∈ U do8. C′ := C′ ∪ {x 6= x′}9. if I ′′ = (V ∪ V ′, D, C′) is satis�able with solution f then10. Let α, β be the two assignments found in f11. return (α, β)12. end if13. end for14. end forIf we use a probabilisti algorithm for some (d, l)-Csp in Algorithm 6, wesimilarly get a probabilisti algorithm for Max Hamming Distane(d, l)-Csp. In this ase, the probability of failure, i.e. the probability that wereturn a pair of satisfying assignments, f and g, for whih dH(f, g) is notmaximal or that we do not return any satisfying assignments at all, eventhough one exists, is bounded by the probability that the (d, l)-Csp algo-rithm fails to �nd solutions to all of the satis�able instanes I ′′ for theoptimal value of k. Sine there is at least one suh instane (in the asewhen satisfying assignments exist), the probability of failure of Algorithm 6is bounded by that of the orresponding (d, l)-Csp algorithm. Using thegeneral, probabilisti, (d, l)-Csp algorithm by Shöning [121℄ with a runningtime of O∗((d− d/l + ε)n), we have the following orollary of Theorem 8.20:Corollary 8.21 For ε > 0, there exists a probabilisti algorithm for solvingMax Hamming Distane(d, l)-Csp in time
O∗
(((

d − d

l

)2

+ d − d

l
+ ε
)n)

.In addition, there exist a number of algorithms for speial ases of (d, l)-Csp, in partiular for binary onstraints and for l-SAT. The running timesof the urrently best ones are given in Table 8.1.For problems with domain size 2 and l-ary onstraints, i.e. l-SAT, we animprove further on Algorithm 6. First, onsider the following formula:
(x ∨ y) ∧ (¬y ∨ z)



8. Exponential-Time Algorithms 203If we want to �nd out if there are two solutions whih di�er on the assignmenton x and agree on y and z, we would, using the algorithm in Figure 6, getthe following formula:
(x ∨ y) ∧ (¬y ∨ z) ∧ (x′ ∨ y) ∧ (x ∨ ¬x′) ∧ (¬x ∨ x′)But there is a better way. Sine there are only two possible domain values,and we fore x′ to always assume the opposite of x, there is no reason toreate new variables. Instead, we dupliate the lauses ontaining variableson whih the two solutions should di�er, and among these lauses, we replaeevery literal ontaining one of these variables with its negation. In ourexample, we would get:
(x ∨ y) ∧ (¬y ∨ z) ∧ (¬x ∨ y)This formula has a solution {x 7→ 0, y 7→ 1, z 7→ 1}, and from this we anderive two solutions to the original formula whih di�er on the assignmentof x, and agree on y and z.Algorithm 7 The Max Hamming Distane(2, l)-Csp algorithm.Max Hamming Distane(2, l) −Csp(V, D, C)1. for k := |V | down to 0 do2. for eah U ⊆ V with |U | = k do3. Let γ be all the lauses of C ontaining variables from U4. Create γ̄ by negating all ourrenes of a variable x ∈ U in γ5. Let C′ := C ∪ {γ̄}6. if (V, D, C′) is satis�able with solution f then7. Let α, β be the two assignments found in f .8. return (α, β)9. end if10. end for11. end forAlgorithm 7 for Max Hamming Distane(2, l)-Csp is similar to theone for the general ase, but it does not add any variables to the problem.Theorem 8.22 If we an solve (2, l)-Csp in O∗(an) time, then there existsan algorithm for solving Max Hamming Distane(2, l)-Csp whih runs in

O∗((2a)n) time.Proof: The algorithm in Figure 7 onsiders all subsets of variables of theproblem, as disussed in this setion. Consequently, it will deliver a solutionin O∗((2a)n) time.



