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Controllable 3-D Filters for Low Level Computer VisionMats T. Andersson Hans KnutssonComputer Vision LaboratoryLink�oping University581 83 Link�oping, Swedenemail: matsa@isy.liu.seAbstractThree-dimensional data processing is becomingmore and more common. Typical operations are forexample estimation of optical ow in video sequencesand orientation estimation in 3-D MR images. Thispaper proposes an e�cient approach to robust low levelfeature extraction for 3-D image analysis. In contrastto many earlier algorithms the methods proposed inthis paper support the use of relatively complex mod-els at the initial processing steps. The aim of thisapproach is to provide the means to handle complexevents at the initial processing steps and to enable reli-able estimates in the presence of noise. A limited basis�lter set is proposed which forms a basis on the unitsphere and is related to spherical harmonics. Fromthese basis �lters, di�erent types of orientation selec-tive �lters are synthesized. An interpolation schemethat provides a rotation as well as a translation of thesynthesized �lter is presented. The purpose is to obtaina robust and invariant feature extraction at a manage-able computational cost.1 IntroductionMultidimensional signal processing is with few ex-ceptions performed on discrete and quanti�ed data,while on the other hand local low-level descriptorsare interpreted as continuous functions in the featurespace. A line or a plane can for example appear atarbitrary orientation or position in an image. In or-der to achieve a general and invariant processing it isessential that the feature extraction supports a contin-uous representation of the speci�c model. In practiceonly a limited number of �lters can be applied at eachneighbourhood of the image to obtain a reasonablecomputational speed. In many earlier approaches thisproblem is solved by using a coarse and incompletepartitioning of the feature space, where both the �lters

used in the feature extraction and the feature spacepartitioning are chosen to suit the application. Thisapproach reduces the computational demands but re-stricts the possibilities to solve more complicated tasksdue to the limited number of features and the inac-curacy in the feature estimates. Recently there hasbeen an increasing interest among several researchersto develop methods that enable a general feature ex-traction from a limited set of basis �lters, since this isa way to obtain a more complete feature extraction ata manageable computational cost, [10, 19, 20, 21]. Theproposed feature extraction method uses the followingsteps:� Convolve the image with the basis �lter set.� Use the basis �lter responses to interpolate (syn-thesize) di�erent types of �lters in large numberof orientations.� Analyze the output from the synthesized �lters toproduce pixel-wise descriptions in terms of:{ the number of events present in the neigh-bourhood.{ the type, e.g. a line or a plane.{ the orientation.{ the size.The selection of the basis �lters is based on a numberof observations and design decisions:1. What image features are useful to describe fromthe proposed methods, e.g. orientation, positionand scale.2. What type of �lters are feasible for the detectionand estimation these image features?3. How shall the basis �lter set be chosen to makethe interpolation procedure both computationale�cient and precise.



This presentation is focused on control of orientationand to a certain extent on the position of the synthe-sized �lter. The scale, i.e. the size of the synthesized�lters, can be controlled by the proposed method, butunfortunately this extension requires a vast increaseof the number of basis �lters [20]. A more e�cientmethod to obtain estimates in scale space is to ap-ply the same basis �lters at subsampled versions ofthe original image [1, 12]. Step 2 and 3 above are ofcourse depending on each other. The requirement onthe basis �lters are, however, fairly general and thepresentation of the synthesized �lters is postponed tosection 4.2 Basis FiltersA 3-D basis �lter set is required to support a uni-form approximation of functions de�ned on the unitsphere. The Weierstrass theorem [14] states that acontinuous function:F (u1; u2; u3) u21 + u22 + u23 � 1 (1)can be uniformly approximated by the polynomialF (u1; u2; u3) = NX�;�;�=0 a�;�;� u�1 u�2 u�3 (2)The polynomials u�1 u�2 u�3 form a complete set of func-tions in the unit sphere. If these polynomials aregrouped together as homogeneous polynomials of de-gree l = � + �+ �, there will for each l be:12 (l + 1) (l + 2) (3)linearly independent polynomials. On the unit spherethese polynomials are subject to the constraint u21 +u22 + u23 = 1 which removes the linearly independentproperty. If this constraint is used to eliminate for ex-ample u21, each term u�1 u�2 u�3 can be reduced to u�2 u�3 ,where �+ � = l or u1 u�2 u�3 where �+ � + 1 = l, pluslower order polynomials. There are l+1 possible com-binations in the �rst case and l in the second whichgives a total of 2l+ 1 independent polynomials of de-gree l. To obtain an intuitive feeling of the directionalproperties of these functions spherical coordinates areintroduced.u1 = sin(�) cos(') u2 = sin(�) sin(') u3 = cos(�)In table 1 the orthonormal homogeneous polynomialsof order l = 0; 1; 2 and 3 are listed in spherical coordi-nates.

l jmj Angular function0 0 1=p4�0 p3=4� cos(�)1 p3=4� sin(�) cos(')1 p3=4� sin(�) sin(')0 p5=16� (3 cos2(�)� 1)p15=4� sin(�) cos(�) cos(')12 p15=4� sin(�) cos(�) sin(')p15=16� sin2(�) cos(2')2 p15=16� sin2(�) sin(2')0 p7=16� (5 cos3(�)� 3 cos(�))p21=32� sin(�) (5 cos2(�)� 1) cos(')1 p21=32� sin(�) (5 cos2(�)� 1) sin(')3 p105=16� sin2(�) cos(�) cos(2')2 p105=16� sin2(�) cos(�) sin(2')p35=32� sin3(�) cos(3')3 p35=32� sin3(�) sin(3')Table 1: Spherical harmonics of order 0; 1; 2 and 3.These functions are identi�ed as spherical harmon-ics Y ml which are frequently used in physics, wherethey constitute eigenvectors to the angular momentumoperator. Consequently the spherical harmonics con-stitute an orthonormal base on the unit sphere and aregenerally interpreted as a natural 3-D generalizationof the circular harmonics, eil' = cos(l') + i sin(l').To simplify the interpolation procedure and to pro-vide an e�cient computation by sequential and/or re-cursive �ltering, it is desired that the basis �lters (ofthe same order) obtain a uniform shape and a well de-�ned orientation. This property is unfortunately notful�lled for spherical harmonics of order l � 2. Analternative choice that meets these conditions wouldbe Bli(�u) = G(�) (n̂li � û)l (4)where�u = (u1; u2; u3) is an arbitrary coordinate vector in



the Fourier domain and û is the normalized coordinatevector.G(�) de�nes the radial frequency response, �2 =u21 + u22 + u22.n̂li de�nes the orientation of the i-th basis �lter oforder l.Here all basis �lters of the same order can be ex-pressed as rotated versions of a single �lter. The num-ber of basis �lters required for each order l is accordingto eq. (3) (l+1) (l+2)=2, as opposed to 2l+1 for thespherical harmonics. It is, however, straightforwardto show that the proposed basis �lters of order l spanthe corresponding basis �lters of order (l�2; l�4; : : :)[1]. For a basis �lter set of order l = (0; 1; 2; : : : ; N)it is su�cient to compute the �lter responses of orderl = N and l = N � 1. The lower order basis �lterresponses are then obtained by a simple projectionscheme. This gives a total of:12 (N + 1) (N + 2) + 12 N (N + 1) = (N + 1)2basis �lters. For the spherical harmonics the corre-sponding number of basis �lters is calculated as:NXl=0 2l+ 1 = (N + 1)2The spherical harmonics and the basis �lters of eq. (4)are consequently equally e�cient in terms of the re-quired number of �lters.It may be argued that the proposed basis �lters arenot orthogonal as opposed to the spherical harmonics.We are convinced that this feature is not critical forthe performance of the �lter set, especially in relationto the computational bene�ts. It is, however, possibleto obtain orthogonal basis �lters with uniform shapeaccording to the above requirements. An alternativeorthonormal basis �lter set of order two can for exam-ple be de�ned as:B02i(�u) = B2i(�u)� k0B0(�u) i = (0; 1; 2; : : :5) (5)where k0 = 0:5442 or k0 = 0:1225.3 Control of OrientationTo synthesize general �lter responses in arbitraryorientations from the basis �lters a necessary re-quirement is that that the basis �lters of order l =(0; 1; : : : ; N) support a synthetization of a correspond-ing basis �lter in an arbitrary orientation. In this sec-tion, the interpolation functions for basis �lters up to