204 8.5. Disussion and open problemsCorollary 8.23 For every ε > 0, there exists a probabilisti algorithm forsolving the Max Hamming Distane(2, l)-Csp in O∗((4− 4/l+ ε)n) time.Additionally, the speial ase of Max Hamming Distane(2, 3)-Csp anbe solved (by a probabilisti algorithm) in O∗(2.6476n) time.Proof: Using the probabilisti O∗((2 − 2/l + ε)n) algorithm for l-SATfound in [121℄ on line 7 of the algorithm in Figure 7 gives the �rst result,and replaing it with the (similarly probabilisti) 3-SAT algorithm from [76℄gives the seond.As ould be expeted, the algorithms we get from Corollary 8.23 o�er alarge improvement over the more general Corollary 8.21; rather than an
O∗(3.1111n) time algorithm for Max Hamming Distane(2, 3)-Csp, weget a running time of O∗(2.6476n).8.5 Disussion and open problemsWe have presented algorithms for two di�erent optimisation problems on
(d, l)-Csp instanes: Max Sol(d, l), (or, more generally, Max Hom(d, l))and Max Hamming Distane(d, l)-Csp. In both ases, we have workedwith the mirostruture graph, and in the �rst ase, we have employeda general tehnique, alled the overing method, to extend the results toarbitrary domain sizes.In omparison to the O∗(1.2377n) time analysis of the 2-SATw algorithmby Wahlström [131℄, the analysis of our Max Hom(3, 2) algorithm is quitesimplisti. It would be interesting to see if the more sophistiated tehniquesused in Wahlström's paper ould be extended to the (3, 2)-Csp ase. Ulti-mately, the aim should be to �nd general tehniques to prove upper bounds
O∗(c(d)n) onMax Hom(d, 2)-Csp for whih c(d) grows sublinearly, therebyeliminating the need to apply the overing method.It is also interesting to note how the Max Hamming Distane(2, 2)-Csp algorithm was able to bene�t from the 2-SATw algorithm. Perhaps onean �nd a general way of reduing any Max Hamming Distane(d, 2)-Csp instane to a (small enough) number of alls to a Max Hom(d, 2)algorithm. This ould possibly be used to improve on the running timegiven in Theorem 8.20 in the ase of l = 2. We an sketh the followingomparison, using a naïve approah: enumerate all dn satisfying assignments
f , and for eah variable x ∈ V , give the pair (x, f(x)) weight 0 and (x, a)weight 1 for a 6= f(x). Then, solve the resulting Max Hom(d, 2) instanesusing the O∗((0.5849d + ε)n) algorithm in Proposition 8.16. We an use aprobabilisti approah, instead of the overing method, to get rid of the ε.The resulting running time is O∗((0.5849d2)n), while the one we get fromTheorem 8.20 together with Eppstein's O∗((0.4518d)n) algorithm [46℄ hasa running time of O∗((0.45182d2 + 0.4518d)n). For d = 3, the former is
O∗(5.2641n) and the latter is O∗(3.1925n). In order to make the suggested



8. Exponential-Time Algorithms 205approah work, it seems likely that we would both have to improve theMaxHom(3, 2) algorithm, and �nd a good branhing sheme in plae of the naïveenumeration.Finally, we will address two interesting problems related to the overingmethod and Theorem 8.5. The �rst is ombinatorial: an we relate thenumbers Cn
d,d′ to some known sequenes of numbers, or in some other way�nd better upper and lower bounds? Is it possible to get rid of the ε inTheorem 8.5, and replae it by some polynomial fator? Another approahis to determine Cn

d,d′ in some speial ases, for example by �xing d and d′ tosome small integers. A speial ase with d′ = n = 2 was used by Angelsmarket al. [6℄ to ount the number of solutions to binary Csp instanes, and toount the number of 3-olourings of a given graph. Here C2
d,2 = (d2+d+4)/4if d ≡ 1 (mod 4), and C2

d,2 = (d2 + d)/4 if d ≡ 3 (mod 4).The seond problem related to overings is an algorithmi question, andwas brie�y mentioned in Setion 8.2. Is there a way to e�iently �nd aovering of a given size? A probabilisti approah works, by repeatedlyseleting subsets of Qn0

D,d′ , until a overing is found. The probability offailure dereases exponentially in the number of repetition, whih makesthis approah feasible. However, we still do not know of any deterministiproedure for �nding overings.
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