the third order are de�ned in terms of the �lter ori-enting vectors, n̂li. The extension to an inclusion of�lters of arbitrary order is also discussed.3.1 Basis Filters of Order ZeroThe basis �lter of order zero is a single isotropicLaplace �lter which is de�ned by the radial frequencyresponse: B0 = G(�) (6)where G(�) is assumed to be of bandpass type, i.e.G(0) = 0 .3.2 Basis �lters of First OrderFor symmetry reasons and to reduce the e�ects ofnoise, the basis �lters are uniformly distributed on theunit sphere. For �rst order basis �lters, which requirethree �lters (eq. (3)), the natural choice is to directthese �lters along the coordinate axis in the Fourierdomain, i.e.n̂10 = (1; 0; 0) n̂11 = (0; 1; 0) n̂12 = (0; 0; 1) (7)A �rst order basis �lter in an arbitrary direction v̂ =(v1; v2; v3)T is expressed as (eq. (4)):B1(�u) = G(�) (v̂ � û) = ��1G(�) (v̂ � �u) == ��1G(�) (v1u1 + v2u2 + v3u3) (8)where �u = (u1; u2; u3)T de�nes the signal vector and�2 = u21 + u22 + u23. The basis �lters in the directionsde�ned in eq. (7) are calculated in the same manner:B10(�u) = G(�) (n̂10 � û) = ��1G(�)u1B11(�u) = G(�) (n̂11 � û) = ��1G(�)u2B12(�u) = G(�) (n̂12 � û) = ��1G(�)u3 (9)Let the vector �t1 = (t10; t11; t12)T de�ne the inter-polation coe�cients from the �xed basis �lters to acorresponding �lter in arbitrary orientation, i.e.:B1(�u) = t10B10(�u) + t11B11(�u) + t12B12(�u) (10)By substitution of eq. (8) and eq. (9) into eq. (10)the relation between the interpolation coe�cients andthe orientation of the synthesized �lter is in matrixnotation obtained as:0@ v1v2v3 1A = 0@ 1 0 00 1 00 0 1 1A0@ t10t11t12 1A (11)To synthesize a �rst order �lter in an arbitrary orien-tation v̂, chose the interpolation vector (t10; t11; t12)T



in eq. (10) to be equal to v̂. The interpolation of a �rstorder basis �lter is consequently very simple, and thepurpose to perform this extensive deduction is mainlyto simplify a generalization to higher order basis �l-ters.3.3 Second Order Basis Filters

Figure 1: The icosahedron.Let B2(�u) denote the second order �lter in an arbi-trary orientation v̂ = (v1; v2; v3)T such thatB2(�u) = G(�) (v̂ � û)2 (12)This expression is decomposed asB2(�u) = ��2G(�) (v1u1 + v2u2 + v3u3)2 == ��2G(�) (v21u21 + v22u22 + v23u23+2v1v2u1u2 + 2v1v3u1u3 + 2v2v3u2u3)To simplify a later introduction of matrix notation,the vector �w2 is de�ned as the vivj terms of B2(�u).�w2 = (v21 ; v22 ; v23 ; 2v1v2; 2v1v3; 2v2v3)T (13)From eq. (3) it follows that six linearly independentbasis �lters are required to interpolate a second order�lter in an arbitrary orientation. In order to distributesix �lters uniformly on the unit sphere, it is relevantto study the geometry of regular (platonic) polyhe-drals. The icosahedron (�g. 1) has 12 vertices. Sincethese vertices are pairwise diametrically opposite, thecoordinates of six vertices localized within the samehalf-sphere de�ne the �lter orienting vectors for thesecond order �lters, i.e.n̂20 = c ( b ; �a ; 0 )Tn̂21 = c ( b ; a ; 0 )Tn̂22 = c ( 0 ; b ; �a )Tn̂23 = c ( 0 ; b ; a )Tn̂24 = c ( �a ; 0 ; b )Tn̂25 = c ( a ; 0 ; b )T (14)

wherea = 2 b = 1 +p5 c = (10 + 2p5)� 12The six �x basis �lters:B2i = G(�) (n̂2i � û)2 i = (0; 1; 2; : : : ; 5) (15)are consequently expressed as:B20 = ��2 G(�) c2(b2u21 + a2u22 � 2abu1u2)B21 = ��2 G(�) c2(b2u21 + a2u22 + 2abu1u2)B22 = ��2 G(�) c2(b2u22 + a2u23 � 2abu2u3)B23 = ��2 G(�) c2(b2u22 + a2u23 + 2abu2u3)B24 = ��2 G(�) c2(a2u21 + b2u23 � 2abu1u3)B25 = ��2 G(�) c2(a2u21 + b2u23 + 2abu1u3)

Figure 2: Angular function of a second order basis�lter in direction n̂21 in the Fourier domain.Finally let the the columns of the matrix A2 as thecoe�cients for each of the six second order basis �lters.A2 = c20BBBBB@ b2 b2 0 0 a2 a2a2 a2 b2 b2 0 00 0 a2 a2 b2 b2�2ab 2ab 0 0 0 00 0 0 0 �2ab 2ab0 0 �2ab 2ab 0 0
1CCCCCAA synthetization of a second order basis �lterB2(�u) in the orientation v̂ from the six basis �l-ters is equivalent to compute the interpolation vector�t2 = (t20; t21; : : : ; t25)T that satis�esB2(�u) = 5Xi=0 t2i B2i(�u) (16)



In matrix notation eq. (16) is expressed as�w2 = A2�t2 (17)where the vector �w2 and the matrix A2 are de�nedby the orientation v̂ of the synthesized �lter and theorientation of the basis �lters respectively.Since the columns of A2 are linearly independent,it is clear that A2 is non-singular. The second orderinterpolation vector is �nally obtained as:�t2 = A�12 �w2 (18)From the de�nition of A2 it is furthermore obviousthat the sum of all basis �lters results in an isotropic�lter, i.e. 12 5Xi=0 B2i = G(�) = B0 (19)The basis �lter of order zero is consequently obtainedfrom second order basis �lters by application of theinterpolation vector:�t1 = (1=2; 1=2; 1=2; 1=2; 1=2; 1=2)T (20)in eq. (16). For a basis �ler set of order N = 2 itis consequently su�cient to compute 3 �rst order and6 second order �lter responses which results in 9 real�lters.3.4 Third Order Basis Filters

Figure 3: The dodecahedron.An extension of the basis �lter set to the third or-der requires an additional (l + 1) (l + 2)=2 = 10 �l-ters. These �lters also support the three �rst order�lters, resulting in a total of 16 �lters. Ten �lters canbe equally spread in a unit sphere, if the �lter direc-tions correspond to the main diagonals of a dodecahe-dron, see �g. 3. The icosahedron and the dodecahe-dron are, according to [6, 18] reciprocal polyhedrals.

Figure 4: Angular function of third order basis �lterin direction n̂37 in the Fourier domain. Note that this�lter function is odd as opposed to the second order�lter in �g. 2.This means that the centre of a face of a icosahedroncorresponds to a vertex of the dodecahedron and viceversa. An icosahedron has 12 vertices and 20 faces,while the relation for the dodecahedron is the oppo-site. The orientation of each face in the icosahedronis de�ned by the sum of the three vectors that de�nethe surrounding three vertices. Ten �lter orientingvectors (n̂30; n̂31 : : : n̂39) that are located in the samehalf-sphere can then be obtained by a careful combi-nation of the �lter orienting vectors in eq. (14).n̂30 = k (n̂21 + n̂22 � n̂25) = k ( d; 0; �b )Tn̂31 = k (n̂21 + n̂22 + n̂26) = k ( d; 0; b )Tn̂32 = k (n̂23 + n̂24 + n̂22) = k ( b; d; 0 )Tn̂33 = k (n̂23 + n̂24 � n̂21) = k ( �b; d; 0 )Tn̂34 = k (n̂25 + n̂26 + n̂24) = k ( 0; b; d )Tn̂35 = k (n̂25 + n̂26 � n̂23) = k ( 0; �b; d )Tn̂36 = k (n̂21 + n̂26 � n̂23) = k ( f; �f; f )Tn̂37 = k (n̂22 + n̂24 + n̂26) = k ( f; f; f )Tn̂38 = k (n̂24 + n̂25 � n̂21) = k (�f; f; f )Tn̂39 = k (n̂25 � n̂22 � n̂23) = k (�f; �f; f )Twhered = a+ 2b f = a+ b k = 1p3(a+ b)In agreement with the second order basis �lters the�w3-vector and the A3 matrix are computed from �vand the 10 �lter orienting vectors as�w3 = (v31 ; v32 ; v33 ; 3v21v2; 3v21v3;3v1v22 ; 3v1v23 ; 3v22v3; 3v2v33 ; 6v1v2v3)T
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1CCCCCCCCAThe interpolation vector �t3 that provides a syntheti-zation of a third order basis �lter in an arbitrary ori-entation �v such that:B3(�u) = G(�) (v̂ � û)3 = 9Xi=0 t3iB3i(�u) (21)is according to the previous results given by�t3 = A�13 �w3 (22)It is straightforward to show that the third orderbasis �lters support a synthetization of a �rst orderbasis �lter in arbitrary orientation v̂ by insertion of�w01 = (v1; v2; v3; v2; v3; v1; v1; v3; v2; 0)T (23)instead of �w3 in eq. (22) [1].3.5 Higher Order basis FiltersIt is clear that the basis �lters and interpolationschemes developed in this chapter can be generalizedto arbitrary order as well as to higher dimensions (e.g.time sequences of 3-D volumes). For l � 4 there are nomatching regular polyhedra in 3-D. It is consequentlyimpossible to distribute more than 10 �lters equallyon a unit sphere. This requirement is, however, op-tional as it is su�cient that the resulting Al-matrix isnon-singular. For a robust computation, it is prefer-able that the basis �lters are approximately uniformlydistributed.4 Filter SynthesisIn this section a method to synthesize quadrature�lters and to control the position of the resulting �l-ters are briey presented. A more detailed descriptionis found in [1]. Quadrature �lters provide a phase in-dependent magnitude and are frequently used in com-puter vision [16, 15, 8, 5, 9].Since the interpolation functions support a synthe-sis of the basis �lters in arbitrary orientations, it is
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Figure 5: Angular �lter function in the Fourier do-main for a synthesized quadrature �lter in the u3-direction as a function of � for N = 2 (dashed) andN = 3 (solid).su�cient to consider a synthetization of the target �l-ter in a single orientation.To simplify the analysis, consider a general axiallysymmetric 3-D �lter in the direction of the u3-axiswhich can be expressed solely as a function of �:F (�) = G(�) NXn=0 an cosn(�) �a = (a0; a1 : : : aN )Twhere the coe�cient vector �a de�nes the angular en-velope of the synthesized �lter. To obtain the phaseinvariant property which is fundamental for quadra-ture �lters, it is essential to compute the �a-vector thatminimize energy contribution E1 of F (�) in the `rear'half-sphere of the Fourier domainE1 = Z 2�0 Z ��=2[ NXn=0 an cosn(�) ]2 sin(�) d� d'under the condition that the total energy contribu-tion is constant. This approach leads to an eigenvalueproblem which can be solved by conventional meth-ods and is related to prolate spheroidals. The �a-vectorthat in the above sense provides the best approxima-tion of a quadrature �lter is consequently given by theeigenvector that corresponds to the least eigenvalue.For a basis �lter set of N = 2 and N = 3 this resultsin N = 2 : �a = ( 0:082; 0:433; 0:409 )TN = 3 : �a = ( 0:020; 0:221; 0:524; 0:338 )TIn �g. 5 the corresponding angular �lter functionsfor a synthesized quadrature �lter in the u3 directionare illustrated as a function of � for a basis �lter setof order N = 2 and N = 3. Note that a second orderbasis �lter set which only requires 9 �lters provides afair approximation of a quadrature �lter. For a third



Figure 6: Angular function in the Fourier domain forquadrature �lter synthesized form a basis �lter set oforder N = 2 (9 basis �lters).order basis �lter set the energy contribution from therear half-sphere of the Fourier domain is negligible andthe �lter envelope becomes sharper. It is consequentlypossible to control both the orientation and the angu-lar lobewidth of the synthesized �lter within this ap-proach. In �g. 6 the angular functions of a synthesizedquadrature �lter of order N = 2 are illustrated as a3-D plot.Control of Position
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0Figure 7: Cartesian and angular modulation of aquadrature �lter in the Fourier domain.So far the proposed basis �lters have provided acontrol of the orientation and to some extent the lobe-width of the synthesized �lters. In the initial discus-sion control of the position of the �lter in the spa-

Figure 8: Angular functions corresponding to real(left) and imaginary (right) part of a synthesized dualquadrature �lter in the Fourier domain. The �lter isoriented along the u1-axis and modulated in the '-direction. These �lters are synthesized from a basis�lter set of order N = 3 which requires 16 real convo-lution kernels.tial domain were discussed. Can this feature be ac-complished within the basis �lter set? Control of theposition (translation) of the synthesized �lters in thespatial domain corresponds in the Fourier domain to acomplex modulation in the same direction. The polarseparable basis �lters do unfortunately not support acartesian modulation.Under certain restrictions on the bandwidth of theradial frequency response G(�) and the angular lobe-width of the synthesized �lter, a shift in the spatialdomain can be approximated by a modulation in theangular direction [1], see �g. 7.Such an angular modulation of the �lter envelopecan be accomplished by the proposed basis �lters. The�lter in �g. 6 can for example be modulated along anygreat circle on the unit sphere that intersects the �lterorienting vector v̂.Since these modulated quadrature �lters consist ofan even real and an odd imaginary part in both theFourier domain and in the spatial domain, these �ltersare denoted dual quadrature �lters. In �g. 8 the even(real) and odd (imaginary) part of a dual quadrature�lter in the Fourier domain is illustrated. These �ltersare synthesized from a basis �lter set of order N = 3(16 basis �lters) and are directed along the u1-axisand modulated in the '-direction. This type of �ltersprovide a novel approach for curvature/accelerationestimation and for detection of line and plane ends.
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